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Introduction

1.1 Background

Proposed by Markowitz (1952), the mean-variance (MV) model marks the starting
point of modern portfolio theory. Estimates for future return and volatility are used
to allocate capital into an efficient portfolio, maximising return for a given level of
risk exposure. However, estimation errors significantly impair the model’s perfor-
mance (Michaud, 1989), limiting its usage. To overcome its limitations, attempts to
introduce constraints such as portfolio weights to minimise errors (Jagannathan and
Ma, 2003. & Behr, Guettler, and Miebs, 2013) have been tried, without success. Al-
though groundbreaking, when constructing stock portfolios the model’s performance
has been shown to consistently be outperformed by naive and simplistic models such

as the equal-weighted portfolio (Demiguel, Garlappi & Uppal., 2009).

The Black-Litterman (BL) model (Black & Litterman, 1990) combines two main
pillars of modern portfolio theory, MV and CAPM, as an alternative approach to
overcome the shortcomings of prior models. The model has, since its inception,
gained attention from quantitative portfolio managers (Satchell & Scowcroft, 2000),
but academia has shown limited interest (Bessler, Opfer & Wolff, 2017). Evaluat-
ing the out-of-sample performance of the BL model, Bessler, Opfer & Wolff (2017)
found the model to consistently outperform comparable strategies under particu-
lar settings. Their result suggests the model to be superior given the appropriate

implementation.
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1.2 Purpose

This study aims to test the out-of-sample performance of the BL model, compared
to MV and 1/N diversification. The framework proposed by Bessler, Opfer & Wolff
(2017) is implemented, but the study complements the previous work by only includ-
ing assets from the U.S. market, and by constructing stock-dominated portfolios. In
contrast, Bessler, Opfer & Wolff (2017) focused on the global financial market with

mixed assets.

All constructed portfolios are subject to volatility constraints, and the weight vector
is restricted to not allow for short selling. The constraint allows for simulations of
different investor types. By setting the volatility ceiling to 10%, 15%, and 20%,

proxies for conservative, moderate and aggressive investors are created respectively.

Utilising 12 months sample mean as return estimates, the views are combined with
two types of references, the minimum-variance and naive portfolios. Depending on
the certainty of the views, measured as the variance of the last 12 months estimation
errors, the BL portfolios takes different forms. All constructed portfolios are evalu-
ated with a nuanced selection of performance measures, which enables an assessment

of the BL strategy.

1.3 Research Question

Similar to Bessler, Opfer & Wolff (2017) we examine whether the BL model enhance
portfolio performance, however this study incorporates a different set of assets. By
including individual stocks and indices traded on the U.S market we examine the

models usefulness when constructing a stock-dominated portfolio.

1.4 Layout

After the Introduction, the sections Theory, Data, Methodology, Results, Analysis
and Conclusion are also included. The next section of the thesis presents the theory

behind a few capital allocation methods. The theory of CAPM is introduced before
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the BL model is explained in full. Thereafter follows the sections Methodology and
Data. The construction of the different portfolios and dataset used for calculations
are presented here. Finally, the thesis ends with a presentation and analysis of the

result.

The three appendices included in the report are frequently referenced throughout
the thesis. Therefore, to fully explain all details, we recommend the reader look at

the appendices when they are referenced.
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Theory

This chapter summarises relevant theoretical concepts to build BL portfolios and
other models for portfolio construction used as comparison to evaluate the perfor-
mance of the BL. model. First, the Markowitz MV algorithm is described. Then
follows a short presentation of the two reference portfolios, minimum variance (Min-
Var) and naive diversification. The third section contains the Capital Asset Pricing
Model (CAPM) theory, which is essential to understand before deriving the BL for-
mula. The derivation itself is not included in this chapter. For that, we refer to

appendix B.

2.1 Mean-Variance

Mean-variance optimisation was first introduced by Markowitz (1952). The model
gave a framework for efficiently allocating capital within a portfolio, effectively elim-
inating or significantly reducing the non-systematic risk by diversification. Theoret-
ically, one could eliminate the asset-specific risk by utilising the correlation between
assets to counter price fluctuations. The covariance matrix describes the correlation
between assets. This report will follow the notation of Black and Litterman (1990)
and denote the covariance matrix by . The elements in the covariance matrix are

given by the covariance between asset returns, i.e.,

Cov(ri, 1) = ([ri — (r)] [r5 — (r)]) (2.1)

where the brackets (-) denote averaging over a suitable time span (Bodie, Kane &

Marcus, 2021).
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The volatility of an asset is measured by the variance (squared standard deviation).
This shows how much an asset fluctuates from the mean. For a portfolio, the variance

is expressed by,
n n
2 _
0y =2

=17

wyw; Cov (r;, 75) (2.2)
1

where w; represents the allocation in asset ¢. Furthermore, the expected return of a
portfolio is computed by multiplying the weight vector with the vector of expected
returns. Expressed as a sum, the expected return yields,

n
E(r)=>Y wE(r). (2.3)

i=1
In the mean-variance optimisation, the objective is to maximise the portfolio re-
turn for a given level of risk. This creates a set of effective solutions called the

efficient frontier. By extension the optimal solution is the one that maximises the

investors utility (see equation (2.9)), presented in the theoretical overview of the

Black-Litterman model (Besler, Opfer & Wolff, 2017)

Before finding an optimal set of solutions, it is possible to subject the model to con-

straints. In this report, we will impose the following constraints on the calculations,

Zwi - ]-7

W; > 0.

(2.4)

The first constraint in equation (2.4) is most important and ensures a finite invest-
ment. A convergent solution cannot be found without this constraint. The second
constraint in equation (2.4) restricts the investor from selling short. This constraint
is not necessary for finding a solution but is imposed to avoid the complexity of

selling short.

2.2 Minimum-Variance

By minimising the risk instead of maximising the return risk trade-off, a minimum
variance (MinVar) portfolio can be constructed. This strategy have an advantage
over the MV model in that return estimates are not necessary. Return estimates tend

to be inaccurate (Michaud, 1989) and by excluding this element, the error window

6
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narrows. By choosing the weight vectors that minimises the portfolio variance, the
capital allocation for the MinVar portfolio is found (Bodie, Kane & Marcus, 2021).

Mathematically this problem can be expressed as,

min W'y w. (2.5)

2.3 Naive Diversification

If diversification is to be described by a single phrase, "do not put your eggs in
one basket”, would do it. The simplest way to spread risk is to equally allocate
capital within the portfolio among all assets, i.e., making each asset represent 1/N
of the portfolio (DeMiguel, Garlappi & Uppal, 2009). Although the 1/N model
of diversification can be seen as naive, Plyakha, Uppal, and Vilkov (2012) found
that this strategy, with monthly rebalancing, achieved a higher average return than

value- and price-weighted portfolios.

2.4 Capital Asset Pricing Model

The Capital Assets Pricing Model (CAPM) constitutes a central piece of financial
theory. Sharpe (1964) introduced the model as a response to the lack of available
theory, explaining the price of taking additional risks and how this is related to
fundamental macroeconomic factors. The ideas presented by Sharpe were elaborated
by Lintner (1965) and Mossin (1966), and thus the Capital Asset Pricing Model was
established.

The model observes the relationship between risk and excess returns. In theory,
this means that the future price of an asset is directly linked with the associated
risk. However, fundamental to the model are two sets of assumptions, limiting the
behavior of individuals and the market. By extension of these assumptions, CAPM
assumes the market portfolio to be a portfolio where each asset is weighted to be

proportional to the actual market (Bodie, Kane & Marcus, 2021).

CAPM determines the market risk premium by establishing a relationship between

the variance of the market and the average degree of risk aversion. The relation in

7
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equation (2.6) describes how the risk premium reacts to changes in demand for the
market portfolio. For example, if the excess market return is too high, the demand
will drive the price down until it matches the average investor’s risk aversion ()

(Bodie, Kane & Marcus, 2021).
E(Ry) = 003, (2.6)

For individual securities, CAPM implies that the market risk premium and 3 coeffi-
cient are the underlying factors describing the risk premium of an asset. [ represents
an assets systematic risk, i.e., market wide risk. The 3 coefficient for an asset can
be expressed as the covariance between the asset’s return and the market’s return,
normalised to the variance in the market portfolio (Bodie, Kane & Marcus, 2021),

as given by the equation,

E(r;) =r;+ B [E(Rym) — 1], where
_ Cov(A ) 27)

Bi

o3
From equation (2.7), the Security Market Line (SML) can be constructed. The

distance between an asset’s return and the SML gives the asset’s a value. The asset

« is given by the equation,
a;=r;— [+ B(Rm —ryp)]. (2.8)

For a given period the performance expressed as the a value can be calculated as
equation (2.8), determining whether an assets under- or overperformed the expected

return. (Bodie, Kane & Marcus, 2021).

2.5 Black-Litterman

The Black-Litterman model gives a framework for incorporating an investor’s views
into the MV algorithm. The CAPM implied returns are used as the prior input,
and the investor’s views are added to obtain new expressions for the mean and
covariance. The two main theories of the modern portfolio theory are thus unified

into one single algorithm.
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We will start the derivation from the assumption that an investor’s utility (U) can

be described by the quadratic utility function, given by,
0
U=wll— <2> wh Sw,. (2.9)

Here, II is the excess return vector, ¢ is the risk aversion coefficient, and X is the
covariance matrix of the excess returns for the assets. wjy; represents the market
weights or closely related benchmark weights. These benchmark weights could, for
example, emerge from naive- or minimum variance portfolios, or as in Black and

Litterman (1990), emerge from mean-variance optimisation. The hessian matrix of

U (Hy),; = 52U_) is negative semi-definite, since ¥ is a positive semi-definite
2 K3 J

matrix Polovenko (2017). Hence we realise that the utility function has a single
global maximum. Taking the gradient with respect to the market weights and

setting the expression to 0, we obtain the equation,
VU =][-6>_ wn =0. (2.10)

Solving for the unknown excess return vector gives,
IT = 6Xw,y,. (2.11)

The market’s risk aversion coefficient is obtained by solving for the CAPM vector

of excess returns. Combining equations (2.6) and (2.7) gives,

Cov(r, 1T
= S ) —
M
_ E(RMz) =" Cov(r, 1wy (2.12)
OMm

From equation (2.12), we note that the expression for the risk aversion coefficient

yields,
E(Ry) —ry

2
OMm

§= (2.13)

After the investor’s views and excess returns have been combined, the final Black-
Litterman distribution for the returns is obtained. This distribution is a normal

distribution, where the mean and variance are given by,
-1
fp = [(r2) 7 + PTQ7'P| T [(rD) 7'+ PTQTQ) (2.14)

9
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and
-1
S =+ [D) "+ PP (2.15)
BL
The derivation of the Black-Litterman return vector jip; and covariance matrix Yz,

can be found in appendix B.

The P matrix, ) vector and €2 matrix in equations (2.14) and (2.15) are involved

in expressing the views. The equation for the views is given by,
PE(r)=Q +e, (2.16)

where the P matrix identifies which portfolio elements are involved in each view,
the () vector represents the views themselves, and € is the error vector. The error
vector is a normal distribution with zero mean since an investor is assumed not to
have a bias in a particular view. The variance of the error term is expressed in the
covariance matrix €). However, since views are assumed to be uncorrelated, the 2
matrix is diagonal. Hence the diagonal elements are the variance of each view. The

2 matrix thus is a k£ X k matrix, where k is the number of views Polovenko (2017).

The views can be expressed either as absolute views or as relative views. For relative
views, the rows of the P-matrix sums up to 0, and for absolute views, the rows sum
up to 1. The P matrix, therefore, has size k X n, where n is the number of assets.
The @) vector expresses the values of each view. Hence the length of the @) vector is

equal to the number of views Polovenko (2017).

An example of a P matrix and () vector for two views and three assets is shown in
equation (2.17). The first row of the P-matrix gives a relative view involving assets
1 and 2. The second row gives an absolute view of asset 2. The () matrix tells us
that we predict that asset 2 outperforms asset 1 with 2% and that we predict asset
2 to provide a 10% return.

~110 0.02
P= . Q= (2.17)
0 10 0.10

The certainty of the implied returns is given by 7 € (0, 00). A large 7 means that the

portfolio converges to a MV portfolio where the return estimates are mainly based

10
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on the views, and the uncertainty is the sum of the historical covariance matrix and
the estimated uncertainty of the views. On the other hand, a small 7 means that
the portfolio converges to the reference portfolio. By specialising 7 an investor can

therefore decide the portfolio composition.

With the final expressions for the Black-Litterman mean and variance (equation
(2.14) and (2.15)), the Markowitz algorithm, given by equations (2.2), (2.3) and
(2.4) can be applied. The complete algorithm is summarised as a block diagram in
figure 2.1. The figure is inspired by Idzorek (2007) and visualises the required input

to the Black-Litterman model and how the two prior distributions are combined.

11
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Coeflicient | | Historic Vector of Subjective Reliability of
of risk covariance| |market /strategic return | [subjective return
aversion matrix weights estimates estimates
o )y w Q Q
Implied excess returns @ @
IT=0Xw
Distribution of Distribution of
implied return estimates subjective return estimates
E(r) ~ N(II, %) E(r) ~ N(Q,Q)

@Distribution of combined return estimates@

E(r) ~ N(usL, XBrL)

Figure 2.1: Block diagram of the Black-Litterman algorithm. The first step is
to determine the implied excess returns, subjective returns, and the reliability of
the subjective returns. The distributions of these returns are then combined into a
single distribution. Just as the two prior, the combined distribution will be a normal

distribution with mean pp; and variance Xpj,.

12
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Methodology

In this chapter, we present a method for analysing the out-of-sample performance
of five different portfolios. The analysis is performed on mean-variance (MV),
minimum-variance (MinVar), naive (1/N), and two Black-Litterman portfolios (BL).
The BL portfolios combine views with the two reference portfolios naive and Min-
Var. A complete list of the assets included in the portfolios is presented in the
next chapter (see table 4.1). The portfolios are stock-dominated, but a few indices,
bonds and commodities are included as well. This is a significant difference from
the portfolio created by Bessler, Opfer & Wolff (2017), which did not consist of any
individual stocks. Furthermore, the assets in this report are concentrated on the
U.S.- instead of the global market. The portfolios are evaluated from January 2003
to December 2020 which is the out-of-sample period. January 2000 to December
2002 is the in-sample period. All portfolios are optimised at the beginning of each
month and rebalanced accordingly. Hence, we employ a monthly rebalancing period

suitable for investors that want to avoid high transaction costs.

Before optimising the weights, the constraints presented in equation (2.4) are im-

posed on the portfolios. Furthermore, we add the following volatility constraint,
VuwTZw < 6p. (3.1)

This constraint gives an upper bound for the volatility and thus allowing solu-
tions below the maximum permitted volatility. In addition, the constraint enables
us to create different investor types. Once again, following Bessler, Opfer & Wolff

(2017), we select three different investor profiles, conservative, moderate, and aggres-

13



3. Methodology

sive, with a maximum allowed annual volatility of 10%, 15%, and 20% respectively.
These investor types differ slightly from Bessler, Opfer & Wolff (2017), where the
volatility for the three investor types is 5%, 10%, and 15%. This change has been
imposed since the portfolios in this report are stock-dominated and included stocks

are generally more risky then assets included by Bessler, Opfer & Wolff (2017).

We employ a rolling sampling window to estimate the covariance matrix and return
vector, i.e., continuously utilising the adjacent data points at a current period.
This approach was used by Bessler, Opfer & Wolff (2017) and earlier suggested
by DeMiguel, Garlappi & Uppal (2009). Following Bessler, Opfer & Wolff (2017),
we use a 36 months estimation window for the covariance matrix and 12 months
for the return estimates. Bessler, Opfer & Wolff (2017) argued that the covariance
matrix is expected to be more stable than the return estimates, which is why the

estimation windows are different.

As previously stated, the certainty of the implied returns is described by the propor-
tionality constant 7. Allaj (2013) points out that this parameter varies between stud-
ies. In this report, we have chosen to set the parameter 7 = 0.1, following Bessler,
Opfer & Wolff (2017). The parameter is however varied to between 7 € [0.05 1] as

robustness check.

We employ sample mean with 12 months estimation window for estimating the
views, just as the return estimates for the MinVar and MV portfolios. This enables
a successful implementation of the BL model over a considerable estimation period.
This method for determining the views was proposed by Bessler, Opfer & Wolff
(2017), but is based on the findings of Jegadeesh, N., & Titman (1993), who realised
that buying (selling) stocks that have overperformed (underperformed) in the past,

generate a positive return in the short term.
Different methods have previously been suggested to compute the reliability of the
views. Meucci (2005) states the convenience in defining the uncertainty as,

Q= (1 _ 1> PRPT, (3.2)

C

where the parameter ¢ € (0,00) sets the overall confidence in the views. In this

14
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way, the correlational structure from the market is represented in the uncertainty of
the views. However, as shown by Bessler, Opfer & Wolff (2017), the BL portfolios’
performances depend on including additional time-varying information in the uncer-
tainty. Therefore we estimate the reliability of the views with historical estimation
error, where the reliability is measured as the variance of the estimation error for

the last 12 months.

3.1 Performance Measures

The Sharpe ratio measures the relationship between risk and return, and is given

by,
E(r) —r¢

Op

SR = (3.3)

The ratio gives an intuitive sense for the return of an investment compared to the risk
exposure (Bodie, Kane & Marcus, 2021). An alternative measure of performance
is the Q-ratio which will be referred to as Win-Loss (WL) (3.4) (Shadwick and
Keating, 2002).It measures the average gains to loss, compared to a reference rate
(in this study the risk free rate). A distinct difference between the Omega and
Sharpe ratio is that no assumptions regarding the distribution of returns are needed
for the Omega measure. The Omega measure includes higher-order moments and

thus, gives an adequate assessment of stocks that are non-normal.

15
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[T - Fr
fj’;o F(r)dr

Win-Loss = (3.4)

The numerator of the Win-Loss measure is defined as the integral of the assets
distribution function above the risk-free rate, while the denominator is defined at

the integral below the risk-free rate.

Another measure of risk is the maximum drawdown (MDD), proposed by Grossman
& Zhou (1993), and presented in equation (3.5). MDD is defined as the drawdown if
an investment is placed at a local maximum, and sold at a local minimum. Similar

to the Omega, no assumptions regarding the return distribution is needed.

MDD, = MaXi,t*E(O,T) [MaXi,te(O,t*) (tptﬂ (3-5)
it

In other words, the MDD for an investment i gives the biggest price drop from

period ¢, where the investment is placed, to period ¢x where the investment is sold.

The portfolio turnover (PT), defined in equation (3.6), measures the amount of
trading needed to implement a particular strategy. The measure gives an indication
of the transaction costs. The portfolio turnover for strategy i is measured as the

average change in portfolio weights (w), over a periods T, and for N assets.

1 TN
PTi= =3 > ([wijer1 — wiger]) (3:6)

T==
w; j++1 represents the weight for asset j after rebalancing in period t + 1, and w; j 4

represents the weight in period ¢ + 1 before rebalancing.

After each rebalancing period, the difference in portfolio weights is calculated to
account for transaction costs. The total cost for each period is then obtained by
summing the transaction costs for each asset. The transaction costs for each portfolio

strategy and period are thus obtained from the following equation,

N
TC; = Z(’wi,j,tJrl — Wit )7 (3.7)

j=1
where 7 represents the cost for each transaction. Following Bessler, Opfer & Wolff
(2017), v is initially set to 30 basis points (v = 0.003). This value is later changed

for robustness check.
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A last measure of risk is the value-at-risk (VaR). It is defined as the maximum
potential loss during a single month. In this report, the VaR is defined as the worst
1% of the return distribution, and therefore denoted as VaRggy (Bodie, Kane &
Marcus, 2021).

17
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Data

For the portfolio construction, several stocks from S&P 500 index have been selected.
The assets selected represent a wide array of markets, enabling an analysis of how
the models react to changes in different markets. In addition, the selection of assets
from different markets increases diversification and reduces non-systematic risk. The
S&P 500 index is included as a representation of the market portfolio, however the
index aren’t included in any portfolio. The omission of the S&P 500 index from the
portfolio construction is due to all stocks being picked from the index. A Commodity,
small cap (S&P 600) and a U.S. corporate high yield index are used in conjunction
with the selected stocks. All assets are subject to the limitations of being available
on American markets. The 90 day U.S. treasury bill is used as a representative of

the risk free rate.

We acknowledge that the selection of stocks and assets are not unbiased. Most
companies chosen has been included due to some underlying factor. However, the
selection of stocks is not the primary objective of this study. Therefore the bias
is not relevant and does not impact the evaluation of the models in a critical way.
Assets that yield dividends are included. However, we assume that the market is
efficient (Fama, 1970) and that the price reflects the dividend. Therefore we exclude

returns in the form of dividend payments.

Presented in appendix A (see figure A.1) is the pairwise correlation between assets.
The diversification effects when investing in stocks are limited, as seen by the high
concentration of relatively highly correlated assets. Not surprisingly, the market

index (S&P 500) highly correlates to the stocks. On the contrary, the commodity
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index (BCOM) and the U.S. corporate high yield index exhibit a relatively low cor-
relation with the stocks. However, the correlation is positive, which limits possible

diversification effects.

Monthly return data are obtained from the Bloomberg terminal from January 2000
to December 2020. January 2003 to December 2020 is used as the out-of-sample
data, while the data from the earlier period is used as the prior input. In line with
previous studies such as Bessler, Opfer & Wolff (2017), the 90-day U.S. treasury bill

is used to represent the risk-free rate.

In table 4.1 we observe each assets annual characteristics based on the evaluation
period. Each asset is labelled with its short name. The disparity in average return
is apparent and ranges from 49.3% for the Apple stock to —0.6% for the commodity
index. The Apple stock achieves the highest Sharpe ratio at 1.184, implying that
this asset generates the most return per point of volatility. The Sharpe ratio for the
commodity index is negative. However, the commodity index is still relevant due
to a low correlation with stocks. From the selected assets, stocks generally achieve
higher returns than stock indices. However, this is at the cost of increased volatility
exposure. The asset with the lowest volatility is the U.S. corporate high yield index.
The low risk is further confirmed by the MDD, which is the lowest value (33.3%)

out of all assets.

20
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Table 4.1: Summary statistics for all asset during the full evaluation period.

(r) SD SR Skewness Kurtosis MDD  Obs

AMZN 0.420 0.371 0.927 0.362 2.652 91.332 216
DIS 0.175 0.233 0.642 0.178 1.286 65.295 216
MSFET 0.154 0.221 0.598 0.117 0.940 69.6 216

WMT 0.075 0.168 0.359 -0.042 0.632 34.613 216
INTC 0.103 0.259 0.333 -0.106 0.224 82.985 216

EBAY 0.174 0.326 0.457 0.228 1.676 81.314 216
KO 0.065 0.156 0.327 -0.532 1.828 37.23 216
JPM 0.137  0.269 0.435 -0.184 1.367 67.329 216
RL 0.149 0322 0.395 -0.137 1.675 64.866 216
LUV 0.120 0.306 0.333 -0.019 0.349 73.65 216
F 0.104 0486 0.179 3.359 31.570 96.445 216
AAPL 0.493 0.334 1.184 -0.222 1.232 79.225 216
BRK.B | 0.106 0.168 0.530 0.122 0.767 45.861 216
IBM 0.049 0.201 0.176 -0.493 1.988 55.831 216
PFE 0.033 0.195 0.103 0.036 0.617 74.354 216

S&P 500 | 0.095 0.143 0.553 -0.661 2.050 52.556 216
S&P 600 | 0.122  0.191 0.541 -0.584 2.439 53.18 216
US High | 0.090 0.092 0.808 -1.413 10.866 33.307 216
BCOM | -0.006 0.162 -0,111 -0.605 1.996 73.867 216
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Results

The out-of-sample performance measures for each portfolio are presented in table 5.1.
Net average return are presented for each portfolio, meaning transaction costs have
been subtracted from the total yearly return. The results are presented for the three
investor types, conservative, moderate, and aggressive. The weight distributions for
the naive and MinVar portfolios are identical across all investor types due to the
models disregard for the volatility constraint. As a result, the performance measures
for these portfolios are also identical across all investor types. The parameters o (risk
aversion) and 7 (certainty of implied returns) have been set to 2 and 0.1, respectively.

The results where these parameters are varied are presented in appendix A.

The average return for the two BL portfolios is similar across all investor types,
implying that both reference portfolios have the same effects. However, the 1/N-
BL slightly outperforms MinVar-BL in average return for all investor types. Both
BL models consistently obtain lower volatility measures than the MV and naive
portfolios, regardless of the investor profile. The realised out-of-sample volatility
implies the BL model to better allocate capital towards less volatile assets resulting
in more stable portfolios. The MinVar portfolio achieves the lowest levels of volatility,
which is anticipated since the model allocates capital to stable assets. The naive
portfolio is comparable to the moderate BL and MV portfolios due to a similar level

of risk exposure and will therefore be compared to those.
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Table 5.1: Portfolio evaluation measures for portfolios 1/N, MinVar, MV, 1/N-BL
and MinVar-BL. The measures are documented for the three investor types, with

maximum volatility of 10, 15, and 20%.

I/N  MinVar MV  1/N-BL MinVar-BL

Max volatility 10%

(r) (%) - 6.328 8.194 9.094 8.782
op (%) - 9.178  12.219  11.379 11.377
SR - 0.538 0.547 0.661 0.635
WL - 1.593 1.515 1.660 1.626
MDD (%) - 39.194  41.768  40.582 42.060
PT - 1.178 4.222 3.636 4.036
VaRgoy - -12.003 -9.384  -9.401 -9.847
Avg assets - 17.731  6.639  15.102 14.856
Maz volatility 15%

(r) 13.574 - 14.182  13.263 12.569
op 15.193 - 16.084  14.167 13.900
SR 0.762 - 0.753 0.798 0.768
WL 1.819 - 1.787 1.830 1.785
MDD 44.208 - 40.759  42.266 42.177
PT 0.645 - 5.614 5.098 5.536
VaRggy 11.019 - -11.721  -11.125 -11.233
AVG assets 18 - 5.676  17.139 16.662
Maz volatility 20%

(r) - - 19.474 15954  14.430
op - - 20.254  16.363 15.930
SR - - 0.825 0.836 0.774
WL - - 1.873 1.873 1.791
MDD - - 41.745  45.701 46.134
PT - - 6.525 5.947 6.284
VaRgoy - - -15.533  -15.163 -14.629
AVG assets - - 4.366  16.324 15.954
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5. Results

By evaluating the Sharpe ratio for each portfolio, it is observable that the 1/N-BL
portfolio obtains the highest value for all investor types. The MinVar-BL port-
folio achieves the second highest Sharpe ratio for the conservative and moderate
investor types but is outperformed by the MV portfolio under the aggressive ap-
proach. However, by performing a test of significance (according to the method
presented in appendix C), the difference is not significant at a significance level of
95% for any examined portfolio. The p-values from the test is presented in table
5.2. As can be seen, the p-values for the BL portfolios increases when the investor

type becomes more aggressive.

Table 5.2: Table of p-values for testing the hypothesis SR, < SRy, where SR, is

the Sharpe ratio from a mean-variance portfolio.

1/N MinVar 1/N-BL MinVar-BL
Concervative - 0.530 0.172 0.234
Moderate 0.487 - 0.390 0.464
Agressive - - 0.477 0.618

The WL exhibit a smaller difference between portfolios, however the 1/N-BL port-
folio does still achieve the highest value regardless of investor type. The significance
of the difference has not been tested, but since it is closely related to the Sharpe
ratio, the result should be interpreted as insignificant. As for the Sharpe ratio, the
difference between the MV and BL portfolios seems to shrink when the volatility
constraint is loosened implying the MV framework to thrive better when exposed

to higher levels of risk.

Observing the annual portfolio turnover, one can get an indication of the transac-
tion costs associated with a particular strategy. Transaction costs are accounted
for in the monthly returns and do therefore affect all performance measures. The
naive strategy primarily benefits from its low yearly turnover. This advantage is
further enhanced when transaction costs increase. The MV model suffers from the
highest transaction cost regardless of investor type, which is an effect of the model’s

aggressive algorithm resulting in high turnover. This result is further indicated by
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5. Results

the average number of assets within the portfolio during the evaluation period. The
MYV model consistently holds the least number of assets, while the BL portfolios are
more diversified. This effect is visualised in figure 5.1, where the weight distribution
for MV and MinVar-BL portfolios are plotted for each investor type. Although the
figure is complex, it clearly visualises that the MV portfolios consist of fewer assets

than the MinVar-BL portfolio.

The last measures presented in table 5.1 are the two alternative risk measures VaRggy,
and MDD. The differences between the portfolios are slight, but some essential
results are still to be noted. The most apparent effect is that the MinVar portfolio
has the lowest MDD out of all portfolios. This is not surprising since the portfolio
consists of less volatile assets. The naive portfolio has the highest MDD of the
moderate portfolios while the MinVar-BL portfolio under conservative and aggressive
settings achieve the highest MDD. The naive portfolio does not actively allocate
capital, so the MDD in a bear market is more prominent. Intuitively, the gain after
a recession is more extensive for a naive portfolio since capital does not have to be

reallocated again and possible lag is eliminated.

The results in table 5.1 only contain the results from the standard-setting. To further
examine the models, robustness checks are presented in appendix A. The parameters
7 (certainty of implied returns) and § (risk aversion) are varied to simulate different
portfolio compositions and market environments. Furthermore, the performance
measures are calculated for different levels of transaction costs. Although non of the
Sharpe ratios for either BL portfolio are statistically significantly higher than the
MYV portfolio, some interesting results are still notable. The main takeaway is, when
transaction costs increase, the naive strategy improves. This effect is consistent with
the low turnover associated with the naive strategy. For further detail about the

robustness checks, we refer to appendix A.
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Figure 5.1: Weight distribution for MV and MinVar-BL portfolios. The weights

are displayed for the three investor types.
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Analysis

From the result presented in the previous section, and in appendix A, there are a few
conclusions to be drawn. Although the Sharpe ratio difference between the portfolios
is not significant, we still can analyse the means. First of all, it is notable that
relaxing the volatility constraint seems to disadvantage the BL. models. A potential
explanation could be found in the capital allocation to the reference portfolios,
which are not optimised for high volatilises. The BL portfolios thereby become sub-
optimised, resulting in a smaller Sharpe ratio. Therefore, the BL. model is probably

better implemented when the risk profile is similar to the reference portfolio.

Secondly, we acknowledge that most assets in the data set are stocks, which limits
diversification. Similar studies, for example, Bessler, Opfer & Wolff (2017), found BL
portfolios to consistently under-perform the naive strategy when a portfolio solely
was constructed out of stocks. Consistent with Bessler, Opfer & Wolff (2017), a
study by Plyahka, Uppal & Vilkov (2012) found a naive stock portfolio to outperform
price- and value weighted portfolios. This observation could explain why the Sharpe
ratios for the portfolios in this report are so similar and differ from the results in
Bessler, Opfer & Wolff (2017), allowing for the conclusion that asset selection is
crucial for the BL model to enhance performance of a portfolio. Therefore, by
incorporating a wider array of assets such as bonds and indices in the portfolio
construction, a significant difference in Sharpe ratio could perhaps be found as in
previously mentioned studies. Furthermore, by including anti-correlated and more
stable assets, less risky portfolios could have been constructed. For example, the

MinVar portfolio in this report has an average volatility of ~ 9%. This is not
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6. Analysis

particularly low, and thus, the portfolio is not a great representative of a low-risk
portfolio. This could have been improved by including government bonds in the

data set, which is less volatile and anti-correlated with stocks.

The next significant result is how transaction costs affect performance. Especially
clear is that the naive strategy benefits from low turnover and thereby low transac-
tion costs. When the transaction costs increase, the naive portfolios become more
competitive. For example, when the transaction costs are set to 60 basis points, the
naive strategy has the highest Sharpe ratio. However, the result is not significant.
Increasing the transaction costs negatively affects reallocation. Since naive strate-
gies benefit from low turnover, the Black-Litterman strategies need more precise
return and volatility estimates to compensate for high portfolio turnover and by
extension high trading costs. This is similar to Michauds (1989) findings that the
MYV model is inefficient and not a sound strategy due to the inaccuracy of historical

estimates as a predictive tool for future return.

Bessler, Opfer & Wolff (2017) concluded that any possible advantage of the BL
portfolios seems to disappear when a time-invariant definition of the uncertainty
matrix € is used (see equation (3.2)), as suggested by Meucci (2005). It appears
like the BL portfolios are dependant on the extra time-varying information, not
included in the covariance matrix. The variance of the last 12 months estimation
errors provides an uncertainty matrix that more rapidly reacts to unstable market
environments, moving the portfolio towards the reference portfolio. The results are
not presented in this report but have previously been observed by Bessler, Opfer &
Wolff (2017).

Another observation to discuss is how the views are generated. This report aligns
with Bessler, Opfer & Wolff (2017) and uses 12 months sample mean to estimate
the views. Therefore, the only new information added is the views uncertainty. The
Black-Litterman framework works at its best when exogenous, high-quality views
are added. These types of views are typically not exclusively based on historical
data. For example, they could originate from an experienced investors intuition and

experience.
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Conclusion

This thesis has analysed the realised out-of-sample performance of the B, model rel-
ative to MV, MinVar and naive portfolios. All portfolio performances are evaluated
during the out-of-sample period, January 2003 to December 2020, and all portfolios
are subject to identical circumstances to ensure comparable results. The differences
between Sharpe ratios prove not to be significant. However, we observe a smaller
exponential growth for the BLL model when increasing the volatility relative to the
MV, MinVar and naive models by analysing the means. This implies that the BL

models are less efficient at higher risk exposure.

Our results differ from the previous study by Bessler, Opfer & Wolff (2017), who
found the BL model to significantly and consistently outperform MV, MinVar and
naive portfolios. A possible explanation for why the results differ can be found by
examining the dataset. The portfolios created in this thesis are heavily weighted
towards stocks which limits diversification effects. This result implies that asset
selection is crucial when implementing the BL model to achieve the highest possible
return. Furthermore, we find the BL portfolios to better allocate capital to avoid

risk, as seen by the volatility and MDD.

The BL model has the disadvantage of high transaction cost relative to the naive
strategy due to higher turnover. However, when increasing the transaction cost,
we found the already limited advantages of the BL model to vanish compared to
the naive portfolio. Therefore, for more efficient stock-dominated portfolios to be
created by the BL model, more precise return estimates are needed to outweigh the

advantages of utilising a naive strategy when individual stocks compose the majority
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7. Conclusion

of the portfolio.

To summarise the report, we conclude that the Black-Litterman model is convenient
for combining investment strategies into one single optimised strategy. Although no
significant results have been presented, the Black-Litterman framework works as

anticipated when constructing the portfolios.
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A

Data and Robustness Checks

In this appendix, data and results not included in the report are presented. The
results are in the form of robustness checks, where the parameters o and 7 have
been varied. Although statistical significance has not been established for the main

result, robustness checks are still necessary to investigate if any setting is preferred.

A.1 Data

In table A.1 is the correlation matrix for the full evaluation period presented. As
described in the report, the correlation between the stocks is generally high. As
expected, the market index proxy, S&P 500, shows a relatively strong correlation
with the stocks and S&P 600. There is no negative correlation, although BCOM

exhibits low correlation. This results in limited opportunities for diversification.

Testing all assets return distribution with the Jarque-Beta test (significance lev-
els 99%), result is assumptions of normal distribution must be rejected. The test
statistics will not be presented. Even if normal distribution can’t be assumed Meyer
(1987) shows that general locatin and scale conditions are sufficient when optimizing

mean variance and measuring differences in Sharpe ratio.



A. Data and Robustness Checks

A.2 Robustness Checks

In table A.2 are the results from the robustness checks presented. The parameters 7,
J, and transaction costs (TC) are varied in the intervals, 7 € [0.05 ©0), J € [0.5 §]
and TC € [0 60] basis points. As previously explained, 7 determines the portfolio
composition, while different § represents different market environments. TC mea-
sures how much it costs to implement a particular strategy. All other parameters
are set to the standard value for the robustness checks, i.e. the volatility constraint
is set to 15% when controlling for 7, § and TC. These have been selected since the
two BL portfolios are very similar in behaviour. To test if the Sharpe ratios for the
BL portfolios are higher than Sharpe ratios for the MV portfolios, we once again
perform a test of significance (see appendix C). The test concludes that no setting
results in a Sharpe ratio for BL portfolios significantly higher than MV portfolios.
This outcome is similar to the main setting. However, by only examining the mean
of the results, we note that some settings may be preferred. For example, the BL

portfolio seems to perform at its best when 7 € [0.1 0.3], and 6 € [0.5 2].

When varying TC, all portfolios benefit from lower transaction costs. However,
due to high portfolio turnover, the MV and 1/N-BL have more to gain. When TC
is set to 60 basis points, the Sharpe ratio for the naive portfolio is the highest.
The difference is, however, not significant. If TC were to increase further, the 1/N
strategy would gain more, and eventually, the disparity in Sharpe ratio would be

significant.
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A. Data and Robustness Checks

Table A.2: Robustness Checks.

0.5 1 2 4 8 Benchmark
Delta MV  1/N-BL MV 1/N-BL MV 1/N-BL MV 1/N-BL MV 1/N-BL 1/N
SR 0.743 0.788 0.746 0.811 0.753  0.798  0.746 0.772 0.731 0.711 0.762
MDD | 42.043 40.644  42.026  39.737 40.759 42.266 40.816 44.265  40.601  44.732 44.208
PT 5.658 5.694 5.655 5.492 5.614 5.098 5.576  4.439 5.471 3.690 0.645
AVG | 5.667  16.681 5.639 16.838  5.676  17.139  5.685  17.542 5.769 17.769 18
0.05 0.1 0.15 0.3 1.0 T — 00 Benchmark
ran 1/N-BL 1/N-BL 1/N-BL 1/N-BL 1/N-BL 1/N-BL 1/N
SR 0.753 0.798 0.802 0.801 0.743 0.657 0.762
MDD 44.473 42.266 41.308 41.492 44.232 42.137 44.208
PT 4.404 5.098 5.351 5.450 5.376 4.765 0.645
AVG 17.907 17.139 16.144 13.644 9.884 9.097 18
0 15 30 60
e MV 1/N 1/N-BL MV 1/N  1/N-BL MV 1/N 1/N-BL MV 1/N 1/N-BL
SR 0.861 0.775 0.908 0.807  0.768  0.853  0.753 0.762 0.798 0.647 0.749 0.687
MDD | 39.680 43.972  40.854  40.222 44.090 41.564 40.759 44.208  42.266  41.821  44.443 43.648
PT 5.614  0.645 5.098 5.614  0.645 5.098 5.614  0.645 5.098 5.614 0.645 5.098
AVG | 5.676 18 17.139 5.676 18 17.139  5.676 18 17.139 5.676 18 17.139




B

Derivation of the Black-Litterman

Formula

To derive an expression for the combined return distribution, we start by making
two assumptions. The first is that the expected return E(r) is a random variable

with a normal distribution given by,
E(r) ~ N (I, 7). (B.1)

This distribution is known as the prior distribution. In the Black-Litterman model
the returns are assumed to be normally distributed with mean E(r) and variance
Y.. Furthermore, the mean itself is assumed to be a normally distributed random
variable. The expected return E(r) is assumed to be moving around the market
equilibrium position which is represented by the CAPM excess returns. Therefore,
the mean in equation (B.1) is set to be equal the CAPM excess returns. The
variance of the expected returns is assumed to be proportional, but not identical,

to the variance of the returns. Hence we introduce the proportionality constant 7.

Meucci (2010)

The second assumption is that PE(r)|E(r) is a random variable with a normal
distribution given by,
PE(r)|E(r) ~ N(Q,Q). (B.2)

Here the assumption is that the views are conditioned on the equilibrium expected
returns, i.e the investor’s views are formed with the equilibrium expected returns

in mind. If these two assumptions are satisfied then their respective probability
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B. Derivation of the Black-Litterman Formula

density functions are given by,
1 , _
Niexp (=5 (E() = I)'(2) 7 (E(r) ~ D) (B.3)

and

~S(PE() - QY7 (PE(r) - Q). (B.4)

where Nj o are normalisation constants. Meucci (2010) Bayes theorem states that

Ny exp <

for two events A and B, the conditional probability of A given B is given by,

Pr(B| A)Pr(A)
Pr(B)

Pr(A|B) = (B.5)

Applying this formula to E(r) | PE(r) (the conditional distribution of the expected

returns given the investor’s views) gives,

Pr(PE(r) | E(r)) - Pr(E(r))

Pr(E(r)| PE(r)) = PrPE(r) (B.6)
Using equations (B.3) and (B.4), the numerator can be expanded to,
exp |4 ((Br) — I (7)7(B(r) 1) + (PE() — Q"0 (PE(r) ~ Q)]
(B.7)

From now on, we will only work with the expression in the exponent. Furthermore,
the denominator in equation (B.6) can be dropped, since it will be included in the
total normalisation constant for the new distribution. The exponent (without the
factor —%) expands to,

EM) () E(r) -TI" (X)) 'E(r) — E(r)" (X)L + 7 (7%) T+

(B.8)
(PE(r)" Q' PE(r) = QTQ PE(r) — (PE(r)"Q7'Q + QTQ7'Q

Since ¥ and  are symmetric, i.e ¥ = X7 and Q = Q7| the expression simplifies to,

E()" [PTQ7 P+ (r8) Y E(r) - 2 [QTQ ' P+ 1" (7X) ! E(r)+

(B.9)
+QTQTIQ + I (X)L
We know introduce three new variables, A, B, C' given by
A=(rE) '+ PTQ P,
B=r'(r2) ' +QTQ P, (B.10)

C=1"(r3)'"+Q"Q™'Q,
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B. Derivation of the Black-Litterman Formula

where A is symmetrical since both ¥ and €2 are symmetrical. The expression can
now be simplified by completing the square. By multiplying the first and second
expression in equation (B.9) by the identity matrix, [ = AA™! we get,

E(r)TATATYAE(r) — 2BA™AE(r) + C, (B.11)
which simplifies to
(AE(r) - BT)T AV (AE(r) - B") - BAT'BT + C. (B.12)

The last expression in the sum is independent of PE(r) which is why it can be

dropped, and included in the the normalisation constant. The final exponent yields,

exp {—; ((AE(T) — BT)TA_1 (AE(’/‘) — BT)> =

exp {—; ((E(r) ~ A7) A(E(r) - A—lBT))] .

(B.13)

We recognise the exponent in equation (B.13) as a normal distribution with mean
A~'BT and variance A~!. The posterior distribution is thus a normal distribution

with mean In explicit form, the mean and variance thus yields
((r2) "+ PP P] T [(r) T+ PR Q) (B.14)

and
1

(o)t + Pratp) . (B.15)
As previously stated, the returns are assumed to be random variables. Hence the
derived covariance matrix does not represent all uncertainty. It only takes into
account the covariance of the expected returns. To represent all uncertainty, we
must add the covariances of the returns. As shown by ...... ,this results in the final

Black-Litterman covariance matrix

Spr =S+ ((79)" + PTQ'P) . (B.16)
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C

Comparing Sharpe Ratios

To determine whether the obtained Sharpe ratios for the BL portfolios are signif-
icantly higher than the Sharpe ratio from the MV portfolio, a test of significance
must be conducted. As shown by Opdyke (2007), the distribution

VT(SR — SR) ~ N (0,(), (C.1)
is normally distributed with zero mean and variance given by,
Pa _ 1] _ SRrM (C.2)
o

where Z—Z represents higher-order moments. As proved by Opdyke (2007), the distri-
bution in equation (C.1) is valid under the condition of i.i.d returns. This is prefer-
able to distributions that require i.i.d normality (for example, Memmel (2003)).
Financial returns are generally not normally distributed, so the statistic proposed

by Opdyke (2007) represents a more realistic reality.

To test the following hypothesis,

HQ . SRa S SRb
(C.3)
H, : SRQ > SR(,,

we start by defining, SRag = (gf\%a — @b), and SRgig = (SR, — SRy). As shown
by Opdyke (2007), the test statistic & yields,

o @diff - S Rdiff
Vardiff / ﬁ

Since both SR, and SR, are assumed to be asymptotically unbiased normal dis-

N(0,1). (C.4)

tributed, the difference will also be asymptotically unbiased normal distributed. The

IX
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variance Vargy, is given by,

SR2 a a
Vardiff = 1 4 [/244 — 1] — SRG/ZSS +
SR?
14+ = l’“" - 1] SRb“?’*’ (C.5)
4 ab b
_9 [pa,b 4 SR4SRb [M; 2b 1] _ —SR ,ulb22a _ 75Rb/~L1a2b
o ab (oo 2 O'aO'b

After the test statistic has been established, we refer to the standard approach for
determining if the results are significant. Following the convention, the level of

significance is set to 95%.
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