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Abstract

In this thesis, we study the risk of a portfolio consisting of stocks and bonds, where bond
defaults trigger downward jumps in stock prices. To evaluate the portfolio’s risk exposure,
we use Value-at-Risk (VaR) as the primary risk measure. The analysis focuses on a portfolio
where the stocks are assumed to be large and homogeneous, and the bond holdings may include
any number of defaultable bonds, provided they are exchangeable. The modeling framework is
based on the stock-bond setup introduced by Herbertsson (2025b)), which explicitly incorporates
equity price jumps at bond default events. We extend this framework by analyzing a range of
portfolio configurations and testing sensitivity to different asset correlation structures. Default
probabilities are estimated using the saddlepoint approximation derived in Herbertsson (2023)).
To model dependence between bond defaults, we apply both the one-factor Gaussian copula
and the Clayton copula, offering flexibility in capturing joint default behavior. Our results
show that a stock-bond portfolio with stocks following the model in Herbertsson (2025b)) yields
substantially higher VaR estimates compared to the case where stocks follow the classical Black
and Scholes (1973) model. We also demonstrate that VaR is highly sensitive to the choice of
copula parameters, and that increasing the portfolio’s stock allocation generally results in higher

risk levels.
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1 Introduction

Financial markets are subject to multiple sources of risk, particularly from equity price fluc-
tuations and credit events such as corporate defaults. While traditional risk models often
assume that asset prices evolve continuously over time, real-world financial markets frequently
experience sudden, sharp movements triggered by unexpected events, including financial crises,
credit downgrades, and large-scale defaults. These abrupt shocks introduce discontinuities that

challenge conventional risk modeling and portfolio management techniques.

Historical examples highlight the need for models that capture these discontinuities. For ex-
ample, the 2008 global financial crisis triggered a cascade of defaults in the subprime mortgage
market and led to severe losses across equity and credit markets, see Guerrera et al. (2008)
and Johnson and Mamun (2012). More recently, the COVID-19 pandemic caused extreme mar-
ket volatility and widespread credit downgrades. Regional events, such as the 2011 European
sovereign debt crisis and the collapse of Evergrande in China, have also sent shockwaves through
financial markets. These cases underscore the need for risk models capable of capturing sudden,

discontinuous shifts in asset prices.

To address the challenge of capturing the discontinuous dynamics of asset prices following de-
fault events for large firms or sovereign states, this paper analyzes losses in a portfolio consisting
of stocks and coupon-paying bonds. A key feature of our study is that each bond default not
only results in a loss on the bond itself but also triggers an immediate downward jump in the
stock prices. This creates a compounding negative effect, as defaults simultaneously impact
both asset classes. Our analysis is based on the framework developed in Herbertsson (2025b),
which extends the results of Herbertsson (2025a)) by incorporating bonds into a previously stock-
only portfolio. While Herbertsson (2025a) examines the effect of credit defaults on stock prices
in a pure equity setting, Herbertsson (2025b) generalizes this to a mixed stock—bond portfolio.
In our work, we further extend the analysis by exploring a broader range of portfolio configura-
tions, focusing in particular on how different stock-bond allocations and asset correlations affect
portfolio risk in the presence of sudden credit events. For parts of the numerical implementation,
we draw on computational methods introduced in Herbertsson (2023). To model dependence
between default times, we employ copula models, specifically the one-factor Gaussian and Clay-

ton copulas, and use them to estimate portfolio risk through the Value-at-Risk (VaR) metric



which is simply the a-quantile of the portfolio loss, for some a in (0,1). We also compare these
VaR estimates to those obtained under a classical Black-Scholes framework to highlight the

importance of accounting for jump risk and default dependence in risk modeling.

Our results show that the choice of copula significantly affects the VaR, where the Clayton copula
generally produces higher VaR estimates than the one-factor Gaussian copula, particularly at
high confidence levels, making it more suitable for capturing tail events involving multiple
simultaneous defaults. We also find that VaR increases as the portfolio becomes more stock-
heavy, reflecting the greater exposure to market shocks. Additionally, for high levels of asset
correlation, the VaR exhibits non-linear behaviors, including sharp jumps, especially at higher
confidence levels, highlighting the sensitivity of risk to both allocation and dependence structure.
In particular, we also see that VaRgs and VaRggy, start to decrease as the correlations become
very high. Finally, when comparing the relative difference in estimated VaR between the copula
based framework to the classical Black-Scholes model, we find that it can exceed 1000%, even

over short time horizons.

The remainder of this thesis is organized as follows. Section [2] reviews the existing literature
that forms the foundation of this study, with a focus on key contributions in the areas of credit
risk, default modeling, loss probabilities, and risk measures. In Section [3| we provide a detailed
overview of the models employed in our analysis, with particular emphasis on the framework
proposed by Herbertsson (2025b)). This section also includes comprehensive explanations of
the theoretical foundations and methodologies that underpin our results. Section 4| presents
our empirical findings, highlighting VaR estimates across different modeling frameworks and
parameter settings to assess the influence of various portfolio components. Finally, Section

offers concluding remarks and summarizes the main insights derived from the analysis.

2 Literature Review

In this section, we review the relevant literature on portfolio modeling under credit risk, with
particular focus on models that incorporate jumps to capture the effects of sudden and discon-
tinuous market events. Jump models form the theoretical foundation of this paper, providing
a framework for describing the dynamics of portfolio value in the presence of sudden credit

shocks, such as defaults. These models have been widely studied in various settings for both



stocks and bonds. However, as pointed out by Herbertsson (2025b), the literature has rarely
addressed scenarios in which a portfolio simultaneously includes both asset classes and where
stock prices exhibit downward jumps triggered by defaults of the bonds within the same portfo-
lio. This represents a notable gap, as most asset managers oversee portfolios composed of both
stocks and bonds. Therefore, incorporating both asset types into the analysis not only adds a
layer of realism but also introduces dynamics between the assets that can significantly affect

the portfolio, especially in the presence of jump risk.

In Subsection we review key contributions to the development of jump-based models, with
a focus on the various extensions that have been proposed to capture sudden changes in asset
prices. Subsection [2.2]examines previous literature on credit risk modeling relevant to our study,
highlighting influential work on default intensity models, loss distributions, and the use of risk
measures in credit-sensitive settings. Finally, in Subsection [2.3 we review prior research on
VaR, which is the risk measure applied in this thesis, and highlight key properties discussed in

the existing literature.

2.1 Jump Models

Empirical evidence supports the presence of both continuous and jump components in asset
prices, see among others Bates (2000), Chernov et al. (2003)), and Eraker (2004)). Merton (1976])
extends the option pricing framework of Black and Scholes (1973) by allowing the underlying
asset to follow a jump-diffusion process. In this framework, asset prices evolve according to a
geometric Brownian motion (GBM), which models continuous paths driven by a deterministic
drift and a stochastic diffusion term. A key feature of GBM is that the increments between any
two time points are independent and normally distributed, with mean zero and variance propor-
tional to the length of the time interval. This implies a smooth evolution of prices and normally
distributed returns over short horizons. However, such a framework is unable to account for
sudden and significant price movements that occur during periods of financial stress. To address
this, Merton (1976) introduces a jump component modeled by a Poisson process, where jumps
occur at a constant rate but at random and independently of each other. These jumps can be in-
terpreted as the arrival of new information that significantly impacts the asset price rather than
marginal fluctuations. Similar to the original Black-Scholes model, Merton’s approach employs

the risk-neutral probability measure, making the pricing independent of individual preferences



or expectations about future returns.

Building on Merton’s foundation, a broad literature has emphasized the importance of in-
corporating jumps into asset price modeling. A large body of these models continues to use
Poisson-driven jumps, due to their relative simplicity and the fact that they allow for ana-
lytical solutions. For example, Bates (1996), Geman et al. (2001)), and Zhou (2001) extend
the jump—diffusion framework in various directions, showing how jump components can better
explain empirical asset return distributions and option prices. A central model in which the
jump component follows a Poisson process is Kou’s model (Kou, 2002)). In this framework,
jump sizes follow a double-exponential distribution, allowing for both upward and downward
jumps in stock returns. This feature makes the model particularly well-suited to capturing
the empirical tendency of stock returns to exhibit negative skewness. Unlike previous models,
Kou’s model uses the real (physical) probability measure, which is essential for capturing the
actual risk dynamics faced by investors. While the risk-neutral measure is primarily used for
pricing, the real-world measure allows for the computation of meaningful risk metrics such as

VaR, making it more suitable for risk management applications.

Using the risk-neutral measure, Carr and Wu (2003) propose a method to disentangle these
components based on option pricing data. Their findings confirm that while both components
exist, the jump component exhibits significant time variation. Furthermore, the role of jumps
extends beyond asset returns to credit risk modeling. In contrast to the exogenous default
framework considered in this paper, Chen and Kou (2009) introduce a model in which defaults
occur endogenously. Their model is based on a GBM extended with two-sided jumps, where asset
prices can experience both upward and downward discontinuous movements. This allows the
model to capture the full range of market reactions, including sudden positive or negative shocks.
In addition to modeling credit risk, their study explores the link between credit spreads, i.e., the
yield premium demanded by investors to hold risky debt, and implied volatility, which refers
to the market’s expectation of future volatility as inferred from option prices. While exogenous
default models like this typically predict a positive relationship between credit spreads and
implied volatility, they find that this link can break down when defaults are driven by a firm’s

own value process and jump risks are present.

In contrast to Poisson-based models, Herbertsson (2025a) introduces a framework that does



not rely on a Poisson process for jump modeling. Instead, Herbertsson suggests a model with
simultaneous jumps at defaults in an external group of defaultable entities. This hybrid risk
model integrates both equity and credit risk, extending the analysis to risk management. By
concentrating solely on negative jumps, it offers a more conservative estimate of VaR compared

to models that account for both positive and negative jumps.

In Herbertsson (2025b)), the author extends his work from 2023 by proposing a general model
that allows for a portfolio where bonds issued by the exogenous defaultable entities are included.
By also including the defaultable bond in the portfolio, the model is able to capture the double-
negative effect resulting from the default (i.e., the actual loss from the default as well as the

negative jump in equity price).

2.2 Credit Risk Modeling

A key concept in modeling credit risk is the default intensity, which quantifies the likelihood
of default occurring at a given point in time. In the literature on jump-diffusion models, it
is common to assume that the jump component is driven by a Poisson process. A Poisson
process models the random arrival of discrete events over time, where the average frequency of
events is known, but the exact timing is unpredictable. A defining feature of this process is its
memorylessness, where the probability of an event occurring in the future is independent of the

past.

This independence assumption does not align with the empirical fact that defaults tend to be
correlated, especially during periods of market stress (Das et al., 2007). Given this assumption,
it is unrealistic to model a sequence of, say, m defaults as the first m jumps of a Poisson process;
see, for example, Section 3 in Herbertsson (2025b)), particularly Theorem 3.3 and Corollary 3.4.
To address this limitation, we instead model the default times of a group of m exogenous de-
faultable entities (such as corporates or sovereign states) directly, replacing the Poisson process
with a more flexible default-time framework. This follows the approach in Herbertsson (2025b))
and Herbertsson (2025a)), but the framework is general enough to accommodate default times

derived from any type of credit portfolio model.

To introduce dependence between these default times, various modeling techniques can be em-

ployed. A widely adopted approach is based on copula theory, which provides a flexible way



to model dependence between random variables. A copula links the marginal distributions of
individual default times into a joint distribution, thereby capturing the structure of dependence
across entities. As argued by Li (2000), when defaults exhibit dependence, it is essential to
define a joint distribution over default times using a copula. This framework allows for to mod-
eling the dependence between defaults while keeping the individual marginal default behaviors

unchanged.

A central question in the literature is which copula to choose. Malevergne and Sornette (2003)
examine whether the Gaussian copula, one of the most commonly used models, adequately
captures the dependence observed in financial returns. Based on empirical tests using data on
currencies and stocks, they find that a key limitation of the Gaussian copula is its lack of tail
dependence, which leads to an underestimation of the probability of simultaneous extreme losses,
an important issue in risk management. Although the Gaussian copula appears acceptable for
general dependence modeling, the authors caution that more flexible, non-Gaussian alternatives

may be more appropriate in risk-sensitive contexts.

Further addressing these concerns, Kole et al. (2007)) compare several copula families, including
the Gaussian, Student’s t, and Clayton copulas. Their empirical findings reinforce the view that
the Gaussian copula is generally inadequate for capturing tail risk. In contrast, copulas such as
the Clayton copula are shown to better account for asymmetric tail dependence, making them

more suitable for modeling extreme events in financial markets.

2.3 Value-at-Risk

Among the most widely used approaches for quantifying financial risk is VaR, a statistical
measure commonly applied in risk management to estimate the maximum potential loss over a
given time horizon with a specified confidence level. Technically, VaR corresponds to a quantile
of the loss distribution, that is, for a given confidence level «;, the VaR is the smallest number z
such that the probability of a loss not exceeding x is at least a. Duffie and Pan (1997) emphasize
the importance of selecting a modeling framework that accurately captures the underlying
dynamics of asset prices over the VaR horizon. In particular, they highlight the role of models
that incorporate features such as jumps and time-varying volatility in improving the quality of

VaR estimates. This is especially relevant when assessing portfolios subject to discontinuities



or sudden shocks.

While VaR has been subject to academic criticism, see Artzner et al. (1999)), for not satisfying
all the mathematical properties of a coherent risk measure, it remains a dominant tool in
risk management. Alternative measures, such as Expected Shortfall (ES), have been proposed
to address some of VaR’s theoretical limitations by capturing the average loss beyond the VaR
threshold. However, ES is often more challenging to estimate accurately, particularly in complex

models with discontinuities or sparse tail data.

Grootveld and Hallerbach (1999)) compare VaR and ES to traditional variance-based approaches
and find that downside risk measures are more appropriate for non-normal return distributions.
While ES can offer a more complete picture of tail risk, VaR continues to be a standard due
to its computational tractability, regulatory acceptance, and strong interpretability in practical

applications.

Although not explicitly applied in this thesis, VaR (and ES) is also widely used in portfolio
optimization, where the objective is to minimize potential downside risk, see Gourieroux et al.
(2000) and Andersson et al. (2001). It is often considered a valuable alternative to variance-
based models, as it captures the asymmetric and tail-risk nature of returns. While variance
optimization penalizes both upward and downward deviations equally, VaR specifically targets

losses, aligning more closely with the preferences of risk-averse investors.

In this thesis, we adopt VaR as the primary risk measure, motivated by its widespread use and
the clear insights it provides into portfolio downside risk. Moreover, when carefully modeled,
particularly under frameworks that account for jump risk and default dependence, VaR remains

a robust and informative measure of financial risk.

3 Methodology

This section presents the methodology and underlying assumptions used in this study. Our
analysis builds directly on the framework developed in Herbertsson (2025b)), where portfolio
risk measures are examined in a setting that includes both stocks and bonds, with stock prices
subject to downward jumps at the default events of the bonds held in the portfolio. That

study itself is an extension of the earlier work in Herbertsson (2025a)), which focuses exclusively
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on a stock portfolio affected by external credit events. For certain key calculations, e.g., the
approximation of the number of defaults in the credit portfolio, we make use of methods and

techniques introduced in Herbertsson (2023).

In Section [3.1, we outline the key assumptions and economic interpretations of Herbertsson’s

model. Next, in Sections |3.1.1] and [3.1.2] we describe the modeling approaches for stock and

bond prices, including how default risk is incorporated into asset dynamics. This is followed by
a detailed treatment of the loss process in Section [3.1.3] which captures the impact of default
events on portfolio value. In Section [3.1.4] we introduce the risk measure used in our analysis,
VaR, and explain how it is computed within this framework. Finally, in Section [3.2] we present
the saddlepoint approximation proposed by Herbertsson (2023), which is used to estimate the
distribution of defaults. This is followed by a detailed explanation of the dependence structure

between defaults using various copulas in Section (3.3

3.1 Herbertsson’s Model

In this subsection, we present the model proposed by Herbertsson (2025b)), which forms the
foundation of this paper. The model is designed to capture joint equity-credit risk, which is the
interdependence between stock and bond prices in the presence of credit events. Specifically, it
is applied to a stock—bond portfolio in which the stock prices are subject to downward jumps
at the moment when the corresponding bonds default. As previously mentioned, this paper
builds on the framework developed in Herbertsson (2025a), where the analysis is limited to a
pure stock portfolio. The model used for the mixed-asset configuration is a natural extension
of that earlier framework, with the flexibility to set the bond share to zero, thereby reverting

to the stock-only case.

Consistent with Herbertsson, our framework uses real-world (physical) probabilities rather than
risk-neutral ones. This reflects the focus of our study on risk measurement rather than pricing.
Modeling default events under physical probabilities allows us to base the analysis on historically
observed likelihoods, providing a more realistic view of how risk evolves over time. This approach
is well-suited for risk management applications, such as VaR estimation, where the goal is to
assess potential future losses rather than determine fair market values. The model assumes a

portfolio comprising two distinct sub-portfolios, one consisting of stocks and the other of bonds.
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The stock sub-portfolio is treated as a large, homogeneous group, with all stocks sharing a
common risk profile. This assumption of homogeneity simplifies the modeling of equity price
dynamics across the portfolio and helps focus the analysis on the impact of defaults. The
bond sub-portfolio, in contrast, consists of exchangeable defaultable bonds, meaning that each
bond carries an identical probability of default. The exchangeability assumption eliminates
distinctions between individual bonds, enabling a tractable modeling of the distribution of
defaults within the bond sub-portfolio. In the model, the bonds are structured to pay a single
lump sum amount at maturity, which exceeds the nominal value to reflect a positive yield. This
approach effectively replicates the economic role of a coupon, acknowledging that zero-coupon
bonds are typically issued at a discount to par. By incorporating this feature, the model
captures a more realistic investment incentive, as bonds without any return component would
be unattractive to investors. Moreover, the assumptions of a large, homogeneous portfolio of
stocks and exchangeability among the bonds enhance the model’s traceability, enabling a more

efficient analytical framework.

A key condition in this context is that the bonds are not issued by the same entities whose stocks
populate the equity sub-portfolio. This ensures that default shocks remain exogenous, isolating
the effects of bond defaults from endogenous interactions with the stock-issuing firms. Building
on this foundation, we first apply the model by Herbertsson (2025b)) to present the stock prices.
Subsection followed by the computation of bond prices, Subsection These steps
provide the basis for calculating the loss process and associated risk measure, e.g., VaR, achieved
through numerical methods that leverage the default distribution. To capture the dependence
between default times, we employ copula-based approaches, specifically the one-factor Gaussian
copula, Subsection [3.3.1] and the Clayton, Subsection [3.3.2] These copulas differ in how they

model dependence structure, offering valuable insights into varying risk scenarios.

3.1.1 Modelling Stock Prices

Within the framework proposed by Herbertsson (2025b), the stock price dynamics are modeled
for a homogeneous stock sub-portfolio comprising J exchangeable entities A, ..., A; that do not
belong to the bond sub-portfolio, which instead consists of a group of m defaultable entities
C1, ..., C,,, with individual default times 74, ..., 7,,,. An essential feature of Herbertsson’s model is

that the stock prices Si4, ..., Sy are affected by bond defaults through downward jumps, which
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occur simultaneously across all stocks in the portfolio at the moment a bond defaults. Although
stock prices could theoretically exhibit both positive and negative jumps, we follow Herbertsson
(2025b) in focusing exclusively on negative jumps, as this study focuses on external credit
risk. By only considering negative jumps, the model adopts a conservative stance, amplifying
estimated risk measures such as VaR. The magnitude of these downward jumps is stochastic,
following an exponential distribution, thereby ensuring that extreme losses, though rare, are
captured within the model. For each entity Aj, if S;; represents its stock price at time ¢, its

evolution follows:

Stj =S L2 2 =

+; = So,j €Xp (,uj — §O'j) t+ 0 <p5,th,o +4/1— ps’th,j> - Zl Uy, (1)
where p; is the drift, o; is the volatility, and pg; € [—1, 1] determines the exposure of stock j to
the common Brownian motion W, . The processes Wy o, Wy 1, ..., W, ; are independent standard
Brownian motions. The term Nt(m) =" 1<y counts the number of defaults among the m
exogenous entities up to time ¢, with default times 74, ..., 7,. Each jump size U, ; ~ Exp(n;)
follows an exponential distribution with rate parameter n; > 0, introducing downward jumps
in stock prices upon default. Dependence among stocks arises both from the shared Brownian

driver W and the fact that all stocks are affected by the same set of default events {7;}.

While the formulation in is convenient for analytical purposes, especially when deriving
closed-form expressions or proving properties of the process, it is less transparent in terms of
how defaults affect individual stock prices. To clarify the role of defaults, we introduce an
ii.d. sequence ﬁl,j, ceey Um,j; distributed as U, ;, and observe that the aggregate jump term
can equivalently be written as > ", U” 1;7,<p- This expression makes explicit the association
between each individual jump and its corresponding default event. Substituting this into the

dynamics yields the alternative representation:
1 s -
Stj = So,j €xp ((uj - 5032) t+o; (/)s,th,o +4/1— pfq,th,j> -3 Ui»jl{nét}> . (2
i=1

Equation is mathematically equivalent to , but it offers a more intuitive interpretation:

each time a default 7; occurs, the stock price experiences a relative drop of magnitude 1 — e~Uis.
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Since [7” ~ Exp(n;), the jump sizes are strictly positive and typically lie within a range that
corresponds to realistic loss sizes observed during market stress. The modeling approach is
consistent with the framework of Herbertsson (2025a), and although it is possible to allow
firm-specific jump size distributions by assigning different rate parameters n; to each stock 7,
the generalization greatly complicates the derivation of analytical results, see Remark 4.3 of

Herbertsson (2025a).

The framework is constructed under the real (physical) probability measure P, as opposed
to the risk-neutral measure Q. This distinction is critical because the primary focus is on
risk management rather than asset pricing. The expected stock price under the real measure

incorporates both systematic and default-driven risks, see Herbertsson (2025b), given by:

N™ m k
; " it " (m)
E[S; ;] = Soet'E (—) = Speti (—) PIN;™ = k] (3)
/ n; +1 kz—o n; +1 t
where 7; is defined as the jump parameter that quantifies the reduction in stock price following
a default, with a lower value of 7; indicating larger jumps and thus greater loss. The random
variable Nt(m) counts the total defaults among the m defaultable entities C1, ..., C), by time t.
The summation over k from 0 to m applies the law of total expectation by conditioning on

the total number of defaults that have occurred by time t. For each possible value of k, the

term (n]"jrl>k represents the conditional effect on the stock price given that exactly k defaults
have occurred. This is then weighted by the probability of observing k defaults under the real-
world probability measure P, expressed as P[Nt(m) = k]. The sum thus captures the expected
value over all possible default scenarios, accounting for both the impact of each scenario and its

likelihood.

Following the assumption of a homogeneous stock sub-portfolio, the stock prices S; 1, ..., S¢ s of
all firms Ay, ..., A, satisfy:
Soj =50, Hj =W, 0;=0, psj=ps, Nj=1

which means that all stocks in the sub-portfolio are assumed to be identical in terms of initial

price, drift, volatility, correlation with the market, and sensitivity to default events. This
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homogeneity assumption simplifies the analysis by allowing us to treat the stocks symmetrically.
We estimate the jump parameter 1 to account for the impact of default events on the stock
prices. This adjustment ensures that the expected stock price E[Sy ;] matches a specific target

after a set time period, given by:

N{™

E[Sr;] =Sy or equivalently E (%) =e T for T=1. (4)
n

This condition means that 1 is chosen so that the expected reduction from defaults balances

the stock’s growth rate p1" over one year, keeping the expected stock price at Sy. Equation (3))

and implies that the following must hold:

m k
Yo (2 ) PN = k] = T (5)
=k = e
k=0 (771' +1

Equation is used to solve for the corresponding value of 1. Obviously, the value of  depends
on how the default probabilities P[Nt(m) = k| is being modeled, which is discussed further in
Subsection [3.2 and 3.3

3.1.2 Modelling Bond Prices

As pointed out in Herbertsson (2025b), pricing bonds under the real probability measure typi-
cally introduces additional complexity. The main challenge in real-world pricing is that, under
this measure, investor risk preferences must be accounted for, requiring the use of a stochastic
discount factor instead of simple discounting at the risk-free rate. To simplify computations,
we follow the setup in Herbertsson (2025b) and assume that bond prices under the real-world
measure coincide with those under the risk-neutral measure. While this assumption does not
fully capture real-world pricing dynamics, it provides a useful approximation that makes the

analysis more tractable.

In reality, zero-coupon bonds are typically purchased at a discount to their nominal value,
offering a positive yield at maturity if the issuer avoids default. To capture this dynamic in a
practical framework, we adopt the bond pricing model developed by Herbertsson (2025b), where

a group of m entities C1, ..., C}, each issue a simple fixed-income bond with nominal value Np,
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maturity 7', and zero recovery upon default. This zero-recovery assumption is made to simplify
the computations while still capturing the key features of credit risk in the valuation. The bond
does not pay interim coupons, but accrues interest continuously over time through a coupon
rate ¢ > 0, which is expressed as a percentage of the nominal value. The price of the bond for

the entity C; at time ¢t < T is then defined under the real probability measure as:

By = 14,50 Np(1 +ct) for t<T. (6)

Here, 7; denotes the default time of entity Cj, and 1(;,~) is an indicator function equal to 1 if
the entity has not defaulted by time ¢, that is, we assume no recovery at defaults. It is also
clear that B,;, = 0 if 7; < t, i.e., the price of the bond will be zero if C; defaults before time
t. The price function reflects the full value of the bond, including the accrued interest up to
time ¢, that is, the bond is modeled using the dirty price, which incorporates both the principal
(nominal value) and the accumulated coupon. Modeling the dirty price directly simplifies the
analysis and aligns with our objective of capturing the full economic value of the bond over

time, see Brown (2006)), and Cairns (2004).

To characterize portfolio-level exposures, we define the aggregate number of surviving entities
at time t as Nt(m) = > lin<y. The total value of the bond portfolio at time ¢ is then

proportional to the number of non-defaulted entities, each priced according to @

At t = 0, the bond price is By; = Np, representing the initial investment. If entity C; remains
solvent until maturity, the price at time 7" becomes Br; = Np(1 + ¢T'), generating a profit of
NpcT'. The continuous coupon rate ¢ implies that the bond accrues value steadily over time,
but instead of interim payments, the total accrued coupon NgcT is paid at maturity alongside

the principal, assuming no default has occurred.

3.1.3 Portfolio Loss Process

In this section, we describe the methodology for computing the value of the stock-bond portfolio
and deriving its corresponding loss process. The portfolio value reflects the combined dynamics
of stock prices and bond valuations introduced in earlier sections, while the loss process quantifies

the effects of bond defaults and the associated jumps in stock prices. The loss process will be
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used in the computation of risk measures, such as VaR, by shaping the distribution of potential

portfolio losses.

For a portfolio consisting of bonds from m different defaultable entities and stocks from J dif-

ferent exchangeable companies, and where the stock and bond prices follows what was outlined

in Subsection |3.1.1/and |3.1.2] the portfolio value V; and loss process L;, at time ¢ can be defined

as:

J m
‘/t = ijst,j + ZwiBLt and Lt = —(‘/;5 — Vb)
j=1 i=1

where w; is the number of shares owned of each company j and w; is the number of each bonds
owned from each defaultable entity 7. For an equally weighted portfolio, or with the homogeneity
assumption as used by Herbertsson (2025b)), the weights simplifies to w = w; = ... = w; and
W= Wi = ... = Wy,. Using the expression for bond prices from Equation @, the portfolio value

V, at time t can be rewritten as:

J m
Vi=w) S+ wd 1gsyNp(l+ct). (7)

j=1 i=1
At the initial time ¢t = 0, when no defaults have occurred (i.e., Ném) = 0), the portfolio value
simplifies to V; = wJSy + wmNpg, where Sy is the initial stock price, assumed uniform across
all stocks. This expression remains valid even when a coupon is present, as in @, since the
coupon term vanishes at ¢ = 0. This is consistent with the intuition that no interest has
accrued at the initial time. We follow the setup in Herbertsson (2025b) and define the initial
portfolio allocation such that stocks constitute 100v% of the total value, and bonds account for
100(1 — v)%, where v € [0,1] is a constant. These proportions are expressed as fractions of the

initial portfolio value, given by:

U)JS() and 1 — _meB
Vo T

v = (8)

In the portfolio model, the parameters w and w serve as scaling constants for the equity and

bond components. As noted by Herbertsson (2025b), it is possible to set w = w = 1 without
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changing the behavior of the model. This simplification allows us to rewrite Equation as

follows:

JSo(1 =) JSO

Ng = and Vp = ~ (9)

mry

Using the simplified equations , , and @, it is now possible to express the value of the
portfolio at time ¢ and the loss process in terms of the components of the portfolio’s equity and

bonds, defined as (for details, see Herbertsson (2025a)):

Zst] 750 = TR =) (g 4 oy (m—N,f’”))

and

=JSy — ZSM ISl o IS =) ((1 +et)NM™ — mct) :

The portfolio value V; reflects the current worth of the stocks ijl S;,; and the remaining
bonds. The bond component of the portfolio is affected by the number of defaults. If Nt(m)
bonds have defaulted by time ¢, then the number of remaining bonds is m — Nt(m), and each of

these bonds has the nominal value Npg.

The loss process, where L; = —(V; —V;), captures the decline in value due to falling stock prices
and bond defaults. Specifically, the stock contribution to the loss, JSy — ijl St j, represents
the difference between the initial stock value and the value at time ¢, which can be positive or
negative. The bond contribution, Nt(m)%w ((1 + ct)Nt(m) - mct), reflects the losses from
bond defaults and since Nt(m) > 0, as long as 0 < ¢, this can be either positive or negative.
However if ¢ = 0, it can only be positive, indicating that the bonds can only decrease the loss

if they do not have a coupon value.

3.1.4 Value-at-Risk

VaR is one of the most widely used risk measures in financial risk management. It estimates
the potential loss in a portfolio over a given time horizon at a specified confidence level a. VaR
provides a single summary statistic that quantifies the downside risk of a portfolio. Specifically

for a confidence interval «, the VaR represents the smallest loss level such that the probability
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of incurring a larger loss is no more than 1 — a. Formally, for a random loss variable L;, the

VaR at level «v is defined as:

VaRy(L;) =infly e R:P[L; >y] <1—a}=inf{ly e R: F,(y) > a}

where Fp,(x) = P[L; < z] represents the cumulative distribution function of the loss at time ¢,
and « is the significance level. Finding analytical expressions for F7,(z) can often be challenging,
however, Herbertsson (2025b)) provides the following approximation of Fp,(x) assuming the

number of stocks J is large:

PlL;<z|~1- Z \III(:)(I',t, J,m,c,n, s)P [Nt(m) = k} (10)
k=0

where s = (u, 0, S, ps), and \Il,(:)(x, t,J,m,n,s) is defined for each k as

InG(z, t, k,v,c)— _1p202) ¢
\I/,(J)(:C,t,(],m,c,n75):q)<n (z 7, ¢) (M 2Ups))

opsV/t

with G(z,t,k,~,c) given by:

k
G<I7 t; k‘7r>/7 C) - <D(ry, t, k,C) - IIllIl <J£7D(77t7 k’ C))) (/r’ —I— 1)

0 n

and D(v,t, k, c) defined as:

l—v
D(v,t,k,c) =14+ ——((1 — ct)k — mct
vtk 0) = 14 == (1 = etk — met)
where ®(x) is the standard normal cumulative distribution function and Nt(m) denotes the
number of exogenous defaults up to time ¢ under the model assumptions. The probability

P[Nt(m) = k] captures the likelihood of observing k defaults up to time ¢, and is further discussed
in Section 3.2

A special case of this model is the model from Herbertsson (2025al) for large homogeneous stock

portfolios, where the portfolio consists only of stocks, and therefore the default can be seen as
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an exogenous event. This can be achieved by letting v = 1, and Equation simplifies as

follows:

k
- (1)) - - do)

—0 ops \/5

P [NW - k} .

Since the loss function L, determines portfolio losses, VaR can be calculated using its cumulative
distribution function (CDF). Using the large portfolio approximation P [L, < z] ~ F£F4(z), and
if ps # 0 Herbertsson (2025b)) propose the solution z* to F£"4(z*) = a as an approximation of

VaR,(L;). This can also be formulated as:

VaR,(L;) = (FftPA)fl (a) for large J

where (FEP A)_l (a) is the inverse function of the loss distribution. To solve the equation, we

use the built-in MATLAB function fzero.

3.2 Saddlepoint Approximation for the Distribution of Defaults

In order to approximate the distribution of the number of defaults IP’[Nt(m) = k] in the credit
portfolio setting, we employ the saddlepoint approximation technique presented by Herbertsson
(2023). This method is well-suited for estimating tail probabilities and probability mass func-
tions of discrete distributions. The foundation of the approach lies in representing the number of
defaults Nt(m) in a homogeneous credit portfolio as a sum of conditionally independent Bernoulli
variables. The saddlepoint method yields accurate closed-form approximations for both the tail
probability P[Nt(m) > k], which measures the likelihood of observing at least k defaults by time
t, and the point probability P[Nt(m) = k] which gives the exact probability of observing exactly
k defaults, where k£ =0,1,2,...,m.

To estimate p(t,z), we use the one-factor Gaussian copula model (see Subsection [3.3.1)) and
the Clayton Copula model (see Subsection [3.3.2)). These models capture the fact that defaults
are not independent by introducing a common underlying factor, denoted Z, which represents

systematic risk affecting all firms. Given a specific value of this factor 7 = 2z, the default
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probability of a single firm becomes p(t, z). Since the defaults are conditionally independent
when 7 is fixed, the number of defaults in the portfolio follows a binomial distribution with

parameters m and p(t, z).

The saddlepoint approximation for P[Nt(m) > k] is defined using the following equations (for full

derivations, see Herbertsson (2023)):

P [NW - k;} ~E [AH](;R) (k,m,p(t, 2))| + O(m=3/2) (11)

where O is an error term, and AHgJR) (k,m,p(t, 7)) is defined as:

Hy™ (fm.p(Ze) = Hy™ (55 m.p(Zy) . for k <m —1
AHS® (k,m,p(Z) = 7 G NG K

p(Z)™, for k=m

with Hg“R)(:r,m,p) defined for 0 < z < 1 and p # x as:

. . 1
HJ(BLR)(x,m,p) =1—®(wp) + ¢(wp) (T - = )
B Wp

where x = %, p = p(Z;) and where

wp = p(z,m,p) = sgn(wB)\/ 2m (90 In (Z:fl_—_xi),) - G—;Z))

with

sen(ibp) = sgn <H _ 1)
where

(1- fc)p)

g = zp(x,m,p) = Vmzx (1 — x) (1—m
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Furthermore, for x = 0 and x = 1, HJ(BLR)(O, m,p) =1 and , HJ(BLR)(L m,p) = p™. The expected

value in Equation is solved using the following integral:

PN = k| = / T AHE (kym,p(t,2)) f2(z) dz + O(m2),

3.3 Copulas

In this subsection, we explore how copulas capture dependence between default times in portfolio
risk models. We overview the role of copulas in connecting marginals to joint behavior, then
compare the one-factor Gaussian copula, ideal for symmetric dependence, and the Clayton

copula, focused on lower tail dependence for extreme events.

One effective approach to capture dependence in portfolio risk models is through copulas. These
functions allow us to model how random variables, e.g., default times, depend on each other,
separate from their individual marginal distributions. A wide range of copula functions exists
(see Patton (2012)), each with unique statistical properties suited to different dependence pat-
terns. These properties significantly influence the likelihood of joint defaults and the shape of
the tail in the aggregate default loss distribution.

Given marginal default probabilities, the joint dependence structure can be specified using a
copula, where the choice of copula determines the dependence. For instance, copulas exhibiting
lower tail dependence, such as Clayton copulas, are more likely to generate simultaneous low
values across multiple marginals, increasing the probability of clustered defaults and amplifying
aggregate losses. Conversely, copulas with asymptotic independence, like the Gaussian copula,
often fail to capture the risk of extreme joint defaults, as they distribute dependence more
evenly and lack pronounced tail effects. Copulas are useful in applied settings due to their
ability to construct a joint distribution by combining any set of marginal distributions with a
chosen dependence structure. This allows us to break down a multivariate distribution into two

components, the marginal distribution and the joint distribution.

3.3.1 One-factor Gaussian Copula

The Gaussian copula is one of the most widely used copulas in credit risk modeling, particularly

in the context of portfolio credit risk and modeling default correlation. Its popularity stems from
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its analytical tractability and its ability to represent symmetric dependence structures using a
single correlation parameter. Since it uses the correlation coefficient p in the multivariate normal

distribution to define the dependence, it can only model linear relationships.

Assuming that the default times of all m defaultable entities are exchangeable and conditionally
independent, the conditional default probability up to time ¢ for each entity C; under the one-

factor Gaussian copula model is given by:

Plr <tZ] = ® (‘Dl(F(t)) — \/EZ)

VT
where Z is a standard normally distributed variable with mean zero and unit variance that
represents a shared source of randomness affecting all entities C;. It captures systematic risk
and introduces dependence between the otherwise conditionally independent default events.
Furthermore, p is the default correlation parameter, ®(z) is the distribution function of a
standard normal random variable, and the marginal default distribution F'(¢) is given by F'(t) =

Pl <t]=1-—e

Recalling Equation () which is used to solve for 7, and that P[Nt(m) = k| is a function of
the individual default probability of all firms, we see that the value of  under the one-factor
Gaussian Copula depends on the value of p. Therefore, keeping all else equal, one can study

the relationship between p and 7, which is done by Herbertsson (2025b)).

3.3.2 Clayton Copula

In this subsection, we follow the same notation and modeling framework as in Herbertsson
(2025al), where the Clayton copula is applied to capture default dependence across entities. The
Clayton copula is particularly suited for modeling lower tail dependence, meaning it captures
the tendency for extreme losses in one variable to occur alongside extreme losses in another.
This property is especially relevant in credit risk, where defaults tend to cluster during periods
of financial stress. Compared to the Gaussian copula, which lacks tail dependence, the Clayton
copula provides a more realistic description of joint extreme events. However, it does not model
upper tail dependence and is inherently asymmetric, focusing only on dependence in the lower

tail. For a more detailed discussion of the Clayton copula and its properties in credit risk
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modeling, see Burtschell et al. (2009) and Hofert and Scherer (2011)).

Under the Clayton copula, the conditional default probability for each entity C; with default

time 7;, given a random factor 7, is:

Plr; <t|Z)=exp (Z (1 - F(t)"?))

where 6 > 0 is defined as the Clayton copula parameter, controlling how strongly the default
times are correlated, where higher 6 implies greater dependence, meaning defaults are more likely

to cluster together. Z is defined as a gamma-distributed random variable with density:

20 e”
fz(z) = for z>0
r'(3)
with parameters a = § and b = 5. The factor (Z) defines dependence, where a large (Z)

increases the conditional default probability for all entities, raising the likelihood of simultaneous

defaults.

A key advantage of the Clayton copula is its explicit formula for default correlation between

entities ¢ # J:

S

2 _1)7 — (1)

F(t)?

() (1= F(1))

Corr [1{Ti§t}a 1{Tj§t}j| -

This correlation, derived from the Clayton copula’s structure, measures the likelihood of joint
defaults up to time t. In order to do a fair comparison of these results to those of the one-factor
Gaussian copula, we align the two models by setting the marginal default probability F(t) =
P[7; < t] to match that of the Gaussian copula model, ensuring differences in VaR results arise
from the dependence structure, and not individual default probabilities. Further, the Clayton
copula parameter 6 is calibrated so that the one-year default correlation, Corr (1{ngt}, 1{T]~§t}),

equals that of the Gaussian copula for the corresponding correlation parameters p.

Unlike the Clayton copula, the Gaussian copula lacks an analytical default correlation formula.

For calibration, we follow the method of Herbertsson (2025al), numerically computing the one-
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year default correlation under the Gaussian copula. The analytical correlation formula of the
Clayton copula is then inverted numerically to determine the corresponding value of 6. This
ensures both models exhibit the same level of dependence at ¢t = 1, allowing a direct comparison

of VaR outcomes.

4 Results

In this section, we present the results obtained from applying the methods outlined in previous
sections. First, in Section [4.1, we examine the distribution of defaults derived from the one-
factor Gaussian copula and the Clayton copula, providing a comparative perspective on how the
dependence structure via different copulas influences credit risk modeling. In Section [4.2] we
present the key risk measure, VaR, under these two dependence structures: one-factor Gaussian
copula (Section and Clayton copula (Section . We analyze how VaR varies across

different portfolio configurations and parameters, such as asset allocation and correlation.

4.1 Default Distribution
4.1.1 Default Distribution under the One-Factor Gaussian Copula

To visualize how the probability distribution of the number of defaults P[Nt(m) = k] evolves over
time ¢ under the one-factor Gaussian copula framework, we present Figure[I] Using MATLAB’s
built-in binopdf function, we compute the probability of observing k defaults at each time point
t, under the assumption of a one-factor Gaussian copula model. The parameters used in the

computations rendering Figure [I] are given in Table [I}

P P2 F(t) A Prn<l Sy wu o ps m J
0.3 0.6 1—e™ 00335 00329 50 0.15 0.2 0.25 125 150

Table 1: Parameters and related quantities for the one-factor Gaussian copula model.

We test two different values for the default correlation parameter in the one-factor Gaussian
correlation model, denoted by p; and psy, to assess the impact of varying levels of dependence
between the defaultable bonds in the portfolio. A higher value of p implies stronger correlation,
meaning that if one bond defaults, the likelihood of additional defaults increases. The function

F(t) represents the marginal default probability distribution for each obligor, that is F(t) =
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P[7; < t], where the default times 71, ..., 7,,, have the same distribution for all C, ..., C, due to the
exchangability assumption. Just as in Herbertsson (2025a), F'(t) is specified as an exponential
distribution, F'(t) = 1—e~*, where ) is the constant default intensity, i.e. each 7; has a constant
default intensity A. Consequently, P[r; < 1] corresponds to the unconditional one-year default
probability for a representative obligor. The parameters Sy, p, and o describe the initial level,

drift, and volatility of the underlying credit spread process.

It is important to note that this thesis does not aim to estimate the specific parameter values used
in the modeling framework. Instead, the primary objective is to derive analytical expressions
for key risk measures related to stock-bond portfolios, which will subsequently serve as the
foundation for analyzing the time evolution of VaR. While certain parameters will be varied to
assess their influence on VaR, the study does not involve a formal calibration procedure. For
a detailed justification of the parameter choices, we refer to the work of Herbertsson (2025al),
where each value is motivated and shown to be consistent with empirically observed financial

conditions.

PINI™ = k] as a functi

and k (log-scale) for p= 0.3 PINI™ = k] as a function of ¢ and k (log-scale) for p = 0.6

Nurmber of defaits (k) Number of defaults ()

(a) p=0.3 (b) p=0.6

Figure 1: Probability distribution of the number of defaults ]P’[Nt(m) = k| over time t, where
t=1,2,...,20 days, using the one-factor Gaussian copula model, shown on a log scale for two
correlation levels, p; = 0.3 (left) and p, = 0.6 (right).

Figure[lal shows the probability of observing exactly k defaults at each time point ¢ (in this case,
each day), denoted IP’[Nt(m) = k]. The plot uses a logarithmic scale and presents this probability
as a function of time ¢ (in days, ranging from 1 to 20) and the number of defaults k (ranging
from 0 to 125). The correlation parameter p; is set to 0.3. For each fixed ¢, the probabilities of
all possible default outcomes k& sum to one. Note that in Figures [ and [3] the time ¢ is shown
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in days, but the calculations of the default probabilities P[Nt(m) = k] are based on ¢ measured
in years, consistent with Herbertsson (2025a)). For instance, 1, 5, and 20 days correspond to

t =-2 and t = 2 using 252 as the average number of trading days. Much of the

t= 2537 2597

1
2527
analysis in this paper focuses on 5 and 20 days VaR, which is supposed to represent weekly and

monthly VaR in trading days.

A clear pattern that emerges is that the probability of observing a large number of defaults is
significantly lower at earlier time points. This is evident when we fix an early value of ¢ and
examine how the probability ]P[Nt(m) = k] decays as the number of defaults k increases. This is
expected, as a high number of defaults occurring within just a few days would imply that nearly

all firms in the portfolio defaulted in a short time frame, which is an extremely rare event.

As time progresses, the probability of a higher number of defaults increases, reflecting the
natural accumulation of risk over a longer horizon, i.e. F(t) = P[r; < t] is increasing with time
t. Conversely, for a fixed time ¢, the probability increases as we move from higher values of &
(i.e., more defaults) toward lower values, which is consistent with the intuitive expectation that

fewer defaults are more likely than many.

Figure shows the default distribution ]P’[Nt(m) = k| with a higher correlation parameter,
p2 = 0.6. Increasing p amplifies the dependence between obligors, which in turn increases the
likelihood of default clustering, i.e., the occurrence of multiple defaults within a short time span.
This effect is visible in the right plot, where the probability mass shifts toward higher values of
k for all ¢, indicating a greater risk of simultaneous defaults compared to the lower-correlation
case shown in the left plot. Note that Figure [lalis similar to the corresponding graph in Figure
4 in Herbertsson (2025a)) and this leads to confidence in our numerical implementation of the

computations of P [Nt(m) = k] :
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(a) Calibrated n using Equation (b)) for 7' =1 (b) Expected value of jumps E[U,] = % in
as function of one-factor Gaussian correlation log of stock prices as a function of one-factor
parameter p. Gaussian correlation parameter p.

Figure 2: Calibrated n and expected value of jumps E[U,] as function of p.

Figure [2a] shows how the calibrated value of the jump parameter n varies with the one-factor
Gaussian copula correlation parameter p, where the calibration of 1 is done using Equation
(4)), or equivalently using Equation . The parameter 7 governs the magnitude and likelihood
of downward jumps in the stock price after a default. A higher n implies smaller jumps (less
severe spillover), while a lower 7 corresponds to more significant expected jumps. As we can see
in Figure 2a, n decreases as p increases. This reflects the fact that, under higher dependence
(larger p), a stronger contagion effect is needed to match the same expected loss level, meaning

more pronounced jumps (lower 7)) are required.

In Figure , we show how this relationship influences the expected log-price jump E[U,]. As p
increases (and 7 decreases), the expected downward jump becomes more severe. Notably, when
p exceeds a certain threshold, n approaches zero, causing E[U,| to increase sharply. For high
values of 7 and fixed pu, Equation may have no real solution. To avoid this non-existence
issue, we restrict our calibration and numerical analysis to p < 0.9, ensuring that a valid value
of n always exists for the baseline case of u = 0.15, and similar observations are made in

Herbertsson (2025a)) and Herbertsson (2025b)).

4.1.2 Default Distribution under the Clayton copula

Next, we analyze the probability distribution of the number of defaults using the Clayton copula.
The parameters we use are summarized in Table 2l As previously noted, a detailed motivation

for the selection of these specific parameter values is provided in Herbertsson (2025a). Recall-
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ing the Clayton copula parameter 6 is calibrated so that the pairwise default correlation
matches the corresponding pairwise default correlation for the one-factor Gaussian copula corre-

lation parameter p, allowing for a direct comparison with the one-factor Gaussian copula.

01 92 F(t) A ]P)[Tl S 1] S() 1% g Ps m J
0.169 044 1—e* 0.0335 0.0329 50 0.15 0.2 0.25 125 150

Table 2: All model parameters and values for the Clayton copula and stock price dynamics S ;.

of ¢ and k (log-scale) for 6 = 0.44

ion of t and k (log-scale) for 6 = 0.160

Number of defaults (k) Number of defaults (k)
(a) 0 = 0.169 (b) 6 = 0.44

Figure 3: Default probability distribution P[Nt(m) = k| as a function of time ¢, where t =
1,2, ...,20 days, and the number of defaults k£, shown on a log scale. The plots are based on the
Clayton copula model for two different dependence parameters: ¢, = 0.169 (left) and 6, = 0.44
(right).

We observe similar behavior in the default probabilities under the Clayton copula, where the
surface declines sharply as the number of defaults £ increases. This suggests that the probability
of observing a large number of defaults remains low. To compare the Clayton copula with the
one-factor Gaussian copula model, we examine two specific cases: Figure [3a] which corresponds
to #; = 0.169, is compared with the Gaussian model in Figure where p = 0.3. Similarly,
Figure with 0y = 0.44, is compared with Figure[ID] corresponding to p = 0.6. Similar values
for 6 are also obtained in Herbertsson (2025a)). Recalling the discussion in Section [3.3.2] the 6
values have been calibrated to match the same pairwise default correlation as the corresponding

p values, enabling a meaningful comparison between the two dependence structures.

In both comparisons, the Clayton copula exhibits a higher probability of clustered defaults,

especially in the early stages of the time horizon. This is due to its lower tail dependence,
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which increases the likelihood of joint extreme events. In contrast, the one-factor Gaussian
copula does account for correlation between entities, but it does not capture this kind of tail
dependence. Although increasing p in the Gaussian model strengthens the overall dependence,
it still fails to replicate the same level of joint default risk observed in the Clayton model. This
makes the Clayton copula more suitable for capturing systemic events, where many defaults

occur simultaneously due to shared exposure to extreme shocks.

Expected value of jump (U) as a fuction of

25 \\ Calib d n as a func f 6
e
N,
N
\\\
% \\\\ //,
H (b) Expected value of jumps E[U,| = % in log

a) Calibrated n using Equation or T = of stock prices as function of Clayton param-

Calibrated ing Equation (5] for T'=1 f stock pri functi f Clayt
as function of Clayton parameter 6. eter 6.

Figure 4: Calibrated 7 and expected value of jumps E[U,,] as function of 6.

Similarly to Figure [2, we see in Figure [] that as we increase the dependence parameter 6 used
under the Clayton framework (p in the one-factor Gaussian copula case) 1 decreases, which
causes the expected downward jump in the stock prices E[U,] to increase. This means that as
the tail risk increases, a larger downward jump in stock prices is required for Equation (4 to
hold. Using the same arguments as in the previous section, we limit our analysis to studying only

when 6 < 1.12 to ensure that there always exists a solution to Equation (5)) when p = 0.15.

4.2 Value at Risk

In the following section, we present results related to the VaR for various portfolio compositions
under different default dependence structures. While a 20-day horizon is commonly used in
equity risk assessment and is applied here to examine the time evolution of VaR, we also
compute VaR at fixed time points, specifically at 5 and 20 days, to isolate and assess the effects

of portfolio structure and asset dependence. This approach enables us to draw conclusions about
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how these factors influence the estimated risk, independently of the time horizon. In Section
4.2.1|, we present numerical results based on default times modeled using a one-factor Gaussian

copula, while Section |4.2.2| contains corresponding results under the Clayton copula.

4.2.1 Value at Risk Estimation Using the One-Factor Gaussian Copula

In this section, we present numerical examples of VaR when the default times are driven by a
one-factor Gaussian copula model. The portfolio configurations are presented in Table |3| (for a
detailed motivation behind the parameter values, see Herbertsson |2025b)). These parameters are
used in all the following examples unless otherwise stated. The coupon rate is set to ¢ = 0.04
and can be interpreted as a continuously accruing coupon, expressed as a proportion of the
nominal value, with the total accrued amount paid as a lump sum at maturity 7. We will later

vary the coupon rate at fixed time points to evaluate its impact on the VaR.

J m 1 o Sy ps A c
150 125 0.15 0.2 50 0.25 0.0335 0.04

Table 3: Model parameters and their values for the one-factor Gaussian copula model and the
Clayton copula model.

First, we evaluate the evolution of VaR for a portfolio containing only stocks, that is v = 1,
modeled using a one-factor Gaussian copula, examining the impact of varying the correlation
parameter, p. The VaR is computed at confidence levels of 95%, 99%, and 99.9%, and we
analyze how changes in p influence the resulting risk measure. Additionally, we include a plot
illustrating the relative difference in VaR from Figure [baj and the VaR derived from the Black
and Scholes, [1973| model, at the same confidence levels. VaR is computed for t = 1,2, ...20 days.
The y-axis in Figures to [5q shows the VaR for the given confidence level, divided by the

initial value of the portfolio, resulting in a percentage loss relative to the starting value.
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Value-at-Risk using Gaussian Copula, p=0.30, v=1.0, ¢=0.04

Value-at-Risk using Gaussian Copula, p=0.60, v=1.0, c=0.04
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Figure 5: Comparison of Value-at-Risk (in % of V}) for different values of p and relative difference
between VaR from Herbertsson (2025b) model and Black and Scholes (1973) model (in %), with
parameters given in Table [3]

The discontinuous behavior observed in the VaR curves in Figures [5a to [5c|is mainly due to the
stepwise nature of the default counting process Nt(m), which models the number of defaults over
time. Since the analysis is conducted over a short horizon, the probability of no defaults is high,
resulting in somewhat flat segments in the VaR curve. When a default does occur, the loss jumps
abruptly, causing a visible discontinuity. This pattern arises because, over short time intervals,
the distribution of Nt(m) is highly concentrated at zero, meaning that defaults are rare but have a
large impact when they occur. As the time horizon increases, the likelihood of multiple defaults

grows, and the distribution becomes more dispersed. This leads to a smoother evolution of the
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VaR curves. Similar observations of the discontinuous behavior of the VaR-curves are made in

Herbertsson (2025a).

It is clear from the plots in Figure |5| that increasing the correlation parameter, p, significantly
changes the time evolution pattern of VaR. In Figure [al where we set a relatively conservative
correlation of p = 0.3, we observe a stable increase in VaR over time. The most pronounced
growth occurs at the 99.9% confidence level, as expected, since this level captures the most

extreme tail events.

Comparing Figure [fa]and pb], we see that VaR increases as the correlation parameter rises. This
is intuitive, as a higher correlation raises the probability of clusters of defaults. Focusing on
the higher confidence levels (the tails), we observe that, for instance, at the 99.9% confidence
level, the VaR rises to approximately 90% of the initial value, compared to below 45% in the
lower correlation case. Again, our results in [5| are similar to those in Figure 9 in Herbertsson

(20254)).

When p is increased further to 0.9, an extremely high correlation, the VaR changes drastically
compared to Figures[paland[5b In Figure[5d, the VaR displays a more ”all-or-nothing” behavior,
where either almost all firms default or very few do. At the 99% confidence level, we observe an
intermediate scenario where a sharp transition occurs around ¢ = 8, and the VaR jumps from
very low levels to above 90%. At the 99.9% confidence level, the extremely high correlation
results in a VaR close to 100%, implying that if one firm defaults, the others are highly likely
to follow due to the strong dependence. This behavior is consistent with stress scenarios, where
correlations effectively increase as defaults occur, amplifying systemic risk and making extreme

joint losses more likely.

To illustrate the discrepancy between modeling defaults as discrete events and using a con-
tinuous asset pricing model, i.e. Black-Scholes model, we plot the relative difference between
the VaR estimated under the Gaussian copula framework and the VaR implied by the Black-
Scholes model in Figure The results in Figure [5d| show that the one-factor Gaussian copula
approach consistently produces significantly higher VaR estimates. This difference becomes
more pronounced as the time horizon ¢ increases, and it is further amplified at higher confi-
dence levels. For instance, at the 99.9% confidence level, the relative difference in VaR starts at

over 900% for short time horizons and rises to approximately 1400% as ¢ increases. This under-
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scores how discrete default modeling under a dependence structure such as the Gaussian copula

can lead to substantially more conservative risk estimates compared to continuous models like

Black-Scholes.

Next, we extend our analysis to a portfolio comprising of both stocks and bonds, modeled
using the one-factor Gaussian copula. We consider a portfolio configuration with v = 0.6,
corresponding to 60% stocks and 40% bonds. To examine the impact of correlation on tail
risk, we compute the VaR at confidence levels of 95%, 99%, and 99.9%, fixing the time horizon
at t = 5 and t = 20 days while varying the correlation parameter, p, and holding all other

parameters constant.

Value-at-Risk using Gaussian Copula for t = 5, v=0.6, ¢=0.04
Vi o

Value-at-Risk using Gaussian Gopula for t = 20, v=0.6, ¢=0.04

90

(a) t = 5 days (b) t = 20 days

Figure 6: Value-at-Risk (in % of V4) as function of Gaussian copula correlation parameter p at
fixed time point t = 5 and ¢t = 20 days for a portfolio with v = 0.6, i.e. 60% stocks.

Figure[0]reveals distinct patterns in VaR evolution as p increases, particularly at high correlation
level (p > 0.8). For t = 5, VaR at the 99% confidence level increases steadily with p but exhibits
a sharp decline beyond a critical threshold (p > 0.8). This could be explained by the fact that
a higher Gaussian correlation parameter p indicates heavier tails in the loss distributions. In
contrast, for ¢ = 20, VaR at higher confidence levels (99% and 99.9%) does not decline for higher
levels of p. However, VaRgs5y starts to decrease with p for when p > 0.5. This pattern indicates

a persistent tail risk under extreme dependence over longer horizons.
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Value-at-Risk using Gaussian Copula for t = 5, ¢=0.04, p=0.30 ~ Value-at-Risk using Gaussian Copula for t = 20, ¢=0.04, p=0.30
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Figure 7: Value-at-Risk (in % of V}) as function of p at fixed time point ¢ = 5 and ¢ = 20 days
for a portfolio with v = 0.6.

Continuing our analysis, we investigate the effect of varying the drift parameter, x, on the VaR
for the credit portfolio consisting of 60% stocks and 40% bonds. Again, we fix the time horizons
at t = 5 days and t = 20 days, and compute VaR for given confidence levels while varying
w. Figure [7] illustrates the resulting VaR profiles for both time horizons. Across all confidence
levels, the VaR exhibits a steady increase with u, following a similar pattern for ¢ = 5 and

t = 20.

Value-at-Risk using Gaussian Copula for t = 20, 4=0.7, p=0.30 Value-at-Risk using Gaussian Copula for t = 20, 4=0.3, p=0.30
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(a) y=0.7 (b) y=0.3

Figure 8: Value-at-Risk (in % of V;) as function of ¢ at fixed time point ¢ = 20 days for a
portfolio with v = 0.7 and v = 0.3.

In Figure , we analyze the effect of varying the coupon rate (¢) on the VaR. We consider two
portfolio configurations, one with v = 0.7 (70% stocks, 30% bonds) and another with v = 0.3
(30% stocks, 70% bonds). We fix the time horizon at time ¢ = 20 days. The VaR is significantly
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lower for v = 0.3 compared to v = 0.7, reflecting the higher bond allocation’s stabilizing effect.
Changes in ¢ produce modest VaR shifts in both portfolios, with a more pronounced effect for
v = 0.3, consistent with its greater bond exposure, as bonds are directly influenced by the
coupon rate. The modest effect of increasing the coupon rate is explained by the short time

horizon.

vy=03 =05 =07 =1

?| VaR 95% 151 204 257  3.37
|| VaR 99% 352 485 618 818
2 | VaR 99.9% 881 1208 1534  20.24
2| VaR95% 028 051 075 111
|| VaR 99% 487 711 934  12.69
S | VaR 99.9% 24.97 3475 4452  59.18
2| VaR95% 022 041 061  0.90
|| VaR 99% 042 075  1.08 158
S | VaR 99.9% 4058  57.55  74.53  100.00

Table 4: Value-at-Risk (in % of Vj) across different v and p levels

Table [4 reports the VaR for various combinations of portfolio allocations and the default cor-
relation parameter, evaluated at the 95%, 99%, and 99.9% confidence levels. We find that
VaR increases monotonically with both v and p, reflecting the compounding effect of higher
exposure to stocks and stronger dependence among defaults. The increase in VaR is especially
pronounced at higher confidence levels, most notably at the 99.9% level. Under high p, defaults
are more likely to cluster, and when combined with large ~, the resulting VaR is amplified sig-
nificantly. Since high quantile levels are sensitive to such rare events, the VaR at 99.9% reflects

the full magnitude of this systemic risk.
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Figure 9: Value-at-Risk (in % of Vj) as function of v at fixed time points ¢ = 5 and 20 days and
where p = 0.3.

Figure [J shows VaR as function of «y for ¢ = 5 and ¢ = 20. This could be interpreted as different
portfolios, with the same parameters but with different compositions of stocks and bonds. As
the stocks are generally more risky than bonds (have a higher probability of large losses), the
VaR is higher for portfolios with greater exposure to stocks. For short time periods, such as 5 or
20 days, VaR becomes very high as the expected return of the stocks is relatively low. However,
increasing the horizon could potentially lead to lower VaR estimates since the expected return

could offset some of the downward jumps.

4.2.2 Value at Risk Estimation Using the Clayton Copula

We now consider the Clayton copula model, using the same 20-day horizon as in the one-factor
Gaussian copula model setup. Figures to illustrates the evolution of VaR, scaled by the
initial portfolio value V;, for a portfolio consisting only of stocks, v = 1, and Figure shows
the relative difference between the values in Figure [10al and the VaR from Black and Scholes
(1973) model. We use three different dependence parameters, 6 = 0.169, which corresponds to a
Gaussian copula with p = 0.3, § = 0.44, which matches p = 0.6, and § = 1.12 for p = 0.9. VaR
is expressed as a percentage of the initial portfolio value Vj. Furthermore, the VaR values are
estimated using the parameters from Table [3] In general, the behavior in Figure [I0] is similar

to the one-factor Gaussian case in Figure [f
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Value-at-Risk using Clayton Copula, #=0.169, =1.0, c=0.04 ~ Value-at-Risk using Clayton Copula, #=0.440, v=1.0, c=0.04

(a) 0 = 0.169 (b) 6 = 0.44

Relative Difference (in %) between Clayton Copula and Black-Scholes

1201 Value-at-Risk using Clayton Copula, 6=1.120, 4=1.0, ¢c=0.04
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Figure 10: Comparison of Value-at-Risk (in % of V;) for different values of § and the relative
difference between VaR from Herbertsson (2025b) model and Black and Scholes (1973) model
(in % of Black-Scholes VaR).

In Figure [10a], corresponding to #; = 0.169, the dependence between defaults is relatively weak,
though still exhibiting some lower tail dependence. As a result, the increase in VaR across
the given confidence intervals is present but remains comparatively moderate. The 99.9% VaR
rises more sharply than the lower confidence levels, but its growth remains smooth and gradual
over time. This indicates that while the model accounts for rare, large joint losses, it doesn’t
expect them to occur suddenly or with overwhelming intensity under this moderate dependence
scenario. As time progresses, the gap between the 99.9% and 99% in Figure VaR becomes
noticeably larger than the gap between the 99% and 95% levels. This highlights how the
Clayton copula, even with moderate dependence, places increasing weight on extreme joint

losses at higher confidence levels.
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Figure [I0D], with 05 = 0.44, illustrates how increased tail dependence drives a significant rise in
extreme loss estimates, particularly at high confidence levels. Here, stronger lower tail depen-
dence results in the 99.9% VaR escalating more rapidly, approaching 90% of the portfolio value
for even small values of t. The 99% VaR also rises more steeply compared to Figure [10al, con-
firming that stronger dependence among defaults not only increases the likelihood of joint tail
events but also accelerates the potential loss realization over short horizons. Interestingly, the
95% VaR remains relatively insensitive to the increase in 6, which suggests that this confidence

level is less sensitive to stronger tail dependence.

Increasing the tail dependence further to 8 = 1.12 leads to even more abrupt changes in the
time evolution of VaR, as illustrated in Figure [I0c, For the highest studied confidence level,
99.9%, we observe a sharp increase in VaR early on (i.e., for small ¢), indicating that this risk
measure is extremely sensitive to rare, extreme events. Although such events are unlikely, their
potential impact is significant. At the 99% confidence level, a similar sharp increase occurs, but

at a later stage (larger t).

The relative difference between the VaR estimated using the Clayton copula and the Black-
Scholes VaR is shown in Figure [I0dl Similarly to the relative difference between Gaussian
VaR and Black-Scholes, the Cayton VaR is significantly higher than the Black-Scholes VaR.
Most prominently for VaRgg g9, where it peaks at almost 20 times higher VaR than the Black-
Scholes, but also for lower confidence levels. While the relative difference for VaRgsy and
VaRggy, increases consistently after ¢ = 4, we see that the relative difference for VaRgg g%

remains relatively steady after this point.

The time evolution of VaR under the one-factor Gaussian copula and the Clayton copula re-
veals notable differences, particularly at higher confidence levels. As shown earlier, the VaR
estimates derived from the Clayton copula framework are consistently higher than those from
the Gaussian copula, even when the dependence parameters are calibrated to yield comparable

average correlations.

For example, comparing the Gaussian copula with p = 0.3, Figure[5a, to the Clayton copula with
0 = 0.169, Figure , we observe that at the 99.9% confidence level, the VaR under the Clayton
copula reaches approximately 60% of the initial value of the portfolio, while the Gaussian copula

model yeilds only about 45%. A similar pattern holds when p is increased to 0.6 and compared
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to a Clayton copula with 8 = 0.44, where the Clayton-based VaR climbs to around 90% after
just 10 days, whereas the Gaussian counterpart levels off closer to 75% over the same horizon.
Increasing p to 0.9 under the Gaussian framework and comparing it to a Clayton copula with
6 = 1.12 reveals similar overall patterns, but also some notable differences. Under the Gaussian
framework, the Value-at-Risk (VaR) at the 99.9% confidence level reaches nearly 100% almost
immediately. In contrast, the Clayton copula exhibits a delayed but abrupt increase in VaR
after a short time, although still at an early stage (small t). At the 99% confidence level, both
models display a sharp increase in VaR, transitioning from very low to nearly 100% over a short
time horizon. However, the Clayton copula shows this behavior significantly later compared
to the Gaussian model. For the 95% confidence level, the two models produce nearly identical
results, with VaR remaining flat at low levels across the time horizon. This suggests that VaR

is relatively insensitive to extreme dependence structures at lower confidence levels.

These differences are a direct consequence of the structural properties of the two copulas. The
one-factor Gaussian copula assumes symmetric dependence and lacks tail dependence, which
leads to an underestimation of joint extreme events. In contrast, the Clayton copula exhibits
strong lower tail dependence, making it more sensitive to clustered defaults and extreme co-
movements in the lower tail of the distribution. This property leads to a steeper increase in
VaR for higher quantiles and longer horizons, making the Clayton copula particularly suitable
for stress testing and risk assessment in scenarios involving joint credit events or systemic

shocks.

Value-at-Risk using Clayton Copula for t = 5, 7=0.6, c=0.04 Value-at-Risk using Clayton Copula for t = 20, v=0.6, c=0.04
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Figure 11: Value-at-Risk (in % of V4) as function of Clayton copula parameter 6 at fixed time
point ¢t = 5 and ¢t = 20 days for a portfolio with v = 0.6.
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In Figure we examine the impact of varying the dependence parameter 6 on the estimated
VaR. For a time horizon of ¢ = 5, both VaRg59, and VaRggy decrease as 6 increases, while
VaRgg 9% initially increases for § < 0.68, and then begins to decrease for higher values of 6.
As the dependence parameter reaches very high levels, the VaR estimates begin to exhibit
a different pattern, characterized by a flattening trend followed by a slight decline. When
extending the time horizon to 20 days, a similar trend emerges. Both VaRggy and VaRgg g%
increase with higher 6, while VaRg5¢ remains very low and continues to decrease toward zero

as 6 increases.

Value-at-Risk using Clayton Copula for t = 5, ¢=0.04, #=0.169 Value-at-Risk using Clayton Copula for t = 20, c=0.04, 6=0.169
v

T 0 . L L L L L
0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
M »

(a) t = 5 days (b) t = 20 days

Figure 12: Value-at-Risk (in % of V4) as function of u at fixed time point ¢ = 5 and ¢t = 20 days
and where # = 0.169 for a portfolio with v = 0.6.

Figure [12| examines how VaR behaves as a function of the drift parameter p under a Clayton
copula with § = 0.169 and v = 0.6. Results are shown for two fixed time horizons, t = 5 (Figure
, and t = 20 (Figure . At both time horizons, increasing u leads to a consistent upward
shift in all VaR estimates, as a higher average loss rate naturally implies greater risk. This
effect is most pronounced at the 99.9% level, which exhibits the steepest rise across the entire

range of .

While the general upward trend is present in both Figure and Figure [12D] a key distinction
emerges at the longer horizon, t = 20, where the rate at which VaR increases begins to diminish
gradually for higher pu. This flattening, most noticeable in the 99.9% VaR curve, suggests a
diminishing sensitivity of tail risk to further increases in drift. The shape of the VaR curves
remains relatively stable between the two time frames, with no sudden nonlinearities. This

indicates that while time horizon magnifies overall risk levels, it does not fundamentally alter
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the way p interacts with the loss distribution under the current model settings.

Value-at-Risk using Clayton Copula, y=0.7 - Value-at-Risk using Clayton Copula, 7=0.7

VaR(L)/Vy (in %)

(a) y=10.7 (b) y=10.3

Figure 13: Value-at-Risk (in % of V) as function of ¢ at fixed time point ¢ = 20 days and where
6 = 0.169 for a portfolio with v = 0.7 and v = 0.3.

Figure [13|shows how the VaR responds to variations in the bond coupon rate, ¢. The analysis is
conducted at a fixed time horizon of 20 days, with the dependence parameter set to 6 = 0.169.
Two portfolio allocations are considered, one consisting of 70% stocks and 30% bonds (y = 0.7),
and the reverse allocation of 30% stocks and 70% bonds (v = 0.3). In both cases, the coupon

rate varies from 0 to 0.1.

Across all confidence levels and both portfolio allocations, the VaR curves remain almost flat
as ¢ increases. This outcome holds regardless of whether the portfolio is tilted towards stocks
or bonds, suggesting that short-term credit risk, as captured in this 20-day horizon, is largely
unaffected by changes in bond yield. The limited sensitivity likely stems from the short time
horizon, during which coupon rates have only a marginal impact on the overall loss distribution,

especially when compared to factors like default correlation, @, or the drift parameter, u.
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vy=03 =05 =07 =1

VaR 95% 0.32 0.59 0.85 1.26
VaR 99% 3.67 5.11 6.55 8.70
VaR 99.9% 16.27 21.85 2742 35.78

VaR 95% 0.23 0.43 0.64 0.94
VaR 99% 2.45 3.60 4.75 6.47
VaR 99.9%  34.99 47.18 59.37  T7.66

VaR 95% 0.21 0.40 0.59 0.87
VaR 99% 0.36 0.65 0.95 1.39
VaR 99.9% 30.50 49.29 68.08  96.26

0=112| 6 =0.44 |0 =0.169

Table 5: Value-at-Risk (in % of Vj) across different v and 6 levels

Table[5] presents the VaR estimates at three confidence levels (95%, 99%, and 99.9%) for different
combinations of portfolio allocation, v, and dependence structure parameter, 6, in the Clayton
copula. As expected, VaR increases with the confidence level, reflecting greater sensitivity to
extreme tail events. Additionally, VaR rises as the portfolio becomes more equity-heavy, i.e., as

v increases from 0.3 to 1.

The Clayton copula, known for its ability to model lower tail dependence, captures extreme
co-movements more effectively than the one-factor Gaussian copula. Consequently, VaR esti-
mates in Table [5] are generally higher at the 99.9% level compared to those reported in Table [4]
where the Gaussian copula is used. This difference is particularly pronounced at higher depen-
dence levels, which are matched across tables using comparable parameter pairs, where p = 0.3

corresponds to # = 0.169, p = 0.6 to § = 0.44, and p =0.9 to 0 = 1.12.
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Value-at-Risk using Clayton Copula for t = 20, c=0.04, 6=0.169

Value-at-Risk using Clayton Copula for t = 5, c=0.04, 0=0.169 60

(b) t =20

Figure 14: Value-at-Risk (in % of V) as function of 7 at fixed time points ¢ = 5 and 20 days
and where 6 = 0.169.

Similarly to the Gaussian case in Figure [0 in Figure we observe that portfolios with a
larger stock allocation v exhibit higher VaR levels, both over the 5-day and 20-day horizons.
This outcome is intuitive and aligns with standard financial theory, as equities generally carry
higher volatility and greater exposure to jump risk than bonds. Notably, the relationship
between VaR and the portfolio’s stock allocation appears approximately linear, suggesting that
risk increases proportionally with equity exposure, at least within the observed short-term
time frames. During these short time intervals, it is likely that the time is too short for the
compounding effects of drift or coupon accumulation to significantly impact the portfolio value.
Moreover, the fact that this pattern holds under both the Gaussian and Clayton copulas despite
their differing dependence structures indicates a certain robustness in the relationship between

VaR and equity allocation.

5 Conclusion

In this thesis, we studied the risk characteristics of portfolios composed of both equities and
defaultable bonds, focusing on the compounding effect of bond defaults triggering downward
jumps in stock prices. By comparing the model introduced by Herbertsson (2025b)) to the
classical Black and Scholes (1973) model, we show that neglecting jump risk and default clus-
tering can lead to a dramatic underestimation of potential losses. The VaR estimates derived
under Herbertsson’s model were consistently and substantially higher, particularly at high con-

fidence levels and over short horizons, often exceeding the Black-Scholes estimates by more than
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1000%.

An important aspect of the analysis is the comparison between the one-factor Gaussian and
Clayton copulas, which were used to model default dependence. The results indicate that while
both structures lead to higher VaR estimates as correlation increases, the Clayton copula, due
to its lower tail dependence, produces more conservative risk estimates, particularly at high
confidence levels. This effect is most pronounced at extreme quantiles, where the likelihood of

clustered defaults increases.

Beyond dependence modeling, the analysis highlights how portfolio composition, asset depen-
dence, drift, and the coupon rate influence downside risk. Increasing the equity share consis-
tently raises VaR, as a higher stock allocation increases the portfolio’s exposure to jump risk
triggered by bond defaults. Similarly, stronger asset dependence, modeled through higher copula

parameters, amplifies the likelihood of clustered defaults, resulting in more severe losses.

Overall, the findings underline the importance of incorporating default-driven jumps and realis-
tic dependence structures when assessing the downside risk of stock—bond portfolios, particularly

in environments where credit stress and contagion effects are relevant.

Future work could extend the present analysis by applying the model introduced by Herberts-
son (2025b) to real-world market data, enabling empirical validation and potentially uncovering
further insights into jump risk and default clustering under observed credit conditions. Such an
extension would not only enhance the model’s practical relevance but also open up discussions
around model calibration, parameter stability, and predictive accuracy. Another promising di-
rection is to apply the model within a portfolio optimization framework, where the objective
is to minimize VaR with respect to the portfolio allocation. This approach could help iden-
tify optimal stock—bond allocations under credit risk, thereby bridging the gap between risk

quantification and actionable investment strategy.
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