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Abstract

Rare event modelling is an important topic in quantitative social science research. However, despite the

fact that traditional classifiers based upon general linear models (GLM) might lead to biased results,

little attention in the social science community is devoted to methodological studies aimed at alleviating

such bias, even fewer of them have considered the use of machine learning methods to tackle analytical

problems imposed by rare events.

In this thesis, I compared the classification performance of the SVMs – a group of machine learning

classification algorithms – with that of the GLMs under the presence of imbalanced classes and rare

events. The results of this study shows that the standard SVMs have no better classification performance

than the traditional GLMs. In addition, the standard SVMs also tend to have low sensitivity, rendering it

inappropriate for rare event modelling. Although the cost-sensitive SVMs could lead to more rare events

be identified, these methods tend to suffer from overfitting as the events become rarer. Finally, the results

of the empirical analysis using the Military Interstate Dispute (MID) data imply that the probabilistic

outputs produced by Platt scaling are not reliable. For the above reasons, a wider application of SVMs

in rare event modelling is not supported by the results of this study.
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Chapter 1

Introduction

There are many types of events in our world that, despite being very rare in terms of occurrence, could

induce a substantial impact on human society once they actually take place. Examples of such events

can be wars, pandemics, �nancial crises, economic depressions, etc. Statisticians often use the term

rare events1 to describe such highly improbable outcomes, which usually appear in data as a binary

outcome variable characterised by an overwhelming number of zeros representing the non-events, and a

tiny fraction of ones representing the events [King & Zeng, 2001a].

In various social science disciplines, rare events are considered as a topic of great importance because

of its potential impact on our society, and hence are extensively studied. For instance, researchers

in business administration and innovation studies might be interested in building a model to predict

technical breakthroughs ex ante among millions of registered patents [Hain & Jurowetzki, 2020], while

scholars in international con
ict studies might want to construct a predictive model for military con
icts

[King & Zeng, 2001a]. However, the quantitative modelling of rare events is a challenging task. As

noted by [King & Zeng, 2001a, 2001b], the use of logistic regression (LR), a method commonly used by

quantitative social science researchers, might systematically underestimate the probability of rare event

occurrence, yielding bias results, also known asrare event bias(more on this issue in Section 3.1 below).

Although the correction proposed by King & Zeng [2001a, 2001b] could alleviate the rare event bias to

some extent, the need for alternative statistical procedures speci�cally targeted at rare event modelling

is still paramount.

Following from the technological development in computer science, non-parametric statistical pro-

cedures based upon machine learning algorithms emerged and now receive increasing attention among

researchers outside the computer science community. Comparing with the traditional classi�cation ap-

proaches, machine learning classi�ers are more capable of handling complex data and demonstrate better

predictive accuracy in general [Hain & Jurowetzki, 2020]. This argues strongly in favour of a wider ap-

plication of machine learning methods in social science research, since quantitative research in this �eld

often involve the modelling of complex real-world relationships [Hain & Jurowetzki, 2020]. Additionally,

the improvement in predictive accuracy provided by machine learning methods also makes these meth-

ods attractive candidates for the rare event modelling. However, as noted by James et al. [2013] and

Hain & Jurowetzki [2020], results obtained from non-parametric machine learning methods are often

hard to interpret, some of these methods, such as support vector machines (SVM), do not even produce

probabilistic outputs. This highlights the need for more research concerning the application of machine

learning methods in quantitative social science studies. My thesis is intended to contribute to this kind

of research.
1Or black swan events, a term used in Taleb's [2007] bestsellerThe Black Swan: The Impact of the Highly Improbable.
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1.1 Aims and objectives

The aim of this study is to explore the possibility of a wider application of non-parametric machine

learning classi�cation algorithms in quantitative social science research, especially research in those

�elds where rare events are common, such as economics, political science, and con
ict studies. This can

be done by conducting a comparative study between one such machine learning classi�er and classi�ers

that are commonly used in quantitative social science research. In this thesis, I chose to compare di�erent

variants of SVM with methods from the general linear model (GLM) family such as logistic regression (or

GLM with logit link). This comparative study was performed in two parts: a simulation study and an

empirical analysis. The objective of the simulation study is to evaluate the classi�cation performance of

di�erent methods, trying to determine in which type of data the use of a particular classi�cation method

is preferred, while the empirical analysis has the objective to extend the results from the simulation

study to the context of social science, paving the way for a discussion about the applicability of di�erent

methods in social science research concerning rare events.

Therefore, this thesis seeks to answer the following research question:

1. Under the presence of rare events, do SVMs generally outperform the conventional parametric

classi�ers in terms of classi�cation performance?

In addition, in quantitative social science research, we are also interested in constructing a probability

model for rare event prediction [King & Zeng, 2001b]. This means that we not only should devote

more attention to out-of-sample accuracy than to in-sample accuracy [James et al., 2013], but also focus

on whether the classi�er is able to produce reliable probability estimates, which can then be used in

rare event prediction. Since the outputs from SVM is are not probabilistic and must be converted to

probabilities using calibration techniques such as Platt scaling (more on this issue in Section 2.3.4 below),

it is also the objective of this thesis to investigate whether the use of such probability output can be

motivated. Therefore, this thesis also seeks to address the following question:

2. Can we motivate the use of the probabilistic outputs produced by Platt scaling in rare event mod-

elling?

1.2 Related work

To date, there already exist a considerable amount of studies in di�erent levels dedicated to the modelling

of class imbalance and rare events. According to Fern�andez et al. [2018], it is well documented in

statistical literature that the presence of class imbalance and rare events would hamper the performance

of nearly all classi�ers in their standard form, including those that based upon machine learning. This

is because all standard classi�ers are designed to maximise the overall accuracy. In such setting, the

classi�cation accuracy of the majority class is prioritised at the cost of the accuracy of the minority

class. Special techniques { such as modi�cations in the standard classi�ers { are required for rare event

modelling [Fern�andez et al., 2018].

For classi�ers based upon the GLM, such as logistic and probit regression, the common modi�cation

approach is to either adjust the regression outputex postor to apply another link function. An example

for the former case is theReLogit proposed by King & Zeng [2001a, 2001b]. Their strategy for alleviating

rare event bias was to �rst estimate the bias before running logistic regression, and then subtract this

estimated bias from the intercept of the regression output. As for the link function approach, Van der Paal
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[2014] had compared the ability of di�erent link functions in modelling rare events. Using four real-world

data sets from the UCI Machine Learning Repository, Van der Paal [2014] provided empirical evidence

that GLMs with skew link function tend to perform better than GLMs with symmetric link functions.

Additionally, he also compared the classi�cation performance of the GLMs with two machine learning

classi�ers { Random forest and SVM { and found that both machine learning classi�ers outperformed

the GLMs.

In quantitative social science research, comparisons between the GLMs and machine learning methods

of the kind mentioned above are, to my knowledge, very limited { not to mention that existing studies

on this topic focus predominantly on the use of neural networks. For instance, Zeng [1999] compared

the classi�cation performance of two GLM models (logit and probit) with that of a ten-hidden-unit

neural network, using both synthetic data generated from a non-linear model with various noise levels

and empirical data from previous research in international relations. His conclusion is that the neural

network model outperforms the GLMs. Beck et al. [2000] did a similar comparison using theMilitarised

Interstate Dispute (MID) data, which has a structure typical for a rare event data set. Using the

militarised con
icts in 1947{85 as the training set and con
icts in 1986{89 as the test set, Beck et al.

[2000] concluded not only that the neural network model outperforms the conventional logistic regression

model, but also achieved 16.7 percent accuracy in predicting militarised con
icts and 99.42 percent

accuracy in non-con
icts in the test set. Finally, in a recent working paper, [Hain & Jurowetzki, 2020]

explored the use of autoencoder, a type of neural network, in detecting breakthrough patents. Among

the 2,722 breakthrough patents in their test set (corresponding to a rarity equal to 0.6 percent), the

trained autoencoder correctly classi�ed 1,402 of them. However, this comes with the cost of large number

of false positives, yielding a precision score equal to 0.0328.

1.3 Scope and constraints

The problem of rare event bias can be addressed in many ways. This thesis is limited to theinternal

methods, which is a set of methods created from modifying the the formulation or algorithm of certain

statistical procedures so that they become more suitable for rare event data. Thesampling methods, i.e.,

techniques that alleviate rare event bias by altering the data structure, are not included in this study.

However, some of the sampling methods were brie
y described in Section 3.3 for informational purposes.

Additionally, this study focuses only on a few number of classi�ers from the SVM and the GLM family,

respectively. Other popular classi�ers, such as Arti�cial neural networks, elastic nets, and random forest,

are not included in this study. Moreover, other modi�cations in the SVM and the GLM family than

those listed in Table 4.1 are not included in this study.

Finally, in evaluating the output from di�erent statistical procedures, I focused only on their classi�-

cation performance and probabilistic output. Other subjects for evaluation, such as sparsity and model

selection, are outside the scope of this study.

1.4 Outline of chapters

This thesis is organised as followed: Chapter 2 provides the mathematical details behind the statistical

methods evaluated in this study; Chapter 3 describes the rare event bias using the mathematical details

behind LR introduced in the previous chapter, with focus on why such bias is so problematic and what

remedies are available to alleviate it; Chapter 4 presents the evaluation metrics used in this thesis and

describes how the simulation study and the empirical analysis was constructed and performed; Chapter

3



5 and 6 report the results of simulation study and empirical analysis, respectively; Chapter 7 is devoted

to the discussion of the results in previous chapters and �nally, Chapter 8 concludes.
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Chapter 2

Theory

2.1 Modelling binary response

2.1.1 Parametric and non-parametric methods

In the �eld of statistics, the term supervised learning refers to a set of methods that are used to model

a certain outcome, oroutput, based on the values of a number of features, orinputs [James et al., 2013].

More formally, let X = ( X 1; X 2; : : : ; X h) be a vector consistingh independent input variables { also

known aspredictors { and Y be the response variable. BothX and Y are real-valued random variables,

whose values are determined by a certain probability distribution. Since our goal is to learn aboutY

given the information provided by X , we try to �nd a function, f (�), that transform the values of X into

Y . That is, we assume the following relationship between our predictors and response

Y = f (X ) + � (2.1)

where � is called the error term , i.e. the error betweenY , the true response, andf (X ), the mapping

based on the information provided by the predictors [Friedman et al., 2009; James et al., 2013]. The

reason why the error term exists is that we do not expect to gain full knowledge about the response

through the values of a set of predictor selecteda priori . The mapping f (X ) is not the same asY ,

it only represents the systematic information provided by X on Y . In other words, f (X ) is merely a

prediction of Y . In addition, it can be shown that the best prediction of Y at any point X = x is the

conditional mean of the responseY given X (see Friedman et al. [2009, p.18] for more details), that is

f (x) = E [Y jX = x] (2.2)

which also means that

f (X ) = E [Y jX ] : (2.3)

In reality, the mapping f (�) is unknown to us. The essence of supervised learning is therefore to

estimate this function and then use the estimationf̂ (�) to either make prediction of the future outcome

when encountering a new set of values ofX or draw inference about the relationship between the response

and the predictors, as described above, or both [James et al., 2013].

According to James et al. [2013], there are two sets of methods for estimatingf (�) { parametric models

and non-parametric models. When estimatingf (�) using the parametric approach, we �rst assume that

f (�) has certain functional form and determine a �xed number of parameters to this function. After that,

we estimatef̂ (�) by �tting or training a model to our observed data. These observed data points we use
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to estimate f̂ (�) are also calledtraining set. The non-parametric approach, on the other hand, does not

make such an assumption onf (�) as in the parametric case. For this reason, the non-parametric models

are more 
exible and hence more accurate than the parametric ones. However, the superiority of the

non-parametric methods in predictive accuracy does not come without a price: the more 
exible one

method is, the harder the interpretation of its resulted output will be. Therefore, we have a trade-o�

between prediction accuracy and model interpretability[James et al., 2013]. As illustrated in �gure 2.1,

parametric approaches, such as LR, are easier to interpret compared to the non-parametric approaches,

such as SVM. Meanwhile, the relatively high 
exibility in methods from the non-parametric family might

result in higher prediction accuracy in comparison to those from the parametric family. The advantages

and disadvantages of LR and SVM, the two groups of methods that are the focus of this study, are

discussed further in the methods' respective sections, i.e., Sections 2.2 and 2.3.

Figure 2.1: The trade-o� between model 
exibility and model interpretability. This �gure is a modi�ed version
based on two similar �gures included in James et al. [2013] and Hain & Jurowetzki [2020], respectively.

2.1.2 The linear function

Regarding the parametric methods, one of the most common approaches is to model the responseY as

a linear function of the inputs X = ( X 1; X 2; : : : ; X h). The linear function is de�ned as followed2

f (X ) = hW; X i + b (2.4)

where the term b denotes theintercept of the linear model [Friedman et al., 2009]. In some occasions,

especially in machine learning literature, the quantity b is termed as thebias since it can be considered

as the residual error between the linear model's prediction and the true response [Friedman et al.,

2009; Murphy, 2012]. Meanwhile, the termhW; X i is the inner products between the weight vector3

2The notation expressing the linear function varies among di�erent literature. In Murphy [2012], for instance, the
following notation is used

y (x ) = w T x + �

where the T above w indicates the transpose. In this thesis, I choose to use the version with angle bracketshW; X i for the
purpose of highlighting the element of inner product in this equation.

3 In some literature, such as Friedman et al. [2009] and James et al. [2013], the weight vector is often express as the
vectors of model parameters and denoted as� (sometimes even� ). In these works, the linear function is denoted as

Y = X T �
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W = ( w1; w2; : : : ; wh) and the inputs X . Using the de�nition of an inner product 4, we can rewrite

Eq.(2.4) as

f (X ) =
hX

j =1

wj X j + b: (2.5)

As we will see in Sections 2.2 and 2.3, both the LR and SVM can be expressed in the same manner

as Eq.(2.5) above or closely related to it.

2.1.3 Binary response

By binary response we mean a discrete random variableY that only has two outcomes, for instance

Y 2 f 0; 1g. In classi�cation setting, this means that we are dealing with a qualitative response such that

the number of classes is equal to 2 (i.e.,K = 2). The random variable Y is said to have aBernoulli

distribution with success probabilityp, which can be denoted asY � Bernoulli (p)5 wherep = Pr( Y = 1)

[Murphy, 2012].

When we model the binary response, often with the aim of predicting the probability that a certain

event occurs (i.e., whenY = 1), we want to �nd a probability function p(X ) that returns the conditional

probability of the random variable Y given the values ofX , that is [James et al., 2013; Murphy, 2012]

p(X ) = Pr ( Y = 1 jX ) = E [Y jX ] : (2.6)

More formally, assume that we have a sample consistingn independent observations. Letyi 2 f 0; 1g

denote the value ofi th observation for the response variableYi and x ij the value of i th observation for

predictor X j , where i = 1 ; : : : ; n, and j = 1 ; : : : ; h. We have

(Yi = yi jX j = x ij ) � Bernoulli (pi )

as followed from the fact that Y is binary [Friedman et al., 2009; Wasserman, 2004]. The probability

model that predicts the the binary responseY at every points X = x will be

p(x; � ) = Pr ( Y = yi jX = x; � ) (2.7)

where � = ( � 0; � 1; : : : ; � h) is the vector of parameters for the probability model. In addition, as followed

from Eq.(2.6) and Eq.(2.7), we have

p(X ; � ) = Pr ( Y = 1 jX ; � ) (2.8)

1 � p(X ; � ) = Pr ( Y = 0 jX ; � ) : (2.9)

Note that the mapping p(�) corresponds tof (�) above, only that the former is a function such that

p : X ! [0; 1] given a set of model parameters� . In the classi�cation setting, the model p(X ; � ) is a

probabilistic classi�er. We can obtain p(X ; � ) either by �rst constructing a joint probability model of the

4Let a and b be two vectors, the inner product of these two vectors, ha; bi are de�ned as

ha; bi =
nX

i =1

ai bi

5 In some literature, the response variable is indexed as Y = ( Y1 ; : : : ; Yn ) and represents a data set composed ofn
independent Bernoulli trials. In such case, Y is said to have a binomial distribution Y � Bin (n; p).
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form p(Y; X ) and then deriving the conditional probability from it ( generative approach), or by �tting

a model of the form p(X ; � ) to our data directly ( discriminative approach) [Murphy, 2012]. Regarding

the subsequent classi�cation procedures, we used to impose a decision rule by selecting some threshold

� that assign the inputs X to one class (e.g.Y = 1) when p(X ; � ) = Pr ( Y = 1 jX ; � ) > � and to the

other class whenp(X ; � ) � � . Such procedure is calledlatent variable threshold model[Agresti, 2015].

More detail about the threshold model in the case of logistic regression is provided in Section 2.2.4.

2.2 Logistic Regression (LR)

2.2.1 Model formulation

The probability model p(X ; � ) can have many candidates, one of them is the so-calledlogistic or sigmoid

function shown in Figure (2.2). The sigmoid function is de�ned as

sigm (z) ,
1

1 + exp( � z)
=

ez

1 + ez (2.10)

where z is some arbitrary variable. By replacing z with the combination of inputs X and the model

parameters � , we obtain the model formulation for the logistic regression (LR)

p(X ; � ) = sigm(X ; � ) =
exp

�
� T X

�

1 + exp ( � T X )
(2.11)

where the quantity � T X is assumed to be linear, that is [Agresti, 2015; Friedman et al., 2009]

� T X =
hX

j =0

� j X j : (2.12)

In addition, by replacing the intercept � 0 with b and the rest of model parameters (� 1; : : : ; � h) with

W = ( w1; : : : ; wh), we can rewrite the model formulation of LR in the same manner as in Eq.(2.5), that

is, the inner product of the weights and the predictors

p(X ) = sigm(X ) =
exp

� P h
j =1 wj X j + b

�

1 + exp
� P h

j =1 wj X j + b
� : (2.13)

Alternatively, we can formulate the LR model in terms of odds, i.e. the quantity p(X )=[1 � p(X )].

Note that given the de�nition of the sigmoids function in Eq.(2.10), we can rewrite Eq.(2.13) as

p(X ) =
1

1 + exp
�

�
� P h

j =1 wj X j + b
�� :
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Then we have

p(X ) + exp

0

@�

0

@
hX

j =1

wj X j + b

1

A

1

A p(X ) = 1

p(X )

exp
� P h

j =1 wj X j + b
� = 1 � p(X )

p(X )
1 � p(X )

= exp

0

@
hX

j =1

wj X j + b

1

A :

Taking the log of the last equation above, we obtain thelogit function, also known as thelog-odds

[James et al., 2013; Wasserman, 2004]

logit (p(X )) = log
�

p(X )
1 � p(X )

�
=

hX

j =1

wj X j + b: (2.14)

In other words, the LR is essentially a linear model, where the linearity lies in the log-odds.

Figure 2.2: The Sigmoid function

2.2.2 Inference and estimation of the model parameters

As shown in Eq.(2.13) and Eq.(2.14), the formulation of the logistic regression model is entirely depending

on the quantity
P h

j =1 wj X j + b (or � T X in the matrix form). The sigmoid function sigm(�) is merely a

function that projects the the value of � T X { which could range between (�1 ; 1 ) { into the interval

[0,1] and hence ensures that the probabilities generated from the model sum to 1 [Friedman et al., 2009].

In classi�cation setting, the above feature means that the quantity � T X also determines the class to

which we assign an observation given to the observation's values inX . In other words, the set of model

parameters6 � reveals the relationship between the outputs and the inputs. For this reason, the inference

and estimation of the model parameters� are of paramount importance.

As implied by Eq.(2.14), for each predictor X i ; i = 1 ; : : : ; h, the magnitude of its corresponding

parameter � i is the instantaneous e�ect on the log-odds followed by a one-unit change in the particular

X i in question [James et al., 2013]. However, the instantaneous e�ect of some predictorX i on the

6For convenience, we use� = ( � 0 ; � 1 ; : : : ; � h ) to denote the model parameters instead of wj ; j = 1 ; : : : ; h, and b
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probability p(X ) is not �xed and might vary depending on the value of X i . But regardless of the value

of X i , if � i > 0, then increase inX i will also increase the probability p(X ); In the case where� i < 0,

an increase inX i will induce a decrease inp(X ) [James et al., 2013]. Furthermore, if � i = 0, then it

would imply that the response Y is conditionally independent of X i , given the other predictors [Agresti,

2015]. In addition, note that � 0 is the model parameter forX 0, a column vector of ones. The quantity

corresponds to the intercept (or bias) discussed in Section 2.1.2 and equals toE [Y jX = 0]. In other

words, we can interpret � 0 as our expectation about the log-odds in absence of information provided by

the predictors [James et al., 2013].

In practice, the set of model parameters� is unknown to us and has to be estimated. One way of

doing that is to �nd the set of estimated parameters �̂ that maximises the likelihood function of our

sample. Such approach is calledmaximum likelihood estimation (MLE). More formally, suppose we

have collected a sample of sizen. Let y1; y2; : : : ; yn be the observed values of the corresponding random

variables Yi ; i = 1 ; : : : ; n. Since we only consider the discrete case in this thesis, the joint distribution of

Yi is given by a probability mass function (pmf) p(y1; y2; : : : ; yn ). Assuming the probability distribution

of the observationsyi can be model by some unknown parameters� , we specify the likelihood function

of our observation as

L (� jy1; y2; : : : ; yn ) = p(� jy1; y2; : : : ; yn )

= p(� jy1) p(� jy2) : : : p (� jyn )

=
nY

i =1

p(� jyn ) : (2.15)

Thus, the likelihood function, if formulated as above, provides us with the probability or likelihood

of observing the eventsf Yi = yi g, given the values of � [Wackerly et al., 2008]. That is to say, the

most reasonable value { the best estimate { of the unknown parameter� is the one that maximises the

probability of observing the same eventsf Yi = yi g as in our sample [Friedman et al., 2009]

�̂ MLE = arg max
�

Pr
�

Observing the eventsf Yi = yi g
�

:

We consider the case withh predictors as in Section 2.1.3. Letx i = ( x i 0; x i 1; : : : ; x ih ) be a vector of

observed values of theh inputs in i th sample observation. Then the (conditional) likelihood function for

sample observations (Yi = yi jx i ) � Bernoulli (pi ), where pi = p(x i ), is

L (� jyi ) =
nY

i =1

p(x i ; � )yi (1 � p(x i ; � ))1� yi : (2.16)

Instead of maximising Eq.(2.16) directly, it is usually easier to maximise the logarithm of it, the

log-likelihood function. The log-likelihood function ` (� jyi ) has the same global maximum as the original

function while still depends on � , as shown in Eq.(2.17) below [Friedman et al., 2009; Greene, 2018]

`(� jyi ) =
nX

i =1

yi logp(x i ; � ) +
nX

i =1

(1 � yi ) log(1 � p(x i ; � )) : (2.17)

As followed from Eq.(2.10) and the fact that 1 � p(X ; � ) = 1 =[1 + exp( � T X )], the log-likelihood for
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the logistic regression model is equal to

`(� jyi ) =
nX

i =1

h
yi � T x i � log

�
1 + exp

�
� T x i

�� i
: (2.18)

To �nd the set of �̂ MLE that maximises Eq.(2.18), we derive the partial derivative @(̀� )
@� and set it

equal to 0, that is [Agresti, 2012]

@(̀� )
@�

=
nX

i =1

x i yi �
nX

i =1

x i
exp

�
� T x i

�

1 + exp ( � T x i )
= 0 (2.19)

The Eq.(2.19) above has a numerical solution, which can be obtained by using the Newton-Raphson

algorithm, an iterative process for solving non-linear equations. The mathematical details behind the

method are beyond the scope of this study. We therefore refer readers who are interested to the works

of Agresti [2012] and Friedman et al. [2009] for further reading.

2.2.3 LR from the perspective of Generalised Linear Models (GLM)

The logistic regression model discussed previously is, in fact, a special case of thegeneralised linear

models (GLM). The GLM has three essential parts: 1) random component, 2) linear predictor, and

3) link function. LR di�ers from the other members of the GLM family, such as linear regression and

Poisson regression, in the distribution of the random component and the link function { a function that

connects the random component to the linear predictor [Agresti, 2015].

We begin with de�ning the exponential family distribution, which encompasses some of the well-known

probability distributions such as Gaussian, Poisson, and Bernoulli (or Binomial). Let yi ; i = 1 ; : : : ; n, be

the observed values of the random variableY and assume that the quantity yi , which is also the random

component of a GLM, has the following conditional distribution

f (yi j� i ; � ) = exp
�

yi � i � b(� i )
a(� )

+ c(yi ; � )
�

(2.20)

where � i is the natural parameter7 and � the dispersion or scale parameter. In addition, the quantity

c(yi ; � ) is a normalising constant and a(�) and b(�) are some functions of the parameters� and � i ,

respectively. By choosing certain combination ofa(�) and b(�), we can rewrite Eq.(2.20) into the pmf or

pdf of di�erent distributions [Agresti, 2015]. The quantities b(� i ) and a(� ) are also essential to the GLM

in the sense that they determine the expected value and variance of the random component, that is

E [Yi ] = b0(� i ) (2.21)

Var ( Yi ) = b00(� i ) a (� ) : (2.22)

In GLM, we assume the observed values of inputsx i = ( x i 0; x i 1; : : : ; x ih ) relate to the expected value

of random component,E [Yi ] = � i , through a link function g(�) such that

g(� i ) = � i (2.23)

where the quantity � i is called the linear predictor and is de�ned in a similar way as the linear function

7Note that � i is indexed here, that is because this parameter is observation speci�c in GLM setting. In other words, it
can be expressed as a function of the observed inputs� i = � (x i )[Agresti, 2012].
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in Eq.(2.5), i.e. as the linear combination of the unknown parameterswj and their related predictors X j

� i =
hX

j =1

wj x ij (2.24)

wherex ij is the observed values for predictorsX j ; j = 1 ; : : : ; h. Eq.(2.23) also suggests that the functions

used in linear models { such assigm(�) mentioned above { are equivalent to the inverse of the link function

g� 1(�), which maps the values of a linear combination of inputs and model parameters to the expected

response [Agresti, 2015].

As a member of the exponential family, the pmf of a Bernoulli distributed random variable can

be easily transformed into the format speci�ed in Eq.(2.20). Suppose that we have a sample which

(Yi = yi jx i ) � Bernoulli (pi ) with the pmf de�ned as

f (yi ; pi ) = pyi
i (1 � pi )1� yi (2.25)

which is the same as

f (yi ; pi ) = exp (log f (yi ; pi ))

= exp ( yi logpi + (1 � yi ) log (1 � pi ))

= exp
�

yi log
�

pi

1 � pi

�
+ log (1 � pi )

�
: (2.26)

The equation above is the same as Eq.(2.20) witha(� ) = 1, c(yi ; � ) = 1 and natural parameter �

and the function b(� ) take the following form

� i = log
�

pi

1 � pi

�
(2.27)

b(� i ) = � log (1 � pi ) = � log
�

1 �
exp (� i )

1 + exp ( � i )

�

= log (1 + exp ( � i )) : (2.28)

In addition, as followed from Eq. (2.21) and (2.22) above, we have

� i =
exp (� i )

1 + exp ( � i )
= pi (2.29)

Var [Yi ] =
exp(� i )

(1 + exp( � i ))
2 = pi (1 � pi ) (2.30)

As mentioned previously, the logistic regression model is linear in log-odds, meaning that the linear

predictor � i = logit (pi ). Hence, using the result of Eq.(2.29), we can de�ne the link functiong(�) as

g(� i ) = � i = log
�

pi

1 � pi

�
= � i (2.31)

The link function de�ned above is also called thelogit link . In other words, the LR is equivalent to a

GLM that uses logit link to model a Bernoulli distributed random component. As a sidenote, Eq.(2.31)

also indicates that the logit link is also a canonical link, i.e. a link function g(�) that transform the mean

� i to the natural parameter � i [Agresti, 2015].
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2.2.4 Classi�cation using LR

Concepts such as linear predictor and link function discussed in the previous section are closely related

to the latent variable model for the classi�cation of binary responses. In such model, we assume that

there is an unobserved continuous responsey�
i that for each observation i = 1 ; : : : ; n satis�es [Agresti,

2015]

y�
i =

hX

j =1

wj x ij + � i = � i + � i (2.32)

where � i is the linear predictor, while � i is the error term (or bias) described in Eq.(2.1) and has a

distribution with zero mean and the cumulative distribution function (cdf) F� . By imposing a threshold

� as decision rule, we can construct a linear classi�er with the following formulation

yi =

(
1 if y� > �

0 if y� � �
(2.33)

Figure 2.3: Data of size n = 50 simulated from a logistic model; Blue dots are the original values; Red dots are
the predicted values; Black solid line is the decision boundary with the threshold set tôp = sigm(X ; �̂ ) = 0 :5, or
equivalently, � = 0 .

Graphically, imposing � means that we are drawing a vertical decision boundary at the point that

y� = � . We then classify observations to the left of this line as 0 and those to the right as 1 [Murphy,

2012], as shown in Figure 2.3. The choice of the threshold� is arbitrary. One common approach is to

set the predicted probability cut-o�, p̂0, to 0.5. In the case of LR, this is equivalent to setting � = 0.

Another common approach is to setp̂0 = �y, i.e. the fraction of 1 in the data [Agresti, 2015]. In the

following chapters of this thesis, the term �y is also referred asrarity .

Meanwhile, the classi�er in Eq.(2.33) connects to the probability model p(x i ) = Pr( yi = 1 jx i ) in the
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sense that

Pr(yi = 1 jx i ) = Pr( y�
i > � jx i ) = Pr ( � i + � i > � jx i )

= 1 � Pr ( � i � � � � i jx i )

= 1 � F� (� � � i jx i )

= 1 � F�

0

@� �
hX

j =1

wj x ij

�
�
�
�x i

1

A : (2.34)

Since the choice of� is arbitrary, this quantity is unrelated to our observed data. The result does not

lose its generality if we set� = 0. Meanwhile, becauseF (z) = 1 � F (� z), as followed from the de�nition

of cdf, we have [Agresti, 2015]

Pr(yi = 1) = F�

0

@
hX

j =1

wj x ij

1

A ; and F � 1
�

�
Pr (yi = 1)

�
=

hX

j =1

wj x ij = � i : (2.35)

This shows that the inverse of the cdfF � 1
� returns the linear predictor � i , making it equivalent to the

link function g(�) described in previous section. Hence, the latent variable model for classi�cation can be

treated as a version of GLM. And LR is the case whenF� is the cdf of the standard logistic distribution ,

that is

F� (z) =
ez

1 + ez = sigm(z); and F � 1
� (z) = g(z) = logit (z): (2.36)

Followed from the result above, we can obtain the pdf of the standard logistic distribution asf (z) =

ez=(1 + ez)2. As Figure 2.4 shows, the logistic density is symmetry. Hence, one important feature of the

LR is that, following a change in the inputs x i , the probability pi approaches to 1at the same rateas it

approaches to 0 [Agresti, 2015].

Figure 2.4: Probability density of standard logistic distribution
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2.3 Support Vector Machine (SVM)

2.3.1 Classi�cation using a separating hyperplane

In this section, we discuss the classi�cation method that uses aseparating hyperplaneas decision bound-

ary. The hyperplane is de�ned as a 
at a�ne subspace of dimension p � 1 in a p-dimensional space. In

other words, if we have a plane (i.e.,R2), then the hyperplane is a straight line (i.e., R1) that not neces-

sarily passes through the origin [James et al., 2013]. The concept of a separating hyperplane is essential

to the support vector machines (SVM). Although the approach of using a hyperplane for classi�cation

might be seen completely di�erent from the previously mentioned LR at �rst glance, these two methods

are { as shown in the following sections { closely related in many aspects.

Suppose that we have a training data setS consisting n ordered pairs (x1; y1); (x2; y2); : : : ; (xn ; yn ),

where the dimension of the feature spacesx i is equal to the number of predictors h. Assume that

our data S is linearly separable, that is to say, there exists at least one separating hyperplane that

perfectly separates the training observations (i.e., classi�cation with zero error). We can then model such

separating hyperplane using a linear function similar to Eq.(2.5), hence de�ninga separating hyperplane

with respect to training set S by the following equation [Cristianini & Shawe-Taylor, 2000; Friedman et

al., 2009]

f (x ; W; b) = hW; xi + b =
hX

j =1

wj x ij + b = 0 : (2.37)

The equation above means that the separating hyperplane is basically a set of data pointsx i on

the feature space whose linear combination { de�ned by the parameters (W; b) { equals to zero. Hence

we can denote a separating hyperplane by the set of parameters (W; b) that de�nes it. From here we

can see that the de�nition of separating hyperplanes is similar to the model formulation of LR shown

in Eq.(2.14), although the inference of parameters (W; b) in the former case has a more geometrical

nature: the weight vector W = ( w1; : : : ; wh) is a direction orthogonal to the hyperplane and the bias

parameter b is a vector controlling the distance between the hyperplane and the origin, i.e. it has the

ability of making parallel "shift" in the hyperplane [Murphy, 2012]. In addition, since the hyperplane

is formulated as an equation that equals to zero, it would be convenient to rede�ne our binary outcome

variable as yi 2 f� 1; 1g [James et al., 2013]. Note that despite change in notation, the binary outcome

de�ned as yi 2 f� 1; 1g is not di�erent from the one de�ned as f 0; 1g, since the value of these numbers

has no real meaning { it is merely a label created to distinguish between two classes. With that said,

we can construct a classi�er based upon a separating hyperplane as follows [Wasserman, 2004]

sgn(z) =

8
><

>:

� 1 if z < 0

0 if z = 0

1 if z > 0

(2.38)

where sgn(�) is the sign function and z = f (x; W; b) =
P h

j =1 wj x ij + b corresponds to the latent variable

y� in Eq.(2.33) above.

The classi�er de�ned in Eq.(2.38) works as followed: the separation hyperplanef (x ; W; b) = 0 divides

the feature space in one positive side and one negative side, so for a new observationx � whose linear

combination f (x � ) > 0, we classify it to the positive side of the feature space; iff (x � ) < 0, we classify it

to the negative side. This is also the reason why sgn(�) is used. In addition, we can use themagnitude

of f (x i ; W; b) as a measure for the con�dence we have for our classi�cation. Iff (x � � 0), i.e this new

observation lies far away from the separating hyperplane, then we say that we are "con�dent" about
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that our classi�cation is correct [James et al., 2013].

(a) Maximum margin classi�er, separable case (b) Support vector classi�er, overlapping classes

Figure 2.5: Illustration of separating hyperplane, geometric margin and slack variable. In sub�gures (a) and (b),
the solid line is the separating hyperplanef (x i ; W; b); the black arrows are the geometric margins
 ; the �lled-in
points/triangles are the support vectors. The red arrows in sub�gure (b) are the slack variables� .

Since there might exist more than one (or inde�nitely many) separating hyperplanes for a given

linearly separable data set, as sub�gure 2.5a shows, we have to �nd a way to determine which of these

hyperplane is the best one. It reveals that the choice of the optimal hyperplane is closely related to

the magnitude of f (x i ; W; b) we discussed previously. Note that Eq.(2.38) implies that an input in the

samplex i is assign to the correct class if and only if its linear combinationf (x i ; W; b) has the same sign

as yi . In other words, for a given training set S, we want to ensure that [Friedman et al., 2009]

yi f (x i ; W; b) > 0; 8i = 1 ; : : : ; n: (2.39)

The quantity yi f (x i ; W; b) in the constraint above is also known as thefunctional margin of a hy-

perplane (W; b) with respect to the sample observation(x i ; yi ). We denote such a functional margin as

~
 i , in order to distinguish it with the geometrical margin de�ned in Eq.(2.41). In addition, the func-

tional margin of a hyperplane with respect to the entire training set Sis de�ned as the minimum of the

functional margins across all data points in the sample, that is [Cristianini & Shawe-Taylor, 2000]

~
 = min
i =1 ;:::;n

~
 i (2.40)

As the de�nition above implies, the magnitude of the functional margin for a single observation, ~
 i ,

re
ects the degree of con�dence we have towards our classi�cation of that observation. It is therefore

reasonable to consider ~
 { the functional margin of the observation which we are least con�dent about

its classi�cation { to be the quality measure for our classi�er. Hence, of all possible candidates, the

hyperplane that maximises ~
 must be the optimal one. However, this approach is problematic since

scaling up the parameters (W; b) by some factor k will undoubtedly increase the functional margin, but

the hyperplane in question will remain unchanged because it is de�ned to be an equation equal to zero.

Normalisation of the parameters (W; b) is therefore needed. This leads us to thegeometric margin of a
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hyperplane(W; b) with respect to the sample observation(x i ; yi ) [Herbrich, 2002]


 i =
yi f (x i ; W; b)

kW k
=

~
 i

kW k
(2.41)

where the norm kW k =
p

hW; W i . As in the case of functional margin, thegeometric margin of (W; b)

with respect to the training set S is


 = min
i =1 ;:::;n


 i : (2.42)

Thus, we are facing the following optimisation problem [Friedman et al., 2009]

max

;W;b


 (2.43)

subject to yi

0

@
hX

j =1

wj x ij + b

1

A � 
; i = 1 ; : : : ; n

kW k = 1 :

In other words, we want to �nd the separating hyperplane that maximises the geometric margin

with respect to our training data, subject to each of the observations having a functional margin at

least the size of the geometric margin. Unfortunately, this optimisation problem is hard to solve, since

the objective function is neither linear nor quadratic. And the constraint kW k = 1, which ensures

the functional margin equals to the geometric margin, is non-convex [Herbrich, 2002]. Luckily, we can

use the de�nition of geometric margin in Eq.(2.41) to eliminate the constraint kW k = 1 and rearrange

Eq.(2.43) above as

max
~
;W;b

~

kW k

(2.44)

subject to yi

0

@
hX

j =1

wj x ij + b

1

A � 
; i = 1 ; : : : ; n:

The objective function above is still non-convex. But we can get rid of this non-convexity by imposing

a scaling constraint ~
 = 1. This is possible because the normkW k ensures that the distance of any point

to the hyperplane will not change after the re-scaling of parameters (W; b) [Murphy, 2012]. As followed

from Eq.(2.41), the geometric margin which we aim to maximise can be expressed as
 = 1=kW k. Since

maximising the quantity 1 =kW k is the same as minimisingkW k2, we have8

min
W;b

1
2

kW k2 (2.45)

subject to yi

0

@
hX

j =1

wj x ij + b

1

A � 1; i = 1 ; : : : ; n:

To solve the (primal) optimisation problem above, we have to �rst transform it to an equivalent dual

problem, using the Lagrange duality, and then perform dual optimisation9. The Lagrange function for

8Note that the quantity 1 =2 is added for the purpose of computational convenience and does not change the optimisation
result [Murphy, 2012]

9Readers are referred to the works of Bishop [2006] and Friedman et al. [2009] for a more detailed description about this
subject.
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the (primal) optimisation problem in Eq.(2.46) is [Friedman et al., 2009]

L P (W; b; � ) =
1
2

kW k2 �
nX

i =1

� i

0

@yi

0

@
hX

j =1

wj x ij + b

1

A � 1

1

A (2.46)

where � i is the Lagrange multiplier. Setting the partial derivatives of the parameters W and b to zero,

we obtain

@L P

@W
= 0 ) W =

nX

i =1

� i yi x i (2.47)

@L P

@b
= 0 ) b =

nX

i =1

� i yi = 0 : (2.48)

By plugging the results above back to the Lagrange function in Eq.(2.46), we can obtain the dual

form (so-called Wolfe dual) which is de�ned by � i only

L D (� ) =
nX

i =1

� i �
1
2

nX

i =1

nX

k=1

� i � kyi ykxT
i xk : (2.49)

Note that the quantity xT
i xk = hx i ; xk i , i.e. the inner product of two training observations. Finally,

we have the following dual optimisation problem

max
�

nX

i =1

� i �
1
2

nX

i =1

nX

k=1

� i � kyi yk hx i ; xk i (2.50)

subject to � i � 0 and b =
nX

i =1

� i yi = 0

i = 1 ; : : : ; n:

In other words, we �rst �nd the Lagrange multiplier � that maximises the objective function L D (� ),

then use this � to compute the optimal set of parameters (W; b), thereby also the optimal separating

hyperplane. The solution of the optimisation problem in Eq.(2.50) can be obtained by implementing the

sequential minimal optimisation algorithm (SMO) developed by Platt [1998]. In addition, this solution

must also satisfy the Karush-Kuhn-Tucker conditions, in which the following constraint is included

[Friedman et al., 2009]

� i

0

@yi

0

@
hX

j =1

wj x ij + b

1

A � 1

1

A = 0 ; 8i: (2.51)

This constraint implies that the optimal hyperplane ( W; b) will only be determined by those training

observationsx i with functional margin ~
 i = 1. Such observations are calledsupport vectors. Observations

that are not support vectors will have � i = 0 and hence can not in
uence our choice of the optimal set

of (W; b) [Friedman et al., 2009].

Once we have solved the dual optimisation problem, we obtain a separating hyperplane de�ned as
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the following, using the relationship betweenW and � i stated in Eq.(2.47)

f̂ (x ; Ŵ ; b̂) =
D

Ŵ ; x
E

+ b̂ =

*
nX

i =1

� i yi x i ; x

+

+ b̂

=
nX

i =1

� i yi hx i ; x i + b̂ = 0 (2.52)

which leads us to themaximum margin classi�er de�ned by parameters (Ŵ ; b̂). In practice, however, it

is nearly impossible to obtain such classi�er. This is because real world data usually contain overlapping

classes and hence are not linearly separable. In order to still use separating hyperplanes for classi�cation

in such cases, we have to make some compromises and allow some of the observations to be at the wrong

side of the decision boundary. This leads us to thesoft margin and hencesupport vector classi�er [James

et al., 2013].

2.3.2 Soft margin and support vector classi�er

As mentioned previously, the maximum margin classi�er can only apply to data that are linearly separa-

ble10. To extend its application to data with overlapping classes, we have to allow some observations to

have ~
 < 1 and perhaps even violate the constraint in Eq.(2.39). With such relaxations, the optimisation

problem in Eq.(2.45) becomes

min
W;b;� 1 ;:::;� n

1
2

kW k2 + C
nX

i =1

� i (2.53)

subject to yi

0

@
hX

j =1

wj x ij + b

1

A � 1 � � i ; i = 1 ; : : : ; n

� i � 0; i = 1 ; : : : ; n

where the quantity � i in the objective function is called the slack variableand the constant C is a pre-

speci�ed, non-negative tuning parameter [James et al., 2013]. The size of the slack variable� i determines

whether an observation is misclassi�ed: if 0< � i < 1, then the observation are still at the correct side

of the decision boundary even if it has a functional margin less than 1; if� i > 1, then the observation

appears at the wrong side of decision boundary. For this reason, the sum
P n

i =1 � i sets the upper bound

on the number of misclassi�cations. And the constraint that includes the slack variable,yi f (x i ) � 1� � i ,

is called the soft margin constraint [Murphy, 2012]. Meanwhile, the tuning parameter C controls the

trade-o� between the goal of maximising the margin (i.e., minimising kW k2) and minimising training

errors
P n

i =1 � i [Bishop, 2006]. Violations are less tolerated whenC is small, meaning that we �t the

training data closely and it will result in a model that has low bias but large variance. On the contrary,

large value of C means that we allow more violations to the margin, making the �tting procedure less

hard and resulting in a model of low variance and high bias [James et al., 2013]. Hence, the tuning

parameter C is closely connected with thebias-variance trade-o�. For this reason, we usually usek-fold

cross validation to choose the optimal value ofC [Friedman et al., 2009].

As in the case of the maximal margin classi�er, the optimisation problem above can also be rewritten

to dual form using Lagrange function[Friedman et al., 2009]. The dual optimisation problem using soft

margin is expressed as
10 More speci�cally, if the training set is not linearly separable, then the algorithm that we use to compute such separating

hyperplane { the perceptron algorithm developed by Rosenblatt [1958] { will not converge.
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max
�

nX

i =1

� i �
1
2

nX

i =1

nX

k=1

� i � kyi yk hx i ; xk i (2.54)

subject to 0 � � i � C and b =
nX

i =1

� i yi = 0

i = 1 ; : : : ; n:

And the constraint de�ned in Eq.(2.51) became

� i

0

@yi

0

@
hX

j =1

wj x ij + b

1

A � (1 � � i )

1

A = 0 ; 8i: (2.55)

Hence, the support vectors in the linearly non-separable case are de�ned to be those that satisfy

yi

0

@
hX

j =1

wj x ij + b

1

A � (1 � � i ) � 0; 8i (2.56)

These support vectors de�ne the separating hyperplane (̂W ; b̂). And the classi�er based on this

hyperplane are calledsupport vector classi�er. Sub�gure 2.5b shows an illustration of the relationship

between the hyperplane (Ŵ ; b̂), the slack variable � i and the support vectors. We can see that some of

the support vectors are lying on the line where ~
 = 1 (i.e., � i = 0) with its Lagrange multiplier falling in

the interval 0 < � i < C . Those support vectors that are inside the functional margin (i.e., � i > 0) are

all characterised by � i = C [Friedman et al., 2009].

2.3.3 Extension to non-linear cases using kernels

Like the maximum margin classi�er, the support vector classi�er described in the previous section is

a linear classi�er. For this reason, the support vector classi�er is most suitable for data in which the

relationship between the response and the predictors is { or assumed to be { linear. In general, linear

classi�ers perform poorly in non-linear relationships, where the decision boundary could be polynomial

or circular. If we still want to use the linear classi�er to model non-linear relationships, what we can do

is to enlarge our data to a higher dimension. One (informal) way of doing that is to add quadratic or

cubic terms to our linear model [James et al., 2013].

More formally, we introduce some function� (�) that maps the data points in our sample to a higher

dimension. Since the the non-linear relationship will become linear in the higher dimension, we can apply

our intended linear classi�er in the enlarged feature space and compute the decision boundary. After

this is completed, we map the result back to the original feature space [James et al., 2013]. Transforming

the training set to a higher dimension using� (�) implies that Eq.(2.49), the objective function for the

dual optimisation problem, becomes

L D (� ) =
nX

i =1

� i �
1
2

nX

i =1

nX

k=1

� i � kyi yk h� (x i ); � (xk )i (2.57)
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and the solution function f̂ (x ; Ŵ ; b̂) in Eq.(2.52) becomes

f̂ (x ; Ŵ ; b̂) =
D

Ŵ ; � (x)
E

+ b̂

=
nX

i =1

� i yi h� (x i ); � (x)i + b̂: (2.58)

Although the solution above can lead us to an non-linear decision boundary, the inner product

h� (x i ); � (x)i will be very di�cult to compute explicitly. As the number of predictors increases, the

dimension of the feature space will also increase. In the end, we might have to deal with an feature space

of in�nite dimension [Friedman et al., 2009]. The solution to this dimensional problem is the so-called

kernel trick, which allows us to replace theh� (x i ); � (x)i with a kernel K (x i ; x), making the computation

more comprehensible for us [Murphy, 2012].

More formally, a kernel or kernel function is de�ned as a function K that takes two arguments

x; x0 2 X , where X is some input space, and mapsX � X ! R satisfying the following condition11

K
�
x; x0� ,



� (x); � (x0)

�
: (2.59)

In the most cases, the kernel function is symmetric (i.e.,K (x; x0) = K (x0; x) and non-negative

[Murphy, 2012]. Furthermore, in order to be a valid kernel, the mapping K (�; �) must also satisfy the

requirement that its corresponding kernel matrix (so-calledGram matrix ), de�ned as

K =

2

6
6
4

K (x1; x1) � � � K (xn ; x1)
...

. . .
...

K (x1; xn ) � � � K (xn ; xn )

3

7
7
5

must be positive semi-de�nite for all sets of inputs x i ; i = 1 ; : : : ; n. Those K (�; �) that ful�ll this re-

quirement are also calledMercer kernel [Murphy, 2012]. One of the most popular mercer kernel is the

Gaussian kernel, de�ned as

K
�
x; x0� = exp

�
�

kx � x0k2

2� 2

�
: (2.60)

In addition to that, polynomial kernels and hyperbolic tangent (Sigmoid) kernel12 are also commonly

used [Bishop, 2006; Friedman et al., 2009]

d-th Degree polynomial kernel: K
�
x; x0� = (1 + hx i ; x i )d (2.61)

Sigmoid kernel: K
�
x; x0� = tanh( a hx i ; x i + b): (2.62)

Because of the space limit, I will not describe these kernels in more detail in this thesis. The readers

are therefore referred to the works of Friedman et al. [2009] and Murphy [2012] for a more thorough

description about di�erent kernel functions as well as the proof of their validity.

To sum up, by replacing the inner product component in Eq.(2.58) with some of the valid kernel

11 Note that in from Eq.(2.49) above, we hinted the expression of the Lagrange dual function using inner product. This
is the reason why: the inner product notation creates a natural way for us to incorporate the kernels into our optimisation
problem.

12 Note that the Gram matrix of the Sigmoid kernel is not positive (semi) de�nite. The reason why we still use this kernel
is because it is closely connected to the neural network, an another very popular method in machine learning [Bishop, 2006].
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functions listed above, we can write our solution function as [Friedman et al., 2009]

f̂ (x ; Ŵ ; b̂) =
nX

i =1

� i yi K (x i ; x) + b̂ (2.63)

and classi�ers that are based upon a separating hyperplane de�ned as this equation are calledsupport

vector machines. Note that the use of identity mapping � (x) = x yields K (x i ; x) = hx i ; x i , which will

return the same linear decision boundary speci�ed in Eq.(2.58). Such kernel function are calledlinear

kernel. In practice, the linear kernel is useful when our original data is already high dimensional and

hence the data is linearly separable in this high dimensional feature space, or when we want to compare

the SVM output generated from di�erent kernel functions. In the latter case, the SVM output from

linear kernel can serve as a reference point [Bishop, 2006; Murphy, 2012].

2.3.4 Obtaining calibrated probabilistic outputs for SVM

As indicated in Eq.(2.38), for a new observationx � , the SVM classi�er will �rst return the value of

linear combination f (x � ) { a real number that is proportional to the distance of x � to the separating

hyperplane { and then assignx � to one of the two classes based on the sign off (x � ) [James et al.,

2013; Pedregosa et al., 2020b]. This means that the SVM classi�er, unlike LR, does not produce any

probabilistic outputs [Murphy, 2012; Tipping, 2001]. In addition, recall that the weights W is interpreted

as a vector orthogonal to the separating hyperplane. Hence, the coe�cients of estimated parameters

(Ŵ ; b̂) that de�ne the decision boundary can not be interpreted in the same way as the coe�cients of a

logistic model. The lack of probabilistic output is regarded as one of the major drawbacks of SVM, since

a probability model expresses the uncertainty (or con�dence) in the prediction and hence is essential to

real-world classi�cation tasks, especially those that involve asymmetric misclassi�cation cost and varying

class proportions13 [Tipping, 2001].

Luckily, there are methods that we can use to obtain probabilistic outputs from SVM. The simplest

way of doing that is to map the SVM outputs into the range [0; 1] using the following normalisation

formula [Niculescu-Mizil & Caruana, 2005]

p̂i =
si � smin

smax � smin
(2.64)

where si = f̂ (x i ; Ŵ ; b̂) denotes the score predicted by a SVM classi�er for the observationx i in the

data set and is proportional to the distance betweenx i and the seperating hyperplane. Under the

assumption that we can interpret the SVM scores as probabilities14, the normalisation above would give

us the posterior probabilities for SVM. However, such "probabilities" are often considered asuncalibrated.

According to Kull et al. [2017], a probability model for classi�cation is considered aswell-calibrated if

its probabilistic predictions for a certain class match the observed distribution of that class in the data.

More formally, let s(�) denote the scoring function of a classi�er and s(x) = s the score produced by

this scoring function15 for each of the observations. To keep things simple, we restrict ourselves to the

binary classi�cation case and the case wheres 2 [0; 1]. In this setting, the classi�er is considered as

13 i.e., imbalanced data and rare events, which is the subject of this thesis.
14 This assumption might be doubtful since the argmax of the SVM scores is not always the same as argmax of the

probabilities. In other words, the fact that a outcome receives the highest score, smax , does not necessarily imply that this
outcome would have p̂ = 1 [Pedregosa et al., 2020b].

15 For instance, s(x ) = sigm(x ; �̂ ) for LR and s(x ) = f̂ (x ; Ŵ ; b̂) for SVM. To avoid confusion, I will henceforth use the
term s(x ) to denote the scores produced by an arbitrary classi�er, while the term f̂ (x ) refers speci�cally to the scores
produced by a SVM.
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well-calibrated if the conditional probability Pr ( y = 1 js (x) = s) converges to the scoress (x) = s, as the

number of observations classi�ed approaches in�nity [Zadrozny & Elkan, 2002]. In other words, if the

classi�er gives the scores (x) = 0 :8 to a number of observations, then approximately 80 percent of these

observations should belong to the classy = 1 [Kull et al., 2017; Zadrozny & Elkan, 2002].

The probability calibration of di�erent classi�ers can be visualised with reliability diagrams, also

known ascalibration curves. With the predicted probabilities for the positive class on its x-axis and the

observed frequency of the actual positive cases given the predictions on itsy-axis, the reliability diagram

illustrates how close a classi�er's probability predictions are to the actual probabilities observed in the

data [Fern�andez et al., 2018; Prati et al., 2011]. Note that the variables on the reliability diagram's x

and y-axis correspond to the scores(x) and the conditional probability Pr ( y = 1 js (x) = s), respectively,

as mentioned above. For this reason, the convergence of Pr (y = 1 js (x) = s) and s (x) = s { hence also

the ideal reliable prediction { is represented by an upward diagonal line [Prati et al., 2011]. To plot the

reliability diagram for a certain classi�er, one must �rst discretise the predicted probabilities into bins 16

and then for each bins compute the mean predicted value. Plotting these values against the true faction

of the positive cases in each of the bins yields the calibration curve of the evaluated classi�er [Fern�andez

et al., 2018; Niculescu-Mizil & Caruana, 2005].

Figure 2.6 shows two reliability diagrams, which illustrate the out-of-sample performance of a linear

SVM trained on synthesised datasets. As shown in sub�gure 2.6a, the purple line, which represents the

probabilistic predictions computed via the normalisation formula in Eq.(2.64), does not converge to the

diagonal line of the reliability diagram. This is more clear in the case of imbalanced classes. As shown

in sub�gure 2.6b, the entire purple line is under the diagonal line, indicating a poor agreement between

uncalibrated probabilities and their mean observed frequencies.

In both sub�gures, the red line representing the calibrated probabilities shows a better convergence

to the diagonal line than does the purple line. To produce calibrated probabilities, we generally apply a

calibration function (or a calibrator ) to the scoress(x) so that it returns a set of calibrated probability

between 0 and 1 [Kull et al., 2017; Pedregosa et al., 2020a]. The calibrated probabilities in sub�gures 2.6a

and 2.6b were generated by a calibration method calledPlatt scaling, which uses the sigmoid function

as the calibrator. For this reason, the Platt scaling is also calledlogistic calibration [Kull et al., 2017;

Pedregosa et al., 2020b]. Platt scaling was originally introduced as a method for obtaining probabilistic

outputs from SVM. The intuition behind Platt scaling is to interpret the SVM scores as the log-odds

de�ned in Eq.(2.14) and thereafter map the scores into probabilities using the following sigmoid function

[Murphy, 2012; Platt, 2000]

Pr(y = 1 jf̂ (x)) =
1

1 + exp(Af̂ (x) + B )
(2.65)

where f̂ (x) is the output of SVM, while A and B are parameters to the sigmoid function. According

16 The convention is to discretise the predicted probabilities into 10 bins, that is, the observations with scores (or predicted
probabilities) 0 � s < 0:1 form the �rst bin, and those with scores 0 :1 � s < 0:2 form the second bin, and so on [Fern�andez
et al., 2018; Niculescu-Mizil & Caruana, 2005]. The reliability diagrams in this study, however, depart from this convention
and were plotted on the basis of di�erent numbers of bins. There are two reasons for that: 1) the evalm() function from
the MLeval package, the function I used to generate reliability plots, does not support the discretisation I mentioned above
and is only able to divide scores into evenly sized bins; and 2) data sets used in this study are mainly data with imbalanced
classes, meaning that the probabilities predicted by the classi�ers included in this study would be concentrated below 0.5
(more about this in the following chapters). The second reason also implies that the calibration curve of a classi�er trained
on imbalanced data would be relatively "short". Therefore, discretising such predicted probabilities with 10 bins would
result in a short calibration curve that 
uctuate largely between 0 and 1. Such reliability diagram is misleading in my
opinion. And to avoid this outcome, I used less than 10 bins to plot the reliability diagrams for classi�ers trained on
imbalanced data.
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to Niculescu-Mizil & Caruana [2005] and Kull et al. [2017], the sigmoid transformation above can also

be applied to other classi�ers, such as boosted trees and Naive Bayes. In such cases, the term̂f (x) in

Eq.(2.65) above will be replaced with scoress (x) that correspond to the outputs of these classi�ers. In

addition, Kull et al. [2017] has also shown that the sigmoid function is exactly the right calibrator to

use, assuming that the scores produced by a classi�er are Gaussian distributed within each class around

the class means and with equal variance.

(a) Reliability diagram of a linear SVM classi�er (balanced data)

(b) Reliability diagram of a linear SVM classi�er (imbalanced data)

Figure 2.6: Reliability diagrams showing the out-of-sample performance of a linear SVM. In both sub�gures (a) and
(b), the purple line is the uncalibrated probabilistic predictions computed by normalising the scores of the linear
SVM, while the red line is the calibrated probabilistic predictions produced by Platt scaling. The datasets used
to obtain the diagrams were both simulated from a logistic model. The only thing that these two simulated data
sets di�er is the balance of classes: in sub�gure (a), the data set used has 50 percent of its observations belong
to the positive class; in sub�gure (b), only 25 percent of the observations in the data set are positive instances.
Additionally, both datasets contains 500 observations, but they both were split to a training and a test set using
the 50:50 ratio.

In practice, using Platt scaling to obtain probabilistic outputs from SVM means that we �rst train

a SVM for our data, and then �t the sigmoid function de�ned in Eq.(2.65) to the SVM output. More

formally, let f̂ i = f̂ (x i ) denote the SVM outputs, which together with the outcomes yi in the data on

which the SVM is trained form the training set ( f̂ i ; yi ). Note that the outcome variable in this training

set is still labelled as yi 2 f� 1; 1g. Because our objective is to obtain probabilities, we replace the
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outcome variableyi with a variable for target probabilities, t i , which de�ned as [Platt, 2000]

t i =
yi + 1

2
: (2.66)

It is not di�cult to show that t i = 1 when yi = 1 and t i = 0 when yi = � 1. We can therefore proceed

to de�ne a new training set ( f̂ i ; t i ), from which we �nd the logistic parameters A and B in Eq.(2.65)

above using MLE. More speci�cally, we �nd the value of A and B that minimise the following function,

which is the negative log likelihood of the training set (f̂ i ; t i ) [Niculescu-Mizil & Caruana, 2005; Platt,

2000]

arg min
A;B

 

�
X

i

t i log(pi ) + (1 � t i ) log(1 � pi )

!

(2.67)

where

pi =
1

1 + exp(Af̂ i + B )
: (2.68)

Note that the parameters A and B in the equation above must be estimated in a separate validation

set. Since if we estimate (A; B ) in the same data set we used to train the SVM, we will have a severe

over�tting problem [Murphy, 2012; Platt, 2000]. The solution suggested by Platt [2000] is to apply a k-

fold cross-validation in the training set17. In particular, we �rst split the training data into k evenly sized

folds and then keep the �rst fold for validation of the SVM scores f̂ i (i.e., to evaluate the classi�cation

performance of the classi�er), while train the SVM on the remaining k � 1 folds. After repeating this

procedure k times so that each of the k folds had been treated as validation set once, we form the

training set ( f̂ i ; t i ) for the estimation of parameters (A; B ) by calculating the union of the k sets of f̂ i

[James et al., 2013; Platt, 2000]. As a sidenote, it is also worth to point out that we must haveA < 0 to

guarantee that Eq.(2.65) is a monotonically non-decreasing function. This means that we also assume

the observations with higher SVM scores have a higher probability of belonging to the positive class

[Kull et al., 2017; Platt, 2000].

However, as a method of obtaining calibrated posterior probabilities from SVM, Platt scaling does

have some drawbacks. Firstly, according to Niculescu-Mizil & Caruana [2005], Platt scaling is most

e�ective when the distortion in the predicted probabilities 18 have a shape similar to the sigmoid function.

If this is not the case, such as the uncalibrated probabilities shown in sub�gure 2.6a, the improvements

provided by Platt scaling will be minimal. Furthermore, if the shape of the uncalibrated probabilities

di�er considerably from that of the sigmoid, the Platt scaling might even produce a set of "calibrated"

probabilities that are more ill-�tted to the true probabilities than the uncalibrated one [Kull et al., 2017].

Secondly, as mentioned above, the sigmoid function is the right calibrator to use if the scores within

each class are Gaussian distributed with equal variance19. This would imply that Platt scaling might

deliver suboptimal probabilities if the SVM was trained on imbalanced data { a circumstance where

the assumption of equal variance is violated [Kull et al., 2017; Pedregosa et al., 2020a]. As shown in

sub�gure 2.6b, the Platt scaling had failed to provide probability estimates above the 0.5 level.

Thirdly, according to Tipping [2001], Platt's transformation of SVM score could also be poorly

calibrated because there are nothing in the SVM that could justify the interpretation of the SVM scores

17 Platt [2000] sets the number of folds to k = 3 in his article about Platt scaling.
18 That is, the error between the uncalibrated probability estimates and the fraction of positive instances observed in the

test set.
19 Or at least in those cases where the ratio of scores distribution on the positive class to that on the negative class

"behaves similarly to the ratio of Gaussians with equal variance" [Kull et al., 2017, p.5058].
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as log-odds. For this reason, Tipping [2001] developed therelevance vector machine(RVM), a method

based on Bayesian learning framework and has same functional form as SVM. In other words, the RVM

can be treated as a Bayesian treatment of Eq.(2.63). According to Xu et al. [2007], the RVM not only

produces probabilistic outputs, but also has nearly equal training e�ciency and classi�cation accuracy

as the SVM. Since the RVM involves Bayesian statistics, which is out of the scope of this thesis, I will

only use the Platt scaling to obtain probabilistic outputs for SVM.
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Chapter 3

Rare events bias

In statistical literature, the term rare events refers to those binary random variables that the outcome

Y = 1 occurs much less frequent thanY = 0. In other words, the binary data is heavily skewed towards

one class { the class ofY = 0 or non-events [King & Zeng, 2001b]. This type of rareness is also called

relative rareness. There is another type of rareness {absolute rareness{ which is basically a problem

induced by small sample [Van der Paal, 2014]. The small sample problem in binary modelling is presented

when our sample consists fewer than 200 observations. In this case, �tting a logistic model to the data

will yield biased parameter estimates [King & Zeng, 2001b]. Likewise, the presence of rare events can

also cause such biased estimates. We describe thisrare event biasin more detail in the following section.

3.1 Problem description

In order to understand the rare event bias intuitively, consider the following bivariate logistic model

[King & Zeng, 2001b]

Pr
�

Y = 1 jX ; �̂
�

= p̂(X ; �̂ ) =
exp

�
�̂ T X

�

1 + exp
�

�̂ T X
� (3.1)

where �̂ = ( �̂ 0; �̂ 1) is the MLE of the logistic parameter � = ( � 0; � 1). It would be convenient to express

them using the notation of weights and intercept, i.e. �̂ 0 = b̂ and �̂ 1 = ŵ1. We further assume that the

predictor X is positively correlated to the outcome, i.e. w > 0. The conditional densities20 � X jY (X jY =

0) and � X jY (X jY = 1), respectively, will appear in the way illustrated in Figure 3.1 below. Since we

have w > 0, the conditional density � X jY (X jY = 1) is located to the right of � X jY (X jY = 0) 21 [King &

Zeng, 2001b].

In binary classi�cation, the ideal decision boundary should be set somewhere between the the right

tail of the conditional density � X jY (X jY = 0) and the left tail of � X jY (X jY = 1). If rare events are

presented, then the estimation of the conditional density � X jY (X jY = 1) { hence the left tail of it {

would be a di�cult task for the reason that such estimation is based upon only a few observed events. On

the contrary, the estimation of � X jY (X jY = 0) and its right tail would be relatively easy because of the

abundance of non-events. As a consequence, the decision boundary would be set in the vicinity of those

20 For readers that are not familiar with probability theory, the conditional density (or more generally, the conditional
probability distribution ) of X given Y is the probability distribution of X , a continuous random variable, given that we
have observedY = y. A term related to the conditional density is joint probability distribution , which is the probability
distribution of observing a certain pair of values for the random variables X and Y , denoted as � X;Y (X = x; Y = y)
[Wasserman, 2004].

21 This is because X and Y is positively correlated, meaning that increase in X will increase Pr ( Y = 1). Since the
observations are ordered in the X-axis, the conditional density � X j Y (X jY = 1) must be to the right of � X j Y (X jY = 0).
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observed events with largest or second largest value ofX (we can see this phenomenon in both Figure

3.1 and Figure 3.2), causing the probability of event occurrence, Pr (Y = 1 jX ), to be systematically

underestimated22 [King & Zeng, 2001a, 2001b].

Figure 3.1: An illustration of rare event bias. The dotted red line is the conditional density� X jY (X jY = 0) , and
the solid red line is the conditional density� X jY (X jY = 1) ; the blue dots lying on thex-axis are the observations
with outcomes Y = 1 , i.e. events that occurred; the vertical black solid line illustrates the decision boundary in
Figure (3.2)

Regarding the computation of the probability de�ned in Eq.(3.1), the presence of rare events would

result in: 1) that the �̂ = ( ŵ; b̂) become biased estimates of the parameters of the true model� = ( w; b);

and 2) that even if �̂ = ( ŵ; b̂) are unbiased, the probability computed on the basis of such MLE,

Pr(Y = 1 j�̂ ), would still be an inferior estimator of the true Pr ( Y = 1 j� ) [King & Zeng, 2001b].

Figure 3.2: An illustration of rare event bias from another perspective. The blue dots are data of size n=100
simulated from a logistic model; the orange dots are the predicted values generated by �tting a LR to the simulated
data; the solid black line is the decision boundary with the threshold set to� = 0 , or equivalently, sigm(X ; � ) = 0 :5.
The overlap between the data and the predicted values in left bottom corner shows that estimation of� X jY (X jY = 0)
is easier and more accurate than estimation of� X jY (X jY = 1) .

The �rst kind of problem, i.e., the bias in the MLE, can be expressed using the general de�nition of
22 Note that the systematic underestimation of Pr ( Y = 1 jX ) is equivalent to the systematic overestimation of

Pr ( Y = 0 jX ) [King & Zeng, 2001b].
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