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Abstract

For accurate risk assessment and portfolio optimization in finance, the covariance matrix is
crucial. This research evaluates various estimation techniques, comparing their accuracy
and limitations. Starting with the sample covariance matrix, the study explores both
static and dynamic shrinkage approaches and concludes with a factor copula model to
offer a different perspective on estimation. Through simulations and empirical analysis
of high-dimensional stock market data, the study demonstrates that dynamic models
outperform static ones in accuracy, even though they come at a higher computational cost.
These findings underscore the need for financial practitioners to select models based on
their specific requirements for accuracy, computational efficiency, and application context.
Future research should investigate a broader range of assets and additional techniques to
further enhance decision-making in covariance matrix estimation.

Keywords: Covariance matriz estimation, High-dimensional, Shrinkage, Factor copula, Stock

market.
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1 INTRODUCTION

1 Introduction

The covariance matrix of asset returns holds a central position in financial analysis, as
emphasized by Markowitz (1952), who underscored its crucial role in portfolio selection
alongside expected returns. This study focuses on estimating this covariance matrix in
high-dimensional settings. Over the years, various methods have emerged for this purpose.
This research aims to examine and compare some of them, particularly concerning their
efficacy in capturing stock market dynamics and accuracy feasibility for a large number
of assets.

This analysis begins with the well-known sample covariance matrix approach, but after
that, I delve into more sophisticated methods to estimate covariance matrices. First, I
explore two static linear shrinkage approaches proposed by De Nard (2019) to refine the
base model. Then, I move on to the DCC with nonlinear shrinkage presented by Engle,
Ledoit, and Wolf (2019) for capturing dynamic dependencies. Finally, I explore the factor
copula model from Opschoor et al. (2021) to analyze a different time-varying methodology.

The sample covariance matrix stands as the most prevalent estimator for the covariance
matrix, yet it suffers from high estimation errors. These are especially apparent when
the number of stocks exceeds the length of the return time series, as demonstrated by
Jobson and Korkie (1980). Furthermore, Michaud (1989) argues that employing this
approach results in "error maximization”. He suggests that the extreme coefficients in
the sample covariance matrix are not necessarily inherently extreme, but rather they
contain a significant amount of error.

Ledoit and Wolf (2003, 2004a,b) propose a solution termed linear shrinkage estima-
tion, aiming to mitigate these errors by combining the sample covariance matrix with a
structured estimator, effectively reducing estimation errors. They use different methods
to build the structured estimator, but each has its limitations and involves strong assump-
tions. The most basic approach, utilizing the identity matrix, assumes zero correlation
between assets, an unrealistic assumption in the stock market. Another approach, the
single-factor method, assumes that the underlying variable follows the model proposed
by Sharpe (1963), which is suitable only for stock returns, limiting the extension of the
model to other asset classes.

To address these limitations, De Nard (2019) proposes another linear shrinkage esti-
mator, called constant-variance-covariance (CVC), aiming to shrink both diagonal and
off-diagonal coefficients of the covariance matrix, thus shrinking both variances and co-
variances towards their respective means through a linear approach.

Additionally, De Nard (2019) introduces a generalized version (GCVC) designed to
better handle portfolios with assets of diverse characteristics, such as different industries

or asset classes. This approach works by clustering the assets into groups and then
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applying to each cluster the same linear shrinkage method as for the CVC. He offers various
methodologies to create the groups based on either external information or statistical
clustering approaches. In this study, I focus solely on the clustering approach relying on
external information, specifically the industry classification.

Moving beyond linear shrinkage, Ledoit and Wolf (2012) introduce a nonlinear shrink-
age (NL) approach, enhancing their previous work by applying individualized shrinkage
intensity to every eigenvalue of the sample covariance matrix. Engle, Ledoit, and Wolf
(2019) utilize this technique to enhance the dynamic conditional correlation (DCC) model
presented by Engle (2002), which captures the time-varying nature of both the volatility
of asset returns and the correlation between them. The DCC-NL model, applying the
NL shrinkage approach to the DCC, overcomes issues related to the use of the sample
covariance matrix as an estimator of the unconditional correlation matrix utilized in the
DCC model.

In addition to the DCC-NL model, I also consider a model proposed by Opschoor et al.
(2021). This model leverages a factor copula structure and offers separate estimations of
variance and correlation. This is in contrast to the DCC-NL approach, which estimates
these parameters jointly. This model aims to model the dependence between assets using
a reduced set of factors with time-varying loadings. The model assumes that assets can
be grouped based on observable characteristics, such as industry classification, as in the
GCVC approach. They propose several structures to model correlation, and among these
options, the 2-factor copula model is considered in this study. The model assumes a single
common factor shared among all groups with equiloadings and a common factor within
assets in each group with group-specific loadings.

This study aims to evaluate and compare the accuracy of these models for estimating
both variance and correlation. I analyze the commonalities and differences between the
models to identify the most effective approach. To achieve this, a simulation analysis is
conducted using the Monte Carlo method. The analysis employs three distinct scenarios
with varying asset counts and lengths to assess the models’ adaptability across diverse
market conditions. The key findings from the simulation reveal interesting details about
the performance of each model. Dynamic models provide accurate estimates across all sce-
narios, but they require an initial adjustment period for changes and are computationally
more expensive. Conversely, static models, as expected due to their inherent structure,
struggle with dynamic market scenarios. However, they are computationally inexpensive
and easier to implement compared to dynamic models.

Following the simulation analysis, I conduct an empirical application to evaluate the
real-world performance of these models. The empirical analysis focuses on stocks listed
in the S&P500 from January 2nd, 2004, to December 29th, 2023. After making necessary
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adjustments to the data based on Standard Industrial Classification (SIC) codes, I dis-
cern distinct groups, each representing a sector. These groups are formed by portfolios
consisting of stocks from various sub-industries. This empirical application offers valuable
insights into the practical applicability of the models, especially during periods of crisis.
Considering their inherent construction, static models struggle to capture the evolving
dynamics that characterize financial markets. Their estimates are constant, failing to
reflect the increased variability and potential shifts in correlations during market stress
periods. In contrast, the two dynamic models demonstrate their strength in capturing
these changes reflecting their ability to adapt to changing market conditions. However, it
is important to note that the estimates of the two dynamic models may differ in value due
to their underlying methodologies. This highlights the importance of considering not just
the ability to capture dynamics, but also the specific details each model reveals. The true
power lies in combining the analysis of empirical results with simulation studies. This
allows for a more comprehensive understanding of each model’s accuracy under various
market scenarios, including crisis periods.

In conclusion, determining which model is better is not straightforward and depends
on the specific needs of the users. FEach model offers varying levels of accuracy and
computational time. Users must identify the optimal balance between these factors to

make an informed choice about the best model for their needs.
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2 Theoretical Framework

2.1 Sample Covariance Matrix

The covariance matrix, denoted as ¥, plays a pivotal role as a risk measure in the financial
analysis, but it is not directly observable. Consequently, it needs to be estimated. Among
the various techniques available, the simplest approach is to use the sample covariance
matrix estimator S.

Let R = [ry,...,rn]| denote the T' x N asset return matrix, where r; is the 7" x 1
return vector of each asset, T is the sample length and N represents the number of assets.

Hence, the sample covariance matrix estimator S can be computed as:

where R represents the demeaned asset return matrix. This estimation approach often
leads to high estimation errors, particularly when the number of assets N exceeds the
length of the return time series 7' (Jobson and Korkie (1980)). Moreover, Michaud
(1989) suggests that using this methodology results in ”error maximization”, which means
that the extreme coefficients in the sample covariance matrix are so extreme due to a
significant amount of error. Therefore, various methods have been proposed to minimize
these estimation errors.

A widely adopted approach is the linear shrinkage estimator, provided by Ledoit and
Wolf (2003, 2004a,b). This estimation method combines the sample covariance matrix S
with a highly structured estimator F. The latter can be defined through various techniques.
One approach is to consider it as a scalar multiple of the identity matrix, assuming that all
pairwise correlations are equal to zero. Alternatively, F' can be defined as the covariance
matrix generated through the estimation of the single-index model introduced by Sharpe
(1963). Ledoit and Wolf (2003) propose a convex linear combination to estimate the

covariance matrix:

3= 0F +(1-9)S,

where § is the shrinkage constant (or intensity), ranging from 0 to 1. This formulation
shrinks the sample covariance matrix S towards the structured estimator F with an
intensity determined by §. According to Ledoit and Wolf (2003), there is only one optimal
value for the shrinkage intensity 6%, obtainable through the minimization of a loss function
based on the Frobenius norm. This function quantifies the quadratic distance between

the true covariance matrix ¥ and the estimated matrix 2:

E[L(6)] := E[||£ — Zl[3] = BlI0F + (1 - 0)S — |,
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where || -||% is the (squared) Frobenius norm: ||A||% = (A, A) = tr(AA) = SN, Zjvzl az;
for a squared matrix A with entries (a;;); j=1, n-

The optimal shrinkage intensity 0* needs to be estimated due to the presence of un-
observable parameter ¥ in its formula. The mathematical proof of this estimation is
explained in Subsection 2.2 in more depth. Consequently, the optimal linear shrinkage

estimator 3* can be expressed as:
S B F 4+ (1— 698,

The estimation of the optimal shrinkage intensity depends on the shrinkage target F
selected. The most straightforward choice is to assume that the structured estimator is
a scalar multiple of the identity matrix: F; = nl, where I represents the N x N identity

matrix and 7 is the scalar multiple. Hence, the optimal covariance matrix becomes:

St = 6l + (1 — 0%)S,

where
tr(XI)
/r’ = N Y
5+ o ElIS = SI2]
B[S = nl||Z]
The parameters n and 0* need to be estimated due to the dependence on the unobservable
parameter Y. Therefore, 1 = % = % Zf\il s? = 5% and 6 is a feasible estimator of the

optimal shrinkage intensity.

The described shrinkage approach of Ledoit and Wolf (2003, 2004a,b) effectively miti-
gates estimation errors in the covariance matrix compared to the basic estimation method
utilizing the sample covariance matrix. However, it shrinks the off-diagonal covariance
matrix coefficients towards zero, a process that fails to accurately represent reality given

the inherent linear dependencies among the analyzed assets.

2.2 CVC Shrinkage

De Nard (2019) suggests an extension to the shrinkage approach of Ledoit and Wolf
(2003), known as the Constant-Variance-Covariance (CVC) shrinkage approach. This
estimation model adds a second parameter, v, to not only shrink the diagonal elements
(variances) of the sample covariance matrix towards their mean, but also shrink the off-

diagonal elements (covariances) towards their own mean value. The formulation of the
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shrinkage target under this approach is given by:
Feve =0l + 0],

where J = 11’ — I represents the off-diagonal matrix, 1 is a conformable vector of ones,
and both 7 and 7 are the estimates of the optimal values of the two scalar parameters.

Hence, in this approach, the optimal covariance matrix is defined as:
Z*CVC = 5*FCVC' + (1 — (5*)5,

where 0* is the optimal shrinkage intensity, as defined for the linear shrinkage of Ledoit
and Wolf (2003, 2004a,b).

The shrinkage target Foy o can be estimated using two different methods. Both ap-
proaches involve asymptotic derivations, with the first method using large-dimensional
(or Kolmogorov) asymptotics, where both N and T’ can go up to infinity. Conversely, the
second method utilizes standard asymptotics, where only T tends to infinity. The first

derivation is an extension of Ledoit and Wolf (2004a), establishing the relationship:
P47 =

where ¢* = ||Z = Fovellf, 7 = E[||S — El[E] and ¢* = E[||S — Fevellk -

Consequently, the shrinkage intensity estimation problem can be formulated as follows:

min B[[[X° — |7 (1)
subject to X* = dFeoye + (1 —9)S (2)
Feve=nl+vJ (3)

The solution of the minimization problem ensures that:

,]_2 L2
0= G0l +0d)+ 58,

. T2L2

Bz =27 = o

The optimal values of the shrinkage target parameters are estimated as:

R
g = NZU“
=1

7
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where 62 and 7;; are, respectively, the average population variance and covariance. Since

these parameters are not directly observable, they are estimated using the sample co-

variance matrix Specifically, 5% is substituted with 32 = 1{;251522 and o;; with
Sij = Z Ly j—iy1Sij- Finally, the optimal shrinkage intensity can be computed
as:
N 7:2 _ 7:2 _ 22
2472 20 2

where 72 := min{T 23" ||(r, —7) = S||%, %}, ¢ := ||A] + 011’ — S||% and 2 := {? — 72
with r; representing the ¢t-th N x 1 column vector of the return matrix R and 7 being
the average N x 1 asset returns vector.

The second approach to derive the optimal shrinkage intensity and the shrinkage target
is based on Ledoit and Wolf (2003, 2004b). In this approach, the optimal shrinkage
intensity converges asymptotically to zero as T tends to infinity. Ledoit and Wolf (2003)

assume the following expression for the shrinking intensity:

K
0" ==,

T

where kK = ?, 7 is the sum of asymptotic variances of the entries of S, p is the sum of
asymptotic covariances of the entries of S with the entries of F' and ~ is the misspecifi-
cation of the (population) shrinkage target, with all the three parameters scaled by VT.
Following the estimation of all parameters, it is possible to show an estimator for the

optimal shrinkage intensity:
o* = mln{max{ ,0},1}.

De Nard (2019) proves that the two derivation approaches of the asymptotically op-
timal and consistent shrinkage intensity are equivalent, ignoring p, which is very close to
zero for Foye. In the end, the Constant-Variance-Covariance (CVC) shrinkage estimator
is expressed as:

tve = 0" (5° T +5,5J) + (1= 67)S.

This approach, according to De Nard (2019) outperforms the traditional shrinkage towards
the identity matrix I, as it also considers covariances between asset returns in the shrinkage
procedure. An additional advantage is that the shrinkage estimator is always positive

definite and, therefore, invertible.
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2.3 GCVC Shrinkage

De Nard (2019) suggests an alternative shrinkage approach that relies on dividing the
N assets into K groups based on either external information or a clustering algorithm
without the need of additional information. In both scenarios, the clustered population

shrinkage target Fooyvo can be defined as a block matrix of the form:

@11 @12 “ .. ¢1K

Dy Doy ... Do
Faeve == | . o |

Pr1 Pro ... Pk

where ®,,,, represents the (I, m)-th cluster of Fgoye and K is the number of homogeneous
groups. Therefore, it is possible to apply the concepts discussed in the Subsection 2.2 to

each cluster ®;,, as follows:

o meln, +vidn, forl=m=ke{l, . K}
Im —

VimIn 1y, forl#me{l,.. K}

where Iy, and Jy,, respectively, represent the N x N identity matrix and the Ng x Ng
off-diagonal matrix, Ng is the number of assets in the group k£ and 1y, denotes the Ny x 1
vector of ones.

The parameters of the shrinkage target estimator are: 7, = 5 for the average variance
of the group (cluster) k, 0 = 5; for the average covariance of the group (cluster) k, and
Ui = S for the average covariance of the joint cluster between group [ and m. The
optimal shrinkage intensity can be estimated using the formula employed in the CVC

approach:

A

0" = min{max{%, 0}, 1},

where £ = ”T_’J In particular, also for Fgeove, the sum of asymptotic covariances p,
can be neglected because its value is very close to zero. Finally, the Generalized CVC
shrinkage estimator is:

Shove = 0 Faove + (1 —0%)8S.

The clustering procedure can be based either on external information or statistical
methods. The chosen clustering approach should create homogeneous groups with similar
variances and covariances for the assets within the same group k, while ensuring that assets
belonging to the other K — 1 groups exhibit distinct variances and covariances. In this

study, I cluster using external information, particularly utilizing an industry classification.

10
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2.4 DCC-NL Shrinkage

Another approach for estimating the covariance matrix, provided by Engle (2002), is
the dynamic conditional correlation (DCC) estimator. The DCC model describes the
dynamics of the correlation matrix over time. For simplicity, it is assumed that the

univariate volatilities follow a GARCH(1,1) process:
d?,t = w; + CLiT’iZ,tfl + bidzz,tfh

where (w;, a;, b;) are the model parameters. Then, it is possible to express a conditional

pseudo-correlation matrix as:

Q=(1—-a—p3)C+ 047“:717“:/71 + BQ¢-1,

where r} = (%, - :l];i)’ is the vector of devolatilized residuals, («, ) are the DCC
parameters and C' is the unconditional correlation matrix. This matrix needs to be
adjusted in order to obtain both the conditional correlation matrix P; and the conditional

covariance matrix H; as follows:

P, = Diag(Q;)2Q,Diag(Q;) 2

Hy = Dy P Dy,

where D, is the diagonal matrix of the square root of the conditional volatilities d; ;.

When estimating large-dimensional portfolios, the proposed model encounters chal-
lenges, particularly regarding the inversion of the conditional covariance matrix H;, which
is essential for computing the log-likelihood. Engle, Ledoit, and Wolf (2019) propose an
improved model to overcome this issue, known as DCC-NL shrinkage. Specifically, they
use the composite likelihood method proposed in Pakel et al. (2021). This method em-
phasizes the sum of the log-likelihood of pairs of assets rather than the joint log-likelihood
of all assets.

An additional improvement in DCC-NL involves applying the nonlinear (NL) shrinkage
technique, as discussed in Ledoit and Wolf (2012), to estimate the unconditional correla-
tion matrix C instead of relying on the sample covariance matrix. Nonlinear shrinkage
allows the use of different shrinkage intensities for the different entries of the sample
covariance matrix S. Specifically, an alternative expression for the linear shrinkage combi-
nation is essential, employing the spectral decomposition of the sample covariance matrix,
as detailed by Ledoit and Wolf (2004a). It allows shrinking the sample eigenvalues rather

than directly shrinking the entries of the sample covariance matrix. Consequently, this

11
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refinement enables the utilization of distinct shrinkage intensities for individual sample
eigenvalues. While the population covariance matrix > remains unknown, it is possible
to derive the population eigenvalues from the sample eigenvalues. This result is achiev-
able through the numerical inversion of the Marcenko and Pastur (1967) equation, which
explains the asymptotic relationship between population and sample eigenvalues.

The process starts with the estimation of the sample covariance matrix C' of the

devolatilized returns matrix R*:

Consequently, let C be a set of eigenvalues (A1, Ag, ..., A\y) and their corresponding eigen-

vectors (uy, ug, ..., uy ), yielding:
N
A 2 : /
i=1

By inverting the Marcenko and Pastur (1967) equation, it becomes feasible to derive a
deterministic equivalent of the sample eigenvalues Qnr(t) = (qy(t), aXp(t), - an. 1 (1))

from the population eigenvalues t = (1, ..., ty):

N

- . 1 ;

T = arg il o) 3 Z[qMT(t) — A2
i=1

Utilizing Theorem 4 from Ledoit and Péché (2011), it is possible to compute the nonlinear
shrinkage formula, which is asymptotically optimal under large-dimensional asymptotics.

Thus, the nonlinear shrinkage estimator of the covariance matrix can be expressed as:
N
i=1

where );(7) represents the shrunk eigenvalues.

2.5 Factor Copula Model

The methods above focus on estimating both volatility and correlation simultaneously.
However, recent advancements have seen the rise of factor copula models, which enable
the estimation of dependence structures independently from volatility. Notably, Creal
and Tsay (2015), Oh and Patton (2017, 2018), and Lucas, Schwaab, and Zhang (2017)
have proposed different models to extend the applicability of factor copula to high cross-

sectional dimensions. These models introduce dynamic loadings within the single-factor

12



2 THEORETICAL FRAMEWORK

framework. Opschoor et al. (2021) present a series of multi-factor copula models, wherein
observable characteristics drive the dynamic factor loadings. The primary objective of
these models is to decompose the conditional joint distribution Gy(r;) of asset returns

vector r; into N marginals and a conditional copula:
7’t|-7:t—1 ~ Gt(Tt)

= Ct(Gl,t(Tl,t; 0M,1,t)> ceey GN,t(TN,t; 9M,N,t); ec,t)a

where Ci(-;0c:) represents the conditional copula given the information set F,_y =
o(r—1,7t—2,...) and the parameter vector 0c;. Meanwhile, G;(r;¢;0p,1) With ¢ =
1,..., N denotes the conditional marginal distribution of asset ¢ given F;_; and the time-
varying marginal distribution parameter vector 0y, ;.

The conditional copula can also be interpreted as the conditional distribution Cy(uy, O +)
of the probability integral transforms (PITS) u; = (u1y,...,uny)' of 7y, where u;;, =
Git(rig;Onrip) fori=1,...,N.

Opschoor et al. (2021) assume that the N asset returns can be clustered into K groups,
with the assets in the same group having identical factor loadings. The copula structure

proposed by Opschoor et al. (2021) can be summarized as:

Ui = Gw,i(wi,t; fi,t, Ot ¢C)>

Tt = fiT,tZt + Oit€it
Zy ~ Gz(zt|¢0)a €it ™ Ge(éi,tWC),

where z;; represents a latent random variable, z; is a vector of common latent factors, €,
is an idiosyncratic shock, and &t is a vector of scaled factor loadings. Specifically, they

define:
it

91+ fiT,tfi,t

with & ; representing an unrestricted vector of factor loadings such that z;; has zero mean

1
1+§;|:t§i,t ’

it =

and unit variance. Moreover, o;,; can be defined as the square root of o2, =

T is equal to:

Therefore, the correlation matrix of z; = (z14,...,%N4)
Pt - Z:J;rit + Dt,

D, = diag(ait, e 7O]2V,t)'

The loadings’ matrix EtT can be specified in various ways, leading to a more specific

13
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model. From the models discussed by Opschoor et al. (2021), I consider the 2-factor (2F)
copula model, which assumes a single common factor with (common) equiloadings and a
common factor with K+1 group-specific loadings. For instance, considering K = 4 groups

with 2 firms in each group, it can be expressed as:

éu é?,l,t

ir = é;u §Q,Z,t - 1 7
1t 231 1
STARSIY,

where ® is the Kronecker product.
Opschoor et al. (2021) integrate convenient distributional assumptions for the factors
2 and ¢, alongside a score-driven transition equation for the factor loadings & ;. These

assumptions facilitate the expression of the copula structure as follows:
Uiy = T(%,t% VC))

Tit = \/a(g,tzt + Ui,tEi,t)a

here T'(-,v¢) represents the cumulative distribution function (CDF) of the univariate
Students’s t distribution with v degrees of freedom, centered at zero, and with unit
scale. Additionally, z ~ N(0, I}), €, ~ N(0,1), ¢; ~Inv-Gamma(*¢, %¢). In the scenario
where vo — 00, (; is equal to 1, yielding a Gaussian copula setting.

Another important component involves specifying the dynamics of the unique factor
loadings. Here, the authors employ an observation-driven approach, wherein factor load-
ings are contingent on functions of past observables. Particularly, they use score-driven
dynamics, as introduced by Creal, Koopman, and Lucas (2013). In this framework, defin-
ing the unique time-varying parameters as f;, the score-driven dynamics leverage the
score of the conditional copula density to drive f;. This approach ensures that the factor
loadings evolve in response to the observed data’s evolving characteristics, capturing the

underlying processes’ dynamic nature. The transition equation of f; is the following:

fir1 =w+ Asy + Bfy,

dlog c(z¢;€esve

57, ) and (s, &, ve) is the Student’s ¢ copula density.
The last element to specify is related to the marginal distributions. Specifically, I

where s; =
assume that they are distributed following a GARCH(1,1) model to maintain coherence

with the other dynamic model (DCC-NL). However, this model assumes the normality of

the error terms when modeling the variance, which can have several disadvantages. Firstly,

14
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it leads to an increased susceptibility to outliers, as the model’s reliance on normality may
not adequately capture the heavy-tailed nature of financial data. This can result in an
underestimation of the likelihood and impact of extreme events, such as market crashes
or volatility spikes. Furthermore, the model’s forecast accuracy may be compromised
due to misspecification when the true distribution of conditional variances deviates from
Gaussian. In conclusion, analyzing various assumptions regarding volatility can yield

differing results, necessitating further research.

15
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3 Simulation Analysis

To assess the performance of the models outlined in Section 2, I conduct a study involving
simulated paths for both asset return variances and correlations. Specifically, I examine
three distinct paths: static, with structural breaks, and AR(1). For each simulated path,
I construct a covariance matrix for each period that reflects the true covariance for the
portfolio under consideration at a point in time. In this matrix, the diagonal entries
represent the variances Jit, while the off-diagonal elements correspond to the covariances
Oijt = pPijr0it0;e. Therefore, the covariance matrix can be expressed in the following

form:

2
O’lt e UlN’t

Et:

2
O-Nl,t e O‘N,t

It is crucial to note that assets are categorized into different groups, with the assump-
tion that assets within the same group share the same correlation path. This assumption
is made to maintain consistency with the industry clustering approach of GCVC shrinkage
and 2-factor copula models, as well as with the approach used in the empirical framework
(Section 4), which considers group clustering based on the industry sector.

Consequently, 1 generate a time series of returns assuming that they are normally
distributed with a mean of zero for all the assets and a covariance matrix equivalent to
the true covariance matrix for that period. Subsequently, this time series of observations
is utilized as input to estimate the covariance matrices according to the aforementioned
models. The analysis is carried out via Monte Carlo (MC) simulation, with 1000 repli-
cations, in order to minimize sampling errors. To streamline the initial analysis, the
simulation focuses on a portfolio composed of 4, 10, and 20 assets. The above steps are
executed for three distinct sample lengths, comprising 1000, 2500, and 5000 observations,
to account for potential effects arising from the length of the time series.

After estimating variances and correlations across different paths and sample lengths,
I conduct a visual analysis by creating figures that depict the estimated paths along with
MC confidence bands at a confidence level of 90% across replications. To gain deeper in-
sights, I employ two performance measures: average Root Mean Squared Error (RMSE)
and average Mean Absolute Error (MAE). The former represents the average magnitude
of the errors between estimated values and true values, instead the latter measures the
average absolute deviations of the estimated values from the true ones. Notably, RMSE
is more sensitive to outliers compared to MAE due to its construction, which is based
on squaring the errors. Additionally, only for correlations, I calculate the average Mean

Absolute Percentage Error (MAPE) to provide a more nuanced understanding. It com-

16



3 SIMULATION ANALYSIS

putes the average percentage difference between estimated and true values, relative to
the true ones. These measures are obtained through a Monte Carlo simulation with 1000
replications, where a new simulated path is generated in each iteration. This approach
mitigates potential errors arising from a single-path simulation. It is noteworthy that,
for the computation of performance measures, the first 10% of observations have been
discarded. This exclusion aims to eliminate distortions associated with the initialization
of the models, ensuring a more accurate evaluation of performance across the remaining
periods. Finally, I report the absolute values of these measures alongside their relative
values compared to the CVC shrinkage approach. This comparative analysis facilitates a

clearer evaluation of the different models.

3.1 Static Paths

The initial simulated path, termed static, assumes constant values for both variances
and correlations during all time periods. Investigating these paths is crucial not only for
evaluating the performance of static models like the sample covariance, CVC, and GCVC
shrinkage approaches but also for understanding the adaptability of time-varying models.
It provides insights into how these models behave in scenarios where the asset value
parameters remain constant, offering valuable comparisons for assessing their versatility.

Figure 1 compares the true volatility with the estimated ones for a representative ex-
ample, including the 90% Monte Carlo (MC) confidence bands.
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Figure 1: Estimated variances in the static scenario
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3 SIMULATION ANALYSIS

The analysis reveals the effectiveness of all the estimation approaches for capturing the
variance’s true Data Generating Process (DGP). They produce highly accurate median
estimates and the MC confidence intervals successfully capture the true paths. As ex-
pected, the three static models achieved the most precise path estimates, evident in both
the median values and MC confidence bands. Interestingly, the two time-varying mod-
els also demonstrate good estimation properties. However, their median values deviate
slightly from the true path. This versatility suggests their potential adaptability to a
wider range of scenarios, even when the underlying process is static.

Figure 2 compares estimated and true correlations for a representative example.
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Figure 2: Estimated correlations in the static scenario

Similar to the observed performance with variances, the three static methodologies demon-
strate good estimation for correlation paths. The two dynamic models, while exhibiting
wider Monte Carlo (MC) confidence bands in the initial periods, still produce good esti-
mates for the static path in terms of median values. This initial widening of confidence
bands is likely due to the time required for the dynamic models to adapt to the data.
To quantify the fit, I construct two performance measures for the volatility paths: the
average Root Mean Squared Error (RMSE) and average Mean Absolute Error (MAE).
The results of these errors are summarized in Tables 1 and 2. They suggest that the
static models, including sample variance, CVC, and GCVC shrinkage, exhibit lower errors
compared to dynamic models. This finding is in line with my expectations and supported

by graphical analysis. However, it is noteworthy that among the static models, CVC
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Average RMSE Absolute value Relative value

Observations 1000 2500 5000 1000 2500 5000

N=4
Sample covariance | 0.0147 0.0097 0.0072 | 0.9597 0.9827 0.9902
CVC shrinkage 0.0153 0.0099 0.0073 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.0147 0.0097 0.0072 | 0.9731 0.9840 0.9909
DCC-NL shrinkage | 0.0206 0.0141 0.0101 | 1.3712 1.4304 1.3981
2F Copula 0.0200 0.0138 0.0099 | 1.3341 1.3949 1.3699

N =10
Sample covariance | 0.0194 0.0146 0.0115 | 0.9731 0.9899 0.9927
CVC shrinkage 0.0200 0.0147 0.0116 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.0194 0.0146 0.0115 | 0.9738 0.9895 0.9927
DCC-NL shrinkage | 0.0260 0.0181 0.0140 | 1.3005 1.2310 1.2047
2F Copula 0.0254 0.0176 0.0138 | 1.2721 1.1963 1.1916

N =20
Sample covariance | 0.0225 0.0181 0.0159 | 0.9777 0.9841 0.9926
CVC shrinkage 0.0230 0.0184 0.0160 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.0225 0.0181 0.0159 | 0.9778 0.9847 0.9930
DCC-NL shrinkage | 0.0279 0.0216 0.0181 | 1.2123 1.1751 1.1303
2F Copula 0.0271 0.0213 0.0180 | 1.1799 1.1577 1.1227

Table 1: Average RMSE of the estimated variances in the static scenario

Average MAE Absolute value Relative value

Observations 1000 2500 5000 1000 2500 5000

N=4
Sample covariance | 0.0147 0.0097 0.0072 | 0.9597 0.9827 0.9902
CVC shrinkage 0.0153 0.0099 0.0073 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.0147 0.0097 0.0072 | 0.9596 0.9840 0.9909
DCC-NL shrinkage | 0.0182 0.0122 0.0089 | 1.1874 1.2418 1.2312
2F Copula 0.0177 0.0120 0.0087 | 1.1523 1.2125 1.2050

N =10
Sample covariance | 0.0194 0.0146 0.0115 | 0.9731 0.9899 0.9927
CVC shrinkage 0.0200 0.0147 0.0116 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.0194 0.0146 0.0115 | 0.9738 0.9895 0.9927
DCC-NL shrinkage | 0.0230 0.0165 0.0128 | 1.1509 1.1169 1.1026
2F Copula 0.0226 0.0161 0.0127 | 1.1313 1.0905 1.0913

N =20
Sample covariance | 0.0225 0.0181 0.0159 | 0.9777 0.9841 0.9926
CVC shrinkage 0.0230 0.0184 0.0160 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.0225 0.0181 0.0159 | 0.9778 0.9847 0.9930
DCC-NL shrinkage | 0.0252 0.0199 0.0170 | 1.0962 1.0811 1.0626
2F Copula 0.0246 0.0196 0.0169 | 1.0708 1.0655 1.0555

Table 2: Average MAE of the estimated variances in the static scenario
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shrinkage consistently demonstrates higher errors across all dimensions. Additionally, the
dynamic models show slightly higher error values compared to the static models across
all time periods. Notably, increasing the number of observations tends to decrease error
levels for all estimated models, as observed in both RMSE and MAE measures. This
finding suggests that increasing the sample length in the static scenario results in better
estimation accuracy. Additionally, analyzing performance measures across varying asset
counts reveals a concerning trend in the static scenario. All models exhibit increasing
errors in volatility estimation as dimensionality rises. However, the relative analysis indi-
cates that as the number of assets increases, the dynamic estimate errors tend to decrease
further, aligning closely with the errors generated by static models.

For the correlations, I also compute the average Mean Absolute Percentage Error
(MAPE) and the results for all the performance measures are reported in Tables 3, 4 and

5.

Average RMSE Absolute value Relative value
Observations 1000 2500 5000 | 1000 2500 5000

Sample covariance | 0.0188 0.0119 0.0088 | 0.9011 0.9448 0.9713
CVC shrinkage 0.0209 0.0126 0.0091 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.0190 0.0120 0.0088 | 0.9098 0.9525 0.9736
DCC-NL shrinkage | 0.0235 0.0147 0.0108 | 1.1229 1.1666 1.1914
2F Copula 0.0748 0.0628 0.0630 | 3.5809 4.9855 6.9563

N =10
Sample covariance | 0.0266 0.0200 0.0173 | 0.9210 0.9860 0.9943
CVC shrinkage 0.0289 0.0202 0.0174 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.0266 0.0199 0.0173 | 0.9212 0.9829 0.9932
DCC-NL shrinkage | 0.0250 0.0190 0.0166 | 0.8672 0.9410 0.9531
2F Copula 0.0471 0.0408 0.0401 | 1.6321 2.0181 2.2978

N =20
Sample covariance | 0.0298 0.0260 0.0233 | 0.9671 1.0002 0.9970
CVC shrinkage 0.0308 0.0260 0.0234 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.0297 0.0260 0.0233 | 0.9643 0.9975 0.9955
DCC-NL shrinkage | 0.0278 0.0244 0.0220 | 0.9031 0.9377 0.9398
2F Copula 0.0381 0.0361 0.0328 | 1.2372 1.3874 1.4023

Table 3: Average RMSE of the estimated correlations in the static scenario

The analysis of performance measures for estimated correlations in the static scenario
reveals similar results to those obtained for variances but with slightly higher error values.
However, the 2-factor copula model exhibits a distinct behavior compared to the variance
case. Notably, its error measures for correlations show significant spikes across all of
them. These spikes tend to diminish with the increasing number of assets, as more

information becomes available to estimate the dependency structure. In contrast, the
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Average MAE Absolute value Relative value
Observations 1000 2500 5000 | 1000 2500 5000

Sample covariance | 0.0188 0.0119 0.0088 | 0.9011 0.9448 0.9713
CVC shrinkage 0.0209 0.0126 0.0091 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.0190 0.0120 0.0088 | 0.9098 0.9525 0.9736
DCC-NL shrinkage | 0.0217 0.0135 0.0099 | 1.0373 1.0692 1.0932
2F Copula 0.0741 0.0624 0.0627 | 3.5454 4.9516 6.9246

N =10
Sample covariance | 0.0266 0.0200 0.0173 | 0.9210 0.9860 0.9943
CVC shrinkage 0.0289 0.0202 0.0174 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.0266 0.0199 0.0173 | 0.9212 0.9829 0.9932
DCC-NL shrinkage | 0.0244 0.0185 0.0162 | 0.8446 0.9156 0.9307
2F Copula 0.0466 0.0406 0.0399 | 1.6144 2.0042 2.2844

N =20
Sample covariance | 0.0298 0.0260 0.0233 | 0.9671 1.0002 0.9970
CVC shrinkage 0.0308 0.0260 0.0234 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.0297 0.0260 0.0233 | 0.9643 0.9975 0.9955
DCC-NL shrinkage | 0.0274 0.0242 0.0218 | 0.8908 0.9287 0.9314
2F Copula 0.0374 0.0358 0.0325 | 1.2156 1.3752 1.3879

Table 4: Average MAE of the estimated correlations in the static scenario

Average MAPE Absolute value Relative
Observations 1000 2500 5000 | 1000 2500 5000

Sample covariance | 0.0497 0.0302 0.0231 | 0.9340 0.9578 0.9796
CVC shrinkage 0.0532 0.0315 0.0235 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.0499 0.0303 0.0231 | 0.9372 0.9634 0.9812
DCC-NL shrinkage | 0.0568 0.0341 0.0259 | 1.0682 1.0823 1.1013
2F Copula 0.2222 0.1823 0.1863 | 4.1776 5.7899 7.9166

Sample covariance | 0.0741 0.0550 0.0501 | 0.9522 0.9920 0.9974
CVC shrinkage 0.0778 0.0555 0.0502 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.0740 0.0549 0.0500 | 0.9513 0.9894 0.9962
DCC-NL shrinkage | 0.0685 0.0516 0.0474 | 0.8803 0.9310 0.9453
2F Copula 0.1374 0.1178 0.1202 | 1.7766 2.1234 2.3950

Sample covariance | 0.0841 0.0764 0.0678 | 0.9854 1.0083 1.0001
CVC shrinkage 0.0853 0.0758 0.0678 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.0838 0.0762 0.0677 | 0.9825 1.0053 0.9986
DCC-NL shrinkage | 0.0790 0.0720 0.0644 | 0.9254 0.9506 0.9508
2F Copula 0.1105 0.1078 0.0961 | 1.2946 1.4223 1.4173

Table 5: Average MAPE of the estimated correlations in the static scenario
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behavior of errors for the other models aligns with the variance trend, where an increase
in dimensionality leads to larger errors.

In conclusion, the static models consistently provide the most accurate estimates for
both variance and correlation, as expected. While the dynamic models are initially less
accurate, they tend to converge towards the static models’ accuracy as the number of

assets increases.

3.2 Paths with Structural Breaks

Following the initial simulation of static paths for both variances and correlations, the
simulation framework is extended to include structural breaks. These breaks entail in-
tervals of static values interrupted by alterations, either increases or decreases, in values.
This approach allows for the maintenance of the static scenario while accommodating
fluctuations in volatility and correlation during particular periods.

The examination of these paths proceeds as previously described, with both the true

path and estimated ones for the variances depicted in Figure 3.
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Figure 3: Estimated variances in the structural breaks scenario

The initial observation of the graph highlights an obvious shortcoming in estimating vari-
ances using static approaches. These models provide a single value for the variance with
small MC confidence bands, overlooking variations indicated by structural breaks. In con-

trast, both the DCC-NL shrinkage and 2-factor copula approaches showcase adaptability
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by considering such fluctuations in their estimations. However, there is a noticeable lag
in capturing volatility changes, with the models needing multiple periods to converge to
the true value. Another consideration with dynamic methods is the behavior of MC con-
fidence bands. They tend to widen as volatility levels increase, contrasting with narrower
intervals when volatility is low.

Figure 4 illustrates the true correlation path alongside the estimated ones for a repre-

sentative example.
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Figure 4: Estimated correlations in the structural breaks scenario

The correlation analysis mirrors the findings observed in the volatility analysis, indicating
inaccuracies in estimated values for the static models due to their single-value outputs.
Conversely, both the DCC-NL shrinkage and 2-factor copula methods show a superior
estimation of true correlation. However, they present a delay in converging to the actual
values in the initial periods after a change in correlation, where the models may fail to
adjust promptly to the new dynamics. It is worth noting that the median values of esti-
mated correlations through the DCC-NL shrinkage approach tend to underestimate the
true path for higher values and overestimate it for lower ones. In contrast, the 2-factor
copula exhibits a different trend, characterized by only underestimation in the case of
higher correlation values with even the MC confidence bands hardly capturing the true
path.

The examination of performance measures is also applied to the new paths. In par-

ticular, Tables 6 and 7 present the estimation errors for the variance.
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Average RMSE Absolute value Relative value

Observations 1000 2500 5000 1000 2500 5000

N=4
Sample covariance | 0.1544 0.1535 0.1497 | 0.9963 0.9988 0.9995
CVC shrinkage 0.1549 0.1537 0.1498 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.1544 0.1535 0.1497 | 0.9964 0.9989 0.9996
DCC-NL shrinkage | 0.0924 0.0759 0.0632 | 0.5963 0.4942 0.4220
2F Copula 0.0969 0.0789 0.0657 | 0.6253 0.5136 0.4383

N =10
Sample covariance | 0.1495 0.1470 0.1477 | 0.9971 0.9987 0.9992
CVC shrinkage 0.1500 0.1472 0.1479 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.1496 0.1470 0.1477 | 0.9971 0.9988 0.9992
DCC-NL shrinkage | 0.0925 0.0748 0.0660 | 0.6168 0.5084 0.4463
2F Copula 0.0961 0.0780 0.0684 | 0.6409 0.5302 0.4628

N =20
Sample covariance | 0.1550 0.1534 0.1535 | 0.9963 0.9992 0.9994
CVC shrinkage 0.1555 0.1536 0.1536 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.1550 0.1534 0.1535 | 0.9964 0.9992 0.9994
DCC-NL shrinkage | 0.0984 0.0799 0.0678 | 0.6329 0.5201 0.4415
2F Copula 0.1032 0.0832 0.0706 | 0.6638 0.5415 0.4594

Table 6: Average RMSE of the estimated variances in the structural breaks scenario

Average MAE Absolute value Relative value

Observations 1000 2500 5000 1000 2500 5000

N=14
Sample covariance | 0.1362 0.1357 0.1315 | 0.9923 0.9969 0.9988
CVC shrinkage 0.1373 0.1361 0.1317 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.1363 0.1357 0.1315 | 0.9927 0.9971 0.9989
DCC-NL shrinkage | 0.0660 0.0527 0.0432 | 0.4805 0.3872 0.3284
2F Copula 0.0695 0.0552 0.0454 | 0.5062 0.4053 0.3452

N =10
Sample covariance | 0.1305 0.1287 0.1297 | 0.9911 0.9962 0.9983
CVC shrinkage 0.1317 0.1292 0.1299 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.1306 0.1287 0.1297 | 0.9914 0.9963 0.9984
DCC-NL shrinkage | 0.0668 0.0527 0.0463 | 0.5070 0.4077 0.3561
2F Copula 0.0695 0.0553 0.0484 | 0.5275 0.4285 0.3727

N =20
Sample covariance | 0.1351 0.1347 0.1353 | 0.9902 0.9966 0.9983
CVC shrinkage 0.1364 0.1351 0.1356 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.1351 0.1347 0.1353 | 0.9905 0.9967 0.9984
DCC-NL shrinkage | 0.0717 0.0567 0.0475 | 0.5256 0.4196 0.3503
2F Copula 0.0753 0.0593 0.0498 | 0.5520 0.4392 0.3675

Table 7: Average MAE of the estimated variances in the structural breaks scenario
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The obtained results confirm the earlier visual analysis. Notably, the three static ap-
proaches exhibit higher values for both metrics compared to the two dynamic approaches.
Moreover, it is apparent that the three static methods yield very similar estimation errors,
mirroring the findings observed also in the dynamic models. Furthermore, akin to the
static scenario, an increase in the number of observations leads to a reduction in both
average RMSE and MAE for the dynamic models. In contrast, the static ones do not
exhibit a clear trend due to their inherent structure which is unable to adapt to changes
in values. Additionally, while increasing dimensionality does not produce a clear pattern
of increasing errors for static models, it does lead to a noticeable trend of increasing errors
for dynamic ones.

A comprehensive overview of the performance metrics for estimated correlations is
depicted in Tables 8, 9, and 10.

Average RMSE Absolute value Relative value
Observations 1000 2500 5000 | 1000 2500 5000

Sample covariance | 0.1334 0.1535 0.1297 | 0.9988 0.9991 0.9996
CVC shrinkage 0.1336  0.1537 0.1297 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.1322 0.1535 0.1294 | 0.9895 0.9952 0.9976
DCC-NL shrinkage | 0.0910 0.0759 0.0656 | 0.6810 0.5791 0.5060
2F Copula 0.1032 0.0789 0.0819 | 0.7726 0.6931 0.6314

N =10
Sample covariance | 0.1288 0.1279 0.1284 | 0.9949 0.9968 0.9985
CVC shrinkage 0.1295 0.1283 0.1286 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.1288 0.1279 0.1285 | 0.9949 0.9968 0.9985
DCC-NL shrinkage | 0.0881 0.0736 0.0669 | 0.6808 0.5736 0.5204
2F Copula 0.0903 0.0795 0.0778 | 0.6977 0.6197 0.6051

N =20
Sample covariance | 0.1284 0.1304 0.1249 | 0.9925 0.9977 0.9987
CVC shrinkage 0.1294 0.1307 0.1251 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.1284 0.1304 0.1249 | 0.9924 0.9977 0.9987
DCC-NL shrinkage | 0.0898 0.0782 0.0683 | 0.6941 0.5988 0.5462
2F Copula 0.0808 0.0751 0.0686 | 0.6244 0.5744 0.5482

Table 8: Average RMSE of the estimated correlations in the structural breaks scenario

Similar to the findings with variance estimates, the analysis of performance measures for
the correlations shows that static approaches consistently have higher estimation errors
compared to time-varying ones. The DCC-NL shrinkage approach remains the superior
method for correlation estimation, as it consistently produces lower estimation errors
across all three measures. However, it is worth noting that the increase in dimensionality
produces a reduction in errors for all the models. Specifically, at the higher number of

assets considered, the 2-factor copula model surpasses the accuracy performance of the
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Average MAE Absolute value Relative value

Observations 1000 2500 5000 1000 2500 5000

N=4
Sample covariance | 0.1155 0.1137 0.1120 | 0.9965 0.9982 0.9992
CVC shrinkage 0.1159 0.1140 0.1121 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.1146 0.1134 0.1119 | 0.9881 0.9948 0.9975
DCC-NL shrinkage | 0.0717 0.0584 0.0492 | 0.6187 0.5124 0.4389
2F Copula 0.0841 0.0734 0.0658 | 0.7257 0.6440 0.5869

N =10
Sample covariance | 0.1117 0.1119 0.1119 | 0.9925 0.9955 0.9980
CVC shrinkage 0.1125 0.1124 0.1121 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.1117 0.1119 0.1119 | 0.9925 0.9955 0.9980
DCC-NL shrinkage | 0.0692 0.0562 0.0505 | 0.6148 0.5001 0.4503
2F Copula 0.0713 0.0621 0.0612 | 0.6335 0.5528 0.5461

N =20
Sample covariance | 0.1123 0.1139 0.1090 | 0.9894 0.9963 0.9981
CVC shrinkage 0.1135 0.1144 0.1092 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.1123 0.1139 0.1090 | 0.9894 0.9963 0.9981
DCC-NL shrinkage | 0.0715 0.0606 0.0518 | 0.6294 0.5297 0.4746
2F Copula 0.0633 0.0583 0.0533 | 0.5573 0.5102 0.4884

Table 9: Average MAE of the estimated correlations in the structural breaks scenario

Average MAPE Absolute value Relative value

Observations 1000 2500 5000 1000 2500 5000

N=4
Sample covariance | 0.2494 0.2506 0.2469 | 1.0002 0.9995 0.9999
CVC shrinkage 0.2493 0.2507 0.2469 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.2494 0.2507 0.2470 | 1.0005 0.9998 1.0002
DCC-NL shrinkage | 0.1675 0.1391 0.1178 | 0.6717 0.5549 0.4771
2F Copula 0.1834 0.1617 0.1433 | 0.7355 0.6450 0.5805

N =10
Sample covariance | 0.2528 0.2504 0.2550 | 0.9987 0.9987 0.9993
CVC shrinkage 0.2531 0.2507 0.2552 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.2528 0.2504 0.2550 | 0.9984 0.9986 0.9992
DCC-NL shrinkage | 0.1713 0.1412 0.1319 | 0.6766 0.5632 0.5167
2F Copula 0.1888 0.1672 0.1706 | 0.7459 0.6668 0.6686

N =20
Sample covariance | 0.2594 0.2646 0.2546 | 0.9979 0.9997 1.0000
CVC shrinkage 0.2599 0.2647 0.2546 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.2593 0.2646 0.2545 | 0.9976 0.9996 0.9999
DCC-NL shrinkage | 0.1837 0.1585 0.1384 | 0.7069 0.5990 0.5438
2F Copula 0.1663 0.1569 0.1454 | 0.6399 0.5927 0.5713

Table 10: Average MAPE of the estimated correlations in the structural breaks scenario
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DCC-NL for the smallest sample lengths, becoming the best model in this framework.
Additionally, for the time-varying models, the increasing sample length produces a better
accuracy of the models. However, for static models, this pattern is not apparent as also
observed in the variance case.

Finally, the analysis of paths with structural breaks confirms the expected limitation
of static models in capturing dynamic scenarios. Conversely, time-varying models demon-
strate the ability to effectively handle such paths. Furthermore, for time-varying models,
increasing the number of observations reduces the error for both variance and correlation.
Interestingly, while increasing the number of assets also reduces the errors for correlation,

it has the opposite effect on variance, leading to increased errors.

3.3 AR(1) Paths

The last paths simulated are time-varying paths constructed starting from an autoregres-
sive (AR) process of order 1 but with two different specifications for the variances and
correlations. The DGP for the variances ¢? of asset returns is based on a Stochastic
Volatility (SV) model, expressed as:

1
Yt = € = 1 €XP (5075) )

o1 =w+ plor—w)+ G,

where 1, ~ N(0,1), ¢: ~ N(0,0,) and the log volatility follows an AR(1) process. The pa-
rameter w represents the unconditional mean of the log volatility, assumed to be log (15%)
based on the average volatility in the stock market. The values of 8 and o, are set to
0.99 and 0.10 to account for the high observed persistence of volatility.
The correlation paths are simulated using a logistic transformation of an AR(1) pro-
cess, represented as:
Xipr=a+o(X; —a) + 9,

where v ~ N(0,02). The value of the unconditional mean « is chosen to ensure that the
correlations remain within the typical range of [0.2, 0.8], which is commonly observed for
stock correlations. The coefficient ¢ is assumed to be positive and set to 0.995, while the
shocks are assumed to have a variance 03 of 0.15.

After simulating the paths, I conduct an analysis as before, utilizing graphs and tables
to elucidate the relationship between the true path and the estimated ones. Figure 5
compares the true volatilities with the estimated ones. The visual analysis reveals that
even in the scenario of a time-varying path for volatilities, the sample covariance, CVC,

and GCVC approaches present similar values in terms of both median value and Monte
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Figure 5: Estimated variances in the time-varying scenario

Carlo (MC) confidence bands. They tend to remain close to the unconditional mean value
assumed for the path simulation. The two dynamic models, DCC-NL and 2-factor copula,
effectively capture the variability of DGP and present the same results due to the models’
construction. The MC confidence bands encompass nearly all fluctuations in value, with
exceptions occurring only during rapid changes where the models may require some time
to capture them, as shown in the paths with structural breaks.

The comparison between actual paths and estimated ones can also be extended to
the correlations. Specifically, Figure 6 illustrates the estimated correlations among assets
within the same group. The analysis of these estimated paths leads to the conclusion that
the DCC-NL shrinkage model emerges as better equipped to capture the true paths, as its
MC confidence interval encompasses them in most cases. However, challenges arise when
the changes in values are particularly extreme, with the MC confidence bands initially
failing to capture those values. Another significant consideration pertains to the width of
these bands, which are wider when the correlation values are low and narrower when the
values are high. On the other hand, the 2-factor copula model encounters more difficulties
in capturing the true correlation path. Specifically, the median value finds difficulties in
following the true path, and the MC confidence bands struggle to accurately include the
true correlation in some cases. Additionally, it is worth mentioning that the model tends
to overestimate the correlation values when they are low, while it tends to more accurately

capture high correlation values, even though with tighter MC confidence bands.
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Figure 6: Estimated within-group correlations in the time-varying scenario

The graphical analysis can be also extended to the estimated correlations among assets
in different groups, as depicted in Figure 7. The analysis highlights notable distinctions
with the within-group correlations, primarily concerning the 2-factor copula approach.
In periods of high persistence, the median values more effectively capture the true cor-
relations. However, challenges arise when extreme values occur, with the MC confidence
bands initially failing to capture significant changes. Whereas, the DCC-NL shrinkage
approach in estimating between-group correlations yields results consistent with those
observed for the within-group correlations. Additionally, it is also worth mentioning that
this model tends to have wider MC confidence intervals than the ones observed for the
2-factor copula model.

To complete the analysis and better understand the performance of these models, the
average Root Mean Squared Error (RMSE) and Mean Absolute Error (MAE) are com-
puted for the volatility paths. The results of these errors are summarized in Tables 11 and
12. The analysis of these performance measures in the time-varying scenario reveals, in
terms of model preference, results similar to those observed for the paths with structural
breaks. Once again, the DCC-NL shrinkage method emerges as the top performer, pro-
ducing the lowest amount of errors. It is followed by the 2-factor copula, which exhibits
slightly higher errors, while the three static models lag behind, showing unsurprisingly
higher values compared to the dynamic ones, with similar error rates among them. How-

ever, a notable difference in the time-varying scenario lies in the relationship between
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Figure 7: Estimated between-group correlations in the time-varying scenario

Average RMSE Absolute value Relative value
Observations 1000 2500 5000 | 1000 2500 5000

Sample covariance | 0.9819 1.1028 1.1429 | 0.9991 0.9997 0.9999
CVC shrinkage 0.9827 1.1032 1.1430 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.9819 1.1028 1.1429 | 0.9992 0.9997 0.9999
DCC-NL shrinkage | 0.6221 0.6571 0.6668 | 0.6330 0.5956 0.5834
2F Copula 0.6252 0.6582 0.6674 | 0.6362 0.5967 0.5838

N =10
Sample covariance | 0.9746 1.1076 1.1515 | 0.9984 0.9997 0.9999
CVC shrinkage 0.9762 1.1079 1.1516 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.9746 1.1076 1.1515 | 0.9984 0.9997 0.9999
DCC-NL shrinkage | 0.6387 0.6715 0.6862 | 0.6543 0.6061 0.5958
2F Copula 0.6431 0.6731 0.6869 | 0.6589 0.6075 0.5965

N =20
Sample covariance | 0.9918 1.1097 1.1424 | 0.9984 0.9996 0.9999
CVC shrinkage 0.9934 1.1102 1.1426 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.9918 1.1097 1.1424 | 0.9984 0.9996 0.9999
DCC-NL shrinkage | 0.6447 0.6849 0.6897 | 0.6489 0.6170 0.6037
2F Copula 0.6499 0.6864 0.6906 | 0.6542 0.6183 0.6044

Table 11: Average RMSE of the estimated variances in the time-varying scenario
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Average MAE Absolute value Relative value
Observations 1000 2500 5000 | 1000 2500 5000

Sample covariance | 0.7488 0.8069 0.8140 | 1.0000 0.9999 1.0002
CVC shrinkage 0.7488 0.8070 0.8138 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.7488 0.8469 0.8140 | 1.0000 0.9999 1.0002
DCC-NL shrinkage | 0.4312 0.4392 0.4378 | 0.5758 0.5442 0.5380
2F Copula 0.4326 0.4397 0.4381 | 0.5777 0.5448 0.5383

Sample covariance | 0.7544 0.8167 0.8315 | 0.9989 1.0001 1.0001
CVC shrinkage 0.7552 0.8167 0.8315 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.7544 0.8167 0.8315 | 0.9989 1.0001 1.0001
DCC-NL shrinkage | 0.4492 0.4533 0.4556 | 0.5947 0.5551 0.5480
2F Copula 0.4512  0.4540 0.4559 | 0.5974 0.5560 0.5483

Sample covariance | 0.7686 0.8230 0.8319 | 0.9989 1.0000 0.9999
CVC shrinkage 0.7694 0.8230 0.8320 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.7686 0.8230 0.8319 | 0.9989 1.0000 0.9999
DCC-NL shrinkage | 0.4521 0.4622 0.4599 | 0.5876 0.5617 0.5527
2F Copula 0.4546 0.4628 0.4602 | 0.5908 0.5624 0.5531

Table 12: Average MAE of the estimated variances in the time-varying scenario

errors and sample length. Unlike previous scenarios, here, an increase in sample length
leads to higher estimation errors. This finding can be attributed to the increased likelihood
of encountering peaks in the true path due to its time-varying nature, which consequently
poses estimation challenges for the models. The analysis of errors across varying asset
counts reveals different behaviors. The static model exhibits no clear pattern, with er-
rors remaining relatively constant. Conversely, both dynamic models experience a slight
increase in errors as dimensionality rises.

Additionally, for the correlations, the average Mean Absolute Percentage Error (MAPE)
is computed and the results are reported separately for within and between-group correla-
tions. Tables 13, 14 and 15 report the findings for correlations between assets in the same
group. The examination of the corresponding performance measures reflects the findings
obtained for estimated variances. The static models exhibit high estimation errors, with
comparable values among them. Conversely, dynamic models, particularly the DCC-NL
shrinkage method, demonstrate greater accuracy in estimating within-group correlations
in the time-varying scenario, with slightly lower estimation errors. However, an increase
in the dimensionality leads to a better performance of the 2-factor copula model in terms
of all three measures. For this path, it is also explored the impact of a further increase
in the number of assets (N = 50) on performance measures. Notably, all three measures

continue to exhibit lower errors for the 2-factor copula model compared to the others.
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Average RMSE Absolute value Relative value
Observations 1000 2500 5000 | 1000 2500 5000

Sample covariance | 0.2275 0.2534 0.2657 | 0.9921 0.9975 0.9983
CVC shrinkage 0.2293 0.2540 0.2662 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.2275 0.2534 0.2657 | 0.9923 0.9975 0.9983
DCC-NL shrinkage | 0.1379 0.1411 0.1418 | 0.6016 0.5553 0.5328
2F Copula 0.1798 0.1906 0.1925 | 0.7842 0.7506 0.7232

N =10
Sample covariance | 0.2259 0.2512 0.2631 | 0.9948 0.9979 0.9986
CVC shrinkage 0.2271 0.2517 0.2634 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.2259 0.2512 0.2631 | 0.9947 0.9979 0.9986
DCC-NL shrinkage | 0.1432 0.1476 0.1499 | 0.6305 0.5862 0.5691
2F Copula 0.1381 0.1423 0.1455 | 0.6082 0.5655 0.5524

N =20
Sample covariance | 0.2247 0.2534 0.2623 | 0.9956 0.9979 0.9987
CVC shrinkage 0.2257 0.2540 0.2627 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.2247 0.2534 0.2623 | 0.9955 0.9979 0.9987
DCC-NL shrinkage | 0.1474 0.1502 0.1521 | 0.6528 0.5912 0.5790
2F Copula 0.1259 0.1299 0.1329 | 0.5578 0.5116 0.5059

N =50
Sample covariance | 0.2255 0.2528 0.2615 | 0.9953 0.9980 0.9989
CVC shrinkage 0.2265 0.2533 0.2618 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.2255 0.2528 0.2615 | 0.9952 0.9980 0.9989
DCC-NL shrinkage | 0.1487 0.1520 0.1543 | 0.6562 0.6000 0.5894
2F Copula 0.1149 0.1211 0.1236 | 0.5070 0.4780 0.4719

Table 13: Average RMSE of the estimated within-group correlations in the time-varying
scenario
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Average MAE Absolute value Relative value
Observations 1000 2500 5000 | 1000 2500 5000

Sample covariance | 0.1944 0.2166 0.2281 | 0.9890 0.9959 0.9978
CVC shrinkage 0.1966 0.2175 0.2287 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.1944 0.2166 0.2281 | 0.9891 0.9959 0.9978
DCC-NL shrinkage | 0.1095 0.1111 0.1111 | 0.5569 0.5111 0.4857
2F Copula 0.1445 0.1509 0.1509 | 0.7351 0.6941 0.6599

N =10
Sample covariance | 0.1938 0.2156 0.2262 | 0.9931 0.9973 0.9985
CVC shrinkage 0.1952 0.2162 0.2265 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.1938 0.2156 0.2262 | 0.9931 0.9973 0.9985
DCC-NL shrinkage | 0.1135 0.1156 0.1170 | 0.5817 0.5350 0.5167
2F Copula 0.1092 0.1106 0.1125 | 0.5597 0.5118 0.4965

N =20
Sample covariance | 0.1927 0.2182 0.2258 | 0.9936 0.9975 0.9987
CVC shrinkage 0.1939 0.2188 0.2261 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.1927 0.2182 0.2258 | 0.9936 0.9975 0.9987
DCC-NL shrinkage | 0.1170 0.1177 0.1186 | 0.6035 0.5382 0.5243
2F Copula 0.0990 0.1002 0.1018 | 0.5103 0.4582 0.4504

N =50
Sample covariance | 0.1946 0.2181 0.2252 | 0.9935 0.9975 0.9989
CVC shrinkage 0.1959 0.2186 0.2255 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.1946 0.2181 0.2252 | 0.9935 0.9975 0.9989
DCC-NL shrinkage | 0.1180 0.1187 0.1203 | 0.6023 0.5430 0.5334
2F Copula 0.0891 0.0920 0.0939 | 0.4551 0.4211 0.4162

Table 14: Average MAE of the estimated within-group correlations in the time-varying
scenario
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Average MAPE Absolute value Relative value
Observations 1000 2500 5000 | 1000 2500 5000

Sample covariance | 0.8652 1.0289 1.1029 | 0.9858 0.9952 0.9998
CVC shrinkage 0.8777 1.0339 1.1031 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.8650 1.0289 1.1029 | 0.9855 0.9952 0.9998
DCC-NL shrinkage | 0.4941 0.5003 0.5095 | 0.5630 0.4839 0.4618
2F Copula 0.8716 0.8983 0.8871 | 0.9931 0.8689 0.8041

N =10
Sample covariance | 0.9556 1.0480 1.1698 | 0.9968 1.0023 1.0031
CVC shrinkage 0.9586 1.0456 1.1662 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.9554 1.0480 1.1697 | 0.9966 1.0022 1.0031
DCC-NL shrinkage | 0.5957 0.5665 0.6009 | 0.6214 0.5418 0.5152
2F Copula 0.6640 0.6196 0.6647 | 0.6926 0.5925 0.5700

N =20
Sample covariance | 0.9592 1.1300 1.1832 | 0.9982 1.0038 1.0046
CVC shrinkage 0.9610 1.1257 1.1778 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.9590 1.1300 1.1832 | 0.9980 1.0038 1.0046
DCC-NL shrinkage | 0.6292 0.6305 0.6302 | 0.6547 0.5601 0.5351
2F Copula 0.5880 0.5928 0.5902 | 0.6119 0.5266 0.5011

N =50
Sample covariance | 1.0371 1.1057 1.1832 | 1.0033 1.0056 1.0047
CVC shrinkage 1.0336  1.0996 1.1776 | 1.0000 1.0000 1.0000
GCVC shrinkage | 1.0369 1.1056 1.1832 | 1.0018 1.0055 1.0047
DCC-NL shrinkage | 0.6778 0.6374 0.6524 | 0.6558 0.5797 0.5540
2F Copula 0.5581 0.5398 0.5577 | 0.5400 0.4909 0.4736

Table 15: Average MAPE of the estimated within-group correlations in the time-varying
scenario
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This finding suggests that this model is more accurate than others in estimating within-
group correlations when the number of assets included is higher, likely due to the ad-
ditional information provided about correlations between assets. Moreover, similarly to
variances, the trend regarding sample length persists. An increase in the number of obser-
vations leads to higher estimation errors, meaning less accuracy of all models in estimating
the true paths.

The same analysis is repeated also for the correlations between assets in different

groups and it is shown in Tables 16, 17 and 18.

Average RMSE Absolute value Relative value
Observations 1000 2500 5000 | 1000 2500 5000

Sample covariance | 0.2330 0.2586 0.2721 | 0.9985 0.9998 1.0005
CVC shrinkage 0.2334 0.2586 0.2720 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.2319 0.2581 0.2719 | 0.9935 0.9979 0.9996
DCC-NL shrinkage | 0.1587 0.1623 0.1632 | 0.6798 0.6275 0.5999
2F Copula 0.1777 0.1842 0.1866 | 0.7613 0.7123 0.6859

N =10
Sample covariance | 0.2255 0.2747 0.2822 | 1.0000 1.0018 1.0018
CVC shrinkage 0.2254 0.2743 0.2817 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.2543 0.2743 0.2820 | 0.9957 1.0002 1.0010
DCC-NL shrinkage | 0.1994 0.2023 0.2051 | 0.7807 0.7378 0.7279
2F Copula 0.2075 0.2114 0.2148 | 0.8122 0.7709 0.7625

N =20
Sample covariance | 0.2616 0.2805 0.2909 | 1.0024 1.0031 1.0030
CVC shrinkage 0.2609 0.2797 0.2900 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.2605 0.2801 0.2907 | 0.9982 1.0016 1.0022
DCC-NL shrinkage | 0.2145 0.2184 0.2214 | 0.8221 0.7810 0.7634
2F Copula 0.2178 0.2227 0.2269 | 0.8348 0.7962 0.7822

N =50
Sample covariance | 0.2666 0.2898 0.2951 | 1.0031 1.0041 1.0035
CVC shrinkage 0.2658 0.2886 0.2941 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.2655 0.2894 0.2949 | 0.9990 1.0027 1.0028
DCC-NL shrinkage | 0.2225 0.2299 0.2283 | 0.8372 0.7965 0.7762
2F Copula 0.2320 0.2456 0.2472 | 0.8729 0.8507 0.8407

Table 16: Average RMSE of the estimated between-group correlations in the time-varying
scenario

The study of these performance measures reveals again that dynamic models consistently
outperform static models in terms of error. Specifically, the DCC-NL shrinkage estimator
achieves again the lowest errors across all three metrics. An upward trend in errors is
observed with an increasing number of observations, mirroring the findings of within-

group correlations. However, a key difference emerges when analyzing dimensionality.
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Average MAE Absolute value Relative value
Observations 1000 2500 5000 | 1000 2500 5000

Sample covariance | 0.1984 0.2201 0.2323 | 0.9868 0.9991 1.0000
CVC shrinkage 0.1990 0.2203 0.2323 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.1977 0.2198 0.2321 | 0.9934 0.9977 0.9994
DCC-NL shrinkage | 0.1289 0.1306 0.1308 | 0.6478 0.5929 0.5632
2F Copula 0.1442 0.1476 0.1486 | 0.7245 0.6700 0.6599

N =10
Sample covariance | 0.2175 0.2327 0.2386 | 0.9987 1.0009 1.0011
CVC shrinkage 0.2178 0.2325 0.2384 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.2168 0.2324 0.2385 | 0.9954 0.9997 1.0006
DCC-NL shrinkage | 0.1624 0.1619 0.1630 | 0.7459 0.6965 0.6839
2F Copula 0.1679 0.1677 0.1692 | 0.7708 0.7212 0.7099

N =20
Sample covariance | 0.2221 0.2364 0.2445 | 1.0010 1.0021 1.0022
CVC shrinkage 0.2219 0.2359 0.2439 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.2213 0.2361 0.2443 | 0.9976 1.0009 1.0017
DCC-NL shrinkage | 0.1750 0.1749 0.1757 | 0.7890 0.7413 0.7204
2F Copula 0.1762 0.1771 0.1791 | 0.7940 0.7507 0.7341

N =50
Sample covariance | 0.2260 0.2444 0.2470 | 1.0017 1.0032 1.0027
CVC shrinkage 0.2257 0.2436 0.2463 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.2253 0.2441 0.2469 | 0.9983 1.0020 1.0022
DCC-NL shrinkage | 0.1819 0.1842 0.1815 | 0.8061 0.7561 0.7367
2F Copula 0.1884 0.1959 0.1953 | 0.8347 0.8042 0.7928

Table 17: Average MAE of the estimated between-group correlations in the time-varying
scenario
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Average MAPE Absolute value Relative value
Observations 1000 2500 5000 | 1000 2500 5000

Sample covariance | 0.8730 0.9744 1.0477 | 0.9925 0.9971 0.9978
CVC shrinkage 0.8796 0.9772 1.0500 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.8863 0.9787 1.0498 | 1.0076 1.0015 0.9998
DCC-NL shrinkage | 0.5422 0.5121 0.5037 | 0.6164 0.5240 0.4798
2F Copula 0.5469 0.5298 0.5309 | 0.6218 0.5422 0.5056

N =10
Sample covariance | 0.8522 0.9360 0.9924 | 0.9913 0.9952 0.9962
CVC shrinkage 0.8597 0.9406 0.9961 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.8589 0.9385 0.9936 | 0.9991 0.9978 0.9975
DCC-NL shrinkage | 0.5630 0.5441 0.5559 | 0.6549 0.5784 0.5581
2F Copula 0.5456 0.5326 0.5431 | 0.6346 0.5662 0.5452

N =20
Sample covariance | 0.7833 0.9274 0.9764 | 0.9906 0.9938 0.9957
CVC shrinkage 0.7907 0.9332 0.9806 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.7883 0.9295 0.9774 | 0.9970 0.9960 0.9968
DCC-NL shrinkage | 0.5620 0.5764 0.5759 | 0.7107 0.6176 0.5873
2F Copula 0.5333 0.5690 0.5864 | 0.6745 0.6097 0.5981

N =50
Sample covariance | 0.7878 0.8970 1.0029 | 0.9904 0.9940 0.9954
CVC shrinkage 0.7954 0.9024 1.0076 | 1.0000 1.0000 1.0000
GCVC shrinkage | 0.7922 0.8987 1.0039 | 0.9959 0.9959 0.9964
DCC-NL shrinkage | 0.5693 0.5754 0.6116 | 0.7157 0.6376 0.6070
2F Copula 0.5572  0.6006 0.6469 | 0.7005 0.6655 0.6420

Table 18: Average MAPE of the estimated between-group correlations in the time-varying
scenario
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Here, errors measured by RMSE and MAE increase, while MAPE shows a decreasing
trend for all models except DCC-NL, which lacks a clear pattern. The previously observed
advantage of the 2-factor copula for within-group correlations with increasing assets can be
partially extended to between-group correlations. However, this benefit is only evident in
MAPE for the smaller sample lengths. For the other two measures, the error estimations
of the two dynamic models converge, with DCC-NL still maintaining a slight edge. Even
with a further rise in the number of assets (N = 50), the 2-factor copula model struggles
to outperform the DCC-NL shrinkage approach in terms of average RMSE and MAE.
However, for the average MAPE, the 2-factor copula still exhibits lower errors at only
lower sample lengths.

In conclusion, the findings confirm that dynamic models excel in time-varying environ-
ments. Both dynamic models exhibit similar accuracy in capturing variance due to their
comparable underlying structure. However, for correlation estimation in high-dimensional
settings, the 2-factor copula model provides superior precision for within-group correla-
tions, while DCC-NL outperformed in estimating between-group correlations. Investigat-
ing the effect of further increases in dimensionality on model performance accuracy would

be an interesting area for future research.

3.4 Computational Time

Selecting the optimal estimation method requires a trade-off, balancing the desired level
of accuracy with the processing time required to estimate both variance and correlation.
Understanding the computational costs associated with each method is crucial for making
an informed decision. Table 19 shows each model’s average time to generate estimates for
various scenarios. These scenarios explore the impact of a changing number of assets and
observations on processing time. This information empowers users to make a data-driven
choice, selecting the model that best aligns with their specific needs of speed and preci-
sion. The analysis reveals that static models reign supreme in terms of estimation speed.
Specifically, the sample covariance approach emerges as the quickest method, with compu-
tation time increasing minimally even with a growing number of assets and observations.
The DCC-NL shrinkage model follows closely behind, exhibiting processing times ranging
from a mere second to a maximum of 3.5 seconds in the extreme case. Instead, the 2-factor
copula model presents a more significant trade-off. While it offers superior accuracy in
some scenarios, this benefit comes at a substantial computational cost. Estimated times
can range from a starting point of around 17 seconds up to 4 minutes in this analysis.
Therefore, careful consideration must be given to weighing the 2-factor copula’s increased
accuracy against its computational demands. It is vital to ensure that the chosen method

aligns seamlessly with the project’s time constraints and available resources.
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Computational time Absolute value
| __ Observations | 1000__ 2500 ~_5000_
N —

Sample covariance | 0.0002 0.0004 0.0003
CVC shrinkage 0.0002 0.0004 0.0004
GCVC shrinkage | 0.0003 0.0006 0.0005
DCC-NL shrinkage | 0.3700 0.8900 1.0600
2F Copula 16.955 81.191 84.286

N =10
Sample covariance | 0.0002 0.0004 0.0018
CVC shrinkage 0.0004 0.0005 0.0028
GCVC shrinkage | 0.0005 0.0006 0.0027
DCC-NL shrinkage | 1.0000 1.0500 1.7900
2F Copula 19.325 64.687 106.71

N =20
Sample covariance | 0.0011 0.0006 0.0045
CVC shrinkage 0.0025 0.0010 0.0050
GCVC shrinkage | 0.0027 0.0010 0.0058
DCC-NL shrinkage | 1.6378 1.7368 3.5520
2F Copula 27.835 82.560 241.64

Table 19: Average computational time of the estimation models in seconds
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4 Empirical Application

4.1 Data Collection

The discussed models are now applied to real-world financial data. Specifically, this
research investigates the daily returns of stocks listed in the S&P500 index over a period
of 20 years, from January 2, 2004, to December 29, 2023. I use the Standard Industrial
Classification (SIC) code system to categorize the stocks into groups, which is necessary
for two of the models considered. The first two digits of the SIC code, designating the
major industry sector, allow the categorization of the stocks into groups according to their
sector. I further refine the analysis by employing the third digit of the SIC code to sub-
categorize stocks within each industry group. This enables a more granular examination
of return dynamics at the sub-industry level. For each of these categories, I construct
an equally weighted portfolio, which allows me to mitigate the idiosyncratic influence
of individual stocks and gain a clearer picture of overall sub-industry return behavior.
Finally, I focus on the portfolios that had consistent representation in the S&P500 index
throughout the entire 20-year time frame, excluding the ones with sporadic appearances.

Following the data adjustments, I have a breakdown of 8 distinct major industry
groups. These groups exhibit heterogeneity in the number of sub-industry portfolios they
encompass. Notably, the total number of sub-industry portfolios is 42, with an average
of 5.25 sub-industries per group. This average, however, masks the underlying variation,
with a minimum of 2 sub-industries and a maximum of 9 within individual groups. The

next subsections analyze the estimated variances and correlations for these portfolios.

4.2 Variance Estimation

The work proceeds with the estimation of the daily variances of sub-industry portfolios
using the different models introduced in Section 2. A representative example of the
estimated daily variances is depicted in Figure 8. The graph reveals that the two dynamic
models, DCC-NL shrinkage and 2-factor copula, produce similar daily variance estimates.
This is due to their inherent and similar design. Their paths indicate a relatively constant
daily volatility at around 1%, with three distinct periods of significantly higher volatility.
These three peaks correspond to the three major crises of the past two decades: the 2008
global financial crisis, the 2012 European sovereign debt crisis, and the 2020 COVID-19
market crash. The dynamic models effectively show the impact of these crises, with the
first and last crisis causing daily variance to surge twenty to thirty times higher than in
a low-volatility regime. Meanwhile, the 2012 crisis results in an increase in volatility of

approximately 10%.
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Figure 8: Daily variance estimates for a sub-industry portfolio from 2004 to 2023

The three static estimation methods (sample covariance, CVC and GCVC shrinkage)
tend to exhibit a pattern of overestimating variance during normal periods and vastly
underestimating variance during crisis periods. This is attributed to their static frame-
work, which fails to fully account for the impact of crises. However, outside of these
periods, they generally provide a satisfactory approximation of volatility estimation. In
contrast, both dynamic models offer accurate estimations of asset return volatility. They
effectively capture changes in values due to exogenous shocks, providing a more respon-
sive and adaptable framework compared to static methods. Consequently, while dynamic
models excel in capturing volatility dynamics, static methods remain valuable estimators
in stable economic conditions.

In conclusion, dynamic models are adept at accurately estimating asset return volatil-
ity, particularly in response to exogenous shocks, while static methods offer reliable esti-

mations in normal economic conditions, but may falter during periods of crisis.

4.3 Correlation Estimation

The estimation analysis progresses by examining correlations among the sub-industry
portfolios. This entails assessing correlations within the same sector as well as those
across different sectors. Figure 9 depicts the graphical representation of the estimated
correlations between two representative portfolios in the same industry group. The anal-
ysis reveals that the three static models consistently produce comparable estimation val-
ues, with the CVC shrinkage approach estimating values slightly lower than the other

two models. Similarly, the two dynamic models also demonstrate comparable values over
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Figure 9: Daily within-group correlation estimates for a sub-industry portfolio from 2004
to 2023

periods among them. However, in the initial periods analyzed, the 2-factor copula model
tends to estimate slightly higher values compared to the DCC-NL shrinkage approach.
Furthermore, while both models show increased correlations after the occurrence of the
2008 financial crisis, the 2-factor copula model exhibits a slower adjustment to these
changes. It also estimates larger decreases in correlation during periods of decline, sug-
gesting a stronger response to significant market downturns. Notably, the correlation
peaks at approximately 0.9 during crises, reflecting a trend observed also in the other
major financial downturns of the past decade.

Following the 2008 financial crisis, both models exhibit slightly higher correlation es-
timates compared to pre-crisis levels. However, after 2015, these estimates became more
variable, particularly for the DCC-NL model. In contrast, the 2-factor copula model main-
tained more persistent correlation estimates, closer to pre-crisis values. It is important to
note that while the copula model captured changes in correlation, the magnitude of these
changes was smaller compared to the DCC-NL model. Section 3 findings offer invaluable
insights into these models. Monte Carlo simulations underscored wide confidence bands
for both dynamic models in periods with low correlations, allowing me to conclude that
despite the dynamic environment of the financial markets, static models remain robust
estimation tools for correlation given their closeness to the dynamic model estimations.

Figure 10 visually represents the daily estimated correlation between sub-industry
portfolios spanning diverse industry sectors (groups). The analysis of these estimated

correlations yields results similar to those obtained for within-group correlations.
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Figure 10: Daily between-group correlation estimates for a sub-industry portfolio from
2004 to 2023

However, an important difference lies in the initial estimation of correlations by the two
dynamic models. While they converge on similar values in the beginning, the evolution
of correlations over time reveals significant discrepancies. The 2-factor copula exhibits
downtrends in correlation values, which suggests an increasing divergence between cer-
tain stock movements. This trend is not as strongly captured by the DCC-NL model,
which remains more persistent in that period. As expected, the 2008 financial crisis, a
period of heightened market stress, led to an increase in correlation values for both mod-
els. However, it is worth noting that the 2-factor copula model estimated slightly lower
correlation values compared to the DCC-NL model during this time. This finding, along
with the simulation results, points towards a potential overestimation of correlations by
the DCC-NL model.

Significant differences become evident from 2017 onward, where both dynamic models
estimate a decrease in values and an increase in the variability of the correlations. The
DCC-NL shrinkage approach detects more pronounced changes compared to the 2-factor
copula model, which generally estimates low but more stable values during this period.
These observations, along with results from the simulation analysis, suggest that the
DCC-NL model may place more importance on changes in values compared to the other
dynamic model.

In contrast, the three static models fall back into a pattern of estimating similar values.
The CVC shrinkage approach, however, tends to produce slightly lower correlation esti-

mates compared to the other two methods. This similarity suggests a lack of adaptability
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to changing market dynamics. Particularly noteworthy is how the static models, due to
their inherent stability, mirror the average correlation values estimated by the dynamic
models up until 2017. This is because the pre-2017 periods exhibited less variability in
correlations. However, this mirroring becomes a weakness after that year. While the
dynamic models capture the downward trend in correlations and the increased variability,
the static models completely miss these crucial shifts. They remain stuck in their past
estimates, failing to reflect the evolving market landscape. This comparison highlights the
key advantage of dynamic models. Their ability to adapt to changing market conditions
allows them to capture the nuanced fluctuations in correlations, especially during peri-
ods of increased volatility. Static models, while offering a simpler approach, may provide
misleading information when market dynamics shift.

The comparison between within-group and between-group correlations reveals distinct
patterns. Within-group correlations exhibit greater stability throughout the entire period,
while between-group correlations show more variation, particularly after 2017. Interest-
ingly, the two correlations diverge significantly following the initial high values due to
the first two crises. The between-group correlation drops substantially to around 0.6
(as evident from the 2-factor copula), while the within-group correlation remains rela-
tively stable at around 0.8. This trend is further supported by the static models where,
as expected, the within-group correlation is consistently higher than the between-group

correlation.
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5 Discussion

The selection of the appropriate model for covariance matrix estimation presents a multi-
faceted challenge for practitioners. While diverse models exist, each inherently embodies
a trade-off between estimation accuracy and computational efficiency. This necessitates
careful consideration of user needs and application context. This study explores this in-
terplay, emphasizing how the optimal model selection depends on the specific user needs.

Entities that prioritize long-term stability, such as pension funds, may exhibit a tol-
erance for minor year-to-year fluctuations in covariance estimates. Here, static models,
characterized by their computational efficiency and constant values, are well-suited for
such applications. This property arises from their ability to provide a reasonable level of
accuracy while maintaining rapid computational speed. In the context of pension fund
management, where it is crucial to use a metric that is valid in most cases rather than
seeking to outperform the market, static models offer a pragmatic solution for effective
risk management strategies. Conversely, institutions like investment banks and hedge
funds frequently prioritize high-precision tools for risk assessment. Dynamic models, de-
spite their computational intensity, offer a superior level of accuracy in capturing the
evolving nature of covariances. This characteristic makes them the preferred choice for
these institutions, even at the cost of increased processing time.

However, the selection process within the realm of dynamic models becomes even
more nuanced. The operational time horizon plays a crucial role in this context. For in-
traday trading activities, computational efficiency becomes crucial. The DCC-NL model,
while computationally expensive in complex scenarios, might be a viable option due to
its relative speed compared to the other dynamic model. In such high-frequency trading
environments, the trade-off leans towards prioritizing speed over the most nuanced level
of accuracy, as market movements can occur rapidly and require rapid decision-making
capabilities. In contrast, for long-term investment strategies with an even larger number
of asset classes, the 2-factor copula model emerges as a compelling choice. Its ability to
handle a broader range of assets outweighs its potentially higher computational demands
in these scenarios. The 2-factor copula model’s ability to account for the complex rela-
tionships between multiple asset classes justifies the use of a more powerful model, even
if it comes at the cost of increased computational resources.

In conclusion, the selection of the optimal model for covariance matrix estimation
transcends a one-size-fits-all approach. Context remains essential, as the most suitable
model depends on the specific user, their operational time frame, and the asset classes
involved. By understanding these factors and the inherent trade-off between accuracy,
computational efficiency, and user needs, practitioners can make informed decisions to

effectively select their optimal covariance matrix estimation model.
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6 Conclusion

This study investigates various methodologies for estimating covariance matrices in the
context of financial markets, with a specific focus on their ability to capture the dy-
namic nature of asset returns. While the traditional sample covariance matrix serves as
a foundational tool, its limitations in capturing the intricacies of market behavior are
well-documented. As explored in this research, linear shrinkage techniques offer improve-
ments over the sample covariance matrix, but their impact on estimation accuracy remains
relatively modest.

The research examines more sophisticated approaches, specifically the DCC-NL shrink-
age and the 2-factor copula models. These models offer significant advancements by ef-
fectively capturing the time-varying nature of variance and correlations between assets.
Through a comprehensive analysis that combines simulations and empirical data from
the S&P500, the study demonstrates the superior performance of these dynamic models,
particularly during periods of heightened market volatility. The dynamic models exhibit a
clear advantage in their ability to respond to external shocks and capture evolving market
correlations, a capability lacking in static models.

These findings highlight the critical importance of employing dynamic models for fi-
nancial analysis, particularly for institutions that require high precision in risk assessment
and asset management. While dynamic models provide a more accurate and responsive
framework for estimating covariance matrices, they come with increased computational
demands. However, static models offer a compelling alternative in situations where com-
putational efficiency is essential. While less accurate, they are significantly faster to com-
pute, making them suitable for specific use cases. The choice of model ultimately rests
with the user, who must carefully consider the trade-off between accuracy, computational
resources, and the specific demands of its situation.

This study offers a clear understanding of the strengths and limitations of different
covariance matrix estimation models. Moreover, further research in several key areas
can enhance the understanding of these models. Firstly, an examination of how a broader
range of assets impacts model accuracy could provide interesting insights into the behavior
of these models in an even higher dimensional setting. Secondly, examining additional
asset classes or diversified portfolios merits consideration to potentially extend the results
beyond the stock market. Finally, the incorporation of more sophisticated models has
the potential to yield a more nuanced understanding of variance and correlation in the
financial markets. This would ultimately facilitate better decision-making capabilities for

users navigating the financial landscape.
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