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Abstract

Given a first-order language £, a Boolean-valued model (BVM) for £ is a gener-
alization of the classical notion of a Tarskian L-structure, in which formulas have
truth values ranging over a Boolean algebra. In this work, we provide a short and
self-contained presentation of the theory of BVMs.

After that, we specialize on Boolean valued models of (the language of) set
theory. These turn out to be a natural setting to develop the technique of forcing,
introduced by Paul Cohen to prove the celebrated independence of the Continuum
Hypothesis.

In the final part of this work, we apply this framework to the study of the
current literature in inner model theory, showing that the Boolean valued framework
is particularly well-suited to produce general models into which any model of a
sufficiently rich fragment of the theory of an initial segment of the universe can be
embedded.

Keywords: Boolean-valued models, forcing, ZFC, inner model theory, initial frag-
ments of the universe, set theory.



To my family, my parents, my brothers,
for always believing in me and my dreams,
and for the time we spent together.

To my girlfriend,
for sharing with me laughter, growth, and countless memories.
I will always wait for the next.

To my friends,
without whom I would often be emptier and lost.
For all the best conversations and moments.

To Giulia,
for everything we’ve accomplished.

It meant something.

I dedicate this work to you.



Acknowledgements

First, I would like to express my deepest gratitude to Ivan Di Liberti, my
supervisor, for his understanding, constant support, and guidance throughout the
development of this thesis.

Working with him has been both intellectually stimulating and personally en-
riching. I am truly grateful for the freedom he granted me in exploring ideas, for
the insightful discussions we shared, and for the encouraging atmosphere he always
cared to foster. His mentorship has greatly contributed to different aspects of my
academic and personal growth, and I consider myself fortunate to have been one of
his students.

Over the past two years I have had the chance to meet wonderful people at
GU. I would like to thank all my professors for the attention they dedicated to me
and to my growth as a logician, as well as a student. Such level of interest is rarely
found in a teacher, let alone in an entire department.

Thanks to all the students I met and with whom I worked in these years. I
always appreciated our interactions and all the exchanges of ideas.

Lastly, I would like to express my most sincere thanks to Graham Leigh for his
many valuable comments he expressed on the first version of this work. His insights
and advice significantly improved both the results presented in this work and my
expository skills.

iii



Contents

Acknowledgements

Chapter 1. Introduction
1. Overview of the thesis

Chapter 2. Boolean Valued Models
1. BVMs, semantics, Soundness and Completeness
2. Quotients, fullness, and Lo$’s Theorem

Chapter 3. BVMs of set theory and Forcing
1. Fullness and Stone Space

Boolean valued models of set theory

Absoluteness, names, and genericity

Boolean valued structure for V2

Cohen forcing Theorem

M?®B models ZFC

O CU W

Chapter 4. Universality properties of forcing
1. Setting up the forcing

Towers of ideals

Good Ultrafilters and Saturation

The collapsing algebra

The stationary tower forcing

Gl L

Chapter 5. Conclusion

Appendix A. Boolean algebras and completeness
1. Topology
2. Boolean algebras and Stone Representation
3. Completeness
4. Boolean completion

Appendix. Bibliography

iii



CHAPTER 1

Introduction

The Continuum Hypothesis, CH, is a statement in ZF, Zermelo-Fraenkel set
theory, stating that every subset of the real numbers is either finite, in bijection
with the natural numbers, or in bijection with the real numbers. Working in ZFC,
i.e. under the further assumption of the Axiom of Choice, the statement can be
rewritten as

QNO = Nla

where Xy and N, represent, respectively, the first and second infinite cardinal num-
bers. Although CH can be easily stated—it is fair to assume an undergraduate level
student could understand the problem, after being introduced to cardinals—as it
often happens in mathematics, the same is not true for its proof. The problem
first appeared in the famous work by George Cantor setting the stage for set the-
ory, [Can78], and there the author also suggested that the answer to said question
should be positive. CH also raised to the top of David Hilbert’s list of important
problems in 1900, signaling the relevance it had for the mathematical community
at the time. After many years, in 1938, a first big step towards answering this
question was made by Kurt Godel, [G6d38]. He worked inside the standard model
of ZFC, V, and described a sequence of sets, starting from the empty set, in which
every new set L,11 is defined as the definable subsets of L, i.e. the subsets of
L, that can be defined with a first-order formula of set theory having parameters
L, and interpreting the quantifiers to range over L,. In that revolutionary work,
Godel showed that the constructible universe L—the union of all L, ’s—satisfies the
(Generalized) Continuum Hypothesis and the Axiom of (Global) Choice, showing
that both of these are consistent with ZF, or in particular, that CH is consitent
with ZFC.

However, this was not the end of the discussion and we had to wait until 1963,
when Paul Cohen wrote a paper that, simply said, shook the grounds of set theory.
In [Coh63], the author imagines a model M of ZFC that lives in V. He starts from
the fact that M and V might disagree about which ordinals are cardinals, in the
vernacular “the notion of cardinality is not absolute for M and V7. This happens
because “to be a cardinal” is expressed in terms of “there is no bijection with any
smaller ordinal”, so that M could not see some of the functions living in V', thus
making some other ordinals into cardinals. In this scenario the first uncountable
cardinal in M, (X;)™, will be smaller than X1, but CH could still hold in M, since
M could also have lost many subsets of Xy. Here lies the key of Cohen’s work: He
developed a technique called forcing that he used to expand M “just enough” so
that CH fails. In particular, he had to make sure that the expanded model agreed
with M about the first and second infite cardinals, while at the same time being
able to see more than (X1)* subsets of .

1



1. OVERVIEW OF THE THESIS 2

Intuitively, Cohen considers a preorder P having a top element and living in
M, namely a forcing preorder, and defines P-names recursively so that a relation
7 is a P-name if and only if all couples (o, ¢) in 7 are made of a P-name and an
element of P. These names are collected in a class, V¥, and the ones that belong to
M, MP let M “speak” of sets that it does not “see”. This is the profoundly new
aspect introduced by Cohen and it works by defining an evaluation of the names
at a filter G on P. This defines a set M|G] consisting of the image of M under
the evaluation on G that, roughly speaking, only sees a name (7,p) if p lives in
G. Under the further assumption of genericity of G, i.e. that the filter meets all
the dense subsets of P in M, Cohen showed that M[G] is the desired model. This
breakthrough earned him a Fields Medal in 1966, symbolizing the celebrity of the
result.

Many mathematicians were interested in understanding this revolutionary tech-
nique and, around the same time, Dana Scott, Robert M. Solovay, and Petr Vopénka
([Sco67]; [Sol70]; [Vop65])—expanding on a preliminary work by Helena Rasiowa
and Roman Sikorski on propositional and first-order logic [RS53]; [Ras63]—developed
the notion of Boolean valued models (BVMs) of set theory. A BVM is a generaliza-
tion of a standard Tarskian L-structure, for £ a first-order language, where truth
values for formulas span over an arbitrary Boolean algebra B, as opposed to just
{0 < 1}. Indeed, when we choose this minimal Boolean algebra we do retrieve
the class of Tarskian models, justifying us saying “generalization”. As we will see
in the first chapter of this thesis, the technology of BVM of set theory showed
to be particularly well versed to understand forcing, and this is the case, in our
opinion, essentially for two reasons. First, notions such as filters, incompatibilities,
quotients, and many others, have a more natural feel when dealing with Boolean
algebras. For example, Theorem 2.11 together with Theorem 3.28 rely heavily on
the concept of quotienting and are key to applying the forcing techinque. The sec-
ond reason is Theorem A.47, granting that any preorder can be densely embedded
in a (complete) Boolean algebra while preserving order and incompatibility, and
that this embedding is unique up to isomorphism. This guarantees that limiting
our discussion to the forcing we can do on Boolean algebras is, at the end, not a
limitation.

In more recent years, Boolean valued models are being applied to many as-
pects of logic: from set theory with urelements [WY24] and class forcing [AFG21],
to model theory [PV23]; [Wu23]; from category theory, [PV20], to proof theory
and categorical logic [HD20]; [SV24]. BVMs play a role in other disciplines as
well, finding application in logic related fields, like philosophy [Hor24], and also in
fields closer to mathematics, like probability theory and functional analysis [LG20];
[KK21]. We believe such great versatility could constitute by itself a good motiva-
tion to dedicate some time to read this work and learn about these models.

1. Overview of the thesis

This thesis stems from a recent work by Francesco Parente and Matteo Viale,
[PV23], titled Universality properties of forcing. The article finds its place in inner
model theory, using forcing as a tool to construct universal models for initial seg-
ments of the universe. Inner model theory is a branch of set theory that studies
models of ZFC—or some strengthening or fragments of ZFC—of the form of tran-
sitive subsets (or subclasses) of V. In this particular case, the authors of the paper
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consider the collection of all sets in V' whose transitive closure, i.e. the smallest
transitive set containing it, has cardinality less than a certain cardinal J, called
H(0). This is an initial segment of the universe V. There are two natural theories
generated by H(d) which the paper focusses on: Th(Hj), that is the whole of the
theory, and Thy(Hs), its universal fragment. The article’s result, here presented as
Theorems 4.40 and 4.52, is to build a universal model for those theories, meaning
it embeds (respectively, elementarily embeds) all other models of Thy(Hj) (respec-
tively, Th(Hs)). To achieve the result, the authors first discuss suitable Boolean
valued models and then define special ultrafilters, namely good ultrafilters, whose
combinatorial properties tighlty connect to the saturation of the quotient model.
The main result will then follow as a consequence of saturation, as presented in
Theorems 4.25 and 4.26. The relevance of the result can be understood, intuitively,
as a counter-forcing argument that guarantees a certain level of rigidity for exten-
sion of Hy, since all of those structure are embedded in, and thus must agree with,
the universal model.

The main objective of this thesis is to provide an accessible entry-point into
Parente and Viale’s paper. We aim to write a rather self-contained exposition of
the necessary background as well as convey our insights into the paper itself. A
secondary role of this thesis is to outline the theory of BVMs and Cohen forcing by
themselves, putting major attention on the details we found to be most complex or
lacking explanation while strst learning about these topics.

1.1. Thesis outline. The first Chapter following the Introduction is dedi-
cated to the theory of Boolean valued models (of set theory) and forcing. We
follow the presentation found in [Via24]. In the first Section we define BVMs and
their semantics, Definitions 2.1 and 2.2, and show that the class of BVMs satisfies
Soundness and Completeness with respect to a fixed deductive system, Theorem
2.5. Then, we define the quotient of a BVM by an (ultra)filter over its Boolean
algebra, and we argue that quotienting by an ultrafilter retrieves a classical struc-
ture, Definition 2.6 and following Remarks. We give a sufficient condition, namely
fullness, to prove a result linking the evaluation of a formula ¢ in a BVM M and
the truth value of ¢ at a certain quotient, M s |= ¢, Theorem 2.11, which is a
generalization of the Lo§ Theorem (the interested reader can find more about it in
[Kun11]; [Jec73]). This result will be crucial for the discussion of forcing, expecially
linked to Theorem 3.28 that shows an isomorphism between the quotient M, and
the forcing extension M[G]. The need for fullness is motivated by Example 2.9. We
conclude the Section showing that fullness can be retrieved by the mizing property,
Definition 2.12 and Proposition 2.13, a condition on the evaluation of the equality
inside the BVM.

The following Chapter is dedicated to Boolean valued models of set theory and
the notion of forcing. We begin by proving two results about the forcing relation,
Lemmas 3.1 and 3.4, that hold true for full BVMs (not necessarily of set theory).
Then, we choose a language of set theory and define the BVMs of set theory as
well as the set of names over a model M, namely M P, which will be the underlying
set of the BVMs we will study for the remaining part of the Chapter, Definitions
3.5, 3.6 and the preceeding discussion. We give an account of absoluteness that
takes into consideration the aspects most important to our discussion, Fact 3.10.
We introduce the concept of genericity, Definition 3.11 which will turn out to be a
sufficient condition for our generic extensions M[G] to be models of ZFC, Theorem
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3.33 (read the strategy below it). We introduce the structure of BVM of set theory
for the class of names VZ and prove it has the mixing property, Definition 3.19,
Theorem 3.20 and Lemma 3.23. The last two Sections of the Chapter are fairly
technical and provide the proofs for the main results of the Chapter, namely the
Cohen forcing Theorem, Theorem 3.29, and the fact that M is a model of ZFC
whenever M is a (countable) transitive model of ZFC in V|, Theorem 3.33.

The final Chapter is dedicated to the study of [PV23]. We use the Boolean
valued framework developed in the previous parts and the technique of forcing to
build the universal models described briefly above. In the first Section we set the
stage for the rest of the Chapter. We explain that we will deal with two different
signatures, i.e. €a, and € 4 and introduce the initial segment of the universe we are
interested in together with its forcing counterpart, namely Hs and H f —Definition
4.3 and the discussion preceeding it—which will take care of the €a, case. Then,
we define towers of ideals, I, and show how to compute their associated Boolean
algebra, B(I), Definitions 4.14 and 4.17. This leads to Definition 4.20 of a full
B(I)-valued model which we will use to deal with the €4 case. The following
Section is the theoretical backbone of the Chapter. We prove Theorems 4.25 and
4.26 which we will use to guarantee the existence of the (elementary) embeddings.
Then we introduce the notion of goodness for ultrafilters, Definition 4.28, which is
a combinatoric property that implies saturation when quotienting, Theorem 4.29.
For this reason, we necessitate a proof of the existence of good ultrafilters on our
Boolean algebras. The rest of the Section is dedicated to this task, culminating
with Theorem 4.36. In the last two Sections we establish the results respectively
for case €a, first, and € 4 second. The first Section is much easier than the final
one and at the same time it establishes the results following the same structure,
making it the perfect introductory read. Contrary to the rest of the thesis, the
final Section does not include a proof for all the results. Although they are very
important, providing them would have significantly exceeded the scope and length
for a Master’s thesis. Nonetheless, we decided to present the results to complete
our presentation, and we opted to refer the interested reader to the original source
for their proof.

In the Appendix A, the reader can find all the algebraic and topological no-
tions necessary for discussing the theory of Boolean valued models. We follow the
presentation in [Via24] as a general guideline, but we opt for a different structuring
and ordering of the exposition that we feel is more suited to our purpose.

1.2. Contribution outline. As mentioned, the role of the thesis is to provide
an entry-point into Parente and Viale’s paper and exhibit the theory of Boolean
valeud models as well as forcing. Our contribution is the following:

(1) We give rigorous proofs for the results that were left unproven or for which
the proof was, in our opinion, incorrect or unsatisfactory. Specifically, we
e We provide original proofs of Propositions 4.15 and 4.16; Lemmas
4.18 and 4.19; Lemma 4.35.
e We Complete/expand the proofs of Lemmas 3.1 and 3.4; Theorem
3.29; Theorem 3.33; Proposition 4.5; Lemma 4.10; Proposition 4.22;
Lemma 4.34; Theorem 4.36 (here we only expanded the part about
“cofinally many times”).
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e We correct the presentation (definition of the deduction system and
the proof) of the Soundness theorem, Theorem 2.4; and the proof of
Lemma 4.7 (construction with J was not working).

(2) We give insights and motivation, occasionally in the form of personal
reformulations.

e We introduce the reader to the semantics of BVMs with a reformula-
tion in terms of functions (Introduction to Chapter 2 and following).

e We justify the properties of BVMs (following Definition 2.1).

e We justify the choice of semantics for the existential quantifier, Def-
inition 2.2, (preceeding the definition).

e We motivate quotients and show how they retrieve ultraproducts
(Introduction to Section 2.2).

e We explicit the link between BVMs and forcing (Introduction to
Chapter 3).

o We motivate Definition 3.5.

e We give a (fascinating) argument that shows why a forcing (or sim-
ilar) argument is needed to obtain the independence of CH (Intro-
duction to Chapter 4).

e We provide an intuitive interpretation of the results by Parente and
Viale (Introduction to Chapter 4 and following Theorem 4.52).

e We motivate the choice of structure on B(I) (preceeding Definition
4.17).

(3) We clarify the historical background of BVMs (Introduction to Chapters
2 and 3) and outline one for Inner Model Theory (Introduction to Chapter
4).

(4) We simplify complex passages.

e We provide a very friendly presentation of absoluteness tailored to
our context, Fact 3.10.

e We introduce two new notations, namely a® and @, to deal with
the Boolean algebra associated to a tower of ideals (Section 4.2); we
also expand greatly on the definition of said Boolean algebra.

(5) We collect the material necessary to discuss Chapter 4 (i.e. the one on
Parente and Viale’s paper) in a reasonably self-contained dissertantion.



CHAPTER 2

Boolean Valued Models

Classically, a (Tarskian) model for a first-order language L, also called L-
structure, is a set equipped with interpretations for the symbols in £. In an £-
structure M, it is possible to assign a truth value 0 (false, bottom) or 1 (true,
top) to every formula of the language £. In particular, one could start defining
truth on the atomic sentences, then add the connectives and quantifiers, and finally
introduce variable assignments to take care of formulas containing free variables;
the interested reader can consult [Pro] for a newer presentation of this material, or
[End01] for a more classical approach.

The class of £ structures has many nice properties such as Completeness,
Soundness, and Compactness. Nonetheless, as often happens in mathematics and
logic, newer problems require generalizations and Rasiowa and Sikorski, in the early
50’s, experimented with the definition of valued models for propositional and first-
order logic. These models accomodate for more truth values for formulas, letting
them span over a Boolean algebra. The models first appear in [RS53] while the
authors work is collected in [Ras63] and can be seen as the syntactical background
to what are now called Boolean valued models (BVMs), which are the main tech-
nology in the development of this thesis. Intuitively, while a Tarskian L-structure
semantics is defined by a function

TSem: AtSen(L) — {0, 1},

ascribing a binary truth value to atomic sentences, a BVM’s semantics is given by
a function

BSem: AtSen(L) — B,

where B is the Boolean algebra upon which the BVM is built. Notice that, as
part of the atomic formulas, the equality on the model is itself subject to this
generalization.

Historically, the BVMs were formally introduced only when Scott, at the same
time as Solovay and Vopénka, formulated and used them to approach the, at the
time, very new technique of forcing by Cohen [Sco67]; [Sol70]; [Vop65]. Scott
studied the BVMs of set theory and with them he provided a new proof for Cohen’s
result on the independence of the Continuum Hypothesis. We leave the discussion
of BVMs of set theory applied to forcing to the next Chapter and go back to
the general theory of BVMs. Indeed, many notions introduced in the context of set
theory, such as Definitions 2.1 and 2.2 of a Boolean Valued Model and its semantics,
have since then been generalized to arbitrary first-order theories.

This Chapter is dedicated to a short presentation of the theory of Boolean
valued models. To simplify the presentation, we will restrict ourselves to the study
of languages that do not contain any function symbols, which we call relational
languages. Aside from establishing the core definitions of this work, Definitions 2.1,

6
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2.2, 2.6, and 2.10, this Chapter contains important results, such as Theorems 2.5
which is an interesting standalone result, and 2.11 and Proposition 2.13 which we
will make great use in the later parts of this work.

1. BVMs, semantics, Soundness and Completeness

We begin this Section with the definition of a Boolean Valued Model for a re-
lational first-order language £. The reader will see how to generalize this definition
to the case of a language containing function symbols as well. We then spend some
words motivating Definition 2.2 of semantics on a BVM. We conclude this short
section with a proof of Soundness and Completeness for the class of BVMs with
respect to a fixed deductive system.

DEFINITION 2.1. Let £ = {(R;)icr1, (¢cj)jes} be a relational language and B a
Boolean algebra. A B-valued model M for L is a quadruple

(M, ﬂ_ = _]]g/[v (ﬂRi(_)HgA)iGD (C?A)jGJ)
where:

(1) M is a non-empty set, which we will refer to as the underlying set. The
elements of M will be referred to as names;
(2) [- = -]%': M? — B is a function. We shorthand the notation substitut-
ing the dashes for the inputs of the function;
(3) for all i € I, [Ri(—)]%': M™ — B is a function with n; € N the arity of
R;. We apply an analogous convention here;
(4) for all j € J, c}' € M is a name for the constant symbol c¢;;
satisfying the following properties:
El) forall e M
[r=715" =1,
E2) forall 1,0 € M
M M

[r = ol = o = 714"

E3) for all 7,0,m e M
[r = ol Ao = 7]5" < [r = 7]5";
R1) forallie I and all 7,...,7,,01,...,0n, €M

g

/\[[Tj = Ujﬂg/l A [[R(Tlv""’rnq‘,)}].g/l < [[R(O—la"'vo'ni)]]g/l'

Jj=1

The properties appearing in the previous definition are choosen to guarantee
that the interpretation of the equality and the relations on the model satisfy some
intuitive criteria. In particular, the E-properties ask that the equality on the model
respects the law of identity, is symmetric, and is sub-transitive. Very loosely speak-
ing, one can think of sub-transitivity as conveying the fact that if a is 90% equal to
b, which in turn is 90% equal to ¢, then we can expect a to be at least 80% equal
to c¢. A similar remark can be stated for R1. Historically, the properties were first
formalized in the ’60s in the works of Scott, Solovay, and Vopénka we mentioned
above, and the reader can also find them, for example, in [Kunl1].

Notice that, by pasting together the maps [— = —]%' and [R;(—)]%!, for
i € I, we retrieve the map BSem: AtSen(L£) — B of the introduction to this
Chapter. We are now interested in extending the domain of BSem to the whole of
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Frm(L£), that is to say, we want to define semantics for the BVM. However, there
is a foundational issue we need to attend to. In particular, extend the language
L of the previous Definition with constant symbols for all the names in M, i.e.
Ly:=LU{cq | a € M}, and identify M with the model of £, that has the same
underlying set and assignments, and that interprets all constant symbols ¢, as their
a € M. Consider the sentence Jzp(x). In classical logic we say that the formula is
true in an L-structure N if there exists an a € N such that ¢(a) holds true in N,
and is false otherwise. If we let T'(¢)) indicate the truth value of ¢ in N, we can
rewrite this as

T (Jzp(w)) = \/ T(p(a)).

a€EN

This gives us a very natural way to generalize the semantics to BVMs, by simply
defining

Bee@)]s' =\ [p@]s"

a€EM

Here is where the problem lies: the right member of this equation could be ill-defined
if B is not a complete Boolean algebra, see A.32. Nonetheless, Theorem A.47 grants
the existence of an essentially unique complete Boolean algebra, RO(B), in which
B is embedded densely. Thus, we can define the semantics inside RO(B), avoiding
the problem altogether

AtSen(£) 25, B

j e

Frm(£) ——— RO(B).

Semantics

Going forward, we will abuse the notation and identify the elements of RO(B) with
the corresponding element in B when possible. Analogously, we will often write B
as opposed to RO(B) when we are not dealing with existential formulas explicitly
in order to simplify the notation.

The reader might wonder why we need to introduce BVMs for arbitrary Boolean
algebras instead of restricting ourselves to complete ones. Although from a theo-
retical perspective it would be possible to develop all the results of this and the
following chapters by working exclusively with complete Boolean algebras, we will
see in the final chapter (Definition 4.20) that, in certain contexts, it is actually
more convenient to work with non-complete Boolean algebras, as it is our case
when aiming to extrapolate combinatorial properties.

We are now ready to define the semantics for BVMs. We let FRV(L) denote the
set of free variables of the language £. An assignment is any map v: FRV(L) —
M. Given an assignment v, a free variable z and a name b € M we write v,;, for
the assignment that agrees with v everywhere but in x and assigns b to x.
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DEFINITION 2.2. Let M, B, RO(B), and L be as above. We define the following
for all assignments v and all sentences in Ly;:

[[T]]RO(B) =1
[er = ol = [r = ol3"
[R: (Cr)]]Ro(B) [Ri(7 )]]
[e A ¢l50(s): = [[<P]]RO(B> A [¥l56(s)
[[_“P]]RO(B) = ﬁﬂ@ RO(B)
VA IS e

M,v
B (z, c2)ro(s) :

beM
and the other connectives are defined similarly.
Finally, we extend the definition to the formulas with free variables z1,...,z,
by letting
My M,v
[e(z1,- - 20)lro (s = o)y - @) Jrd(m)-

We will often drop the assignment when we are dealing with sentences and keep
writing B in place of RO(B) abusing the notation. Moreover, we shorthand ¢, with
7 if no confusion can arise.

We postpone an explicit example illustrating Definitions 2.1 and 2.2 to Example
2.9, in the next section. There, the interpretation of formulas within a Boolean-
valued model will be made concrete, and the differences with classical Tarskian
semantics will also be highlighted.

Lastly, notice that the previous definition retrieves the classical Tarskian se-
mantics when B = {0, 1} and in that case M of Definition 2.1 is just an L-structure.

DEFINITION 2.3. A sentence ¢ in L)y is valid in a B-valued model M if

My
[l o (m) = 1-
An L-theory T is valid in a B-valued model M if all its axioms are valid in M.

Consider now the standard language of first-order logic. The unaccustomed
reader can find more informations about this in [Pro, Chapter 3]. We work with
the relational fragment of the standard language, since our definition of BVMs is set
up this way, and derive Soundness and Completeness with respect to a derivation
system for first-order logic and the class of BVMs. The interested reader should
find no trouble in generalizing the notions and the results to accomodate for func-
tion symbols and terms. Towards our goal, we use (a slight modification of) the
derivation system introduced in the same reference in Section 18.5. The authors of
the text already provide a proof of Soundness and Completeness for their original
system with respect to the class of Tarskian models. Again, if interested, the reader
should find no trouble in adapting these results.

As anticipated, let Lrror, be the relational fragment of the standard first-order
language, that is to say, £ contains

e an infinite collection of variables x,vy, z, . . .,
e an infinite collection of constant symbols a,b, ¢, ...,
e for each n € N, n > 1, an infinite collection of n-ary relation symbols

3 .
1o Ay, .
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In addition to this, we have non-logical symbols for the usual connectives and
quantifiers, and brackets, with which we form well-formed formulas in the usual
manner, see OLP. Notice that the usual definition of terms for Lrror, only defines
variables and constants, as we do not have function symbols.

Let’s now move to the definition of the derivation system. We will use an
Hilbert-like system in which a derivation for a formula ¢ is a finite sequences of
formulas ¢q, ¢1, ..., ¢, such that ¢, = 1 and each formula ¢; in the sequence is
either a logical axiom or is derived from previous formulas in the sequence using a
rule of inference. For our purposes, we use the axioms

(1) (PAY) =
(2) (pAP) =9
3) = (P = (e A1)
(4) = (V1)
(5) o= (YVo)
(6) (=8 = (=8 = ((eVvy)=9)
(7) = (Y= 9)
(8) (= W—=8) = (p—=19) = (p—9)
(9) (o =) = (¢ = ) = ~¢)
(10) = (¢ = Y)
(11) T
(12) L=
(13) (p—= L) = o
(14) TP
(15) Vap(z) = ¢(a)
(16) p(a) = —Veop(z)
where @ is any constant symbol; and the inference rules

(17) P =

(18) Y Va(z)

(19) Vay(x) - —Ir—p(z),

where x is not free in any undischarged assumption on which ¢ depends. Here
by undischarged assumption we mean the additional formulas living in an LrroL-
theory T that we add to the axioms of our system when we make derivations. When
we find a derivation for a formula ¢ using undischarged assumptions from 7" we say
that ¢ is provable syntactically by T, and write it T F ¢.

Notice that the Completeness Theorem for the class of Boolean valued models
follows trivially from the fact that Tarskian models are a subclass of the former.

THEOREM 2.4 (Soundness). Let T be as above. If an Lgrror-formula ¢ is
provable syntactically by T, and T is valid in a B-valued model M, for B a Boolean
algebra, then [p]M* = 1g, for all assignments v: FRV(L) — M.

PRrROOF. Suppose 91, ...,%, is a derivation of ¢ from T. We want to show
that [[wi]]gj’” = 1p, for all 1 <4 < n and all assignments v. To do so, fix k < n
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and suppose that for all j < k we have [[d)j]]g[’” = 1p for all assignments v and we
prove that [[wk]]g’" = 1p. We have essentially three cases to distinguish: ¥y is an
axiom, it comes from a rule, or it lives in 7. This last case is the easiest, because
we have validity of T in M. For the other two cases we only discuss Axioms 1 and
15 and Rules 17 and 18, as all the other proofs work analogously and add no value
to this dissertation (Rule 19 is a general fact about Boolean algebras). We drop
the subscript of the evaluation notation.
Axiom 1. We have ¢ = (£ A0) — £. Then, for all assignments v, we get

L€ £ 6) = €M = ~l A 01" v [ =
= el v -1 v [ = 1.

Axiom 15. We have ¢ = Vzé(x) — £(a), with a a constant symbol. For all
assignments v, we get

[V (x) = E(@)]* = =[vag(@)] " v [E(@)] " =
=- N\ EQI" V@] >

beM
> =[] V@] = 1p
Rule 17. Then there exist [,m < k such that ¥, = 6 — vy, and ¢,, = 0. By
hypothesis, we know they are valid, so we get, for all assignments v,
1g = [ Apm] ™ =
= 10 = ) A O =
= (A1 v 1) A T =
=0p V ([vR]™" ATOI™Y) < [vn] ™
Rule 18. Then ¢, = Vzé(z) and there exists j < k such that ¢; = . Then,
our thesis amounts to showing
[€]M" = 1p for all assignments v = /\ [€(T)]™" = 15 for all assignments v.
reM

However, by choosing v/ ~ v, with v/(z) = 7 in the antecedent, we actually get

[(r)]™ =18

for all v. Thus, every evaluation on the right hand of our desired result will be 15,
which is the thesis.

Notice that we have already concluded. Indeed, we immediately get that
[10]* = 15 because the assumption on j is trivially true; and since the derivation
is finite, we eventually get [, ] = 1p, concluding. O

THEOREM 2.5 (Soundness and Completeness). A Lrror-formula ¢ is provable
syntactically by a Lrroyr-theory T if and only if, for all Boolean algebras B, all
B-valued models M for which T is valid, and all assignments v: FRV(L) — M, we
have

L] = 1.

Proor. Follows trivially by Theorem 2.4 and the remark preceeding it. O
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2. Quotients, fullness, and Lo$’s Theorem

Consider a family of L-structures (M;);ecs, with I a set of indexes. The set

M:=]] M,
il
given by the cartesian product of the underlying sets of the structures, is not an
L-structure in general, but it has a very natural P(I)-valued structure. Indeed,
one can take the interpretation of the constant symbol ¢ € L to be the tuple
(cMi);er € M, and for the equality define
[(ai)ier = (0i)ierlp(ry:={i € I | a; = bi} € P(I),

and similarly for the relation symbols in £. Doing so, and working with Definition
2.6, one can retrieve the notion of wltraproducts of L-structures. Ultraproducts
have lots of different applications, from simplifying proofs to building models with
unusual properties (the interested reader can consult [CK90] as a reference for all),
and all of them rely on a Theorem proved by Jerzy Lo$ in 1955, [Lo$55]. Aside
from its theoretical relevance, this result will play a major role in the later parts of
the next Chapter, when we will be dealing with forcing.

Lo$’s Ultraproduct Theorem essentially states that the £-structure obtained as
the quotient of M by an ultrafilter G, satisfies exactly those formulas ¢ for which the
set {i € I'| M; = ¢} lives in G. We will see that a generalization of this Theorem
is possible, letting us drop the assumption that M has to be the cartesian product
of L structures, however the whole class of BVMs is too big for our scope, as shown
in Example 2.9. To solve the problem, we will introduce the notion of fullness,
Definition 2.10, essentially taking care of the cumbersome existential formulas. We
conclude the Chapter by providing a sufficient condition for fullness, namely the
mizing property, that is usually easier to check for, Definition 2.12 and Proposition
2.13.

In the following we will assume some familiarity with ultrafilters. The unfa-
miliar reader can consult the Appendix A, in particular Proposition A.25 about
quotienting with (ultra)filters.

DEFINITION 2.6. Consider B, L, M as above and let F' be a filter on B. The
F-quotient of M, in symbols M p, is the B,p-valued model whose:

e domain is given by
Myp:={lo]r |0 € M},

where [o]p:={r € M | [t = o]} € F};
e equality assignment is given by

M
[Irlr = o)l = (7 = o]5'] s
e for all ¢ € I the interpretation of relation is given by
M
[[R([Tl]Fa [ [Tni]F)]]B//FF = [[[R(Tl’ s 77—7%)]]%4] Fo
e for all j € J the interpretation of ¢; is [¢}"]p.

REMARK 2.7. This is indeed a good definition and M/ is a B, p-valued model
for £. Indeed, M, is a set and for all 71,75 € M such that [71|r = [72]F we have

[[72:0]]%4617 - [[TQZU]]g/[/\[[leTQ]]'g/tEF = ﬂﬁza]]g/lEF.
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Notice that the first implication follows from the assumption on 7 and 75, and the
fact that F' is a filter, and the second implication follows from the property E3 of
Definition 2.1 and F being a filter. Then, [r» = o]¥' — [r = o] € F. By
symmetry we get the other implication and by F' being a filter the meet of the two
proves that the equality is well defined. In a completely analogous manner we can
show the soundness of the definition for the R; symbols.

REMARK 2.8. If F in Definition 2.6 is an ultrafilter on B, then
B/F = {0 < 1}
is the minimal Boolean algebra, therefore M, is a standard Tarskian model.

As anticipated in the introduction, we are interested in generalizing Los Theo-
rem, obtaining a result of the form

Mr E o(lo1]F, ..., [on]r) if and only if [p(a1,...,0,)]% € F,

for M any B-valued model, F any ultrafilter on B, ¢ any formula in £, and
01,...,0, € M arbitrary names. However, as we are about to see, this result is not
true in general, as even valid formulas in M can fail to be true in some quotients.

EXAMPLE 2.9. Consider the language £:= {<, C}, where < is a binary relation
symbol and C' is a unary relation symbol. Let B:= RO(R), where R is the set of
real numbers equipped with the standard euclidean topology. Consider

M:= (C¥(R),=,<p,Cg),

where C¥(R) is the set of analytic functions on R. We give the following interpre-
tations and claim we have a B-valued model:

[f = 9] = Reg({z € R | f(x) = g()}),
[f <5 g]5':= Reg({z € R| f(z) < g(2)}),
[Ca(N]Y:= Reg(U{U | flu is constant}).

We just need to check the properties listed in Definition 2.1. For all f, g, h € C¥(R)
we have (dropping the superscripts, as no confusion should arise)

[f = /] = Reg({z e R | f(2) = f(2)}) = Reg(R) = R,
[f = 9] = Reg({z € R | f(z) = g(x)}) = Reg({z € R [ g(x) = f(2)}) = [9 = /],

[f =gl Ag = h] = Reg({z € R | f(z) = g(x)}) NReg({z € R | g(x) = h(x)}) =
=Reg({z e R| f(z) = g(x)} N{z e R | g(x) = h(z)}) €
C Reg({z e R | f(z) = h(x)}) = [f = hl,

where the only non-trivial equality follows from point 5. of Lemma A.5. Property
R1 follows in both cases from a trivial inclusion and the monotonicity of the operator
Reg.

To show our point, let f € C¥(R) be arbitrary and consider ¢ = Jy(f <
y A C(y))—where we are using f instead of c;. For all a € R, let ¢, € C*¥(R) be
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the constant function with value a. We then have

[e(N] =Bu(f <syACs)l = \/ [f<gnCs9)] >

geC (R)

> \/If <5 ca A Colea)] = \ (If <5 cd ACa(c)]) = \/If <5 ca =R,

a€R a€R a€R

where the second to last equality holds because [C(c,)] = R and the last equality
holds because
U ((—o0,n)) =R
neN
Then we have M = ¢(f), for any f € C¥(R), and in particular M |= ¢(idg).
To conclude, observe that F: = {(a,4+00) | a € R C RO(R)} is a prefilter.
Then, by Theorem A.27 there exists F' C G € St(RO(R)). For any a € R we have

[-(idr <B ¢a)] =R\ Cl(—00,a) = (a,+x) € G,
therefore M, = —p(idg).

This example clearly shows that our desired result fails, as even valid formulas,
i.e. formulas for which the evaluation in the models is 15, and thus they belong to
every ultrafilter, might be false in the quotient. To solve this problem, we restrict
ourselves to the class of full Boolean valued models, which, very loosely, have the
property that existential formulas can be “finitely represented” in the model.

DEFINITION 2.10. Let B be a Boolean algebra and £ a language. A B-valued
model M for L is full if for every formula ¢(z,y1,...,y,) and o1,...,0, € M there
exists a k € N such that there are 7,..., 7, € M satisfying

k
|IE|ZL'Q0(ZL', 2 P UH)HJB}/I = \/ II()O(Tiv 015 7(7”)]]%4'
i=1
THEOREM 2.11 (Lo$ theorem). Let B be a complete Boolean algebra. Assume
M is a full B-valued model for L. For all ultrafilters F' € St(B), all formulas
(Y1, -,Yn), and all 01, ...,0, € M, we have

M,p = o([oi]r, ... [on]r) if and only if [p(o1, .. Lon)]st e F.

PrOOF. We prove this by induction on the complexity of ¢.
Induction basis: First we check ¢ = ¢; = ¢;. We have
At

K2

M M
Mypp o= Myree=e s 697 = 3715 =

= [[M=c"I3],=1 = [ =c"]3' € F < [els' € F.

Let ¢ = Rj(y1,..-,Yn), we have

Mp Eo([oi]r, ..., [on]r) <= Mp | Ri([o1]F,...,[on]F) <
— [[Rj([al]F""’[”n]F]]gf =1 <= [[Rj(o1,-.,0)l5]p =1 <
= [Rj(o1,...,00)]|} € F <= [¢]} € F.

Inductive step: Suppose ¢, are L-formulas that satisfy the inductive hy-
pothesis. Then we have:
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Conjunction. Trivially M,p = ¢ A4 if and only if it models both of them.
By the inductive hypothesis on those, we get that both [¢)]7%' and [@]%! live in F,
therefore their conjunct does.

Negation. We have M ,p |= —¢ if and only if it does not model ¢. By the
inductive hypothesis we have [¢]%! ¢ F, and by F being an ultafilter we know that
[~¢l5' € F.

Ezistential. We have M p |= Jzp(x, [01]F, ..., [on]F) if and only if there exists
h € M such that M ,p = o([h]F,[01]F, ..., [on]Fr). By the inductive hypothesis on
¢, this is equivalent to the existence of h € M such that [¢(f,01,...,0,)]% € F,
and thanks to fullness of M, this is equivalent to

k
there exist 71,...,7, € M such that \/ lo(ri,o1,...,00)] 5 € F,
i=1
for some k finite. By F' being an ultrafilter, we know at least one of them lives in
F. ([l

One should easily convince that fullness is a very good property to have in a
model. However, in general it is not very easy to prove, as in principle it requires
to check that all existential formulas can be finitely represented in the model. We
conclude the Chapter by giving a sufficient condition for a BVM to have fullness—
indeed, it is a sufficient condition for strong fullness—that is easier to check.

DEFINITION 2.12. Let x be a cardinal, B be a Boolean algebra, £ be a language,
and M be a B-valued model for £. We say that M satisfies the <k-mixing
property if for every antichain A C B of size less than x and every sequence
(Ta € M | a € A), there exists 7 € M such that a < [r = Ta]]ﬁ’(‘)(B) for all a € A.

We say that M satisfies the mixing property if it satisfies the <xk-mixing
property for all cardinals k.

PROPOSITION 2.13. Let B be a complete Boolean algebra and let M be a B-

valued model for L. Assume that M satisfies the <k-mizing property for some
k> min{|B|,|M|}. Then M is full.

Proor. Fix any formula ¢(z,y1,...,¥y,) in £ and @ C M so that
[Bre(z,9)]5" > 05,

otherwise we can choose k = 0 in the definition of fullness to get the thesis.
Let v = |M|. Fix an enumeration {7; | i € v} of the names of M and consider

Ji=y\ Qi ey [l A= | VIl ol | =0z

Notice that J # (), otherwise it follows that [3zp(z,01,...,0,)]5 = 05, against
our assumption. Clearly, J is well-ordered as it is a subset of v who is well-ordered.
We define a sequence of elements in B as follows:

ai:= (i, )] 5 A - \/ (5,05 |, forallic J.
J3j<i
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The subset A:= {a; | i € J} C B is then trivially an antichain. Indeed, for i,j € J
such that ¢ < j it holds that

a; <[e(r;,7)], and
a; < - \/ le(r,@)] < =[e(r,0)],
Jok<j
thus a; Na; = 0, and A is an antichain on B. Notice that the cardinality of A is
smaller than or equal to that of B and M, since there are at most 7y elements in J.
Therefore, it is possible to apply the mixing property to A and we get 7 € M such
that
a; < [ =7]%,
for every i € J. We get
a; <[r=n]y ANa; <[r =] Ale(m, o1, ..., 00)]M < [e(T,01,...,00)]5,

where the second inequality follows from the definition of a;. To conclude, observe

that
\/A = \/ a; = \/ai = \/[[(p(ri,al,...,an)]]g‘,
icJ i€y i€y
where the second equality holds because we only add null elements, and the last
one is easy to check, as everything that gets deleted at the i-th term is already

present in the previous terms. Putting the last two results together, we get
[Bzo(z, o1, ...,00)]5 = \/[[go(n, o1, .00t = \/ a; < [o(r,01,...,00)]5
1€y ieJ
The other inequality is trivially true, so this concludes the proof. (Il
Notice that, as we anticipated, this result is stronger than fullness, as we proved

that we can always find a single name satisfying the equality. We will refer to this
property as strong fullness.



CHAPTER 3

BVMs of set theory and Forcing

In this Chapter we specialize to BVMs of set theory and their relation to
forcing. As anticipated, The first ideas on this topic predate the definition of
BVMs given by Rasiowa and Sikorski in [Ras63]. More precisely, Vopénka started
studying models of set theory that admitted values on Boolean algebra, [Vop65],
and the preliminary observations linking said models to the theory of forcing were
established by Solovay, [Sol70]. It was only in Scott’s work stemming from those
observations, [Sco67], where he gave new insights into Cohen’s original work on
forcing and the Continuum Hypothesis, that the theory has been unified.

To us a Boolean valued model of set theory is a BVM for the language €a,—
the extension of the language {€} to which we add a constant symbol R,, for each
Ay e-formula ¢ (see the introduction to Section )—satisfying two conditions. We
can see the first one as a double inclusion condition and the second as granting that
elements of a set also belong to its supsets, Definition 3.5.

There are two reasons to develop the theory of forcing in the framework of BVM
of set theory. The reader will only be able to appreciate them fully after learning
about the concepts, but we try to give the idea right away. The first reason is
Definition 3.6 of the B-names, which play a central role in our discussion, and the
fact that they form a (strongly) full BVM of set theory, Theorems 3.20 and 3.24.
The second and more technical reason is that, given an ultrafilter G, Theorem 3.28
builds an isomorphism between the forcing extension M [G], Definition 3.17, and
the quotient M /BG, for which we know the Los’s Theorem holds.

We start things off with a preliminary Section containing two Lemmas linking
fullness for a B-valued model to the topological properties of the Stone space of B.
These results will be recalled later but we opt to prove them now to highlight that
they hold for BVMs not necessarily of set theory.

1. Fullness and Stone Space

As anticipated, this is a short Section containing two general results we will
apply later, Theorem 3.29. The complementary material on the Stone space of a
Boolean algebra is found in Appendix A, where we introduce, amongst other, the
notation

Ny:={G € St(B) | b € G},
for all b € B.
LeMMA 3.1 (Forcing Lemma I). Let B be a Boolean algebra. Let M be a full

B-valued model for L. Then, for any L-formula ¢ the following statements are
equivalent:

(1) lels' = b;
(2) Dy:={F € St(B) | M,p = p} is dense in Ny;

17
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(3) Dy, 2 Np.
ProOOF. That 1. implies 3. and viceversa follows from Theorem 2.11. Indeed
D, = {F € St(B) | [¢]3' € F},
so that
[el5' >b <= VF e S(B)(be F — [¢]}' € F) <= D, 2 N,.

Clearly, 3. implies 2. is trivial as C1(Dy, N Np) = CI(Ny) = Np.

We conclude by showing the contrapositive of 2. implies 1. Suppose [¢]5! # b.
Let

=[] Ab>0
and observe N, C N;,. For all G € N, we have [-¢]4! € G, thus G ¢ D,,, and we
conclude
D,N N, = 0.

Since N, is an open subset of N, we just concluded that D, is not dense in Ny,
and thus the thesis. (I

DEFINITION 3.2. We say that a B-valued model M is a well-behaved if for
all Lys-sentences ¢ it holds that [[go]]go"zB) € B.

Observe that, by definition, all B-valued models for B complete are well-
behaved.

DEFINITION 3.3. Let M be a well-behaved B-valued model for £ and let
o(zg,...,m,) be a formula of £. For all 79,...,7, € M and all b € BT, define

blk (10, ...,7) if and only if b < (70, ..., 7n)]%"
and if this happens we say b forces ¢(79,..., 7).

LEMMA 3.4 (Forcing Lemma II). Let B be a Boolean algebra. Let M be a full
and well-behaved B-valued model for L. Let ¢ and ¢ be any L-formulas and

(1) blF ¢ if and only if {G € St(B) | M ¢ |= v} is dense in Ny;

(2) blF o A if and only if bIF ¢ and b+ 1;

(8) bl = if and only if for all 0 < ¢ < b it holds that ¢ I} ;

(4) blF oV if and only if {0 <c<b|clk g orcl-} is dense below b in
B+,'

(5) bk 3xp(x) if and only if {0 < ¢ < b | there exists o € M, clF p(0)} is
dense below b in BT;

(6) for all G € St(B) and all ¢ formulas with parameters in M, M, = ¢ if
and only if for some b € G we have bl p;

(7) For all formulas ¢ with parameters in M, we have [o]% = \/{b | blF ¢}.

PROOF. For the straightforward proofs we just annotate the main underlying
idea.
(1) This is the content of Lemma 3.1.
(2) We have
b< oyl <lels' ATvls < lels', [l

(3) We have b < [~¢]%! if and only if for all 0 < ¢ < b we have ¢ < [~¢]%t,
thus ¢ < =[] is implossible, otherwise 0 = c.
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(4) Suppose b I ¢ V 1h. Moreover, assume {0 < ¢ < b | clk porclk ¢} is
not dense below b in B*. Then, there exists 0 < d < b such that for all
0 < ¢ £ d we have

clf ¢ and clf 1.

By the previous point of this proof, we get that d IF —p and d IF —.
However, Nqg C Ny is an open set and thus must intersect D,y by the
first point of this proof. This is absurd as G € Ng N Gy will satisfy

[-¢l3' € G

e = [el5' A [l €6 = [Fev )5 ed

de G = {
as well as ¢ V¢]¥' € G, by Lo$’ theorem, which yields a contradiction.
Notice that we used the De Morgan’s laws to obtain the last implication.
Viceversa, assume {0 < ¢ < b | clF ¢ or ¢ I 9} is dense below b in
B*. We will show D,y is dense in Ny, and conclude by the first point
of this proof. To do that, let 0 < d < b. By assumption, there exists
0 < ¢ < d such that, without loss of generality, c I ¢. Then, N. C Dy v
and we conclude

NdﬂDwvw D) NcﬂD<p\/,/, =N, 75 0.

Therefore, Dy, intersects all (basic) open sets of Ny, and thus is dense
in Nb.

(5) First we use fullness on Jzp(x) to get a finite amount of names to represent
[Bze(x)]4! and then we use point 4. of this proof.

(6) This follows easily by Lo$’ theorem. Indeed,

MicEe < [el5 € G < T eGbIFy),

where the last double arrow holds left to right choosing b = [p]%! and
right to left by G being closed upwards.

(7) Clearly []%! > b holds for all b in the set, thus by minimality of the sup,
we get

[l = \/{b b1 o}

To get the other inequality, observe that, since M is well-behaved, we
have

[els' € {b b < [el5'},
and we conclude.

2. Boolean valued models of set theory

In this Section we introduce BVMs of set theory. We also exhibit the underlying
sets that will make up the BVMs of set theory we are interested to study in this
Chapter, Definition 3.6. The reader is now assumed to be familiar with some basic
aspects of set theory, such as the ones making up a graduate introductory course to
the subject. For example, the reader should know the axioms of ZFC and be able
to perform basic ordinal and cardinal arithmetic. Nonetheless, we aim to recollect
all notions that we apply directly. We refer the reader to [Jec73]; [Kunll] for more
on the material we do not cover.
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From this Section onward, the letter V represents the standard transitive model
of ZFC+ “there exists a model of ZFC”.

Recall that given a language £, the Ag-formulas of £ are built inductively from
the atomic formulas by using connectives and only bounded quantifiers. As argued
in [VV23] the best language to discuss what follows is €a,, which is the extension
of {€} by two constant symbols, one for () and one for w, and by a relation symbol
R, for each Aq formula ¢ in the language {€}.

Since z C y is equivalent to

p(r,y) =Vz € 2(2 € y),

and the latter is a Ag formula of {€}, we know €4, has a symbol for C. Analogously,
we know there is a symbol for equality, by piecing together z C y and y C =x.

We are ready for the following definition, where we shorthand Rc(z,y) with
x C y and similarly for equality.

DEFINITION 3.5. Let B be a complete Boolean algebra. A Boolean valued
model of set theory is a B-valued model M for €, such that, for any o, 7,m € M,
we have:

(1) [r ol Ao € 7 = [r = oI
(2) [rea]s Ao Ca]it < [ren]y.

The following definition introduces two important (and related) concepts: the
B-names and their collection. The former are the soul of the forcing technology
and for the moment we can only give one idea for the reader to appreciate them:
via Notation 3.9 of check-names and Definition 3.17, one easily sees that the forcing
extension M[G], introduced in the same Definition, actually extends M. The latter
is important as it is the underlying set of a BVM of set theory, Theorem 3.20.

DEFINITION 3.6. Let M € V be any transitive (first-order) model of ZFC and
B € M a Boolean algebra that M models to be complete. We let:
MEP:=0,
MPB :={f: MP — B| f € M is partial function},

= J M2

a<f

and lastly M5 := U MZE. We refer to the elements of M7 as names.
a€OrdM

We want to show that the set M? is definable in M, which we referred to
as M “sees” MP®. To do so, we recall the statement of the Transfinite Recursion

Theorem, without proving it. The interested reader can find it, for example, in
[Kunll, Theorem 1.9.11].

THEOREM 3.7 (Transfinite Recursion). Let M be a model of ZFC" Assume that
R is a well-founded and set-like relation on a class A and let o be a {€}-formula
such that

S
e
|

v, s3ly p(z, 5,y).

I truth, the model does not need to satisfy the power set axiom, the foundation axiom,
and the axiom of choice — this collection of axioms is called ZF~-P in the reference — however,
we are only interested in models of ZFC so this will suffice.
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Define G(x,s) to be the unique y such that o(x,s,y), for all x and all s. Then
there exists a formula v such that:
(1) it holds that Vz3! ¢¥(x,y), so ¥ also defines a class function, F, by asso-
ciating to all x the only y such that Y (x,y);
(2) we have Va € A[F(a) = G(a, F [4)], where
a:={be€ A|bRa}.

Notice that when A is the class ON of ordinal numbers and R is the usual
ordering, €, on it, we have, & = «, for all « ordinal in ON. Then, we can rewrite
the last property as F(a) = G(F |,), dropping the first variable of G, «, as it
already is the domain of F'[,, and therefore it is redundant.

REMARK 3.8. Thanks to Theorem 3.7, it is possible to define the class MZ —
from the previous definition — in M as extension of a formula in the parameter
B. Moreover, the argument does not require that M is transitive, as the Theorem
only asks for M to model ZFC. However, the discussion in that case is outside of
the scope of this work.

We exhibit how to build VB, i.e. when we take M = V, and the case for MZ
works similarly. We will be working with the functions F' and G instead of the
formulas for brevity. Consider G: V — V defined as

G(g):={f: X — B/ f is a partial function}, if there exists an ordinal «
such that g: @« +1 — B is a function and X = g(«),
G(g) = ran(g), otherwise.
Then, choosing A to be ON and R to be €, as discussed above, by the Transfinite
Recursion Theorem we get a function F': ON — V such that F(a): = G(F [.).

Clearly we have that F(0) = F(0) = G(0) = 0 = V. Suppose that for a ordinal
we have F(a) = V.Z, then

Fla+1)=G(Flat1) = {f: VP — B f is a partial function} = V.2 |,

since F [o41 (@) = F(a) = V.B. Furthermore, suppose A is a limit ordinal and for
all @ € X\ we have F(a) = V.2, then

FQ) =G(F ) =Jran(f12) = |J Flo) = [J V& =V
aEX aEX
Thus F enumerates the models of Definition 3.6 in V. Finally, we have
U Fley= |J vZ=v"
acON acON
which is to say V? is definable inside V.

Recall that the rank of uw € V is defined as the only ordinal « such that
uw € Vyq1 \ Vo — if one assumes the power set axiom and defines the V,, recursively
by union and power set — or, equivalently, it is defined recursively saying that
rank()) = 0 and for every u, rank(u) = sup{rank(s) + 1 | s € u}.

NOTATION 3.9. Let B be a Boolean algebra in V. We define recursively on the
rank of u € V:

w:={(0,1p) | v € u}.

Moreover, we write V:= {i |z € V'}.
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3. Absoluteness, names, and genericity

We start this Section by discussing absoluteness, Fact 3.10. Recall that a
formula ¢ is absolute for a model M of ZFC in V if

M plo] <= V E ¢lo],

for all assignments o for ¢ in M. We argue that many notions, included but not
limited to Boolean algebras, ultafilters, and most of those contained in Appendix
A, are absolute for transitive models of ZFC. Absoluteness is a crucial point in the
theory of forcing and needs particular attention, because it requires to always be
aware of what a model can “see”.

As before, we direct the reader to either [Jec73] or [Kunl1] for more on the set
theoretic material we do not address directly, for example for the relativization of
a formula ¢ to a model M, namely ()™, and for the fact that Ay formulas in the
language {€} are absolute for transitive models of ZFC. We also direct the reader
to Appendix A for the aspects surrounding Boolean algebras they are less familiar
with.

After this, we discuss genericity for ultrafilters, Definition 3.11, and evaluation
of B-names with respect to (generic) ultrafilters, Definition 3.17. An ultrafilter
is M -generic over B if it has non-empty intersection with all dense subsets of B
that live in M. The relevance of these notions is found in (the proof of) Theorem
3.33 essentially saying that genericity is a sufficient condition to guarantee that the
generic extension M[G], Definition 3.17, is a model of ZFC.

FacT 3.10. Assume M is a transitive model of ZFC in V. We discuss some
interesting absolute notions for M. We will use the fact that absolute formulas can
be nested to obtain other absolute formulas. Then,

@subset(x, y) =Vz e I(Z € y)7

which is satisfied if and only if the assignment ¢ sends x and y to sets in B such that
o(x) C o(y), is absolute for M, since M is transitive. A deeply different example
is given by the product of two sets

Pproduct (2,9, 2) = Vw € P(_H{a,y})(w € 2 ¢ 3a € 2(3b € y(w = (,1)))),

which is satisfied if and only if z is assigned the product of o(z) and o(y). We
stress that the difference here is that the power set operation is not absolute, as
transitivity of M does not exclude it from “seeing” less subsets of | J{z,y} — or
any other set, in general — than V' does. However, we still get the result, since
all the elements that we are interested in, i.e. the couples (a,b) with a € o(z) and
b € o(y), must live in M since it models ZFC, therefore the product of two sets is
well defined in M. Then, we get for free

Prunction(f, P,Q) = f C P x QAVpe P(3lqg € Q((p,q) € ),

where we abbreviated 3z € M(f C 2 A Yproduct (2, P, Q)) with just f C P x Q and
similarly for C. We really stress on the fact that absoluteness only works both
ways when assignment are in M. If f € V is a function, there is no reason for us
to assume M models f to be a function, as it could be the case that M does not
see f. However, if f is a function in V that also lives in M, absoluteness tells us
that f is modelled to be a function by M.
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Consider a Boolean algebra (B,A,V,—,0p,15) € M in M. Clearly we have
that (B,A,V,—,0p,15) € V, since M € V and V is transitive. Moreover, we
know that A, V, and — are all operations in V, since they are operations in M and
@ function is absolute for M; similarly, we also know Op # 1p in V. Finally, all
axioms of Definiton A.7 are clearly Ag, as we can bound the quantifiers to range in
B, thus B is a Boolean algebra in V. We also get the viceversa, since absoluteness
works both ways (being careful about only choosing assignments in M!) and so,
once a sixtuple in M has been fixed, being a Boolean algebra is absolute.

Clearly, this is only an example and similar arguments will prove the absolute-
ness of many other notions. We list the ones we care about.

(1) The empty-set, the ordinals (and cardinals) up to and including w,
and the fact that « is an ordinal, are all absolute notions. However, to
say that x is a cardinal is NOT absolute. Indeed, being a cardinal is
being an ordinal (absolute) not in bijection with any smaller ordinal (not
absolute, by what we discussed about functions earlier).

(2) Suppose (i, P,Q,G) € M. Tt is absolute that P is a (separative, atom-
less) partial order/pre-order. Moreover, it is absolute that ¢ is an
embedding between P,Q (with dense image). Finally, it is absolute
that G is (pre)dense (below any p), ideal, (ultra)filter, (anti)chain,
downward closed, whenever these make sense.

(3) Suppose B € M is a Boolean algebra and let A € P(B) N M. Then
b=\ A is absolute, and similarly for the infimum.

To conclude, observe that for any Boolean algebra B € M, we have
St(B)M = St(B) N M,

since P(B)M = P(B) N M, tweaking the argument we used above for couples to
care about the subsets of B that B sees.

3.1. Genericity and evaluation.

DEFINITION 3.11. Let (P, <) be a preorder and let D be a family of subsets of
P. We say a filter G on P is D-generic if for all D € D we have D NG # ().

Let M be a transitive model of ZFC and P € M be a partial order. A filter
G C P is M-generic for P if G is D-generic for D the family of predense subsets
of P that live in M, i.e.

D C Pispredense and D e M = GND #0.

Finally, for a Boolean algebra B € M an ultrafilter G € St(B) is M-generic if it
is M-generic for BT.

We stress that in the previous Definition it wouldn’t make sense to use B
instead of B*, as {0} is always a dense subset of B and it lives in M by the pair
axiom. Then, no (ultra)filter could ever be M-generic on B.

LEMMA 3.12 (Generic filter). Let P be a preorder and
D:={D;|i€w}

a countable collection of predense subsets of P. Then, for every p € P there exists
an D-generic filter G on P with p € G.
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PRrROOF. Let ag:= p and, using the Axiom of Choice, let, for every n € w,
an > any1 € P | Dy,
by predensity of D,,. Then the set
G:={p € P|3In € wsuch that p > a,},

is a filter, as it is clearly upwards closed and for all p,q € G there exists an m € w
such that p,q > a,,, thus m < p A q € G. Then we concluded, because p € G and
G meets all D,,’s. O

REMARK 3.13. Notice that if M is a countable transitive model of ZFC and B
is a Boolean algebra in M, then for all p € B there exists an M-generic filter on B
containing p, by the previous Lemma, as the family of dense subsets of B¥ living
in M must be countable, according to V.

Altough all the constructions inside the proof are repeatable in M—it being
a model of ZFC—we can’t guarantee that G lives in M, and this is where forcing
lies. The point is that the enumeration of the D’s is a function that lives in V' but
might not live in M, so there is no way to build the sequence. It is not even the
case that M agrees that the set of dense subsets of P is countable.

Fact 3.14. Let M be a transitive model of ZFC and B € M a Boolean algebra.
Observe that

PD—genericity (2, Y) = Va € z(y Na # ()

is a Ag formula claiming that y meets all elements of x. Then, choosing = to be
the family of dense subsets of B living in M and y to be an ultrafilter on B in M,
we get that M-genericity is absolute for M. At the same time, we also get that
the ultrafilters on B that live in M and (that V' models) are M-generic over B are
exactly the ultrafilters on B that M models to be M-generic over B.

DEFINITION 3.15. Let M be a countable transitive model of ZFC and B be a
complete Boolean algebra in M. Let E? be the relation on M? defined by

oEPr < o € dom(r).
If 7 is a name in M? we define the rank of 7 in M?% as
rankp : = sup{rankp(c) + 1 | cEB7}.

REMARK 3.16. As briefly discussed above, this rank function is definable in M
via transfinite recursion. Moreover, it is well-founded both in M and in V.

We are ready to give the definition of evaluation at a generic ultrafilter and to
discuss the forcing extension M[G].

DEFINITION 3.17. Let M be a transitive model of ZFC and B be a complete
Boolean algebra in M. Let G € St(B) be M-generic for B. The evaluation at G

valg: M2 =V,
o — valg(o),
is defined in V' by recursion on E? as
valg(7):= {valg(o) | 7(c) € G},

for all 7 € ME. Moreover, we will often abbreviate valg(7) as just 7¢.
Finally, we let
M[G]:= {rq | T € MP}.
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REMARK 3.18. The definition of M[G] is by recursion and only requires M, B, G
as parameters. Therefore, any model of ZFC containing them, also can define M[G].
In particular M[G] is always definable in V| even when it’s not definable in M, i.e.
when G ¢ M. An equivalent way of obtianing M|[G] is to define it as the minimal
transitive model containing both M and G, that is

MI[G] = ﬂ{M C N € V| N is a transitive model of ZFC and G € N},

but we will not discuss this equivalence here, as it will come as a corollary of the
last Theorem of this Chapter. We can however observe that M[G] is transitive, as
any a € M[G] is of the form o¢ for o a name in MB, and clearly

og={1q|o(r) € G} C{rg | 7 € dom(o)} C M[G],

by the Definition of the names in MPZ.
To conclude, observe that when a € M, we have

ELGZ{Ug|d(U)EG}={JG|0’€d}={?)g|<i)713>€d}={i)g|b€a}7

gives the inductive step for the argument for ag = a, and that clearly @G = 0.
Thus,
M ={ac|ae€ M}.

4. Boolean valued structure for V2

The aim of this section is to outline the Boolean semantic on the class of B-
names VZ. We will show our definition makes V2 a full Boolean valued model.
All the result will only make use of the fact that the ground model V' models
ZFC, therefore they are easily repeatable for the other models we are interested
in. Later, we will see that when M is a countable transitive model for ZFC, this
semantic induces Cohen’s forcing relation on M?Z.

Before the next Definition, we recall that the square ordering on ON? is the
well-ordering (in type ON) given by

(o, B) < (7,6) <= max{a,} < max{y,d} or
max{q, 8} = max{v,d} and (o, 8) <jex (7,9),

where <jex is the lexicographical order. We also recall that a similar definition
holds for the cube ordering on ON?3.

DEFINITION 3.19. Let 7,0 be names in V2. We define recursively by square
ordering on the pair (rank(7),rank(c)) in ON?:

W) [reolf ==\ (r=nl} Aoln));
ToE€dom(o)

@) [rCol}’:= AN (r(o0) = [oo € a1} );
ooE€dom(T)

3) [r=ol} :=Ir Coll Alo S} .

It is possible to show, although we will not do it, that all of the above are
definable in V' with parameter (B, A,V,—,0p,15) via the recursion theorem. The
interested reader can see [Via24].

THEOREM 3.20. (VB [-=—-]%",[-€-]%",[- C fﬂgB) is a Boolean val-
ued model of set theory.
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PrROOF. We go through the properties in Definition 2.1 and Definition 3.5.
However, we replace R1 with two properties, namely

(20) [t =0o] AoRn] < [tRn],

(21) [t = o] A nR7] < [nRo],

where R is one of {€,C}. Notice that these two properties trivially imply R1.
Moreover, as we just did, we drop the superscripts as there should be no confusion
about the model we are discussing and the Boolean algebra underlying it.

E1l. We prove it by induction on rank(7). Observe that, by the previous
Definition, we have

[r=71]l=[rC7]= /\ (1(00) = o0 € 7]).
ooE€dom(T)
Then, if 7 = (), this last conjunction is empty, therefore
[0=0]=1,

thus the base case rank(7) = 0, is taken care of.
Inductive step. We continue, assuming 7 # (). We have

/\ (t(09) = [oo €7]) = /\ (=7(cg) Voo € T]) =

oo€dom(T) oo€dom(T)

= /\ ﬁT(O‘Q) Vv \/ ([[7'0 = UO]] A T(TO)) >

oo€dom(T) To€dom(T)

> A\ (=7(00) V([0 = 00] A T(00))) =

op€dom(T)

- /\ (=7(00) V (L AT(00))) =

oo€dom(T)

= A (=7(o0) Vr(on) =

op€dom(T)
= AN 1=1
oo€dom(T)
where the inequality follows by choosing 7y = 0y in the supremum, the following
equation is by induction, and the rest are definitions.
E2. The definition of [7 = o] is symmetric, so the proof is trivial.
Definition 3.5, first property, follows trivially from the definition.

Claim: The following three properties hold for all names 7,0,1 € V5:

(22) [reoal Ao CSn] <[ren],
(23) [r=0olA[ren] <[oen],
(24) [rColAloCn] <[r <]

Proor. We will prove these facts simultaneously by induction on
(rank(7), rank(c), rank(n))

ordered by the cube order on ON3. First, we observe that if the three properties
hold up to a certain rank in this well-ordering, then we also get properties E3, 20,
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21, and the second property of Definition 3.5. Indeed, we get E3 by applying 24
twice; then, 22 and 23 are, respectively, the second property of Definition 3.5 and
20 when R is €; both 20 and 21 when R is C follow from 24 since [T = o] < [r C 0]
is always true, by definition; and lastly, 21 when R is € follows from 22 for the same
reason. Thus, the inductive hypothesis will be that V7 satisfies all properties of
Boolean valued model of set theory up to that rank, as we already proved the other
properties.

Base step. If rank(7) = rank(o) = rank(n) = 0, then all three properties hold
trivially. Indeed, [ € @] = 0 since we are calculating the supremum on the empty
set, thus 22 and 23, and analogously [ C ()] = 1, thus 24 holds as well.

Inductive step. We assume the inductive hypothesis for all ranks below that
of the triple of names 7,0, € VE.

Equation 22. The left hand side is, by definition,

(25) d:= \/ ([r = o0]) Ao(op)) A /\ (mo(o1) Vo1 € 1]).
oo€dom(o) o1€dom(o)
Clearly, for every oo € dom(c) we have
(26) d > [r=o00] Ao(op) A /\ (mo(o1) Vo1 € 1)),
o1€dom(o)

and it satisfies the supremum property since any e satisfying Equation 26 and such
that e 2 d is against Fact A.19. Then, we can rewrite Equation 26 by distributing
the conjuncts inside the infimum and thus Equation 25 becomes

V A (7 = ool Aaloo) A=) V (Ir = o0 A a(o0) Ao € n])

oo€dom(c) \o1€dom(o)

Notice that, for every oy € dom(o) the left disjunct in the infimum will always be
0 choosing o1 = g, and that for said choice the right disjunct is, trivially, bounded
above by [ = o¢] V [oo € n]. Applying Equation 23 of the inductive hypothesis
on the triple (7,00,7n) < (7,0,1), we get

d< \/ ([r=ool rlooen]) < \V =[renl.
oo€dom(o) oo€dom(o)[rEN]
Equation 23. Let m € dom(n). We have
[o =7 Alr =x] An(r) < [o =a] An(m),

since by the inductive hypothesis on (7,0,7) < (7,0,7), we have property E3 of
BVM. Then, we can write

[r=c]AJoen] =[r=0c] A \/ [F=r]An(r) | =

medom(n)
= V Ir=drlr=arnm)< \/  (o=rlAnm)=1[oen],
medom(n) medom(n)

where the last equivalence is by definition and the second is proved similarly to
what discussed in the previous point of this proof.
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FEquation 24. We have
[Fcnl= A & —ltenl> A )= (reo]AloCnl),
tedom(r) tedom(T)

by applying the inductive hypothesis on the triple (¢,0,n) < (7,0,7), for all t €
dom(7). Notice we can rewrite the latter as

/\ T(t) = [t €] A /\ 7(t) = [o C ],
tedom(T) tedom(T)

essentially because t - a Ab =t — a At — b. Then, the first infimum is exactly
the definition of [7 C o] while the second is bigger than [o C ] as every disjunct
in the infimum is. Thus we conclude

[rSnl >[r Col Ao <l
O

Notice that the arguments we gave to derive the properties of Boolean valued
model of set theory from the equations in the claim are easily repeatable now and
thus the thesis is concluded. O

REMARK 3.21. To formalize the proof we would need to show that we can
define in V' a class function G: (VE)2 — B3 such that

G(T70> = ([[T € O—]]aHT - 0H7HT:0]])7

and show by recursion, as we did above, that the desired properties hold. Doing
this shows (in V') that the class VZ together with the interpretation of {€,C, =}
in V2 given by (the components of) G, satisfy Definition 3.5 of BVM of set theory.
We can then extend G to all formulas as follows.

DEFINITION 3.22. Let ¢(xq, ..., 2,) be a first-order formula in the language of
set theory. We define

Gy: (VB B,

B
(TO7 CIaE 7Tn) = IISD(T(L e 77—”)}]% )
to satisfy:

VB vEB vE
[[50(7—07 e 7TH)HB AB [[1/}(7—07 s ’T)HB = [[90(7—03 s 7Tn) A 1/)(707 cee aTm) B >
B B
_‘B[[SO(TO?"'7TTL)I|E = [[_‘QD(TOM'WTTL) g )
B B
Veevele(to, ..., Tj—1,0,Tj, .. .Tn)]]g = [3zp(ro, ..., Tj—1,2,Tj ... Tn) g )

Really, as discussed above, we are defining a class function G,: V" — B
for each formula ¢(xg,...,x,) in our language of set theory. With these defini-
tions we have that V' is a B-valued model of set theory. Note also that Gy
is always a definable class in V, however, one can show that the collection of
{G, | ¢ is a formula in L} is not definable in V— intuitively, one could get a truth
predicate (class) for the language L in V, which is against Tarski’s theorem. We
refer the interested reader to [Jec73].

We show that V2 has the mixing property.
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LEMMA 3.23. Let B be a complete Boolean algebra. Let A be any antichain on
B and for all a € A let 7, be an element of VB. Then, there exists a name 7 € VB
such that

B
G‘S[[T:Ta]]g 9

for all a € A.

PRrOOF. Consider

D:= U dom(7,).
acA
For every t € D, let Ay:={a € A |t € dom(r,)} C A and define

T(t):=\/{aATalt) | a € A}
Observe that, for all a € A and ¢t € dom(7,), we have

ant(t)=an \/ OATRE) =\ @ADATE) =aAaATa(t) =aATa(t),
beA, beA,

since A is an antichain, and a similar argument proves that
(27) aNT(t) =0,

holds for all @ € A when ¢t ¢ dom(7,). Then, by Fact A.12, we get for all a € A
and all ¢ € dom(7,)

(28) a < 714(t) ¢ 7(1).

We prove the main statement by showing that a < [7 C 7,], [1, C 7] separately.
First inequality. For all « € A and ¢t € dom(7,) we have

a<T1(t) = 7(t) <71 (t) = [t € 7],

by Equation 28 and the fact that [t € 7] > 7(¢) for all t € D = dom(7). But then,
we get the desired result by observing that [r, C 7] is, by definition, the infimum
of the right hand side as ¢ ranges over dom(7,).

Second inequality. Notice that showing

a<71(t) = [t €ra(t)

for all t € D gives the thesis, by definition of [r C 7,]. We already know this for
t € dom(r,), by Equation 28, so suppose t € D \ dom(7,) and observe that

aAT(t) =0 = a<-7(t) = a<7(t) = [t €l
Thus, by putting these two inequalities together, we get
a<[ra CT] AT C1a] =[r = 7).
|

We would like to conclude that V2 is a full B-model using Proposition 2.13 at
once. However, VP is not a set, so we need to produce an ad-hoc proof.

THEOREM 3.24 (Maximum principle). For any complete Boolean algebra B,
the B-valued model VB is strongly full, i.e. for all formulas o(x,7%) in the language
of set theory and all finite tuples of names T C VB, there exists o € VE such that

[Bep(z, 715" = [e(0, 7).
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PROOF. That the left hand side is bigger than the right hand side is true by
definition. To show the other inequality, let

B
ag:= [Bae(x, 75 -
If ag = 0 we get the thesis trivially, so let ag > 0. For all o € VB let

B
bo:= [[90(‘777)ﬂg )
and observe

D:={a € BT | there exists o, € VP such that a < b,,} = U BT | b,,
oceVE

by simply expanding on the definitions. Then, D is dense and open below ag in
BT. Indeed, openness follows by the fact it is union of a family of basic sets, and
density follows from Fact A.19.

We want to find a maximal antichain of B¥ | ag all living inside D. Consider

A:={C C D | C is an antichain of B [ ag}.

We wish to apply Zorn’s Lemma to A ordered by inclusion.

Non-emptyness. Observe that D is non-empty because it is dense in BT |
ap # 0. Let z € D, then {z} is an antichain, as = is not bottom, since D is a subset
of BT by definition. Thus A is not empty.

Inductiveness. Let C C A be linearly ordered by the inclusion. Consider

c:={Jc

We claim C' is an upperbound for C that lives in D.

Antichain. Let a,b € C. There exist C,,Cy € C such that a € C, and b € C}.
By assumption, we have Cy 2 C,, up to renaming them, thus a,b € (. Since Cy
is an antichain, we have a A b = 0.

Upper bound in D. For all C’ € C we have C’ C C by definition of C. Then,
reasoning as above, any element of C is an element of some C’ C D, thus C C D.

We apply Zorn’s Lemma to A and get a maximal element A € A. We claim A is
a maximal antichain of B* | ag. Suppose it is not and look for a contradiction. Let
A C A’ C B* | ag be an antichain of BT | ag extending A and suppose z € A’ \ A.
We know

rxNa=0forallac A,

since A’ is an antichain and A’ 2 A. By density of D in B™ | ap we know there
exists d € D such that d < x. But then,

dNa<zxzNa=0forallacA,

and thus {d}UA invalidates the maximality of A in D, which is absurd. We conclude
that A is maximal in BT | ag.
Then we have

Notice the first equality holds by maximality of A. Indeed, naming the left hand
side [ and the right hand side r, we always have [ < r, and if they are not equal, then
=IAr > 0 extends A as an antichain and by density of D we can find 0 < d < =l AT,
thus invalidating the maximality of A. The second equality holds by density of D,
as —r A ag > 0 produces a non-zero element of D below r, which is absurd.



5. COHEN FORCING THEOREM 31

By the previous Lemma, we know there exists o € V' such that a < [0 = 7,].
Thus

a <o = 0. Ap(oa, )] < lp(o, 7],
and by maximality of ag = [Jzp(z, 7], we concluded. O

5. Cohen forcing Theorem

In this section we discuss the definability of Cohen forcing relation inside a
countable transitive model M of ZFC. In particular, we show that given a Boolean
algebra B € M that M models to be complete, the Boolean valued semantic defined
on M by relativizing our results on V? to it induces said forcing relation. This
allows us to control the theory of the transitive models M[G] for G an M-generic
ultrafilter over B, a fact that we extensively use in the next Chapter to simplify
calculations and prove results.

LEMMA 3.25. Assume M € V is a transitive set such that M |= ZFC. Let
B € M be a set that M models to be a complete Boolean algebra. Then V models
that
(MP,(eP)M (=)™, (M),
where MP = VB M, is a full B-valued model.

PRrROOF. We know M models that €?, =5 CP are binary relation on M that
satisfy the properties of Definition 2.1 and Definition 3.5, essentially by repeating
the proof of Theorem 3.20. Thus V' models that

<MB, (EB)I\/I7 (:B)M7 (gB)M>

)

is a B-valued model of set theory. Moreover, repeating Lemma 3.23 and Theorem
3.24, we have that for all formulas ¢(z,%) and all 7 C M®| there exists 0 € MB
such that

B

B
M E oo, = Bre(,N)]p
that is to say
B B
VElple, Dy = B,y
which in turn is that ¥V models MZ to be a full B-valued model. O

We stress that we do not require B to be a complete Boolean algebra in V', as
this is almost never the case in practice—for example whenever B is infinite and
M is countable.

In the following, we write €5, whenever G is an ultrafilter on B in V, to
symbolize the binary relation on M fG obtained by quotienting (GB )M by G, as
described in Section 2. Since M P is a B-valued model, its quotient by said G is a
Tarski model for the language €a, such that, by Lo$ theorem,

(M, €q) B <= [l €G,

for all ¢ formulas in €x,.
Notice that in general M /BG is not a definable class in M if G ¢ M. However, if

G € M all classes [z]g are definable and the model (M /BG, €a, Cg) is also definable
up to isomorphism as extension of a formula with parameter B.
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REMARK 3.26. It is important to stress that, altough the situation regarding
M?% as a Boolean valued model is clear in V, since all the objects are sets in V/,
there are things we cannot discuss in M. For example, in M we can formalize the
satisfaction predicate for each single formula ¢ of the language, i.e. a class relation
that contains all and only the tuples in M satisfying ¢, but we can’t formalize the
collection of all said classes.

Let M be a countable transitive model of ZFC and B € M a Boolean algebra
which is complete according to M. By Lemma 3.12, we know there exists an M-

generic ultrafilter G over B. We are interested in studying the relationship between
MI[G] and M /BG.

LEMMA 3.27. Let M € V be a transitive model of ZFC. Let B € M be a Boolean
algebra that M models to be complete. Assume G € V is an M -generic filter over
B. The following hold:

(1) If b€ G and X € M is a subset of B predense below b, then GN X # (.
(2) If A€ M is a subset of G, then N A € G.

PROOF. For the first item, let
E:={ceB|ME({(c<-b)V(c<bAce B X))}

Notice that by restricted comprehension we know E € M, since it is a subset of B,
which lives in M, obtained by a formula with parameters in M. Furthermore, M
models E to be dense. To show that, suppose a € B and consider

d:=a A —b.

If d > 0, then we conclude by observing that d € E, as M models d < —b.
Otherwise, let d = 0, and observe this implies a < b. By predensity below b of
X, we know there exists ¢ € B [ X such that ¢ < a. Thus ¢ € E, as also ¢ < b by
the assumption on a. Thus M models FE to be dense. To conclude, observe that
G N E has to be non-empty, since G is M-generic and £ € M, and that ce GN E
cannot satisfy ¢ < —b, otherwise —b € G, against the assumption that b € G. Thus,
c<bandce B[ X, therefore there must exist x € X such that ¢ < z, that is to
say, ¢ € G.
For the second item, let

c=/\A,

and recall this is absolute by the observations at the end of Fact 3.10. Since M
models ZFC, we can use the axiom of choice and enumerate the elements of A with
some cardinal v € M, i.e.

AZ{(I&le’Y}EM.
We consider the sequence of partial infima
bg = /\ ag,
g€y

which is again a sequence in M. Clearly, the b¢’s form a decreasing sequence and
¢ =by. Let 6 <y be the least ordinal such that bs ¢ G. By maximality, we know
-bs € G, thus

Co:= b N by
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live in G for all a € §. Notice that the collection {c, | & € 0} lives in M, again by
restricted comprehension to get it as a subset of B € M. Furthermore, notice that

/\CaZOBa

a€d
essentially by Fact A.19. That is to say,

vca:1B7

a€gd
which implies predensity, by the same Fact—all elements of B meet 15, thus they
must meet one of the ¢,’s—and we apply point 1. of this proof to get that there
exists @ € ¢ such that —¢, € G, which is a contradiction since all ¢, live in G.
Then all b for £ < must live in G, as was to be shown. ]

THEOREM 3.28. Let M be a transitive model of ZFC. Let B be a Boolean algebra
that M models to be complete, and G be an M -generic filter over B. Then

vl M/BG — M[G],
[T]G = TG

defines an isomorphism between the structures (M}BG7 €q) and (M[G], €). In par-
ticular, this map is the Mostowski collapse of the well-founded extensional relation
ca-

PRrROOF. The thesis amounts to proving the following two facts for all 7,0 € M
[[TEO’]]%IB €G < 76 €0g,
[[T:U]]gB €cG <— 1 =o0¢.

We prove both statements simultaneously by transfinite induction on (rank” (7), rank” (o))
ordered by the square order on ONZ2. As in other proofs, we drop the superscripts
as no confusion should arise. The basic step is trivial and needs no discussion. We
prove the inductive step.
Membership. First suppose [r € o] € G. By definition, we have

[reo] = \/ o) ANt =T].
tedom(o)
Let
bi:=o(t) At =7],

for all ¢t € dom(o). We know that the collection of the b:’s, {b; | t € dom(o)} C B,
lives in M, by restricted comprehension. Moreover, said collection is dense below
[t € o] in B, essentially by Fact A.19. Thus, by the first item of the previous
Lemma, we know there exists ¢ € dom(o) such that b, € G. Observe this implies
two things. First that o(t) € G and thus t¢ € og, as t € dom(t). Second, that
[t = 7] € G, therefore by the inductive hypothesis on the couple (7,t) < (1,0) we
get t¢ = 7¢, which together with the first observation leads to 7¢ € o¢.

Viceversa. Suppose T¢ € og. Let t € dom(o) be such that o(t) € G and
T¢ = tg. By the inductive hypothesis, we know [r =t] € G, so

[r=t]Ano(t) € G,

since G is closed for finite meets. We conclude that this element is one of the
disjuncts in the definition of [r € o], thus G contains the latter by upwards closure.
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Equality. Suppose [7 = o] € G. This gives [ C o] € G, which in turn grants
[rCo]sr(t)V[tea] €G

that holds for all ¢ € dom(7), by definition of the interpretation of C. Thus, if
t € dom(7) sastisfies 7(t) € G, then [t € o] € G. By the induction hypothesis on
the couple (¢,0) < (7,0) for those t, we get

tq € og, for all ¢ € dom(r) such that 7(¢) € G.
Notice this proves 7¢ C og, and that the other inclusion is perfectly simmetrical.

Viceversa. Suppose [T # o] € G. Without loss of generality, say [r € o] € G.
Since

[rgol= \/ r@®)A-lted,

tedom(t)
and since G is M-generic, we can use the first item of the previous Lemma to find
a € dom(t) satisfying
T(a) A a ¢ o] € G.
Then, the inductive hypothesis on (a,0) < (7,0) proves ag ¢ og, while we know
ag € 7¢ as 7(a) € G. We can conclude 7¢ € o, which proves the inequality. O

We can finally prove Cohen’s Forcing Theorem.

THEOREM 3.29 (Cohen Forcing Theorem). Let M be a countable transitive
model of ZFC and let B € M be a Boolean algebra that M models to be complete.
Then, for all formulas o(T) with free variables T = x1,. .., 2, and all T C MP, we
have

[[(p(?)]]]gB >b < MI[G] E ¢(Ta), for all M-generic filters G over B s.t. b€ G.

Furthermore,
MG = ¢(Ta),
for some M -generic filter G over B if and only if [[cp(?)]]]‘gB €G.

ProOF. For all. Suppose b < [p(7)]. Then, for all M-generic ultrafilter G
over B with b € G we have

[¢(M)] € G,
and thus M fG models @(Hg) by Los theorem 2.11. We conclude by applying the

map wg of the previous Theorem, which is an isomorphism and therefore we get

M[G] = ¢(Ta)

Viceversa. Suppose G is an M-generic ultrafilter over B containing p. Then
working the above proof backwards we have that D, O N, with the notation of
Lemma 3.1, thus we also have 1. of the same Lemma, which is the thesis.

For some. We simply have

MG E ¢(Te) <= Mg E ¢([Tle) <= 3be G- [4])
where the last equivalence is due to point 6. of Lemma 3.4. ([l

REMARK 3.30. Consider a formula ¢ which we know is absolute for the models
V[G] and V, for all M-generic filters G over B. Then, said formula can only be
assigned value Op or 1p, as either all the filters contain it or all of them do not.
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DEFINITION 3.31 (Cohen forcing relation). Let M be a countable transitive
model of ZFC and B € M be a Boolean algebra that M models to be complete.
For each formula ¢(p(Z)), all 7 C M, and all b € B* the (Cohen) forcing
relation is defined in V by

b Ik ©(T), (which we read as b forces [p(7)]
if and only if
MI[K] E o(Tk) for all M-generic filters K over B containing b.

Putting together the various results in the previous parts, we get the following
Lemma about forcing.

LEMMA 3.32. With the notation of the previous Definition, we have that the
following are equivalent:

(1) b forces p(T).
(2) The set of M-generic ultrafilters K over B containing b and such that

M[K] = ¢(Tk)
is dense in Ny.

(3) M |=b<p [o(T)].

We conclude this Section by arguing that the same results can be established
with V in place of M. This is summary of a collection of comments contained,
for example, in [Jec73]; [Kunll]. There are two ways we can approach the use of
forcing in V. First, we assume that V has countable transitive models of ZFC and
that in these we can formulate our desired statement and prove it by forcing; then
we conclude by some absoluteness results that the statement has to hold in V as
well. One such result is Shoenfield Absoluteness Theorem, which claims that
all Al as well as all IT} formulas are absolute for countable transitive models of ZFC
in V. We refer the reader to [Jec73]; [Kunll] (Appendixes) or to [Sho71] for more
about this Theorem and to [BBJ07] for more about the arithmetical hierarchy in
general.

The second approach would be to imagine a meta-universe V* that contains
V and then argue with a version of the Lowenheim-Skolem downward Theorem
for the meta-theory that we can take V' to be countable. This can be formalized,
for example, in NBG as discussed in [Jec73] (Chapters 13, 14, and Appendix) or
in [Barl7]. However, we won’t explore this subject anymore and we will assume
that such constructions are taken care of. This will be a crucial assumption for the
development of the last Chapter.

6. M®Z models ZFC

To conclude this chapter, we dedicate this Section to showing that for all count-
able transitive models M of ZFC and all Boolean algebras B € M that M models
to be complete, we have that M? models ZFC, that is to say:

THEOREM 3.33. Assume M is a transitive countable model of ZFC in V and

B is a Boolean algebra in M that M models to be complete. Then, for all axioms
w € ZFC we have

B
[elE = 1s.
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As suggested in [Via24], we could drop both countability and transitivity of the
model M and still keep the desired result. However, we are not interested in that
digression, as one of the reason of this section is to showcase the power of Theorem
3.

Strategy: we will prove M[G] satisfies all ZFC-axioms for all M-generic G
over B.We will also heavily use the characterization developed in Section IIT and
IV of [Kunll].

Observe that Extensionality and Foundation follow easily by the fact that
MI|G] is a transitive subset of V—which models foundation. Similarly easy are
Infinity and Emptyset, which are guaranteed by the fact that 0, € M?Z and
thus we have 0 = ¢ € M[G] and w = @ € M[G].

Pairing. For all o¢,7¢ € M|G] we can assume o,7 € MPB, without loss of
generality, and thus

{{o,1), (r, 1)} € MP
is a name for the unordered pair {og,7¢}. Observe that such a name always exists
and the argument is essentially by transfinite recursion. However, the idea is that
if 0, 7¢ € V[G], then there exist ordinals «, 8 and partial functions f: MZ — B
and g: M ég — B such that f and g are names for ¢ and 7 respectively, according to
G. Then, without loss of generality, we can assume a € 5 and consider the partial
function h: MéB_H — B that sends f and g to 1. It is easy to check this is the
desired name; thus we defined a name for the unordered pair. Similar arguments
will take care of the other names we won’t discuss.

Union. For all o € M[G], we let

7:={(m,1p) | Ju € dom(o)(r € dom(u))}.
We have that
UO’G ={a|Jug € ogla €ug)} =
={a | Ju € dom(o)(sigma(u) € GAa € ug) C
C{a|3Ju e dom(o)(a €ug)}t =
= {ng | Fu € dom(o)(m € dom(u) A u(m) € G)} C
C {n¢ | Fu € dom(o) (7 € dom(u))} = 7¢.
Power set. Let o € M[G]. We can obtain the set

PB(o):= {(r,[r C o]) | dom(r) = dom(o)} € M,

by applying restricted comprehension (in M) to the set P(dom(o) x B)M x B, that
lives in M according to the same argument we gave when discussing absoluteness in
the a previous Section. Then M[G] sees (PP (c))g as the power set of og. Indeed,
if ng € (P2(0))q, then by definition we haev ng C o¢, applying Theorem 3.29.
The other inclusion follows by the following Lemma.

LEMMA 3.34. For all 7,0 € M P, there exists n: dom(c) — B in MP such that
[r o] <[r=n]
PrOOF. Consider
n:={{u,0(u) AN[u€ o< uct]|ucdom(o)} € M.

We show that [n C o] = 1p, which we will use later. Fix an M-generic G over
B and let a € ng, that is to say a = ug for some u € dom(n) = dom(o) with
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[uco+—uer]Ao(u) €G. By o(u) € G we get ug € o which in turn implies
that ng C o according to M[G]. Since G was arbitrary, we conclude by Theorem
3.29.

Now let G be an M-generic ultrafilter over B containing [ C o]. We want to
show ng = 7. Notice this gives the thesis by Theorem 3.29.

Subset. If a € ng we can find u as above. By o(u) € G we get [u € o] € G,
observing that

[ueo] = \/ [u=v]Ao(v) > [u=1u] Ao(u) =o(u),
vedom(o)

by Definition 3.19. Thus we concluded because [u € 0 <> u € 7] € G.

Supset. Let a € 7. Since 7¢ C og we can find v € dom(7) and v € dom(o)
such that ug = a = vg and o(v),7(u) € G. Reasoning as above, we have [u €
7], [v € o] € G and since [u = v] € G we conclude

[uer]Afveda] eqG.
Notice this implies the thesis because we always have a A b < a <> b, so that
clw)ANueT < uea] eaq,
that is to say a = ug € ng. O
Restricted comprehension. Let ¢(z,z) be a formula. Let a € M[G] with
o¢ = a and fix parameter names 7. Consider
b:={cea| M[G] E ¢(c,T)}.
We want to show that b is an element of M[G]. Let
n:= {(m, [¢(pi, )] A [z € 0]) | * € dom(o)} € M5,

We want to show b = ng. Clearly if 7¢ € ng, by Theorem 3.29 we immediately get
7w € b. Viceversa, a mg € b satisfies [r = v] € G for some v € dom(c) such that
o(v) € G. Then

o, D]le(m 7] Alr =] € G,
and we conclude observing that, by definition,
nw) =[e(w, DA [r=1] G,

thus 7¢ = vg € ng-
Replacement. Suppose F is a class function on M[G] and let ¢(x,y,7a) be
its associated formula, in parameters 7. By Theorem 3.29 we get

[Va3lyp(z,y,7)] € G,
so for all n € M® the couple (v,,b,) defined (using the Axiom of Choice in M) by
by = [Fye(z,y,7T)] and v, satisfies [p(n, vy, T)] = by,

where the non-emptyness of the family is granted by the strong full-ness of MPB.
Then, we can define (in M) the class function F*: MB — MPB x B sending 7 to
(vy,by). By replacement in M we can find ¢ C M? x B with 0 € M such that

o = {(vy,by) | n € dom(o)}.

Since o € M and o is a function, we know that ¢ € ME. We claim that o¢ = F[rg].
The proof is not profoundly different than the ones above.
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Choice. We show that for all X € M[G] we can find f € M[G] such that f is
an injection from X to ON. Thus X can be well-ordered, which implies the result.
Let 7¢ = X in M|G] and by using Choice in M let f € M be a bijection between
the name 7 and some ordinal 5. By exploiting the construction of a name for the
unordered pair seen above, we can cook up names for ordered pairs, in particular,
let

:={{{0,d),1p) | o € dom(7), f(0) = a} € MB.
Then, we know 75 € M[G] and we observe that 7¢ = dom(7(;), however this could
not be a functional relation if two distinct o, 0’ € dom(7) have the same evaluation
under G (notice f is a bijection so it must send them in different ordinals). However,
we already know that M[G] models Restricted Comprehension, so we can refine to
the minimum ordinal where more choice is possible, i.e.

9:={{og, ) e 76 | Vy € B ((06,7) € 76 = a <)}
Then, we also know that g € M[G] and ¢ is clearly injective by construction, that
is to say ¢ is a well-ordering of 7¢ = X.

This concludes our proof that M|G], and hence M?Z, is a model for ZFC.
Arguing the same way we did at the end of the last section we can obtain a similar
result for VB as well.

We want to conclude this Section by addressing a remark we anticipated some-
time earlier in this Chapter when introducing the model M|[G].

COROLLARY 3.35. Assume M is a transitive countable model of ZFC' containing
a Boolean algebra B that it sees as complete, and G is a M-generic ultrafilter
over B. Then M[G] is the smallest transitive model N of ZFC extending M and
containing G. Moreover, the models M and M|G] see the same ordinals.

PRrROOF. We know that M[G] is a transitive model and we just proved it models
ZFC. That G € M[G] follows by evaluating at G the name {(b,b) | b € B*}, thus
the first part of the statement is taken care of.

The second part follows by the observation that, since we can define the rank
on any model of ZFC, for all 7 € M? we have rank(rg) < rank(r) and that
rank(cg) = rank(a) = « for all ordinals in aw € M. Then,

MAON = {d¢ | « € MNON} € ONNM|[G] = {rank(r¢) | r € MP} C MNON.

and we concluded. O



CHAPTER 4

Universality properties of forcing

We are ready to apply the theory developed in the earlier chapters to the study
of [PV23], proving a contemporary result in inner model theory. Inner model the-
ory is a branch of set theory interested in studying specific models of (strengthen-
ing/fragments of) ZFC, that was born in 1938 with Gédel’s constructible universe
L, [G6d38]. To build L inside of the universe V' one uses transfinite recursion,
Theorem 3.7, starting from the emptyset and letting each successor L,y1 be the
collection of all definable subsets of L; L will then be the union of all L,’s (this is
a proper class), see [Kunll] for more details. As Godel showed in his paper, L is
a model of ZFC included in V', hence the name inner model. Moreover, he showed
that the definition of L is absolute for inner models of V', that is to say, if W is
another inner model—meaning it is a model of ZFC included in V—then repeating
the construction of L inside of W will actually yield the same L. This means that
V = L holds in L, as V, = Ly = L. This statement is known as the aziom of
constructibility and has lots of important implications, such as the (Generalized)
Continuum Hypothesis, the (Global) Axiom of Choice, and the Diamond principle.
The latter was introduced by Jensen in 1972, [Jen72], while working on the axiom
of constructibility. Although very interesting, this discussion is beyond the scope
of our work; we refer the reader to [Rin09] for more about Jensen’s Diamond prin-
ciple and its applications to mathematics, and refer to [Jen95] for more about inner
model theory.

We stress on one fascinating consequence of the consistency of the constructibil-
ity axiom and the absoluteness of the definition of L. Suppose we could prove, from
ZFC, that there exists an inner model W of V' for which =CH holds. By consis-
tency of V. = L we immediately get that L admits an inner model M for which
—CH holds. However, by the absoluteness of the definition of L we get that L
has no inner models other than itself, because any inner model W of V satisfies
L =Ly CW. Thus M = L and we get a contradiction, since L models CH.
This shows that no “inner” argument could prove the indipendence of CH by ZFC
and that indeed a forcing argument, or at least an “outer” argument, as the one
introduced in the previous chapter, is necessary.

We find this point of view particularly fitting for introducing Parente and
Viale’s paper. In it, the authors investigate further the applicability of forcing
to inner model theory, in particular by applying forcing as a tool to construct mod-
els for (fragments of) theories of an initial segment of the universe. To be more
precise, recall that the transitive closure of a set x is the C-least transitive set y
such that x C y. They consider the collection H, C V of sets whose transitive
closure has cardinality less than «, for k a cardinal, which is an initial segment of
V. They then fix two theories, namely Th(H,) and Thy(H,) (see Theorem 4.26),
and, roughly, ask the question “What else gets fixed this way?”. To answer it,

39
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they build universal models in which any M satisfying (one of) the theories gets
embedded, Theorem 4.52.

We give a brief outline of the content of the chapter. In the first section we
give some definitions and introduce the B-valued structure H (%B , Definition 4.3, later
showing that it represents Hy in the forcing extension V|G|, Proposition 4.5.

The second section is dedicated to the notions of a tower of ideals I and to com-
pute explicitly its associated Boolean algebra B(I), Definitions 4.14 and 4.17. They
will be the underlying Boolean algebras for our Boolean valued models, Definition
4.20.

The third section contains the definition of good ultrafilters, Definition 4.28.
Goodness is a combinatorial property that controls the saturation of the quotient,
Theorem 4.29, and together with Theorems 4.25 and 4.26, forms the main technical
ingredient to establish the results of the paper.

In the fourth section we establish a weaker form of the result, namely Theorem
4.40. The use of this Section is to familiarize the reader with how the ideas glue
together to yield the main result. However, many aspects we care about cannot
be retrieved with this approach—for example, we can only deal with the signature
€a,, introduced in the previous chapter.

In the closing section we surpass these limitation. The main ingredient is the
non-stationary tower, Definition 4.47 and the following discussion. After establish-
ing the main result, Theorem 4.52, we conclude by extending Proposition 4.5 to the
BVM of this section. Although being necessary to complete our presentation, this
and other results in this chapter are left unproven, essentially because retrieving
them would far exceed the scope of this work.

We assume throughout the course of this Chapter that V' is a model of ZFC+ “there
exists a strongly inaccessible cardinal”. See [Kunl11]; [Jec73] for more on this topic.

1. Setting up the forcing

We start this section by giving some definitions for the work to come.

DEFINITION 4.1. Let k be a cardinal and B a Boolean algebra. A subset
C C Bt is <k-closed if in C all decreasing chains of length less than s have a
lower bound.

For any cardinal k, we write H,,:= {z € V | |trcl(z)| < &} for the initial seg-
ment of the universe whose sets are the hereditarily <x-big sets. If x is uncountable,
H,; is a Tarskian €a,-structure, by interpreting each k-ary relation symbol R, as

Rg* = {(x1,...,2x) € HY | (Hy, €) = o(z1,...,20)},
for all k € N. See [Jec73]; [Kunll1] for more details.

NoOTATION 4.2. Whenever A is a set of relations on Hy, let’s say

Ac | Pem)),
new
we write € 4 for the signature obtained by expanding €, with A, i.e.
EA= €En, UA.

DEFINITION 4.3. Let § be a cardinal. We say that a complete Boolean algebra
B is é-preserving if [§ is a cardinal]]gB =1
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If B is -preserving, we define
HE = {T e VE NV, | [ltrcl(r)] < 814" = 1},
where o > | B| is an ordinal large enough to satisfy, for all o € V2

[trel(o)| < 015" < \/  [r=0l}.
TeVENV,

Notice that, by Theorem 3.29 and the discussion following it, a complete
Boolean algebra B is d-preserving if and only if for all V-generic filters G over
B we have that V[G] models § to be a cardinal. Moreover, all complete Boolean
algebras are §-preserving for all cardinals § < N.

REMARK 4.4. We should clarify the role of « in the previous definition. First of
all, we have to prove it exists. Notice that in general even a very large (rank-wise)
name 7 € VP might make the left hand side positive; for example take a name 7
with cardinality 6% such that for all 7 € dom(7) we have 7(w) = ¢ < 1p—then all
generic filters G containing —c¢ will say 7¢ = () and thus

[|trel(r)| < 5]];5 > -,

by Theorem 3.29. Nonetheless, we show that even in that case we can find a small
name that G says it is the same as 7.

Fix a:= max{|B|,d}. Let ¢ € VB be arbitrary and consider a V-generic filter
G over B. If

V[G] E |trcl(og)| < 6,

then also rank(og) < 4, since for all sets  we have rank(z) < |trcl(z)]. Thus,
the canonical name for g, d¢, lives in VB N V,—as ¢ is only as big as og by
definition—and we have

VIG] E (66)c = oc-
We just proved
VIG] E (trel(og)| < 6) — Bz € VB NV,a(2e = 0q)),

for all V-generic G over B and all o, since the choice was arbitrary. Thus, by
Theorem 3.29 we conclude
[(trel(0)| < 8) = Bz e VENVa(z =0))]% =18,
for all o € VB. Notice this is the thesis because [a — b] = [a] — [b] and because
for all a,b € B we have
a—+b=1<+= aVb=1 < b>a.

Conversely, observe that in our definition nothing guarantees that choosing a bigger
o keeps H f the same, and it is actually the case that they might differ. However,

if o satisfies the condition of the definition and 8 > «, for all 0 € VE N (V5 '\ V,,)
we have

\/ lr=0l}" > [ltrel(o)] < 3]} =1,
TeVENV,

that is to say the family {[r = ¢]%" | 7 € VB N V,} is predense in B. Thus, any
generic filter over B meets it by Lemma 3.27, that is to say

[r = 0]]%3 € G, for some T € VENV,,
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and as above, we find a smaller name that was already in V,,. Therefore, any time
we fix a V-generic filter G over B, the evaluation of H f does not depend on the
choice of a.. Let’s calculate it.

PROPOSITION 4.5. If B is a d-preserving Boolean algebra and G is V -generic
over B, then

(Hs)VIE = {r¢ | T € HP}.

PROOF. Supset. Let 7 € Hgg. Since 7 € VB we have 7 € V[G], and we just
need to prove

VIG] = trel(teg)| < 0.
However, this follows trivially by Theorem 3.29 that grants

VI[G] E |trel(r)| < 6

and by observing that |trcl(7q)| < |trcl(7)| always holds.

Subset. Let z € (H;)VI4, that is to say there exists & € V' such taht ¢ = =
and V]G] models trcl(2g) < §. By the discussion preceeding this Proposition, we
know there exists o € VB NV, such that g = ¢ = x, that is the thesis, as then
their transitive closures coincide according to G. (]

We refer to this fact as H f represents Hy in the forcing extension.

We want to state a result closely linked to this one, Lemma 4.10, but to do so,
we need to introduce the notion of presaturation. We take the chance to introduce
saturation as well, which is closely related to presaturation, and show that it is
linked to completeness.

DEFINITION 4.6. Let B be a Boolean algebra and ¢ be a cardinal. We say
B has the <d-chain condition, <J-cc for short, if every antichain A C B has
cardinality less than 6. Moreover, the saturation of B is the least cardinal § such
that B is <d-cc.

LEMMA 4.7. Let B be a Boolean algebra. If B is <k-complete and <k-cc, then
B is a complete Boolean algebra.

PRrROOF. We argue by contradiction, so suppose B is as in the statement and is
not complete. Let A be the least cardinal for which there exists a subset {b, | o <
A} C B that does not admit supremum, which is simmetrical to the infimum case.
For all 8 < A we can compute

cgi= \/ bas

agf
since we are assuming the minimality of A. Let

J:={5€A|05+1Aﬁ057&0}

and rename A\ {j + 1| j € J} so that we get an ordinal again and we respect the
ordering. Then the sequence

ap = Cop,
o i = Cot1 N\ TCq if >0,

is an antichain in B. But then either the sup existed because the sequence is only
<k long, or the < k-chain condition falls. [
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DEFINITION 4.8. Let § be a cardinal. A Boolean algebra B is <§-presaturated
if, for every collection of antichains {A, | & < A} with A < ¢, the set

{de BT |[VaeX|{a€ Ay |and>0p}| <3}
is a dense subset of BY.

REMARK 4.9. Observe that any Boolean algebra B satisfying the < {§-chain
condition is automatically <J-presaturated, as the cardinality of all the A, in the
definition is already strictly bounded by 9.

Recall that a cardinal ¢ is regular if it is equal to its cofinality or, equivalently,
if it can’t be written as a <d-sum of <d-cardinals. Under the assumption that ¢ is
regular, a result similar to Proposition 4.5 can be obtained by using names in Hy,
as shown in [AV17, Section 5]—we will just prove the missing parts. This result
will be crucial in the second to last section, when we discuss the embeddings for
the signature €a,, but we will need to generalize it for the final section.

LEMMA 4.10. Let § be a regular cardinal and B C Hys be a <{-presaturated
Boolean algebra. If G is B-generic over V, then § is a regular cardinal in V[G] and

19 = {75 | r € VBN Hs).

PROOF. We observe the V[G] models ¢ to be a regular cardinal. To do so, we
assume it is not true and look for a contradiction. Then, there exist an ordinal
A € and a py € G such that

po Ik “f is a function from A to 4 cofinal in 4”7,

for f some name in VE. For all a € X consider the set
Aa:={bg € B|V Ebs =[f: A= 3] Alf(a) = A1}

We claim that for any a € A this is an antichain on B. Indeed, suppose p,q € A,
and 8 # v < § satisfy p = bg and ¢ = b,. If they are compatible, there exists an
V-generic ultrafilter K over B containing p A q. By Theorem 3.29 we have

KEf:A=0nfla)=p=7,

that is absurd. Then, p,q are incompatible and A, is an antichain, for any a € A.
Moreover, each of them is maximal below py:= [f: A — d].
By <d-presaturation we know

D:={de BT |VaeX|{a€ Ay |and>0}| <6},

is dense in BT and therefore is dense below pg. Let qo € G N D by genericity of G
and consider
X:= U{fg(a) |a€ Ay and aNgy >0} e V.
aEA
Clearly | X| < & by the regularity of § in V and the definition of gy and f. However,
notice also that X extends fg [A], so that we get the desired contradiction.
Representation. see [AV17, Lemma 5.2]. O

If we induce the structure of BVM and the values of formulas from V?Z to H f ,
we get the following result, [VV23].
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PrOPOSITION 4.11. Let § be an uncountable cardinal and B be a §-preserving
complete Boolean algebra. Then HgB s a B-valued structure for € o, with the mizing
property.

PRrOOF. That it satisfies the properties in Definition 2.1 and Definition 3.5
follows fron the fact that V? does. Now, going through our proof of Lemma 3.23
we notice that if all 7, are picked in H §37 the constructed 7 will also live there,
therefore the proof is the same. (Il

REMARK 4.12. Let § and B be as in the proposition above. If o(z,y1,-.-,Yn)

is a quantifier-free €, formula and ay,...,a, € Hs we have
§ _\qHE
(Hs, €ny) = Jzo(z,01,...,00) = [Fap(z,dr,...,dn)]5° =1

Because any A, is absolute for transitive models of ZFC (that contain the pa-
rameters) and so all generic extensions of Hs will see it true, and we conclude
via Theorem 3.29. We are interested in obtaining the same result for V, but the
situation is more complex for universal formulas, as we will see.

2. Towers of ideals

We present the Boolean algebras and the Boolean valued models we will use
in the last Section to obtain our results. The ideas in this section can be found in
Foreman’s [For09]. Towers of ideals are very abstract objects that find application
in set theory to prove combinatorial results, see for example [CV13]; [FS18]. We ex-
pand on and motivate the abstract definition of B(I), Definition 4.17, meticolously
describing the objects at hand.

We begin by recalling the definition of a normal and fine ideal.

DEFINITION 4.13. Let X be a set. An ideal I over P(X) is

(1) normal if for all {a, € I |z € X}, wehave {Z C X |z € Z(Z € a,)} €
I.
(2) fineif forallz € X wehave {Z C X |z ¢ Z} € I.

DEFINITION 4.14. Let § be an inaccessible cardinal. We say that I = (Ix |
X €Vs) is a tower of ideals (of height) ¢ if
(1) for all X € Vs, Ix is a fine and normal ideal over P(X);
(2) foral X CY eV, Ix={aCPX)|{ZCY |ZNnX €a}ely}.

Given a tower of ideals I = (Ix | X € Vj), we want to associate to it a Boolean
algebra. To do so, consider, for all X € Vs, the Boolean algebra P(P(X)),1, by
the dual construction of the one found in 2.6. Whenever X C Y € Vj, the map

wx,y: P(P(X))/1x = P(P(Y))/1y
lalrx = {ZCY | ZNnX €al]r,.
is an embedding of Boolean algebras, that is to say an injective morphism of Boolean

algebras, as we are now to show.

PROPOSITION 4.15. With the notation introduced above, txy is an embedding
of Boolean algebras. Moreover, if X CY C Z € Vs, we have

X,z =Lly,ZOLX)Y-
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PRrROOF. We start by checking that it is an embedding.
Injectivity. Suppose [a]r, = [b]1y, that is to say aAb € Ix. It suffices to
show that
(ZCY|ZNXE€a)A{ZCY |ZNX €b} € Iy.
Indeed, we have
{ZCY|ZNnXecalA{ZCY |ZNX €b} =
={ZCY|ZNXeca\b}U{ZCY |ZNX€b\a}=
={ZCY|ZNX € aAb}

and by the second condition in Definition 4.14 we have the thesis, since aAb lives
n Ix.
Morphism. We check the preservation of the structural properties one by one.
Bottom and top. We simply have

wxy([llie) =H{Z2 Y | ZNn X € 0}]1y = [0lry,
and
xy(PX)l) ={Z Y [ ZNnX € P(X)}]1y = [P(2)]1y,
that is to say tx,y preserves the top and bottom elements.
Operations. For all a,b € P(P(X)), we have

vy (@l Ary Blre) = exy(laNbl) = {(ZCY | ZNX €anblls, =
—[{ZCY|ZNXedn{ZCY|ZNX b}y, =
={ZCY|ZnXea}|p, Ay {ZCY | ZNX €b}]y, =
=xy(lalrc) Ary exy ([Plrx)-
proving the preservation of A, and
uxyy (il ) = ex y ([P(X) \ dlry) =
={ZCY|ZNnX eP(X)\a}];, =
=PW\{ZCY |ZNnX €a}|;, =
=-n{ZCY|ZNnX €a}], = ryexy(a]iy)

from which we can conclude in virtue of Remark A.14.
Suppose X CY C Z € Vi and let a« C P(X). We have

LY,Z(LXJ/([CL]]X)) - LY,Z([{W g Y | WnXe a‘}]IY) =
={wWczZ|wnye{WcY|WnX ea}}lr,
=[{WCZ|WnXea}]=uxz(dy)

O

To define the Boolean algebra associated to a tower of ideals consider the dis-
joint union of all un-quotiented power-Boolean algebras

B:=[[{P(P(x)) | X € Vs}.

It will be useful to write elements of B specifying the set they are taken from, to
avoid confusion. So, for exmple, if a € P(P(X)) for some X € Vs, we will write a™
in its place when we think of it as an element of B.

Let ~; be the relation on B given by

a® ~p b = ix xuy(lalry) = ty.xoy (bl )-
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for all aX,bY € B. We will now omit the subscript I and write ~ instead of ~; as
no confusion should arise and the following results hold for any choice of I.

PROPOSITION 4.16. The relation ~ is an equivalence relation on B.

PrOOF. We skip both reflexivity and simmetry as they are trivial.

Transitivity. Let a®,bY,c¢? € B be such that a® ~ b and ¥ ~ ¢Z. We
have,

LX,XUYUZ([CL]IX) = lXUY,XUuYuZz LX,XUY([Q]IX)) =
([bl1y)) = vy xuyuz (bl ) =

([01y,)) =

= LYUZ,XUYUZ(LZ,YUZ([C}IZ)) = LZ,XUYUZ([C]IZ)

(
= LXUY,XuYuZz (LY,XUY
(

= lyuz,xuyuz\ly,yuz

where the equivalences follow from the assumptions on a, b, and c if they are written
horizontally and by Proposition 4.15 if they are written vertically. Notice that the
first member of this chain of equivalences is
txuz,xuyuz(tx,xuz([alry)),
again by Proposition 4.15, and that similarly the last member of the chain is
LXUZ,XUYUZ(LZ,XUZ([C}IZ))7
so that by injectivity of txz xuyuz We can conclude. O
Consider the quotient B(I):= B,.. Given an element a* € B we write a* for
its equivalence class, i.e.
a*:={ eB|a* ~ bV}
Observe that all ¢x y preserve classes, that is to say, for all aX € B we have

vxy ([a]rg)Y ~a.

-y
Therefore, for any @*,b € B(I), we can inherit the binary operation A and V from

the Boolean algebra P(P(X)),1,, i.e.

-Y XUY
a* Ab = 1xxuy([alry) Axoy v xoy ([b]1y) ,

and similarly for V. There is an abuse of notation on the right hand side of this
equivalence since we are taking the class of a class (with respect to the relation
induced by Ix) as opposed to an element. However, this does not constitute a real
problem since all those elements (trivially!) belong to the same ~-class. The same
trick also lets us define — by putting
(@) =PX)\a"

Although a bit convoluted, this way of defining the operation has two upsides. First,
it is clear that the operation will satisfy the axiom for a Boolean algebra once we
define some appropriate bottom and top elements. Second, it makes it natural to
look for 0 and 1 in the smallest of the Boolean algebras. Indeed, we set

since the tx )y are embeddings of Boolean algebras. Then, B(I) inherits the struc-
ture of Boolean algebra. Let us put this in a definition.
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DEFINITION 4.17. Let § be an inaccessible cardinal. Let I = (Ix | X € V;)
be a tower of ideals of height §. The Boolean algebra associated to I is the
Boolean algebra (B(1),0,1, A, V, ) introduced above.

The following two Lemmas, by [For09] and [Bur97] respectively, collect the
algebraic properties of B(I). We adapted the first proof and wrote a new one for
the second result because we think it is easier to follow with our notation and
construction.

LEMMA 4.18. Let § be an inaccessible cardinal. If I is a tower of ideals of height
0, then the Boolean algebra B(I) has cardinality <6 and thus may be identified
with a subset of Hs. Furthermore, B(I) is <d-complete, where the supremum of
{as € B(I) | a < A}, for A < 9§, is computed as follows: if X € Vs is big enough
such that A C X and Uaa C X for all a < A, then

\/{Ea|a<)\}:{Z§X|3a€Zﬂ)\(ZﬂUaa€aa)}.

PrOOF. Cardinality. Clearly |B(I)| < |B|, by construction. Moreover, by
[Kunll] (Lemma I1.13.29 and Lemma I1.13.31), we know that V5 = Hj;, so, for all
X € Vs we have

| X| < [trel(X)] < &
and by strongly inaccessibility of § we conclude P(P(X)) has cardinality less than
J for all X € V. To conclude we just need to observe that B is the (disjoint) union
of J-many sets of cardinality <4, which is bounded from above by § x § = §, since
¢ is an infinite cardinal.

Upper bound. Fix a € A and let Y be such that a, € P(P(Y)) is a repre-
sentative of a,. Then, notice that if Z C X satisfies ZNY € a}; then

ZN U a}; € aZ,
as otherwise Z meets Y outside of |Ja, (which is a subset of Y) and thus ZNY
does not live in al . Then, we have
wx(lan)={Z2CX|ZnYead} C{ZCX|Zn|Ja) €al},

from which the thesis.
Supremum. Suppose bV € B, with W D X, is a representative of the class

= B(I) that extends @, for all a € X. That is to say
W 2{Z W | ZN|Jaa € ta} = tya,w(ltalr,, )

But then clearly " also contains the set on the right side of the equation in the
statement, as

W 2 {Z W FaeNZn|Jaa) € an}-
0

LEMMA 4.19. If I is a tower of ideals of inaccessible height §, then every an-
tichain in B(I) can be represented by a disjoint sequence, in the sense that, for each
antichain {@q | o < A}, there exists a sequence (by | @ < A) in B such that for all
a < X\ we have by = Go and whenever 8 < «

{Z | JbaUlJbs | Z0|Jba € b and Z 0| Jbs € bg} = 0.
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PROOF. For all @ € A let aXe be a representative of @, and X, € Vs be
minimal with respect to inclusion. We claim (aX> | a € ) C B is a disjoint
sequence. Otherwise, let a, 8 be such that

axe N a?ﬂ # 0.
Then, by

Xa

ag” \ay® =ag ¥ \ @ =ag e,

we have that X, \ Xz is a refinement of X, in representing the class @,. Notice

the equation in the middle holds because, for all Boolean algebras and all b, ¢ in it
we have bAc=0if and only if b\ ¢ = b. O

By introducing the Boolean algebra B(I) we can now discuss B(I)-valued struc-
tures arising from the tower I.

DEFINITION 4.20. Let I be a tower of inaccessible height §. For every infinite
cardinal k < & we define

Ult(Hy+,I):={f: P(X) = H.+ | X € V5}.
For each a € H,.+, let ¢, be the constant function
co: P(0) — Hy+,
0 a.
in Ult(H,.+,1).

Let A C U, ., P("(H,+)) be any set of relations, we equip Ult(H+,I) with a
B(I)-valued struture for € 4 as follows: given an n-ary relation R, be it the equality
or any other in A, and given f;: P(X;) — H,.+ for 1 <i < n, define

UW(H, 4,1
[R(f1,- o f)lgn = {Z CXR(A(Z O X0),. -, FaZ0 X)),
where X is the union X; U---U X,,. Furthermore, we interpret ) and w as ¢y and
¢, respectively.

REMARK 4.21. If C C Vj is such that for all X € Vj there exists C' € C with
X C C, then both B(I) and Ult(H,.+,I) are determined by (Ix | X € C). In this
case we say C is cofinal.

PROPOSITION 4.22. Suppose I is a tower of inaccessible height §; let also kK <
be an infinite cardinal and A C J,, ., P("(H.+)). Then Ult(H+, 1) is a full B(I)-
valued structure for €4 with the < Jd-mizing property. Moreover, given an € 4-
formula ¢ and functions f; € P(X;) = Hye+, for1 < i <mn, letting X = X;U---UX,
yields

(i fllany " =1Z C X [(Hew, €) F o(L(Z 0 X0), -, F(Z 0 X))

ProoF. BVM. Properties E1 and E2 of Definition 2.1 are quite trivial and we
skip them. We check E3. Let f: P(X) — H .+, g: P(Y) = H,+, and h: P(Z) —
H,.+. Omitting the superscripts, we have

[f=glnlg=0]=
—WCXUY [fWNX)=gWNYJN{WCYUZ|gWNY)=h(WNZ)}=
—WCXUYUZ|[fWnX)=gWnY)=hrWn2)}<[f=h].
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For R1 we can argue similarly by taking R a k-ary relation symbol and f;: P(X;) —
H,+,g;:P(Y;) > H,+ foralli=1,... k, and letting

X=XjU---UXpUY;...Y.
Then, the left side of R1 is
{ZCX|filXinZ)=g(X;NZ)for 1 <i<kand R(fi(X1NZ),...,r(XpxN2))},
which is clearly smaller than
{ZC X |R(f1(X2in2Z),.... fu(Xp N 2))},

which is the right side of R1.
We are left to prove the properties in Definition 3.5. We show the first one and
leave the second. We have

[fSalnlgc fl=
—WCXUY [ fWNX)CgWNY)JN{WCXUY [gWNY)C FIWNX)} =
WCXUuY [ fWnX)CgWnY)C fWnX)}=[f=g]

Mixing property. We want to establish the <§-mixing property. Let A < § and
suppose we are given an antichain {a, € B(I) | & € A} on B(I) and names

fa: P(Xo) = Hy, for a € A
Let Y € Vs be big enough so that
YQXQUUaa, for all a € A.

By Lemma 4.19 we can assume that the a,’s satisfy, for all 5 < «
(29) {(Z2CY | ZN|Jaa € an and ZN | Jap € ag} =10.
We define f: P(Y) = H.+ tosend Z C Y to

f(Z) = fa(Z N on)a

if ZNJaa € aq for some a € A, and to the emptyset otherwise. Notice this
definition is sound because Equation 29 grants unicity of such «, if one exists.
Then it follows that

_ Ult(H, 1)
G < [[f:foc]]lg(j) * s

which is the desired property. Notice, however, this does not entail fullness, as we
don’t have a big enough mixing property.

Fullness and characterization. We prove both fullness and the value of ¢ by
induction on the complexity of ¢ simultaneously. Notice that if ¢ is quantifier-free
the thesis follows trivially since the operation of Boolean algebras on the classes
respect the connectives of the formulas. Let ¢(x,7) satisfy the inductive hypothesis

for any choice of parameters and let f and X be as in the statement. For all
g € Ult(H+,I) we have

[[90(9,?)]] < {Z cX | <HI'€+’ €A> ': wa(xvfl(ZﬂX1)7 - 7fn(ZﬁXn))}7
thus we get the first inequality
[[33390(1‘7?)}] < {Z cX | <Hn+7€A> ': Elx(p(a:?fl(ZQXl)?' : '7fn(Zan))}'
For the other inequality, let h: P(X) — H; be defined by cases. If Z C X satisfies
<Hm+>€.z4> ): Elx(p(x’fl(Zle)w . 7fn(Zan))
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let h(Z) be one of those = in H,+, eventually using the Axiom of Choice to choose
it. Otherwise let h(Z) = 0. Then by construction [¢(h, f)] already proves the
other inequality. Notice that this means that h also satisfies (strong) fullness. O

By the characterization of the evaluation of ¢ given in the previous result we
immediately get the following.

COROLLARY 4.23. Let I be a tower of ideals of inaccessible height 6, let k < J be
an infinite cardinal and A C J,, ., P("(H,+)). For every € a-formula o(z1,. .., 2y,)
and parameters ay,...,a, € H. .+ we have

UW(H, 4, I)
<H,¢+7€A> ':so(al,...,an) = [[Sa(calw~~,can)]]3(1() + -1

3. Good Ultrafilters and Saturation

We investigate the link between combinatorial properties of an ultrafilter on
a Boolean algebra and the model theoretic properties of the resulting quotient
model. We then define good ultrafilters and prove their existence for a special class
of Boolean algebras. This result will be crucial in the final Section to conclude our
embedding results.

First, we recall some model theoretic notions. The interested reader can find
more information about these in [Mar02]. Given an L-structure M and a subset
A C M|, a (1-)type of M with parameters in A, or simply over A, p, is a set
of formulas in L4:= LU {c, | a € A} with at most one free variable such that for
every finite subset of p’ C p there exists b € | M| such that

M E ¢(b) for all p(z) € p'.

If b € M is such that M |= ¢(b) for all ¢ € p, we say that p is realized in M, or
that b realizes p in M.

By the compactness theorem we know that any type is realizable, however, the
element realizing it might not live in the same model we are working with.

DEFINITION 4.24. Let 6 be a cardinal. An L-structure M is <é-saturated if

for every A € [M]<°, with M = | M|, all types with parameters in A are realized
in M.

The next result is a well known theorem in the model theory literature, due to
Morley and Vaught [MV62], proving that saturated models on a language embed,
while preserving the truth of formulas, all sufficiently small models of their theory.
Following this result, we give a generalization by Keisler, [Kei65], of this fact to
models of the universal fragment of the theory. However, this will come at the cost
of the elementarity of the embedding.

THEOREM 4.25. Let d be a cardinal. If N is a <&-saturated L-structure, then for
every model M = Th(N') such that |M| < § there exists an elementary embedding
ji M= N.

PROOF. Let (m,, | @ € §) be an enumeration of M. We want to build a partial
isomorphism by induction on « € §. For @ = 0 we have nothing to show. Now,
suppose jo is a partial isomorphism from A,: = {ag | § € a} C M to N and
consider

Pa(@)i= {p(@,ja(@) | ¢(w,7) is a formula in £, @ C Aq, and M = ¢(aa,a)}.
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Since this is a 1-type in A over j(A,) which has cardinality less than §, we know
there exists b, € N realizing it. We stress that we are using M = Th(N) to
guarantee that the type is consistent with the theory of A/, and therefore realizable
in N. We extend j, by @ = bas i-6. jat1:= ja U {{da,bs}. Notice j,i1 is an
isomorphism by construction, essentially because n-types are determined by the
1-types of the single components (see [Mar02] for more details). We define

ivi=J s

BEX

for A a limit ordinal. Notice this also respects the isomorphism condition, therefore
we concluded our proof. O

THEOREM 4.26. Let § be a cardinal. If N is a <d-saturated L-structure, then
for every model M = Thy(N), where Thy(N) is the set of formulas of the form
Yoy, ..., Vepo(xe, ..., on)—with o(z1,...,2,) quantifier free—that are true in N,
such that |M| < ¢ there exists an embedding e: M — N .

PROOF. The same proof we gave above works for this case if we only consider
universal formulas in the defintion of p(z). Since all quantifier free formulas hold
true we automatically get that js is an embedding. We stress that we need M to
model all the universal formulas A" does to grant that every finite quantifier-free
diagram from M is realizable in N. O

3.1. Good ultrafilters. We introduce the notion of good ultrafilters, as pre-
sented by Mansfield in [Man71]. Quotienting a full B-valued model via a good ul-
trafilter recovers a saturated model, Theorem 4.29. For more on the theory of good
ultrafilters and their applications, we refer the reader to [Neg71] and to [Com77];
[Par21], respectively.

DEFINITION 4.27. Let A be a cardinal, B be a Boolean algebra, and f: [\]<Y0 —
B a function. We say f is monotonic if for all S, T € [\]<®¢ we have

SCT = f(T) < f(9).
We say f is multiplicative if for all S, T € [\]<*, we have
f(SUT) = f(S) A (D).
Observe that if f is multiplicative it is also monotonic, as
SCT = f(T)=f(TUS) = f(T)Af(S) < f(S).

DEFINITION 4.28. Let 0 be a cardinal. An ultrafilter U on a Boolean algebra B
is <d-good if for every A\ < § and every monotonic function f: [\]<®0 — U, there
exists a multiplicative function g: [\]<¥0 — U with the property that g(S) < f(95)
for all S € [A|<o.

The following result, establishing the properties of the quotientation by a good
ultrafilter, is already present in [Man71] (Section 4), where the author proved it for
Boolean ultrapowers M 5). However his proof is perfectly adaptable to our setting,
as it only requires fullness and the <§-mixing property to prove <J-saturation.

Recall that an ultrafilter is countably incomplete if it admits a countable
subset whose infimum is bottom.
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THEOREM 4.29. Let 6 be an uncountable cardinal, B a <d-complete Boolean
algebra, and L a signature with |L| < 0. Suppose M s a full B-valued model for
L which satisfies the <§-mizing property, and U is a countably incomplete <d-good
ultrafilter on B; then the quotient M,y is <d-saturated.

3.2. Existence of good ultrafilters. We are now interested in proving the
existence of good ultrafilters for many Boolean algebras. We will provide a proof
that resembles the original proof by Keisler in a complete setting, [Kei64], but we
need to drop completeness for the results that will come in the last section. The
following notion, found in [Man71, Section 4], is used to characterize the right
collection of Boolean algebras our results will apply to.

DEFINITION 4.30. Let § be a cardinal; a Boolean algebra B is <d-disjointable
if for every A < § and every function f: A — BT, there exists a function g: A — BT
such that:

(1) for all @ < A we have g(a) < f(a);
(2) for all 8 < a < X\ we have g(a) A g(8) = 0.

If X\ of the previous definition is a successor cardinal we can use the following
sufficient condition, by Balcar and Vojtas [BV06].

THEOREM 4.31. Let \ be an infinite cardinal and B a Boolean algebra. If
AT < sat(B |b) for allb € BY, then B is < AT -disjointable.

We want to highlight two consequences of <d-disjointability. First, as found in
[BV06], it is a sufficient condition for B to be atomless and it makes so that dense
subsets of B must be big. We wrote a new proof for readability. The second is a
lower bound for the cardinality of B.

For a Boolean algebra B we let 7(B) be the least cardinal x such that there
exists a dense subset of B of cardinality x. We call said cardinal the density of B.

LEMMA 4.32. Let § > 2 be a cardinal. If a Boolean algebra B is <§-disjointable,
then B is atomless and for all b € BT we have 6 < w(B | b).

PRrooF. Atomless. Suppose b € BT is an atom. Consider f: 2 — B sending
0,1 — b. Clearly there is no refinement of f, as 0 < ¢(0), g(1) < b implies g(0) =
g(1) =b.

Density. Suppose A C B | b has cardinality < d. Let f be an enumeration of
A ie. f:|A] — A is a bijection, and consider a disjoint refinement g of f. Notice
g witnesses A is not dense as f(8) < g(a) would imply ¢g(5) < g(«), against the
disjointness of g. O

PROPOSITION 4.33. Let § be a cardinal and B a Boolean algebra. If B is <0-
disjointable and <5-complete, then §<° < |B|.

PrOOF. If § < 2 there is nothing to prove. Suppose § > 2 and let A € § be
an arbitrary cardinal. By <J-disjointability, we can find an antichain A on B of
cardinality A\. We apply Lemma 4.32 and get that 6 < 7(B [ a) for all a € A.

Consider the map

[[Bra—B,

a€A

(ba | a € Ay \/ ba,

acA
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which is a function since B is <d-complete. Notice this function is injective since
A is an antichain. Thus, we have

B> [[I1Blal =] xBla)>]]6=2¢

acA acA acA
whecih is the thesis, since this holds for all A € §. O

We will prove the existence of good ultrafilters for B a < J-disjointable and
<é-complete Boolean algebra of cardinality §. We will prove this using induction
and the next two Lemmas will provide the basic step and the inductive step of the
proof. Notice the second Lemma is found in [Man71] (Section 4).

Recall that a set E has the finite intersection property (FIP) if any finite subset
of E has a non-empty intersection.

LEMMA 4.34. Let § be an infinite cardinal; suppose B is a <d-disjointable and
<d-complete Boolean algebra. For every E € [B]<° satisfying the FIP, there exists
Y € [B]® such that EUY has the FIP and \Y = 0.

PrROOF. We can identify F with his closure with respect to finite meets. Let
A € 6 be a cardinal for which there exists a surjection f: A - E. Let g: A — BT
as in the Definition of <{§-disjointability. By Lemma 4.32 we know B is atomless.
For every a € X consider the sequence

La,0-= g(a)7
Tantl < Ta,n for all n € w,
/\nEw xam = 07

which exists because g(«) > 0, B is atomless, and for any 0 < [ we can always find
Tn+1 < Zp, such that I € x,,41. For all n € w, define

Yn = \/ Tan-
aEX

We claim that Y := {y, | n € w} € [B]®° satisfies the desired properties.
FIP. First, observe that Y is closed under finite meets, since its elements form
a (descending) chain. Then, if @ € A and n € w, we have

f(Oé) /\yn Zg(Oé) /\yn = Za,n >0
where the last equality follows by the definition of y, and x4 ,, and the fact that
the g(a)’s are incompatible. Thus the FIP.
Infimum. Suppose
d:= /\ Y > 0.

Since B is atomless, there exists 0 < b < d, that is to say b < y,, for all n € w.

Therefore,
b<wyo= \/ Ta0 = \/ g(a),
aEX agA
and by Fact A.19 we can conclude g(8) Ab > 0 for some € A. Then, there must
exist m € w such that
g(ﬁ) Ab < /\ Tam = Tm

nm

that is to say g(8) AbA —zg,, > 0. But this is absurd because
9BYNb < g(B) N ym < 2p.m,
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where the first inequality uses the definition of b. We conclude that such a b can’t
exists, therefore the infimum of Y is 0p. (]

LEMMA 4.35. Let 6 be an infinite cardinal; suppose B is a < J-disjointable
and <§-complete Boolean algebra. For every E € [B]<° satisfying the FIP, every
A\ < 8, and every monotonic function f: [\|<N° — E, there exists E' € [B]° with
the FIP and extending E, and a multiplicative function g: [N\|<Y° — E’ such that
g(S) < f(8S) for all S € [N]<Ro.

PrOOF. Fix A, E, and f as in the statement. Consider the function
Ex A<M — Bt
(y, S) =y A f(S),

and observe its domain has cardinality < J, therefore it is refinable. Let h(y,S) be
said refinement. Define

9(8):=\/{hy(T) |y € E and S C T € [\]*°},

which exists by < J-completeness, and observe it is a refinement of f. Indeed, for
all finite T' D S and all y € E we have

hr(y) <y f(T) < F(T) < F(5),
and we conclude by the minimality of the sup. Moreover, we have that ¢ is multi-
plicative, as
g(S) A g(T) =
=\ {h,W)|yeE, SCWeN}A\{h(W)|zeE Y CWe\N}=
= \{hy(V)Ahe(W) |2,y e E,SCV N SW DT} =
=\{hy(V)|ye Eand V2 SUT} =g(SUT),

where the second equality holds by applying two times the fact that—by Fact

A.19—we have

(V aynb="\/(anb),

aeX acX
when they are well defined; and the third equality follows by disjointness of h. We
conclude the proof by defining

E':= F Uran(g).

Notice the only non-trivial check we have to do is the FIP for E’. If z,y € E' we
have three cases: if they are both in ¥ we conclude by FIP of E; if they are both in
ran(g), we can find S, T € [A\]<%0 such that g(S) = x and ¢g(T) = y and we conclude
by multiplicativity and the fact that g is non-zero everywhere, by definition of g
and of h; finally if, say, we ave x € ran(g) and y € E, then it holds, for some S as
above,
yAg(S) ZyNh(y,S) =h(y,5) >0

since h(y,S) <y by definition and h has range in B™. |

We finally can prove the existence of good ultrafilters for certain (non-necessarily
complete) Boolean algebras.
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THEOREM 4.36 (Existence for good ultrafilters). Let § be an infinite cardinal;
suppose B is a <d-disjointable and <§-complete Boolean algebra of cardinality 0.
For every E € [B]<° satisfying the FIP, there exists a countably incomplete <6-good
ultrafilter U on B such that E C U.

PROOF. Let E be as in the statement and apply the first Lemma to get Y €
[B]®0 such that FUY has the FIP and A Y = 0. We distinguish two cases.

Countable. If § = Ny there is nothing more as countably incompleteness
follows from containing Y and < Ny-goodness follows from being meet-closed.

Uncountable. Let {b, | @ € 6} be an enumeration of B. By Proposition 4.33
we have 6<% = §, therefore

{f: N® — B| A€ and f is monotonic}

can be enumerated by {f, | @ € §} in such away that each function is listed cofinally
many times, i.e. for all functions f in the set and all 5 € § there exists a € § such
that a > 8 and f = f,.
We recursively construct a sequence (D, | a € §) such that, at each stage

o €4

(1) D, € [BT]<° has the FIP;

(2) it is increasing, i.e. if § € o then Dg C Dy;

(3) if by ¢ Da+1 then —b, € Da+1;

(4) if fo: [N]<Ne — D,, for some A\ € 6, then there exists a multiplicative

function g: [A]<¥0 — D, such that g(S) < f.(S) for all § € [\]<Ro.

For the first step, let Dy: = EUY. Clearly point 1. is taken care of as we are
assuming § to be uncountable, and is the only one with something to check at this
stage. Now suppose we have D, for some a € §. If f, has range in D,, then we
can apply the second Lemma to f, and D, to get D/, € [B]<° with the FIP and
containing the range of a multiplicative g refining f on [A]<®0. Otherwise we just
let D, = D,. Then we have to add one between b, or —b,. Notice that it can’t be
that both D/, U {by} and D! U {=b,} refute the FIP. Indeed, in such a case, there
exist T1,. .., Tn,Y1,- -, Ym € D’ such that

TIN-ANxp ANby =0 Az < —b,,
=
yl/\"'/\ym/\ﬂbazo /\ngba

against the assumption that D7, has the FIP. So let D,1:= D/ U{b,} if it satisfies
the FIP, or add —b,, otherwise. For the limit ordinal case we take the union of the
D,’s up to that point, i.e.

= N AT AYIA - AYy, = 0,

D,:=|J D

acy

U:.= U D,,.
a€d
Notice that U is a filter because it has the FIP and is maximal. Indeed, if a,b € U,
suppose a Ab ¢ U. Then a Ab A —(a A b) = 0 invalidates the FIP for U. A similar
argument shows U is closed upwards. Then U is a filter and is maximal, thus it is
an ultrafilter. Clearly U is also an extension of E and is countably incomplete by
definition of Dy.

for v a limit ordinal. Finally, let
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Goodness. Let f: [\ — U, with A € §, be a monotonic function. Since §
is regular, knowing that f has range in U actually means there exists 5 € § such
that f has range in Dg, so by the enumeration having cofinally many copies, let
a € § be such that f = f, and a > . We conclude applying the request 4. on our
construction of the D,’s. O

4. The collapsing algebra

This section is quite short as it only investigates the signature €, for which
the approach is now rather straightforward. Nonetheless, the ideas underlying the
proofs we find here will be the same in the next section, making this dissertation
worthwhile for understanding the key concepts.

DEFINITION 4.37. Let § be an inaccessible cardinal. For every infinite regular
cardinal k < 4, consider the notion of forcing
PZs:={p|pis a function, [p| = k,dom(p) C 6 x k,¥(c,§) p(a, &) € a U{0}}.
ordered by ¢ < p <= p C ¢q. The collapsing algebra Coll(k, < §) is the
completion RO(PZ;) of PZ;.

It is well known that Coll(k, < §) has cardinality § and that the inclusion of
P in it makes it dense and <k-closed, see for example [Jec73].

PROPOSITION 4.38. Coll(k, < d) is <d-disjointable.

ProoF. Fix any cardinal A < ¢ and let p € PZ5. We can find an ordinal
A < a < § such that («,0) ¢ dom(p). Define

gs:=pU{((,0),8)},
for all B € A\. We claim the family {gs | 8 € A} is an antichain on PZ; satisfying
gp < pfor all B € X\ Indeed, if § # ' € A, then ¢g(c,0) # gp(c,0), thus no
function in PZ; can extend both. Then, for all A and all p we have an antichain on
P2 in which all elements force p.
By density of PZs in Coll(x, < §) we have

0 < sat(Coll(k, < 0) [ b),
for all b € Coll(k, < §). We conclude using Theorem 4.31. O
By the previous Proposition and Theorem 4.36, we have the following.
COROLLARY 4.39. For every E € [Coll(k, < §)]<° with the FIP, there erists a
countably incomplete <d-good ultrafilter U on Coll(k,< J) such that E C U.

Moreover, since Coll(k, < §) is <d-preserving, the Boolean valued model Hgon(md)

represents Hy in the forcing extension.

THEOREM 4.40. Let 6 be an inaccessible cardinal and v < & be an infinite
refular cardinal. Every E € [Coll(k,< 6)]<% with the FIP can be extended to an
ultrafilter U on Coll(k, < 0) such that:

(1) the quotient
<H§oll(n,<5)/U’ €A0>
is a model of Thy(He+,€n,);
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(2) for every model M |= Thy(H.+,€n,) such that |[M| < 6, there exists an
embedding

e: M — (H;OH(K’<6)/U, Eny)-

of €a,-structures.

PROOF. We apply the previous Corollary and get U extending E and since
HSCOH(KK(S) is full, by Proposition 4.11, we can apply Theorem 4.29 to get that

(HSCOH('("’QS)/U7 €a,) I8 <b-saturated. Arguing as in [Kun78] (Lemma 1.3), we get

both the results by the fact that for all formulas of the form Vazp(z) we have

Coll(k,<8)

Coll(r, <8
]]V ot ) 5 =

Hp+ EVrp(r) = [Vop(z) 1"
and thus the quotient models Vap(z), which is the first item; the other follows by

applying Theorem 4.26. O

=1 = [Vzp(z)

5. The stationary tower forcing

This is the final section of this thesis. We generalize the results seen in the
previous section, expanding the signature to €4, see Notation 4.2. We will also
discuss a generalized version of Proposition 4.5, to be applied to our new Boolean
valued models.

As anticipated, the ideas used to prove the main result, Theorem 4.52, do
not differ profoundly from the ones seen in the previous section for Theorem 4.40.
What really changes is the Boolean algebras and the Boolean valued models we
use, Definition 4.47 and the following. We start the section by giving the necessary
definitions and results to accomplish our task. Unfortunately, many of the proofs
of the results in this section will be omitted, as trying to provide the background
material to cover them would be too big of a task for this work. However, we do
refer the reader to the original (or some other) proofs.

This first definition is due to Shelah and can be found, for example, in [She98,
Part 1, Chapter 2].

DEFINITION 4.41. A non-empty set a is stationary if for every function f: <“(Ja) —
(Ja there exists Z € a such that f[<“Z] C Z.
A set a is stationary in b if a is stationary, a C b, and |Ja = [Jb.

We recall the definition of closed unbounded set by Jech.

DEFINITION 4.42. Let k be an infinite cardinal and X a set such that kT C X.
Let C C [X]S". We say C is closed if it is closed under unions of C-chains of
length < k, that is to say
{4, €C|a<k}isa C-linear order — U A, € C.
aER

Moreover, we say C' is unbounded if for every Z € [X]|=* there exists Y € C such
that Z C Y.

ExXAMPLE 4.43. A key example is the set
Por(X):={Zc[X|=" | ZnkT €rT}.

Notice it is trivially unbounded, as any W € [X]=" either already lives in it or

W Nkt ¢ kT, and we can add all the missing ordinals to W to make it live in
P.+(X). The closedness is also quite straightforward by A.19.



5. THE STATIONARY TOWER FORCING 58

REMARK 4.44. If @ C [X]S* has non-empty intersection with every closed
unbounded set, then a is stationary in [X]=*. However, the family of countable
subsets of wy is stationary but it is disjoint from the closed unbounded set [w2]™!, so
the converse implication does not hold in general. However, we have the following

result, which works as an approximation of the converse statement, and is due to
Kueker, [Kue77].

PROPOSITION 4.45. For every closed unbounded set C' C [X]<F there exists a
function f: <*X — X such that

{(ZePu(X) | fI2) C Z) C C.

It follows that any subset a C P,+(X) is stationary in P,+(X) if and only
if it meets all closed unbounded sets. In [Mat87], Matsubara proves (a stronger
statement than) the following result.

THEOREM 4.46. Every set which is stationary in P+ (X) can be partitioned
into | X| disjoint stationary sets.

DEFINITION 4.47. Let x be an infinite cardinal and k¥ C X. The non-
stationary ideal is the normal fine ideal over P(X) defined by

NS [ Pe+(X):={a C P(X) | anNP.+(X) is not stationary in P.+(X)}.

In [Men74], Menas shows that this Definition is compatible with our Definition
4.14

THEOREM 4.48. Let k be an infinite cardinal. For all k™ C X C Y, we have
NS | P+(X)={aCPX)|{ZCY|ZNnX€a} e NS P.+(Y)}.

It follows that, whenever & > k is an inaccessible cardinal, we get a tower of
ideals of height § by defining

25 = (NS P+ (X)| X €V5).

As explained in Section 2 of this chapter, we can construct its associated
Boolean algebra B(I%;).

PROPOSITION 4.49. Let k < § be, respectively, an infinite cardinal and an
inaccessible cardinal. Consider the forcing poset

fsi={aeVs |kt C Ua and a is stationary in P,Q+(U a)},
where the ordering is given by

b<a <= UaQUb andVZEb(ZﬁUa)Ea.

Then, the map a — @ is a dense embedding of Q4 into B(ILs)™T.
Moreover, for everya € B(1%s), we have

a={Ze€all|Z| <k}

PROPOSITION 4.50. Let § be an inaccessible cardinal; for every infinite cardinal
k < § the stationary tower of height 6 and critical point k+ is <§-disjointable.
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PROOF. Let a € Q%4 and suppose A € § is such that (Ja C V). Then, by
Theorem 4.48, we get that

{Z eP+(Vy) | ZﬂUaEa}

is stationary in P.+(Vy), thus by Theorem 4.46 we can find stationaries bg’s for
B € X partitioning it. Then, the bg’s form an antichain, and each bg < a. Since a
was arbitrary, we just met the condition of Theorem 4.31. (|

COROLLARY 4.51. For every E € [B(1%4)]<° with the FIP, there exists a count-
ably incomplete <6-good ultafilter U on B(I%;) such that E C U.

Notice that in this case H-U<)

p would not be a B(IZ;)-structure because the
Boolean algebra is not complete. Our solution is to consider the model Ult(H,+, I%)
instead, as we already proved that it is a full B(I%;)-valued model with the < ¢-
mixing property, Proposition 4.22, that is to say we can apply Theorem 4.29 to
it. This means that, since B(I%;) admits good ultrafilters, Theorem 4.36, we im-
mediately get the result we were looking for. Before stating it, we observe that

another approach is possible: we could choose a filter F' to quotient B(I%) with

and retrieve a complete Boolean algebra good enough to make Hf(lz‘; ) a model

for the signature € 4. This approach is inspected by Marinov in his PhD thesis,
[Mar23].

THEOREM 4.52. Let & be an inaccessile cardinal and k < 6 an infinite cardinal.
Every E € [B(I1%5)]<° with the FIP can be extended to an ultrafilter U on B(I%)
such that for every A C J, ., P("(He+)) we have

(1) the quotient

nw

<U1t(Hn+7IZ<5)/U7 €A>
is a model of Th(H+,€.4);
(2) for every model M = Thy(H,+,€4) such that |M| < 6, there exists an
embedding
e: M — (Ult(H,+, 25)/U, €a)
of € a-structures.
(3) for every model M |= Th(H.+,€4) such that |[M| < §, there exists an
elementary embedding

j: M = (Ult(H,+, 125) /U, €a)
of € 4-structures.

We comment on this Theorem, which constitutes the main result of this chapter
and the answer to our original question “What else gets fixed this way?”, formulated
in the introduction to this chapter. After this, we conclude the thesis by arguing
that, given G a B(I%s)-generic ultrafilter, the quotient Ult(H,.+, %) ¢ is well-
founded and is essentially Hys of the forcing extension V[G], up to transitive collapse.

Some of the remarks we are giving are applicable to the earlier result, Theorem
4.40, as well. First, observe that item 1 of Theorem 4.52 implies that any finitely
consistent set of € g-formulas I', i.e. for which the set of evaluations in the BVM
Ult(H,+,1%5) is a subset of B(I1%) with the FIP, is consistent, since the Tarskian
model in item 1 satisfies all the formulas in I" by Theorem 2.11. This is a Compact-
ness result for € 4 with respect to the class of (Tarskian) € 4-strctures modeling the
theory of (H.+,€4).
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We now give an idea of how this Theorem answers our question. Item 2 guar-
antees that the model in Item 1 contains an isomorphic copy of every “small” model
of Thy(H+,€4). Thus, a first approximation is obtained: any model of this uni-
versal fragment has to appear inside of quotient model of Item 1. However, this
is only a “weak” embedding, since the absence of elementarity does not guarantee
the preservation of formulas. On the other hand, item 3 clearly generalizes this,
establishing that any small model admits an elementary embedding into the quo-
tient, implying that it is a strong enough universal model for the theory, in the
sense that any small model’s theory is completely determined by its image in the
quotient. Notice moreover that item 1 and item 2 (respectively, item 3) combine
to give the uniqueness up to isomorphism (respectively, elementary isomorphism)
of this universal model.

Informally, this establishes a rigidity phenomenon: any attempt to produce a
“different” model of Th(H+,€.4) of size < § is necessarily captured by an em-
bedding into the universal model, making it impossible to construct profoundly
non-isomorphic models of this theory of that size. This means that any possible
behavior of the “small” models is already realized inside the universal model.

5.1. Representability. We want to recover a result similar to Proposition 4.5
for Ult(H,+,I%s). As in the previous case, this will ensure that H; is represented
in the models we are constructing.

DEFINITION 4.53. A cardinal § is Woodin if for all f: 6 — ¢ there exists
a < § with fla] C « and a nontrivial elementary embedding j: V' — M such that
erit(j) = a and Vjs)y@a) C M.

According to Kanamori, [KG97], a Woodin cardinal is a Mahlo cardinal, thus
it is inaccessible. The next result is attributed to Woodin.

THEOREM 4.54. Suppose § is a Woodin cardinal. Then, for every infinite K < §
the Boolean algebra B(I%;) is <6-presaturated. Furthermore, if G is B(IZs)-generic
over V' then Ult(H,+,1%5)/G is well founded.

Recall that if R is well-founded, extensional, and set-like on X, the transitive
collapse of (X, R) is its image under the Mostowski collapsing function, which is
isomorphic to (X, R), [Kunll, Lemma 1.9.35]. The same text contains proof of €
being extensional and set-like on Ult(H .+, 1%;).

PRrROPOSITION 4.55. Let § be a Woodin cardinal and k < § be an infinite cardi-
nal. If G is B(IZs)-generic over V, then

HY9 = Ult(H,v, I%5) /G

ProOOF. We identify Ult(H,+,I%s) with its transitive collapse. By Theorem
4.54 we know that B(IZ) is < d-presaturated. We can then apply Lemma 4.10, to
get that ¢ is regular in V[G] and that

HY9 = {76 | 7 € VBUZ) 1 Hg).

We use this characterization to prove the equality in the statement.
Subset. The idea is to build a function

Vs f: VBUS) N Hy — Ult(H,v, I54)
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such that [f(7)]¢ = 7¢. To do so, fix an enumeration
7= {{0a, @) | € A}

with A < & depending on 7, for every 7 € VBU<s) 0 Hs. We can build the function
inductively and assume that for all & < A we have defined it in such a way that it
satisfies our condition, that is [f(ca)]¢ = valg(oa). Fix

X:= AU (U (XaUUaa)>

aEA

and define f(7), which is an element in Ult(H,+,1%;), to be a function from P(X)
to H.+, sending all Z C X of cardinality greater than x to the emptyset, and
sending Z C X such that |Z| < k to the set

f)(Z):={f(ca)(ZNXy)|a€eZNXand ZN Uaa € an}-
By Lemma 4.18, for any g € Ult(H,.+,1%s), we get

[g € IV 1<) = \/{[g = f(oa)] "t 120 NG e [ € AL,
and by the inductive hypothesis and the genericity of G, we retrieve our condition
on f
T7a = {valg(0s) | @ € X and oo € G} =

={[f(oa)le|a € Xand aq € G} =

={ldlc Iy € f(T)] € G} =

=[f(")]ec-

Supset. Observe that
(He+,€ny) E V2(J2| < K)
in V. By Lo$§’s Theorem, Theorem 2.11, and by Corollary 4.23 we can construct
an elementary embedding from H,.+ to Ult(H,+,I%5),¢ via jg: a— [ca]g. By the
elementary of jg we get
(Ult(Hyer, IZ5), €a,) | Va(la] < ja(rk))

in V[G]. Since j(k) = k, we automatically get the inclusion. O



CHAPTER 5

Conclusion

The present thesis has been devoted to a detailed and self-contained exposition
of the paper “Universality properties of forcing” by Parente and Viale, [PV23], and
the material necessary to cover these results.

The paper investigates forcing as a tool to build universal models for (fragments
of) theories of initial segments of the universe via the Boolean valued framework.
The authors prove that, fixing said theories, one can obtain a Tarskian model as
the quotient of a BVM by a good ultrafilter. This model has the universal property
of (elementarily) embedding every small model of the same theory.

Parente and Viale’s work finds its place in the study of construction of universal
models for initial segments of the universe and more in general in the inner model
theory tradition. The novelty in their approach is to work with the Boolean valued
framework and use good ultrafilters to produce the universal models which not only
contain but elementarily embed the “small” models of the same theory. We believe
that this offers an elegant and flexible alternative to the classical method found, for
example, in [Jec73].

Our thesis covers the material of the Parente and Viale’s paper. In addition to
that, we present the theory of Boolean valued models and of BVMs of set theory,
as well as the theory of forcing. Since the material is both technically complex and
important, our primary objective has been to provide an accessible presentation of
the arguments, while maintaining the rigour necessary to develop all the notions,
so that the readers with a solid background in mathematical logic could follow
along. We also give valuable insights to enhance the readability of the work. This
happens both in the development of the underlying theory, Chapters 2 and 3, and
in explaining the results of the paper, Chapter 4, where we develop an intuitive
narrative for the reader to grasp in parallel to the technical results.

Through careful analysis, the thesis achieved its goal of providing an entry-
point to the paper while also clarifying several implicit assumptions and technical
results that, although essential to the original arguments, were left either unstated
or only sketched (the introduction contains an extensive list complementing this
comment). Particular attention was paid to the connection between the theory of
Boolean valued models and Cohen forcing, as these form the conceptual backbone
of the paper’s methodology.

While no new theorems have been established, the thesis offers an original
contribution in the form of a comprehensive presentation of a significant result
in contemporary literature, assisted by the critical analysis necessary for such a
work. By collecting (and selecting) the necessary background material, unifying
the underlying concepts, and elucidating the logical structure of the arguments, we
believe that the thesis could also work as a resource for future students interested
in the topic and as a stepping stone toward further research in this area. On the
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same note, Appendix A, and Chapters 2 and 3, could be used as notes for an
undergraduate or graduate course on their content.
Further readings on this topic comprehend:

e the historical papers from which the tradition of Boolean valued frame-
work for forcing originated, [Sco67]; [Sol70]; [Vop65].

e the classical approaches to universal models constructions, such as those
by Chang and Keisler, and by Jech, [CK90]; [JecT3];

e the study of forcing and/or BVMs applied to reflection principles—results
closely connected to universality phenomena, see [Koe09] for more about
them—such as [SV02]; [Cum14]; [Well7].

e applications of BVMs to other areas, see [Wu22].

Several possible directions for future investigation suggest themselves.

e Generalize Parente and Viale’s result. For example, at the moment, this
approach tells us nothing about big models of the theory. Or even, are
other inner models/initial segments of the universe subject to the same
result?

e Extending the notions and techniques to second order logic or infinitary
logics, as hypothesized in [Tke25], is a new frontier that needs exploration.

e Expand on the current state of the art of the theory of ultrafilters, see
[Gol22], and explore new possible definitions and applications, as shown
in [Bel82).

Although such questions cannot be examined in the present work, they emerged
through engaging with this material, reflecting both the richness of the underlying
mathematics and the potential for continued inquiry.

In closing, this thesis was written bearing in mind the importance of meticulous
exposition and careful logical analysis in foundational mathematics. It is hoped that
the reader finds in these topics the same interest and amusement encountered in the
course of this work. It is hoped that this work contributes to the broader tradition
of logical scholarship.



APPENDIX A

Boolean algebras and completeness

This appendix is dedicated to a comprehensive exposition of all the material
needed for reading this thesis concerning Boolean algebras. We follow the presen-
tation in [Via24] but choose a different ordering of exposition which we find more
conducive to our goals.

In the first section we discuss the (few) topological notions that we need to
discuss Boolean completion, Theorem A.47, i.e. the fact that any preorder is em-
beddable in a complete Boolean algebra.

In the following section we present the theory of Boolean algebras. This in-
cludes (ultra)filters and quotients, Definition A.22 and following, and their exis-
tence, Theorem A.27. The section culminates with the definition of the Stone space
of a Boolean algebra and Stone’s Representation Theorems, Theorems A.29 and
A.30.

We dedicate Section 3 to the notion of completeness for Boolean algebras and
distinguish the finite and infinite case.

We conclude the appendix with Section 4, where we prove that all preorders can
be embedded in an essentially unique way in a complete Boolean algebra, Theorem
AA47.

1. Topology

We assume the reader is familiar with the notions of topological space, topology,
closed and open sets, and similar; we refer the interested reader to any undergrad-
uate book in topology, or to [Mun00] in particular.

NoTaTION A.1. Let (X, 7) be a topological space and let A C X be an arbitrary
subset. We use the following notation:

(

1(A) indicates the closure of A with respect to 7;
Int(A) for the interior of A with respect to 7;
eg(A) = Int(Cl(A)) for the regularization of A;
LOP(X, 1) for the collection of clopen sets of 7;
O(X,7) for the collection of regular sets of 7, i.e. the B € 7 such that
B = Reg(B).

1) C
(2)
(3) R
(4) C
(5) R

Clearly, we have CLOP(X,7) C RO(X,7), as any clopen set is also a regular
set.

We give a characterizing of the regularization in a topological space and show
some property of regular sets.

LEMMA A.2. Let (X, 7) be a topological space. For any open A € T we have:
Reg(A) ={x € X | U € 7 such that x € U and ANU is dense in U}.
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PROOF. Observe that Reg(A) € 7 and ANReg(A) is dense in Reg(A). Indeed,
if
) # U C Reg(A) C Cl(4)
is an open set of the relative topology on Reg(A), we have U N A # (), otherwise
X\ U is a closed set extending A but X \ U 2 Cl(A), against the minimality of the
closure. Then,

UN(ANReg(A)) = (UNReg(A)NA=UNAH#D,

and by the arbitrarity of U, we get the density of ANReg(A) in Reg(A). It follows
trivially the C inclusion of the statement.

Onto the other inclusion, suppose x € X is such that there exists an open set
U € 7 containing = and such that AN U is dense in U. Clearly AN U is dense
in Cl(U), and thus U is an open subset of Cl(A), otherwise U \ Cl(A) is an open
subset of C1(U) that invalidates the density of ANU. It follows that U C Reg(A),
and thus the thesis. d

LEMMA A.3. Let (X, 7) be a topological space and let U,V € T be open sets.
Then,
(1) UNYV is a dense open subset of V' if and only if Reg(V) C Reg(U);
(2) UNYV is non-empty if and only if U N Reg(V) is non-empty.

Proor. Dense open. Suppose U NV is a dense open subset of V. We have
that U NV is dense in Cl(V') and so

Reg(U) = Int(CL(U)) 2 Int(CL(U N V)) = Int(CL(V)) = Reg(V).

Conversely, we already know that U NV is an open subset of V. Assume it is not
dense and let ) # W C V be an open set such that (U NV)NW = (. It must be
that UNW =0, as W C V. Moreover, W is clearly an open subset of C1(V'), so any
element of W winesses that Reg(V) € Reg(U). Thus we proved the contrapositive
of the required statement.

Non-empty. Notice U NV is an open subset of V', therefore it is an open
subset of C1(V), and so UNV C Reg(V). We conclude UNV C U NReg(V) and
the left to right implication is taken care of.

Viceversa, U N Reg(V) is an open subset of C1(V'). Since V' is dense in C1(V),
we know V N (U NReg(V)) # 0, thus UNV # 0. O

Observe that, by 1. in the previous Lemma, any two open sets U,V satisfy
Reg(V) = Reg(U) if and only if there exists an open set W C U NV which is dense
in both U and V.

NoTAaTION A.4. Let (X, 7) be a topological space and let U C X be any subset.
We write UL := X \ CI(U).

The following technical Lemma will be used in Section 4 to show the Boolean
algebra of reqular opens is a Boolean algebra.

LEMMA A.5. Let (X, 7) be a topological space and let U,V C X be arbitrary
subsets. We have
(1) U CV implies V+ C U*;
(2) UUV)+t=U0+tnVvt;
(3) Reg(U) = U++;
(4) UJ_J_J_ — UJ','
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(5) if U,V are open (UNV)+L =U++ Nyt
In particular the Reg: P(X) — P(X) operator is idempotent and reqular open sets
are closed under finite intersection.

PrOOF. Monotonicity. Simply
UCV = ClI(U)CClV) = VicUt,

Distributivity. Follows from CI(UUV) = CI(U)UCI(V). This holds because
the right hand side extends U UV, and we get the C inclusion by minimality of
closure. Viceversa, if C' is a closed set extending U UV, then it extends U, so it
extends Cl(U) as well by minimality of closure, and the same works for V', so we
get the O inclusion.

Regular. Let W € 7 be an open set. We have

W C Reg(U) <= W CClU) <= X\W 2 X\ ClU) <
e X\ W 2CIX\ClU)) « W CX\CIX\ CLU)),

where the first equivalence holds for the definition of interior and the third equiva-
lence holds by definition of closure.
Semi-idempotence. We have

X\ CL(U) C CI(X \ CL(U)) = CLU) 2 X\ CIX \ CLU)) =
— CI(U) C CI(X \ CI(X \ CLU))) =
— X\ Cl(U) C X\ CIX \ CLX \ CLV))),

where the second implication follows from the fact that the closure operator is
idempotent. Viceversa, let A: = UL. Since A is open, it follows A C Reg(A).
Indeed, A is an open subset of Cl(A) and Reg(A) is the union of all such sets. We
concluded since, by point 3. of this proof, U+ C Reg(U+) = (UH)t+ = U+,

Open intersection. Observe that for any open subset W C Reg(U NV) we
have W C Cl({U N'V) and therefore W C CI(U) N Cl(V), and thus W is an open
subset of both Reg(U) and Reg(V'), thus we get the C inclusion.

Viceversa, we use the charachterization of Lemma A.2. Suppose = € Reg(U) N
Reg(V). There exist Wy, W5 open sets such that x € W7 N Wa, Wi NU is dense in
U and W5 NV is dense in V. We claim (W7 NW3) N (UNV) is dense in UNV.
Let A be any open subset of U NV, then A is an open subset of U, therefore
A= WiNU)NA # (. Since A" is open and is a subset of U NV it is an open
subset of V, therefore we have (V N Ws) N A’ # (), but then

04 (VAW NA = (VAW) N (W NU)NA) = (WenW1) N (UNV)) N A,

proving (W; NWs) N (UNV) is dense in U N V. Since x € Wi N Wa, by Lemma
A.2 we conclude z € Reg(UNV).

Remarks. Clearly 3. and 4. imply that the operator Reg is idempotent and
5. implies the closure with respect to finite intersection. (Il

We conclude this short section by recalling the definition of Stone space. The
interested reader can see [Joh82].

DEFINITION A.6. Let (X,7) be a topological space. We say that X is Haus-
dorff, or T, if any two distinct points on X can be separated by two disjoint open
sets, i.e. they contain one of the two elements each. If moreover we can ask that
the two sets cover the entire space, we say X is totally separated.
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We say X is 0-dimensional if it has a basis for the topology entirely made of
clopen sets.

Finally, we say X is a Stone space if X is compact, Hausdorff, and 0-
dimensional, or equivalently if X is compact and totally separated.

2. Boolean algebras and Stone Representation

We believe this section should be accessible to any reader. Nonetheless, we refer
to [Lan05] for an undergraduate text in algebra and [GHOS] for a text on Boolean
algebras.

We start this seciton presenting Boolean algebras (BAs) and proving some core
results about them. We define a natural ordering on BAs and introduce suprema
and infima for arbitrary families with respect to said ordering, Proposition A.10.
We then introduce (ultra)filters and lay the ground for the completion of Boolean
algebras by establishing Stone’s Representation Theorem.

Boolean algebras are the objects underlying Boolean valued models and there-
fore represent a central notion in this work. We invite the reader to appreciate how
the various definitions we encounter now are definable by formulas without the use
of unrestricted quantifiers, see 3.10.

DEFINITION A.7. A Boolean algebra is a 6—tuple (B,0, 1, A, V, ) where

(1) B is a set,

(2) 0 and 1 are distinct elements of B, referred to as bottom and top,
(3) A and V are binary operations on B, referred to as meet and join,
(4) — is a unary operation on B, referred to as complementation,

satisfying the following axioms:

aVbve)=(aVb) Ve V -associativity,
anN(bAc)=(aAb)Ac A -associativity,
aV(bAce)=(aVb)A(aVc) V -distributivity,
anN(bVe)=(aAb)V(aNc) A -distributivity,
aVb=bVa V -commutativity,
aANb=DbAa A -commutativity,
aV0=a aNl=a identity,
aV-a=1 aN—-a=0 complements.

We will often refer to a Boolean algebra by its underlying set if no confusion arises.

REMARK A.8. Using the same notation as in the previous definition, we will
refer to a 5-tuple (B, 0, 1, A, V) satisfying the rules of associativity, (distributivity,)
commutativity, and identity, as a (distributive) bounded lattice.

EXAMPLE A.9. Let X be a non-empty set and let 7 be a topology on X.

(1) The tuple (P(X),0, X,N,U, X \ —) is a Boolean algebra.
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(2) The family of open sets on X, 7, forms a distributive bounded sublattice
of P(X) when equipepd with the same structure as the previous example.
The same goes for 7€, i.e. the family of closed sets of X.

(3) The family CLOP(X,7) = 7 N 7% of clopen sets of 7, with the same
structure, is a Boolean algebra.

Notice that in such examples we have A C B if and only if AN B = A. This
turns out to be a very natural way to define an ordering as we are about to show.

PROPOSITION A.10. Let (B,0,1,A,V, ) be a Boolean algebra. The relation
a<b << aAb=a, for all a,b € B
is an order relation. Moreover
(1) a Nb is the infimum of {a,b};

(2) a Vb is the supremum of {a,b};
(8) a<bifand only if aVb=b.

PROOF. Order relation. Notice that anti-simmetry follows by definition and
thus we just need to check reflexivity and transitivity.
Reflexivity. For all a € B, we have

a=aANl=aA(aV-a)=(aANa)V(aA-a)=(aNa)VO=aAa.
Trantitivity. For all a,b, ¢ € B such that a < b < ¢, we have
anNc=(aAb)ANc=aN(bAc)=aAnb=a.

Thus, we proved < is an order relation on B.
Infimum. Let a,b € B and observe that

aN(anb)=(aNa)Nb=aADb,

thus a Ab < a. The same goes for b, so that a Ab is indeed a lower bound for {a, b}.
To prove maximality, suppose | < a,b. Then

IN(@AD)=(INa)ANbD=1IAb=1,

that is to say [ < a A b, thus a A b is the infimum of {a,b}.

Supremum. For all a,b € B we have that a Vb is an upper bound for {a,b}
by

a=aV0=aV(bA-b)=(aVbd)A(aV-b) =inf({aVbaV-b})<aVb,
and by repeating the same argument starting with b. Then, to prove minimality,
suppose u > a,b. We have,

(avVb)ANu=(aAu)V (bAu)=aVb,

and we conclude a V b is the supremum of {a, b}.
Agree. To conclude, a < b if and only if b = maz({a,b}) = sup({a,b}) =
aVb. O

Thanks to this result, any Boolean algebra comes equipped naturally with an
ordering induced by (one of) the Boolean operations. With respect to that ordering
we can define two notions for all X C B, namely

\/X::sup(X) /\X::inf(X)7
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however, it is not true that all infinite subsets X of B admit suprema and infima,
as we will see in the following Sections.

We move to other properties of Boolean algebras we will recurrently use in our
proofs.

PROPOSITION A.11. Given a Boolean algebra (B,0,1,A,V,—), the following
properties hold for all a,b € B.

(1) Ifanb=0 and aVb=1, then a = —b (Uniqueness of complement).
(2) =—a = a (Double negation,).

(8) =(a Vv b) =-aA-b (First De Morgan).

(4) ~(a Ab) = —aV —b (Second De Morgan).

Proor. First. We have,
a=aNl=aAN(DV-b)=(aAb)V(aA-b)=0V(aA-b)=aA b,
that is to say a < —b. Analogously, we get
a=aV0=aV((bA-b)=(aVb)A(aV-b)=1A(aV-b)=aV b,

from which we can conclude a > —b, and thus the thesis.

Second. This follows from 1. since both a and ——a satisfy the complement-
rules with —a.

Third Consider

(maA-b)A(aVb)=(-aN-bAa)V(maA-bAb)=0V0=0,
(maAN=b)V(aVd)=(-aVaVbA(-bVaVb) =1Vv1=1

By 1. we can conclude the thesis.
Last. It is completely simmetrical to 3. [

The following result will only be used explicitly once in a future proof. However,
we care to write it out for two reasons. First, it is a well known fact linking Boolean
algebras and Heyting algebras, which are used for modeling intuitionistic logic
[CCO1]; [Esal9]. Second, it makes explicit how we interpret — inside a Boolean
algebra, which will be important when discussing the semantics of Boolean valued
models, Definition 2.2.

FacT A.12. Any Boolean algebra B is an Heyting algebra, i.e. for all a,b,c € B
we have

c<a—b << cha<cAb,
by interpreting (— — —) as (= — V—). Indeed, we have

c<a—b << c<-aVb < cA-(-aVd) =0 <
<~ cA(aN-b)=0 < (cha)A-b=0 < cAha<b < cAha<cAb.

Notice that, with this interpretation, we get that a <> b = 1 in a Boolean
algebra B if and only if a = b.

We conclude the presentation of Boolean algebras by providing the morphisms
between them. We also show cases of isomorphisms in the finite case. The homo-
morphisms of Boolean algebras will play a more important role when we will discuss
completion.
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DEFINITION A.13. Let B,C be Boolean algebras. A map k: B — C between
their underlying sets is a homomorphism (of Boolean algebras) if it preserves
the structure of Boolean algebra, i.e. for all a,b € B we have

k(0p) =c, k(1p) = 1c,
k(a Ap b) = k(a) Ac k(b),
k(a Vi b) = k(a) Vo k(b),
k(=pa) = =c(k(a)).

If moreover k is bijective on the sets, we say it is an isomorphism (of Boolean
algebras), and we write B = C, meaning that B and C' are isomorphic.

Finally, if B is a Boolean algebra and A is a subset of the underlying set of B
such that the inclusion map of A into B is an injective homomorphism, we say A
is a subalgebra of B.

REMARK A.14. A map between Boolean algebras preserving top, bottom, —
and one of A and V is a homomorphism of Boolean algebras, using the De Morgan
Laws to obtain the missing one.

We introduce the partial order of positive elements of a Boolean algebra. This
is connected to the concepts of density and atoms.

NoOTATION A.15. Given a Boolean algebra B we write BT:= B\ {0}. In case
no confusion can arise, we will shorthand B* in place of (BT, <).

DEFINITION A.16. Let B be a Boolean algebra. A subset X C BT is dense in
B if for all b € BT there is an a € X such that a < b. We say that X is predense
in B if the downward closure of X is dense in B.

Notice that these definitions (and the following) can be given for a preorder
instead of a Boolean algebra.

DEFINITION A.17. Let B be a Boolean algebra. An element of ¢ € B is an
atom of B if it is minimal in (B*, <), i.e for all b € BT

b<a = b=a.

If B does not contain atoms we say B is atomless. If the set of atoms of B form
a dense subset of BT we say B is atomic.

Notice that given any set X, the Boolean algebra P(X) is atomic—its order is
C and its atoms are the singletons.

In every finite Boolean algebra B, any non-zero element b is always bigger
than some atom of B. Otherwise, we could build a strictly decreasing chain never
reaching 0, against the finiteness of B. It follows that finite Boolean algebras are
never atomless. Indeed, more than this is true and every finite Boolean algebra is
isomorphic to the Boolean algebra built from the power set of its atoms. To show
this, let us first prove two preliminary Lemmas.

LEMMA A.18. Let B be a Boolean algebra and let a,b € B. We have
a<b <= aN-b=0.
PROOF. For the left to right implication, we get
aN=b=(aANb)A-b=aA(bAN-D)=aA0=0.
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Viceversa, if a A =b = 0, we argue
aAb=(aAb)VO=(aAb)V(aA-b)=aV(bA-D)=aV0=a.
O

Before the next Lemma, we interject a very important consequence of this one.
We apply this fact several times in the proofs of this thesis.

FacT A.19. In any Boolean algebra B, if an element ¢ meets the suprema a of
a subset X C B, i.e. ¢Aa # 0, then it must meet one of the elements of the set.
Otherwise, we have

bAc=0, forallbe X — b< ¢, forallbe X — a<-¢ — cAa=0.
LEMMA A.20. Let B be a finite Boolean algebra. For every b € B it holds

b= \/ a,
a€Ay
where
Ap:={a € B|a is an atom of B A a < b},
is the set of all atoms of B that are less than b.

PROOF. Let ¢ be the element of the right hand side of the equation in the
statement. Clearly, ¢ < b since

b/\c:b/\\/a:\/b/\a:\/a:c,
a€Ay acAy acAy
as all a satisfy a < b. The other inequality follows from the previous Lemma and

the fact that b A =¢ = 0. This is the case since otherwise, reasoning as in the
discussion preceding these lemmas, we know there is an atom @ below it. Then,

agﬂc=ﬂ<\/ a): N -,

acAy a€Ay

that is to say a < —a for all a € Ay, and thus a A a = 0, again by the previous
Lemma and the Double Negation Law. But this would contradict A, being the set
of all atoms below b. O

ProroOSITION A.21. Let B be a finite Boolean algebra. Consider the Boolean
algebra P(Ap), where Ap is the set of atoms of B (see Example A.9). Then
B~ P(Ap).
Proor. The map
k: P(AB) — B,
X = \/ a.
acX
is an isomorphism of Boolean algebras. Indeed, Lemma A.20, shows that it is

injective, as b = ¢ implies A, = A., and that it preserves the top and bottom
elements. Surjectivity comes from observing that all X C Ap satisfy

X = Ay x-

We are left to show that it preserves — and A. This concludes in virtue of Remark
A.14.
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Notice that, for all b € B, we have
Ap={acAp|la<-b}={ac Ag|arb=0} = Ap\{a € Ap | a < b} = A\ A4y,

where the second equality follows from the first lemma and the third equality holds
because for an atom a and an element b, either a Ab =0 or a Ab = a. Then, k
preserves —, as k(Ap \ Ap) = k(A_p) = ~b = —k(Ap).

To conclude, observe that

Appe ={a € Ap|la<bAc}={acAp|la<bin{acAp|a<c}=A,NA.
The equality in the middle holds because for all a we have
a<bc << a<bAc

Thus,
k(Ab \Y Ac) = k(Ach =bVe= k(Ab) V k(AC)
|

In general, it is not the case that a Boolean algebra is isomorphic to the power-
Boolean algebra of its atoms.

2.1. Filters and quotients. We introduce the notion of filter and show how
to quotient Boolean algebras with it. The dual notion of a filter is an ideal, and
all of this theory can be presented for ideals by dualizing the definitions and result.
The choice of developing the theory for ultrafilters, instead of ideals, is to adhere
more closely to the tradition of forcing, which is the content of Chapter 3 of this
thesis. Nonetheless, it is important to be aware of this duality, as we will need to
quotient with ideals in Chapter 4.

The main result of this subsection is the existence of non-principal ultrafilters,
i.e. ultrafilters that do not contain an atom, Theorem A.27, which depends on the
Axiom of Choice.

DEFINITION A.22. Let B be a Boolean algebra. A subset G C B not containing
0, is
(1) aprefilter if and only if for every ¢1,. .., g, € G we have g1 A---Ag,, > Op;
(2) a filter if and only if it is closed with respect to finite meets and upward
closed, i.e. for all g1,...,9, € G we have g1 A--- A g, € G and whenever
g € G all elements greater than g live in G.

A filter G is an ultrafilter if and only if it is C-maximal.
Notice that a filter is a prefilter.

DEFINITION A.23. Let B be a Boolean algebra. An ideal on B is a subset of
B which is closed under V and is closed downwards, i.e. if a € [ and b € B is less
than a, then b € I.

REMARK A.24. The notion of filter is dual to the notion of ideal—given a filter
F on a Boolean algebra B, the set whose elements are the complements of the
elements of F' is an ideal on B.

ProroSITION A.25. Given a filter F' on a Boolean algebra B, the relation
~pC B? given by
a~pb <= a&beF
is an equivalence relation. Moreover, the set B,p of equivalence classes equipped
with
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(1) the class of 0, [0]r;

(2) the class of 1, [1]F;

(3) lalp A [blp:=la AblF;
(4) —rlalp:=[d]F;

(5) [G]F Vr [b}FZ: [a\/b]p.

consitutes a Boolean algebra.

PROOF. We begin by checking ~ is indeed an equivalence relation on B and
that the definitions are sound.
Reflexivity. For all a € B we have

a+ra=(@V-oa)A(aV-a)=1AN1=1€F

since F' is a filter.
Simmetry. For all a,b € B we have a <+ b = b <> a, so that simmetry follows.
Transitivity. For all a,b,c € B we show

(a—=bAb—=c)<a—c,

the thesis will follow trivially by reversing the direction of the arrows and using the
upward closure of F. Let d = —a V ¢. We have
((bV—-a)A(cV-b)Vd=
=((bV-a)Vd)A((cV-b)Vvd) =
=bVdA(EbVAd) =bBA-b)d=0Vd=d
which is the thesis.
Soundness. Notice that, for all ay,as,b € F such that a; — as € F we have
(a2 ANb) V (=(ar A D)) =
= (GQ A b) V <_\a1 V _|b) =
= (0,2\/—|Cl1 \/_‘b)/\ (b\/—|a1 \/—\b) =
:(ag\/_‘al\/_\b)/\li
=asV-oay V-ob>asV-ar =ap — as,
so that (a1 Ab) — (a2 AD) € F by upward closure. Then, for all aj,as,b € F such
that a1 ~p as we have a; Ab ~p as A b, that is to say that the definition of Ap is
sound. Analogously, we have
(a2 Vb))V (=(ay VD)) =
= (a2 Vb) V (may A —b) =
= (Clg VbV -ay) A (ag \/b\/—\b) =
:(ag\/—'al \/b)/\lz
=ay Va1 Vb>ayV-a =a — as,
and the same argument shows the soundness for Vg. Finally, —a <+ =b =a <> b so
that —p is also a good definition.

To check that (B/F,[0]r, [1]F, AF,VF, or) satisfies Definition A.7 is a trivial
rewriting of the definitions. O
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REMARK A.26. In any Boolean algebra B we can define an operation A on B,
called symmetric difference, given by

alAb:= (a A—b)V (ma AD).

This definition is the dual of a > b, in the sense that aAb is its complement. Then,
Proposition A.25 applies dually to the notion of ideal, where ~; for an ideal I on
B is given by

a~rb <= alAbel.

The next result dependends on the Axiom of Choice (AC) and shows that any
prefilter can be extended to an ultrafilter. In the proof, we use AC in his equivalent
form as Zorn’s Lemma. The interested reader can find informations about these in
[Hal60]; [Jec73]; [Kunll].

THEOREM A.27. Any prefilter on a Boolean algebra can be extended to an
ultrafilter.

PROOF. Let B be any Boolean algebra and G’ be a prefilter on B. Let G” be
the closure of G’ with respect to finite meets, and then let

G:={be B|3ceG"(b>c)},

i.e. the upwards closure of G”. Then G is a filter by construction and it extends G’,
so any ultrafilter extending G will give the thesis. We want to use Zorn’s Lemma
on

G:={F C B| F is afilter on B such that F' O G},

to exhibit an ultrafilter extending G. Clearly, G is non-empty as G € G. Let C C G
be a chain. If C is empty, then trivially G is an upper bound of C living in G.
Otherwise, let

Uv:=Jc

cecC
We want to show U is a filter that is an upper bound for C and lives in G.

Filter. Suppose a € U and b > a. Since a € U, we know there exists a filter
C € C such that a € C', so b € C, and we conclude b € U.

Suppose a,b € U, then there exist C,,Cy € C such that a € C, and b € C}.
Without loss of generality, we can assume C, C C}, so that a,b € C and we get
aANbe Cy,andsoaNbeU.

Upper bound. This is trivial as for all C' € C we have C C U.

We also get that U € G as it trivially extends G. Applying Zorn’s Lemma we
get a maximal element H of G.

Ultrafilter. We claim H is an ultrafilter. Let b € B and suppose b ¢ H. Thus,
for all g € H, we have —=b A g # 0, otherwise b > g, against b ¢ H. Then, -b € H,
otherwise H U {—b} is a prefilter and can be extended to a filter, invalidating the
maximality of H. O

2.2. Stone Duality. This subsection is dedicated to the Stone Representation
Theorems. They play a role in the last section of this Appendix, where we will
discuss Boolean completion for preorders.

DEFINITION A.28. Let B be a Boolean algebra. The Stone space of B is the
topological space whose underlying set is

St(B):={G C B | G is an ultrafilter on B}
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and whose topology, 75, is the one generated by the basis
{Ny:={G €St(B) |be G} | be B}.

That this forms a basis follows from Nyr. = N, N N,, since filters are closed
under A, and that Ny = St(B), since all ultrafilters contain 1.

THEOREM A.29 (Stone Representation Theorem I). For any Boolean algebra
B we have

(1) The Stone space of B is a Stone space;
(2) The map

¢: B — CLOP(St(B))
b— Nb

defines an isomorphism B = CLOP(St(B)).
(3) Let X C St(B). Then

Ix:={ce B| N, C X} is an ideal on B;
Fx:={ce B| N, 2 X} is a filter on B.

Moreover, X is open if and only if U{NC CSt(B)|celx}=X. Sim-

metrically, X is closed if and only if r}{NC CSt(B)|ce Fx}=X.

(4) G € St(B) is isolated if and only if G is a principal ultrafilter generated
by some atom a € B.

PROOF. First, we observe that for all b € B we have
St(B) \ Np = N_.

Indeed, G € N_; if and only if =b € G, which in turn is equivalent to b ¢ G, i.e.
G € St(B) \ Np. Thus, the basic sets are clopen.

Stone space. We prove that (St(B), 7p) is compact and totally separated.

Totally separated. Let G # F be two distinct ultrafilters in St(B). Let b € B
be a witness of G # F, without loss of generality, say b € G\ F. Then, G € N,
and ' € N_p, since =b € F' by definition of ultrafilter. We already know N}, and
N_, cover St(B) and are disjoint, so we concluded.

Compact. Assume, looking for a contradiction, there exists C' C B such that
{N. | ¢ € C} is a basic covering of St(B) that does not admit a finite refinement.
Then, for all finite subsets C’ C C' we have

/\ —c # 0.

ceC’
Otherwise, \/, ¢ = 1 and thus

U Ne=Ny,, =N =St(B),

ceC’
where the first equality follows from the fact that an ultrafilter containing a dis-
junction must contain one of the disjuncts. Then, the dual C:= {—-c | c € C} of C,
is a prefilter, and by Theorem A.27, there exists an ultrafilter G on B extending
C. By construction, G does not contain any of the elements of C, thus for all ¢ € C
we have G ¢ N,. This is a contradiction, as then {N, | ¢ € C'} is not a covering of
the space.
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Isomorphism. We already know that N, U N, = Npy., as discussed above,
and we also know N_, = St(B) \ Np. By Remark A.14, we conclude that ¢ is an
homomorphism.

Injectivity. Suppose b # ¢ are distinct elements of B. Since b A ~¢ = 0 implies
b < ¢, we know, up to renaming b and ¢, d: = b A —¢c > 0. Let G € Ny, which
is non-empty since {d} is a prefilter and thus we can apply Theorem A.27. Then,
G € N, N N_, that is to say G witnesses N, # N..

Surjectivity. Let K € Tp be a clopen set. By K € 75 we know there exists
C C B such that

K= U N.,.

ceC

However, K is closed in St(B) compact, so K is compact, and we can refine C' to
{c1,...,¢n} C C such that

K=N,U---UN, = N.y..ve,-

Ideal. It is trivial to see that Ix is closed downwards, as ¢ < d implies N. C Ny.
Suppose b, ¢ € Ix, then
N, CX
"= = NUN.CX = Ny CX,
N.CX
that is to say Ix is closed under V. We prove the charachterizing property for open
sets. Suppose X € 7g, so that there exists C' C B such that

X =|JN|JS{N.CSt(B) | ce Ix}.
ceC

For the other inclusion, observe
{N.CSt(B)|ceIx}={N.CSt(B)| N.C X}.

Clearly, we have X D [J{N. C St(B) | N, C X}, and the viceversa holds
because then X is the union of basic sets, so it is open.

Filter. This is perfectly simmetrical to the argument made for the ideal case.

Isolation. Suppose G is isolated, i.e. {G} is open. Then, we know

(G} =JceCN.,

for some C' C BT. We claim C is a singleton. Otherwise, let b,c € C be distinct,
then N, # N, and they are both non-empty, so their union has at least two points.
Then, {G} = N, for some ¢ € B. Suppose ¢ is not an atom of B and let 0 < d < ¢
be a witness. Then, a:= —-d A ¢ > 0 and we can find two ultrafilters, via Theorem
A.27, Gy, Gy such that Gg extends d and G extends a. Then both of them belong
to N, and are distinct since d is in only one of them, therefore contradicting IV, is
a singleton. Then c is an atom.

Viceversa, if {G} = N, for some atom ¢ € B, then {G} is open, so G is
isolated. O

Conversely, we have.

THEOREM A.30 (Stone Representation Theorem II). Let (X,7) be a Stone
space. Then, (X,T) is homeomorphic to the Stone space of CLOP(X,7) via the
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map
m: X — St(CLOP(X, 7))
x— G,:={U € CLOP(X,7) |z € U}

PROOF. First, we need to check that the definition of 7 is sound, i.e. that G,
is indeed an ultrafilter. Suppose U € G, and W € CLOP(X, 1) extends U, then
x € W. Analogously, if U, W € G,, then their intersection lives in CLOP(X,7),
since the finite intersection of clopen sets is clopen, and clearly contains z since
both do. Then, G, is a filter. Suppose U € CLOP(X, 7) does not live in G, then
X\ U is clopen and contains z, so X \U € G,. We conclude that 7 is well defined.

Injectivity. If © # y in X, then by the total separation of X, there exist
two open sets U,V such that z e U, y e V, UNV =0, and UUV = X. By
these last two properties we know U = X \ V, so they are both clopen, and thus
U e G, #G, >V witness the injectivity.

Surjectivity. Let G be any ultrafilter on CLOP(X, 7) and consider

c:=(G.

Then C' is not empty. Otherwise

Y ve=x,

UeG
and this can’t be refined, since G is a filter, contradicting the assumption that X
is compact. We want to show C is a singleton. Suppose there exist two distinct
elements x,y € C. Let U,V be as above, by total separation, and since they are
complementary, U € G if and only if V' ¢ G, that is to say x € C if and only if
y ¢ C. This is a contradiction, so C' = {z} for some z € X. Then, n(z) = G, = G.
Indeed, G, O G follows from the fact that all U € G must contain x. The other
inclusion follows from G being an ultrafilter, as U € G, implies x € U, so X\U € G
would mean (G = 0.

Open and continuous. Let U € 7 be an open set. Then, for all z € X it

holds that x € U if and only if U € G, thus

U] ={n(z) |z €U} ={G, |z €U} ={G, |U € G} = Ny,
that is to say m is open. Moreover, by the same equivalence we also get, for all
A € CLOP(X, 1),
7 Na)={reX|n(x)eENal={2c X |AcG,}={zecX|zcAl=A

and so 7 is continuous. O

These two results are known in the literature as Stone Duality.
We conclude this section with a density result for the Stone space of a Boolean
algebra.

PRrOPOSITION A.31. Given a Boolean algebra B and a subset X C B, we have
a=VX if and only if J{Ny | b € X} is a dense open subset of N, in the relative
topology of N, induced by (St(B),75).

PROOF. If X = ) the thesis is trivial. Suppose X # (. Moreover, assume
a =\ X and let 7, be the relative topology on N,. For all b € X we have a > b
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and thus N, C N,. Then, N, = N, " N, € 7., and so
UtV [ b€ X} €,

that is to say, it is open in the relative topology. Observe that all basic sets of T
that are contained in 7, form a basis of 7,, therefore we must only check density
on the N.’s for 0 < ¢ < a. However, we know that N, must meet one of the N’s
by Fact A.19, and thus the big union intersects N, and is therefore dense in 7.

Conversely, assume (J{N, | b € X} is a dense open subset of N, in the relative
topology 7,. Clearly a > \/ b, otherwise there exists b € X such that b £ a which
leads to Ny € N,, contradicting the assumption that the union of the family is a
subset of N,. To prove the equality, suppose a > \/ i b. Consider

di=an-\/b>0.
beX
We have, Ny C N, and NgN N, = (0, for all b € X. Indeed, for all b € X we
have d < —b, that is to say d Ab < =b A b = 0. But this invalidates the density
of the union in N,. Absurd, then a < \/y b and, since we already had the other
inequality, we concluded. O

3. Completeness

As discussed before, given a Boolean algebra B we can always define an ordering
with the Boolean operations and with it we can ask if arbitrary subsets of B have
suprema and infima. Unfortunately, the answer is no. Consider, for example, the
Boolean algebra M([0, 1]) of Lebesgue measurable subsets of [0, 1] (see [Ax120] for
a recent covering of this topic) and the Vitali set E. Then E is the supremum
in P([0,1])—which is complete—of the singletons composing it, that all live in
M([0,1]). However, as goes the renowned result, E ¢ M([0,1]).

The Boolean algebras that admit all such infima and suprema will be of par-
ticular interest for us when discussing forcing. For this reason, we wish to dedicate
this Section to the theory of complete Boolean algebras.

We refer the reader to [Jec73]; [Kunll] for the theory of ordinals and cardinals
and all the related notions we do not define. For a given set X and a cardinal «
we write [X]|<* for the collection of all subsets of X of cardinality less than a.

DEFINITION A.32. Let k be a cardinal. A Boolean algebra B is <k-complete
if and only if every subset X € [B]<* of cardinality less than x admits suprema
and infima with respect to the ordering induced by A.

A Boolean algebra B is complete if B is <k-complete for all cardinals .

NOTATION A.33. Given any Boolean algebra B and any subset X C B we
write B | X for the set of elements below an arbitrary element of X, i.e.

{b € B |3z € X such that b < z}.
Moreover, we write B [ b for B | {b} if b € B.

DEFINITION A.34. Let B be a Boolean algebra. We say that a,b € BT are
compatible if there exists r € BT such that r < a,b. We say they are incompat-
ible if they are not compatible.

If A C BT is a subset of B such that all its elements are pairwise incompatible,
we say A is an antichain on B.
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Notice that this definition works for any preorder in place of the Boolean alge-
bra.

Clearly, any finite Boolean algebra is complete and we showed not all infinite
Boolean algebras are. However, those that are admit a splitting element, dividing
the algebra in an atomic part and an atomless part.

LEMMA A.35. Let B be a complete Boolean algebra. There exists ¢ € B such
that B | —c is atomless and B | ¢ is atomic.

PRrROOF. If B is already atomless, we conclude by choosing ¢ = 0. Suppose
0+ A:={a € B|aisanatomof B} CB

and let ¢c:=\/, a. Then, B | —c is atomless. Otherwise, if d € B | ¢ was an atom
of B [ —¢, then d would be an atom of B, as any e € B such that 0 < e < d satisfies
e < -¢, 80 e € B | —cand dis not an atom of B [ —¢. Notice d can’t be an atom of
B as then d < ¢, —¢, by assumption on ¢ and on d respectively, thus d = 0, absurd.

We also have that B | ¢ is atomic. Indeed, every non-zero b € B | ¢ must meet
one of the atoms a in A by Fact A.19. Since a is an atom bAa # 0 implies bAa = a,
so that a < b, proving the density of A in B | c. O

DEFINITION A.36. Let B and C be Boolean algebras. A map k: B — C'is a
complete homomorphism if it preserves suprema and infima.

REMARK A.37. A complete homomorphism between Boolean algebras B and
C is also a homomorphism in the sense of Denition A.13. Indeed, it must preserve
the sup and inf of any {a,b} C B, that is to say it preserves A and V. Moreover,
if preserves the sup and inf of the empty family, which are respectively 0 and 1.
Finally, for all b € B we have

B(~b) V k(b) = k(-bV b) = k(15) = 1c,
and

B(=D) A k(B) = k(-b A B) = k(05) = Oc,
that is to say it sends the complement of b to the complement of k(b), by uniqueness
of the complement.

The following fact is a sufficient condition for a map to be a complete homo-
morphism of Boolean algebras.

LEMMA A.38. Let B and C be complete Boolean algebras and let k: B — C' be
a map. If k preserves the order, preserves incompatibilities, preserves suprema and
is such that k[B] is dense in C, then k is a complete homomorphism of Boolean
algebras.

Proor. Homomorphism. Arguing as in Remark A.37, we know k preserves
the bottom element and finite joins. Moreover

k(1) = k(\/ b) = \/{k(b) | b€ B} = 1c,

beB

by density of k[B] in C. Indeed, let ¢: = = \/{k(b) | b € B} and consider a € B
such that k(a) < ¢, by density. However,

\/{k(b) | b€ B} > k(a) = —k(a) > = \/{k(b) |be B} =c,
thus ¢ < k(a) A =k(a) = 0¢, which concludes.
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Infima. Let X C B be an arbitrary subset. We claim

“Na=\ -

reX zeX

To do so, we prove that I: = A .y« is complementary to r:= \/ .y —x. Notice
that, for all x € X, we have [ < z, that is to say -z < —l, by De Morgan’s law,
and by minimality of r we get

=l >
Viceversa, for all x € X, we have r > —x, which is to say £ > —r, and we conclude
by maximality of [ that

-r < l7

which is » < =i, and we conclude r = —l as desired.
Complement. By the previous point, we get for all a € B

=\/{peBlbra=0} = A\{-b|bAa=0}=A\b|b>a=a,
and thus \/{b € B |bAa=0} =-a. Weargue

\{k®) [bAa =0} =—k(a).

We show that the property of complement hold and then invoke the uniqueness of
the complement. Let X,:={b€ B |bAa=0}. We have

k(a) v \/ k[Xa] = k(a) v k(\/ Xo) = k(a Vv \/ Xa) = k(15) = 1c,

where we applied, in order, k preserving suprema, k preserving finite joins, the
property above, k preserving the top element. For the other property, notice that
k preserves incompatibilities, so

an\/Xo=05 = k(o) Nk(\/ Xa) = 0c,

and we concluded because k preserves the last supremum. Then, k also preserves
complements. Thus k is an homomorphism of Boolean algebras preserving suprema.

Complete. We just have to piece the things together. Indeed, if X C B is
arbitrary, we have

RAX) = k(= \/ —2) = ~k(\/ —0) == \/ k(=2) == \/ —k(2) = )\ k(a),

rzeX reX reX reX zeX

which concludes the proof. Notice that we applied in C' the property we proved in
point Infima. of this proof, and we only proved that for B, however, we never used
any additional assumption and the proof is perfectly similar in C. (]

3.1. Complete Boolean algebras. We now give a key example of complete
Boolean algebras that arise from topology. These will be the complete Boolean al-
gebras where we embed preorders to obrain our desired completion result, Theorem
AA47.

DEFINITION A.39. Given a topological space (X, 7), the Boolean algebra of
regular opens is the Boolean algebra whose underlying set is the collection of
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regular open sets RO(X) of X, equipped with Oro(x):= 0, lro(x): = X and the
following operations:

UVV:=Reg(UUV),

UANV:=UNYV,

\/ Ui:=Reg(| JUy),

el el

/\ U;:= Reg(m Ui),

el el
-U=U"

The following technical Lemma is at the center of our discourse on completion.
It shows that the previous Definition is sound and actually defines a complete
Boolean algebra.

THEOREM A.40. Let (X,7) be a topological space. Then RO(X) with the op-
erations described in the previous definition is a complete Boolean algebra.

PrOOF. In the whole part of the proof about the properties of Boolean algebra
let U, V,W € RO(X).
V-associativity. We have
UV (VVW)=Reg(UUReg(VUW))=(UU((VUW)tHLt =
=Utnwuw)HHt =@wrnwvum)H)t = Uutnvinwit)t =
=((UrnVvHnwHt =(Uu)tnwhHt =(vuv)Htnwht =
= (UuWV)HH uw)tH = Reg(Reg(UUV)UW) = (U V V) VW,

by appropriately using 2., 3., and 4. of Lemma A.5.
A-associativity. This is trivial but we stress that the definition is sound thanks

to 5. of Lemma A.5.
V-distributivity. We have
UV VAW)=Reg(UU(VNW))=Reg((UUV)N(UUW)) =
=Reg(UUV)NReg(UUW)=(UVV)AUVW),
where the third equality uses point 5. of Lemma A.5.
A-distributivity. Analogously, we get
UANVVW)=UNReg(VUW)=Reg(U)NReg(VUW) =
=Reg(UN(VUW))=Reg((UNVIYUUNW))=(UAV)VUANW),
where in the second equality we are using the fact that Reg is idempotent.
Commutativity. Both are inherited from the commutativity of U and N.
Identity. Simply, we have UA1 =UNX = U and UV 0 = Reg(U U Q) =
Reg(U) = U, by the regularity of U.
Complements. Since U C Cl(U), we have U N (X \ CL(U)). Lastly,
UVvUL =Reg(UU (X )\ CID))) = Int(X) = X,
since U U (X \ C1(U)) is dense in X. Indeed, if } # A is a non-empty open subset
of X that does not intersect U, then it does not intersect Cl(U), therefore it is
completely included in X \ CI(U).
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Completeness. Let {U; | i € I} C RO(X) be a family of regular open sets on
X. Clearly
V:=\/Ui =Reg(| JU),
i€l iel
lives in RO(X), so we just need to check it is the supremum. For all ¢ € I, since Uj;
is regular open, we have

Ui = Reg(U) C Reg(| JU:) =V,
iel
so that V' is an upper bound. Suppose W € RO(X) also satisfies
W DU, foralliel,
so W D U U;. Then, we have
iel
V =Reg(| JUi) € Reg(W) =W,
iel
since W is already regular open and Reg is idempotent.
The infimum works similarly as

V.= Reg(ﬂ Ui)
icl
satisfies V' C Reg(U;) = U; because U; is already regular open, thus V' is a lower

bound for the family. If W is another regular open that lives inside all the members
of the family, we have

V =Reg([ | Us) 2 Reg(W) =W,
iel
which concludes the theorem. O

Consider a topological space (X, 7). As discussed in what comes before, there
are two natural Boolean algebras associated to it: CLOP(X) and RO(X). In
general, we always have CLOP(X)* C RO(X)", and if 7 is O-dimensional, then
the former is a dense subset of the latter, since any open set contains a clopen set.
It is of particular interest to study when the two algebras coincide.

PROPOSITION A.41. Let B be a Boolean algebra. Then B is complete if and
only if CLOP(St(B)) = RO(St(B)).

Proor. B complete. Let A be an arbitrary open set. We can write
A= U Ny,
bex
for some X C B. Since B is complete, there exists ¢:=\/y b and we have
A= U N, C N.,..
bex

Since N, is clopen, it is closed, and we get Cl(A) C N..

For the other inclusion, observe that for all d € B we have

dNc=0 <= dAb=0, forall b € X,
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by Fact A.19. Then, for all d € B, we have that Ny is disjoint from N, if and only
if Ny is disjoint from A and since they are both open, this is equivalent to N, being
disjoint with CI(A). Thus

X\CUA) = J{Na | Nan A =0}

does not meet Ny, that is to say Ny C Cl(A). Notice this is the thesis, as if A is a
regular open set, then Cl(A) is N, for some ¢ € B and therefore is clopen, and

A = Reg(A4) = Int(Cl(A4)) = Cl(A),

so A is clopen.

Conversely. We already know B 2 CLOP(St(B)), by A.29, and the latter is
complete since it is equal to the complete Boolean algebra RO(St(B)), see Theorem
A 40. t

4. Boolean completion

In the closing section of this appendix we show that any preorder can be com-
pleted to an essentially unique Boolean algebra. To do so, we introduce a natural
topology on the preorder and show that the resulting topological space can be
embedded into the Boolean algebra of its regular open sets.

DEFINITION A.42. Given a pre-order (Q,<g), a subset X C @Q is downward
closed if Q [ X = X (see Notation A.33).
The order topology on @, in symbols 7, is defined by

T0:={X C Q| X is downward closed}.

Recall that a topological space (X, 1) is Tj if for any two distinct points there
exists an upen set that contains one but not the other.

LEMMA A43. Let (Q,7q) be a pre-order. Then,

(1) the collection Tq is a topology. Moreover, it is closed under arbitrary
intersection;

(2) the family {Q 1 q| ¢ € Q} C 7¢q forms a base for (Q,7q). Moreover, for
all g € Q, Q | q is the smallest open neighborhood of q in 7¢q;

(8) (Q,7q) is To if and only if <g is a partial order.

ProOOF. Topology. Trivially the empty set and the whole of Q) are downward
closed, thus they live in 7. Suppose {Q; € 7 | i € I} is an arbitrary subfamily of
7. Let

A:=]J Qi and B:=()Q:
iel il
Suppose € A and y <g x. Then, for some i € I, we have € @);, which is
downward closed, so y € ;. Then y € A and we proved A € 7q.

Similarly, if z € B and y <g z, then, for all i € I, we have x € );. As above,
y € Q; for all ¢ € I and we conclude y € B, thus B € 7. Then, 7¢ is a topology
closed under arbitrary intersection.

Base. Let A € 79 be a downward closed set. Then

Ac | J{gpcQraca,

geA qeA
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where the last inclusion follows from A being downward closed so, for all ¢ € A
we have Q | ¢ € A. Then, A has been rewritten as union of a subfamily of
{Q I q|q€ Q}, and thus it forms a base.

Now suppose B is a downward closed set containing q. It must be the case that
for all p < g, we have p € B, so B D @ | ¢, proving the minimality of @ [ q.

Suppose 7 is Tp. Then, if p # ¢ in @, there exists an open set A € 7 such
that p € A and g ¢ A, up to renaming p and g. Then, by point 2. of this proof, we
have that @ [ p contains p and not ¢, as it is a refinement of A still containing p.
But then g £ p. Thus, it is never the case that p < ¢, ¢ < p and p # ¢, i.e. (Q,<g)
is a partial order.

Conversely. If (Q, <g) is a partial order and p # ¢ in @, we can choose one
of @ | pand @ [ g as the separating open. Otherwise, we would have p < ¢ and
q < p, which implies p = ¢ in partial order, which is absurd. [

DEFINITION A.44. Given a preorder (P, <) and given X C P, we say

(1) X is dense if it is dense in the order topology on P;

(2) X is open if it is open in the order topology on P;

(3) X is predense if P | X is a dense open set of P in the order topology;
(4) X is dense below p € P if X N (P | p) is a dense subset of the preorder

P |p.
(5) X is predense below p € P if for all ¢ < p there is r € X compatible
with q.

LEMMA A.45. Let (Q,7q) be a pre-order. The map
JQ Q — RO(Q7TQ)7
q — Reg(Q [ q),
is such that:
(1) jo preserves order and incompatibility;

(2) jolQ] is a dense subset of the partial order (RO(Q,7g)™, Q).

Proor. Order-preserving. Suppose p <g ¢ € Q. Then, Q [ p C @ [ ¢, and
we conclude by monotonicity of the operator Reg.

Incompatibility. We prove the contrapositive. Suppose p,q € @ are such
that there exists a regular open set § # A € RO(Q, 7¢) such that A C Reg(Q [ p)
and A C Reg(Q T q). Since A is non-empty, let x € A and consider @ | z. Clearly,

Reg(Q [ ) € A C Reg(Q | p),Reg(Q [ q),

so x < p,q, and p, q are compatible.
Density. Let A be any non-empty regular open set in RO(Q,7¢)". Let x € A
be an arbitrary element. Clearly jo(z) = Reg(Q | z) C A, thus the thesis. O

Moreover this Boolean completion is unique. Indeed we have the following.

LEMMA A.46. Let B be a complete Boolean algebra and (Q,<q) a preorder.
If k: Q — B preserves order and incompatibility and is such that k[Q)] is dense in
BT, then

m: RO(Q) — B
A \/{k(p) | p € A}

is an isomorphism of Boolean algebras.
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PrOOF. We use Lemma A.38.

Order. Simply, if U C V the supremum of 7 (V') is evaluated on a bigger family
than that of =(U).

Dense. For all 0 < b € B there exists ¢ € @ such that 0 < k(q) < b by density
of k[Q] in BT. Then,

(@ 1q) = \/{k®) | p < q} = k(g) <b,

where the central equality holds because k preserves the order and ¢ is in the family.
Incompatibility. Let U,V € RO(Q). If one is empty the thesis is trivial.
Assume they are both non-empty. Observe that

c:=\/{k(p) | p €U A {k(p) [peV}>0

implies there exists ¢ € @ such that 0 < k(q) < ¢, by density of k[Q] in BT. Then,
by Fact A.19 we know there exists s € U such that k(q) A k(s) > 0. Again, by
density, there exists r € ) such that

0 < k(r) < k(q) Ak(s) < k(g) < \/{k(p) [P €V}

We repeat the argument with Fact A.19, and get a ¢t € V such that k(¢) and k(r)
are compatible. One last time, the density of k[Q] gives us an x € @Q such that

0 < k(z) <k(r)ANk(t) <k(q) Nk(s) Nk(t) < k(s) ANKk(t),
that is to say = < s,t since k preserves the order. However, s € U and t € V, and
they are closed downwards, so x € U and x € V, thus UNV # (). By contrapositive,

we get that k preserves incompatibilities.
Suprema. Let {4; |i € I} C RO(Q) be arbitrary and let

R:= Reg(U A).
i€l
We want to show
m(R)) = \/ m(A).
i€l
Notice that the item on the left is bigger than the item on the right as
Vie I(RDA;) = Viel(n(R)>n(4;)),
and we conclude by minimality of the supremum. For the other inequality, suppose
that
d:=7(R)) A - \/ w(A;) >0,
iel
and look for a contradiction. Let ¢ € @ be such that 0 < k(q) < d, by density of
k[Q] in BT. Then, we have

K@) A\ k(p) >0
PER

and by Fact A.19, we know there exists p € R such that k(p) A k(g) > 0. Since
k preserves incompatibilities, we get that there exists r € @ such that r < p,q.
Notice that @ [ r is an open subset of R, as R is open and contains p, so it must
contain r and is itself downward closed. Observe moreover that

W.= (U AZ) N R is dense in R,

iel
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since the union is dense in its closure, which is a supset of R. Then, we have that
WNQ [ ris non-empty, and thus r lives in one of the A;’s, which actually leads to
an absurd since r < ¢ and k(q) < —\/,.; m(A4;). We conclude that the inequality
was not strict, that is the thesis. By Lemma A.38, we conclude 7 is a complete
homomorphism, which implies that 7 is an homomorphism of Boolean algebras by
the Remark preceeding said Lemma.

Injectivity. Let A B, so that AA =B # Oro. Let ¢ € AN (Q \ CI(B)). We
have that Reg(Q | q) € A and Q | ¢ N B = () and thus ¢ is incompatible with each
element of B. Then

w(A) Am(B) > k(o) A\ KB =0,

by Fact A.19.
Surjectivity. For all b € B we have

b=\/{k(p) | p € Q and k(p) < b},

so the thesis amounts to show the set on the left, call it A, is regular open. This
is clearly an open set, so Reg(A) D A. Suppose r witnesses the inclusion is strict.
Clearly k(r) € b, so let s € @ such taht 0 < k(s) < k(r) A—b. Let t € Q be a
refinement of r, s and let ' € A such that ¢/ <t by density of ANQ [ rin Q | r.
We get the absurd because ¢’ must be incompatible with all elements of A, since
k(") < E(t) < -band b > k(a) for all @ € A. Thus the inclusion was not strict and
A is regular. (]

Putting together the last two lemmas we get the following.

THEOREM A .47. Let (Q,7q) be a pre-order. There exists a unique (up to
isomoprhism) complete Boolean algebra Bg and a map j: QQ — Bg such that:

(1) j preserves order and incompatibility;
(2) §lQ] is a dense subset of the partial order (Bg7 <).

PROOF. By the first of the two Lemma we know it exists. If there were (B, j)
and (C, k) satisfying the hypothesis in the statement, then by the second Lemma
we get two isomorphisms, one for each algebra, and composing them appropriately
gives us an isomorphism between B and C, then the maps j, k will coincide. g
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