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Abstract

In this article we propose a model in which individuals ex-
perience habit formation in environmental quality. Further, a
consumption good causes a negative external effect on the envi-
ronment. The intertemporal utility of a benevolent social plan-
ner depends on consumption of two goods and the environment.
Hence, the choice of the social planner is to maximize utility given
the negative effect of the consumption good on the environment,
taking into account that there is habit formation in environmen-
tal quality. Given a simple model we show that the level and time
path of the optimal tax is affected by the assumption of habit for-
mation; more specifically the stronger the habit, the higher the
optimal level of environmental quality in steady state, and the
faster the transition towards the steady state tax level. Further-
more the initial value of the habit stock is of crucial importance
for the time path of the tax. Also, we solve for, and analyze, dy-
namics and the existence and characteristics of equilibria in the
model and discuss how the characteristics of the habit formation
affect steady state.
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1 Introduction

It is not a controversial statement that the state of the environment (en-

vironmental quality) affects utility, but how and through which mecha-

nisms, are subject to more discussion. Could it be that the utility derived

from environmental quality is not only dependent on the current state of

environmental quality, but rather on the difference between the current

state of the environment and some experience of past states of environ-

mental quality? If this is true, the question arises about how we should

model the "experience of past states of environmental quality." We pro-

pose that one way to model this is to treat the "experience of past states

of environmental quality" as a habit stock. Hence, the link between the

utility derived from the current state of the environment and past states

is habit formation. This implies that environment is a habitual "good."

The definition of a habitual good, which we use throughout the paper,

is summarized succinctly by Pollak (1970). The author defines a habit

such that (i) past consumption influences current preferences and hence,

current demand and (ii) a higher level of past consumption of a good im-

plies, ceteris paribus, a higher level of present consumption of that good.

The incorporation of habit formation in an environmental framework

has not been well investigated, and in this article we aim at shedding

some light on whether or not it is of importance to account for habit

formation when dealing with environmental problems.

Our contribution to the literature is firstly that we model habit for-

mation in a good that is of a public good character (environmental qual-

ity), and secondly that we analyze how this assumption affects an opti-

mal environmental tax, the time-path of such a tax, and environmental

quality in steady state. As is shown, the level and time path of the
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tax are affected by the assumption of habit formation: the stronger the

habit, the higher the optimal quality of environment in steady state,

and the faster the transition towards the steady state tax level. Fur-

thermore, the initial value of the habit stock is of crucial importance for

the time path of the tax. An initially low habit stock corresponds to a

decreasing tax over time, and an initially high habit stock corresponds

to an increase in tax over time.

Given that we have habit formation in environmental quality, we

have intertemporally dependent preferences by assumption, and this is

nothing new per se. A significant share of the literature on growth, for

example, has over time dealt with optimal growth paths under different

forms of utility functionals. Kurz (1968) develops a model of economic

growth incorporating wealth effects. This is analogous with many of

the growth models incorporating environment or pollution as an argu-

ment in the utility function (see for example Beltratti, 1996; Gradus

and Smulders, 1993; and Smulders, 1995). The formal structure of such

models is similar to the structure of the model proposed in this paper.

The main difference between these models and the one presented in this

article is the explicit modeling of habit formation, i.e. we include two

parameters that reflects the degree of habit formation and focus on their

effect on optimal environmental taxation. Also, there is a difference in

the motivation behind the models. In this paper we argue that the util-

ity derived from environmental quality is dependent not primarily on

the current state of environmental quality, but rather on the differences

of the current state of environmental quality compared to past states or

levels of environmental quality. An individual builds up a habit stock

that is positively dependent on past levels of environmental quality, and

then the individual compares the current state of environmental quality
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to this habit stock. A deterioration of environmental quality gives a

negative effect on the utility, while an increase in level of environmental

quality gives a positive effect on the utility. It seems to be a reason-

able assumption that people are not solely concerned about the current

level of environmental quality; but rather compare it to historical levels.

Think about a grandfather who tells his grandson what it was like when

he was a child and was able to swim in the lake. The knowledge of the

state of the environment deteriorates over time, since when the grandson

becomes a grandfather he will have no knowledge of how it was to swim

in the lake. We model this as deterioration of the habit stock, which is

thoroughly explained in the Model section below.

In traditional economic modeling, preferences are assumed to be sep-

arable over time. Psychological findings continuously indicate that this

is not true, and have been incorporated in several articles over the years

(see for example Loewenstein and Elster, 1992; and Rabin, 1998, for ex-

tensive overviews). The literature on non-separable utility over time can

be divided into two parts (Chaloupka, 1991). The first part is referred to

as endogenous tastes or habit formation (see e.g. Gorman, 1967; Pollak,

1970, 1976; and Boyer, 1983). The other part consists of the research

on "rational addiction" (Stigler and Becker, 1977; Becker and Murphy,

1988; Becker et al., 1994), which gives an explanation for the existence of

addiction in an economic framework. In Phlips (1983), this distinction

of research on changing preferences is referred to as "purely semantic."

Phlips shows that rational addiction can be seen as a special case of a

more general habit formation model.

The model in this paper is based on both the rational addiction model

developed by Stigler and Becker (1977) and Becker and Murphy (1988),

and the model developed by Pollak (1970) in which utility is not depen-
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dent on the consumption level per se, but rather on the change between

past consumption and current consumption levels. The main difference

between this paper and Becker and Murphy (1988) and Pollak (1970) is

that we include a public good that displays habit formation (environ-

mental quality), and not a private consumption good.1 Furthermore,

the mentioned public good is affected by a negative external effect.

The paper is organized in the following way. First we develop the

model. Second, we solve for the problem of the social planner, where we

characterize the equilibrium, discuss dynamics and solve for the steady

state, and subsequently we solve for the decentralized problem. We

graphically illustrate and analytically derive the optimal tax path and

discuss the effect of habit formation before ending with concluding re-

marks.

2 The Model

We assume that the intertemporal utility of an individual depends on

consumption of two different goods and environmental quality. The two

consumption goods are substitutes, but one of the goods gives rise to a

negative external effect on environmental quality (from now on we refer

to this good as the environmental bad). The environmental quality is

of a public good character, and so individuals do not take into account

that their consumption of the environmental bad has a negative effect

on the environment. We assume that a social planner implements a

tax to correct for this behavior. Hence, the choice of the social planner

is to maximize utility given the negative effect of the environmental

bad, taking into account that there is habit formation in environmental

1Several studies take into account that different private goods (most studied is
probably the consumption of cigarettes) display habit formation (see e.g. Chaloupka,
1991; and Becker et al., 1994).
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quality.

To formalize the discussion above, the total discounted utility is given

by a quadratic utility function:

Z ∞

t=0

(aN(t) + bX(t) + cZ(t) + dS(t) +AN(t)2+

BX(t)2 + CZ(t)2 +DS(t)2 + 2EX(t)N(t) + 2GN(t)S(t)+

2FX(t)S(t) + 2HZ(t)X(t) + 2IN(t)Z(t) + 2JZ(t)S(t))e−ρtdt. (1)

a, b, c, d, A, B, C, D, E, F, G, H, I, and J are constant parameters,

and N(t), X(t), Z(t), and S(t) are variables that change over time. The

variables are defined as follows:

N(t) = Environment which displays habit formation.

X(t) = The "dirty" consumption good (the environmental bad).

Z(t) = The "clean" consumption good.

S(t) = The habit stock related to the environment.

Without loosing the key features of the model, the following assump-

tions are made regarding the variables:

N(t) = n− γX(t) (2)

Z(t) = y −X(t) (3)
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Ṡ(t) = βN(t)− δS(t). (4)

Environmental quality (2) is defined as a flow variable, i.e. we do not

consider environmental quality as a stock. This is because we want to

be able to focus on the effect of habit formation, and therefore want to

use the simplest possible model. The environment is affected negatively

by consumption of the good X, with a parameter 0 < γ < 1, that

illustrates how bad the good is for the environment. We have a goods

market equilibrium condition: (3). We assume an exogenously given

income equal to y in each period and normalized prices to one, and

assume that it is neither possible to save nor borrow. Ṡ is the change in

S over time, and the habit stock increases with βN , (0 < β < 1), where

β is a "habit formation coefficient" and depreciates over time with a

depreciation rate equal to δ (0 < δ < 1). This way of modelling the

habit stock follows Becker and Murphy (1988), but is also a variation of

the discrete model of Pollak (1970). Due to tractability of the analysis

we leave out time when referring to a variable, hence X = X(t), except

when we want to make a specific point where the time dimension is of

importance.

It should be noted that the choice of a quadratic utility function

is made mainly for analytical convenience, and could be comparable

to a linearization around a steady state (since taking derivatives of a

quadratic function yields linear relationships between the variables).

We assume further that individuals do not take into account the

negative effect of consuming X on environmental quality, i.e. the envi-

ronment has a public good character. Subsequently the individual treats

environmental quality as given (N̄(t)) (and consequently take the habit

stock as given). The corresponding utility function for an individual (a
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representative agent) is given by:

Z ∞

t=0

(aN̄(t) + bX(t) + cZ(t) + dS(t) +AN̄(t)2+

BX(t)2 + CZ(t)2 +DS(t)2 + 2EX(t)N̄(t) + 2GN̄(t)S(t)+

2FX(t)S(t) + 2HZ(t)X(t) + 2IN̄(t)Z(t) + 2JZ(t)S(t))e−ρtdt (5)

The goods market equilibrium condition for the individual is given

by:

Z(t) = y + v − τX(t) (6)

Where τ = 1 + r, is a tax on good X. Further, we assume that the

tax revenue is returned to the individual via a lump sum tax, v.

Given the definition of the utility function the following must hold:

A = 1
2
uNN , B = 1

2
uXX , C = 1

2
uZZ , D = 1

2
uSS, E = 1

2
uNX , F =

1
2
uNS, G = 1

2
uNX , H = 1

2
uZX , I = 1

2
uNZ, and J = 1

2
uZS. To make the

model as stringent as possible, we make some assumptions on the utility

function and parameters, which hold throughout the paper: uX > 0,

uN > 0, uZ > 0, uS > 0, d = −a, A = 1
2
uNN < 0, B = 1

2
uXX < 0,

C = 1
2
uZZ < 0, D = 1

2
uSS < 0, E = 1

2
uNX = 0, F = 1

2
uNS = 0,H =

1
2
uZX = 0, I = 1

2
uNZ = 0, J = 1

2
uZS = 0, G = 1

2
uNS > 0.

Special attention should be given to the assumptions uS > 0, d =

−a, and G = 1
2
uNS > 0. The first of these three assumptions is an

assumption that indicates that we have a beneficial habit.2 This term is

2As can be shown, the choice of a benefical good puts a restriction on the relative
size of A in relation to D (A must be smaller in magnitude than D), but since this
doesn’t alter the results or intuition of the results, we do not develop the restriction
further in the paper. The calculations can be obtained from the author upon request.
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used in the rational addiction literature, and refers to an addiction/habit

that does not have any negative effects on the individual through the

stock effect (not to be mixed up with the negative effect on environmental

quality assumed in this paper). The opposite of a beneficial addiction

is a harmful addiction, where the most cited example is smoking. The

instant effect of smoking is positive, but the habit stock effect is negative.

The second assumption indicates that individuals get utility not from

environmental quality per se, but rather from a reference level which is

dependent on earlier consumption. This follows the approach by Pollak

(1970). The third assumption is necessary (but not sufficient, as is shown

below) for a higher level of past environmental quality to imply, ceteris

paribus, a higher level of present environmental quality, i.e. an increase

in past levels of environmental quality increases the marginal utility of

present level of environmental quality. Furthermore we assume that

N,Z,X > 0.

We can now restate the utility functions given the assumptions of

the parameters:

Z ∞

t=0

(a(N−S)+bX+cZ+AN2+BX2+CZ2+DS2+2GNS)e−ρtdt (7)

Z ∞

t=0

(a(N̄−S)+bX+cZ+AN̄2+BX2+CZ2+DS2+2GN̄S)e−ρtdt. (8)

Now the basic set up of the model is finished, and what we are going

to do next is solve the optimization problem of the social planner. This

exercise aims at finding and characterizing the optimal paths of the
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model. We then turn to the question of optimal environmental taxation

(the decentralized problem).

3 The Problem of the Social Planner

The problem for the social planner is to maximize (1) subject to (2), (3),

and (4).

Given one state (S) and one control variable (X), we are clearly

able to study transitional dynamics. To identify a possible optimal

path we use the Maximum Principle of Pontryagin (introduced by Pon-

tryagin, Boltyanskii, Gamkrelidze and Mishchenko (1964)). The subse-

quent presentation of and solution to the maximization problem follows

Sierstad and Sydsaeter (1987), and Sydsaeter, Strom and Berck (2000)

closely. The current value Hamiltonian for our problem is stated as

follows (where we have substituted in for restrictions [2] and [3]):

Hc = a((n− γX)− S) + bX + c(y −X) +A(n− γX)2 +BX2+

C(y −X)2 +DS2 + 2G(n− γX)S + λ(β(n− γX)− δS), (9)

where λ is the current value shadow price. The analysis of optimality

hinges upon the following conditions:

Mangasarian’s Sufficient Conditions. Infinite Horizon.

Suppose that an admissible pair (S∗(t),X∗(t)) satisfies the

following conditions for all t ≥ t0:

(1) X∗(t) maximizes Hc(t, S∗(t), X(t), λ(t))

(2) λ̇(t)− ρλ(t) = −∂Hc(t, S∗(t),X∗(t), λ(t))/∂S.

(3) Hc(t, S(t),X(t), λ(t)) is concave w.r.t (S(t),X(t)).
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(4) lim
t→∞

[λ(t)e−ρt(S(t)− S∗(t))] ≥ 0 for all admissible S(t).

Then (S∗(t), X∗(t)) is optimal.

Conditions (1) and (2) represent the Maximum Principle of Pontrya-

gin, and are necessary conditions for optimality to hold. Conditions

(3) and (4) are sufficient conditions for optimality, but we acknowledge

that we could still find optimal solutions even if (3) and (4) do not

hold (for a further discussion see Sierstad and Sydsaeter, 1977). We

also impose the transversality condition lim
t→∞

S(t) > 0 (following from

N > 0). It can be shown that the current value Hamiltonian is con-

cave w.r.t habit stock and the consumption good X (Condition [3]) iff

D(B+C +Aγ2) > G2γ2. Given Condition (1), an interior maximum of

Hc requires that ∂Hc

∂X
= 0. Hence,

∂Hc

∂X
= b−c+2BX−2C(y−X)−aγ−2GSγ−2Aγ(n−γX)−βγλ = 0,

(10)

and solving for λ and X we find that

λ =
b− c+ 2BX − 2C(y −X)− aγ − 2GSγ − 2Aγ(n− γX)

βγ
(11)

X =
−b+ c+ 2Cy + aγ + 2Aγn+ 2GSγ + βγλ

2(B + C +Aγ2)
. (12)

Hence λ is a decreasing function in X (note that A,B,C < 0). Using

Condition (2), we can solve for λ̇:

∂Hc

∂S
= −a+ 2DS + 2G(n− γX)− δλ = ρλ− λ̇ =⇒

λ̇ = (ρ+ δ)λ+ a− 2DS − 2G(n− γX). (13)
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If we take the time derivative of X given from Equation (12), we get:

Ẋ =
2GṠγ + βγλ̇

2(B + C +Aγ2)
. (14)

Since we know λ̇ from Equation (13), λ from Equation (11), and Ṡ

from Equation (4), we can substitute in for λ̇, λ, and Ṡ in Equation

(14), which means that Ẋ can be written as a function of X and S.

Accordingly, the dynamic system can be summarized by two differential

equations, Ṡ and Ẋ. More specifically, the system that we are interested

in solving is:

Ẋ = KS + (δ + ρ)X +M

Ṡ = βn− βγX − δS,
(15)

where

K = −2Dβγ−2Gγ(2δ+ρ)
2(B+C+Aγ2)

M = −aγ(δ+ρ−β)−2Anγ(δ+ρ)+b(δ+ρ)−c(δ+ρ)−2Cy(δ+ρ)
2(B+C+Aγ2)

.

The general solution to this system is given by:

S(t) = S∗ +R1e
µ1t +R2e

µ2t

X(t) = X∗ +R3e
µ1t +R4e

µ2t ,

where Ri =constants, and µi =eigenvalues given from the system,

and * refers to steady state values of S and X.

We now define the matrix Ω as

Ω =

(δ + ρ) (K)

(−βγ) (−δ)

 .

The determinant is then equal to detΩ = Kβγ − δ2 − δρ.
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The trace of Ω (trΩ) is equal to ρ, and the eigenvalues of the deter-

minant Ω are

µ1,2 =
1
2
(ρ±

q
ρ2 + 4(−Kβγ + δ2 + δρ)).

If the determinant is negative, we know that we have two real,

distinct, non-zero roots, while if the determinant is positive we can either

have two real, distinct, non-zero roots ( (trΩ)
2−4 detΩ
4

> 0), or we have

that the eigenvalues are complex conjugates ( (trΩ)
2−4 detΩ
4

< 0). As we

proceed (see Section 3.2) we are able to show that detΩ < 0, given

our assumption of habit formation, which in our case corresponds to a

positive and a negative root, i.e.:

µ1 =
1
2
(ρ−

q
ρ2 + 4(−Kβγ + δ2 + δρ)) < 0 and

µ2 =
1
2
(ρ+

q
ρ2 + 4(−Kβγ + δ2 + δρ)) > 0.

3.1 Solution of the Model

Now we proceed with the solution to the system. Since µ2 > 0, we

know that R2, R4 = 0 for S(t) to tend asymptotically to S∗. Hence, the

general solution of the system is reduced to

S(t)=S∗ +R1e
µ1t

X(t)=X∗ +R3e
µ1t.

To determine R1 and R3 we assume that we are in period t = 0.

Then the initial value of S(0) = S∗ + R1, and hence R1 = S(0) − S∗.

Correspondingly R3 = X(0)−X∗.

The solution of the system is then equal to:

S(t) = S∗ + (S(0)− S∗)e
1
2
(ρ−
√

ρ2+4(−Kβγ+δ2+δρ))t

X(t) = X∗ + (X(0)−X∗)e
1
2
(ρ−
√

ρ2+4(−Kβγ+δ2+δρ))t.

This means that if S(0) < S∗ (S(0) > S∗), then S grows (falls) over

time towards S∗, and the same logic holds for X.
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3.2 Phase-diagrams and Transitional Dynamics

A convenient property of the differential equations derived in Section 3

(15), is that they do not explicitly depend on time, and can therefore be

used to illustrate the dynamics of the system. To be more specific: we

have an autonomous system when time does not enter explicitly into a

system of equations. This means that the time-derivatives do not change

over time, but the solutions for S and X respectively do depend on time.

Also, given some uniquely defined initial condition (S(0),X(0)), there is

a corresponding solution curve (path or trajectory), (S(t), X(t)), that is

unique for the given initial condition. As t varies over time, the system

moves along a trajectory that depends only on the coordinates (S,X),

and not on the time of arrival at that point (Shone, 1997). In a phase-

diagram, the direction along the trajectory as time increases is illustrated

by arrows. Shone lists three important properties for trajectories of

autonomous systems which are important to bear in mind:

1. There is no more than one trajectory through any point in the

phase plane.

2. A trajectory that starts at a point which is not a fixed point will

only reach a fixed point in an infinite time period.

3. No trajectory can cross itself unless it is a closed curve. If it is a

closed curve then the solution is a periodic one.

A fixed point, which in the economic literature is referred to as a

steady state, is defined as a point where neither S(t) nor X(t) changes

over time. To find the steady states for our model we need to solve for

Ṡ(t) = 0, and Ẋ(t) = 0.
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We have analytically solved for the dynamics in the model through

the determinant and the eigenvalues, but for a further discussion it is illu-

minating to illustrate the discussion graphically using a phase-diagram.

A phase-diagram is used to find out what happens if we deviate from

the curves Ṡ(t) = 0 and Ẋ(t) = 0. If we are on the Ṡ = 0 curve, S

is constant. Then what happens to Ṡ, and hence to S, if we go to the

right (increasing X) or left (decreasing X) of the Ṡ = 0 line? The same

applies for the Ẋ = 0 curve, for which we want to find out what happens

to Ẋ if we are below (decreasing S) or above (increasing S) the Ẋ curve.

Firstly we need to solve for Ṡ(t) = 0, and Ẋ(t) = 0.

If Ṡ(t) = 0, then S is given by:

S =
β(n− γX)

δ
. (16)

If Ẋ(t) = 0, then S is given by:

S =
M

K
+

δ + ρ

K
X. (17)

Before we proceed, let us think about these two equations for a short

moment. The second equation is crucial, since in this expression we de-

fine N (it is a function of X) either to be a complement or a substitute

to S or to be unrelated over time. Given the quadratic utility function,

we by assumption have a linear relationship between the habit stock

and environmental quality. The relationship is either positive (past lev-

els of environmental quality have a positive effect on the present level

of environmental quality), negative (past levels of environmental quality
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have a negative effect on the present level of environmental quality), or

the coefficient is equal to zero (past levels of environmental quality has

no effect on the present level of environmental quality - independence).

From the definition of habit formation (given by Pollak, 1970), we must

have a negative relationship between the habit stock and the environ-

mental bad (since this corresponds to a positive relationship between the

habit stock and environmental quality), otherwise a higher level of past

environmental quality would not imply a higher level of present environ-

mental quality. Hence, for an increase in current level of environmental

quality to increase future levels of environmental quality indicates, not

only that G > 0, but also that we should have a positive relationship

between the habit stock and consumption of the habitual good.3 Since

N depends negatively on the consumption of X it follows that to have

habit formation we are going to make the crucial assumption that

δ + ρ

K
< 0.

3It should be noted that this is closely linked to the concept of adjacent com-
plementarity. The distinction between adjacent and distant complementarity was
developed by Ryder and Heal (1973). These two concepts are not trivial, but to
quote the authors:

"...a person with distant complementarity who expects to receive
a heavy supper would tend to eat a substantial breakfast and a light
lunch. A person with adjacent complementarity would tend to eat a
light breakfast and a substantial lunch in the same circumstances."
(Ryder and Heal, 1973, page 5).

In our model we assume a quadratic utility function, which implies that the
habitual good and the habit stock can only have a strictly positive, strictly negative or
unrelated relationship. But since we assume habit formation we must have a positive
relationship, and hence by definition we have adjacent complementarity. Further,
this implies that we disregard the possibility of distant complementarity. A more
general habit formation model could allow for periods of decreasing consumption,
following a period of increased consumption in the good that is habitual, but this is
not possible in this setting given the functional form of the utility function.
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From this we can conclude that K < 0, and hence that the detΩ <

0, since detΩ = Kβγ − δ2 − δρ. Given the assumption of a positive

relationship between N and S we disregard the possibility of a high

rate of time preference, since this would make K > 0, and possibly the

detΩ > 0 (which could result in an unstable equilibrium).

The corresponding phase diagram is presented in Figure 1.

0
.
=S

0
.
=X

PSX .

PSS .

S

X

Figure 1. Phase-diagram in S and X-space.

The phase-diagram graphically illustrates the dynamics of the sys-

tem derived in Section 3.1. Following the maximum principle, not all

possible trajectories of the system are optimal. In Figure 2 below we

have taken two examples of different S(0): one high and one low. If we

assume that the initial value of S is high, then the optimal trajectory

hinges upon the choice of the control variable X at t = 0. Path I illus-

trates an optimal choice of X(0), according to the maximum principle.

The same argumentation can be made for the case when we assume a
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low initial value of S(0). Choosing a high X(0) would in this case re-

sult in the optimal path such as II. Also, the optimal paths fulfill the

sufficient condition for optimality to hold (Theorem 1, Condition 4), i.e.

lim
t→∞

[λ(t)e−ρt(S(t)− S∗(t))] ≥ 0 for all admissible S(t).

0
.
=S

PSX .

PSS .

S

X

highS

lowS

lowX highX

I

II 0
.
=X

Figure 2. Optimal trajectories given initial condition on the habit

stock.

It is worth noting that if we relax the assumption that X > 0, and

assume that X > 0, we could have a boundary solution where the Ṡ =
0 − curve cuts the S − axis. Hence, the optimal consumption of the

environmental bad is equal to zero. The optimality of such a solution

hinges upon whether the welfare over time is higher on such a path

compared to a path towards the steady state discussed earlier. This is

not a trivial comparison and is left for future research (for a discussion

on comparisons of multiple steady states, see for example Deissenberg,

Feichtinger, Semmler, and Wirl, 2001). We disregard this solution in
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this study, but acknowledge that such a solution could still exist, and

would depend partly on the substitutability between goods X and Z.

For example, in the case of gasoline where leaded and unleaded gasoline

have been shown to be almost perfect substitutes, we could imagine that

this solution would be preferred to a solution with consumption of both

leaded and unleaded gasoline. A solution where the Ẋ = 0− curve cuts

the X − axis (S = 0) is impossible, since it violates the transversality

condition lim
t→∞

S(t) > 0.

This rather elementary exercise points at the importance of the initial

value of S, the habit stock of past environmental quality.

3.3 Steady State Consumption and Comparative

Statics

Given what we have found so far we can solve for the optimal steady

state consumption of X. In steady state we know that (16) must equal

(17), and solving for X yields the following steady state consumption of

X:

X∗
S.P =

βn
δ
− M

K
δ+ρ
K
+ βγ

δ

. (18)

Solving correspondingly for S, N , and Z is straightforward:

Ṡ(t) = βN(t)− δS(t) = 0 in steady state ⇒ S(t) = βN(t)
δ
⇒

S∗S.P =
β

δ

Ã
n− γ

βn
δ
− M

K
δ+ρ
K
+ βγ

δ

!
,

N(t) = n− γX(t)⇒

N∗
S.P = n− γ

βn
δ
− M

K
δ+ρ
K
+ βγ

δ

,
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Z(t) = y −X(t)⇒

Z∗S.P = y −
βn
δ
− M

K
δ+ρ
K
+ βγ

δ

.

Since the focus of this paper is on habit formation, we would like

to investigate the effect on steady state X (X∗
S.P ) given a change in

either G or β. We start by examining the effect of an increase/decrease

in G (an increase in past levels of environmental quality increases the

marginal utility of the present level of environmental quality) on optimal

consumption of X.

Substituting in forM and K in X∗
S.P yields the following expression:

X∗
S.P =

2Dnβ2γ+2Gnβγ(2δ+ρ)−b(δ2+δρ)+c(δ2+δρ)+2Cy(δ2+δρ)+aγδ(−β+δ+ρ)+2Anγ(δ2+δρ)
2(Dβ2γ2+(B+C+Aγ2)(δ2+δρ)+Gβγ2(2δ+ρ))

=

Θ
2Ψ
,

where Θ = 2Dnβ2γ + 2Gnβγ(2δ + ρ) − b(δ2 + δρ) + c(δ2 + δρ) +

2Cy(δ2 + δρ) + aγδ(−β + δ + ρ) + 2Anγ(δ2 + δρ) and

Ψ = Dβ2γ2 + (B + C +Aγ2)(δ2 + δρ) +Gβγ2(2δ + ρ).

Also Θ,Ψ < 0 (following from the sign of the determinant). Then we

can write the derivative of X∗
S.P with respect to G as:

∂X∗S.P
δG

= −βγ2(2δ+ρ)Θ
2Ψ2

+ 4nβγδ+2nβγρ
2Ψ

.

We know that −βγ2(2δ+ρ)Θ
2Ψ2

> 0, and 4nβγδ+2nβγρ
2Ψ

< 0. Hence, if
−βγ2(2δ+ρ)Θ

2Ψ2
+ 4nβγδ+2nβγρ

2Ψ
> 0, then ∂X∗S.P

δG
> 0.

If we assume that −βγ2(2δ+ρ)Θ
2Ψ2

+ 4nβγδ+2nβγρ
2Ψ

> 0, then after some

simplifications it follows that
Θ
2Ψ
(= X∗

S.P ) >
n
γ
. But since this implies that N < 0 (remember that

N = n− γX), this cannot be true. Hence,
∂X∗S.P
δG

= −βγ2(2δ+ρ)Θ
2Ψ2

+ 4nβγδ+2nβγρ
2Ψ

< 0.

Themore habitual environmental quality the lower the optimal steady
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state consumption of the environmental bad (X). This is what we ex-

pect.

We now turn to the habit formation coefficient β. Using the same

approach as above, we can write ∂X∗S.P
δβ

as:
∂X∗S.P
δβ

= − (2Dβγ2+Gγ2(2δ+ρ))Θ
2Ψ2

+ 4Dnβγ−aγδ+2Gnγ(2δ+ρ)
2Ψ

.

Hence ∂X∗S.P
δβ
≷ 0 dependent on if

− (2Dβγ2+Gγ2(2δ+ρ))Θ
2Ψ2

+ 4Dnβγ−aγδ+2Gnγ(2δ+ρ)
2Ψ

≷ 0.
Going through some simplifications yields the following restrictions:
∂X∗S.P
δβ

> 0 iff Θ
2Ψ

> n
γ
− aδ

2γ(2Dβ+G(2δ+ρ))
and

∂X∗S.P
δβ

< 0 iff Θ
2Ψ

< n
γ
− aδ

2γ(2Dβ+G(2δ+ρ))
.

Hence, if 2Dβ + G(2δ + ρ) < 0 then ∂X∗S.P
δβ

< 0 (given the same

argumentation as for ∂X∗S.P
δG

).4

If 2Dβ +G(2δ + ρ) > 0 then

 if X∗
S.P large (N small) ∂X∗S.P

δβ
> 0

if X∗
S.P small (N large) ∂X∗S.P

δβ
< 0.

We can conclude that the sign of ∂X∗S.P
δβ

hinges upon several parame-

ters, and their relative size. But, if we face a situation where we have a

large optimal steady state consumption of X, and 2Dβ+G(2δ+ρ) > 0,

then a larger habit formation coefficient (i.e. that we increase the habit

stock more for every given level of N) would indicate that the opti-

mal level of steady state X increases. When 2Dβ + G(2δ + ρ) < 0 or

2Dβ + G(2δ + ρ) > 0 in combination with a small steady state con-

sumption level of X, an increase in the habit formation coefficient would

indicate a reduction of the optimal steady state consumption of X.

4From the positive relationship betweenN and S we know thatDβ+G(2δ+ρ) > 0,
but we do not know the sign of 2Dβ +G(2δ + ρ).
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4 The Decentralized Problem

4.1 The Problem of the Individual

Now we turn to the maximization problem of the individual. The indi-

vidual consumption of X is independent of time, due to the assumption

that individuals do not take into account that their consumption of X

affects environmental quality, and hence affects the habit stock. The

individual chooses to consume the exact same amount of X in every pe-

riod. This is interesting from an analytical point of view since it allows

us to exactly determine the start value of X and S, and given the initial

conditions, the social planner needs to find the optimal path towards

steady state, i.e. the optimal path of the environmental tax. The tax

is equal to the Pigovian tax5 (see e.g. Gruber and Köszegi, 2001; and

Löfgren, 2002), but it is of interest to examine how it optimally should

evolve over time.

The corresponding maximization problem for the individual is writ-

ten as (note that the individual does not take into account the negative

effect of the consumption of X on the environment and therefore we can

treat the individual problem as a static problem):6

U ind = a(N̄ −S)+ bX + cZ + dS+AN̄2+BX2+CZ2+DS2+2GN̄S.

Taking the derivative of U ind with respect to X yields the follow-

ing steady state consumption of X for the individual, when no tax is

imposed:

5The tax is equal to the shadow price or marginal damage of the externality
(Pigou, 1946).

6For the chosen parameters, the utility function can be shown to be concave with
respect to X, as we would require.
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Xind =
−b+ c+ 2C(v + y)

2(B + C)
.

When we impose a tax (τ = 1 + r) on the consumption of good X,

the first order condition for the individual corresponds to

Xind =
−b+ cτ + 2Cτ(v + y)

2(B + Cτ 2)

and hence consumption of X strictly decreases in τ .7

4.2 Optimal Taxation

Again our problem can be illustrated by a phase-diagram. Given that

the individual consumption of X is lower than the optimal consumption

of X, we know that environmental quality is worse than optimal. But

we can only speculate whether or not the initial value of S is lower or

higher than the optimal S. The initial value on the habit stock crucially

depends on time, i.e. how long time individuals have consumed the

environmental bad. What we do know is that we have a problem of

optimal environmental taxation including two different dynamics and

three different initial taxes (see Figure 3 below). Hence, to illustrate

what the implementation of an optimal tax would look like, we refer to

three different levels on the initial habit stock (i, ii, and iii). These three

levels all have different implications on the time-path of the optimal tax.

7The derivative of Xind with respect to τ , ∂Xind

∂τ =
B(c+2C(v+y))−Cr(−2b+τ(c+2C(v+y))

2(B+Cτ2)2 . If we assume an interior solution then B < Cτ2

must hold, and then the derivative can be shown to be negative. Hence, X strictly
decreases in τ (assuming an interior solution).
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Figure 3. Optimal environmental tax path given initial conditions on

the habit stock.

The arrows in Figure 3 represent the shift in consumption going from

the individual’s maximization problem to the social planner’s maximiza-

tion problem. From a visual inspection of Figure 3 we can conclude that

the more the habit stock degenerates over time, the more likely the so-

cial planner is to face a situation such as (iii). Since we have shown

that the consumption of X for the individual strictly decreases in tax,

we find that given a habit stock lower than the optimal habit stock,

the optimal response from a social planner would be to implement a tax

(corresponding to a decrease in X), and then decrease the tax level over

time (increase X) until steady state is reached. For a given habit stock

higher than the optimal habit stock, the optimal response from a social

planner would be either of two options: (a) situation (ii) corresponds

to implementing a tax (decrease in X), and then increase the tax level

over time (decrease X) until steady state is reached, or (b), situation (i)

corresponds to implementing a subsidy initially, and then an increasing
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tax (level) until steady state is reached. Note that the habit stock can

only be degenerated to Smin and that this point would correspond to an

individual steady state, where both the habit stock and consumption of

X are constant. Hence, following from Figure 3 we know that τ(0) > τ ∗

if S(0) < S∗, and τ(0) < τ ∗ if S(0) > S∗, and could even be a subsidy

(τ(0) < 1). Furthermore, τ̇ < 0 if S(0) < S∗, and τ̇ > 0 if S(0) > S∗.

We now formalize our discussion on the time-path of an optimal

environmental tax. For optimality to hold, the social planner should set

the tax so that the optimal path of X is equal to the individual’s choice

of X at every point in time.

The optimal path ofX is given byX(t) = X∗+(X(0)−X∗)eµ1t,where

µ1 =
1
2
(ρ −

q
ρ2 + 4(−Kβγ + δ2 + δρ)). The social planner should set

the optimal environmental tax so that Xind = X∗ + (X(0)−X∗)eµ1t ⇒

−b+cτ+2Cτ(v+y)
2(B+Cτ2)

= X∗ + (X(0) − X∗)eµ1t. Solving for τ yields the

following optimal tax path:

τ(t)=
1

2(2Ceµ1t(X0 −X∗) + 2CX∗)
(19)

[c+ 2C(y + v)− ((−c− 2C(y + v))2

−4(b+ 2BX∗ + 2Beµ1t(X0 −X∗))(2CX∗ + 2Ceµ1t(X0 −X∗)))
1
2 ]

We have already shown the effect of G (remember that G = 1
2
uNX ,

which should be interpreted as: an increase in past levels of environmen-

tal quality increases the marginal utility of the present level of environ-

mental quality) on steady state consumption of X. It was shown that
∂X∗
∂G

< 0. This indicates that the optimal tax path is affected by G in a

non-trivial way (both through X∗ and µ1). It is straightforward to show
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that ∂µ1
∂G

> 0, which can be interpreted as an effect on the transition

speed towards the steady state tax. The larger the G, the larger (i.e.

the less negative) is µ1, the longer time it takes for the tax to approach

the steady state tax (compared in levels). The same holds for the habit

formation coefficient, β.

From Equation (19) we note the following:

The steady state tax (t→∞) and initial tax (t = 0) have the same
"form":

τ(0) = 1
4CX(0)

[c+ 2C(y + v)−p
(−c− 2C(y + v))2 − 8(b+ 2BX(0))(CX(0))]

and

τ ∗ = 1
4CX∗ [c+ 2C(y + v)−p

(−c− 2C(y + v))2 − 8(b+ 2BX∗)(CX∗)].

Hence, we find that the initial tax and steady state tax depends on

habit formation through the optimal choice of X at time t = 0 (there is

only one optimal choice of X given the initial value on the habit stock)

and through steady state consumption of X.

It can also be shown that the optimal environmental tax in steady

state is equal to the optimal environmental tax in a static case, i.e.

disregarding the dynamic property of the habit stock.

5 Concluding Remarks

Habit formation has not, to our knowledge, been studied in an envi-

ronmental framework before, and in this paper, using a simple model,

we show that habit formation crucially affects optimal environmental

taxation in a dynamic setting.

Even if we know that an environmental bad should be taxed using a

tax equal to the Pigovian tax, it is of interest to study how such a tax
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evolves over time, and also how optimal consumption levels are affected

by the assumption of habit formation. We show that when individu-

als experience habit formation in environmental quality, the time-path

of the optimal tax critically hinges upon the initial value of the habit

stock. There are three alternative paths: one corresponding to an in-

creasing tax over time and two corresponding to a decreasing tax over

time, with the initial tax being either a tax or a subsidy. The initial

value of the habit stock depends on how long individuals have consumed

the environmental bad. The longer the time, the lower the correspond-

ing habit stock. Furthermore, habit formation affects the optimal tax

path both in level and transition speed towards steady state levels. The

transition speed towards the steady state levels is affected negatively

by an increase in habit formation, while the level of the optimal tax

is affected non-trivially by changes in habit formation. Also, the opti-

mal consumption of the environmental bad decreases in habit formation

through G. Hence, the stronger the habit, the higher the optimal level

of environmental quality.

It should also be noted that the dynamics are highly dependent on

two factors: firstly the concavity of the utility function with respect

to the habit stock, and secondly how strong the habit formation is.

The more diminishing the utility with respect to the habit stock, and

the stronger the habit, the more likely that the model is unstable. We

disregard the case of such strong habits and very concave utility function

with respect to the habit stock, but acknowledge the explanatory power

it has for addiction.

An evident extension of this paper is to incorporate habit formation

in a growth-environment framework. In an article by Shieh et al. (2000),

addiction and growth are studied, and the authors find that addiction
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has an effect on the steady state growth rate (the effect depends on the

properties of the addiction), but the authors do not specifically consider

environment, nor taxation. Another area for future research is to empir-

ically test for the character of habit formation in environmental quality,

i.e. what determines the reference point, and how persistent the habit

is.
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