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Abstract: This quantitative study aims to investigate Swedish 4th and 6th grade students' 
comprehension of mathematical concepts within algebra. The concepts investigated were 
chosen out of the mathematical core content devised by the Swedish National Agency for 
Education (Curriculum for compulsory school, preschool class, and after-school center, 2011).  
The study was conducted using a quantitative research method, with surveys intended for both 
students (n=126) and teachers (n=3). Problem statements include queries aimed both at 
students' comprehension and teaching approaches, as the two are closely interrelated. Historic 
perspectives are showcased, with Swedish as well as international research reviewed. Results: 
The results of this study indicate that middle-school students struggle with concept 
comprehension. The common use of x, y, and z within algebra could also have implications for 
students' comprehension regarding variables and the concept of unknown numbers, as was 
shown when the students were introduced to a different variable (the letter r was used to 
represent an unknown in the survey).  
  



iv 
 

Preface 
 
This essay is dedicated to my late father professor Nils Svanstedt.  Your love for mathematics 
and the world of science has been conveyed to me. Unfortunately, it did not happen in time to 
be shared with you, but I am grateful for it nonetheless. I can only hope to inspire and teach 
students with the same inspiration and engagement as you did, both to me and your students.  
 
I would also like to thank my other family, and friends, for support and motivation throughout 
these four years of studies. I am forever thankful.  
 
A special thank you to my similarly overthinking friend Andrea Crawford, for finishing my 
thoughts and sentences for me.  
 
  



v 
 

Table of Contents 

1. Introduction .......................................................................................1 

2. Purpose of study ................................................................................2 

2.1 Problem statements ..................................................................................... 2 

2.1.1 Problem statement definitions and explanations ................................................... 2 

3. Background .......................................................................................3 

4. Previous research ..............................................................................4 

4.1. Historic standpoints ................................................................................................. 5 

4.1.1 The Vygotskian tradition ....................................................................................... 5 

4.3 Learning activities within developmental teaching ..................................... 6 

4.3.1 Practical implementation ....................................................................................... 7 

5. Methodology .....................................................................................8 

5.1 Selection and survey construction ............................................................... 8 

5.2 Ethical research principles .......................................................................... 9 

5.3 Validity and reliability of the study ............................................................ 9 

6. Analysis ...........................................................................................11 

6.1 Student survey results ............................................................................... 11 

6.1.1 Teacher survey results ......................................................................................... 18 

7. Discussion .......................................................................................20 

7.1 Students¶ misconception and comprehension ........................................... 20 

7.2 Different approaches ................................................................................. 21 

7.3 The importance of a fundamental number sense ....................................... 22 

7.4 Methodology discussion ............................................................................ 22 

8. Conclusion.......................................................................................23 

9. Ideas for future research ..................................................................23 

References ...........................................................................................24 

Appendices ..........................................................................................26 

 



1 
 

1. Introduction 
The decision to focus my study on this subject stems specifically from the experiences of my 
final practical placement. During five weeks, I partook in the planning and introduction of the 
subject ³equations and operations´ in a grade 6 at a SZedish middle school. The mentoring 
teacher primarily used a laboratory way of teaching and generally steers clear of the traditional 
use of mathematical textbooks. The focus was often put on problem-solving and creating a 
collaborative environment, meaning students were encouraged to discuss in groups and use 
relational thinking to further comprehend. In the class parallel to this group, the teacher instead 
relied heavily on the textbook and allowed students to practice their skills through repetition. 
This sparked an idea for me, what is essential for students to learn, to properly comprehend 
algebra? 
 
The mainstream arithmetic curricula often incorporate algebra at random, and often in 
combination with arithmetic content to enable one to possibly ignore the treatment of the 
algebraic contents in instruction. This also corresponds to the common practice of arithmetic 
first, then algebra, which has been proved problematic as students often have inadequate 
comprehension regarding the correlation between algebra and arithmetic. Despite research 
showcasing how children learn and how we could be teaching them, a lot of teachers still choose 
to work with different mathematical areas separately thus making it more difficult for students 
to see the relationship between them (eg. Fonger & Stylianou, 2018). 
 
Another point of interest to me was why students, as well as teachers, often view algebra as 
something you are only exposed to during your later school years.  Intriguingly, algebra is 
commonly regarded as a necessary passage to higher mathematics (Demosthenous & 
Stylianides, 2014).  
 
Furthermore, a majority of research regarding algebra in elementary school suggests that 
students who are exposed to algebra early on, have a better understanding of algebraic reasoning 
(Stylianou et. al, 2019) later in their education.  
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2. Purpose of study 

The purpose of this study is to investigate Swedish middle-school students' comprehension of 
a selection of mathematical concepts within algebra. These concepts have been chosen from 
the core content out of the mathematics curriculum for grades 4-6 in Sweden, with each concept 
representing a  critical aspect. Furthermore, the algebraic concepts studied in this essay have 
been analysed and reviewed with the definition that ³conceptual understanding is similar to 
comprehension in reading with reading comprehension defined as making sense of what is 
read´ (Capraro & Joffrion, p. 149, 2006).  

2.1 Problem statements 
x What might be a problematic area within algebra in the lower grades? 
x  What is it that students seem to struggle to comprehend? 
x How do teachers approach the subject matter of algebra in the lower grades? 

2.1.1 Problem statement definitions and explanations 
For students to fully comprehend algebra and algebraic reasoning, prior knowledge is 
fundamental. Like any other language, mathematics involves a significant number of symbols 
and concepts necessary for users to comprehend. And as algebra also contains a significant 
amount of regular words and notions, it requires students to have appropriate reading 
cognizance as well. This can become problematic in the earlier school years, as students who 
struggle with reading comprehension also find algebra difficult and troublesome to learn and 
understand.  
 
As mentioned previously, one of the reasons behind the decision to focus this study on students' 
concept comprehension within algebra was the experiences during my last practical placement. 
I was made aware of the considerable differences between the two teachers and their approach 
to introducing algebra, and how this impacted the students' understanding. Prior to this, any 
theories regarding this could mainly be based on my own experiences of being a student in 
compulsory school, as well as at university. Seeing the differences in how the teachers 
introduced and communicated the subject made me interested in investigating whether there 
were more ways, and what those might be.  
 
Regarding the problem statement of what it is students struggle to comprehend and why, I 
mainly drew inspiration from my practical placement, as well as previous research. The fact 
that algebra is perceived as difficult and often problematic for students seems to be well 
cemented already. However, what specific content students struggle with, and why was an area 
I was curious to examine further. These matters could be caused by the teaching approach, 
and/or students lacking the necessary prior knowledge (whether it be reading comprehension 
or arithmetic skills).  
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3. Background 

The Swedish curriculum for middle school has divided the core content for grades 4-6 within 
algebra into five subject areas. This study is focused on three of these:  

x Unknown numbers and their qualities as well as situations where a symbol might be 
necessary for these unknown numbers.  

x Algebraic expressions and equations relevant for the pupils. 
x  Strategies for solving equations. 

(Swedish National Agency for Education, 2011)  

This indicates that teachers are given the necessary framework for creating a successful learning 
environment in these grades, however this is not how teachers necessarily act in their everyday 
teaching (Englund, 2005). Following the curriculum requires teachers to implement the content 
resulting in the students successfully comprehending. The method and strategies used to do this, 
lies in the hands of each teacher. However, various international assessments over the years 
have shown that Swedish middle- and high-school students have inadequate comprehension 
when it comes to algebra and problem-solving. In fairness, what is taught through the Swedish 
curriculum differs a great deal from the structure that exams such as PISA follow, and the 
results from these assessments do not automatically attest to the mathematical competence of 
Swedish students. Nevertheless, the notion of algebra being difficult, and a passage to higher 
mathematics (Demosthenous & Stylianides, 2014), seems so be applicable to countries around 
the world, perhaps suggesting that the possible difficulties Swedish students have are common 
occurrences.  
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4. Previous research 

A major component regarding students traversing the bridge between arithmetic and algebra is 
relational thinking (KÕ]Õltoprak, YaYu]so\-K|se;, 2017), a bridge deemed difficult for a lot of 
students to cross (Stylianou et. al, 2019). In Sweden, a diagnostic assessment tool for 
mathematics was created to help teachers within certain areas of mathematics. In a summative 
report on this assessment tool (Löwing, 2016), the author mentions that from a didactical 
standpoint, the subject of algebra and patterns is a relatively unexplored area (ibid), which 
makes it difficult to assess. Another aspect to consider is the teachers' approach when 
introducing early algebra, as well as the teachers' own experiences and prior knowledge of 
algebra. A study from 2016 explored the concept of introducing teachers to ideas in abstract 
algebra, and how this might have an impact on their instructional practices. The results indicated 
that teachers were more likely to incorporate explicit structure in early algebra with students, 
and their new instructional practices fostered increased reasoning and sense-making 
(Wasserman, 2016).  

The importance of algebra comprehension is evident; however, the effects of inadequate algebra 
skills are an imperative aspect to consider. People that lack education in algebra, have been 
compared to ³people Zho in the Industrial Age did not haYe reading and Zriting abilities´ 
(Strand & Mills, p.386, 2014). This comparison, as radical as it might seem, does become 
apparent when the occurrence of deficient algebra comprehension shows around the world.  

In light of this issue, demand for the inclusion of algebra in the (American) elementary school 
curriculum has arisen. The adYocates backing this idea, propose that the current ³arithmetic 
first, algebra later´-approach can be ³derailing´ and ³abrupt´. Instead, suggestions haYe been 
made to incorporate and embed algebraic notions into instruction in middle school (Strand & 
Mills, 2014). Furthermore, the impact middle-school teachers have on their student's 
comprehension is significant, thus also making their own algebraic understanding crucial. As 
Strand & Mills states: ³it is eYident that elementar\ school teachers are responsible for 
facilitating their students' development in algebraic concepts, and, therefore, they need to have 
a deep understanding of the foundation of algebra themselYes´ (p. 387, 2014) 

The aforementioned studies and reports cement the fact that early algebra exposure is important 
for students' fundamental comprehension of mathematical relations and concepts. Therefore, it 
might be beneficial for it not to be taught isolated from other areas of mathematics, such as 
arithmetic.  Furthermore, mathematics is generally heavily based upon prior knowledge and 
conceptual awareness and activating this is essential for creating comprehension and interaction 
with mathematical texts and concepts (Duru & Koklu, 2009). 
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4.1. Historic standpoints 
 
In 2010 a study was conducted in Sweden, showcasing some of the difficulties students have 
regarding algebra, most of which have already been mentioned, but another is arithmetic skill 
deficienc\ (Persson, 2010). Again, emphasi]ing the impact of the ³arithmetic first, algebra 
later´-approach might have on students' mathematical achievements.  
 
Two decades ago, the (American) National Council for Teachers of Mathematics proposed the 
notion of introducing algebra in the loZer grades b\ stating that ³b\ YieZing algebra as a strand 
in the curriculum from prekindergarten on, teachers can help students build a solid foundation 
of understanding and experience as a preparation for more sophisticated work in algebra in the 
middle grades and high school´ (p. 37, NCTM, 2000). But not only does early algebra have a 
direct effect on students' mathematical achievements in school, but it might also have a long-
term indirect effect later on in their lives. Some argue that without the proper development of 
algebraic reasoning, students are at a larger risk of failing mathematics. That in itself might lead 
to students being devoid of career and economic opportunities (Blanton et al., 2015)  
 
Acquiring mathematical content is reliant not only on mathematical skills and knowledge, but 
on adequate language skills as well. The Swedish curriculum states that 4-6th grade students 
should be given the opportunity to develop the skills necessary to form logical arguments and 
reasoning within mathematics (the Swedish National Agency for Education, 2011). These are 
skills aptly developed through conversation, suggesting that students might better comprehend 
algebraic concepts if allowed to discuss and reason verbally.  
 
Jean Piaget suggested that children are capable of grasping both mathematical and scientific 
notions if given the proper time and stimulus necessary (Säljö et al, 2014), an idea bearing 
similarities to those of Lev Vygotsky who presented the theory of the zone of proximal 
development. The zone of proximal development is based on the notion that children can 
cooperatively solve problems. One approach to teaching algebra to younger learners that have 
been studied and discussed internationally is the Davydov Program, created by Vasily Davydov 
and Daniil Elkonin (Eriksson & Jansson, 2017). The Davydov program, or theoretical 
framework, is greatly founded in Vygotskian tradition. The idea of theoretical thinking is that 
learning is acquired through participation in explicitly structured learning activities, an idea 
heavily influenced by Vygotsky's theory of developmental teaching. This approach suggests 
that children must be ³jointl\ engaged in a learning actiYit\´ (Eriksson & Jansson, p.258, 2017). 

4.1.1 The Vygotskian tradition 
The legacy of Vygotsky, the cultural and educational impact of his work and research is vast. 
Some of his theories have been adapted and concretized by Davydov & Elkonn and resulted in 
the Davydov program. A program that has been subject to a myriad of work in the decades 
following its publication. Fellus & Biton (2017) authored a literary piece in which an imaginary 
conversation between the duo and Davydov ensued. This conversation highlights some of the 
many principles of both the program and Vygotsky's tradition. One of which has been 
mentioned above, being conversation as a methodology. The pair defines conversation as a 
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method as reflectiYe ³of both manner (together Zith) and purpose (get acquainted Zith) and 
brings forth the dynamic nature of the process of meaning-making embedded in the activity of 
conYersation´ (Fellus & Briton, p. 137, 2017). Another principle the piece underscores is the 
view on public education, and how the spread of it has further cemented the theory of 
upbringing and instruction as being the social and psychological forces regarding the 
³deepening of peoples intellectual deYelopment´ (Fellus & Briton, p. 137, 2017).  

4.2.1 A Swedish perspective 
A pilot study conducted by Inger Eriksson and Anders Jansson also brought forth many aspects 
of the Davydov program and applied these to a Swedish context. In particular, the duo mentions 
that many teachers in Sweden might be apprehensive concerning the application of such a 
program, as its relation to the Swedish curriculum might not have enough evidence. 
Furthermore, the interest in alternative methods in which to teach algebra. This interest might 
well be due to the previously mentioned decline in Swedish students¶ performance on problem-
solving tasks on diagnostic tests (Eriksson & Jansson, 2017). 

4.3 Learning activities within developmental teaching 
One of the main principles of developmental teaching is that when concerning children's mental 
development, teaching should be at the forefront. Furthermore, creating learning activities in a 
content-rich environment is fundamental for the success of students recognizing and 
understanding conceptual relationships of a specific type of phenomenon (Eriksson & Jansson, 
2017). The teacher's function within this approach is often to suggest a situation, implicitly or 
explicitly, with a problem. What that problem is and how it can be solved, however, is up to the 
students to determine. The situation must be framed in such a manner that known and 
established problem-solving methods and strategies are insufficient. This creates a learning 
activity that the students must work jointly to solve, thus engaging in a manner akin to that of 
Vygotsky's zone of proximal development (Eriksson & Jansson, 2017). To create learning 
activities within mathematics the way of instruction should be organized in such a manner that 
algebraic reasoning can be developed. Eriksson (2017) defines both arithmetic and algebraic 
traditions in her study, and to better understand the approach of the Davydov program, these 
definitions will be reviewed in the following paragraphs.  
 
The arithmetic approach widely and commonly applied globally, is characterized by students 
developing a number sense through working with mathematical operations containing numeric 
examples. A common notion within this approach is that during their primary years, students 
develop a sense of mathematical concepts. These concepts should be derived from everyday 
situations and concretized by means of both laboratory and specific tasks. Concepts and notions 
acquired throughout this process are considered the fundamentals necessary for higher 
mathematics. 
 
In contrast to this lies the algebraic approach, where the focus is placed on allowing students to 
create mathematical problems collaboratively. This is done via cooperation, both amongst 
students, but also with the teacher. Discussions and reasonings are vital for the development 
and continued progression, of students' conceptual comprehension (Eriksson, 2017).  
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4.3.1 Practical implementation 
The algebraic approach can, despite the possible implications mentioned above, be adapted to 
fit within the framework of the Swedish curriculum. Improving students' problem-solving 
capabilities should be of interest to working teachers, especially due to the reasons already 
mentioned. Implementing learning activities in a similar manner to that which is described 
aboYe could be a solution. ³When students can discern the specific core principle of a concept 
and its conceptual relationships, symbol, or model, they then can identify concrete instances of 
the relevant theoretical knowledge. This is described as ascending from the abstract to the 
concrete´ (Eriksson & Jansson, p.258, 2017). To implement a framework such as the one 
mentioned above, teachers need to have a great, fundamental understanding of algebra, along 
with the practical knowledge of how to create learning activities in which students are 
stimulated and required to work within the zone of proximal development.  
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5. Methodology 
This study investigates the concept comprehension that Swedish middle-school students 
(n=126) have within common algebraic concepts. These concepts have been selected from the 
Swedish middle-school curriculum and converted into survey questions. As an important aspect 
of students' comprehension derives from their teaching, teachers (n=3) also participated in the 
study. This participation was by way of a separate survey concerning how they introduce and 
how they work with algebraic concepts. The initial idea for the study was to conduct classroom 
observations as well as student and teacher interviews. Due to the ongoing Covid-19 pandemic, 
this was deemed uncertain as it would have been necessary to interview multiple subjects and 
observe at different schools. Instead, the decision was made to create two quantitative surveys, 
following the quantitative research methodology as described by Bryman (2016). As the study 
presented in this essay was limited to an eight-week timeframe, the most pressing issue 
(alongside specifying problem statements) was finding subjects who were able to participate.  

5.1 Selection and survey construction 

Subjects participating in the study were all chosen from a Facebook group for mathematics 
teachers in grades 4-6. Six teachers responded and expressed interest in participating, each 
teacher represented by one or two classes.   

Following the selection process, the construction of the surveys began. At the onset, I intended 
to only send out a questionnaire to the students. However, during the creation process of the 
first survey, it became apparent that the answers from those questionnaires would be insufficient 
regarding answering the problem statements. Thus, I decided to create a survey aimed at 
exploring the teachers' approaches to algebra, as an accompaniment to the students' 
questionnaire.  

The student survey questions were grounded in the mathematical concepts mentioned above: 
algebraic expressions and equations, variables, and problem-solving. The final survey 
contained 15 questions that ranged from yes/no-type questions to the students writing 
explanations and reasonings. As multiple studies also bring up the ³equals sign´ as a 
problematic symbol, some questions were targeted towards students' understanding of it. 

The teacher survey was instead aimed at learning how teachers introduce the subject, what prior 
knowledge they deem crucial, as well as how and to what extent they work with concept 
comprehension in the classroom.  

Surveys were created using Google Forms, and when finished forwarded to the teachers via 
email with information about the two surveys (appendix 2 & 3).  

Participants were then given two weeks to complete the surveys. Google Forms enables you to 
send an open link directly to the survey, which meant teachers and students had access to the 
form immediately.  

Replies came in progressively, with the data being compiled automatically on the platform. 
Results were then gathered and organized continuously throughout the two weeks using Excel 
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spreadsheets. Each question received a spreadsheet, and the answers were assembled into 
categories. The categories were then coded, and each category tallied. The tallies were then 
used to create charts.  

The answers within each category were then compiled, based on how the majority of students 
answered. Most questions received a non-applicable answer category as a lot of students 
responded with a question mark. I decided to not label those answers as non-responses as it was 
an interesting fallout nonetheless.  

The teacher survey will be briefly mentioned here, as it is described in further detail later on. 
The disposition of the teacher survey was different from the student survey, it did not have a 
diagnostic outline. Instead, questions were more open-ended and inquisitive in nature.  

4 teachers and approximately 120 students were involved in the study; some ~ 90 answers were 
received on certain questions whilst others over 120, hence approximately. The participating 
students were at the time of the study in 4th and 6th grade. 

5.2 Ethical research principles 

The ethical research principles formulated by the All-European Academies, have been applied 
and followed during the process, as to maintain a professional integrity (ALLEA, 2017).  

Prior to sending out the surveys, a consent form was created for custodians to sign as the 
participating students are under the age of consent. This was at the end made redundant, as the 
surveys were answered anonymously and did not manage any kind of personal or ethically 
sensitive information. However, it has been disclosed as an appendix.  

Participating teachers received information about the study and were also asked whether they 
wanted to give their consent to take part in the study or not. This was done via email, and as an 
initial question on the survey.  

Following the compilation and gathering of results, I contacted the teachers to let them know I 
had received their, and their students, answers. They were also informed that if interested, the 
study would be shared with them.  

To note, the surveys (appendix 2 & 3) and accompanying answers were originally written in 
Swedish. They have without any changes that might compromise the validity been translated 
to English, for the purpose of the study.  

5.3 Validity and reliability of the study 
Bryman (2018) suggests that research results should be motivated, in the following paragraphs 
the concepts studied, and the results shown in the study will be problematized and discussed. 
Within quantitative research certain tenets are considered to be of great importance, these are 
the validity, reliability, and generalisation of the study. The validity supports the notion that 
what is measured, is what the study aims to measure. In this case, the validity is proven by 
whether the surveys investigate and give answers to the problem statements, and if the results 
are interpretable in relation to these statements.  
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Within validity, contributing factors can be categorised as dependant and non-dependant. For 
the purpose of this study, the factors considered dependable were the students' mathematical 
prior-knowledge, age, reading comprehension, and teaching approaches. The non-dependable 
factors that have not been taken into account could be, classroom environment, students' 
socioeconomic background, gender, and the teachers¶ educational background.  
 
The dependability of the study can be signified by its reliability. This implies that the study has 
been performed using an appropriate method, concerning the problem statements and 
investigative target. The reliability, in this case, can be validated by the disposition of the 
surveys, and how the questions were conveyed.  
 
Due to the quantitative nature of this study, the findings cannot the generalised or assumed to 
be applicable if the study were to be replicated. However, the results can provide a source where 
similar tendencies might be drawn from, id est in the case of interest concerning students' 
concept comprehension within algebra. 

  



11 
 

6. Analysis 
The analysis consisted of three separate stages. The initial stage was to compile the results into 
an Excel spreadsheet after all the responses had been accumulated. This was followed by a 
coding process, meaning that answers were categorized and organized within these categories.  
 
These categories were then used to register the number each category was given on a 
spreadsheet. As mentioned previously the decision to keep the non-applicable answers was 
made, as they too, contributed to the overall analysis.  
 
The third and final stage was analysing and reviewing the data and establishing what could be 
derived from it.  

6.1 Student survey results 
As students from both 4th and 6th grade participated in the study, their answers were initially 
distributed in two separate groups. However, when looking at the results, it proved unnecessary 
to keep the age groups separate as there were not any major differences that could be a result 
of their age (see Q1-15, appendice 2, for student survey). However, Q15 (fig.7) did prove to be 
a dividing, which might be attributable to the fact that the 4th grade students lack either the 
reading comprehension or the arithmetic skills necessary to ³solYe´ the problem, and not their 
age.  
 
Question 1 of the survey was aimed at finding out whether the students (n=90) had any prior 
knowledge of the words algebra and equations. This was a multichoice question, allowing 
participants to ansZer ³Yes´, ³No´ or ³Unsure´. ³Unsure´ is represented as ³ansZer not 
applicable´ on the pie chart. 85% (n=76) ansZered that the\ had heard of it before. There Zas 
no significant difference between the age groups in whether they had prior knowledge of the 
words or not. 

 
Fig. 1. Students were asked whether they had heard of the mathematical concepts  
of equations and/or algebra before. 
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This indifference was also decipherable in Question 2 when students were asked to describe the 
concept of ³equations´. Out of all the student's replies (n=90), one student described the concept 
in a manner that indicated some comprehension of the concept. The student Zrote that ³both 
sides of an equation need to be equal´. The most common perception, hoZeYer, Zas that 
equations ³has to do Zith math´, ³its letters in math´ and ³[,\,]´. 47%  specificall\ ansZered 
that equations have to do with x,y, and z.  
 

 
Fig. 2. Results from students Zhen asked to describe the concept of ³equation´. 
 
The results on Fig.2 have been compiled into three groups: unable to describe the concept of 
³equations´, describes the concept as ³math Zith [,\,], etc´ and ³can properl\ describe the 
concept of equations´. As mentioned aboYe, one student properl\ described the concept, using 
a description similar to the common definition of the mathematical concept of equations. This 
definition is that equations are mathematical expressions containing an equals sign.   
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Question 3 (n=125) was specifically aimed at investigating the students' concept 
comprehension of the equals sign (Write what you know about the equals sign). The compilation 
of the responses followed a similar process as the previous questions. Answers were divided 
into three categories: answers stating both sides are or need to be equal, the solution is on the 
right side of the equals sign, and non-applicable ansZers such as ³it¶s a s\mbol´ or ³=´.  

 
Fig. 3. Columns representing the responses on Q3. 
 
38% (n=48) of students described the equals sign as a symbol representing the values on both 
sides being equivalent. Some of the explanations include:  
 

It¶s a mathematical s\mbol used to shoZ that both Yalues of it (the equal sign) are the 
same. 

 
The sums on either side of the = are equal. 
 
For example, if you have a scale with 3 kg on one side, the other side needs to have 3 kg 
also, so that it is balanced. 

 
Students Zhose ansZers Zere categori]ed as ³the solution is on the right side of the equals 
sign´, Zrote descriptions such as:  
 

You write an equal sign before the answer  
 
 Behind it (the equals sign) is the answer.  
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The answers represent the middle column on the chart and stand for 30% (n=38)  of all the 
responses. The remaining 31% (n=39) were within the non-applicable category. The 
descriptions were either incorrect or unintelligible.  
 
On the following question (Q5) students were asked to mark which of the following equations 
are correct (Mark the options that are correct): 

 
             A                     B                          C                     D                      E                        F 
 
Fig.4. Equations the students were given to mark. 
 
This question was answered by a total of 133 students. Most students, ~98% (n=130), marked 
A as correct. Option B however, received marks from ~ 71% (n=94) of students. Option D was 
the only incorrect option and received a correct-mark from 10 students.  
 
Question 10 is centered around the students¶ concept comprehension concerning variables and 
expressions. The students are given a variable, x, with a predetermined value, 10: 

 
Fig.5. The list of expressions students were asked to place in succession. They were also required to showcase 
how they came up with their answer, for example by writing the value of each expression. 
 
The majority of students (n=36) gave a non-applicable answer to this question, which seems to 
have been confusing to students. A significant number of participants answered with a question 
mark. One student wrote:  
 

You can't ansZer that because \ou don¶t knoZ Zhat [ is. 
 

Two other examples of student answers, categorized respectively as a non-applicable and an 
incorrect answer, were:  
 

2[ and [�[ are the same thing. 
 
First 2[, then [�[, then [ diYided b\ 2, then [+2. Because I took a number and then I saZ 
which one (expression) was the biggest and which one was the smallest. 

 
The students that gave an answer categorized as correct had used the value of x to find the value 
of each expression and then placed them in order of smallest to largest.  
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Fig.6. 16% (n=15) out of the total number of participating students (n=91) gave a fully correct answer on Q10.  

 
 
Questions 13 and 14 were reviewed mutually, as they targeted similar concept comprehensions. 
Q13 asked the students to provide an example of an expression ³five times larger than two´. 
The responses to this question were compiled into four categories, again one of these four were 
non-applicable answers. The results of Q14 corresponded with how the students answered on 
Q2 (Can you describe the concept of equations). Suggesting some comprehension difficulties 
might occur when students are exposed to the x,y and z variables.  
 
The remaining categories Zere students Zho ansZered: ³10´, ³5�2´ or ³2�5´, ansZers 
containing an equation such as ³5�2=10´ or similar, and the final categor\, Zhich Zas appointed 
other. This category was from an analytical standpoint interesting, due to the answers given by 
students. Some e[amples include: ³7´, ³3´ and ³5�2=20´. The first ansZer (7) could be caused 
b\ students' miscomprehension of the question. These students might haYe perceiYed the ³five 
times larger than two´ in a manner similar to that of the number line. Based on that perception, 
a number (or in this case an expression) five times larger than another, could be represented by 
steps or jumps on the number line:  
 
 

 
Fig. 7. The blue arch represents the possible student perception of steps or jumps on the number line, from the 
number two to seven, with a jump of five.  
 
The students ansZering ³3´ might haYe interpreted the question as an e[pression for the number 
signifying the difference between five and two.  
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Out of all the respondents (n=90), 28 students gave an answer that fits into the category 
considered correct.  
 

 
Fig. 8. Results of Q13. 
 
Q14 (Write an expression for the number four times larger than r) appeared more difficult for 
students to comprehend, again not indicating any considerable differences between 4th and 6th 
grade. The objective of this question was to investigate if students were able to write an 
expression with a variable not represented by x,y, or z. 
 
 This question Zas categori]ed into three groups: ³4r´, other, and non-applicable. The majority 
of respondents (n=90) responded Zith ³Zhat is r?´, indicating that perhaps students do lack 
either comprehension of or exposure to other types of variables than the ones mentioned above.  
 
The number of students giving a correct answer on Q14 was 23, only presenting a difference of 
five, compared to Q13.  
 
As mentioned previously Q15 proved to have the most differing results, between 4th and 6th 
grade students. The question is quite wordy (³Sandra, Hugo, and Malte have been foraging for 
mushrooms. Malte has picked 3 fewer than Hugo, and Sandra has picked 10 more than Hugo. 
Together they have 127 mushrooms. Create an equation, and calculate how many mushrooms 
each of them has picked´.) which could be one of the reasons the 4th graders struggle to 
comprehend the question. Not having the adequate reading skills for interpreting the question, 
as well as lacking the mathematical knowledge necessary for solving the question, could be 
underlying factors regarding the 4th graders' misconceptions.  
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1 student out of 51 (4th grade) gave a correct answer, however, did not provide an equation or 
explanation. Out of the participating 6th graders (n=75), 11 students provided both the correct 
answer and accompanying equation.  
 
5 students wrote an equation but did not come up with a correct answer. Examples of the 
students who attempted an algebraic equation, but did not arrive at a correct answer: 
  
  2x+7=127   3-x+10+x=127.  
 
The first equation indicates that the student has some understanding of how to convert a word 
problem into an algebraic equation, but does not know how to simplify the expression. This 
might be due to the student forgetting to include Hugo as X, and thus only having expressions 
for Sandra, X+10, and Malte, X-3. This problem was reoccurring for students who only wrote 
an equation, and did not write an answer. The second example similarly only has two 
expressions, again forgetting to include the variable that we have no information about (Hugo). 
This student has additionally wrongly put Malte as having 3-X, and Sandra as having 10+X 
amount. If or when finding a value for X, this would result in an incorrect total.  
 
Another common solution students in both 4th and 6th grade used were to simply divide 127 by 
3, and then as one student wrote: 
 

127/3 is  42,333333«so \ou just round that off to 42. 42+10=52 is Sandra¶s, Hugo has 
42 and Malte has 42-3=39.  

 
 

 
Fig. 9. Results of Q15, students were asked to create and solve an equation for a given problem. 
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6.1.1 Teacher survey results 

The teachers participating in the study were much fewer than the student (n=3) thus making 
any generalizations of the results unviable. However, their answers were deemed instrumental 
when analysing the students' answers as they provided an insightful perspective as to why 
perhaps the students answered in the manner they did (see appendice 3 for teacher survey). 

The teacher survey did not have the diagnostic characteristics of the student questionnaire. The 
focuses of this survey were instead teaching approaches, possible problem areas, and what prior 
knowledge the teachers considered imperative for the students, with the aim of comprehending 
the algebraic content, to have.  

Question 1 (In what way do you introduce algebra, in this case, equations, to your students?) 
asked what type of material, method, or other resources the teachers use. The responses were:  

 Textbooks and the Smartboard, sometimes a scale. (Teacher 1) 

Teacher 2 mentions ³laborator\ Zork´ Zhich is unfortunately not described in further details, 
but could perhaps be similar to that of Teacher 1 using a scale:  

 Movies, laboratory work, sometimes the Gamma textbook* 

Teacher 3 was the only teacher who mentioned any form of discussion or conversation as a way 
of introducing the subject matter, stating: 

 Allow the students to reason over what x can symbolize in an expression or an equation. 
Sometimes I hide cubes under a cup and let the cup symbolize x, and in that way create a 
concrete example of what an equation could be. 

The follow-up question to this Zas ³What prior knowledge do you consider a necessity for the 
students´, an aspect of interest as a great deal of the research studied for this essay brought 
forth the importance and impact of prior knowledge. The replies (n=3) showed both some 
similarities and differences in what is perceived as imperative: 

 The equals sign«that it does not equal the ansZer. (Teacher 1) 

The answer given by teacher 1 correlates with the common miscomprehension of 
the students, that being that the answer comes after the equals sign.  

 Fundamental number sense. The concept of the equals sign. (Teacher 2) 

Teacher 2 also mentions the equals sign as a concept of great importance, as well 
as number sense.  

 Multiplication and division, number sense. (Teacher 3) 

This also appeared in Teachers 3:s answer, who also mentions multiplication and division. 
Interestingly, all of the responses indicate that what the teachers deem important is what the 
students struggle to comprehend. 

*  https://webbapp.liber.se/matematikboken-gamma/#/ 

https://webbapp.liber.se/matematikboken-gamma/%23/
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Question 3 was targeted at problem areas the teachers find within algebra, and they all 
concurred that writing and creating algebraic expressions is what students struggle with the 
most. This correlates with the results of the students' replies on Q13 and Q14 when students 
Zere asked to create e[pressions for ³The number that is five times larger than two´ and ³The 
number that is four times larger than r´ (see fig. 8 as reference).  

Question 4 was aimed at investigating what concepts and notions the teachers deemed relevant 
and necessary (What concepts do you consider to be important for the students to understand, 
and why?). However, the question was not specific to the concepts being of algebraic nature or 
not, which meant the answers were quite broad. An interpretation of this could be that the 
teachers perceive the concepts and notions they responded with as necessary for algebra 
comprehension.  
 

 The difference between an equation and an expression. (Teacher 1) 
 
Teacher 2 answered similarly, but also mentioned equalities, perhaps suggesting that students 
need a better understanding of what equalities mean: 
 

 Equalities, equations, expressions, the rule of priority, variables, unknown numbers. 
(Teacher 2) 

 
The third teacher mentioned, more thoroughly, the need for students to comprehend what an 
expression is, also describing that students struggle with the notion that expressions do not have 
an answer.  
 

Creating expressions. Expressions. They struggle to comprehend what an expression is. 
They are (the students) so used to being served with a task or problem and knowing what 
to calculate or solve. The fact that e[pressions don¶t haYe ansZers is difficult for them to 
grasp. (Teacher 3) 

 
Despite there being a range of concepts provided by the teachers, they all unconnectedly 
regarded the concept expressions as a vital part. Again proving that what the teachers deem as 
important and as a problem area, is what students struggle to grasp.  
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7. Discussion 
The results of both the student's and the teachers' survey will be, concerning the previous 
research and the problem statements, reviewed and discussed. The problem statements are: 
 

x What might be a problematic area within algebra in the lower grades and what is it that 
students seem to struggle to comprehend? 

x How do teachers approach the subject matter of algebra? 

The results have been analysed with reading comprehension taken into consideration as a large 
portion of students' concept comprehension can be derived from their reading comprehension 
or lack thereof. The findings of Q2 and Q14 in particular, indicate that students struggle to 
comprehend the concepts, perhaps because they lack the linguistic understanding of the words 
and notions. Q2 was interesting from an analytical standpoint as it highlights the problems 
mentioned before, that students require comprehensive language skills to fully grasp the 
intended mathematical content. Again, the algebraic concepts studied in this essay have been 
analysed and reviewed according to  the definition that ³conceptual understanding is similar to 
comprehension in reading with reading comprehension defined as making sense of what is 
read´ (Capraro & Joffrion, p. 149, 2006).  

7.1 SƚƵdenƚƐ͛ miƐcŽnceƉƚiŽns and comprehension  

According to the studies discussed throughout the literary review, the results of this study seem 
to correspond to the research. One of the key tenets is that many people are of the impression 
that algebra is for older students or higher mathematics. This assumption seems to belong to 
many of the students participating in the study. As mentioned previously, answers deemed non-
applicable have been kept for the sake of the analysis.  

The common mistaken belief that equations are ³mathematics Zith [,\, and ]´ seems to be an 
occurrence not only amongst the students. The Swedish National Agency for Education has in 
collaboration with The National Centre for Mathematics Education published several 
documents for students with different language backgrounds, with concepts, notions, and 
words, described in their first language and Swedish. The English version of this document, 
states that equations are ³an equality that can contain one or more unknown numbers, for 
example: 5x + 3 = 23 and a2 + b2 = 25´ (The Swedish National Agency for Education, 2021). 
This definition would then suggest that the results shown in fig.2, when 47% of the students 
(n=90) described the concepts of equations by using the aforementioned description, is correct. 
The common definition, and what has been used for the purpose of this study, is that an equation 
is a mathematical expression containing an equals sign. 

The results of Q3 could be attributed to the fact that one common approach is to teach 2+2=4, 
rather than also including examples such as 2+2=2+2, or 4-2=8-6. This correlates to the 
responses  T1 and T2 gave to the question regarding important concepts and prior knowledge. 
The teachers both answered that understanding the concept of the equals sign is important, for 
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the students to thoroughly understand how and why operations are carried out in the manner 
they are (in algebra).  
 
Interestingly, one teacher and one student used the scale as an example, the teacher when 
describing how they introduce equations, and the students when describing the equals sign. This 
suggests that students might develop deeper comprehension when given concrete examples, a 
notion akin to that of Eriksson's study (2017) which states that concepts should be derived from 
everyday situations, and concretized by means of both laboratory and specific tasks.  
 
The fact that students are used to the mindset of ³the ansZer comes after the equals sign´, leads 
to many of them never fully comprehending the concept of equations. This implication evokes 
an interesting idea. Perhaps if more focus and time were put on discussions and reasonings 
around the words, as well as the concepts of, equation and equals sign, prior to applying them 
in arithmetic or numerical manner, there would be greater comprehension.  
 
During the literary review, a reoccurring topic was teachers' approaches, prior knowledge, and 
their own algebraic comprehension. Strand & Mills included in their study an example of 
equation teachers were asked to solve by utilizing relational thinking. The equation the teachers 
were given was: 

283 + 19 = x + 18 

This could, as described b\ Strand & Mills, for e[ample, be done b\ recogni]ing ³that because 
19 is 1 more than 18, [ should be 1 more than 283 to make both sides equal´ (2014, p. 388). 
This approach is not unlike the approach described by Eriksson & Jansson (2017), when 
students are encouraged to participate in learning activities via discussions and reasonings. By 
employing a relational thinking mindset, and encouraging students to deliberate and discuss 
equations and expressions in a non-numerical, algebraic or arithmetic, manner first-hand, they 
might be able to better understand. 

7.2 Different approaches 
The results drawn from the teachers¶ surYe\ are insufficient concerning hoZ the teachers 
approach the subject matter of algebra, as the questions only entail certain aspects (How they 
introduce it, what prior knowledge they deem necessary a.s.o.). However, the answers provided 
do showcase that there are numerous methods and strategies used when approaching the 
content, even amongst Swedish teachers in the lower grades. One of the teachers (Teacher 3) 
stated:  

Allow the students to reason over what x can symbolize in an expression or an equation. 
Sometimes I hide cubes under a cup and let the cup symbolize x, and in that way create a 
concrete example of what an equation could be. 

 
This approach draws similarities to what Eriksson & Jansson (2017) describe, where a situation 
must be framed in such a manner that known and established problem-solving methods and 
strategies are insufficient for the students to solve it. This creates a learning activity that the 
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students must work jointly to solve, thus engaging in a manner akin to that of Vygotsky's zone 
of proximal development. 

7.3 The importance of a fundamental number sense 
The results of the teacher survey proved that all teachers found prior knowledge essential for 
the students. Although what they deemed essential differed, two out of the three participating 
teachers mentioned number sense as a necessary ability. This notion is supported by 
Demosthenous & St\lianides, Zho state that ³students' difficulties Zith the structural properties 
of the algebraic s\stem originate in a limited understanding of the number s\stem´ (p.374, 
2014). This could suggest that students who lack the number sense within arithmetic 
mathematical operations are unable to comprehend the notions of an algebraic concept 
altogether.  

7.4 Methodology discussion 

As previously stated, the results of the study cannot be generalized or assumed to be applicable 
in instances or situations different from those of this particular essay. However, there is ample 
opportunity to dissect the method used, and discuss possible changes regarding the study, and 
how the results might have differed due to these.  

The initial idea to conduct interviews and observations would likely have resulted in a deeper 
understanding of both the students' concept comprehension, as well as the different approaches 
used by teachers. An important tenet to consider if a qualitative method had been used, is that 
there would have been a lot more contributing factors to reflect on. Had observations been 
conducted the students' gender, language background and the socio-economic situation might 
have all been of interest. Concerning possible interviews with teachers, more focus might have 
been placed on their educational background, age, and work experience.  

Had I similarly conducted the study again, the modifications would have likely occurred within 
the survey construction and analysis. Although the surveys as they stand today have provided 
answers and responses which can be scrutinized and analysed, based on the problem statements 
they (the survey questions) could have been written more elaborately. In particular, the teacher 
survey could have contained more questions where the teachers' prior knowledge and education 
was targeted, as this clearly can be connected to how they approach the subject matter of 
algebra.  

Concerning the student survey, more focus should have been laid on prior knowledge, and 
perhaps based on the answers given by the teachers. For instance, had the teachers received 
their survey prior to the students, the findings of that survey could have been used to create a 
student survey with a clearer aim at concept comprehension, and the dependent factors. Reading 
comprehension and certain prior mathematical knowledge is necessary for students to fully 
comprehend algebraic concepts. These were not known factors to me when the surveys were 
first created, and therefore had they been created today they would have contained different 
questions.   
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8. Conclusion 

Based on the findings of this study, in addition to the research mentioned in the literary review, 
is that middle-school students do struggle with concept comprehension. This actuality seems to 
be applicable both to the area targeted in this essay, as well as in some arithmetic mathematical 
operations. The notion that algebra, and more specifically equations are meant for higher 
mathematics and more advanced learners, seem to stem partially from the way some teachers 
might be interpreting the curriculum.  

The results in this study show that students in these grades need to develop a greater, more 
fundamental understanding of concepts. Perhaps more importantly the reason why they are 
learning something needs to be made more obvious and concrete to them, again suggesting that 
by implementing algebraic reasoning even earlier in student¶s mathematical progression they 
develop deeper comprehension.  

For my own future profession, and personal understanding, the research I partook in during the 
time of writing this paper, has cemented the fact that you cannot introduce algebra too soon. 
Supported by a greater understanding of how young learners can take in mathematical concepts 
by way of conversation, both amongst peers and in teacher led discussions. By creating 
situations where students are allowed to discuss, come up with generalisations and reasonings, 
regardless of being right or wrong, I can build their mathematical confidence and hopefully in 
return ± their concept comprehension. 

Due to the polarizing nature of mathematics, perhaps algebra and ³mathematics Zith [,\ and 
]´ in particular, it should be in our best interests as teachers to continue the creatiYe and 
inquisitive minds of the students flourishing ± and strive for life-long learning.  

9. Ideas for future research 
 
A possibly interesting research proposition is conducting a longitudinal study were one group 
of students is introduced to algebra early on in their education and taught according to a 
framework similar to that of the Davydov program. Another group  of students would then act 
as a control group, and receive teaching, based on the mainstream curriculum as it stands today, 
with algebra being taught in a more isolated manner and later on.  The effects of either teaching 
approach could then be analysed based on the students concept comprehension of the same 
content. 
 
Another aspect within this, which has been partially tapped into in this paper, is teachers prior 
knowledge and understanding of the concepts. This is an area of research which, to the best of 
my knowledge, has not been conducted in Sweden in regards to algebraic concept 
comprehension.  
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Appendices 
 
 

 
 
Hej, 

Jag heter Ottilia Svanstedt och håller just nu på att avsluta mina studier på 
grundskolelärarprogrammet med inriktning naturvetenskap för åk 4-6 på Göteborgs 
Universitet.  

Jag har valt att fokusera mitt avslutande arbete inom matematikämnet, specifikt algebra och 
begrepp inom algebra. För att kunna göra detta har jag valt att formulera en elevenkät som 
kommer skickas ut till flera olika skolor.  

Enkäten är anonym och kommer inte användas som bedömnings- eller betygsunderlag, utan 
enbart i min studie där det är elevsvaren som analyseras.  

Då eleverna är under 15 år behöver jag vårdnadshavares samtycke för att eleverna ska kunna 
svara på enkäten. Det är även när som helst möjligt att inte längre delta i studien. 

Jag uppskattar verkligen om ni vill hjälpa mig i mitt arbete! 
Med vänliga hälsningar, 
Ottilia Svanstedt, lärarstudent, Göteborgs Universitet. 
gussvanot@student.gu.se 
 
 
VAR GOD ATT SCANNA ELLER TA EN BILD AV DETTA OCH MAILA TILL: 
gussvanot@student.gu.se 

Ƒ Jag tillåter att mitt barn deltar i undersökningen. 

Ƒ Jag tillåter inte att mitt barn deltar i undersökningen. 

Barnets namn:_______________________________________________________________ 

Vårdnadshavares underskrift:___________________________________________________ 
 
 
Ort och datum:_________________________________________________________ 
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1.

2.

Markera endast en oval.

Ja

Nej

Vet inte

3.

Algebra
Detta är en anonym enkät som kommer användas i forskningssyfte. Dina svar kommer inte delas med 
någon och påverkar inte betyg eller omdöme. 

Svara så gott du kan på alla frågor!

Lycka till! 

Vilken årskurs går du i?

Har du hö! talas om algebra och/eller ekvationer?

Vad kan du berä"a om ekvationer?
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4.

5.

Markera alla som gäller.

3+5=8

16-8=12-4

3+5=4+4

3+5=8-5

2+6=1+7

10-2=6+2

6.

Markera endast en oval.

Ja

Nej

Ingen aning

Skriv det du vet om likhetstecknet:

Kryssa i talen som stämmer

Betyder "x" samma sak i "xoxo" som i "x+3=10"?
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7.

Markera endast en oval.

Ja

Nej

Kanske

8.

Markera alla som gäller.

x,y,z

bokstäver istället för siffror

någonting man inte vet

att det är ett varierande värde

vet inte

9.

Markera endast en oval.

det är typen av jackor Olle har

det är mängden jackor Olle har

att Olle har nya jackor

att Olle har dyra jackor

vet ej

Har du hö! talas om variabel?

Vad betyder variabel (i matematiksammanhang)?

Vad betyder "y" i "Olle har y jackor"?
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10.

11.

12.

Markera alla som gäller.

4+7=11

4x+4

12-x

3x+2=8

5a

x=10, sä" talen på bilden i ordning från minst till störst. Visa hur du kom fram till din lösning!

Tror du det är någon skillnad på e" u"ryck och en ekvation? Förklara hur du tänker!

Vilket/vilka alternativ visar inte en ekvation?
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13.

14.

15.

Det här innehållet har varken skapats eller godkänts av Google.

Skriv e" u"ryck för talet som är 5 gånger större än 2:

Skriv e" u"ryck för e" tal som är 4 gånger större än r:

Sandra, Hugo och Malte har plockat svamp. Malte har plockat 3 st färre än Hugo, och Sandra
har plockat 10 #er än Hugo. Tillsammans har de 127 svampar. Hur många svampar har de var
för sig? Skriv en ekvation och lös sedan.

 Formulär
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1.

Ja

2.

Algebra: Undervisning & lärande
Detta är en kompletterande lärarenkät till den elevenkät som skickas ut i era klasser. Tanken är att era 
svar kan hjälpa mig bättre förstå och analysera elevsvaren till min studie. 

Tack för er medverkan! 

Med vänliga hälsningar,

Ottilia Svanstedt, lärarstudent, Göteborgs Universitet 
gussvanot@student.gu.se

*Obligatorisk

Jag väljer a! delta i studien och godkänner a! Göteborgs Universitet behandlar mina svar i
enlighet med gällande dataskyddslagsti"ning och lämnad information. *

På vilket sä! introducerar du algebra (i de!a fall ekvationer) till dina elever? Ex. material,
metod, läromedel.

mailto:gussvanot@student.gu.se
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3.

4.

Lite

1 2 3 4 5

Mycket

5.

Teckna uttryck

Lösa ekvationer

Lösa ekvationer med bestämda värden på obekanta

Förstå likhetstecknets innebörd

Annat

6.

Vilka förkunskaper anser du är viktiga för eleverna a! ha med sig när ämnet introduceras? *

I vilken utsträckning arbetar du med begreppsförståelse när ni arbetar med ekvationer ? *

Var upplever du a! eleverna, generellt, har #est svårigheter inom ämnesområdet? *

Om du svarade "annat" på föregående fråga, vad?
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7.

8.

Det här innehållet har varken skapats eller godkänts av Google.

Vilka begrepp upplever du är viktiga för eleverna a! förstå och va$ör? *

Avslutningsvis, hur bedömer du elevernas kunskaper inom området?

 Formulär


