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ABSTRACT

High-intensity lasers generate exceptionally strong electromagnetic fields

and, when collided with ultrarelativistic electrons, provide a promising testbed
for exploring strong-field quantum electrodynamics (SFQED). Modern laser-
electron colliders can access regimes where SFQED effects begin to emerge,

and qualitative observations of the underlying quantum processes have been

achieved whereas quantitative analyses, as well as the detection of deeper

quantum nonlinearities, are yet to be done. The challenges are how to reach

such extreme interaction regimes with current laser and accelerator tech-
nology, and how to distinguish the relatively rare events occurring in the

strong-field region, which are often limited by premature electron energy loss

and unavoidable shot-to-shot variations. In sufficiently extreme conditions,

electron-positron pair production initiates QED cascades, producing large

numbers of low-energy particles and photons that mask the signatures of
interest. In this thesis, I present theoretical and numerical studies of alter-
native laser-electron collision geometries and statistical techniques aimed

at overcoming these limitations in upcoming SFQED experiments. I derive

a strategy to isolate SFQED emissions of interest and propose a focusing

geometry that maximizes the attainable quantum nonlinearity for a given

laser power. I further investigate multi-pulse interaction layouts in which

electrons traverse the focal region of tightly focused radiation to enhance the

signal-to-noise ratio of rare events. Finally, I introduce a Bayesian inference

framework for estimating parameters in SFQED models under experimental

fluctuations. These findings demonstrate a reduction in the number of ex-
perimental shots required to observe SFQED signatures, an experimental

reach into extreme regimes accessible to near-future laser facilities, and pos-
sibilities to probe deep quantum nonlinearities while mitigating the effects

of QED cascades.

Keywords: laser, high-intensity, accelerator, experiment, radiation reaction,
SFQED, Bayesian inference



SAMMANFATTNING

Hogintensiva lasrar genererar elektromagnetiska filt av exceptionell styrka
och, i kollision med ultrarelativistiska elektroner, erbjuder de en lovande test-
badd for kvantelektrodynamik i starka filt (SFQED). Samtida laserelektron
experiment kan nd regimer dar SFQED effekter borjar framtrdda, och kvalita-
tiva observationer av de underliggande kvantprocesserna har redan gjorts
medan kvantitativa analyser och detektion av djupare icke-linjariteter fortfa-
rande aterstar. De centrala utmaningarna dr hur sddana extrema interaktions-
regimer ska uppnés med nuvarande laser- och acceleratorteknik, och hur
man kan urskilja de relativt séllsynta hdndelserna i starkfialtsomradet, vilka
ofta doljs av fortida energiférlust hos elektroner och oundvikliga variationer
i experimentuppstéllningen. Under tillrdackligt extrema forhallanden kan
elektronpositron parproduktion initiera QED kaskader som genererar stora
mingder lagenergetiska partiklar och fotoner och darigenom &verskyler de
signaturer som ar av intresse. I denna avhandling presenterar jag teoretiska
och numeriska studier av alternativa laserelektron kollisionsgeometrier och
statistiska metoder avsedda att 6vervinna dessa begransningar i kommande
SFQED-experiment. Jag hirleder en strategi for att isolera SFQED-emissioner
av intresse och foreslar en fokuseringsgeometri som maximerar den uppnae-
liga kvant-icke-linjdriteten for en given lasereffekt. Dessutom studerar jag
konfigurationer med flera sammanfallande pulser dér elektroner propagerar
genom laserfokusets tvirsnitt for att férbéttra signal-brusférhéllandet for
sdllsynta hdndelser. Slutligen introducerar jag ett ramverk for Bayesiansk in-
ferens for att uppskatta parametrar i SFQED-modeller under experimentella
fluktuationer. Dessa resultat visar p& minskat behov av antalet experimentel-
la kdrningar for att observera SFQED signaturer, utdkar den experimentella
rackvidden till extrema regimer som kan nds med nértida laserpulser, och
Oppnar upp mojligheter att kvantitativt studera starka icke-linjdriteter samti-
digt som effekterna av QED kaskader ddmpas.
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Introduction

From Albert Einsteins early notion of stimulated emission [1] to the develop-
ment of the maser oscillator [2], the idea of generating coherent radiation
at sub-millimeter and infrared wavelengths paved the way for the first laser,
realized in ruby crystals [3-5]. The basic principle of a laser involves a gain
medium, a pump source, and a pair of mirrors known as an optical resonator.
The gain medium can be a gas, liquid, or solid compound, whose electrons
can be excited to higher energy states by an external source, such as an elec-
tric current or light of a different wavelength. As emitted photons reflect
between the mirrors, they pass repeatedly through the gain medium, stim-
ulating further emission and amplifying into a coherent beam of radiation.
Over the decades, lasers have found a wide range of applications, including
corneal reshaping, tumor ablation, and gallstone disintegration [6], as well
as uses in photography and interferometry [7]. Laser systems can operate in
a continuous-wave mode, where the output power remains constant over
time. In contrast, the medium can intentionally be made to only yield in-
tense bursts of light with a certain duration and rate of repetition. These are
referred to as pulsed lasers and the pursuit of ever shorter and more intense
pulses has become central to modern ultrafast science, enabling control over
electron motion in solids [8], tunneling dynamics in nanodevices [9], and
advances in attosecond physics [10-13].

The intensity of electromagnetic radiation refers to the energy transferred
per unit time and per unit area. Consequently, intense laser pulses can be
achieved by (i) increasing the total input energy;, (ii) focusing the radiation to
asmall spot size, and (iii) reducing the pulse duration. Numerous techniques
have been developed to enhance the intensity of pulsed lasers, and a timeline
of record peak intensities is shown in Fig. 1. Shortly after the invention of
the laser came the development of Q-switching, in which an attenuating
element is introduced into the laser cavity [15]. This component initially
suppresses lasing, allowing energy to accumulate in the gain medium. When
the attenuator is suddenly removed, a short and intense laser pulse is emit-
ted. Soon after, mode-locking was introduced, a technique in which the
longitudinal modes of the laser are phase-locked to interfere constructively,
producing a train of ultrashort pulses [16]. A major breakthrough occurred
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Figure 1: Timeline of peak electromagnetic pulse intensities achieved with
different techniques. Typical electron energies obtained at these intensities
assuming a laser wavelength of A =1 um are displayed on the right axis. The
shaded area correspond to the range of intensities that upcoming 10 PW facili-
ties might produce. Figure adapted from [14].

in the mid-1980s with the advent of chirped pulse amplification (CPA), devel-
oped by Strickland and Mourou [17], for which they were awarded the 2018
Nobel Prize in Physics. CPA enables amplification of ultrashort pulses by first
elongating the pulse in time (to lower its peak intensity), then amplifying
it safely, and finally recompressing it to achieve a significantly higher peak
power. In the 1990s, a valuable extension of this method known as optical
parametric chirped pulse amplification (OPCPA) was introduced [18] and
has since been implemented at several high-intensity laser facilities [19, 20].

In terms of peak power, contemporary laser facilities can readily deliver out-
puts of 1 PW [21-27], with some already achieving peak powers as high as
10 PW [28-31]. Several additional facilities are currently under development
with the goal of reaching similar performance levels [32-35], including am-
bitious plans for a 100 PW system [36]. A comprehensive overview of these



high-intensity (and high-power) laser systems is presented in Fig. 2, where
they are placed according to their pulse energy and duration. Assuming a
laser wavelength of A = 1um and f /2 focusing, these laser pulses will operate
in the intensity range 10?2 —10?* W cm™2. To put this into perspective, con-
sider an electromagnetic intensity of 1023 W cm™2. This is roughly equivalent
to converting 100] of electrical energy, comparable to the energyreleased in a
single defibrillator discharge, into an electromagnetic pulse whose duration
is about a quadrillion times shorter than the average human reaction time,
and focusing it onto an area smaller than the cross-sectional area of a human
hair.

Given the substantial number of laser facilities one might ask the question
what the practicality of these ultra-intense pulses are? These are ideal can-
didates for accelerating charged particles [38—-42] and creating secondary
light sources [43-46]. Another, more fundamental application is to verify the
Sauter-Schwinger mechanism, the conversion of pure light into electron-
positron pairs, predicted by quantum electrodynamics (QED) [47]. Unfor-
tunately, no facility in the near future can reach the critical field strength
required for this to happen; E, = m2c?®/g, 1 ~ 10'® Vm™ where 7 is the
reduced Planck constant, c is the speed of light, m, and ¢, are the electron
mass and charge respectively. For optical wavelengths, this roughly translates
to the corresponding intensity 10 W cm™2 which is six orders of magnitude
greater than the current intensity record (~ 10> W cm™2) [48].

A different situation arises when a high-energy electron interacts with a high-
intensity laser, as the electric field it experiences in its rest frame can exceed
E,;. In this regime, quantum processes are described by strong-field QED
(SFQED), a high-intensity regime of QED that remains less experimentally
tested than the well-established, perturbative QED valid for weak electro-
magnetic fields. Here, the strong electromagnetic field provided by e.g. an
intense laser cannot be treated as a small perturbation. Instead, the cor-
responding field is incorporated exactly into the theory by treating it as a
fixed background and perturbative expansions are performed only for the
interactions with this background. This procedure is known as the Furry
interaction picture, and will be discussed in more detail in Sec. 2.2. Quantum
processes in SFQED are governed by a dimensionless parameter y which
quantifies the acceleration caused by an external electromagnetic field of
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Figure 2: International laser systems as a function of pulse duration and energy,
assuming a linearly polarized laser with a spatiotemporal Gaussian profile
and wavelength A = 1um. Colored regions indicate characteristic intensity
thresholds: (yellow) one atomic unit of field strength (~ 3.5 x 10'5W cm™2);
(green) onset of relativistic motion (~ 1.37 x 10" W cm™2); (blue) radiation-
reaction-dominated regime (~ 8 x 102 W cm™2); (teal) onset of QED cascades
(~3.5x 102 W cm™2); and (violet) intensity corresponding to the QED critical
field E,, (~ 4.65 x 102 Wcm™2). Inset: relative intensity enhancement from
coherent combination of multiple beams, shown as a shift in parameter space
between f/2 (left) and f/1 (right) focusing. The dotted line marks the optimal
limit, corresponding to a dipole wave. Adapted from [37].

the electron in its rest frame, compared to that done by the critical field E,,.
Consequently, the electron emits radiation in response to its acceleration
and in the classical limit, where y < 1, the emitted radiation is approximately
continuous. This exerts a recoil on the electron, giving rise to what is known
as radiation reaction (RR). However, as y approaches unity and beyond,
emissions becomes dominated by discrete, high-energy photons, requiring a
quantum description. The resulting modifications to the electron’s dynamics



define the regime of quantum radiation reaction (QRR), which remains an
active area of theoretical and experimental investigation.

In SFQED, the strong background electromagnetic field can serve as a source
of momentum, enabling processes that would otherwise be forbidden in
perturbative QED by momentum conservation. Two important first-order
SFQED processes are nonlinear Compton scattering (NCS) and the nonlinear
Breit-Wheeler process (NBW). NCS involves the emission of a high-energy
photon by an electron that absorbs multiple laser photons, while NBW de-
scribes the creation of an electron—positron pair from the interaction of a
high-energy photon with several laser photons. The experimental approach
of colliding a high-energy electron beam with a high-intensity laser to inves-
tigate these processes was first realized in the 1990s at SLAC [49, 50]. In that
pioneering experiment, a TW-class laser pulse was collided with a 46.6 GeV
electron beam, enabling a proof-of-principle detection. More recently, both
QRR [51-53] and NCS [54] have been investigated using PW-class laser pulses
and laser-accelerated, multi-GeV electron beams at the Rutherford Appleton
Laboratory (RAL) and the Center for Relativistic Laser Science (CoReLS),
respectively. While the primary focus of this thesis is on laser-electron col-
lisions, it is important to highlight other experimental configurations that
can invoke SFQED physics. This includes electron beam-plasma interac-
tions [55], electron beam-beam collisions [56], and interactions with aligned
crystals [57-59]. Additionally, recent commissioning results from RAL report
on the possibility of studying both the linear and nonlinear Breit-Wheeler
process using a laser-plasma based layout, further underscoring the grow-
ing accessibility of SFQED phenomena in laboratory settings [60]. However,
the outlined laser-electron collider experiments have operated just below
a y value of unity which brings the question what can be studied in the
future with improved capabilities, allowing for y > 1. One key experimental
direction is the transition from qualitative observations to high-statistics,
quantitative studies of QRR, NCS, NBW and nonlinear trident pair creation
[61]. The latter is a second-order process where the electron can emit an
off-shell photon which then undergoes stimulated pair creation®. For y 2 1,
another important phenomenon becomes accessible: QED cascades. In

!This has been observed in germanium crystals [62] but the contribution when the photon
propagator is off-shell still remains a question [63].



such cascades, a single electron may undergo repeated cycles of NCS fol-
lowed by NBW, resulting in an avalanche of secondary electrons, positrons,
and photons, each carrying lower energy than the initial particle. Finally, a
particularly significant theoretical prediction is the possible breakdown of
perturbation theory in the Furry picture. It has been conjectured that the true
expansion parameter in SFQED is not the fine-structure constant a y ~ 1/137,
but rather a¢ x?/3. Probing this nonperturbative regime would require ex-
treme values of y ~ 1600, representing a major experimental challenge and
a frontier in strong-field QED research.

Aims

Building on the objectives outlined above, I now highlight several challenges
that must be addressed in future SFQED experiments. First, the generation
of large y values depends not only on increasing the laser power and/or
electron beam energy, which can be a difficulty in itself, but also on the focus-
ing geometry. Specifically, how should laser radiation be delivered in order
to maximize the electron acceleration. Second, it is generally not possible
to directly identify whether a particle or photon originated from a region
of high y, since electrons may undergo premature photon emissions and
lose significant energy before reaching the strong-field region where y is
maximal. Third, the probabilistic nature of SFQED processes, combined
with uncontrollable variations in the interaction geometry, such as finite
impact parameters, timing jitter, or spread in the initial electron energy, can
significantly affect experimental observables. Finally, once y 2 1, QED cas-
cades can be the dominating contribution at a detector as a large number of
electrons, positrons and photons with y < 1is produced, thus obscuring the
signal from the high- ¥ regime. This thesis aims to address these challenges
and to contribute to the development of experimental strategies for probing
strong-field QED at high values of y. To serve as a reference point throughout
the thesis, the following is a compact list of central research questions that
will be answered:



Thesis research questions

() How can electrons or photons, originating from the strong-field
region be characterized?

(IT) For a given laser power and electron energy, how can the focus-
ing geometry be leveraged to yield large values of y?

(ITI) What statistical insights can be gained from near-future exper-
iments where o 2%/3 <1 and how does one deal with uncon-
trollable variations inherent to such experiments?

(IV) How can a QED cascade be mitigated in order to reduce its
dominant contribution in favor of the much weaker high- y
signal?

Outline

This thesis is divided into three chapters. The first chapter, called "Theoreti-
cal Principles", provides an introductory text for both classical and quantum
descriptions of charged particles in electromagnetic fields. This provides the
necessary concepts that links the contents of the remaining chapters as well
as the appended papers. The second chapter is titled "Methodology", and
constitutes a comprehensive presentation of the tools and theory directly
related to the main findings of this thesis. Specifically, this chapter is divided
into three major sections: Sec. 3 primarily concern results entailed by paper
A (research questions (I) and (II)), Sec. 4 that of paper C (research questions
(IT) and (IV)) and Sec. 5 that of paper B (research question (III)). Lastly, sum-
maries of the appended papers as well as conclusions and future prospects
of this thesis are given in the third chapter, called "Current and Upcoming
Research". The appended papers can be found in Sec. 10.






PART I
THEORETICAL PRINCIPLES

This chapter introduces the theoretical foundations underlying the inter-
action of charged particles with electromagnetic fields, progressing from a
classical description to a quantum treatment using SFQED. This chapter is
divided into two main sections. The former examines the radiation emitted
by non-relativistic charged particles in external fields, later extended to a
relativistic description. The resulting recoil on the emitting particle, known
asradiation reaction is also discussed within this section. Although radiation
reaction is not the central focus of this thesis, it remains a key topic within
the strong-field community, and the questions addressed here may have
direct implications for it.

The second part transitions to the quantum description of ultrarelativistic
electrons in strong electromagnetic fields. After a brief historical overview,
quantum electrodynamics is summarized and extended to include external
background fields, leading to SFQED. The subsequent subsections outline
core aspects of SFQED relevant to this thesis, including the description of
fundamental tree-level processes, radiative corrections and QED cascades.
Together, these elements provide a framework for interpreting the results
presented in parts II and III. Lastly, note that all equations in this thesis
are expressed in CGS units unless another system, such as natural units, is
explicitly mentioned.

1 Radiation and Motion of Charged Particles in
Electromagnetic Fields
It is a well-known fact that all charged particles emit electromagnetic ra-

diation when they are accelerated by external means, such as in the case
of an applied electromagnetic field. This radiation may be dependent on
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the trajectory, velocity and/or other traits of the particle in question. In this
section, the spectral characteristics of an accelerated charge is derived for
particles with relativistic velocities. Since energy conservation requires that
emitted radiation carries away energy from the particle, its trajectory can de-
viate from the one predicted solely by the Lorentz force. This phenomenon,
known as radiation reaction, can be expressed via a so-called self-force which
describes the charged particle response with respect to its own emission.
This force term is treated with some detail within this section. The following
is an original, aggregated analysis based on the works of Refs. [64-68)].

1.1 Radiation from Charged Particles in Electromagnetic
Fields

We begin by introducing the electromagnetic field vectors, here denoted
as E and B. These are required to describe the emitted radiation from a
charged particle and to calculate the corresponding emitted power. This
is directly related to the Poynting vector, representing the energy flux of an
electromagnetic field

s=-"ExB. 1.1)
41

Additionally, all electromagnetic fields obey the Maxwell equations, which
can be further expressed using the scalar potential ¢p and vector potential A

oA
E=—Vp—__, (1.2)

B=V xA. (1.3)

While this analysis considers non-relativistic charges, a relativistic descrip-
tion of ¢ and A will be proven useful. This is achieved by introducing the
four-vector Ay= (A, ¢) and in what follows, four-vectors are written in co-
variant form with subscript indices unless otherwise stated. Here, the metric
tensor is chosen to have signature 1), = diag(—,+,+,+). In the case of a
localized charge, the potential A, at any time ¢ can be written [64]

', t —r
Aulr, 1) Jf]“ r/|) o4 C“—t)dV’dt’, (1.4)
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where J, = (J, ¢ p) is the four-current density, J is the current density, p is the
charge density, ris the vector of Cartesian coordinates x, y and z, whereas 6()
denotes the Dirac delta function. Considering a single particle with charge
q and four-velocity v, = (yv,yc) where v is the particle velocity and y =

-1/2
(1 — Z—z) is its corresponding Lorentz factor (v = |v|) it is straightforward

to express the four-current density as
]H(r,t):qvué(r—rp(t)), (1.5)

where rp( t) is the location of the particle at time ¢. With J, given by Eq. (1.5),
the spatial integration in Eq. (1.4) can be carried out:

, , |r—r|
1 [ a0

:ﬁf Lulrp(E) 1) t/)5(t’+—|r_r”(t,)| —t)dt/,
c [r—r, (/)| c

where the following property of delta functions has been used

— t) av’dt’ (1.6

Jf(x’)5(x—x’)dx’=f(x). 1.7)

The electromagnetic fields follow directly from Eq. (1.6) by introducing R(t) =
r—r,(t), and noting that the gradient operator reduces to

\V/ VRi—ni (1.8)
OR OR’ ’

where n is the unit vector directed from the location of the charge to the
point of observation. This is possible since the only dependence on spatial
coordinates is through R = |R|. The electric field can be found from Eq. (1.2),
and reads
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where = v/c and in the last line, the substitution t,, = t’ + 2 and the
abbreviation k =1—n- f has been made. From Eq. (1.9), the derlvatlve on
the delta function can be integrated by parts, giving

=l aean (e ) 119
“ iR T c:cdt/ KR Jy=s, '

Although not shown here, a similar calculation for the corresponding mag-
netic field B reveals that it is related to the electric field in the following
way

B=nxE. (1.11)

Finally, the derivative on the second term in Eq. (1.10) can be evaluated. For
this, the following definitions and identities are used

1 dn_nx(nx/j)

cdr- R (12
ap
“o=b (1.13)
1d, ., R
E%(KR)—['} —ﬁn—;n[j, (114)

where 8 = |p]|. To convince oneself of Eq. (1.12), a brief look at Fig. 1.1
suggests that the time rate of change of n will be the negative ratio of the
perpendicular components of v to that of R. Thus, using Egs. (1.12)-(1.14) in
Eq. (1.10) yields the electric field

1

E(r,t)= 2KIR? n

_Ij]t/:tm—l' nx((n_ﬁ)xlj)];/:tret- (1.15)

CK3R [

Note that, E consists of two parts. The first term depends linearly on the
particle velocity, diminishing as R~ whereas the second term depends on
the particle acceleration, falling off as R~!. For a particle with non-relativistic
velocity, we can consider a reference frame where 8 < 1 but its acceleration
is non-negligible, such that Eq. (1.15) simplifies into

E(r,t):%[%] . (1.16)
1=l
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Figure 1.1: Geometrical illustration of a charged particle trajectory showing
relevant quantities that appear in the derivation of its emitted radiation. Here,
O and P denote the origin and point of observation respectively.

The corresponding radiated power is obtained from the Poynting vector (see
Eq. (1.1))

c c
S=—Ex(nxE)=—|E[’n, (1.17)
41 ~—— 47
=B
and because |S| = Z—ﬁ = R‘Zi%, the power radiated per unit solid angle dQ is
d—P—i|E|sz—q—2\nx(nx/3)|2 (1.18)
dQ  4An armc ) ’

Further, writing v = ¢, and by introducing the angle © such that  -n =
B cos(@), one can compute the total instantaneous radiated power

qZ qZ 1)2 T 2 q2 1'/2
P= v%sin?(©@)dN = 21| sin}(@)de== . (1.19)
4mc3 4mc3 0 3 ¢3
~—_— ——
dP v
an =4/3

which is the famous result of J. J. Larmor for a non-relativistic charge being
accelerated [69].
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1.2 Transition to Relativistic Formulation

We now consider how the radiated power appears for relativistic particle
velocities f < 1. Our starting point will be to consider the power P, since it is
a Lorentz-invariant quantity [70]. Thus, if a suitable Lorentz invariant can be
inserted into the right-hand side of Eq. (1.19), which additionally reduces
to the non-relativistic expression Eq. (1.19) in the limit 8 < 1, one has the
desired result. Realizing that the electric field emitted from the particle
according to Eq. (1.16) depend on 8 and 8 suggests that the relativistic form
must also depend only on these quantities. To clarify the correct choice of the
Lorentz invariant, Eq. (1.19) can be expressed using the particle momentum

p

2 q* (dpdp
== —— |, 1.20

3m2c3 ( dt dt ) ( )
where m is the mass of the particle. Now the choice becomes clear: % —

Lfipf“, where dt = dt/y is the proper infinitesimal time, Py = (p,—E/c)is

the four-momentum of the particle and E its energy. Then, the relativistic
generalization must be

(1.21)

P—2 q* (dpudp"
" 3m2e3\ dr dt )’

where it is understood that there is a sum over the indices whenever a four-
product a,a* appears (a, is an arbitrary four-vector). Note that the short-
hand notation a,a" =a-a = a? will be used throughout this thesis. Evaluat-
ing the four-product in Eq. (1.21) yields

dpydp* _(dp\ _ ,(dpY
N = A == 1.22
dv drt (dT) P (dT) (22

where p = |p|. Indeed, this quantity reduces to the right-hand side of Eq. (1.19)
in the limit B < 1. Further, it is possible to express Eq. (1.21) in a non-
covariant form by setting E = mczr and p = mvy. Then, Eq. (1.21) takes on
the form .

_ 2 Y q 52 L\2

P—gT(/} —(BxB)), (1.23)

which was originally found by Liénard [71]. Evidently, the radiated power
now depends on both the particle velocity and its acceleration, making the
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angular distribution more complex than that of Eq. (1.18). As an example,
consider the case of linear motion where the charge is accelerated for a short
period of time. Then, if the emission is observed from far away one finds [64]

dP _q*p?  sin’©
dQ  4mc (1—Pcos®)’

(1.24)

where now O is the angle as measured from the point of observation to that
of the joint direction of 8 and . Again, this also approaches Eq. (1.18) in the
limit 8 < 1. The radiation pattern now emerges as two lobes tilted toward
the direction of propagation as opposed to the non-relativistic result where
the lobes are perpendicular to the propagation axis.

1.3 Classical Radiation Reaction

Perhaps one of the most fundamental forces governing the motion of charged
particles in an electromagnetic field is that of the Lorentz force [72, 73]

F.=q(E+p xB). (1.25)

Here, E and B now denote external electromagnetic field vectors, not nec-
essarily the radiation fields from an accelerated particle. By Newton’s sec-
ond law, the charged particle in question must experience an acceleration
ch= % and thus, must give rise to emission of radiation in accordance with
the preceding sections. These particles must lose their energy and transfer
momentum and angular momentum to the emitted radiation. This alters the
equations of motion for the charged particle and Eq. (1.25) is not enough to
describe its trajectory for situations where the energy loss is non-negligible.
This suggests that there should exist an additional force term F,,4 which
captures the correct dynamics. The description of a charged particle, includ-
ing the self-force from its emitted radiation dates back to the attempts of
Abraham and Lorentz [65-67]. In what follows, the derivation in Ref. [64] is
adopted to find the expression for F,q4.

Analogous to Sec. 1.1, one can consider a particle with charge g and strongly
localized charge density p(r) present in electromagnetic fields E and B. To
commence the analysis, acknowledge the fact that the rate of change of total
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momentum is conserved within the volume of the charged particle

4 (Pmech +Pem) =0, (1.26)
dat

where P .., and Py are the mechanical and electromagnetic momentum
respectively. Under the assumption that the mechanical momentum is of
electromagnetic origin (as Abraham and Lorentz argued) then Eq. (1.26) can
be expressed in terms of the Lorentz force

1
JFLdV:f(pEtot+Z]th0t)dV:0, (1.27)

where the integral spans the volume of the particle and E,; and By, are the
total fields

Eiot =E+Eraq,
Bt =B+ Byag,

where the fields related to the emitted radiation are denoted by E,,4 and B, 4.
Consecutively, the integral given by Eq. (1.27) decomposes into

1
F:J‘(pE+ E]XB)dV, (1.28)
1
Fradzf (pErad+;]x Brad)dvr (1.29)

implying that —% = F,,q where p = P o1, is the particle momentum. To
make progress with Eq. (1.29), two assumptions must be made to simplify
the calculation. First, assume that the charge is instantaneously at rest and
secondly, that the charge distribution is spherically symmetric and robust.
The latter implies J(r, ) = p(r, £)v(t). In other words, every part of the charge
travels with the same velocity. From these assumptions, Eq. (1.29) reads in
the instantaneous rest frame of the particle (v=0—J=0) as

dp_

T —f P, t)Eq4(r, £)d V. (1.30)
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Recall from Eq. (1.2) that the electric field can be expressed in terms of the
potentials ¢ and A such that

dp B 1 0A(r, t)
a1 —fp(r,t)(v¢(r,t)+ - a; )dV, (1.31)

where it is understood that ¢ = ¢, and A=A,,4. The potentials are given
by Eq. (1.4), hence

Y, t' =t
Ayr, t)= %J Mdv’, (1.32)

where again fo =t — %. However, the integration spans the extent of the
particle, and thus R ~ r, where r, is the spatial dimension of the charge. By
the second assumption, r, must be exceptionally small due to the highly
localized charge distribution. Therefore, one may Taylor expand Eq. (1.32)
around t’ = t in powers of—g:

o (—1)" nonJ,(t
:Z( D) (5) ) (1.33)
s n! c atn

Inserting Eq. (1.33) into Eq. (1.31) one finds
) av'av.

_ — (—1)" an
_HZ:(; c"n!fjp(r’t)at
(1.34)

To facilitate the analysis, consider only the contribution from the scalar
potential ¢. Its first term (n = 0) in the expansion is proportional to

ocfjp(r, t)p(r’,t)V(%)dV’dV, (1.35)
ff p(r, t) l/Jlsdv’dv=0,

which is true for spherically symmetric charge distributions (the exchange
of r — r’ inverts the sign) and the identity VR” = nR"?R was employed.
Next, the term n = 1 also vanishes due to the term VR ' =VR?=0. Asa
consequence, all non-zero scalar contributions come from n > 2 and its sum

R™19)J(r, 1)
c? at

(p(r’, t)VR" 1+
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can be re-expressed by shifting the index n — n + 2. Note that the vector
potential contribution is non-zero for n =0, 1, meaning its indices remain
unchanged. Then, Eq. (1.34) can be cast in the following form

n+1
n—1
Zn'cﬂ+2ff R oJtn+l
(1.36)

Apart from momentum conservation (see Eq. (1.26)), charge must also be
conserved. This is formulated via the continuity equation [74]

dp(r',t) VR

ot Rn—1 / /
+Ji', t)|dVv'dV.
(n+2)(n+1) Joe, 1)

% 1v.3=0, (1.37)

ot '
which states that any charge transported out of a volume must decrease
the amount of charge inside that volume. Applying Eq. (1.37) to the current

density term in Eq. (1.36) yields

n+1
JJ R“ I, )=V, t)( )]dv’dv, (1.38)

where V’ denotes differentiation with respect to r’ and the sum has been
omitted for readability. Additionally, the second term in the square brackets
can be integrated by parts to yield

L0 (n+1)_ (n—=1)(J-RR ’
JJ tn+1[(n+2)](r’t)_(n+2)T]dVdV‘
(1.39)

Because the charge distribution is spherically symmetric, the only relevant
direction of the problem is along the particle velocity v. As a result, only the
components inside the square brackets of Eq. (1.39) oriented along v will re-
main after the integration. Utilizing the robustness of the charge distribution
and projecting the components along v, one can write

ot , (n+1) (n—1) (R-v? ,
ff ath[ (r’t)"((n+2)_(n+z)' R2p2 )]de'
(1.40)

0 2 .
The only surviving angular dependence arises from (};2‘32 and it can be shown
that integrating over the angles for this term gives a factor of %, leading to
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the simpler expression

dp 2 n gn+ly - 1
dr § n'cn+28tn+1 )R r)dV'dv. (1.41)

Now, defining the characteristic extent of the charge as

o % f f p()R" p(r)dv’'adv, (1.42)

it follows that the n :th term in the expansion is proportional to

dp n—1
[E]n o< Ty - (1.43)

Taking the limit of point-like charges (r, — 0), only the terms n =0, 1 con-
tribute to the self-force expression. These contributions read

4
dt . Jf PEIPE) ;- av=_mgv, (1.44)

=2 —2q° .
[dt ) =30 r)dV adv = 303 v, (1.45)
n=

where the electrostatic self-energy has been identified as

fJ PP 4y (1.46)

and the electromagnetic mass m,, = 2 connects the self-energy contribution
to the mass of the particle. Finally, the expression for the self-force becomes

4 . 2q°
Fia= 3MaV 35" (1.47)
This is the classical result describing the response of a charged particle to
its own electromagnetic radiation. Certainly, the solution holds only for
non-relativistic particle velocities and possesses incorrect Lorentz covari-
ance properties (the factor % in Eq. (1.47) is in fact wrong). Additionally,
neglecting higher-order terms is not sustainable as the assumption r, — 0
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implies mg — 0. To resolve this issue, one can at least take the observable
mass of the charge for a finite spatial extent. In the case of electrons, one
can take r, ~ 10~'3 cm which is the classical electron radius. Despite the
smallness of r,,, it is still possible for the motion to be rapid enough to make
contributions beyond n > 2 in the expansion important. Thus, the radiation
force in Eq. (1.47) can at best be taken as an approximated theory.

1.4 Landau & Lifshitz Approach to Radiation Reaction

Considering the inherent problems of the self-force derived in the previ-
ous section, an alternative derivation was proposed by L. Landau and E.M.
Lifshitz [68] in the context of classical radiation reaction. In their book,
they make the remark that the self-force as given by Eq. (1.47) leads to non-
physical solutions. To see this, assume a charged particle in the absence of
external fields, only affected by F,,q = —%i}. Then, writing the equation of
motion for the particle one finds

. 2q9%
= —V

mv = . 1.48
303 (1.48)

Disregarding the constant velocity solution, Eq. (1.48) also exhibits the expo-

nential solution
t

. 3
U o< e Tace ) Tyoe = 3;"72 (1.49)

which increases indefinitely in time. Put differently: a charged particle that
experiences acceleration for a finite period would continue to self-accelerate
exponentially once the external force is removed.

Moving on to the relativistic generalization, one can employ the same rea-
soning as in Sec. 1.2. Now, a four-force furad = (%Frad -V, YF;.4) is introduced
that reduces to the right-hand side of Eq. (1.48) in the limit v < c¢. Again,
F|.q is the three-dimensional vector describing the self-force. Starting off,
the equation of motion for the particle in relativistic form can be written as

ay
md_::%Fwyuffd, (1.50)



LANDAU & LIFSHITZ APPROACH TO RADIATION REACTION 21

where F, is the electromagnetic tensor, here given by

0O E E E
E,,= :g’y‘ 1(3)2 _fz _ng (1.51)
~E, -B, B, 0
The shape of furad is
2 42
f;ad=§% d:;‘ : (1.52)

since this retrieves the classical result in the limit v < ¢. Moreover, all four-
forces f,, must satisfy the orthogonal property f - v =0 which is not fulfilled
by Eq. (1.52). To satisfy this property, an auxiliary four-vector must be added
to Eq. (1.52) such that the classical, non-relativistic limit can be recovered.
It turns out that v, is such a four-vector, and the inclusion of this auxiliary
term modifies Eq. (1.52) to

2
fradzz_qzd Y
H 3c¢3 dr?

+Zvy, (1.53)

where { is a constant determined by the condition ™. v = 0. Evaluating
this four-product yields the constant

2q% d?vy, p
ST Taean (154
giving
2q% (d*v, d*v”
furadzﬁ( dT;‘—WUWH . (1.55)

From here, it is possible to write the four-acceleration in terms of the external
field using

dv
u q Vv
—=—UF,,v 1.56
dt  mc " - ( )
d2u# JFHY 2
— =4 v, 7 + 9 FYYF,uT.

dt2 m 5x,, m2c?
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As the final step, substitute Eq. (1.56) into Eq. (1.55), recalling that the inner
product between the antisymmetric tensor aﬂ;v and the symmetric tensor

Uy, is zero to find

_ zqs aF.UV v
B 3me3| dxr " me2

rad

(Fpv" Fvs—E, Fv,)|,  (1.57)

which is the result originally obtained by L. Landau and E.M. Lifshitz [68]. It is
worth mentioning that there exist choices other than v, to make the expres-
sion Lorentz covariant, resulting in alternative theories besides Eq. (1.57).
Reviewing them is outside the scope of this thesis, but a comprehensive
overview can be found in Ref. [75].

To elucidate the self-force described by Eq. (1.57), one can consider the exam-
ple in which a charge approaches the speed of light. Then, the components
containing the third derivatives of the velocity contribute the most, and so it
can be shown that

2g*

W(Fm, uvag LL5)V, (158)

Fraqg =

which is in fact opposite to the direction of v. Taking the axis of propagation
to be along x, Eq. (1.58) can be written

_ 2q* 2 2
Fx——m[(Ey—Hz) +(E,+H,)], (1.59)

where E, E, and H,,H, are the transverse electromagnetic field compo-
nents. The interpretation of Eq. (1.59) is that the radiation damping is pro-
portional to the particle energy.

2 Quantum Description of Charged Particle Ra-
diation in Strong Electromagnetic Fields

Having addressed classical radiation reaction and its relativistic extensions,
we now turn to a quantum description of how charged particles interact with
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electromagnetic fields. This is provided by quantum electrodynamics (QED),
which, shortly after the development of quantum mechanics (see Fig. 2.1),
was formulated in the 1930s by Dirac, Heisenberg, and Weisskopf. It was
later brought to completion by Feynman, Schwinger, Tomonaga, Dyson, and
others. QED enables the calculation of probability amplitudes for processes
involving photons, electrons, and positrons, and remains one of the most ac-
curate and thoroughly tested theories in physics [76]. Prominent validations
of QED include the precise theoretical predictions and measurements of
the electrons anomalous magnetic moment, the Lamb shift, and the energy
levels of positronium [77].

Trident
[62]

QRR
[53]

Early advances Contem
QM- QED of SFQED SFQ .
I T T T T r
1920 1940 1960 1980 2000 2025

NCS, NBW QRR nNCs
[49, 50] [51, 52] [54]

Figure 2.1: Timeline illustrating the development of the quantum description of
light-matter interactions. (Teal) marks the formulation of quantum mechanics
(QM), and (orange) indicates the subsequent formalization of quantum elec-
trodynamics (QED). The shaded green area highlights the period during which
seminal papers on QED processes in strong electromagnetic fields were pub-
lished. The purple region corresponds to modern developments in strong-field
QED (SFQED), with its extent based on a bibliometric analysis of SFQED-related
keywords as done in Ref. [78]. Solid black arrows indicate notable experimental
campaigns that have provided qualitative observations of SFQED phenomena.

As shown in the broad timeline of Fig. 2.1, around the same time as the
invention of the laser, theoretical work exploring how QED is modified by
strong external electromagnetic fields gained considerable attention. These
investigations laid the groundwork for what is now referred to as strong-field
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QED (SFQED), a theoretical framework that extends conventional QED to
account for the effects of intense background fields that cannot be treated
perturbatively. In the decades following these developments, the pioneering
experiments conducted at SLAC have provided early experimental obser-
vations of fundamental SFQED processes, including nonlinear Compton
scattering (NCS) and electron-positron pair creation in strong fields, known
as the nonlinear Breit-Wheeler process (NBW).

One way of accessing regimes where SFQED becomes prominent involves
colliding ultra-relativistic electron beams with the electromagnetic fields
of high-intensity laser pulses. In such scenarios, the primary parameter of
interest is the Lorentz-invariant quantum nonlinearity parameter

n ? ?
7= e pHFHVFHVpVZ;/,_e\J(E-FXXB) —(EX) ) 2.1)
C Cc

3
m, ct cr

where p,,vand 7, denote the four-momentum, velocity and Lorentz factor
for an electron, respectively. This quantity can be seen as the dimensionless
acceleration of the electron in its rest frame. In that frame of reference, a suffi-
ciently energetic electron can experience an effective electric field exceeding
the critical field of QED, corresponding to y 2 1. One primary distinction
between SFQED and perturbative QED is that, in the former, the interac-
tion with the strong external field must be treated to all orders in the field
strength, while quantum fluctuations are treated perturbatively. As mod-
ern laser systems continue to produce exceptionally strong electromagnetic
fields in the lab, SFQED has gained increasing attention both theoretically
and experimentally in recent years. Before delving into specific aspects of
SFQED, it is important to note that Eq. (2.1) characterizes the transition from
classical to quantum regimes in charged-particle interactions with light.
For y < 1, radiation from electrons can be accurately modeled as a continu-
ous emission process, consistent with classical electrodynamics. However,
once y 2 1, radiation must be treated as the discrete emission of high-energy
photons (NCS) [79] and the probability of electron-positron pair creation
(NBW) becomes significant [37]. The resulting back-reaction on the emitting
electron due to these stochastic effects is referred to as quantum radiation
reaction (QRR) which is actively investigated both theoretically and experi-
mentally [51-53, 58, 80-83].
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2.1 Quantum Electrodynamics

To better understand the similarities and differences of SFQED, we first
summarize key aspects and outline the Feynman rules of perturbative QED.
Here, natural units 7 = ¢ = 1 will be used throughout this and the following
section. Our starting point will be the QED Lagrangian

-ZQED=_%FMVFMV+I/J(i‘7_me)I/)+qel/34h/)» (2-2)

where Y and A* are the fermion and photon fields, respectively. Here, the
Feynman slash notation (¢ = y”au) is used for contractions with the 4 x 4
Dirac matrices y#, which satisfy the Clifford algebra

Uiy =rty +rirf =20 (2.3)
The commutator between Dirac matrices is also introduced
o’ =3[y"r"], (2.4)

which will be used in the next section. Lastly, y) = ¢)Ty? denotes the fermion
field adjoint (dagger notation is used for combined complex conjugation y*
and transposition Y 7).

To describe the external legs of a Feynman diagram in QED, such as the pho-
ton and electron lines entering a vertex in Fig. 2.2a, we analyze the equations
of motion for the free fields y» and A“. Starting with the photon field, its
equation of motion is found by setting y» = 0 and varying Eq. (2.2):

A =378,A" =0, (2.5)

where the Feynman gauge J,A* = 0 has been used. Eq. (2.5) is recognized
as a free wave equation, possessing plane wave solutions dependent on the
spacetime coordinate x,

A= ——e kel (2.6)

where e* is the polarization four-vector, and k* = (w, k) is the photon four-
momentum, with w >0 and k% =0.
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Figure 2.2: Tree-level Feynman diagrams for (a) Compton scattering and (b)
the Breit-Wheeler process. Solid and curvy lines depict fermions (electrons
with e~ and positrons with e*) and photons (y;, 7,) respectively.

Similarly, setting A* =0, the free Dirac equation follows from Eq. (2.2):

(iﬁ—me)l/J:O, 2.7)

which also possesses plane wave solutions
= L v =0 2.8
Yp=mze Py, (p—me)u, =0, (2.8)

where p# = (&,P), & > 0 is the electron energy and p? = m?2. The spinor
Vp = u_p, represents negative-energy solutions of Eq. (2.8), corresponding to
positrons. The solutions Up, Vp, e* and their respective adjoints are associ-
ated with the external legs of a Feynman diagram.

Internal lines, such as the electron line connecting the vertices in Fig. 2.2a,
represents a propagator. A propagator gives the probability amplitude for a
particle to propagate between two spacetime points x;, and xp’t (shorthand
x and x’ will also be used). For fermions, this is the Green’s function Gg
satisfying the Dirac equation (2.7) with a unit impulse on the right-hand side

(id — me) Gp(x, x")=i6W(x, x"), 2.9)

where §W(x, x") = 6(t — t")6G)(r —r’) is the four-dimensional Dirac delta
function.
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The propagator Gy can be shown to be (see e.g. [84])

d* . / +m

Gp(x,x)= _pe—ll?'(x—x )p—ze., (2.10)
(2m) p2—ms+ig

where i& specifies the contour prescription around the pole. Furthermore,

the photon propagator can be found in a similar fashion. Still working in the

Feynman gauge, the photon propagator is given by

4
K ity Mo 2.11)

Dl x)= | o K2+ iE

Lastly, each vertex in a diagram contributes a factor of —i g, y* which can be
interpreted as the interaction term for the theory. Heuristically, this interac-
tion coupling can be found for QED by inspecting the third term of Eq. (2.2).
Ultimately, from this brief analysis we can state the Feynman rules of QED:

1. The initial electron (positron) states are associated with the spinor up
(7)) respectively. The corresponding final states carry the spinors i,
(vp).

2. The initial (final) photon states correspond to the plane-waves e (¢**)
respectively.

3. Internal photon lines that connect vertices provide a propagator as
given by Eq. (2.11).

4. Internal fermion lines that connect vertices provide a propagator as
given by Eq. (2.10).

5. Each vertex adds a factor of —ig,y*.

From the rules (1)-(5), one can calculate scattering amplitudes (and from
them spectra and such forth) given the compact and graphical representation
of QED processes, such as those in Fig. 2.2a and Fig. 2.2b.

2.2 Strong-Field Quantum Electrodynamics

In this section, we study how QED is modified in the presence of a high-
intensity laser field, represented by an additional background field B¥, with



QUANTUM DESCRIPTION OF CHARGED PARTICLE RADIATION IN STRONG
28 ELECTROMAGNETIC FIELDS

corresponding field strength tensor Fuv =0, B, — 0, B,,. This field is assumed
to be a plane wave with wave four-vector g# such that g> = 0 and B* = B¥(y),
depending solely on the phase ¢ = g - x. The reason for choosing a plane-
wave approximation is twofold. First, as we shall see in a moment, the Dirac
equation can be solved analytically! and secondly, at the focal region of a
focused laser pulse, the electromagnetic field is approximately a plane wave
[87]. Compared to Eq. (2.2), the modified Lagrangian with the background
field B* reads

Lspqep =—1 Fiy F* + 1 (id —me ) —qop (A+ B)y.  (2.12)

Because we have prescribed a plane wave field, its corresponding kinetic
term PWF BY yanishes?, whereas the mixed terms FH,,F #7 contribute only
a total derivative to the action and do not affect the equations of motion.
Therefore, the newly introduced field enters only in the interaction term of
Eq. (2.12). One issue is that this field can have an arbitrary strength, charac-
terized by a dimensionless coupling a, ~ g, By/ m,, where By is the amplitude
of B*. Certainly, this coupling can be well in excess of unity whereas the
coupling strength of perturbative QED is g, < 1 (or rather oy < 1). Hence,
perturbation theory can still be applied to the small fluctuations associated
with A#, whereas all orders in a, for B must be summed exactly. To resolve
this, one can work in the so-called Furry interaction picture [88] by intro-
ducing the covariant derivative D = 0 +iq, B#, so that Eq. (2.12) can be
rewritten as

Lseqrp =—1 Fin F*Y + ) (i —m, )y — g Ay (2.13)

Although this has only been a trivial rearrangement of terms, the idea is to
treat the background field as a part of the unperturbed system. Now, the
first two terms of Eq. (2.13) are quadratic in the fields i and F*”, meaning
that these terms must be treated exactly, whereas the interaction term re-
mains cubic and involves the small coupling g, . This suggests that all of the
Feynman rules in the preceding section are the same for strong-field QED
except that the fermion external lines and the corresponding propagator

'Explicit solutions also exist for so-called Sauter pulses [85] and constant, uniform electro-
magnetic fields [86].
2This term is proportional to [E|*— |B|?, which is zero at all times for a plane wave.
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now include the interaction with the strong background field.

To account for these changes, one must solve the so-called "free" Dirac
equation in the presence of an external field B“. Here, "free" means a solution
of the Dirac equation at zeroth order in A* (A* = 0) while the background
field B* remains nonzero:

[ip—m, ]y =0. (2.14)

Our first remark is that if B# = 0, the solution, here denoted as ¥,, must
reduce to Eq. (2.8). We therefore make the ansatz v, = e X T((p)up, where
Y () is a matrix function depending on the plane-wave phase ¢. To progress,
we multiply Eq. (2.14) by the operator iIp + m, to obtain a second-order
equation

[y"r”(i8,—g.B,)(i8,—q. B,)—mZ]p =o0. (2.15)

To proceed further, recall from Eq. (2.3) and Eq. (2.4) that one can write
=gty v s ity (2.16)
=n""+ oM. ’

Contracting with n*” yields the kinetic term D?, while contracting with o*”
gives

1 —i
o"'D,D, = Eal”[D D,]= ?qea”va.

w (2.17)
_iquuv
This casts Eq. (2.15) in the form
i
[(z’a —qeB) —m?— zqea“”Fw] Y =0, 2.18)
and by expanding the terms we find
2 . 252 2 . oB
—0°—2iq,B-0+q,B —me—zqeq% Y =0. (2.19)

Going back to our ansatz, we note that §,0%Y = g,(q* %) =gq° % =0 holds,

and substituting d* — —i p*, we obtain the equation for the matrix function
T(p):

. aT 252 . aE
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This equation has an exponential solution of the form:

Y(p)=exp|iS+ Zeﬂ],
ap (2.21)
qe 2
S= B“—2p-B)dy.
J 7qp 9B’ =2p-B)dy
Lastly, because powers of two (and beyond) of ¢ B is proportional to g* =0,
we can expand the second exponent of Eq. (2.21) as exp [%] =1+ % SO
that the solution to Eq. (2.14) is
P, = e {Px+S) (1 + M) g (x)uy, (2.22)
p 26] p m p p

where we have introduced the so-called Ritus matrix function E,(x). The
solution U, commonly referred to as the Volkov solution [89], describes the
propagation of electrons in a background field and is also known as a dressed
or laser-dressed state. The corresponding wavefunction for positrons is
found by applying the transformation p — —p to Eq. (2.22).

Although we have analyzed the electron in an external plane-wave in some
detail, we here quote the corresponding fermion propagator Gpy(x, x’), often
called the Dirac-Volkov propagator. Among its several representations, a
particularly useful form is [90]
no [ d'p S

Gpv(x, x )—f pr(x)GF(p)Ep(x ), (2.23)
where Gg(p) is the free fermion propagator in momentum space (see quo-
tient term of the integrand in Eq (2.10)). To conclude this section, we state the
necessary modifications to the Feynman rules from the preceding section,
required to evaluate amplitudes of SFQED processes:

1. Theinitial electron (positron) states are described by the wavefunctions
v, (\Il_p), while the corresponding final states are represented by \I'p
().

4. Internal fermion lines connecting vertices are replaced by the laser-
dressed propagator given in Eq. (2.23).
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(a) Nonlinear Compton scattering. (b) The nonlinear Breit-Wheeler pro-
cess.
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(c) Double nonlinear Compton scat- (d) The trident process.
tering.

Figure 2.3: Feynman diagrams of four fundamental SFQED processes. Solid
double lines denote laser-dressed (Volkov) electrons and positrons, while single
wavy lines represent non-laser photons. In panel (c), the thicker wavy lines
indicate that the total amplitude includes contributions from exchanging the
photon momenta, k; < k.
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2.3 Inherent Processes

In SFQED, the tree-level processes shown in Fig. 2.2 become highly non-
linear, since particles can absorb 7, laser quanta y, from the background
field, thereby enabling processes that are otherwise forbidden in vacuum
QED by momentum conservation. For instance, nonlinear Compton scatter-
ing, characterized by the conversion e~ + n;y; — e~ + 7 is now possible, as
illustrated in Fig. 2.3(a). Solid double lines denote laser-dressed fermions
(see previous section), while single wavy lines represent emitted photons
y. While the calculation is omitted here, we quote the rate of high-energy
photon emissions from NCS [84, 91]

o1 _ V3 qjEay

3
dw  2m myc?y (1_5)(5(%” §5xzc5(zc)), (2.24)

where 6 = is the energy of the emitted photon with frequency w nor-

m, ciy
malized to the emitting electron energy and z. = 2 cRe=ira 5) . The functions F
and F are known as Synchrotron functions and are expressed using modified

Bessel functions of the second kind K, (u):

o
F(u)= uf Ks;3(u)du', F(u)=ukKys(u). (2.25)
u
A graph of both Synchrotron functions can be seen in Fig. 2.4.

Another fundamental tree-level SFQED process is nonlinear Breit-Wheeler
pair creation. The corresponding process is y + nyy; — e~ + e™, and the
corresponding Feynman diagram is shown in Fig. 2.3(b). Evidently, this
process is related to NCS by crossing symmetry and the rate of the produced
pairs per unit time ¢ can be shown to be [84]

op J— 3 xq>F 3
Frer ,,_; =(8,—1)5, (E(Zb)—gxzbfi(zb)), (2.26)
where now z, = § 75557, 6. = me;;ir‘" and

_ o7 (E+ ck ><B)2 (E k )2 2.27)
By 2 TR '
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Figure 2.4: Illustration of the first (blue solid line) and second (orange dashed
line) Synchrotron function.

is a generalization of Eq. (2.1) to photons with momentum k*. Addition-
ally, there are two additional first-order processes, which are the inverses
of NCS and NBW: photon absorption (e~ +7y — e~) and one-photon pair
annihilation® (e~ + et — y). Although their kinematics can be intriguing
[78], their cross-sections are much smaller than those of NCS and NBW [93],
and they will not be treated further here. As for second-order processes,
examples include double NCS e™ + nyy, — 71 + 7, and the trident process
e~ +mny,—2e +e” (seeFigs. 2.3(c-d)). Numerous other higher-order pro-
cesses exist, but their discussion is beyond the scope of this thesis. For the
interested reader, see for example Ref. [78] and references therein. Instead,
we shall elaborate on radiative corrections to SFQED in the next section.

3Electron-positron annihilation in vacuum always yield two photons. The emission of a
single photon is only possible when there is a background field present [92].
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2.4 Radiative Corrections & Nonperturbative Strong-Field
QED

For y > 1, quantum corrections become dominant, modifying not only the
properties of photons A* and fermions v, but also the interaction vertex.

These are known as radiative corrections and for the photon field, they enter
the right-hand side of Eq. (2.5) via the so-called polarization operator Z+”

0AX(x) :J dty PP AL(y). (2.28)

Because the photon field induces its own source term through Eq. (2.28), the
strong-field vacuum behaves like a polarizable medium. This entails strong-
field effects such as vacuum birefringence, where the background field can
flip the polarization of a propagating photon [94]. Radiative corrections to

. an

~ an ~ an log(x
~ O X2/3 log ~ X2/3 log ~ X4/3

Figure 2.5: Diagrammatic representation of known radiative corrections to
the mass operator in the limit y >> 1 as found by the works of (a) Ref. [95], (b)
Ref. [96], (c) Ref. [97], (d-e) Ref. [98] and (f-g) Ref. [99].
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the fermion field y also appear on the right-hand side of Eq.(2.14):

[iw—me]w(x)=f dy (x, y(y), (2.29)

where #(x, y) is referred to as the mass operator (.# = 0 corresponds to
the Volkov solution given by Eq. (2.22)). Implications of such corrections
include an effective mass-shift for the electron, which will be relevant for
this thesis later in Sec. 5.4. Lastly, the vertex also gets modified —ig, y* — T'*.
Because QED is always perturbative due to the small expansion parameter

mg@w@

~ O‘f% ~ a2%2/3 log (s

@@

2/310g(}f ~ af%2/310g

(f)
o % + ;HW\;’LL'L +..
— —jy! -~ QIX2/3

Figure 2.6: Diagrammatic representation of known radiative corrections to the
polarization operator (a-e) and the vertex (f) in the limit y > 1, as found by the
works of (a) Ref. [100], (b) Ref. [101], (c-d) Ref. [98], (e) Ref. [99] and (f) Ref. [102].

~ af%log

|

@y < 1, quantum corrections are rather small, grow logarithmically and
are fairly well-understood [78]. In SFQED, the situation is very different as
the true expansion parameter of the theory is conjectured to not be a; but
rather g = ay 2%/3[103]. Certainly, this renders SFQED nonperturbative at
around o f )(3/ 2> 1, which was studied by Ritus, Narozhny and Morozov in the
period 1970-1980. They computed several corrections to .4, 2*” and I'* in
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a constant, crossed electromagnetic field and their findings are summarized
diagrammatically in Figs. 2.5 and 2.6. Since its formulation (see Ref. [104]),
the implications of this conjecture has sparked considerable advancements
in theory [78, 103, 105-107] and experimental layouts [55, 108-113] within
the previous decade. In particular, if true, this would challenge the validity
of many perturbative SFQED results [103]. Finally, this nonperturbative
nature might not show up at large y in actual observables. For instance, the
probability of NCS, here denoted as P, scales differently with y depending
on whether y is increased solely via intense fields (P ~ g) or electron energy
(P ~ 10%) [107].

2.5 QED Cascades

One especially important SFQED phenomenon concerning this thesis is
the development of QED cascades, which is an active field of research [114-
123] relevant to laser-electron collisions. When a high-energy electron (or
photon) penetrates a sufficiently strong electromagnetic field, it can undergo
successive NCS and NBW pair-production events. This leads to a prolific
generation of photons and electron-positron pairs whose energy is lower than
that of the initial seed electron. These cascades can be divided into two types:
(i) a shower-type cascade and (ii) the avalanche-type cascade. The former
variant is driven by the initial electron beam energy, which is converted and
distributed over the newly produced pairs and photons, similar to the cosmic
showers that takes place in our atmosphere. A shower-type cascade can be
approximated as a branching-tree?, as illustrated by Fig. 2.7. Denoting each
iteration of either NCS or NBW as the G:th generation, the resulting, total
number N of pairs N,.+ and photons N, can be written as

N=N,e +N, =2,

2G+1 +(_1)G (230)
Nee+ = T

Because the production of pairs is exponentially suppressed for y <1, the
shower-type cascade eventually halts. If y; and y, denote the value of y

“This assumes that y > 1, is conserved, and that the difference between the scaling
coefficients for the rates of NCS and NBW are ignored [78].
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Figure 2.7: Illustration of a shower-type cascade using a branching-tree model
where G labels each generation of created particles and photons. Solid double
lines indicate dressed electrons or positrons whereas wavy lines represent non-
laser photons.

for the particles of generation G and G =0, respectively, then this roughly
occurs when ys S1or G 2 log, yo.

Avalanche-type cascades on the other hand, can arise from electrons at rest,
accelerated to the necessary energy to trigger the cascade. Additionally, both
initial and newly created particles can be re-accelerated by the electromag-
netic field, thus replenishing their energy so that the total particle energy
grows in time. These cascades grow exponentially in time ~ exp (At) with
growth parameter A, and under right conditions, can produce a macroscopic
number of particles. In addition, the continuous replenishing of particle
energy might eventually lead to a depletion of the electromagnetic field,
having implications for reaching the QED critical field and the detection of
the Schwinger mechanism [124]. We shall return to the topic of QED cas-
cades later, when discussing the challenges posed by shower-type cascades
in experiments leveraging laser-electrons collisions.



QUANTUM DESCRIPTION OF CHARGED PARTICLE RADIATION IN STRONG
38 ELECTROMAGNETIC FIELDS




39

PART 11
METHODOLOGY

In this chapter, I present detailed derivations of the main findings of the
appended papers. In particular, the chapter is divided into three larger
sections. Firstly, in Sec. 3, an approach to separate SFQED emissions in
vicinity of high- y from low- y emissions is motivated. In addition, I derive
the bidipole wave solution, a focusing geometry that attains the maximal y
value for a given power and electron energy. Then, in Sec. 4, I propose multi-
pulse collision geometries where electrons propagate across the waist of
focused radiation. Here, properties of the electromagnetic field close to focus
is analyzed and several interaction layouts are presented. Finally, in Sec. 5, I
explain the chain of logic to describe approximate Bayesian computation
(ABC), and its potential use for the strong-field community. To add further, I
devise a model based on the effective electron mass shift which is used to
demonstrate parameter estimation via ABC.

3 Discrimination of SFQED Events & Bidipole
Focusing

Future laser—electron colliders will access y values well in excess of unity,
permitting the detection of deeper nonlinearities of SFQED. Examples range
from observing higher-order processes, studying the effective electron mass
shift (see Sec. 5.4), and triggering QED cascades, to probing the nonper-
turbative regime of SFQED (see Sec. 2.4). The main difficulty, regardless of
a specific quantum process under investigation, is extracting information
about the corresponding SFQED events (see research question (I)). Moreover,
modern experimental campaigns typically operate at y S 1 with the currently
available laser power and electron acceleration capabilities. Thus, another
central question (see research question (II)) is how these parameters can be
leveraged efficiently to reach large y values without invoking the technically
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demanding development of more intense lasers or advanced accelerators.
In the following sections, I present an angle-based discrimination method
for emitted photons in laser—electron collisions as a means of separating
the signal of interest from large background contributions. Furthermore,
I outline the theoretical framework for describing dipole waves and then I
derive the optimal focusing configuration that yields the maximum value of
y for a fixed laser power and electron energy.

3.1 Signal Extraction and Cascade Development

For SFQED emissions to happen at the large values of y, the initial electrons
must reach the focal region of the laser (strong electromagnetic fields) with-
out losing too much energy on the way, retaining a large v, factor. In such
an ideal case, the electrons will lose most of their energy due to the emission
of a single (or a few) highly energetic photons. At the detector, the electron
energy-loss spectrum contains information about the underlying quantum
process. In reality, a large fraction of the initial electrons will either miss
the focal spot of the laser or undergo radiation losses before entering the
strong-field region, as illustrated by Fig. 3.1. Both scenarios entail emissions
atlow values of y. At the detector, these events will be difficult to distinguish
from electrons emitting photons at large y values due to the similar energy
losses. Additionally, emitted photons can collide with laser photons via the
NBW process to produce electron-positron pairs. These can in turn also emit
radiation at lower y values. Lastly, already at y 2 1, the likelihood of develop-
ing a substantial QED cascade (see Sec. 2.5) is large. This creates a copious
amount of electrons, positrons and also photons with much lower energy
than that of initial electrons, which can be the dominating contribution at a
detector.

To circumvent this complication, one can instead examine the photon en-
ergy spectrum for information. The situation becomes better, as photons
emitted around the strong-field region will end up in the tail of the photon
spectrum unlike subsequent electron emissions, which carry lower energies.
Secondly, in the limit of ¥ > 1, the average distance for a photon to undergo
aNBW event is £}, ~ 3,4, where £,,4 is the mean-free path between photon
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emissions [125]
lraa~ 152c7Y (ao/ac)°, (3.1)

where A¢ = % is the Compton wavelength, aq = e[|

- m.wc 1s the dimensionless
amplitude of the laser electric field |E| and a., is the critical field E, in the
same dimensionless units. This means that high-y photons have a greater
chance to escape the strong electromagnetic field and reach the detector.
Electrons on the other hand, would be more likely to emit multiple times
and provide low y contributions. Still, the same difficulties apply in distin-
guishing large y events based solely on the energy of a photon. Because, the
emissions are still dominated by low-energy contributions, such as those
from a QED cascade or premature radiation losses from electrons. To make
progress on the situation, note that the electron transverse momentum p |

inside the electromagnetic field of the laser satisfies' [126]

d ( ! A ) =0 (3.2)
dr\PLo )T '
where A| denotes the transverse components of the vector potential. As
a consequence of Eq. (3.2), at any instant, the electron forms an angle «
between its initial propagation axis and its current direction:

a = arctan (M) , (3.3)
Ipy

where pj is the longitudinal component of the electron momentum. One may
ask whether this angle can distinguish emissions occurring at large y values.
For the initial electrons, note that Eq. (3.2) implies that electrons acquire
negligible net transverse momentum, so @ remains small at the detector.
Similarly, this angle is also small when electrons experience the strongest
electric field (recall the vector potential in Eq. (1.2) wherein ¢ =0), indicating
that a alone cannot distinguish emissions of interest.

So far, linear polarization of the laser has been assumed. If instead, circular
polarization is used, the electric field vector is rotating as a function of time
with constant magnitude. This means that the electron trajectory is helical
until it emits a high-energy photon and recoils. For comparison, the electron

' This is sometimes referred to as the conservation of transverse canonical momentum.
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Figure 3.1: Concept illustrating various paths and emissions electrons can
undergo in a collision with a tightly focused laser pulse. Adapted from [127].

(@) (b)

Figure 3.2: Illustration of electron trajectories after traversing an electromag-
netic pulse having (a) linear polarization and (b) circular polarization. Regions
of high (low) field strength are colored with red (blue) and the arrow indicates
the propagation direction of a photon upon emission.

trajectories for both polarizations are illustrated in Fig. 3.2. Prior to emis-
sion, both the angle ¢ and y depend on the local field strength, and are thus
correlated. Fortunately, this means that any emitted photon exits at an angle
a roughly proportional to y at the time of emission. Further, if a photon
carries a substantial fraction of the initial electron energy, it is unlikely to be
a subsequent emission. In conclusion, one can expect that those photons
reaching the detector with high energy and large a likely originate from re-
gions of high y. As such, analyzing both the energy and angular distributions
of emitted photons provides a promising method to isolate SFQED events
of interest from abundant low- y contributions. This was one of the major
findings in paper A, and will be a recurring concept throughout this thesis.
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3.2 Optimal Focusing

So far, a strategy to distinguish photons originating from large y based on
their energy and exit angle a has been discussed. Another important question
is how to achieve large values of y for a given laser power P and electron
energy &. This depends on the focusing geometry and can be described
generally. To see this, consider electrons with & ~ m,c?y, and a tightly
focused laser pulse with central wavelength A. The focal spot area scales
as A2, so the peak electric field strength increases with intensity as v1 o<
vV P/22=+/P/A. As aresult, y grows as y o<y,+P/A and assuming ||~ 1
and 7, > anax the peak value of y can be expressed as

Zmax=K (£/GeV)(v/P/PW) (A/um)~", (3.4)

where a,,, is the peak electric field in units of 2tm, c?/q,A. In Eq. (3.4), k
represents the conversion efficiency of laser power into large values of y.
Based on this, a particular focusing geometry can be characterized by its x
value. To exemplify, for a single laser beam, k increases with tighter focusing.
To clarify this further, we review concepts to maximize the peak electric field?
for a given power, thereby increasing .

A single focused laser beam will have a corresponding peak electric field
EW oc V/P. If the power is split between two pulses and recombined coher-
ently at focus, such as in a counter-propagating scheme, the peak electric

field becomes
ED g

=4 —
V22
As a result, the peak electric field increases by a factor of +/2 compared to the

single-pulse case. This can be generalized further by splitting the original
laser beam into n separate ones, such that

@) =+2EW, (3.5)

eyl

EW=/nEWY, (3.6)

where E) denotes the peak electric field from coherently superimposing the
n beams at focus. More beams can be added at angles, provided they do not
overlap before reaching the focus. This concept is known as multiple colliding

2The magnetic field also contributes to the electron proper acceleration, as discussed later.
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laser pulses (MCLP) [128] while the theoretical limit for the peak electric field
given a fixed power is attained with dipole focusing [129-133]. Dipole waves
have applications for particle trapping [134], photon generation [131, 133,
135], generation of extreme electron-positron plasma states [136, 137] and
implications for reaching the Schwinger limit [138]. However, dipole waves
are not ideal for maximizing y, as they only provide either a strong electric
or magnetic field at focus, but not both. Nonetheless, it will be instructive to
elaborate further on the theory behind dipole waves, as the optimal focusing
geometry, which yields the theoretical maximum of k, is based on them.

3.3 Dipole Focusing

In this section, the derivation by I.M. Bassett is adapted, who in 1986 demon-
strated that the dipole component provides the highest possible electro-
magnetic energy density for a given power [129]. The starting point for the
analysis is to consider Maxwell’s equations in vacuum [139]:

lﬁB

Cc

1 2E (3.7
V:B=0, VxB=——,

cadt’

and express them via a multipole expansion of the fields® E and B. Hence,
any real solution of Maxwell’s equations can be expressed as the real part of
complex electric and magnetic multipole components multiplied by e ?¢¢,
where w is the central frequency. Specifically, by transforming to spherical
coordinates x, y,z — 1,0, ¢, the multipole components can be written as
[140]

o (K
EF =t + l)Je(r ) Y,™(6,9), BF=o, (3.8)
p_ 10 . 0 ym . km .
Ey =~ (rjfkn) 55 Y,"(0,9), Bj = jikr)y"(0,9),  (3.9)
p__im 0 v N .
Ey = rsin@ 3r(r”(kr) ), B¢—lk]g(kr)agY 0,9), .10

3This allows one to express electromagnetic fields in terms of fundamental building blocks
called multipole fields. Analogous to Taylor expansions, often only a few initial terms suffice
to approximate the desired solution.
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where/=1,2,3.., m=—{,—{+1,.., k=w/c and j, /”(9, ¢) are spherical
Bessel functions and spherical harmonics respectively. Subscripts indicate
the vector components of the fields in the spherical coordinates

f=x%xsinf cos¢ +ysinf sin¢ +2zcosH, (3.11)
0 =xcos0O cos ¢ +ycosfsing —zsinl, (3.12)
¢ =—%ksin¢g +ycos ¢, (3.13)

where X,¥,Z and t, 0, q3 denote the Cartesian and spherical unit vectors, re-
spectively. The relation between electric multipole and magnetic multipole
components satisfies the following rule

EE =—BF, (3.14)
B? =EF, (3.15)

where the superscripts denote the multipole type: electric (E) or magnetic
(B). The distinction is that the magnetic field components of an electric
multipole vanish at the origin, and vice versa for a magnetic multipole.

Having written down the multipole components, given by Egs. (3.8)-(3.10),
the next step is to identify the set of components which provide the maximal
energy density and hence, the maximum peak electric (or magnetic) field
strength. Assuming this condition is met at the origin of the spherical coor-
dinate system (r — 0), a Taylor expansion of the spherical Bessel functions
for small arguments p can be used:

V4 2
P P
”(p)”(zunu(l 2(2€+3)+"')’ (3.16)

where the double factorial is defined as n!!=n-(n—2)-(n—4)... Taking the
limit r — 0 of Egs. (3.8)-(3.10) and making use of Eq. (3.16), only the { =1
components, i.e. the dipole terms, contribute. Without loss of generality,
consider an electric dipole field, for which six nonzero components remain:

E;_ =B}  =k(6m)"*(x—iy), (3.17)
E B —1/2 A

Ely=Bi,=k(37) 123, (3.18)

Ef| =B, =—k(6m)"/* (% +i9), (3.19)
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where the subscripts indicate values of ¢ and m, respectively. Evidently,
each of the three electric dipole components in Egs. (3.17)-(3.19) yields the
maximum electric energy density at the origin: u o< E- E*. As for the peak
electric field strength, it is possible to show that the peak dimensionless
amplitude ag of such a field becomes [37]

al ~780+/P/PW, (3.20)

where the same result holds for the peak magnetic field strength of magnetic
dipole waves. Note that Egs. (3.17)-(3.19) are all monochromatic waves but
can be generalized to pulsed solutions with arbitrary temporal envelopes
as thoroughly outlined in Ref. [132]. For the illustration of an electric dipole
and a bidipole pulse, see Fig. 3.3.

Dipole Electric Field Strength (a.u.) | Bidipole Electric Field Strength (a.u.)
B B

Figure 3.3: Cross section of the electric field strength shown for y <0, illus-
trating (left) a magnetic dipole pulse and (right) a bidipole pulse. The central
wavelength is A = 0.8 um and the pulse duration is 7 = 5fs. Both pulses are
displayed at ¢ = 97’1, prior to reaching the focus. Insets show the electric field
strength in the x y-, y z-, and x z-planes.



ADDITIVE PROPERTY OF MULTIPOLES 47

3.4 Additive Property of Multipoles

An essential result that follows from the previous analysis, used later in this
work, is that both the electromagnetic energy density and the incoming
power are additive for multipole fields. In other words, the total value is the
sum of the individual multipole contributions, and all cross terms vanish.
To demonstrate this, consider the superposition of two multipole fields,
quantified by a set of numbers ¢, m; and {,, m, respectively. The energy
density for a particular multipole component is given by

_ i % *
ttem = o (Bem By, +Bom Bf ), (3.21)
where the superscripts E and B have been dropped and it is explicitly stated
which type is concerned from now on. Then, the resulting energy density
from a sum of two multipole fields is equivalent to

1
* *
g, + Uty + (Egl,m1 ‘E}, 0, +Beom, 'Bemz). (3.22)

In order to prove the additive property for electromagnetic energy density,
it suffices to show that the cross terms in Eq. (3.22) vanish. Recall that at
the origin, the electric field vanishes for magnetic multipole waves, and con-
versely the magnetic field vanishes for electric multipole waves. Therefore,
the cross terms vanish for waves of different type. For waves of the same
type, only the dipole terms contribute at the origin, meaning that {; =¢, =1.
Hence, the proof is completed by verifying the orthogonality between the
expressions given by Egs. (3.17)-(3.19) for m; # m,. An analogous procedure
can be done for the magnetic dipole waves.

To outline the proof for additive incoming power, the Poynting vector Sy, for
a sum of two multipole waves can be expressed as

Cc

Sor=5 [(Egl,m1 +Ety m,) % (B],  + B}fzymz)] (3.23)

OS¢y, my +St,m, + I:(Eglvml x B};z,mz) + (Efzﬂnz x BZ,ml)]’

where S, ,,,, and S, ,,, denote the Poynting vectors of the individual multi-
poles. Consider now the total incoming power crossing an arbitrary sphere
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with radius R which allows Eq. (3.23) to be reformulated as

PC o< BC, +PC +R2f (Eglyml x B;fz,,nz)-ﬂ(laéz,m2 x B;jhml)f ds, (3.24)
where the superscript denotes the power crossing the surface of the sphere.
Showing that the cross terms vanish requires an extensive calculation, which
is omitted here. The full proof is given in Ref. [129] (p. 285), which exploits
the orthogonality of spherical harmonics when substituting multipole fields
from Egs. (3.8)-(3.10).

3.5 Bidipole Focusing

Since dipole waves yield the highest peak electromagnetic fields for a fixed
input power, one can consider a different solution that combines electric
and magnetic dipole waves to maximize y for a given initial electron energy
&. Again, we assume that the corresponding maximum y value for such
a solution is achieved at the origin of a spherical coordinate system. This
means that the derivation of the optimal focusing geometry can be continued
from the discussion around Egs. (3.17)-(3.19), except that both electric and
magnetic dipole contributions are present at the origin. Firstly, letE, and B,
denote the electromagnetic field vectors that maximize Eq. (2.1). Without
loss of generality, assume E, points in the 2-direction, which corresponds to
Eq. (3.18):

E,=E],. (3.25)

Furthermore, choosing B 4 to lie in the x z-plane, it follows that it must be a
combination of Egs. (3.17)-(3.19)

B B B
B, =B  +v2(B]_,—B})), (3.26)
> T
Xz XX X

where the factor of v/2 ensures synchronous peaking. The solution can now
be divided into three parts using the additive property for incoming power
outlined in Sec. 3.4. In other words, for a given power P, a portion a P goes
into the electric dipole wave in Eq. (3.25) whereas portions b P and (1—a—b)P
go into the magnetic dipole contributions in Eq. (3.26), respectively. Here,
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0<a-b<1anda+ b <1. From this, the solution can be expressed as

E, o< Va2, (3.27)

B, o< Vb2+V1—a—bx. (3.28)

So far, the discussion has only involved electromagnetic fields. Accounting
for the propagation of electrons, note that y becomes maximal when elec-
trons propagate along y, since y-E, = 0. Adopting this propagation direction,
and substituting Eqgs. (3.27) and Eq. (3.28) into Eq. (2.1) yields

;(zoc(ﬁ+\/l—a—b)2+b. (3.29)

To find the optimum with respect to the distribution of P, take the derivative
of )(2 with respect to b, such that

a—xzoc—,/Lm (3.30)
ob l—a—b - '

2
Hence, the maximum occurs at b = 0. Next, evaluating % at b =0 gives

dy? o 1-2a
da \/a(l—a),

with an extremum at a = 1/2. Mathematically, the electromagnetic field
configuration that maximizes y is a superposition of one electric and one
magnetic dipole wave where the input power is equally distributed. The
solution is referred to as a bidipole wave (see Fig. 3.3 (right)) due to the
fact that it is a sum of two dipole waves of different types, and is another
main finding of paper A. Note that mixed dipole waves have been studied
previously in Ref. [141]. Nonetheless, the realization that this specific mixed
dipole wave maximizes y represents a novel result.

(3.31)

3.6 Structure of the Bidipole Wave

In this section, the structure of the bidipole solution is analyzed. Specifically,
its intensity dependence is derived, and it is shown how the bidipole wave
can be implemented by reflecting an initial laser beam off a parabolic mirror.
Furthermore, the spatial dependence of the polarization and intensity across
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the incident beam is derived.

In the far-field region, r — oo, the electric field of the bidipole wave scales as

EE +EB
E, oc 012, (3.32)
r
where
E7, o< (2 x A)x A, (3.33)
EP ) oc (% x ). (3.34)

Here, i = t and the coordinate system is chosen such that the electron
propagation direction is still §. The unit vector fi is written as i= (nx, ny, nz)
with components

n, =cosé,

n, =sin@ cosp,

n

y =sin@sin .

The intensity dependence of the bidipole wave follows by rewriting Eqgs. (3.33)
and (3.34)

Eiooc nxnzfc—(ni+n;)i+ nyn.y, (3.35)
EP, o< nyz—n.y, (3.36)
so that the intensity is
2

I(r,0,p)c< |E1E,0+Eio|2 = nin§+(n§ + ni —ny)2+ ng(ny — 1) (3.37)

In fact, the intensity is independent of ¢ since

anz anx any_

ago = ,W:—ny’ %_

Ny.
Using this fact while taking the derivative of Eq. (3.37) with respect to ¢ yields

2 2 2 2
%OCanny(l—nx—ny—nz)ZO, (3.38)
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which proves independence from ¢. Without loss of generality, set ¢ =0, so
thatsinp =0, cos ¢ = 1,and Eq. (3.37) simplifies to

Ioc(l—cos@)z/rz. (3.39)

In accordance with Eq. (3.39), the radiation pattern scales as (1—cos6)?,
meaning that radiation arrives predominantly from one side. Together with
the rotational symmetry as implied by Eq. (3.38), these results clarify the
structure of the bidipole wave cross section, as shown in Fig. 3.3.

Next, we discuss the practical implementation of a bidipole wave. Although
the mathematical solution is expressed as a sum of two dipole waves, an
approximate realization requires only a single laser beam reflected from a
parabolic mirror. However, this requires that the beam have (i) uniform linear
polarization and (ii) a bell-shaped intensity distribution before reflection. To
demonstrate the first condition, consider the electric field of a beam before
reflection Ep, which can be expressed as

Ep=E,—2(E,-N)N, (3.40)

up to a constant factor. Here, N = (if— ﬁ) /|y—1| denotes the mirror normal.
UsingE-N=n, (ny — 1) /|y —n/|, the x component of Ep is

-1
Ep-X=nyn; +2n,(n,—1)n, (nfc + ng + (ny — 1)2) =0, (3.41)

implying that the initial beam needs to have linear polarization along z
everywhere. Note that circular polarization of a bidipole wave, which is
necessary to permit angle-based discrimination of emitted photons, is also
possible. The required intensity distribution of the beam prior to reflection
Ip follows from Eq. (3.39) together with the definition of N. The result is

R\

where R is the transverse distance to the z-axis (not to be confused with the
radius of the sphere from the previous section). Moreover, L is the distance
to the parabolic mirror and the intensity distribution given by Eq. (3.42) is
indeed bell-shaped.
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indeed bell-shaped.

To conclude, the signal extraction strategy in Sec. 3.1 and the bidipole solu-
tion together form the main findings of paper A. A more detailed discussion
of the results and limitations is postponed to the introductory text of paper A,
given in Sec. 6.

4 Focusing Geometries using Multiple Collid-
ing Laser Pulses

Closely related to the discussion provided in Sec. 2.5, the interaction dura-
tion in the laser-electron collision is crucial for preventing the development
of a substantial QED cascade (and research question (IV)). With bidipole
focusing, the geometry inherently forces electrons to propagate head-on
into the laser pulse. As a result, the interaction duration may be sufficient
to trigger a significant QED cascade, particularly at large y, which bidipole
focusing is designed to achieve. One way to reduce the interaction time is to
let electrons traverse the focal waist of the radiation, whose spatial extent is
typically much shorter than the pulse length. This configuration is, of course,
inefficient for bidipole focusing, which in addition, requires large parabolic
mirrors and a specially prepared incident beam. An alternative is to use
conventionally focused laser pulses, oriented perpendicular to the electron
propagation direction. However, a single laser beam (whether linearly or
circularly polarized) might not provide the angle-based photon discrimina-
tion described in Sec. 3.1, since its electromagnetic field does not generally
rotate in the plane perpendicular to the initial electron propagation axis. This
motivates the use of MCLP, arranged in a plane perpendicular to the electron
propagation direction, as illustrated in Fig. 4.1. Such a layout can (i) generate
rotating electromagnetic fields and (ii) enhance the peak y value, though
the maximum remains below that attainable with bidipole focusing. In the
following sections, I present the general framework for analyzing such setups
and demonstrate specific two- and four-pulse geometries with prescribed
polarization and phase relations.
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4.1 Description of Electromagnetic Field at Focus

As in Sec. 3.1, the electron beam is assumed to be defocused, such that the
resulting focal region produced by multiple colliding laser pulses can be
analyzed independently. Further, each pulse is assumed to have either linear
(LP) or circular (CP) polarization and I examine the conditions required to
generate a rotating electric field at focus. Similarly, a rotating magnetic field
can also be formed, but in the ultrarelativistic limit |3 | ~ 1, the effect on k¥ and
the correlation ¢ o< y remains unchanged. In analogy with the preceding
sections, the electric field at focus can be expressed as the real part of a
complex field vector E” multiplied by e /¢, with the condition - E" =0.
Near the focal region, E" can be approximated as a superposition of n plane
waves with frequency w and wave number k= w/c

Ey O ikt e A
E™ = 1/_%2 e 1klk; r)gjej’ 4.1)
=1

where E; denotes the peak electric field of a single laser pulse (relabeled from
Eq. (3.5) for clarity). Further, k i is the unit wave vector and & j are complex
unit vectors specifying each pulses electric field direction and phase. The
amplitude adjustment for a given polarization is parameterized as

1, (LP)
_ 4.2
5 {1 /¥2. (CP) (4.2

In this context, the corresponding scaling of k, here denoted as k(M can be
derived by comparing Eq. (3.4) with Eq. (4.1) atr=¢t=0

A

Mo BNz (61— p )+ (B -8k,
d “ﬁ;@(eﬂl Bk;)+ (B -&))k;)|. @3)

Letting b j denote the complex unit vector describing the magnetic field
direction and phase of each wave, the magnetic field contribution to ") was
included by noting that 8 xb = b x(k ;%&;), and then applying a triple vector
product identity wherein f - k ; =0. As areference case, consider a single,
head-on colliding laser pulse (k; =—2), and use the coordinate convention
of Fig. 4.1. Then, denoting the resulting x value as x99, one finds

k9D oc £ E,. (4.4)
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(@) (b)

Figure 4.1: Illustration of (a) a two-pulse and (b) a four-pulse geometry where
electrons traverse the waist of the focused lasers. Arrows represent the electric
field (red), magnetic field (blue) and propagation directions (green).

Here, a rotating electromagnetic field arises only if the laser is circularly
polarized.

4.2 Two-pulse Geometries

To establish a rotating electric field at the origin, at least two linearly polar-
ized laser pulses are required. These pulses need to be arranged as shown in
Fig. 4.1(a), with one pulse providing an electric field component perpendic-
ular to that of the other. Furthermore, their relative phase difference must
be /2 in order to induce rotation. The resulting magnetic field oscillates
along the electron propagation direction and therefore does not provide
transverse acceleration. With no loss of generality, the correspondlng value
of k@, relative to Eq. (4.4), can be found by setting kl =9, kz =%,& =ikand

éz = S\fi
K.(dir)

:2\/551.

Interestingly, this interaction geometry allows both laser pulses and the elec-
tron beam to propagate along mutually orthogonal axes. This arrangement

(4.5)
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reduces the risk of damaging detectors and other sensitive components in a
real experiment.

So far, the discussion of the electromagnetic fields has been restricted to
the region r = 0. An electron with transverse coordinates x, y # 0 will not
necessarily experience a rotating electric field. This results from a spatial
phase mismatch, which becomes apparent when the electric field for r # 0 is
computed from Eq. (4.1). Up to a constant factor!

E@ = oikVig 4+ eikxy. (4.6)
Multiplying Eq. (4.6) by e~*“? and taking the real part yields
E(Z):f(sin(ky—a)t)+§rcos(kx—a)t), 4.7)

where the spatial phase mismatch is manifest. Consequently, the observed
electric field rotates elliptically or oscillates at certain spatial locations, and
directly affects the strength of the correlation between a and y. To qualita-
tively describe the spatial dependence, the ellipticity is introduced as

€e=1—p, (4.8)
where
p= Fmax_Fmin’ (4.9)
Fmax+Fmin

is a ratio containing the maximum F,,,, and minimum F,;, of the squared
magnitude of the electromagnetic field over one optical cycle. Eq. (4.8) can
be interpreted in terms of the shape traced by the electromagnetic field com-
ponent responsible for transverse electron acceleration. This implies that the
electron trajectory is helical when F, ., = Fin, and deviates from this motion
whenever F,,., > Fyin. The case of a purely oscillating field is characterized
by Fpin =0, while Fy,,x = Fnin = 0 is defined to yield € = 0, since electrons pass
through unaffected. Next, the ellipticity for this geometry will be derived.

Starting from Eq. (4.7), the squared electric field magnitude is

!E(Z)}Z=sinz(ky—a)t)—lrcosz(kx—wt). (4.10)

'E, = v/n'=¢&; =1 can be used in this analysis, and would cancel regardless when comput-
ing the ellipticity.
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Over the course of an optical cycle, for example ¢ € [0, 21w, Eq. (4.10)
reaches the extrema

Fpax=1+ !sin(k(y—x))|,

. (4.11)
EFpin=1— !sm(k(y — x))| ,
so that the corresponding ellipticity becomes
6:1—|sin(k(y—x))}. (4.12)

Perfect correlation, as described by Eq. (4.12), occurs for electrons whose
transverse coordinates satisfy y = x +m - %, where m € Z. The spatial depen-
dence of Eq. (4.12) is illustrated in Fig. 4.2(a).

4.3 Four-pulse Geometries

A natural extension of the setup in Fig. 4.1(a) is to include two additional
pulses as illustrated by Fig. 4.1(b), where the laser pulses are paired in a
counter-propagating arrangement. If the relative phase difference between
the pairs remains 7t/2, two possible configurations exist; one in which all
waves have LP and one in which they all have CP. In the LP case, the setup
resembles the two-pulse geometry, except that the electric field contributions
are doubled and that the magnetic field cancels at the origin. To find the
corresponding value of x for this layout, insert k; = —k, =&, k; =—k, =§ and
&, =&, =¥, & =&, =ixinto Eq. (4.3), finding

K(dir)
28,

From here, the ellipticity can be derived in an analogous manner to the
preceding section. In this case,

@

(LP). (4.13)

E(4):(€ikx+€_ikx)§7+(€iky+e_iky)if(

(4.14)
=2 (cos(kx)ir+ i cos(ky)ﬁ) .

—iwt

As before, taking the real part of Eq. (4.14) multiplied with e
ping the overall factor of 2)

yields (drop-

EW = KXsin(wt)cos(ky)+ycos(wt)cos(kx), (4.15)
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Figure 4.2: Ellipticity according to (a) Eq. (4.12), (b) Eq. (4.18) and (c) the mag-
nitude of the transverse component of Eq. (4.21). The bottom row correspond
to ellipticities for the two-pulse geometry where (d) ¢ =15°, (e) ¢ =30° and (f)
Y =45°

having a squared magnitude of
}E(“) |2 =sin*(wt) cosz(ky) +cos?(wt)cos?(kx). (4.16)
In this case, the extrema of Eq. (4.16) (with respect to t) are

ky)],
ky)].

The ellipticity, consistent with these extrema, can be expressed compactly as

—

Fhax= max[cosz(kx), cos®

\ (4.17)

—

Fuin= min[cosz(kx), cos

_ 2cos?(kx)cos?(ky)
 cost(kx)+cost(ky)

(4.18)

As Eq. (4.18) suggests, perfect helical motion, and hence correlation @ o< y,
occurs whenever y =£x+m- %, which can be seen in Fig. 4.2(b).
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Consider now the case where all beams have CP. A necessary condition is
that each pair of counter-propagating pulses have opposite helicity, as will
be shown below. Unlike in the previous setups, electrons now experience
nonzero transverse acceleration due to the resulting magnetic field. It is
therefore useful to extend Eq. (4.1) to explicitly include the magnetic field
contribution. This can be expressed to within a constant factor as

n
F® :Zeik(kj-l‘) (& +(2.éj)f(j), (4.19)
j=1

where F") = E" +  x B" denotes the effective electromagnetic field re-
sponsible for electron acceleration. In analyzing this geometry, the propa-
gation directions k ; are the same but the electric field directions are now
€, =(y*i2) and &;, = i(X+ i2), so that the x scaling relative to Eq. (4.4)
becomes?

K.(dir)

T V28,

Using the same procedure as before, applied to Eq. (4.19), the corresponding
physical field F*) is shown to be

e)

(CP). (4.20)

FW = (cos(kx) + cos(ky)) . (ﬁsin(a) t)+§ycos(w t)) @21)
+2(cos(a)t)sin(kx)+sin(wt)sin(lcy)). '

Most importantly, the transverse component of Eq. (4.21) forms a rotating
field throughout space (¢ = 1) with the exception that the field strength
~ |cos(kx) +cos(k y)} can vary. This field strength dependence can be ob-
served in Fig. 4.2(c).

The key takeaways are that four-pulse geometries yield larger values of y
(compared with the two-pulse case), particularly when the polarization
is circular. Then, the values of k*) and x@" coincide (see Eq. (4.13) with
&1 =1/+/2). For the LP case, nonzero ellipticity persists over a larger spa-
tial region, whereas using circularly polarized waves with opposite helicity
provides a robust configuration, similar to that of a single head-on colliding

ZRecall that the overall factor of i in &; , represent the required relative phase difference of
7/2 between each counter-propagating pair of waves.



STABILITY ANALYSIS 59

circularly polarized pulse, but with significantly reduced interaction time.
The generalization to an arbitrary number of pulses is not discussed here,
as this is well outside the scope of this thesis and poses an additional con-
straint of practical feasibility. In the next section, however, we generalize the
analysis to include variations in propagation direction and pulse amplitude
in order to study the stability of these geometries.

4.4 Stability Analysis

It is instructive to examine how the ellipticity of these geometries responds
to variations in relative phase, amplitude, and propagation directions. To
account for these variations, we introduce an additional phase factor e io;
with §; €[0,27), and a relative amplitude scaling 0 < a; <1 in Eq. (4.1). For
the two-pulse geometry, we generalize the wave propagation directions such
thatk; -k, =—sin ). Here, 1 = 0 recovers the original configuration shown
in Fig. 4.1(a).

Without loss of generality, set a, = 1, define a; = Q, and® choose Rz =Xcosy—
ysiny with &, = &siny +§cosyy. One can keep k; =y and &€; = iXin line
with Sec. 4.2. The resulting complex electric field of the first wave is then

= Qellorin/2)g (4.22)
where ¢; = ky +0;. The expression for the second wave becomes equal to

=el?2 (ﬁsinl/) +§rcos¢), (4.23)

where ¢, =k (x cosy — ysin 7,0) + 0,. Applying an analogous procedure to
compute the corresponding ellipticity gives

3 \/(1 —Q2)*—4Q (Q siny —sin(I))(Q sin(I)—sim,b)
e-1= 14+Q2—2Qsiny sin® ’ (4-24)

where ® = k [y(l +sini))—x cos l/)] + (67— 63). A few remarks are in order.
First, the two-pulse geometry is stable against phase variations, since the

3The interpretation is that Q is the quotient between the wave amplitudes. In fact, the
corresponding ellipticity is invariant under the transformation Q — é
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term 0; — 6, appears only additively in the argument ®. Consequently, the
pattern in Fig. 4.2(a) shifts according to the magnitude and direction of the
phase difference. Under the assumption of a defocused electron beam, this
shift has negligible effect on the overall correlation between a and y. Sec-
ond, amplitude variations reduce the overall ellipticity, while a nonzero angle
Y tilts and skews the regions of high ellipticity. This effect is illustrated in
Fig. 4.2(d)-(f) for three different values of ¢. Further discussion of the impli-
cations of these variations is deferred to the summary of paper C.

Among the four-pulse geometries, only the CP case is analyzed for stability,
since the LP case does not contribute to the final results of paper C. For
feasibility, we retain the propagation directions from Sec. 4.3, but allow fluc-
tuations in & j and a - Including these modifications in Eq. (4.19), we may
analyze the following expression for F¥), To begin with, the unit vectors for
the electromagnetic field in each wave are

y+ix+2), j=1
A V+i(x—2), j=2
8 +(-epk; = | T2 (4.25)
IX+y+2, j=3
iX+y—-2, j=4
so that the transverse part of F) becomes
4 . A
+9) > ajeithire), (4.26)
Multiplying Eq. (4.26) with e’ and taking the real part yields
F =%[H(x, y)sin(w)—G(x, y)cos(wt)] w2
+y[ (x,y)cos(a)t)+G(x,y)sin(a)t)], .
where the following functions have been introduced
k ‘1)+6;),
(4.28)

4

9= 2 e
xy:i kr+5)

j=1
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Importantly, € = 1 not only for the case a; =1 and 6 ; =0 (see Eq. (4.21)), but
also more generally for arbitrary amplitude and phase variations. Indeed,
the magnitude of the transverse acceleration scales as

‘FT)‘ ~H*(x,y)+G*(x,y), (4.29)

which implies that there may exist regions in space where y is small, which
are further correlated with small values of a. As suggested by Egs. (4.28) and
(4.29), the use of circular polarization has prospects for other geometries,
including a single pulse or two counter-propagating pulses with opposite
helicity. The simulations and results of these multi-pulse geometries are
presented in the summary of paper C.
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5 Bayesian Inference to Detect Strong-Field QED
Physics

We now turn to research question (III), which asks how nonperturbative
effects can be studied in upcoming experiments where y values remain well
below the conjectured breakdown limit of perturbation theory. In addition
to the challenges of extracting informative signals from SFQED emissions
discussed in previous sections, the situation is further complicated when
the physical effects under investigation are small, owing to operation in a
regime where y < a;*?. On top of this, shot-to-shot fluctuations in laser—
electron collisions are equally disruptive and difficult to control in practice.
To mitigate this, one promising approach is to apply Bayesian inference
for estimating model parameters from experimental observations. In the
following sections, I generalize this problem and further develop the intuition
behind likelihood-free Bayesian techniques. Such methods are powerful in
that they can sample the posterior distribution for a given model even when
the corresponding likelihood function is intractable. Moreover, they have
the potential to infer parameters robustly despite significant shot-to-shot
variations. Finally, I demonstrate how this method can be applied to the
study of a model describing a nonperturbative effect known as the effective
mass shift of electrons.

5.1 Bayesian Inference

Suppose a model . (), depending on a parameter ¥ (or a vector of parame-
ters) is studied, and the aim is to infer these parameters from observed data
Xobs Obtained in an experiment. One approach is to assign probabilities to
the data x,,s by performing, for example, hypothesis tests or constructing
confidence intervals. If additional, complementary data x_ become avail-
able, it is not obvious how to incorporate this new knowledge to improve the
current inference. For instance, an experiment might produce many sets
of newly observed data, and for each, the goal is to further refine the infer-
ence. A suitable framework for this scenario is Bayesian inference, which
incorporates prior knowledge and allows sequential updating as new data
appears. In Bayesian statistics, information about the model parameters
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is encapsulated in a posterior probability distribution p(¥ | x4ps). This is
formulated via Bayes’ theorem [142]
_ P(xobs | 9)- p(9)

| Xops) = —o2t 2 ) (5.1)
p( |x b ) p(xobs)

where p(x,ps | ) is the so-called likelihood, expressing the probability to
observe data x,,s given a particular value for 9. Further, p(¥) is the prior
distribution, reflecting any knowledge on # prior to the analysis. Lastly,
p(xops) is the evidence, acting as a normalizing factor. In this framework,
selecting the best set of parameters is not a binary outcome, as in hypothesis
testing. Instead, the inference is done by computing an estimate 9 from
p(¥ | xops), such as the posterior mode (maximum a posteriori) or the mean of
the distribution. To assess the significance of the estimate, credible intervals,
distinct from confidence intervals, can be defined as follows

ﬂmax
f P | Xops)d ¥ =1—, (5.2)
ﬂmin

where 0 < v < 1 specifies the posterior probability that the true value of ¥ lies
in the range 9,;, < ¥ < ¥1hax, given the observed data x.

The posterior can be obtained in various ways. In rare cases, a closed form
can be found using conjugate priors [143]. If the likelihood has a closed form,
choosing a prior distribution from the same family of probability distribu-
tions ensures that the posterior is also analytically tractable. A classical exam-
ple is when the likelihood is normally distributed p(xgps | #) ~ A (Uobs, T2)
where ./ denotes the normal distribution with known mean u,s and un-
known variance 2. Then, the choice p(1) ~ I G(a;g, Big) ensures a closed
form of the posterior. Here, I G(ag, Big) denotes the inverse gamma distri-
bution with hyperparameters a;g and Big.

In many cases, no closed form for the posterior exists. Instead, it can be ap-
proximated by drawing a finite number of samples using numerical methods.
Common methods include importance sampling, Markov chain Monte Carlo
(MCMC) and sequential Monte Carlo (SMC) [144-146]. However, all Monte
Carlo methods require evaluation of the likelihood, which can be challenging
when it is computationally expensive or not analytically tractable. An exam-
ple of the former is when x,,,s has high dimensionality, making evaluation
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computationally demanding. The latter occurs when .# (1) is defined implic-
itly as a data-generating process, such as in complex computer simulations.
This section focuses on the latter case, where the model is accessible only
through simulations with input parameter 9. Finally, the data will initially
be assumed to be discrete', but this assumption will later be relaxed to allow
for continuous data.

5.2 Likelihood-free Methodology

To address the issue of an intractable likelihood, alternative approaches for
sampling the posterior become essential. In fact, there exist approaches that
avoid direct computation of the likelihood, known as likelihood-free meth-
0ds [147-154]. In this section, I develop the intuition behind such techniques,
similar to the outlined explanation in Ref. [155]. To build intuition, consider
the problem of sampling a target distribution T'(#) using an auxiliary density
A(1), where A(#) > 0 whenever T(1) > 0. Standard rejection sampling can
then be used (see Alg. 1), where the outcome is a collection of samples drawn

Algorithm 1 : Standard rejection sampling algorithm

1: Acquire a sample 7* from the auxiliary density : #* ~ A(%).
2: Admit the sample with probability % where K > argmax[z((—g)) .
3: Discard ¥* if it was not admitted: Repeat steps (1)-(2) as many times

necessary.

from T(#). The connection to the Bayesian inference is made by assigning
T(@)=p(| xops) and A() = p(#). Comparing Eq. (5.1) with step (2) of Alg. 1
shows that this choice makes the acceptance probability proportional to the
likelihood, which is intractable under our assumptions. Nonetheless, the op-
portunity to generate samples of observations X, ~ . (%) from the model
turns out to be essential in evading direct computation of the likelihood.
Specifically, if the model produces data for some parameter 9* that exactly
matches the observed data (xg,, = X,ps), then the probability of this occur-
rence is precisely p(xqns | 7*). This suggests that the acceptance probability
in Alg. 1 could be replaced by the requirement of a perfect match between the

IThat is, all data points are integers.
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datasets. Incorporating this idea leads to the formulation of likelihood-free
rejection sampling (see Alg. 2). As mentioned in Ref. [155], it is important to

Algorithm 2 : Likelihood-free rejection sampling

: Sample a proposal 7* ~ p(19).

: Generate data xg, ~ ./ (9*) from the model.

: If Xgym = Xobs, the proposal is admitted, if not it is discarded.
: Repeat steps (1)-(3) as many time necessary.

=W N

note that "likelihood-free" can be a misleading term, since the likelihood is
still implicitly involved in the framework. Rather, "likelihood-free" typically
implies that direct evaluation of the likelihood is averted.

Returning to Alg. 2, the main difficulty lies in the acceptance rate, which
becomes vanishingly small for high-dimensional data. To illustrate, con-
sider an experiment where the observed data x,,,s consists of, for example,
a spectrum or detector counts. This data can, without loss of generality, be
represented as a binned array of size N,,. A simulation procedure designed
to reproduce the interaction and resulting data can then be run for a given
parameter value ¥*, yielding xg,, ~ . (9*). The datasets can thus be written
as vectors

Xobs =[C1, €2y C35... ], Xgim = [cll, ¢, 03’,...], (5.3)

where dim (X,ps) = dim (x5im) = N}, and ¢;, ¢/ € Z denote the integer counts in
the i-th bin. Let the probability of two entries matching be p(c; = ¢;). Then,
the probability of an exact match across all bins, and hence acceptance of a

proposal, is
Ny

P(Xobs = Xsim) = l_[ plci= Ci/)’ (5.4)
i=1

which rapidly approaches zero as N;, — oo. For example, even if p(c; =
¢/)=0.999 for every entry i, the acceptance probability is only about 0.1%
for datasets with N, ~ 7000 bins. This probability decreases further, and
effectively vanishes, in the limit of continuous data. In other words, if ¢; and
¢/ are floating point numbers, the probability p(c; = ;) is essentially zero.
Evidently, the requirement of an exact match x5 = X4, must be relaxed to
obtain a feasible acceptance rate.
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5.3 Approximate Bayesian Computation

Given the difficulty arising in demanding x,ps = Xsim, the first observation
is that the acceptance rate in Eq. (5.4) increases significantly if one allows
Xobs A Xsim- A possible way to formulate this condition is to accept samples
whenever

||x0bs_xsim|| <g, (5.5)

where |- || is a suitable distance metric and ¢ > 0 is a parameter, sometimes
referred to as the kernel size. Consequently, samples are no longer drawn
from the exact posterior distribution (except when ¢ = 0), but from an ap-
proximate distribution p( | xop,s). Thus, the choice of € becomes a trade-off
between the acceptance rate and quality of the approximate posterior. How-
ever, high dimensionality limits the effectiveness of the selection rule in
Eq. (5.5). To elucidate this, take the example from the previous section, using
the datasets defined in Eq. (5.3). For instance, using Euclidean distance as a
metric, Eq. (5.5) becomes

N, 1/2
(Z(Ci — cl.’)z) <e, (5.6)

i=1

for some fixed value of £. In an idealized scenario where the difference
c;— ci’ ~ A < 1is nearly constant across bins, Eq. (5.6) simplifies to

N, <(e/A). (5.7)

As a consequence, the dimensionality of x,,s and x4, is effectively bounded
by the scale parameter. Recall that € should be chosen as small as feasible
to yield a high-fidelity approximate posterior p( | xops), which imposes a
stringent limit on the dimensionality of the data. This example highlights
the crucial need for dimensionality reduction. Moreover, such a reduction
should retain the primary characteristics of the original data, typically re-
flected by notions of location, spread, and shape. To achieve this, one can
introduce so-called summary statistics

S: RV —R™, (5.8)

where S is a map on the original dataset to a collection of descriptive quanti-
ties, with reduced dimension nj, < Nj,. A simple example is the set [u, 02],
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containing the sample mean and variance of a dataset x. From here on,
the projection of a dataset x into a space of summary statistics is denoted
S(x). In principle, there are no restrictions on how the summary statistics
are defined, apart from the requirement that the resulting quantities should
be descriptive. However, the choice of suitable summary statistics is often
highly problem-dependent, as will be illustrated later.

Instead of computing the distance directly as in Eq. (5.5), one can evaluate it
in the reduced space of summary statistics:

”S(xsim)_s(xobs)“ <e. (5.9)

The inequality in Eq. (5.9) provides a viable criterion, but it represents a
binary rejection in the sense that the probability of acceptance is either 0 or
1. This rule does not discriminate between cases where the left-hand side
of Eq. (5.9) is zero and those where it is equal to the boundary value ¢. This
suggests a smooth scaling of the acceptance probability between these cases.
This is achieved by introducing the following function:

n 1 u
K.:R hHR:;K(;), (5.10)

where K(u) is commonly referred to as a kernel function. These are symmet-
ric functions K(u) > 0 that satisfies the following properties:

JK(u)duzl,JuK(u)duzO,JuzK(u)du<oo. (5.11)

In this context, u = ||S(Xsim)—S(Xops)|l, and the support of the kernel function
is restricted to u €[0, €]. Examples of kernel functions are demonstrated in
Fig. 5.1 where they are plotted on a similar scale for illustrative purposes.
Finally, reinforcing Alg. 2 with the outlined improvements yields so-called
approximate Bayesian computation (ABC) sampling (see Alg. 3)

Most importantly, p(¥ | x(()(gs) will converge for a particular threshold value

€ = ¢y, conditional on the dataset x((’%)s. Within the Bayesian framework, one
; m

can then incorporate a new dataset x

obs
updated prior p(#) — p(¥| xgl)))s), together with a reduced threshold ¢, < &.

and continue sampling using an
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Figure 5.1: Examples of three (unnormalized) kernel functions with £ =1. The
solid black line shows the uniform kernel corresponding to Eq. (5.9).

Algorithm 3 : ABC sampling algorithm

1: Sample a proposal: ¥* ~ p(1).

2: Generate data: xgy, ~ 4 (U*) from the model.

3: Accept U* with a probability proportional to K (||S(Xsim) — S(Xobs)I|)-
4: Repeat (1)-(3) as many time necessary.
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The updated prior improves sampling efficiency for ¥, while the reduced
threshold ensures that accepted proposals lie within a narrower region of
the parameter space than in the previous posterior. Ultimately, applying
Alg. 3 sequentially to i datasets xt) yields the final approximate posterior,

obs
conditional on all i datasets p(# | x2, x\— (©)

obs’ Yobs 7+ Xops)- 1N addition to model
parameters 1, latent parameters z may also be present in realistic scenarios.
Latent parameters are uncontrollable variables that can significantly influ-
ence X,ps, potentially masking the effects of . However, a core strength of
ABC lies in the freedom to select summary statistics. Because, with appro-
priate summary statistics, the effects of ¥ can be disentangled from those
of z, enabling meaningful sampling. The procedure for choosing suitable
statistics, together with a demonstration of ABC, will be presented shortly
using a model of the effective electron mass shift due to quantum corrections
(see Sec. 2.4).

To summarize, ABC sampling is a technique that circumvents the direct
evaluation of the likelihood p(x,,s | ) by repeatedly comparing simulated
data to observed data, such as that from experiments. Although powerful,
the method has several drawbacks. First, there is no universal strategy for
choosing the scale parameter ¢. It can be estimated via trial and error or by
investigating its dependence on the acceptance rate. Second, the choice of
summary statistics depends on the specific problem as they must adequately
describe the data for a given ¥ while simultaneously being able to distinguish
the effects of latent variables, if such variables exist.

5.4 Electron Effective Mass Model

Recall that future laser-electron colliders will eventually reach large values of
x and the extremities of the physical laws at these values of y is an interesting
matter for experimental studies. One such prediction is the effective mass
shift of electrons and positrons, discussed in Ref. [56] and briefly mentioned
in Sec. 2.4. To experimentally probe such an effect, one can devise a model
depending on parameter(s)  whose value can be inferred by comparing re-
sults of experiments to that of simulations with varying ¥. Still, the challenge
lies in detecting a potentially small signal, masked by the dominant particles
and photon emissions at lower y values. The goal is then to design an ap-
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propriate interaction geometry, determine what data should be measured
and how it should be processed, so that ¥ can be inferred. In this section, a
possible parameterization of the effective electron mass shift is discussed as
well as the modeling of an interaction layout.

In Ref. [56], the authors bring up the notion of an effective mass shift for elec-
trons and positrons 7, as a result of quantum corrections. More specifically,
they estimate it to be

M2 =m?+Am?~m?(1+0.84a, %3, (5.12)

and argue that Eq. (5.12) provides an order-of-magnitude estimate of cor-
rections in the nonperturbative regime y ~ a;*/*. The authors remark that
the effective mass change is not necessarily the only such effect existing in
this domain. This estimate is analogous to including recoil corrections to
classical rates when estimating quantum effects in the regime y <1 (see the
supplementary material of Ref. [156]). To demonstrate the use of ABC later,
the phenomenological model given by Eq. (5.12) is adopted. For demonstra-
tion purposes, the constant 0.84 is replaced by a parameter ¥, to be inferred.

The idea of an effective mass shift also implies an effective value of y (mass
enters Eq. (2.1) via the critical field E,):
52/3 _ X 2/3

—_—. 5.13
4 1+ayy?/3 613

A straightforward interaction model considers a single electron with longi-
tudinal momentum p, = —m,cYy, colliding with a plane-wave laser pulse,
whose transverse electric field is defined by

E.(z,t)=(1—d)Eysin(k&)cos?(En/L)-T[E,—L/2,L/2], (5.14)

where E is the peak field amplitude, £ = z — c ¢ is the co-moving coordi-
nate, and k and L are the wavenumber and pulse length, respectively and I1
is a function which equates to unity inside & € [-L/2, L/2] and zero other-
wise. Here, a latent parameter 0 < d <1 is introduced to model amplitude
discrepancies arising from spatiotemporal variations in real experiments.
For example, this could be a due to poor timing or off-axis laser-electron
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collisions. Consequently, the current model depends on two parameters,
M = _M(9,d), wherein d is a variable that varies randomly. A more realistic
setup would involve a tightly focused laser pulse and an electron bunch with
a defined spatial and energy distribution. While this is true, the demonstra-
tion of ABC will act as a proof-of-principle, hence one can consider this basic
layout which can be refined in future works. Additionally, electron-positron
pair formation is neglected, preventing the onset of a QED cascade, so that
only photon emission from the electron is considered.

Having discussed the interaction geometry, we now turn to the assessment
of the measured data x,,s. As discussed in Sec. 3.1, one possible observ-
able is the photon energy spectrum. However, this is problematic even in
the absence of QED cascades, because the emitted energy is governed by
Eq. (2.24), which depends on the instantaneous value of y. Moreover, y
depends not only on 9 via Eq. (5.13), but also on the latent parameter d. As
a result, different combinations of # and d can produce similar values of
x . For instance, consider the two cases d =0,% # 0 and d # 0,7 =0. In the
former case, Eq. (5.13) gives y approximately as

~ X0 (5.15)

(1 N afﬁzg/g)g/z,

where yo = 7. Ey/E.i is the peak value of y. In the latter case, y is altered
due to the amplitude reduction:

~(1—d)- yo. (5.16)
Evidently, the expressions in Eq. (5.15) and Eq. (5.16) can coincide if

)—3/2

d~1—(1+0as75" (5.17)

In other words, certain values of ¢ and d can yield comparable y, leading to
nearly identical photon energy spectra and any summary statistic derived
from such spectra, will also be nearly identical. In such cases, step (3) of
Alg. 3 becomes unreliable, as it cannot distinguish between effects due to
and those due to d. In conclusion, the energy spectrum alone is insufficient
to infer ¥, as the dependence on the uncontrollable variable d introduces
ambiguity.
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5.5 Latent Variable Elimination

The complication introduced by the latent parameter d indicates that the
dataset x,,s must be augmented with at least one additional feature capable
of disentangling the effects of the two parameters. To identify data comple-
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Figure 5.2: Heatmap of x,,5(0,6 + A0, a, @ + Aa) sampled from simulations.
Here, X, is discretized by a grid with 100 x 100 cells where (a) ¥ =d =0, (b)
1¥=1.0,d =0, (¢c) 1=0,d =0.4 and (d) ¥ =0.0,d ~ 0.2 with an inset showing
the photon energy spectra of (b) and (d).

mentary to the photon energy spectrum, it is natural to ask whether there
exists a quantity influenced by d but not by 1, or vice versa. Guided by the
discussion from Sec. 3.1, one option is to include the angular properties of
emitted photons. The photon angle ¢, inherited from its parent electron, is
given by Eq. (3.3), where the electron transverse momentum follows from
Eq. (3.2), and is independent of 9. In contrast, a nonzero value of d reduces
the effective electric field experienced by the electron and, consequently, the
induced transverse momentum. As a result, the emission angle decreases
which is a property that may serve to distinguish between the effects of ¥
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and d. From this finding, the following observable is introduced
Xobs = Xobs(0,0 +Ad, @, a+ Aa), (5.18)

interpreted as the fractional energy distribution per unit frequency Aw and
per unit angular Aa, expressed as a function of 6 = fiw/(m, c?y,) and a. In
theory, Eq. (5.18) is a continuous function, but here it is discretized as a two-
dimensional grid sampled from simulations. Various samples of Eq. (5.18)
from simulations can be observed in Fig. 5.2 where the parameters ¥ and d
have been varied. In the simulation shown in Fig. 5.2(d), the latent variable
was chosen according to Eq. (5.17) to demonstrate that the energy spectrum
coincides with that of Fig. 5.2(b) (where ¥ = 1.0), as confirmed by the inset.
Note, however, that the angular dependence of x (along the y-axis) differs
in terms of the cutoff. For reference, the full set of simulation parameters is
listed in Tab. 5.1.

Next, we discuss the set of summary statistics to be extracted from this distri-
bution. A simple yet robust option is to evaluate the moments of Eq. (5.18):

M,-yj:fJ‘xobs(6,5+A6,a,a+Aa)6iajd5da, (5.19)

where M; ; denotes the moment of order i in 6 and order j in . In choosing
summary statistics based on Eq. (5.19), recall from Sec. 5.3 that there is no
prescribed procedure for constructing such a set (in this case, moments).
Nonetheless, it is possible to investigate how a chosen statistic depends on
the parameters. In this case, several of the moments defined in Eq. (5.19) can
be visualized as functions of # and d. This allows us to determine whether a
unique set of moments exists for every point in the parameter space. Two
examples can be seen in Fig. 5.3 where four distinct moments are compared
against each other. Evidently, the pair of moments in Fig. 5.3(a) is favor-
able, since the contours are nowhere parallel, suggesting a nearly unique
correspondence between # and d. In contrast, Fig. 5.3(b) depicts a scenario
when the contours become parallel at several points in the parameter space,
which makes the effects of 7 and d inseparable. Thus, the pair M, and M, ,
provides a feasible input for ABC sampling. While it is likely that several
other combinations of moments also satisfy this condition, the current aim
is to demonstrate the ABC analysis without emphasizing the optimization
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Figure 5.3: Contours of M;, jin the space of ¥ and d, (a) comparison of M,
and M, ; and (b) comparison of M, ; and M, ;. The darkness of the contours

indicates larger values of M, ;, but is unimportant for the comparison.

apg  Ye L X0 A
100 ~10° 48um ~100 0.8um

Table 5.1: A table of simulation parameters for the interaction between the
plane wave pulse and the electron.

of summary statistic selection. Having outlined the interaction model, the
measurable data, and the choice of summary statistics, we now turn to the
demonstration of ABC sampling for inferring the value of ¥. This final el-
ement is outlined later, in the introductory text of paper B, presented in
Sec. 7.
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PART III
RESEARCH AND OUTLOOK

In this chapter, summaries of the appended papers are given. The context
is briefly summarized and extended, followed by the key findings of each
paper. Paper A is described in Sec. 6 which provides answers to research
questions (I) and (II). Following this, paper B is outlined in Sec. 7 which aims
to address research question (III). Lastly, the summary of paper C is given in
Sec. 8, addressing questions (II) and (IV). The thesis is then concluded with
a few words on the future prospects of this research area.

6 Summary of Paper A

Paper A conveys two main ideas: (i) how to extract reliable information
about the quantum processes in laser-electron collision experiments, and
(ii) finding the optimal focusing geometry to produce large values of y. The
premise of the first idea arises from the challenges in measuring deviations
in the SFQED rates at large values of y via electron energy loss:

O SFQED processes are probabilistic, meaning that experimental out-
comes exhibit inherent statistical noise.

O Using electron energy loss to distinguish photon emission at high
x is difficult, since these resemble the case of multiple low-energy
emissions.

O In experiments, there are no diagnostics capable of determining the
exact electromagnetic fields nor the electron Lorentz factor upon emis-
sion and hence, the exact value of y.

O Shot-to-shot variations such as the timing of the collision or misalign-
ment significantly impact the outcome.
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Figure 6.1: Signal-to-noise ratio 1) and effective cross section o.; computed
from simulations where electrons collide with a bidipole pulse having (a) linear
polarization and (b) circular polarization. Adapted from Ref. [127].

O Electrons can radiate away most of their initial energy before reaching
the strong-field region, restricting their ability to reach high y values.

O A QED cascade can generate overwhelmingly many low-energy pho-
tons and electron-positron pairs.

In the paper, I reason that if the electron beam remains unfocused, the
strong-field region forms within a uniform electron stream, thereby mitigat-
ing spatiotemporal jitter in experiments. As for extraction of information, I
argue that emitted photons constitute a feasible diagnostic, as they retain the
deviation angle @ and are more likely to escape the strong-field region of the
laser. However, phase dependencies in the laser field give rise to high- y emis-
sions at @ ~ 0, overlapping with low-energy emissions. I found that changing
the polarization from linear to circular induces a correlation between y and
a, since both depend on the local electromagnetic field strength. As a result,
photons with large «a are likely to have been emitted at large y. Moreover,
a high-energy photon is unlikely to originate from a subsequent emission.
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Figure 6.2: A possible experimental layout for creating and colliding a bidipole
pulse with a beam of electrons (deviation angles are exaggerated). The leftmost
inset displays the interaction in the case of circular polarization whereas the
rightmost inset illustrates the view of the scheme from above. Adapted from
Ref. [127].

I concluded that among all photons reaching a detector, those with both
large a and high energy constitute an informative signal, despite substantial
background events. The second result was the determination of the opti-
mal focusing geometry of a laser pulse to maximize y. This maximization
problem was formulated by solving Maxwells equations in a multipole repre-
sentation, analyzing what component combination yield the largest y. The
solution was identified as a superposition of one electric and one magnetic
dipole wave, which I referred to as a bidipole wave.

To assess the prospects of bidipole focusing and angle-based photon dis-
crimination, I performed simulations of a bidipole pulse propagating into
a stream of electrons. A potential layout for this experiment can be seen
in Fig. 6.2. The simulations were performed for a discrete set of points in
the parameter space spanned by laser input power and electron energy. To
quantify the outcome, I defined a signal-to-noise ratio

(6.1)

Here, Ny represents all photons reaching the detector with a > ¢, a(‘)“a"ygl
and 6 > 0.5, of which Ngjgnai < Nigral Originate from parent particles with
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X > 0.5y ma not having lost more than 1% energy prior to the emission.
Here, a; ** denotes the peak dimensionless amplitude and . the maximal
value of y attained at the center of the bidipole wave. The parameter c, can
be seen as a spatial filter that selects off-axis photons. In addition to the
signal-to-noise ratio, I introduce an effective cross section of the interaction

]Vsignal
n.t;Cc’

Oeff = (6.2)

where n, is the electron density and 7, the bidipole pulse duration. A core
result from paper A is the parametric scan shown in Fig. 6.1. This motivated
me to estimate the number of shots needed to reach a 3o confidence level
in detecting a 1% deviation in the emission rates at y 2 10. I considered a
10 GeV electron beam with total charge 100 pC distributed over a spherical
volume with radius 2.5 yum (n, ~ 10'® cm™3) and a bidipole pulse with a
5-cycle duration. As a test statistic, I chose Ney, total shots with cumulative
Niotal SO that 30 Nexp < 0-01Ngigna) is the target statistical significance where

O N, R~ 4/ Nyoa- With these parameters, and the aid of Fig. 6.1(a), ymax/2 2 10

exp
is reached with P ~ 100 TW such that o ez ~ 107! cm™ and 1 ~ 0.1. This im-
2
plies Nigna1 ~ 5- 10° signal photons per shot and the criterion is (ﬁ) ~ 107
photons in total, yielding 200 shots. An analogous derivation showed that
using electron energy loss as the diagnostic would require about 5 x 10° more
shots than photon-based diagnostics.

I conclude the paper by stating that photons, identified by their deviation
and energy, can provide detectable signals of SFQED rates at y ~ 10—100,
accessible with 10 PW-class laser pulses and 10 GeV electron beams. I further
emphasize that leveraging the focusing geometry is crucial for increasing
¥, with bidipole focusing providing the optimal configuration. However,
probing y ~ 1000 requires higher intensity and/or electron energy, which
precipitates further studies of electron injection and pulse steepening.

7 Summary of Paper B

In Paper B, I present a proof-of-principle study demonstrating Bayesian
inference as a means to validate theoretical predictions of SFQED in the non-
perturbative limit. I specifically outline the interaction setup, the required
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data, and the procedure for parameter estimation using ABC sampling.

The paper begins by emphasizing that experiments aiming to validate SFQED
near the nonperturbative limit are prone to noisy data, primarily due to QED
cascades. A further complication arises from inherent misalignments in
such experiments, and to mitigate these issues, I highlight the benefits of
adopting Bayesian methods to infer model parameters underlying such pre-
dictions. I introduce ABC sampling, which enables posterior estimation
through likelihood-free inference, particularly useful when models are com-
putationally demanding or only implicitly defined. I show that this tech-
nique becomes inefficient when dealing with high-dimensional data, as the
sampling rate becomes unfeasible. To achieve practical sampling rates, I
introduce summary statistics and kernel functions to alliviate this issue.

I then elaborate on the proof-of-principle study by considering the notion of
an effective electron mass shift, as discussed in Ref. [56], which is argued to
be one of several potentially measurable nonperturbative effects. Based on
this idea, I constructed a model with a single parameter, ¥, quantifying the
strength of the mass shift. Then, I developed the simulation geometry as a
plane-wave laser pulse impinging on a single counter-propagating electron.
Additionally, I introduce a latent parameter d that represents uncontrollable
variations that reduce the electromagnetic field strength experienced by the
electron. Since these prospects are based on first principles, I chose to ne-
glect electron-positron pair production to avoid excessive noise from QED
cascades. I then discuss the specific data required for the inference analysis,
where I outline an example how the photon energy spectrum can serve as
input for the inference analysis. However, I argue that a nonzero ¥ can pro-
duce the same effect on the energy spectrum as d # 0. This highlights the
necessity of complementary data to disentangle the influence of the latent
variable. Building on this and the findings of Paper A, I explain that the angu-
lar spectrum of emitted photons should also be measured. The reason being
that ¥ does not affect these angular properties whereas d directly modifies it.
I conclude that the fractional energy distribution per unit frequency and per
unit angle, expressed as a function of normalized photon energy and angle,
provides suitable input for ABC sampling.

I underline that selecting informative data alone is insufficient as the dis-



80 SUMMARY OF PAPER B

PO Xz 1 Xhpe) [%]

30
100 ~
Te}
5o
0 - T T T
0 1 2 3 4 5
100 ~
o0}
Il 5o

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

C)

Figure 7.1: Evolution of the ABC sampled posterior p(|x,ps) after processing
i =1,5and 8 observations x,,s. The dashed line indicates the sample mean and
for all i, the number of accepted samples is Ny = 1000. Adapted from Ref. [157].

entanglement of parameter effects must also be reflected in the choice of
summary statistics. For the outlined model, I propose a set of summary
statistics in the form of statistical moments, which can separate the effects
of ¥ and d (see Fig. 5.3 and the discussion therein). Lastly, I carry out simu-
lations and sample 9 by treating the "experiment" as a blind test. In other
words, I fix ¥, = 0.84 prior to the analysis, while allowing 0 < d < 1 to vary
randomly. The paper culminates in a demonstration of the approximate pos-
terior distribution evolving under ABC sampling with sequentially lowered &
(see Fig. 7.1). Although simplified and based on first principles, the analy-
sis strongly suggests that ABC can serve as a tool to benchmark theoretical
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predictions of SFQED in the extreme regime of interest. I argue that a more
realistic proof-of-principle would substantially increase the computational
demands of both the simulations and the ABC sampling procedure. I end
the paper by arguing that these difficulties can be alleviated by employing
machine learning to accelerate sampling and leveraging high-performance
computing to increase available computational power.

8 Summary of Paper C

Paper C primarily addresses the challenges faced by laser-electron colliders
when operating in the regime y > 1 (research questions (I) and (IV)). As in Pa-
per A, l emphasize that the interaction geometry is crucial for achieving large
values of y (research question (II)). I then propose a collision configuration
in which electrons traverse the waist of a focused laser pulse (see Fig. 4.1(a)),
where the spatial extent can be much shorter than the pulse length. Fur-
thermore, I argue that using multiple colliding laser pulses (MCLP) can in-
duce rotating electromagnetic fields, leading to helical electron trajectories
and thereby enabling the angle-based discrimination of emitted photons
outlined in Paper A. Secondly, I suggest MCLP because it can increase the
electromagnetic field strength at focus, allowing peak values of y to exceed
those attainable with a single beam.

I then provide a general description of the problem of attaining large y
through specific focusing geometries (see Eq. (3.4) and the related discus-
sion). Additionally, I outline why photons with large energy and large exit an-
gle a can be distinguished at a detector from the predominant contributions
of QED cascades. Following this, I provide an analytical framework to de-
scribe the electromagnetic field properties near the focus (recall Secs. 4.1-4.4)
and propose a set of possible multi-pulse geometries. Of particular inter-
est is a two-pulse geometry in which neither the linearly polarized pulses
nor the electron beam impinge on critical experimental instrumentation. I
also introduce two four-pulse geometries (see Fig. 4.1(b)). One uses linearly
polarized pulses, while the other employs circular polarization with counter-
propagating pairs having opposite helicity. The latter yields peak y values
identical to those of a single head-on laser pulse with circular polarization.
I analyze the geometries in terms of stability against spatiotemporal varia-
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tions and additionally find that electrons can traverse the waist of a single
circularly polarized pulse or two counter-propagating circular pulses with
opposite helicity.

To assess the capabilities of these geometries, I performed particle-in-cell
(PIC) simulations, extended to include SFQED processes. I carry out a param-
eter scan of the signal-to-noise ratio, as introduced in Eq. (6.1), except that
the electron beam energy was fixed at § =20 GeV, while the input power was
varied over P €[0.1,10]PW. I specifically compared four geometries: direct
laser-electron collisions with a single linearly or circularly polarized pulse,
the two-pulse geometry described earlier, and the four-pulse geometry with
all beams circularly polarized. The resulting parameter scan is shown in
Fig. 8.1, from which I draw the following conclusions:

* Ahead-on collision with a linearly polarized pulse (red markers) yields
the largest peak y values, but fails to achieve a high signal-to-noise
ratio due to the onset of QED cascades and the absence of a correlation
a o< y to distinguish high- y photons.

» Switching to circular polarization significantly improves the signal-to-
noise ratio, owing to the added correlation, but at the cost of reduced

X max-

* The two-pulse geometry performs comparably to the circular polariza-
tion case and may retain r) using ~ 10 PW—class laser pulses. However,
both n and y .y exhibit a lower overall trend. The reduction in y,ax
follows from Eq. (4.5), while the drop in ) arises because only a fraction
of electrons emit photons with a values correlated to y (see Fig. 4.2(a)).

* The four-pulse geometry yields a robust signal-to-noise ratio, since the
correlation is maintained for all electrons (see Eq. (4.21)), while achiev-
ing peak y values identical to those of a single circularly polarized
pulse, as stated by Eq. (4.20).

I conclude the paper by arguing that y ., ~ 10-60 can be studied with the
proposed geometries using near-future high-power lasers and electron ac-
celerators. Projecting towards future advances, I state that y,,x ~285—570
could also be reached. I emphasize that even for n < 1%, the Bayesian ap-
proach proposed in Paper B remains a viable approach for handling low
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Figure 8.1: Signal-to-noise ratio (markers) and )., (solid lines), with their
respective k scaling as given by Egs. (4.4), (4.5) and (4.20), as a function of laser
power. Points where 1) =0 are omitted. Adapted from Ref. [158].

signal-to-noise ratios. Lastly, I note that the polarization and spin states of
both the initial electrons and emitted photons could provide an additional
means of discriminating photons emitted at high .

9 Conclusions

In this thesis,  have examined the primary challenges that contemporary and
next-generation laser-electron collision experiments face in probing theoret-
ical predictions from strong-field quantum electrodynamics (SFQED). Specif-
ically, I have addressed the following overarching questions: how to access
interaction regimes where SFQED phenomena become well pronounced,
and how to extract information about the rare quantum processes that occur
in the presence of overwhelming background events.



84 CONCLUSIONS

To this end, I developed alternative interaction geometries and employed
numerical simulations to evaluate their performance under realistic experi-
mental conditions. The main contributions of this work can be summarized
in four key findings. First, I demonstrated that photon emissions originating
from the strong-field region of a laser can be distinguished by discriminating
photons according to their energy and emission angle. Second, I derived
an optimized focusing geometry, referred to as bidipole focusing, which
for a given laser power and electron energy can reach nonlinear regimes of
SFQED more efficiently. Third, I introduced approximate Bayesian compu-
tation (ABC) for parameter estimation in SFQED models with intractable
likelihoods, applicable in laser-electron collision experiments where shot-
to-shot variations are common. Finally, I proposed a collision configuration
in which electrons traverse the collective waist of multiple colliding laser
pulses, thereby suppressing the onset of QED cascades that would otherwise
obscure the signal from the strong-field region.

These results have direct implications for the experimental detection and
quantification of SFQED effects. Under appropriate conditions, the com-
bination of bidipole focusing and angular discrimination can reduce the
number of experimental shots required to observe statistically significant de-
viations in SFQED rates. The demonstration of ABC sampling provides both
conceptual insight and practical tools for upcoming experiments to handle
SFQED models with complex or unknown likelihoods, as well as uncontrolled
shot-to-shot fluctuations. Meanwhile, multi-pulse interaction setups en-
hance the signal-to-noise ratio of photons originating from the strong-field
region, mitigate potential damage to diagnostic equipment, and offer flexi-
bility through control of pulse number, polarization, and relative orientation.

While this work makes progress toward resolving several experimental chal-
lenges, important questions remain. One key area for further research con-
cerns improvements to the proposed ABC routine. A more realistic proof-
of-principle study, incorporating two- or three-dimensional simulations
with explicit pair production, would significantly increase computational
demands and affect sampling efficiency. This motivates the integration of
machine-learning techniques which can accelerate the ABC convergence
rate by proposing better samples or by learning the latent parameter distri-
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bution, thus acting as an eliminator of such variables. This is the intended
research direction of paper D. Moreover, adopting efficient routines for tun-
ing the rejection threshold and strategies for extracting informative summary
statistics from simulations will also be essential.

Another open question involves the practical realization of bidipole focusing
and configurations employing multiple colliding laser pulses. Although the
theoretical conditions for these geometries have been derived, their experi-
mental feasibility requires further study. In particular, what can be expected
from bidipole focusing using realistically large parabolic mirrors and to what
extent can one customize the initial laser beam to be reflected in terms of po-
larization and intensity. There is also the question of whether it is possible to
align the four-pulse geometry where all beams have circular polarization and
how the stability of the signal-to-noise ratio under fluctuating pulse overlap
impacts the experimental outcome. A promising alternative approach may
involve electrons traversing a single, circularly polarized laser pulse, where
reduced interaction times apply, and helical electron trajectories could still
enable angle-based photon discrimination, as outlined in Sec. 4.4.

There is a well-established motivation within the strong-field community to
advance from qualitative to quantitative observations of SFQED processes
and the collision geometries as well as the statistical frameworks presented in
this thesis provide viable pathways to overcome existing limitations, paving
the way toward experimental exploration of deep quantum nonlinearities at
forthcoming laser—electron colliders.
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