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Abstract

In this thesis we investigate the behaviour of primes in arithmetic progressions, with
a focus on the phenomenon known as Chebyshev’s bias. Under the assumption of
the Generalized Riemann Hypothesis and the Linear Independence Hypothesis, we
prove that there is a bias towards quadratic non-residues. Additionally we extend
the investigation to the setting of function fields. In the function field setting, we
investigate the behaviour of prime polynomials in residue classes modulo a fixed
monic polynomial. Moreover, we prove that for an irreducible polynomial m there
is a bias towards quadratic non-residues modulo m.
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1

Introduction

Let p be a prime number. For any real number z, we define the prime counting
function

m(z) = #{p < | p prime}.

Clearly, the prime counting function is a step function that increases by 1 at every
prime. The prime number theorem, PNT for short, tells us about the asymptotic
behaviour of 7(z),

m(x) ~ Li(z), asz — o0

where Li(x) is the logarithmic integral defined by

Li(x):/jidt.

logt

For a and ¢ relatively prime integers we let m(x,q,a) be the number of primes
p < x such that p = @ mod ¢q. Hadamard [Ha] and de la Vallée Poussin [P] inde-
pendently proved the asymptotic relation (they also proved the PNT)

Li 1
7(x,q,a) ~ i) ~ * as T — 00

o(q)  ¢(q)logz’

where ¢(q) is the Euler totient function. This means that the primes are evenly dis-

tributed among the admissible arithmetic progressions. The asymptotic equivalence
between 7(z, q,a) and % entails, in particular, that the quotient

#(p<zxz|p=3 mod4)
#(p<z|p=1 mod4)

— 1, asx — oo.

However, during the 19th century Chebyshev observed that up to any given point
x, there seemed to be more primes of the form 4n + 3 than 4n + 1. In the following
chapters, we will investigate some generalizations of the phenomena observed by
Chebyshev.

In Chapter 3 we consider primes in arithmetic progressions. More precisely,
given an integer ¢ and r distinct residue classes modulo ¢, aq,...,a,, we examine
the distribution of primes across arithmetic progressions. Specifically, we analyze
the number of primes less than some given number X, in each progression of the
form

gn+a;, 1=1,...,r,



1. Introduction

as X tends to infinity. However, it turns out that the correct way of counting the
primes is not to count 1 for each prime p. To further explain this, we can consider
the race between primes of the form 4n + 3 and 4n + 1. It was Kaczorowski [Ka]
and Sarnak (unpublished), who, independently, demonstrated that the limit as X
tends to infinity for the expression

1
x 2 b
<X
w(z,4,3)>7(x,4,1)

does not exist. As we will see, the correct approach is to instead count % for each
r < X such that m(x,4,3) > mw(z,4,1). This idea was introduced by Rubinstein
and Sarnak [RS]. The general strategy when investigating prime number races is
to relate them to Dirichlet L-functions. Using this method of counting primes, we
prove, under certain assumptions, that there are, in some sense, more primes in a
progression if a; is a quadratic non-residue.

Naturally, this leads us to an interest in Dirichlet L-functions, which for now,
can be thought of as generalizations of the Riemann zeta function. Specifically,
we will be interested in the location of the so-called non-trivial zeros of Dirichlet
L-functions. With some Analytic Number Theory, it is possible to show that these
zeros have their real parts strictly between 0 and 1. Moreover, they are symmetric
about the line R(s) = %, so one often focuses on investigating zeros whose real parts
lie between % and 1. As a general rule in Analytic Number Theory, the quality of
the error terms that occur depends on how far to the left we can establish a zero-free
region. Our case is no different, and we will often assume the best-case scenario, that
is, that all zeros are situated on the line R(s) = % We also assume a perhaps lesser-
known hypothesis, called the Linear Independence Hypothesis. This hypothesis is
essential in our work, as it makes assumptions on the linear independence of zeros

of L-functions over Q.

In Chapter 4, we investigate a generalization of Chebyshev’s bias in function fields.
We consider the polynomial ring over a finite field and investigate the number of
monic irreducible polynomials in residue classes modulo a monic polynomial m. The
general idea is similar to that in Z; in some way, we relate a race to some family
of Dirichlet L-functions. Thus, the location of zeros for Dirichlet L-functions in
function fields will also be important for us. Here, the situation is a bit different.
It turns out that there are only finitely many zeros and, more importantly, the
analogue of the Generalized Riemann Hypothesis is true. This theorem, due to Weil

[W1], states that all non-trivial zeros have absolute value \/La. This makes many

of the computations in the function field setting more straightforward. However,
there is (at least) one drawback in function fields. While the Linear Independence
Hypothesis over Z remains unsolved, there are cases in the function field setting
where this hypothesis is known to fail (see [C, Section 5]).
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Preliminaries

2.1 Dirichlet series

If f is an arithmetic function, then we may define the Dirichlet series associated to

J by

n=1
as long as the series converges. We need some properties of Dirichlet series, all of
which can be found in [D]. If f is a multiplicative function with f(1) = 1, then we
may rewrite the Dirichlet series of f as a product over primes,

fqif) ZH(Hif;ZT))' (2.1)

n=1 P

The relation (2.1) holds provided that the left hand side is absolutely convergent, in
which case also the product is absolutely convergent. The product is called the Euler
product of the Dirichlet series of f. Furthermore, if f is completely multiplicative
the sum in the right hand side of (2.1) is a geometric series and we get

%7:) = H (1-fe)p) (2:2)

o0

We will mainly be interested in cases where f is a Dirichlet character modulo ¢,
for some g € N. A Dirichlet character modulo ¢ is a function x : Z — C satisfying

(i) x is periodic with period ¢,
(ii) x(mn) = x(m)x(n) ¥Ym,n € Z,
(iii) x(n) = 0 if and only if (n,q) > 1.

The second property is referred to as y being completely multiplicative. Using
the fact that for (n,q) = 1 we have n®?@ = 1 mod ¢ and that y is completely
multiplicative, we find that x(n) is a root of unity. In particular, |y(n)| = 1 for
(n,q) = 1. The principal character modulo ¢, denoted ¥ is defined to be xo(n) =1
for (n,q) =1 and xo(n) = 0 else.

The Dirichlet series of a Dirichlet character y is called a Dirichlet L-function and
is denoted by

L(s,x) = Z X:Z:)
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Note that |x(n)| < 1 implies that L(s, x) is absolutely convergent in the half-plane
R(s) = 0 > 1 and uniformly convergent on compact subsets of {s € C|o > 1}.
Hence L(s,x) is an analytic function in ¢ > 1. The Dirichlet L-functions also
admits a functional equation relating L(s, x) to L(1 — s, x), which take on different
forms depending on if x(—1) equals —1 or 1. If we let

o 07 X<_1) = 17
Tl v =1,

then we define

E(s.x) = <f>é(s+a) r (1 (s + a)) L(s,x), (2.3)

q 2

and the functional equation states that

yQ

V4
7(X)

Here 7(x) is the so-called Gauss-sum and the factor in front of £(s, x) has absolute
value 1. The functional equation is valid for primitive Dirichlet characters. A
Dirichlet character mod ¢ is said to be primitive if its restriction to values n with
(n,q) = 1 has period ¢. If it has period less than ¢, we say that the character is
imprimitive. It is also worth mentioning that if x is a primitive character mod ¢
with ¢ > 3, then L(s, x) has an analytic continuation to an entire function.

The location of zeros of L(s, x) will play a key role in the forthcoming sections.
More precisely, the so-called non-trivial zeros of L(s, x). If x(—1) = 1 then L(s, x)
has simple zeros located at —2, —4, —6, ..., and if x(—1) = —1 there are simple zeros
at —1,—3,—=5,.... These simple zeros are referred to as the trivial zeros of L(s, x).
The other zeros of L(s,x) are called the non-trivial zeros, and are known to lie in
the strip {s € C|0 < R(s) < 1}. The quality of the error terms that will naturally
arise when we study sums of arithmetic functions, often depends on the location
of the non-trivial zeros of L(s,x). Hence, going forward, we will often assume the
Generalized Riemann hypothesis to be true, which states that the non-trivial zeros

of L(s, x) is located on the line {R(s) = 1}.

In the next section we will introduce some notation and formally state some
generalizations of Chebyshev’s observation.

5(1 - Sa%) - 5(87 X) (24)

2.2 Logarithmic densities

Let ay,...,a, denote distinct residue classes modulo ¢ with (a;,q) = 1. For x > 2
define P,,,, 4. to be the set of 2’s such that

w(x,q,a1) > w(x,q,a2) > ... > w(x,q,a,).

If g is of the form ¢ = p", ¢ = 2p™ or ¢ = 4, where p is an odd prime and n is a positive
integer, then we define wg(x,q) and 7x(z,q) to be the number of prime quadratic

4
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residues and the number of prime quadratic non-residues less than or equal to =z,
respectively. Note that whenever we are interested in quadratic residues we always
assume ¢ to be of the form above, as for such ¢ there is only one non-trivial real
character modulo ¢. To see this, note that for a real character x : (Z/qZ)" — {£1}.
Moreover, the multiplicative group of Z/qZ is cyclic if and only if ¢ = 2, 4, p™, 2p™
where p is an odd prime [W2, p. 47]. Hence, for such ¢, x is completely determined
by x(g), where g is a generator of (Z/qZ)". If x(g) = 1 we get the principal character
and the only other possibility is to let x(¢g) = —1. Additionally, such a character
with x(g) = —1 takes values +1 on quadratic residues and —1 on non-quadratic
residues. If ¢ is of the form above, then we define

Pyngr=1{r 2 2|mn(x,q) > Tr(2,q)},
PQ;R»N - {I’ Z 2 | ﬂ-R(xvCZ) > 7TN(:L‘7Q)}'

In the so called ¢ = 1 race, we define P; to be the set of # > 2 such that m(x) > Li(z).
Due to a theorem by Littlewood [L], we know that there are arbitrary large = € P,
however no actual member of P; is known as of yet.

Furthermore, given a set P, we define

1 1
0(P) = lim inf —dt,
X—o0 10g X PN[2,X] t

1
0(P) = limsup —dt,
) X—oo 10g X pr2,x]

and let 6(P) = §(P) = §(P) be the logarithmic density of P provided that the two
limits are equal. Following the methods of [RS], we will, under the assumptions of the
Generalized Riemann Hypothesis (GRH) and the Linear Independence Hypothesis
(LI), show that the logarithmic densities of P, .. and P,y exist.

In order to investigate these logarithmic densities, for x > 2 we introduce the
functions

Egar,ar () = l(:}g—; (P(@)m(z,q,a1) = 7(2), ..., 0(0)7 (2, q,a,;) — w(x)), (2.5)
Egurn(z) = lc\)fg (mr(z,q) — 7n(2,q)), (2.6)
By(z) = 287 () — Li(x)) (2.7)

VT

The normalizations are such that (2.5), (2.6) and (2.7) admits logarithmic limiting
distributions, which we will later determine.
For a Dirichlet character x, we introduce

Uiz, x) =Y x(n)A(n),
n<x
where A is the von Mangoldt function, defined to be logp when n is a power of

a prime p and 0 else. In Davenport we find an explicit formula for ¢ (z,x) [D,

5
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p. 117-120]; for a non-principal character y modulo ¢, z > 2 and X > 1, we have

2
Y(z,x) = — il +0 (—x log )EWX)

P
[y [<X

+log x) : (2.8)

where p = 3, +1i7, is a non-trivial zero of the Dirichlet L-function of y. Note that if
we fix ¢ and allow the implied constant of the error term to depend on ¢, the g-factor
inside the log may be removed. Assuming the Generalized Riemann Hypothesis, we
get that 8, = 3 and (2.8) becomes

i 2
Wa,x) =T Y T +O(xlOngX—l—logx>. (2.9)

We also need an estimation of the number of zeros of Dirichlet L-functions with
7| < T, which by [D, p. 101] is, for 7' > 2, equal to

. T T T
N(t,x) = #{|n| < T|L(oc +ivy, x) =0} = ;10gq———+0(10gT+10gq).

2row
(2.10)
Finally, we fix ¢ and if (a,q) = 1, then we define

c(q,a) = -1+ Z 1.

b’=a mod ¢
0<b<qg—1

This sum will naturally arise in some of our computations and will account for the
bias towards quadratic non-residues (see Section 3.2).
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Chebyshev’s bias

In this chapter we will find asymptotic formulas for the functions (2.5), (2.6) and

(2.7). The proofs closely follow [RS].

3.1 Asymptotic formulas

Recall the two Chebyshev-functions ¢(x,q,a) and 0(x, q,a) defined by

blaga)= Y Aw),

n<zx
n=a mod ¢q

O(x,q,a) = Y logp.

p<z
p=a mod q

Using the orthogonality relation of Dirichlet characters [A, Theorem 6.16], we find

that for (a,q) =1

! X —L Y(a n)x(n
Wxgiqx(a)w(x,x)— ¢(Q)X§1q><( )nzng( )x(n)
= > Al
:@bzxvq’a’)a

and assuming the GRH, we have that for ¢ < z,

U(x,q,a) = m +0 (\/Elog2 x)

according to [D, p. 125]. Moreover,

glogx21<<\/§,

p<\z

(3.1)

(3.2)
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by the PNT. Hence ¢(z, q,a) = 0(x,q,a)+ O (y/x). This observation, together with
(3.2), yields that
0(z,q,a) = 240 (Valog®z) . (3.4)
¢(q)

Throughout this chapter, we will fix ¢ and so the implied constants in the error
terms are allowed to depend on ¢. To investigate the logarithmic density for E,.,,
we let E(z,q,a) = l‘z%"” (p(q)m(x,q,a) — m(x)). We are now in place to prove the
following lemma.

Lemma 3.1.1 ([RS, Lemma 2.1]). Assuming the GRH, we have that

E(z,q,a) = )+ > x( +0 (@) (3.5)

X7X0

as xr — OQ.

Proof. To begin, we consider ¥ (x,q,a). As the von Mangoldt function is nonzero
only when n is a prime power, we may restrict the sum to run over prime powers.
That is,

v(x,q,a Z A(n Z Z log p
p

nlx k<g
n=a mod ¢

p*=a mod ¢ (36)
=0(x,q,a) + Z logp—i—z Z log p.
p?<z k<x
p?=a mod q pk =a mod ¢q
We may estimate the double sum in the right-hand side of (3.6) as follows:
>, lep= ) ) logp
ph<ax 3<h<iBE ph<a
pkfa mod ¢q pF=a mod ¢ (37)
1
< Z Oixﬂ(x%) < x5 log ,
3§k§10gz

by the PNT. Concerning the second term in the right-hand side of (3.6), we have
that

> dogp= > > logp= > 6(z.qb). (3.8)

p?<z b2’=amodq p<z b2=a mod ¢

p2=a mod ¢ p=bmod ¢

Using (3.4), (3.7) and (3.8) in (3.6), we find that

U(x,q,a) =0(x,q,a) + Z % +0 (:EB log x) (3.9)

=a mod q
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and if we apply (3.1), we see that

Z x(a)(z, x) — Z VT +0 <m%logx>. (3.10)

x mod ¢ b2=a mod q Cb( )

1

0(x,q,a) = W

Consider now the difference between ¢ (x) and ¥ (z, xo); it is at most (recall that
the implied constant is allowed to depend on q)

Z A(n)zz Z logp<<log:c21<<log:z:.

n<x plg m<iose pla
(n,q)>1 logp

Hence, we may replace ¥ (z,xo) with ¢(x), introducing a negligible error term

111 — z de(t7 70’)
O (logz). By writing m(z,q,a) = [,- 535%
pression from the right-hand side of (3.10), after integration by parts, we introduce

an error term of the shape

1 * /3 logt v
— Z / (/ o8 dt> < \/i dt
#(q) tlog t o tlogt o tlog”t

=a mod ¢

and replacing 0(t, q,a) with the ex-

Substituting u = v/¢ this is

Ve dy 0 du Ve du VT
< 7 S 5t [, y T ST
v2 log“u v2 log®2 «1 log”x1 log” x

=

Thus,
T de
W(x,q,a) :/_ Eiangza)
1 ([l 5 Lo 4)
o(q) /2 logt +>§X(a)/2 logt bQEaZmodqlogx +0 log?z )
(3.11)

In order to relate (3.11) to 7(x), we see that

/2 logt Z log n (3.12)

On the other hand,

Z logn Z ]j?fgpp =m(z) + 7T(\/—) + 0O ( %> (3.13)

n<x

Now,

m(x) = /; db(1) = () —I—/; 9(752 dt, (3.14)

~ logt logx tlog”t
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where

/w o(t) dt<</$ dt </ﬁ dt +/$ dt @
5 tlog?t o log’t — Jy log’2  Jzlog®yx  logia’

by the PNT. This implies that

n(z) = — +O( - ) (3.15)

log x log” x

Thus, after integration by parts, and applying (3.12), (3.13) and (3.15), we find that
the first integral of (3.11) equals

/; WO _ iy Yo +o( Ve ) (3.16)

~ logt log x log” x

Again, after integration by parts in the second integral in (3.11) and using (3.16),
we obtain the relation

1 Ve
W(x,q,a)—m 7T lgx Z logx a Z log =

XFX0 b2=a mod ¢ (317>
+O<Z w(t7X)dt‘+ ﬁ)
X#X0

tlog?t log? z

In order to get an understanding of the size of the integral in the error term in
(3.17), we introduce the function G(z, x) = [; ¥(t, x) dt. Now, by (2.9),

1 T T (tlog* tT
Gz, x)=— Y 1 /t2+wxdt+(9</ ( OgT +logt> dt)
2

I l<T 2 3 TN

22t T (tlog*tT
L o[ ot at)).
G Grimg L T T

[vx|<T

and letting T" — oo, we obtain

G(x7X) = _Z

Tx

x % +i'YX

(3 +im) (5 + i)

+ O (zlogx),

where the sum is over all non-trivial zeros p = % + i, of L(s, x). Using the asymp-
totic formula for the number of zeros of bounded height of L(s, x) in (2.10), we find
that the above series is absolutely convergent and thus G(z, x) < 3. Hence, after
integration by parts in the integral in the error term of (3.17), we see that it is of
order

G v log?t + 2logt ? log?t + 2logt
(a:,x)+/ Git.x) og”t+ 2log NG 3/ og”t+ 2log i < VT
2 2

dt < +x .
zlog® x (tlog?t)? log® x (tlog?t)? log?

N

10
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Finally, we obtain

log x
E(x,q,0) = } ($(a)m (2.9, a) — 7(x))
1
= —C Q7 Z X _'_ O ( ) )
X7X0 logx
finishing the proof. O

From the explicit formula (2.9) for ¢(x, ) and Lemma 3.1.1 we deduce that, for
T>land2<z <X,

i’Yx

E(z,q,a) = Y %) Y o tealn, T.X), (3.18)

X#X0 x| <T 2 R
where
i Vzlog® X 1
o, T, X) = — X (@) . 3.19
e T X) == w3 prro(VRES ). G
X7X0 T< |y <X 2

The structure of the proofs of the analogues of Lemma 3.1.1 for (2.6) and (2.7)
are the same, and we only give a sketch of the proofs. In the race between quadratic
residues and quadratic non-residues, we consider E g y(z) (recall the definition in
(2.6)) instead of E(x,q,a). For this, we fix ¢ on the form ¢ = p", ¢ = 2p™ or ¢ = 4,
where p is an odd prime. As discussed in Section 2.2 there is only one non-principal
real character y; for such g, which takes the value 1 on quadratic residues and —1
on non-quadratic residues. Hence,

(malr.0) = ex(o.0) = 5= 3" (o)

p<zx

log

NG

To better understand the sum of x;(p) over primes p < z, we consider the sum

1 1
S(a:)zz logn ZXI §ZX1 +ZZX

n<z p<z p<Vz = p<:1:llc

Eq;R7N(37) =

so that

> xalp) = S(x) —% > xlp

p<z p<Vz =3 p<z +

We may estimate the third sum as

log x
3Sk§ log 2

11
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by (3.15). Note that x(p)? = 1 for every odd prime p that is relatively prime to g,
and that x1(2) is either 0 or 1 depending on if ¢ is even or not, and so the second

sum may also be evaluated using (3.15). This gives a main term —% and error
term O (1‘/5 ) Moreover,
og” T

S(z) = /2 Wt x1) _vlexa) | [Teltx) 0 vl +o( N )

~ logt  logx , tlog®t ~ logx log®

where we used the same bound for the integral in the second equality as in (3.17).
Combining all estimates, we find that

E,rn(z) = l(z/g; ZXl(p) =1+ w(f/’gxl) +0 (102:1:) ’

p<z

which is the analogue of Lemma 3.1.1 for E .z y. In the same way as for E(x,q,a),
using (2.9) we obtain an expression

" Vrlog® zX 1
Eyrn(z) =—1- Z —/— +0 ( X + 10gx> ) (3.20)

which holds for X > 1, z > 2 and where «y runs over the non-trivial zeros of L(s, x1).

In the same way we get a formula for F;(x), if we instead of the sum S(z) consider
the sum

560 = X 2 < nla)+ prlv) + Y - )

nsz 3<k<logz
—"—=log?2

On the other hand,

30)—Lit) = | AWl )

- logt

since

by definition. Hence,

W(x)—Li(x):/; dvt) =) _ vo +0( Ve )

~ logt = logz log® x

by the PNT. Thus,

Ei(z) = 1‘\’5; (r(z) — Li(z)) = 1‘?; (‘”(m) 1:);_ VT Lo (logx)) (321

12



3. Chebyshev’s bias

Comparing the explicit formula (2.9) for ¢)(z, x) with the explicit formula for ¢ (z)—x
in [D, p. 109], we see that the only difference in the formulas is in the set of v’s. We
find that

Y Vzrlog® rX 1
By(r)=-1-)
1(z) — +O< ~ +1ogx)’

for X > 1, # > 2 and 7 runs over the non-trivial zeros of ((s). Hence the only
difference in the formula between E .y and £} is in the set of 7’s.

3.2 Preparations for logarithmic limiting distri-
butions

In this section we will do some preparatory work before establishing the existence of
logarithmic limiting distributions for E,.., . .., Eqrny and E; in the next section.
We will focus on proving the existence of a logarithmic limiting distribution for the
first two out of these three, since the proof for E; follow in a similar way. However,
first we need to properly define what a logarithmic limiting distribution is.

Definition 3.2.1. Let f : R — R".

(i) We say f admits a limiting distribution if there exists a probability measure
on Borel sets of R", such that

lim %/2 g(f(x)) d:EZ/T 9(y) du(y),

T—o0

for all bounded continuous functions g.

(i) We say that f admits a logarithmic limiting distribution if there exists a prob-
ability measure . on Borel sets of R”, such that

lim — /Qg(f(x))d—xz/rg(y)du(y),

T—oo logT T

for all bounded continuous functions g.

In order to prove the existence of a logarithmic limiting distribution for Ey.,, . 4.,
we will need an upper bound for the mean square of €,(e¥, T, e¥) (see (3.19)). This
is the content of the following lemma.

Lemma 3.2.2 ([RS, Lemma 2.2]). For T > 2 and Y > log2, we have that

lea(e¥, T, )P dy < Y

/Y log* T n log® T
log 2 T T .

Proof. A direct insertion of (3.19) in the integral yields

13



3. Chebyshev’s bias

WX ‘2

Y
/ lea(e¥, T, e¥ |2dy<</ ‘Z
log 2 log 2

XFX0 T<| «|<eY 2

Y ﬂyQ 1 2
+0 / (62Y +—) dy |,
log 2 € Yy

L4 iy

Y 4y2 4 Y 2 y Yy
e2yY 1 Y 2Y ez 1
/ ( v —l——) dy = — e’ dy + —~ —dy~|—/ — dy
1 € 1

og 2 € Yy log 2 6 log 2 Yy og?2 y
4 2 2
<L — + +1=0(1
S 1=0)
Using that 2z = |z|?, we find that
Y WX Y iy(x =)
— (& . e
[PSCIPI e K S IR CICY e e
1082y #x0 T<|yy|<eY 2 Tx XFX0 T< |y |<e¥ log 2 Tx 20

X0 T< [ <e¥

L 1
<D D pomin (y_) '
XFX0 T< |y, |<e¥ 7l [l 7y — |

Xxo TEWA\;eY

(3.22)

For the diagonal terms, that is, the terms with |y, — v,| < %, the contribution to
(3.22) is bounded by

Yy oy o (3.23)

T<xl,lval<e” il
|’Yx—’7>\|§%

Since |7y, | and |v,| are roughly equal, this is further bounded by

y oy |71|2 > 1<Y ) ‘1|2 > 1
A

T<|nl<e” Ny EnEnty T<|n|<e” N 1og3 S SNt og3

=Y ) ! (N(%+@,x)—N(w—@,x)>- (3.24)

2
reinreer

14



3. Chebyshev’s bias

Moreover, we have by (2.10) that

N+ 5 X) = N = 1530 X)

< (% + @) log (% + 10;2) - (% 10g2> log (7 10;) +log

1 1
<Y | log |1+ —log | 1— + log v».
v log 2 v log 2

A truncated Taylor series entails that ~, log (1 +
we find that

Y log2> - log2+0< ) Hence,

N (12 + 1530 X) = N0 = 1553, X) < log .
Thus, by (3.24) we see that

1 % log? T © Jpg?
y ¥ —<<Y/ %L AN(z,)) < Y25 +Y/ %8 .
eMIeN T T

x? PO

T< x5 lal<e”
x—I<¥

Since

log? T

> log® Y
Y/ S de = (log? T+ 2log T +2) < Y (3.25)

r 27
where the first equality follows from integration by parts twice, we find that the
contribution of the diagonal terms is bounded by
log2 T

Y
T

For the remaining terms where |y, — 7| > 1, we compare (3.22) with

/ / wmin <Y, L )d:cdy.
T JT Ty [z — |

Due to the symmetry in the integral, it is sufficient to consider the set of (z,y) such
that x > y. Thus, to finish the proof we are to find an upper bound of

/ /y+v logxlogyd dy +/ /°° log:clogyd dy. (3.26)
+1 l’y r—Yy '
Now,

o] erL o]
y/ / Ywdxdyzz/ 10gy(10g2<y+l)_10g2y) dy
T Y ry 2 T Yy Y
Y [*logy 2 Y 1
~- > 1 ( —>1 14— )d
2/T y og |y +Y 0og —l—yY Y.

15




3. Chebyshev’s bias

1 . 1 o ey . .
Note that log (1 + y_Y> is of order oV initially for large enough y, but by increasing
the implied constant, also for all y > T'. Thus,

Y [>1 1 > log® log” T
—/ Ogy10g<y2+£>log<1+—> dy<</ Ongdy<< °8 ,
2 Jr Y T Y

Y yY T
by (3.25). To bound the second term in (3.26), we make the substitution v =z —y
in the inner integral and divide the inner integral into two parts. More precisely, we
consider the integrals

/ylog(U+y) du+/°°10g(U+y) du
+ y

(u+y)u (u+y)u
For the first integral, we have that

/ylog(u+y)du<<10gy Ydu _logy
L (uty)u y Jiou

(logy + logY).

The effect of replacing log (u + y) with log u in the second integral gives an admissible
error term log (1 + %) < £ <1 for u > y. That is,

| ] 1
/ MM/ logu , ~ logy
, (utyu , Ul y

Hence, we may estimate the second term of (3.26) by

< Jog? log® T log? T
/ §2y(logy—|—logY) dy < & +logY &
T

Y

finishing the proof. O]

3.3 Existence of logarithmic limiting distributions

Let
E(y) = (E(¢¥,q,a1), ..., E(e, q,a,)),
E(yv T) = (El(yv T)a ce 7Er(y7 T)) )

where

By(0.T) = —cl.) = 3 (o) 3 15— (3.27)

XFX0 x| <T 2 X
and set
e(y,T) = E(y) — E(y,T). (3.28)

With this notation we have that E(y) = Ey.q,..q,.(€¥). The goal is to first show that

E(y,T) admits a limiting distribution.

16



3. Chebyshev’s bias

We list the non-trivial zeros 0 < 7, < T of {L(s,X)}y£x0 8 71,-.-,7n. Note
that we may write

N
E(y,T) = by + 2R (Z bleiy“”> , (3.29)
=1

where

bo = — (C(Qv al)v s 7C(qa a?")) )

bl:_(Y(al) - Y(ar))_

TS

(3.30)

To see this, note that the functional equation of L(s,y) implies that for a real
character, L(% +i7,x) = 0if and only if L( % —i7,x) = 0, and for complex characters
L(% +iv,x) = 0 if and only if L(% —i7v,X) = 0. Hence, if x is a real character, we
may group the terms in the sum of (3.27) as (note that y = x)

ety e~ Wym et
wo) (15 ) =2 (R )

sHiv o 5 —iv 3 T

since the terms are complex conjugates. Moreover, for the complex characters, we
may group the terms as

O m( () )
MRl Ty =i i

With this, the existence of a limiting distribution for E(y, T) follows from the fol-
lowing more general result, a proof of which can be found in [Hul, Lemma 4.3]. We
state it here for reference.

Lemma 3.3.1 (The Kronecker-Weyl Theorem). Let tq,...,t, be arbitrary real num-
bers. Then the topological closure H in the n-torus T™ of the set

H o= {2, i) € T |y € R},

s a s-dimensional subtorus of T", where s is the dimension over Q of the span of

t1,...,ty. Moreover, for any continuous function g : T" — C, we have that
|- it
lim — Ty et Y dy = d
Jim Y/o g (e, et dy /Hg(Z) pum(2),

where g (z) is the normalized Haar measure' on H.

With this at hand, we can prove the following lemma.

!The normalized Haar measure j on a compact abelian group G is the unique measure on Borel
sets of G that is translation-invariant, regular and such that u(G) = 1.

17



3. Chebyshev’s bias

Lemma 3.3.2 ([RS, Lemma 2.3]). For every T > 2 there exists a probability measure
vp on R" such that

Y

on($)= [ 1@ dvnte) = Jim & [ (BT dy

Y —oo log 2

for all bounded continuous functions on R". Moreover, there exists a constant c,
depending on q, such that the support of v is contained in the ball centered around
0 with radius r = clog® T .

Proof. Let f be a bounded continuous function on R™ and RY /Z" be the N-torus
TV, with N as in (3.29). Define the function g(yi,...,yx) on TV by

N
9, yn) = f (2% (Z blezmyl) + bo) ,
=1

with b; as in (3.30). Beir~1g a composition of continuous functions, ¢ is a continuous
function on TV with f(E(y,T)) = g(%&%, ..., 2%) by (3.29).

21 7 )27

Let A be the topological closure of the subgroup

7MYy INY
r={(2Y,.., ) |, cr).
2 2T |y€

Then, by Lemma 3.3.1, A is a subtorus of T and

where da is the normalized Haar measure on A. Setting

n($)= [ gl da

then vp is a probability measure as da is the normalized Haar measure on A, which
proves the first assertion of the lemma.
For the second part, we simply note that

x| <T

where y is any non-principal character mod g. Furthermore, this is < log? T', which
can be seen by writing the sum as a Stieltjes integral and applying (2.10). O]

Recall that a function f : R — R is said to be Lipschitz continuous if there exists
a constant ¢y > 0 such that

[f (@) = fW)] < erle =yl

for all z,y € R.

In the following theorem we will consider the family of probability measures {vr}
in the limit as T tends to co. We have the following theorem, which proves the
existence of a logarithmic limiting distribution for £,

.....

18



3. Chebyshev’s bias

Theorem 3.3.3 ([ANS, Theorem 2.9]). Assume the GRH. Then Eq, . ., (x) pos-
sesses a logarithmic limiting distribution. That is, there exists a probability measure
Hg:ar,...ar O R such that

. 1 X dx
)}1—I>Ic1>ologX 9 f(Eqﬂl“"“T(x))_: (x)d/“L%GI ..... M(.I‘),

X RT

for all bounded continuous functions f on R".

Proof. Let f be a bounded Lipschitz continuous function, with constant c;. As
before, with y = log x, we have that

1 (v S R
v | TE@)d=3 [ [(EQT)+dyT)) dy. (3.31)

log 2 log 2

Since

[F(E@W) = [ (E(y. T))| < ef|B(y) — E(y. T)| = egle(y, T,
we get that (3.31) is equal to

7 [ @) a0 ([ kwia). (332

log 2

Considering the error term, we get by Cauchy-Schwarz inequality that
%
c c
[ Jetw iy < <L

Y 1/2
ey, T 2dy) :
Y log 2 \/7 A)g2| ( )‘
Hence, by Lemma 3.2.2 and (3.32), we find that (3.31) is equal to

1 [y . cy log®?T
? long (E(y,T)) dy+(’) <ﬁ (10gT+ T)) .

Letting Y tend to infinity and using Lemma 3.3.2, we find that there exists some
¢ > 0 such that

logT .. 1 /Y . log T
% —c-c = lim — EwyT)) dy—c-c
(f) T Ay lOng( (y. 7)) dy =
1 [ IR
< lim inf — f(E(y)) dy < limsup — f(E(y)) dy
Y —o0 log 2 Y —o0 log 2

1" log T log T
< lim —/ f(E(y,T)) dy+c-c; o8 vp(f)+c-cy o8 (3.33)
!

=00 Y g N VT

Letting T tend to infinity, we see that the limit inferior and limit superior coincide.
Hence, for every bounded Lipschitz continuous function f, the limit

im - [ f(E(y))dy.

Yoo Y log 2

19



3. Chebyshev’s bias

exists and is equal to

tim [ fE@)dy = [ ) dvr(). (3.34)

Yoo YV log 2 R"

Moreover, if we let m denote the usual Lebesgue measure on R and define a sequence
of measures on Borel sets B C R" by

1 -1
my = ?m([O,Y] NE(B)),

then (3.34) implies that

d ) = iy /f V= i velf), (3.3
exists for any bounded Lipschitz continuous function f on R".

We now show that the sequence of measures {my} is tight. Let ¢ > 0. From
(3.32) and the subsequent calculations, we note that it is possible to find a T" such
that

1 Y
— ‘e(y,T)} dy < e.
log 2

Let

A.={z eR"||z| > sup |E(y,T)|+1}.

y€[0,00]

Then, we have that

my (A.) = %m({o <y<log2|ye E™' (A) })%m({ log2<y<Y|ye B (A)})

1 Y Y

_ 1
<= Ely) — E(y,T)| dy = — T)| dy < e,
<5 logz} (v) = E(y, T)| dy = 5 1OgZ\e(y )| dy < e

showing that the sequence is tight (note that we in the first inequality used that
the norm of E(y) is identically zero for y € (0,log2)). By [Bi, Theorem 29.3] there
exists a subsequence {my;} of {my} and a probability measure jigq, 4, such that

lim my, (f) = tgar,..ar (),

]—)

for every bounded Lipschitz continuous function f. However, since the limit

lim my (f)

Y >

is the same for any subsequence {my, } by (3.35), this shows that

: : S YA
Ylggo mY(f) - Tlglolo VT(f) = Hg;ay,..., ar(f) - Ylgrolo ? AgQ f(E(y)) dy (336)
Hence by [Kl, Theorem 13.16], we are done. O
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3. Chebyshev’s bias

The method of proving the existence of logarithmic distributions for E,p n and
E is the same and hence we only state the theorems without proofs.

Theorem 3.3.4. Assume GRH. Then the following statements hold:

(i) There exists a pmbabz’lity measure fg.p N on R such that

Eyrn(z dx /f ) dptg:rn (),

for all bounded continuous functzons f onR.

X—>oo log X

(ii) There exists a probability measure j11 on R such that

X dx
Jm s [ 1B S = [ s

for all bounded continuous functions f on R.

3.4 Fourier transform of the limiting distributions

In this section, we will investigate the Fourier transforms of the limiting distributions
Kg:ar...ars Hg:rn and pg. The reason for our interest in the Fourier transforms of
the limiting distributions is that they reveal a lot about the measures themselves.
Although Theorem 3.3.3 and Theorem 3.3.4 are nice, we have not yet proved that the
logarithmic densities 0(Pyq;....a,); 0(FPyr.n) and 6(P;) exist, since Theorem 3.3.3 and
Theorem 3.3.4 requires f to be bounded and continuous. However, as we will see, due
to a theorem by Portmanteau, this will follow if we can show that ft5.4, 4., tg:r,N and
11 are absolutely continuous with respect to the Lebesgue measure. This is exactly
why we are interested in the Fourier transforms. Given a suitably nice bound on
the absolute value of the Fourier transforms, we will show that the measures are
absolutely continuous with respect to the Lebesgue measure (cf. Theorem 3.6.1).

We begin by defining what the Fourier transform of a measure is, and then prop-
erly introduce the Linear Independence Hypothesis, which is essential in order to
arrive at an explicit formula for the Fourier transforms of the measures.

Definition 3.4.1. The Fourier transform [i of a finite Borel measure p on R™ is
defined by

A&, ... &) = /n exp (—zzgka:k> du(xy, ..., T,).

k=1

As we will see later in this section, the explicit formula of fig.q,. 4., fig:r,Nn and iy
can be expressed in terms of a well-known function called the Bessel function of the
first kind of order 0. This function is denoted by Jy(z) and is defined by

o 1)k (1)
']0(2):;0%’
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3. Chebyshev’s bias

and according to [Bo, p. 57|, we have the following identity

1 T 1 w/2 o
Jo(z) =+ / gireost gg — 1 / ¢t g (3.37)
0

T J_n/2

To find an explicit formula for fig, .. . and figrn Wwe also need to assume the
following hypothesis.

Linear Independence Hypothesis. (LI) The multiset of v > 0 such that p = 5+
iy is a non-trivial zero of some L(s,x), where x runs over all primitive characters,
is linearly independent over Q.

If x is an imprimitive character, induced by the primitive character x*, then their
associated L-functions are related by

Lis,x) = [T 0= xp™) " =TT = x@p) " =Lsx) [ (1 = x" o))

P#q p#q plg

(3.38)

Since the product over primes p dividing ¢ is non-zero for R(s) = %, we find that
L(s,x) and L(s, x*) have the same zeros on the line %(s) = 3. Hence, LI implies
that the set of v, > 0 such that L(% + v, x) = 0, for y running over all Dirichlet
characters of a fixed modulo ¢, is linearly independent over Q.

Moreover, if we fix ¢ and consider the set {0 < v, < T'| L(5 + i) = 0}, where
x runs over all characters modulo ¢, and order the zeros as v1,..., vy, we find that
the topological closure of the group

ny INY
o { (2819 er),
{ 2m 2T lve }

is an N-dimensional torus. This implies that the normalized Haar measure in Lemma
3.3.2 is in fact the normalized Lebesgue measure df ...df#y. Hence, with the same
notation as in Lemma 3.3.2, we find that

Rr f(z)dvr(z) = /T i f (2% (Z b,e%i91> + bo> doy ...d0y, (3.39)

=1

for all bounded continuous functions on R". If we denote b, as the k-th coordinate
of b; and let

f(mb e 7x7“) = exp <_szk€k> )
k=1
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we obtain

N
Pr(Er,... &) = / exp | —i (—c(q,amﬂ% (sz,kemel»fk) dy ..., dby
T k=1 =1

<

= exp (z Z c(q, ak)fk) /TN exp (—22’?)% (Z(bl . f)ez’”ol>> dé, ...doy,

=1

= exp <z c(q,ak)fk) H/o exp (—2@'8% ((bl . 5)62“i6)) de

k=1 =1

(3.40)

where (b - &) = b+ (&,...,&) denotes the standard inner product.
By letting N tend to infinity, we get by (3.40), that

r N

figar,..ar(€) = lim exp (izc(%ak)fk) H/OIGXP (—2iR ((by - £)e*™)) db.
- - (3.41)

Consider the integrand and note that

—2iR (b - )e*™) = —2iR (|by - £|e*™ 0T8O = —24|b; + €] cos (270 + arg(b; - £)) -

Hence, if we let t = 6 + %, we find that the integral in (3.41) is equal to

arg(b;-£)

exp (—2i|b; - &| cos 2mt) dt

1+

1
/ exp (—2iR ((b; - £)e*™)) db = / o
0 )

= /1 exp (—2i|b; - €| cos(2nt)) dt, (3.42)
0

where the last inequality follows since the integrand is 1-periodic. By the identity
in (3.37), we find that

K:exp(—Qw%«@-gyﬂmﬂ)cwzzmxmm-gn. (3.43)

Furthermore, we note that by the definition of o, in (3.30), we have

el = |- () e

T

T

> x(an)é

1
N Rk

Finally, we simply note that as N tends to infinity in the product in (3.41), the
product is over all v, > 0 where p = % + 17, is a non-trivial zero of some L-function
in the family of L-functions {L(s,x)|x mod ¢ # xo mod ¢,}. Hence, we have
proved the following theorem.

(3.44)
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Theorem 3.4.2 ([ANS, Theorem 1.9]). The Fourier transform of figq, ...
to

s equal

T

> xlan)é

k=1

. ~ 2
/iq;ah...,ar (5) = €Xp <Z Z C(Q? ak)fk:) H H J() 1—
k=1 XX >0 Vit
x mod g

As a final note of this section, we state a theorem providing the Fourier transforms
of pgr N and p;. The proofs follow in the same way as for pg.q, . q,-

Theorem 3.4.3. The Fourier transform of jig.p n s equal to

" i 28
gy (@) =e* [ | ——— .
1 2
1 >0 \ 4 + %
where x1 s the Dirichlet character defined in the beginning of Section 2.2. Moreover,
the Fourier transform of jy s equal to

i@ = Lo | 2

v>0 A/ le + ’7)2(
where p = 5 + iy is a non-trivial zero of ((s).

Note that the only difference in the explicit formulas of fi,,z v and fi; is in the
set of 4’s. The similarity between fi,pn and fi; is due to the similarity in the
asymptotic formulas (3.20), (3.21) for E,rn and E; respectively.

In the next section, we will provide an upper bound for the absolute values of the
Fourier transforms of the measures.

3.5 Upper bounds for [i,q, . 4., figrNy and ji

The goal of this section is to provide upper bounds for the Fourier transforms
Lgar....anr Rg:r,n and fli. Since the explicit formulas of the Fourier transforms are
expressible as products of Bessel functions of the first kind, we will need an upper
bound on Jy(z). Note that the integral representation of Jy(x), implies that the
absolute value of Jy(z) is less than 1 for real z, since the integrand is less than 1
when x is real.

The proof of the following lemma can be found in [Hul, Lemma 4.10].

Lemma 3.5.1. Let x be real. Then Jo(x) satisfies the upper bound

3
|Jo(2)] < min {L m}

Since the explicit formulas for fi,r y and fi; are similar, we focus on providing
upper bounds for figq, . 4, and figr N.

24



3. Chebyshev’s bias

Lemma 3.5.2. fi,r n(£) is an entire function.

Proof. Suppose M > 0 and let |[¢| < M. Consider

J 2
o [ ——=—

Vit
Since

RO =D

k=0

we find that
28
Jo | T L+b,, (€),
1 + T

where

M2
b, ()] =0 (m) ‘

Moreover, we have that

Yx1>0

Since N(x,x1) < xlogx by (2.10), this shows that

le < o0,

Y >0 4 T

Hence, by the Weierstrass M-test for products, we find that

2
[T s
Yx1 >0 Z+%2<1

1 TdN(t N
P —— lim/ AN(EX) _ gy (M) |
Z+7X1 z—00 Jq Z_'_t T—$00 Z—|—gj

(v )

in uniformly convergent on compact subsets of C. This implies that fi,.zx is an

entire function, finishing the proof.

]

In a similar way, it is possible to prove that fi; is an entire function and we state

the following lemma without proof.

Lemma 3.5.3. [i; is an entire function.

In the following lemma, we provide upper bounds for fi,.z y and fi;, which allow
us to prove that .. r v and p; are absolutely continuous with respect to the Lebesgue

measure.
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Lemma 3.5.4 ([FM, Lemma 2.1]). Let & be real. Then
(i)

|/:Lq;R,N(§)| < 616_'62'5'»

for some positive constants 31 and Ps.

(i)
| (€)] < Bse 1,

for some positive constants B3 and Sy.

Proof. We may assume that || > 1, since fi,p n is an entire function by Lemma
3.9.2.

The explicit formula for fi,zry in Theorem 3.4.3 together with the bound for
Jo(z) in Lemma 3.5.1, implies that

3

(€)= < [ windn, -t (345
Gl s T )

4 2
/1 2
Yx1 >0 Z+’YX1
2

Now, let T' > 0 and let N(T,x1) be equal to the number of ~,, satisfying 0 <
Yy < T. For the 7,,’s with ~,, > T we use the upper bound

3
min < 1, < 1.
{ 4a/YX1|£| }

where Q=

If we order the 7,,’s satisfying 0 < v, < T as y1,...,Vn, (where ny is the largest
integer not exceeding N (T, x)), then we see that
nr 3 nr 3 1 ) 1/4
[fig:rn (€)] < - — (— + ) : (3.46)
q g =1y s (oo

If we set T' = @, then for 0 < v < |g—‘, we have that

EINAU LA R
glef\4 = ) T \4-82¢? 2

Hence, we obtain the bound

|ﬂq;R,N<§>| < 2_N(|£|/2)-

Since N(T,x1) < T'logT by (2.10), we find that |,z n(£)| decreases at least fast
as e~ ClEleelel for some C' > 0, when |¢| tends to infinity. This shows, that we may
find By, B2 > 0 such that

|ﬂq;R,N(€>| < 516_62|£|7
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proving the first statement.

For the second statement, we note that the same proof goes through, since the
only difference in the explicit formulas between i,z x and fi; is in the set of v’s by
Theorem 3.4.3. Since the number of zeros of bounded height of ((s) is < T'log T' by
D, p. 98], we obtain the same bound for fi1, finishing the proof. ]

.....

Lemma 3.5.5 ([FM, Lemma 2.2]). Let & be real and r < ¢(q). Then

’ﬂq;al ,,,,, ar(f)l < H 1 exp <_52 ZX(ak)fk ) )
k=1

X7X0

for some positive constants 51 and Ps.

Proof. By Theorem 3.4.2, we have that

! 2
exp (i) c(q,a )6) J. <—
( ; o Xgo vgo i \/i+%2<

x mod ¢

T

Z x(ax)&k

k=1

mq;m ..... ar (f)’ =

)

(3.47)

Furthermore, Lemma 3.5.1 implies that

N : [ 3
|Agiar o (§)] < H H min {1, To o }, (3.48)
X#X0 1x >0 Tx

2

Uy = =y A=
Vit %
Consider a fixed x # xo. Then, as in Lemma 3.5.4, we may write

| | min ¢ 1 5 < nl Tl 5 (3.50)
"\ o, o T 4oy, o
x k=1

x>0

where

: (3.49)

for any T' > 0. Setting T'= 5, we find that for 0 <, < g,

3 32 /1 a2\ \ Y
< S = .
day, o0 T (82a2 (4 4 ))

Assume that « > 1. Then this is further bounded by

3 _ 32 1/4 <§
day,a = \2-8 4
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which shows that (3.50) is bounded by

3 N(a/2,x)
— . 3.51
(4) (3.51)

Since N(T, x) =< T'logT by (2.10), we find that (3.51) decreases at least as fast as
e~ Oxalee for some C, > 0 depending only on x. Thus, we may find some positive
C1, Cs such that

r

Z x(ax)&x

k=1

|/:‘q;a1 ..... ar (§)| < Ciexp <—C2

when o > 1.
Finally we consider v < 1. Since

|figzan..ar (E)] < 1

for all £ by (3.48), it holds in particular when « < 1. Then, by possibly increasing
the constant C}, we can ensure that
)

for a < 1. This finishes the proof. ]

T

Z x(ax)&k

k=1

Ch exp <—02

Note that we assumed r < ¢(q), however it is possible to find a bound of the same
shape as in Lemma 3.5.5 when r = ¢(q), provided that (&, ...,&.) is orthogonal to
the vector (1,...,1) (see [RS, Remark 1.3]). Moreover, when r = ¢(q) and (&1, ...&,)
is parallel to (1,...,1) we note that the absolute value of figq, a4 (&1,...,&) is
constant, since

by the orthogonality relation [A, Theorem 6.16], since x # Xo-

3.6 Logarithmic densities of F,.,, .., Pyry and P,

Having established the bounds on the Fourier transforms of the measures jig.q,. . 4.,
ftg:r,n and pq in the preceding section, we are now able to prove the following
theorem.
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3. Chebyshev’s bias

Theorem 3.6.1 ([Hul, Theorem 4.1]). Assume GRH and LI. Then the following
limits exist

5(Pq;a1,...,ar) = lim dt

)
X—oo log X t€Pgay,....ar N[2,X] t

dt
§(Pyrn) = i t
(Pyr,N) Xl_r)noo log X t€ Py r,NN[2,X] t

X—o0log X' Jiepnp.x) t

Proof. We focus on 6(P,.z n) and the proof of the other two follows in a similar way.
The rapid decay of fi,.pn that we established in the previous section implies that
the inverse Fourier transform

oo

o@) = 5o [ unn(@ede, (35
™ —0o0

exists. Moreover, we have that § = fi,.r n so that fi,r ny is the Fourier transform of

the measure g(x)dzx. By the uniqueness of the Fourier transform, this implies that

the density function of g, gy is equal to g(z) almost everywhere. Thus,

par(B) = [ gla)da,

B

for every Borel set B C R. Note that this implies that p,r n is absolutely continuous
with respect to the Lebesgue measure.
If we consider the sequence of measures {vy} defined on Borel sets of R by

1 dt

~ log X (te2.X] | Eynn(teB} T

Vx(B)

then (3.34) and (3.36) implies that {vx} converges weakly to the measure fi,.z N.
Hence, by the Portmanteau theorem [KI, Theorem 13.16,(i),(vi)] we find that

dt
lim 7 = Harn(B),
X—oo log X (t€[2,X]| Egron(t)eB} T !

for every Borel set B whose boundary has ji4.z y-measure 0. In particular, it holds
with B = (0, 00), since p,p n is atomless, being absolutely continuous with respect
to the Lebesgue measure. This finishes the proof. O]

To close this chapter, we prove that there is a bias towards quadratic non-residues.
First, we need the following proposition, which implies that the density function g(z)
of pg.r N cannot be identically zero on a subset of R that contains a limit point.

Proposition 3.6.2. The density function g(x) of pgrn s real analytic.
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3. Chebyshev’s bias

Proof. By (3.52) we have that

1 o0 )
o) = 5o [ unn(@ede
Note that
oK . .
‘(%:K <l&q;R,N(€)em£) = (if)Keméﬂq;R,N(f)‘ < 1% g rN (). (3.53)

The upper bound for the absolute value of i,y in Theorem 3.5.4 and [F, Theorem
2.27(b)], implies that ¢ is a smooth function with

1 [~ 9K : Y ,
09) = 5 | Sl (@e) ds = - [ 0" Runnle)e de

T o 21 J_ o

where ¢&) denotes the K-th derivative of g.
Moreover, by (3.53) and the upper bound in Theorem 3.5.4, we find that

9@ < [ legKe g < [ eke e
—0o0 0
By repeatedly applying integration by parts, we see that

° _ K!
/ éKe a dé = K+1°
0 2

This shows that we may find some constants C, R > 0 such that

K!
19" (2)] < (Jﬁ,
which shows that g(x) is real analytic by [KP, Proposition 1.2.12]. O

As a corollary, we show that there is a bias towards quadratic non-residues.

Corollary 3.6.3. Assume the GRH and LI. Then, for ¢ = p", q = 2p"™ or q = 4,
where p is an odd prime, there is a bias towards quadratic non-residues. More
precisely, we have that

1

Pan) = [ dngnn(®) < 5.

Proof. By the Fourier inversion formula and Theorem 3.4.3, we have that

9(z) ! / ﬂq;R,N(ﬁ)emg d§ = %/_ H Jo —25 et&(x+1) de.

a % _ 1 2
o % x>0 Z_l—i_’yXl

Since

2
IT5(——=—
7X1 >0 4_1 + 7)2(1
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3. Chebyshev’s bias

is even about the origin, g(x) must be even about the point x = —1. Thus

—1 [e%¢] 1
/ dﬂq;R,N(t) = / dﬂq;R,N(t> = 9
—00 -1

Hence, we are done if we can show that

0
| duarxtt) >0
1

However, this is true since the density function of ji,.g v is real analytic and so it
cannot be identically zero on the interval (—1,0). O

In light of Corollary 3.6.3, we see that the source of the bias towards quadratic
non-residues is the factor e. This is the observation that Chebyshev observed. In
the mod 4 race, this leads to a bias for primes of the form 4n + 3.

In comparison to the explicit formula for fi,.4, . 4, in Theorem 3.4.2 we note that
the factor

exp (z Z c(q, ak)fk> (3.54)

k=1

causes the bias. More precisely, the term in (3.54) ensures that the density function
for ptg.a;....q, is even about the point — (¢(q, a1), ..., c(q, ax)).

31



4

Chebyshev’s bias in function fields

In this chapter, we will consider a generalization of Chebyshev’s bias in function
fields. An interesting fact with consequences on biases in function fields is that
there are known cases where the Linear Independence Hypothesis is violated. Before
delving into function field biases, we will need some properties of finite fields and
function fields. The following section closely follows [R].

4.1 Function fields

In what follows, ' will denote a finite field. If we want to specify the number of
elements in F, we denote a finite field with ¢ elements by F,. The characteristic of
a field is defined to be the smallest integer m such that

14+...+1=0,
—_—

m summands

if it exists, and 0 else.

Let n be the characteristic of a finite field F. If n = [k was composite, with
1 < I,k < n, then we would have [k = n = 0. By the minimality of n, both [ and k
are non-zero. This would imply that [, k are zero divisors. Hence the characteristic of
a finite field F is always prime and so [F contains a subfield of p elements. Moreover,
any finite field F has ¢ = p™ elements where the prime p is the characteristic of F
and m is the dimension of F over the subfield F, C . To see this, we view F as
a vector space over IF,. As IF is finite, the dimension of this vector space must be
finite, say equal to m. So given a basis {z;}I", of m elements, any element y € F
can be uniquely written as

Y =C21+...CmTm,

where ¢; € F,,. Since each ¢; can be chosen in p ways, this shows that the number
of elements in F is p™. Note that whenever we investigate prime number races in
function fields, we always assume the characteristic of our field to be greater than
2.

Given a non-zero polynomial f € F[t] and the ideal (f) C F[t] generated by f,
we can consider the quotient ring R = F[t]/(f). A set of representatives for the
cosets of R is given by {r € F[t]| degr < deg f}, as an application of the Euclidean
algorithm. We let ®(f) be the number of units in R. A characterization of ®(f)
is that ®(f) is equal to the number of non-zero polynomials in R with degree less
than f and (r, f) = 1. To see this, note that if  and f are relatively prime, then
there exist g,h € F[t] with rg + fh = 1, so that rg = 1 in F[t]/(f), showing that
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4. Chebyshev’s bias in function fields

r is a unit. For the other direction, a relation rg = 1 in F[t]/(f) yields a relation
rg+ fh =1 in F[t], which implies that (r, f) = 1.

Moreover, as an application of the Chinese Remainder Theorem, we find that ®( f)
is multiplicative and hence it is completely determined by its value of prime powers.
Consider ®(P") for a prime polynomial. When n = 1, we have that F[t]/P is a field.
The number of elements of this field is |P|, since a complete set of representatives
is given by the polynomials with degree less than P. Hence, the number of units
in F[t]/P is |P| — 1. For n > 2, we observe that A = F[t]/P" is a local ring with
maximal ideal PA consisting of |P["~! elements. In a local ring, every element that
is not in the maximal ideal is a unit. Thus, ®(P") = |P|"—|P|"~!. So if we factorize
f=aP" ... P into irreducible elements, we get

t t

o(f)=]Je@") =] (P

i=1 =1

nL—l
’

showing that

NI (1 g7)

PIf

Let T be a finite field with ¢ = p™ elements and consider the polynomial ring
F[t]. We have the following dictionary between Q and F(t);

Q F(t)

ne?Z | feF[

positive | monic

p prime | P monic and irreducible

Id ] = g%/
n<x deg f =n
log x deg f

There are some explanations suggesting that these are the correct translations
from Q to F(¢). Note that the units in Z are £1. The units in F[t] are the units in
the field F. Hence, when we consider the rings Z and F[t] modulo their units, we
choose the canonical representation: positive integers for Z and monic polynomials
for F[t].

Consider now the ideal in Z generated by an integer n. The quotient ring Z/nZ
consists of precisely |n| elements. Moreover, the quotient ring F[¢]/(f) consists of
precisely ¢?¢¢/ elements by the Euclidean algorithm. This explains at least some of
the translations in the dictionary.

The zeta function of F[t], denoted by (, is defined by

G = Y T B>

f monic

where, as in the dictionary, |f| = ¢®®/. Note, however, that there are precisely ¢¢
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4. Chebyshev’s bias in function fields

monic polynomials of degree d in F[t] and so

n 1-s)(n+1) _ 1

r " di_q(
Z dZ:()q qui ql—s_l

deg f=0 |f|s

Letting n tend to infinity, we get that for $(s) > 1

1

Cols) = 1 _—ql_s- (4.1)

Note that ¢'™* = 1 when s = 1 + % and hence the zeta function has poles

at s = 1+ 228 Furthermore, the right hand-side of (4.1) provides an analytic

loggq” )
continuation of the zeta function to C\ {1 + % |k € Z}. Moreover, we see that

there are no zeros of the zeta function, and so it trivially satisfies the Riemann

hypothesis. We also see that it is periodic with period li’grfl. Hence, it is sufficient

to consider (y(s) in a strip {o + it € C||t| < 7=} Taylor expanding q' 7%, we find
that

1 1

L=g'™  1=1+(s=1)logq+O((s 1))’

showing that the pole of (,(s) at s = 1 is simple, with residue @. Now, as we did,
over Z, we generalize the zeta function to Dirichlet L-functions.

A Dirichlet character modulo a polynomial m € F[t] of positive degree is defined
in a similar way as in Z. More precisely, it is a function y : F[t] — C such that

() X(f +gm) = x(f) for all f,g € F[i],
(i) x(fg) = x(f)x(g) for all f, g € Ft],
(iii) x(f) = 0if and only if (f,m) > 1.

We will be interested in a specific Dirichlet character when investigating the race
between quadratic and non-quadratic residues. To simplify things, we assume that
m is a irreducible polynomial. In doing so, F[t]/(m) is a field, so the group of units of
F[t]/(m) is cyclic. This makes it possible to define a real Dirichlet character modulo
m by

1, if f is a square modulo m,

x(f) =4 —1, if fis a non-square modulo m, (4.2)
0, if (m,f)>1.
We will denote this character by Xquad-

Recall that Dirichlet characters over Z satisfies some orthogonality relations, and
there are similar properties in the function field case. The proof of the following
proposition is similar to the proof of the orthogonality relations of Dirichlet charac-
ters over Z.

Proposition 4.1.1 (Orthogonality relations). Let x1, x2 be two Dirichlet characters
modulo m and a,b € F[t] be relatively prime to m. Then

(1) 2 aerp Xa(a)Xz(a) = D(m)d(x1, x2),
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4. Chebyshev’s bias in function fields

(1) -\ moa m X(@)X(b) = ®(m)d(a,b) ,
where 0(x1,x2) = 1 if x1 = x2 and 6(x1,x2) = 0 else, §(a,b) =1 ifa =b mod m
and d(a,b) =0 else.

With the definition of a Dirichlet character in function fields in place, it is possible
to define the (analogue of) Dirichlet L-functions. Given a Dirichlet character modulo
m, we define the associated L-function by

L(s,x) = Z T}J'?, R(s) > 1.

f monic

As x is completely multiplicative, we have an Euler product associated to y,

L(s,x) = 1;[ (1 - Tg?)l , (4.3)

which holds for (s) > 1. As an example we consider the trivial character modulo
m, denoted by xo, which is defined by xo(f) = 1 if (f,m) = 1 and xo(f) = 0 else.
Its Dirichlet L-function is related to (,(s) in the following way:

s = 66 T (1= 73 )

Pim

which provides an analytic continuation of L(s, o) to C\ {1 + 12;25 |k € Z}. We
also see that it has a simple pole at s = 1 with residue

log ¢ | P| |m|logq

Plm

For a non-trivial character x modulo a monic polynomial m, its Dirichlet L-
function possess some nice properties. We may write

L(s,x) = Z Z X(f)

ns
n=0 f monic q
deg f=n

It is natural to let v = ¢~°, and we will show that the Dirichlet L-function is a
polynomial in u of degree at most degm — 1. Let

A= 3 ),
f monic
deg f=n
so that

L(s,x) = Z A(n, x)u".

Consider A(l,x) for | > degm. Suppose that f is monic of degree [. By the
Euclidean algorithm there exist unique h,r € F[t] such that f = hm+r where r =0
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4. Chebyshev’s bias in function fields

or degr < degm. Note that degh = [ — degm and since f is monic, the leading
coefficient of h is equal to the reciprocal of the leading coefficient of m. Since h is
a polynomial of degree | — degm with fixed leading coefficient, h can be chosen in
g'~dee™ ways. Also, since y is a character modulo m, we have

AlX) = D x(h) =g > x(r)=d7" " > x(r)xo(r).

f monic reF[t] reft]
deg f=l degr<degm degr<degm

The sum is over a complete set of representatives of F[t]/(m) and since x # xo the
sum is equal to 0 by the orthogonality relation (i) in Proposition 4.1.1.

To distinguish between certain Dirichlet characters, we consider the value of the
character on units of F[t]. We say that a Dirichlet character x is even, if y(a) =1
for all a € F[t]* and odd otherwise. Suppose that y is an even, non-trivial character
modulo a polynomial m. Then, L(u, x) is a polynomial of degree at most degm — 1
and we have that (in the s-variable)

degm—1 degm—1

=2 A= D D x

n=0  fmonic
deg f=n

> X,

deg f<degm

where we in the third equality used that y(a) = 1 for all « € F*, and there are g — 1
units in IF, since it is a field!. However, the sum is equal to 0, by the orthogonality
relation (i).

In general we have the following theorem.

Proposition 4.1.2 ([C, Proposition 6.4]). Let x be a Dirichlet character modulo m,
induced by the primitive character x* modulo a polynomial m(x*). Then we have
that

(i) L(u,x) = L(u, xX*) [T py (1 = X" (P)ue?).
(ii) L(u,x*) is a polynomial of degree M(x*) — 1.
(7ii) if xX* is even,
L(u,x*) = (1 —u) H (1 — ~u),

and if x* is odd,

M(x

- 1T 0-w

=1

*
\/
>—‘

for some complex numbers ~; with |v;| = \/q.

Note that the units in F[t] are precisely the units in the constant field. This follows from the
fact that if r is a unit in F[¢] with rf = 1, then degr + deg f = 0, so degr = 0.
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4. Chebyshev’s bias in function fields

(iv) if m is irreducible, then

a0

L(u, X quaa) = (1 — u) (1 —yu)(1 —7;u)

i=1

for M even, and

g

—1
2

L(u: Xquad) = [ [ (1 = 7i) (1 = 73)

=1

for M odd.

We will not provide a proof of this, except for the first statement. However,
we need to emphasize a few things. First of all, note that the second statement is
stronger compared to when we showed that L(u, x), for x # X0, is a polynomial in
u of at most degree degm — 1. Secondly, the third statement is the (analogue of)
the Generalized Riemann hypothesis, so this is a very strong result which is due to
Weil [W1]. Note that the factor (1 — u) comes from the zero (in the s-variable) at
s =0 of L(s,x)-

For (i) in 4.1.2, suppose that x is a non-trivial imprimitive character, induced
by the primitive character x*. Then, we have the following relation between their
respective L-functions:

Llux) = [T (0 = x(Pyus?) ™ =TT (1 = x"(Put=?) ™
Pim Pim

= L(s,x") H (1 —x*(P)uter).

Plm

This relationship entails that the only possible difference in the zeroes between
L(s,x*) and L(s, x) are the additional ones that that may arise from the factor

H (1 _ X*(P)udegp) )

Plm

In particular, any additional zeros lie on the line R(s) = 0 and we will refer to these
zeros as trivial zeros.

For a Dirichlet character x # xo, we let 7, denote an inverse zero of L(u,X)
whose absolute value is \/g. In addition, we let 6(v,) be the argument of ~,. With
this notation at hand we have that an inverse zero with absolute value /g of L(u, x)
can be written as v, = \/éew”x).
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4. Chebyshev’s bias in function fields

4.2 Prime polynomial theorems

It turns out that the nice behaviour of (,(s) and L(s,x) in function fields makes
it easier to understand the behaviour of prime polynomials in function fields as
opposed to prime numbers in Z. Throughout this chapter, P will denote a prime
polynomial. The function field analogues of the prime counting functions are defined
as follows. If m € F[t] is a monic polynomial with degm > 1, a € F[t] is relatively
prime to m and N is a positive integer, then we define

m(N) = #{P € F[i] | deg(P) = N}

mg(a,m, N) = #{P € F[t]| P = a mod m, deg(P) = N},

Yola,m, Ny = " A(f),

deg f=N
f=a modm

where A(f) is the von Mangoldt function defined to be deg P if f is a power of
a prime polynomial, and 0 else. We have the following theorem, which we will
abbreviate by PPT.

Theorem 4.2.1 ([R, The Prime Polynomial Theorem]). Let N > 1. Then

N N/2
q q

Proof. If we consider the zeta function (,(s) and its Euler product, we may group
the terms by the degree to obtain

Golu) = H (1 - uD)_ﬂQ(D) :

Since (,(s) # 0 we can take the logarithmic derivatives and multiply by v on both
sides. This yields

b =S (D)2 =S D (D) Y wP)

By letting N = DL, we get that

Glu) o~
qu(U) = Zu Zqu(D).

On the other hand,

Wt S g (4.4
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4. Chebyshev’s bias in function fields

which can be seen by taking the logarithmic derivative and multiplying by « on both
sides of the expression (,(u) = 7=1-. The uniqueness of the Taylor series coefficients

1—qu”
implies that
¢" => Dr,(D), (4.5)
D|N
which shows that .
my(N) = 5 D_n(D)g™”, (4.6)
D|N
by the Mo6bius inversion formula.
The term D = 1 gives a main term %. The second highest power of ¢ that can
occur is ¢™/2, which is only possible if N is even. The remaining terms may be

estimated by

N/3
= > Iu(D)).

DIN

Since pu(D) is equal to 0 if D is not a product of distinct primes, the sum above is
equal to 27, where T is the number of distinct prime factors of N. Clearly, 27 < N,

S0 "y N2
Ty(N) = W—FO (T) ;

finishing the proof. O]

Note that this is very similar to the prime number theorem in Z. Setting X = ¢",

we get the expression
X vX
(X)) = =7 —+ 0| i+ |
log X/logq log X

which is roughly the same size of error term as in the PNT, assuming that the
Riemann hypothesis is true [D, p. 113].
We can also put the formula

m(V) = S u(D)g"”
D|N

to use. If we assume N to be prime, the formula reads

1

m(N) = % (LW)g™ + u(N)g) = = (¥ —q) -

We also have the analogue of the prime number theorem in arithmetic progres-
sions, which is called the prime polynomial theorem in arithmetic progressions.

Theorem 4.2.2 (Prime Polynomial Theorem in Arithmetic Progressions 1).
N

Ye(a,m, N) = q)%m) +0 (qN/Z) :
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4. Chebyshev’s bias in function fields

To prove it, we let x be a Dirichlet character modulo a polynomial m and define
the function (N, x) = >_ 405 =n X(f)A(Sf). This function will play the same role
as ¥(z,x) in the classical setting, and by (ii) of Proposition 4.1.1, we obtain the
relation

1 1
S 2 X@wWNo) = gos 30 X@ Y XAOA)

x mod m x mod m deg f=N
- ijw<@%5§jxmnqﬂ
deg f=N x mod m
= 1bg(a,m, N)

The relation between ,(V, x) and the Dirichlet L-function of x, can be obtained
by taking the logarithmic derivative of the Euler product

_ 1
L) = T (0= x(Ppu*s) ™l >
P
This yields
L'(u, x) X(P)u deg P N ydee PN
Tl :ZdegPl_X udegp— ZdegPZXP g
3
1 = _
== > AH)x(fHu'e! = ( > x(f)Mf)) ut ot
f monic N=1 \deg f=N

Thus, if we let ¢ > 1 and I'. = {u € C||u| = ¢} be positively oriented, we get by
Taylor’s theorem that

¢q(N,X)—%/ i((;j ;:)) L du. (4.7)

Let x # xo. Since L(u, ) is a polynomial in u of degree at most D < degm — 1,
we may write

D
H U - % )
where ~; are the zeros of L(u, x). Thus,

L'u,x) 1
L(UﬂX) B Z u—

i=1 i
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Hence, when we move the contour of integration in (4.7) to a circle of larger radius,
we will pick up a sum over the residues at the poles © = ~;. The residue at such a
pole of the integrand in (4.7) is equal to v, ™. Hence, we find that

D
_ L'(u, x) 1
N )
> +/ — = du,
i—1 lu|=A L(U,X> uv

where A > 1. The sum above is < ¢"V/? since the absolute value of ; is either \/Lq

or 1, by Proposition 4.1.2. Moreover, we have that

L'(u,x) 1 ' 21 A
— du| < —— sup
‘A_A L(u, x) ul¥ AN =

AN Sup Z !u— AN W AZ | — Iv Sup ZA |7

|u\ A i \u\ A i
which goes to 0 as A tends to infinity. Thus,

wq( 7X) < qN/2

for any non-trivial character y.
Lastly, we need to treat the trivial character y,. Recall that

L(u, x0) = Golu) [T (1 —u'®"),
Plm

which implies that

L)~ G 2= T
Hence, by (4.7), we find that
C‘/ (U) 1 1 udeg pP-1 1
N du — — deg P——— | — du.
%( 7X0) 27TZ /F Cq(u) UN u 2711 r, ; cg 1 — ydesP | N u

The value of the first integral is equal to ¢"V. This can be seen from (4.4), which

entails that the N-th coefficient of the Taylor series of u% is ¢"V. For the sec-

ond integral, we move the contour of integration to the circle v = ¢~'/2, which is
admissible since the first poles appears at |u| = 1. We get the estimate

degP 1 1
‘/ <ZdegP degP>_N
Jul=q~1/2 u

Plm

( _l/g)degp—l

< 2mqWN1/2 Z deg P !

_ deg P
Plm - ((] 1/2) ®

( _1/2)degP

_ 27TqN/QZdegP < q(N—minp‘mdegP)/2 < qN/2‘

Plm

(q-1/2)™e"
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Hence,

Ye(N, x0) = ¢~ + O (¢"?),

which proves Theorem 4.2.2.

With this theorem at hand, there is not much work to be done in order to prove
the PPT in arithmetic progressions stated in its more familiar form.
Theorem 4.2.3 ([R, Theorem 4.8, Prime Polynomial Theorem in Arithmetic Pro-
gressions 2|). Let N > 1. Then

B 1 qN qN/2
Wq(a,m,N) = WW +0O (T .

Proof. Consider ¢,(a, m, N) and write

Yy(a,m,N) = Z deg P + Z deg P = Nm,(a,m,N) + R,(a,m, N).

deg P=N deg PK=N
P=a mod m PKX =4 mod m

We estimate the error term R, as follows:

R,(a,m,N) = Z deg P < Z %ﬂ'q (%) = Z Dr,(D),

deg PK=N K|N D|N
PK=g mod m K#1 D#N
K>2

upon writing N = KD. By (4.5), we have that

> Dry(D) = q" — Nmy(N) Z‘JN_N(%JFO (ﬂi\;g»

DN
showing that R,(a,m, N) < ¢"/2. Thus,
Yy(a,m,N) = Nmy,(a,m,N)+ O (qN/Q) :
On the other hand, by Theorem 4.2.2

N

Ygla,m,N) = @%m) +0 (qN/2) 7

and so upon reordering the terms, we find that
1 N N/2
mg(a,m,N) = % 40 (q_) :

as desired. 0
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4. Chebyshev’s bias in function fields

4.3 Prime polynomial races in function fields

Having established some basic properties of function fields and the prime polynomial
theorems, we now turn our focus to the main goal of this chapter which is to study
races between prime polynomials in admissible residue classes modulo a monic poly-
nomial m in F[¢] and the race between quadratic and non-quadratic residues. To
investigate the race between quadratic and non-quadratic residues, we let m be an
irreducible polynomial and consider the Dirichlet character yquad, that we defined
n (4.2). We define a(L) and b(L) to be the number of elements in

{P € F[t]| Xquaa = 1, deg P = L},

4.8
{P € Flt]| Xquaa = —1, deg P = L}, (48)
respectively. Furthermore, if X is a positive integer, then we define
¥ X
Ep: = —/NZ (a,m, N) — 7(N)). (4.9)

In the race between quadratic and quadratic non-residues, NN is used to indicate a
quadratic non-residue and hence we will use the notation

K K
Empn(K) = 7 Z (4.10)

with hopes of avoid any confusion.

We begin by investigating E,,.,, with the goal of finding an asymptotic formula
(cf. Theorem 4.3.4). To do so, we consider the expression

d
U log L(u, x).

Since
-1
Lwx) =] J] (t—x@u”)",
D=1 Ptm
deg P=D
we find that
d ul! = - K\, DK
ud—logLuX _UZ Z D Plub ZDZ X(P™)u™".
D=1 Pm D=1 K=l Pm
deg P=D deg P=D

So by letting DK = N, we get that

u%logL(u,X):Z(ZD Z X(PN/D)>UN. (4.11)
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We denote the coefficient in the power series by ¢y (x), that is, we let

ZD Z PN/D)

D|N Ptm
deg P=D

The next goal is to study the sum of Y(a)cy(x) over all Dirichlet characters
modulo m. For this, we let m,(a, m, D, K) be the number of elements in
{P € F[t]| PX = a mod m, deg P = D}
and we define ¢(m, a) by

c(m,a) = -1+ Z 1, (4.12)

be

where A = (F[t]/m)”, so that ¢(m,a) + 1 is the number of square roots of a in A. In
particular, we have that

mla,m,D,2)= Y 1= > > 1= > wbmD)

deg P=D b2=a mod m degP=D b2=a mod m
P2=a mod m P=b mod m
c(m,a) +1 q qP/?
_ T 113
om0 O\ p ) 4B

where we in the last inequality use Theorem 4.2.3. For K > 2, we will use the upper

bound

m,(a,m,D,K) < (D) < o (4.14)
which follows from Theorem 4.2.1.
Considering the sum of Y(a)cn(x) over characters, we have that

dox =30 Y 3 x@x(PYP)=3" Do(m) (amD,%),

X mod m DIN Pfm  x mod m DIN

deg P=D
where we in the last equality used the orthogonality relation (ii) in Proposition 4.1.1.
For D = N, the contribution is equal to N®(m)n(a, m, N) and if N is even, we get
a contribution coming from the term D = % that is equal to

7o (T Ao (7)) = ema+ pe o)

by (4.13). The contribution of the remaining terms is bounded by

®(m) > Dr(D)<q"?,

D|N
D#N,N/2
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by (4.14). We have thus shown that for even N ,

Z X(@)en(x) = NO(m)my(a,m, N) + (c(m,a) + 1) ¢""* + O (¢"?), (4.15)

x mod m

and for odd N ,

Z X(a)en(x) = No(m)my(a,m, N) + O (qN/3) . (4.16)

x mod m

We will now find another expression of »_ 4, X(a)en(x), by considering the
logarithmic derivative of L(u, x). Recall that for a non-trivial Dirichlet character x
mod m, we have that L(u, x) is a polynomial in u of degree at most degm — 1. If
we let d(x) be the degree of L(u,x), then we may write

d(x)

L(“a X) = H (1 - O./(X, K)u),

K=1

where a(y, K) are the inverse zeros of L(u, ), which by Proposition 4.1.2 and the
following comment has absolute value /g, unless it is a trivial zero in which case it
has absolute value 1. If we take the logarithmic derivative of the above expression,
we obtain

U

(x)
d 1
U@bgL(%X)—U;m(— ZZ a(x, K

(4.17)

Hence, by comparing the coefficients of the Taylor series in (4.11), we find that for
a non-trivial character Y,

d(x)

=-> alnK)Y

=1

=

For the trivial character g, recall that

L(u, x0) = 4(u) H (1- udegP) _ ! H (1- udegP) .
|m

Plm 1_un

Hence

deg P

Z deg P udeg P

d
U log L(u, x0) m—

_ f: qNUN i Zdegp degP

N=1 N=1 \ P|m
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We may write the second sum as

DL IREEES 3l DD ol I

N=1 D=1 Plm D|L Plm
deg P=D D<degm deg P=D

so that

ev(xo)=¢"— > > D=¢"+0(1). (4.18)

D|N Pm
D<degm deg P=D

This shows that

d(x)
> X =Y x@)> ol K)V+¢V+0(1). (4.19)
x mod m XF#X0 K=1

The following proposition gives a relation between the sum in the right-hand side

in (4.19) and the function E,,, defined in (4.9).

Proposition 4.3.1 ([C, Proposition 2.1]). Let B(a,m,N) be equal to c(m,a) if N
is even and 0 else. Then we have that

N (®(m)m,(a,m, N) — 7,(N)) = —B(a, m, N)g""*
(x)

= DX Y el )Y+ 0 (¢

X7FX0 K=1

U

Proof. Recall by (4.6) that

Z (D N/D

D\N

and as before, we get a main term coming from D = 1 that is equal to %. Moreover,

if NV is even, we get a contribution corresponding to D = 2 that is equal to —quv\,/Q.

The next highest term in terms of powers of ¢ that may occur , is when D = 3,

which would give a contribution of —%. Similarly as in the proof of Theorem

4.2.1, we estimate the remaining terms by —2T where T" is the number of distinct
prime divisors of N. Since 27 < N, we find that %QT < ¢N/*. Hence,

N _ _N/2 N/3
% +0 (QT) , N even,
my(N) = o e (4.20)
— — N odd.
N +0 ( N ) ) 0
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Next, using (4.16), (4.19) and (4.20), we see that for N odd,

N (@(m)my(a,m,N) = my(N) = Y Xl@)en(x) =" + O (¢*°)

x mod m
d(x)
== X)) alx. K)¥+0 (V).
XFX0 K=1

For even N , we use (4.15), (4.19) and (4.20) to find that
N (@(m)my(a,m,N) — my(N))

finishing the proof. [l

The following Lemma will be used to control the sum over inverse zeros in Propo-
sition 4.3.1.

Lemma 4.3.2 ([C, Lemma 2.2]). Let 5 be a complex number with |3| > 1. Then

- o X L1
K = p-1 BN TN )

5

|
ii\g

%

‘@

as N — o0.
Proof. Applying summation by parts, we get

N ogE (N N (¢
I{Z—lfz—Z(V)—i_/ 0 4,

ot

where

g+t 1 pl+l _ g

H(t)ZZBKZ— == 7

1<K <t p-1 f-1

and [t| denotes the integer part of t. Hence,

N N+1 1 [t]+1 1
BNZBN 5_N<65—15N+ 55_1Bt—2dt> (4.21)
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The first term on the right-hand side of (4.21) is equal to

I U I |
B F-1 N -1 B-1 ﬁ—1+0(_)'

161V
The integral in (4.21) is equal to

N [l 1
=L ﬁ—lt2 BNl/ B—H2

N [N gl N
6“/1 B_lt—th+O(’ﬁ’N) (4.22)

since [;° % dt < co. As |8l < |B|", the absolute value of (4.22) is bounded by

|6|t ( N )
IB|N L e O

Applying integration by parts, we find that

Ior N( 1 (WV ) Br, )
\5|N/1 N TANEE] )+ o / . (23

and the term
i (v 1) =0 (54 )
et (v~ 1 N )

For the remaining part of the expression in (4.23), we split the integral into two
parts. We find that

|Blt 2N N2 gt N |gJt
IﬁlNloglﬁl/ BN log ] (/ a3 d”/m e

ON N2 N g
< ﬁN/Q/ —dt + ﬁN/ —dt|. (4.24
BN log | ] <‘ | 1 t3 g N/2 t3 ( )

Since

and
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we get that the absolute value of the expression in (4.24) is bounded by

2N IBIV2N 3|B1Y B N2 1
rleogw( > 4N2)_O(IBIN/2+N)'

Collecting all the error terms, we find that
N i BE B o N? L
A G B2 TN

which proves the statement of the theorem. O

Note that the error term in Lemma 4.3.2 goes to 0 as N tends to infinity, which
implies that

Since the absolute values of the non-trivial inverse zeros are equal to /g, the
contribution of these zeros to the sum

d(x)

> aly, K)Y

K=1

from Proposition 4.3.1, is bounded by

52

N
2w
K=1

Set
0, K odd,

4.25
1, K even. ( )

B(K) = {

Then we have the following corollary of Lemma 4.3.2.

Corollary 4.3.3 ([C, Corollary 2.3]). For N > 1, we have

VL +o(1), N odd,

N ¢/ qg—1
N2 > B(K) K
7" k2
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upon letting K = 2K’. By Lemma 4.3.2, we get that

M
M q q
2 =1 e,

proving the statement for even V.

Next, for odd N , write N = 2M + 1. Then

ORI
g2 Pt K Va gM ~ 2K’

By Lemma 4.3.2 the first sum is equal to

q
—_— 1
q_l—i-o()

and the second sum gives an error term o(1), which finishes the proof. O

With Corollary 4.3.3 at hand, we are ready to provide an asymptotic formula for
Epa. Recall that for an inverse zero v, with absolute value /g of L(u, ), where

X # Xo, we have 7y, = /ge’?).
Theorem 4.3.4 ([C, Theorem 2.5]). Let

ﬁ, N odd,
qg—1
Bq(N) =
L, N even.
qg—1
Then
Ena(N) = —e(m,a)B,(N) = 3~ X(a) Y "N e to(1).  (4:26)
Tx —
XFX0 Yx

Proof. Recall by Proposition 4.3.1 that

L (CD(m)Wq(a,m, L) — Wq(L)) — —B(a, m, L)qL/z

d(x)
=2 x(@) Yol )Y+ 0 (™).
XFX0 K=1
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L)

<
&

The third term of the right-hand side of this expression is bounded by
q~/ N?
Ao (%)

which is o(1). Next, consider

N
N qL/Q
- ;B(a,m, L)T. (4.27)

Since B(a,m, L) = c¢(m,a) if L is even and 0 else, we get by Corollary 4.3.3 that
(4.27) is equal to

—c(m,a)By(N) + o(1).

Finally, for a fixed K and y # xo, we consider

N & aly K)E
N ekl

L=1

For the trivial inverse zeros |a(y, K)| = 1, so we get a contribution that is bounded
by

Concerning the non-trivial inverse zeros, we have a(x, K) = v, = \/aew”x). Hence,

N N L
N N — x
PvE] > Xla = >_Xl(a) 7
L=1 L=1

N N L

— N Y - 0 N N Yy

_ X(a)eze(Vx)N : N E X X(a)e’ (x) X

(\/66"’(“)) L=1 L %](V L=1 Z

which is equal to
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by Lemma 4.3.2. We have thus shown that
Epa(N) = —c(m.a)B,(N) = 3~ X(a) Y "0V —w - o(1),
XFX0 Yx Ix

as desired. [

Having found an asymptotic formula for E,,.,, we will turn our focus to E,,.p n
and in the next section we will establish an asymptotic formula.

4.4 An asymptotic formula for £, p v

In this section, when investigating the race between quadratic and non-quadratic
residues, we will always assume m to be irreducible, so that (4.2) defines a real
Dirichlet character modulo m. Recall that

i (K) = q% S (a(L) — b(L)),

L=1

where a(L) and b(L) are defined as in the beginning of Section 4.3. We will also use
the notation

L(s, Xquaa) = L(s)
L(u, Xquaa) = L(u).
The method we will use to find an asymptotic formula for E,, g n is a similar ap-

proach to the one we used when finding an asymptotic formula for E,,, in the
preceding section.

We start off by defining
L(u, xo0)L(u)
L(UQ, XO)

where Y is the principal Dirichlet character modulo m. As in the preceding section,
we will consider the expression

Gu) =

d
U= log G(u),

where log denotes the principal branch cut logarithm, and write it as a Taylor series.
We define (L) to be the L-th coefficient of the Taylor series of u-Llog G(u), so
that

uiu log G(u) =Y ca(L)u”. (4.28)

Considering the left-hand side of this equation, we have that

d d
U log G(u) = u— (log L(u, xo) + log L(u) — log L(u*, x0)) - (4.29)

d @(
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From (4.18), we find that the L-th coefficient of the Taylor series of the first term
in the right-hand side is equal to

cr(xo) = ¢~ + O(1).

Recall that we may write

d(Xquad)
= H (1 — a(xquaa; J)u) ,
J=1

where d(Xquaa) = degm — 1 (by Proposition 4.1.2) is the degree of L(u) and
a(Xquad, L) are the inverse zeros of L(u). By (4.17), we find that the middle term
on the right-hand side of (4.29) equals

oo degm—1

§ § L
- X quad P u )
L=1 =

and so all that remains is to find an expression for the third term in (4.29). As
shown in the preceding section

L2, xo) = 1 H (1— u2deeP)

_ 2
1 qu Plm

implying that

(e}

udilogL(u Xo) =2 Zdegpz 2degp + (qu2)D . (4.30)
D=1

Pim D=1

For the second sum in the right-hand side of (4.30), we write L = 2D, so that the
sum is equal to

9 i e

Leven

showing that this gives a contribution 2B(L)q"/? to the coefficient (L) (Recall the
definition of B(L) in (4.25)). In the first sum of (4.30), we order the terms by the
degree of P and find that it is equal to

P Z u?”
L=1b= degPD

Upon writing DL = L, this is further equal to

ST T |

L=1 D|L Plm
D<degm deg P=D
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Hence, the final term in (4.29) only gives a contribution to ¢ (L) when L is even.
When L is even, the contribution is equal to

202 -2 YY" D=2"7+0().

D|L Plm
D<degm deg P=D

Collecting all the contributions from the different sums, we get that

degm—1

ca(L) == > alxqus )" +¢" = 2B(L)¢"* + O(1). (4.31)

J=1

On the other hand, we may consider the Euler products of the individual factors
of G(u). We have

L(“;XO) _ H (1 . udegP)—l

Ptm

L(w) = [T (1= Xquaa(P)us=") ™",

Ptm

where X quaa(P) = £1 depending on if P is a quadratic residue mod m or not. Hence,
we see that G(u) may be written as a product over primes P not dividing m. More
precisely

(1 - udegP)*l (1 - Xquad(P)udegP)i1
(1 _ u2degP)*1 ’

G(u) = H

Ptm

For the quadratic residues, xquad(FP) = 1 and so the factor in the Euler product of
G(u) for a quadratic residue P is equal to

(1 o udegP)f1 (1 o udegP)f1 B (1 =+ udegP) (1 - udegP) B 14+ udegP

(1 — y2desP) T (1 — ydesP)? 1 —yde P’

For a quadratic non-residue, Xquad(P) = —1, so that the term in the Euler product
of a quadratic non-residue P equals

(1 _ udegP)_l (1 4 udegP)_l _ (1 4 udegP) (1 _ udegP) _,
(1 _ u2degP>_1 (1 + udegP) (1 _ udegP) ’

Thus, we may write

1+udegP
Guw= ]] —aF

1 — ydes P’
Pim

Xquad (P):l

If we group the factors by the degree of P, we find that

oo 1+UD a(D)
=TI (15%)

D=1
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where a(D) is the number of prime quadratic residues modulo m of degree D (see
(4.8)). Hence,

d d [ & D D
U= log G(u) = U= <Z: a(D) (log(1 + u”) —log(1 — u )))
= uP u®
- ZDQ(D) (1—|—uD * 1—uD>

D=1
= Da(D) | — Z(—l)L/uDL/ + Z uPr
D=1 L'=1 L'=1

Writing DL' = L, this is further equal to

o

Z —Z( 2P Da(D ZDa u®,

L=1 DI|L DL

which shows that
=> Da(D —~1)EPY (4.32)

DI|L

Having established two different expressions for c(L), we want to solve the equa-
tion for a(L). In order to do so, we will prove a modified version of the very useful
identity [A, Theorem 2.1]

" D) = e(L) = {; oy (433)

Recall that arithmetic functions form a commutative ring under pointwise addition
and Dirichlet convolution, and that e(L) is the identity element for Dirichlet con-
volution. If we let I(L) =1 for all L > 1, then the identity in (4.33) says that the
inverse of the Mobius function with respect to Dirichlet convolution is I(L).

Let

(L) = {u@» L odd,

0, L even,

and

(L) = 1, L odd,
10, L even.

We have the following modified version of the identity in (4.33).

Lemma 4.4.1 ([C, Lemma 4.1]). u° and I° are inverse to each other, with respect
to Dirichlet convolution.
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Proof. Since the identity element is e(L) with respect to Dirichlet convolution, we
need to show that

> e (%) I°(D) = ¢e(L).

DI|L

For L =1, this is trivial. By the definition of /° we have

S (5) o) - DDZ v (5): (434)

For L = 2K and an odd divisor D of L, we must have D|K. Hence, we find that
% = 2M, where M satisfies K = DM . This shows that for such L and D we have
that ,u"(%) = 0, since % is even. So for L even, the sum above is 0, and since L # 1,
it is also equal to e(L).

For L odd, any divisor of L must necessarily be odd, so that % is also odd. This

implies that the sum on the right-hand side of (4.34) is equal to

> (%) =e(L),

DIL

which finishes the proof. m

Now, the idea is to use the two different expressions we have for ¢ (L) and apply
the modified Mobius inversion formula in order to get an expression for a(L). This
is the content of the following proposition, which is the analogue of Proposition 4.3.1
for Em; R.N-

Proposition 4.4.2 ([C, Proposition 4.2]). We have that

degm—1

L(a(L) =b(L) = = > alXauass )" = BL)"* + 0 (¢,

J=1
as L — oo and b(L) is defined as in (4.8).

Proof. Using the two different expressions for ¢ (L), we have by (4.31) and (4.32)
that

> Da(D) (1= (=1)"P) == " alxqua /)" + " — 2B(L)¢""* + O(1).
DIL J=1

(4.35)

Moreover, we note that

56



4. Chebyshev’s bias in function fields

by the definition of I°. Applying this to the left-hand side of (4.35), we have

> " Da(D) (1 - (-1)"/P) =Y " Da(D) - > (~1)*/" Da(D)

D|L DIL DIL
- DZIE Da(D) — DZM Da(D) (1 —2I° (%))
—2y oo (5).

implying that

2> " Da(D)I° (5) =— Z_ a(Xquad, J)E + ¢F — 2B(L)g"? + O(1).  (4.36)

D
D|L J=1

In situations like this, the usefulness of the Mobius function becomes evident.
Taking the Dirichlet convolution with 1° on both sides of (4.36) and using Lemma
4.4.1, we obtain

degm—1 I
2La(L) = ) (‘ > alxua, )P +4¢” —2B(D)¢""* + (’)(1)> p (5) .

D|L J=1

If L is odd, any divisor D of L is also odd so the term 2B(D)q”/? = 0. The
contribution of the term D = L to the right-hand side gives a main term

degm—1

— > alxqua )+ ¢"+O(1).

J=1

The second highest power of ¢ that can occur is when D = %, since L is odd. Since
the absolute value of the inverse zeros a(Xquad, J) are either V/q or 1, we can bound
the contribution of all terms with D < L by O (qL/ 3). Hence,

degm—1

2La(L) = — > alxqua:J)" +¢" + O ("), (4.37)
J=1

for L odd. For even L, we get a main term corresponding to D = L that is equal to

degm—1

- Z a(Xquad> ) + g5 — 2¢"2 + O(1).

J=1

The term corresponding to D = %, vanishes since p°(2) = 0 and, as before, we can
bound the contribution of the remaining terms with D < L by O (qL/ 3). Thus,

degm—1

2La(L) = — > a(xqua:J)" +¢" —2¢"* + 0 (¢"7), (4.38)
J=1
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when L is even. To finish the proof, we simply note that
a(L) + b(L) = my(L),
when L # degm (recall that m is irreducible). This implies that
L(a(L) —b(L)) = L (2a(L) — my(L)) ,

for L # degm. Applying (4.20) to the right-hand side of this equation, together
with (4.37) and (4.38), we see that

degm—1
L(a(L)=b(L)=— > alxqua )" +q¢" = 2B(L)¢"* + O (¢"?)
J=1
" qL/2 qL/S
This shows that
degm—1
L(a(L)=b(L)) == > alxqud )" = BL)¢"*+ 0 (¢"?),
J=1
as desired. O

We are now ready to provide an asymptotic formula for E,,.r y. We enumerate
the inverse zeros of L(u) whose absolute value is \/q as vi,..., 7,51, -, Var (by
Proposition 4.1.2, M is equal to L%D Similarly as in the previous section we
let €; denote the argument of v, so that v; = \/66“91 and 7; = \/ae*w". With
B,(K) defined as in Theorem 4.3.4, we have the following theorem.

Theorem 4.4.3 ([C, Theorem 4.3]). Let K > 1. Then

Emnn(K) = —B, —223%(“ 2L >+0(1).

vr—1

Proof. Recall that

Em;R,N<K =

~
[\
(]~
—
—~
Q
~—~

which by Proposition 4.4.2 is equal to

K degm—1
K a(Xquad, J)E g q“’?
Em?R’N(K) ~ K/2 Z <_ Z : L - B<L) I, + O I .

J=1

L)
~
—_

Thus, we need to evaluate the three sums
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K o~ aXquads J)* K & BY K <=0 (¢"?)
_qK/QZ L ’ _QK/zz (L) L’ qK/QZ L )
L=1 L=1 L=1

The third sum is o(1), which we showed in Theorem 4.3.4. Moreover, we get by
Corollary 4.3.3 that

_q§/2 ZB(L>QT = —B,(K) + o(1).

For the first sum, we note that the terms corresponding to the trivial inverse zeros
is bounded by

K
1 Klog K
q”;z< g2’

which is o(1).
Finally, we consider the remaining inverse zeros with absolute value /q. For the
Zeros 1, . .., Yu, we have v; = ,/ge®’ so that

K L K
K ZOZ(XquadaJ) :eieJKEKZ’Y_’
qK 2 L ¥ L

which by Lemma 4.3.2 is equal to

0,k VI

e —— 4+ o0(1).

v —1 M

i0

Considering the zeros 7y, ...,7%,s, we have that 7; = ,/qe™"’. Hence

K K _

K (X quad, J)L iy K K 75

P ) I —¢ 5K ) A
L=1 J =1

Again, by Lemma 4.3.2 this is equal to

—io ik Vg
e 0K DI o).
v, — 1

Gathering all the terms and pairing the inverse zeros in the sum with its complex
conjugate, we see that

B (K) = —By(K) -2 R (e”%) +o(1),

finishing the proof. O
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4.5 Existence of limiting distributions

Having found asymptotic formulas for E,,., and E,, g x in the previous sections (see
Theorem 4.3.4 and Theorem 4.4.3), we will continue as we did over Z. That is,
we will put the asymptotic formulas to use, and establish the existence of limiting
distributions for E,, g n(K) and

Esarar(K) = (B, (K), - -+ Emia, (K)) -

We will follow the proof of Cha [C]. However, since the Dirichlet L-functions for
non-trivial characters x, only have finitely many zeros, the proof becomes a bit easier
compared to the proof of Theorem 3.3.3.

As in Section 3.2, we begin by introducing

E(K) = (B\(K),..., E.(K)),
where

By () = —clm, a)By(K) = 37 ¥lay) Y e T 1,

-1’
XFX0 Tx ’YX

and, as we recall from Theorem 4.3.4, the inner sum is over the non-trivial inverse
zeros 7y, of L(u, x). Furthermore, we let

G(K) = (Em;m(K) - EI(K)7 < '7Em;ar(K) - E?"(K)) '

Note that Theorem 4.3.4 entails that the norm of the error term e(K) is bounded
by o(1).

We need to establish/recall some notation. We denote the total number of inverse
zeros of {L(u, x)}yzyo With S(7v,) > 0 by M. As before, we enumerate them by
Y1, --.,Ym and let 6; denote the argument of ;. To each inverse zero ~;, we let x;
denote the associated Dirichlet character. Furthermore, we let

bo = —(c(m,aq),...,c(m,a,)),

bJ——(Y‘](al)V‘] Y‘](ar)w) for J=1,..., M.
-1 -1 Y
The following lemma proves the existence of a limiting distribution for E(L).

Lemma 4.5.1 ([C, Lemma 3.1]). Let

L
I = —Hl—LeM—L L=1,2...%,
2 27 2

and let f be any bounded continuous function on R". Let g be the function on RM+!
defined by

q(3+cos(2ﬂ'xo))/4 M o
g(ZE(),...,JIM) :f bgq_—1+2Z§R(bJe TFmJ) (439)
J=1
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Then, the limit

exists and is equal to

/A 9(a) da,

where A is the topological closure of I' and da is the normalized Haar measure on

A,

Proof. Since g is a composition of continuous functions and is 1-periodic in each
argument, g gives rise to a continuous function on the (M +1)-torus TM+1. Moreover,

we see that
- L 6,L O L
E(L)) = — =, — .
HEW) =g (5500 )
Since
(3+cos(Lm))/4 _ {\/@ L odd,
q =
q, L even,
we find that
q(3+cos(27rrg))/4
qg—1

is a continuous version of B,. We may now apply [Hu2, Lemma 2.7] (this is a discrete
version of Lemma 3.3.1) to find that

K—o0

1<, -
i, e Do) = [ ofa)dn
as desired. O

We are now ready to prove the existence of a limiting distribution for E,,.,, . 4, -

Theorem 4.5.2 ([C, Theorem 3.2]). There exists a probability measure fim.a,...a,
on R" such that
TR
[miay,a, (f) = Hm — Z f (Emsar..oar (L))

K—oo K
L=1

for all bounded continuous functions f on R".

61



4. Chebyshev’s bias in function fields

Proof. By Lemma 4.5.1, we find that for any bounded continuous function f on R”

K—o0

lim %;f (E(L)) = /Ag(a) da,

where ¢ is defined as in (4.39). Let K > 1, we define a sequence of discrete proba-
bility measures mg on {1,..., K}, by

mi({1}) = .. = mic({K}) = 7

Furthermore, we consider the sequence of push-forward measures vx on R” defined
as follows; given a measurable set B C R", we let

VK(B) = Mg (Eil(B)) .

Note that vk is a probability measure for each K > 1 and that

‘ﬁsz%;ﬂHm- (4.40)

We will now show that the sequence {vg} is tight. Since the norm of E is
bounded, we can find a compact subset R C R" such that the image of F is contained
in R. It follows that

vi(R) =mrg({1,...,K})=1 forall K >1,

showing that the sequence is tight. Hence, by [Bi, Theorem 29.3] there exists a
subsequence {v, } and a probability measure p* such that for all bounded continuous
function f on R", we have

fdu® = lim [ dvg;.
RT

R Jj—o0

However, the limit

lim Jdvk;
J—=0 JRr

is the same for every subsequence K; of K by Lemma 4.5.1 and (4.40). Thus,

fdﬂ*: m deK7

li
R™ K—oo Rr

for all bounded continuous functions f.
Next, let f be a bounded Lipschitz continuous function on R" with Lipschitz
constant c¢s. Then we have that

|f(Em;a1 ..... a,‘(L)) - f (E(L>) ‘ < Cf‘Em;m ,,,,, ar(L) - E(L)‘ = Cf|E(L)|> (4-41)
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which shows that

> B (D) = 2 371 (B(L)) + 0 (% ZIG(L)I) -

Let € > 0, then

L=1

for K greater than or equal to some Ky, by Theorem 4.3.4. Hence, we find that
there exists some ¢ > 0 (¢ is in fact equal to 1 by (4.41)) such that for all K > K

%;f (B(L)) —crepe < %;f@n ..... o (L)) < %Lz_jl F(E(L)) +c-cge.

Thus,
1<, -
/ fd/,é*—C‘Cfeth_{n ?Zf(E(L))—c cre
" B
1 & 1 &
Slﬂlgfﬁgf(Em;al ..... ar(L)) Shgljolipggf(Em;al ,,,,, ar(L))
1N, -
§I}1£1}>O?z:lf(E(L))+c cre = A Jdu +c-cpe

Since € can be as small as we please, we find that the limit

K—oo K

tim — 3" f (B, (D)
L=1

exists and is equal to

ol e *
I}I—{noo?;f(Em;m ..... ar(L)) = fdu ’

RT

for any bounded Lipschitz continuous function f.
Finally, for any Borel set B C R", we let

pr(B) =mg (Eq_;;l ..... ar(B>)

so that

63



4. Chebyshev’s bias in function fields

Since Epa, . a.(L) is bounded, the sequence {pux} is tight and [Bi, Theorem 29.3]
implies the existence of a subsequence {qu} and a probability measure fip.q,... q,,
such that

lim fd[LKJ = fdﬂm;al ..... Qr
R"

j—)OO R™

for every bounded continuous function f. However, since the limit

exists, we find that

K
. oo 1 :
/T fdp = Igl—%o? Zf(Em;m ,,,,, ar(L>) = lim fdpk, = tmiar,.a. (f)

=1 J—00 Rr

for every bounded Lipschitz continuous function f. By [Kl, Theorem 13.16], we are
done. 0

The proof of the existence of a limiting distribution for E,,.r y follows in a similar
way and we state the following theorem without proof.

Theorem 4.5.3 ([C, p. 1365]). There exists a probability measure fi,.pn 0on R such
that

for all bounded continuous functions f on R.

In the next section, we will find explicit formulas for the Fourier transforms of

ceay

4.6 Fourier transforms of (4, . and p,.r N

Recall the definition of the Fourier transform of a finite Borel measure p on R™ (see
Definition 3.4.1):

ﬂ(fla ce 7€n) = /n CeXp <_Z ngajk) du<x17 s 7-1'19)'
k=1

-----

have already been done in Section 4.3 and Section 4.4. However, we have not yet
introduced the (analogue of) the Linear Independence Hypothesis in function fields.
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Definition 4.6.1 ([C, Definition 3.3, Linear Independence hypothesis]). We say
that a set Z of non-principal Dirichlet characters modulo m which is closed under
complex conjugation satisfies the Linear Independence Hypothesis if the multiset

{0 <0 <7|y=,/ge" is an inverse zero of L(u, ) for some x € Z} U {27}

1s linearly independent over Q.

There are known cases in the function field setting where the Linear Independence
Hypothesis fails (see [C, Section 5]). As in the setting over Z, assuming the Linear
Independence Hypothesis is essential for us to find an explicit formula for the Fourier
transforms of the measures fim.q, ... 4, a0d [ R N

Given a monic polynomial m and the set of non-principal Dirichlet characters
modulo m we enumerate all the inverse zeros {7y}, with absolute value /g and
S(vy) = 0 as y1,...,vm. As before, we let 6, denote the argument of ;.

Suppose that the set {x mod m # xo mod m} satisfies the Linear Independence
hypothesis. Let L be an integer and consider the point (%, %, ey 912”—;L) € TM+1,
Since % mod 1 = 0 if L is even, and % if L is odd, it is, at least intuitively, clear
that the topological closure of

L
= —EGR—L L=12,...¢%,
2 27 2w

is equal to

{(O,xl,...,xM)E TY Y (z4,...,20) GTM}

1
U {(é,xl,...,mM)G TY ) (2, ..., 20) € TM}, (4.42)

so that it is equal to the union of two copies of an M-torus (corresponding to when
L is even/odd). We have the following theorem.

Theorem 4.6.2 ([C, Theorem 3.4]). Let

By, (§) = % (exp ( Z c(m, ay) ) +eXp< d ] Zc m,a;) >> )

J=1

where c(m, a;) is defined as in (4.12). If the set of non-principal Dirichlet characters
modulo m satisfies the Linear Independence Hypothesis, then

5O = B © TT 11 Jo<
X#EX0 (75 )>0

Proof. As the set of non-principal Dirichlet character modulo m satisfies LI, we find

that the normalized Haar measure in Lemma 4.5.1 is in fact equal to one half of the

Q'VX
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Lebesgue measure dws . ..dwy on each copy of the M-torus in (4.42). If we let the
bs(j) denote the j-th coordinate of b;, we find that

ﬂmm ,,,,, ar (f) =

J=1

1 r M
3 fLow (-i (—c<m7 05 +2 2 R (ba)e )) gj> dor - dung
1 " NG M
i) /TM P <_i 1 (‘C(mv aj)ﬁ + QZ R (bJ(j)ez’”“J)> §j> dwy . .. dwyy

= Bmay,...ar (§) /TM exp ( 2iR (Z{Q (Z 2“““)))) dwy ... dwyy

ma1 ..... H/ eXp 2@% bJ 5) 27rzw>)

where b; - £ denotes the standard inner product. From here, we may proceed as in
Theorem 3.4.2, to find that
o))

finishing the proof. [l

2%(

M
ﬂm;al ..... ar (5) = Bm;a1 ..... ar (5) H (

J=1

The procedure for finding an explicit formula for fi,,,r y is identical and we state
the following theorem for reference.

Theorem 4.6.3 (|C, Theorem 4.5]). Suppose m is an irreducible polynomial and

let
Burn(§) = % (eXp (iq{alé) + exp (iq f N )) :

If X quada satisfies the Linear Independence Hypothesis, then

27y
vr—1

() = Brnn®) T

%(quuad>>0

5) . (4.43)

As a corollary to Theorem 4.6.3 we have that there is a bias towards quadratic
non-residues.
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Corollary 4.6.4. If X qua satisfies the Linear Independence Hypothesis, then we
have that

L<K:E, pn(L)>0
R S (E)

Moreover,

1
,Um;R,N((Oa OO)) < 57

showing that there is a bias towards quadratic nonresidues.

Proof. Since the number of terms in the product over inverse zeros in (4.43) is
finite, we cannot provide an upper bound for the absolute value of fi,,,.p x similar
to the one given in Lemma 3.5.4. However, by [DM, Proposition 2.1 (ii)], tm.r.n
is a continuous measure. This together with Theorem 4.5.3 and the Portemanteau
theorem [KI, Theorem 13.16] implies that

- {L <K :Eyurn(L) >0}

K—sc0 K - ,Um;R,N((O, OO))

If we consider the factor By, gz n(£) in the explicit formula from Theorem 4.6.3

for fi,.r N we see that this is the Fourier transform of one-half times the sum of
v

q—1
27y
Jo ( ro— 5) : (4.44)

Since Jy is an even function, [V, Theorem 7.5] together with [EMOT, p. 28] implies
that (4.44) corresponds to a measure given by

two Dirac deltas, one centered at —
a single factor

and the other around —ﬁ. Consider now

4.45
0, else, ( )

L@> =22 if —a<z<a,
g(x) = {“
where a = |% . Hence, the density function of ji,,.z n is the convolution of the
sum of the two Dirac deltas and of functions on the form (4.45), corresponding to
the product of Bessel functions in Theorem 4.6.3. Since g(x) is even, the convolution
of functions on the form (4.45) will also be even. Consequently, the density function
of fim.r N is centered around a point —c (due to the two Dirac deltas).
Moreover, we have that

0
/ d/ﬁm;R,N(t) > O,

—C

by (4.45), since the density function is non-zero in some interval contained in (—c¢, 0).
This shows that

)

DN —

/ dpimmer () <
0

as desired. n
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