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Abstract

We define a point residue for any Artinian -modules via Hermitian free reso-
lutions, generalising the one dimensional residue and the classical multivariate
Grothendieck point residue. We consider various definitions of multiplicity for
such modules and prove a residue formula connecting the algebraic multiplicity
to our residues. Our result can be seen as a generalisation both of the argument
principle and a corresponding result for Grothendieck residues. It is also a spe-
cial case of a recent result for Andersson-Wulcan currents proven by Larkdng and
Waulcan.
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1

Introduction

Consider a function f holomorphic in some neighbourhood of the origin in C.
Suppose also that f~1(0) = {0}. From analytic function theory we know that
there is a decomposition f(z) = z™g(z) where g is holomorphic and g(0) #
0. The exponent m is called the multiplicity of the vanishing point at the origin.
Another usual way of defining this number is by using derivatives: m is the least
positive integer k such that f()(0) # 0. The argument principle connects this
number (via the residue theorem) to a certain integral

_ 1 f'(z)dz

A generalisation of this states that if /1 is another holomorphic function defined
near the origin, then

m-h(O):% / n(z)f 124z (1.1)
e

These types of integrals are sometimes called residue integrals and indeed one
may confirm that m and m - h(0) are the residues of the corresponding integrands.
A consequence of the argument principle is Rouché’s theorem, which states that
a small enough holomorphic perturbation ¢(z) of f near the origin, may move
around the vanishing points of f + € but the total number of zeros near the origin
remain the same. We will see in the next chapter that this kind of stability can
be used to “separate” a multiple root to simple vanishing points counting the
multiplicity.

The starting point for this thesis considers instead a tuple f = (f1,..., fn) : U —
CN of holomorphic functions where U C C" is a neighbourhood of the origin.
We assume that f~1(0) = {0}, so that the origin is an isolated vanishing point of
f. We want to obtain a residue formula generalising the argument principle (1.1).
There is a “canonical” way of achieving this in the case when the tuple has length
N = n, given by the so-called Grothendieck residue of f. The goal of the thesis is to



1. Introduction

recall this construction and cast it in a way that points to a generalisation.

Outline of thesis

In Chapter 2, we begin by recalling various ways of defining the multiplicity for
a tuple f. We also introduce the Grothendieck residue and recall how it is con-
nected to the multiplicity in a formula generalising (I.1). In the third chapter we
exploit some algebro-geometric properties of the tuple f and use these to refor-
mulate the residue in terms of the Koszul complex. Taking this perspective, we
present a proof of the transformation law, which governs the relation between cer-
tain residues. We finish by generalising the approach with Koszul complexes to
define a more general residue in the last chapter and prove a residue formula
further generalising the argument principle.

The material in Chapter 2 & 3 is mostly well-known and classical, but we have
tried to write out some details (mainly in Chapter 2) which are not so explicit
in the literature. The main results of the thesis, found in the last chapter, are
also mostly well-known and concern special cases of some recent results from
the papers [LW18b] & [LW18a] reformulated in more elementary terms. Another
difference from these papers is that we use the Koszul complex and a formula
proven in [Ladr19a] to define our residue “indirectly”, similar to the construction
in [LM18]. The proofs in Chapter 4 are mostly new, though they incorporate
methods and results from the papers [LW18b] & [LW18a] and other sources.

1.1 Preliminaries

We assume the reader is familiar with some complex analysis and very basic
generalisations of this theory to several complex variables, corresponding to e.g.
[Leb19, Ch. 1.1-3]. We will also be using the multi-index convention given in e.g.
[Leb19, p. 12].

The reader is assumed to have some familiarity with commutative algebra and
very basic algebraic geometry, e.g. the undergraduate texts by Reid [Rei95] &
[Rei88]. Throughout, we will consider the local ring & = ,,0) of germs of holo-
morphic functions at a point p € C". The elements of this ring are equivalence
classes of holomorphic functions f defined near p, where two functions are equiv-
alent if they agree on some small neighbourhood of the point. The operations are
then given by the equivalence classes of the pointwise operations on representa-
tives. The unique maximal ideal of & is the ideal generated by the coordinates
m := (21 — p1,...,2n — pPn) and consists of all germs of functions vanishing at
the point. Some of the nice properties of & are a consequence of it being a local
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Noetherian UFD (see e.g. [Leb19, Ch. 6.4]).
In analogy with algebraic geometry, the ideals in & cut out germs of analytic sets
at the point, i.e. sets that near the point are defined by the common vanishing
of a set of generators of the ideal. As usual the set cut out by anideal I C &' is
denoted (V(I), p), where the notation is to remind us that it is the germ of a set
at p. The objects are local, but essentially all basic definitions coincide with those
in algebraic geometry (see e.g. [Leb19, Ch. 6.5] for some of these) so we do not
present them further at this point.
We also assume the reader is somewhat familiar with the basic notions of differ-
ential calculus on manifolds, e.g. differential forms and Stokes” theorem. For a
reference, see e.g. [Tull]. A complex manifold is a manifold that locally is bi-
holomorphic to open sets U C C". We recall the basic sheaves one encounters in
differential calculus on a complex manifold X, namely

i) the sheaf &x of holomorphic functions on X,

ii) and the sheaves &x and & of smooth functions and smooth forms on X.
The sections of these sheaves will be precisely the holomorphic functions, and the
smooth functions and forms, respectively. In general, a sheaf .# assigns (in a
“nice” way) to each open set U C X a set . (U) of sections, which for us will be
a family of holomorphic or smooth mappings or smooth differential forms on U.
For a proper definition and some basic properties one may consult [WelO8], but
the sheaves we mentioned above are the only ones we will work with. To each
sheaf .# and each x € X, we define the stalk .#, of .# at x to be germs of the
sections of .7 at x. So e.g. Ocn ¢ is the local ring &' we have already encountered.
We define a trivial holomorphic vector bundle on X to be a manifold of the form
X x Ck, together with the projection 7w : X X Ck — X (see [Wel08] for a gen-
eral definition). We consider only trivial holomorphic bundles, or bundles (E, 77)
which are trivial after a change of coordinates. A section of a holomorphic bun-
dle E is a holomorphic mapping s : X — E such that rs = idx. For a triv-
ial bundle X x CF, the sections are simply vector valued holomorphic mappings
s : X — X x CFand can hence be identified with holomorphic mappings X — C*.
As one might suspect, there is a connection between certain analytic sheaves and
holomorphic vector bundles. The specific ones we will encounter will be sheaves
of the particularly simple form ﬁ;‘?k . These correspond to trivial vector bundles
X x Ck. Indeed, as already mentioned, for E = X x CX, the sheaf 0x(E) of
E-valued holomorphic sections of X is precisely the sheaf ﬁ;‘?k of holomorphic
mappings with values in C¥. We introduce this here because we will sometimes
switch between viewing the object ﬁ%k as simply a sheaf and as the sheaf O'x(E)
of E-valued sections for a trivial bundle E = X x C¥. We will also consider the
sheaves &x(E) of smooth sections of E, i.e. smooth vector valued mappings in

3
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analogy with 0x(E), and &% (E) = & Qs Ex(E) of smooth E-valued differential
forms.

A bundle morphism from X x CF to X x C’ is simply a choice of linear maps
Ck — €’ at each point x, varying holomorphically with x. Similarly, we spe-
cialise to sheaf morphisms ﬁ;‘?k — ﬁ;‘?g given by linear maps C* — C’ at each
stalk, varying holomorphically with the point. We say that a sequence of analytic
sheaves and morphisms

> F f v S o > (1.2)
is exact at ¢ if the induced sequence on stalks
o fx 8x
> Sy > Gy s> Sy —— - (1.3)

is exact at ¢, for any x € X, that is if im f, = ker gx. A sequence of bundles and
bundle morphisms

s E f>F g>G

(1.4)

N2

is said to be exact if in addition to exactness im f, = ker g, at each fibre all the
fibres are of the same dimension, i.e. f has constant rank. We can therefore find
examples of exact sequences of free analytic sheaves which are not exact when
viewed as holomorphic vector bundles.

We finish this section by saying some things about the metrics and connections on
our bundles. Suppose E = X x CFis a trivial bundle on X. A (global) smooth frame
for E is a choice of smooth sections ¢, ..., & : X — CFsuch that & (x), ..., &(x)
is a basis for CF at all points x € X. We consider the frame ¢, .. ., ¢, given by the
standard basis e1(x) = ey, ...,er(x) = e for Ck. We can define a metric on E via
this frame by taking the standard inner product on C¥. A trivial connection D on
E with respect to the frame {ey, ..., e} is an extension of the exterior derivative
d: & — & to alinear map on E-valued forms & (E) defined by Df = df for
smooth functions f € &x and De; = 0 on the smooth frame for E. Note that a
trivial connection gives a way to extend also the holomorphic and antiholomor-
phic differentials d and 9, since d = 9 + 9. We also note that even though we may
start with a trivial bundle with a trivial connection, there may exist nontrivial
subbundles (i.e. a bundle which is locally a linear subspace) which are not trivial

and where the connection is more complicated.
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Intersection multiplicities

Given a holomorphic mapping f : U — C" defined on a neighbourhood U C C"
of the origin with f~1(0) = {0}, we want to define the multiplicity — or order —
of the vanishing point. There are several approaches to this that generalises the
one-dimensional definition of multiplicity. In this chapter we recall the definition
of the Grothendieck residue of a holomorphic function with respect to f and see
how it is related to different notions of multiplicity via a generalised argument
principle.

At present we only consider C" but all the constructions are local and hold on a
general complex manifold. The type of maps that will be studied in either case
are the equidimensional finite holomorphic mappings.

Definition 2.0.1. A map f : U — V, where U, V are manifolds of the same di-
mension, is called equidimensional. Sometimes we might say n-equidimensional to
declare the dimension without needing to specify the domains U, V.

Suppose f is a holomorphic mapping between complex manifolds and assume f
is a proper mapping, i.e. f~!(K) is compact for any compact set K C V. If the
fibre f ~1(y) is a finite set for y € V we call f a finite holomorphic mapping.

2.1 The index of a mapping

We begin by recalling a topological perspective on the multiplicity of a map,
based on the so-called degree or winding number. This will then be used to mo-
tivate the definition of the residue, which is the main object studied in the thesis.
Recall that for a sphere map ¢ : S — S™ the topological degree deg ¢ of ¢ is the
unique integer d such that the induced homomorphism in homology

«  Hy(S",Z) — Hy(S",2) = Z
¢

maps a generator [S"] to ¢.[S™] = d[S™]. Some basic results about homology, the
degree and their applications may be found in [Hat02, Ch. 2]. The degree for-
malises the intuitive notion of counting how many times ¢ “wraps” the sphere



2. Intersection multiplicities

around itself. A key property that we sometimes use without comment, is the
stability of the degree under homotopy. Recall that a homotopy between con-
tinuous maps ¢, ¢ : X — Y is a continuous map h : X x [0,1] — Y such that
h(x,0) = ¢(x) and h(x,1) = (x). We sometimes view this as a continuous fam-
ily of continuous maps h; : X — Y for t € [0, 1], the condition is then that iy = ¢
and hy = .

Lemma 2.1.1. If ¢, ¢ : S™ — S™ are homotopy equivalent, then deg ¢ = deg 1.

We also write out another important consequence of the functoriality of homol-
ogy.

Lemma 2.1.2. If ¢, ¢ : S" — S™, then

deg (¢y) = (deg ) (degy) . (2.1)

Definition 2.1.3. Suppose f € (U, R"), where p € U C R" is an isolated zero
of f. Let S be a sphere centered at p such that f has no other zeros inside or on S.
After identifying the spheres S = 5" we define the index of f at p to be the integer

ind, f := deg “;—”

R
Remark 2.1.4. If f has no zeros inside the sphere S then deg HJfI_H ¢ = 0. This

is seen by using that in this case H{(_H ‘s extends to a map on the ball so that the
induced map on homology factors through the homology of a contractible space.
This implies that the degree is 0, as only the trivial endomorphism on Z factors
through the trivial group.

We therefore extend the definition of the index to any point in the domain by
defining ind,, f = 0if f(p) # 0.

The theory of index and it’s connections to intersection multiplicities is well-
known. In this section we recall some of the basic results, basing most of the
presentation on that given in [DAn93| Ch. 2.1]. We also work out the proofs of
some steps which we did not find in the appropriate form, or which were either
left out or briefly sketched in the references.

Lemma 2.1.5. Any invertible matrix A is homotopy equivalent to a diagonal matrix with
entries £1. In particular, the degree of A, viewed as a map of spheres, is given by the sign
of det A.

Proof. Consider the matrix Ej, with a 1 on the k¢:th position and 0 in all the other
entries. The matrix (I + vEy/) A is the matrix one gets after adding v times row [
of A to row k. Gauss-Jordan elimination is successively doing this, possibly with
row-changes, until one gets a diagonal matrix B. Not wanting to change the
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determinant we must be careful with how we do the row-changes and also be
satisfied with =1 on the diagonal. Row changes correspond to multiplying with
matrices I + Ey, as is shown in the following calculation on two rows

( a1 dp das > a1 +by ay+by a3+ b3 )

by by bs by by bs
N a1 +by ax+by az+bs ...
—a —an —as

b by b3 ...
—a1 —dap —daj3 ..

Hence we can multiply by I 4 Ej, to switch two rows if we also switch the sign
of one of them. The second operation in Gauss-Jordan elimination, after we have
gotten a diagonal matrix, is to scale so we get each diagonal entry to &-1. This is
given by adding a multiple u > —1 of Ej; to the identity. With the Gauss-Jordan
algorithm we can thus get a diagonal matrix B with only +1 entries from a given
invertible A by using Eyy, Exx. Now, the matrix obtained is homotopic to A by the
following homotopies

H(x,t) = (I + tvEy) Ax (k #1)
G(x,t) = (I + tuE) Ax (u>—-1).

To see why these are continuous one notes that the paths A — (I +tvEy) A
and A — (I + tuEy) A are straight lines in RR"* which are continuous paths in
GL, so long as the lines are contained in GL,. This is seen to be the case as
det (I + tuEx) A = (1 + tu)det A, so that for 4 > —1 the determinant is always
non-zero. Moreover, det (I 4 tvEyy) A = det A. In particular, these operations do
not change the signs of the determinant.

The last statement of the lemma follow from the fact that such a diagonal matrix
B is a composition of m reflections of the sphere, where m is the number of —1
entries on the diagonal, and reflections have degree —1. Thus det A = detB =

(—1)™ = deg B by (2.7). [ |

Lemma 2.1.6. Suppose f is a smooth function on R" with a reqular zero at p. Then in
some small sphere S centered at p, the Jacobi matrix ¢Rf(p) is homotopy equivalent to
f as maps S¢ — R" — {0}.

Proof. Without loss of generality we may assume p = 0. By definition of the
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derivative, inside some small ball B, at the origin we can write

f(x) = Irf(0)x + ¢(x)

for some smooth mapping ¢ : B, — R" with

lim 2) _ ¢, 2.2)
x—0 x|

On a small sphere S, := 9B, C B, and for t € [0, 1], define the functions

fe(x) = Irf(0)x + to(x). (2.3)

We want to show that on S, this family gives a homotopy ﬁ of sphere maps.
The only possible obstruction to this is that for some ¢ the function f(x) vanishes
at some point x € S,. The condition implies that ||@(x)| = ||x[[?0(x) = 0
on the ball B,, for some bounded map p. Suppose ||p]l = C. Then, on S, the
inequality ||¢|/s, < Ce? holds. By the regularity assumption ||_#rf(0)x|| > C'e
holds on S;, where C’ does not depend on e. This is seen by using ||BAx|| <
|Bllop|| Ax|| for A = #rf(0)and B=A"1.

Choosing € € (0,r), such that Ce < C’, we get by the reverse triangle inequality

IfeI = 2= fO)x] = l@(x)]l] > [C" = Cele > 0.

Hence, we have a homotopy f ~ #rf(0):S. = R" — {0}. [

Lemma 2.1.7. Suppose f : B — R" is smooth, where B C R" is some ball such that the
Zeros p1, ..., Pm of f in B are reqular, and such that f never vanishes on the sphere 0B.

Then m
f =) ind,, f =) sgndet #rf(py). (24)

Hf“ 0B /=1 (=1

Proof. The second equality follows by [Lemma 2.1.6

It remains to show that the the degree is the sum of the indices

S
il

m

deg

m
= Z indy, f.

0B /=1

deg

Recall that the index of f at p, is the degree of the map g, = ﬁ ;, ona sphere
e

not containing any of the other vanishing points. Consider the manifold with
boundary B’ = B\ |J; B;, where B, is a small ball centered at p, containing no
other zero in its closure.
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Denote by ¢ the map H}[_H . and define S = dB. What we want to prove is that
degg|s = Y/_; deg g/. Denote by S, = 9B;, and let 1y be homeomorphisms

y:S" 155, CB, 1:8"1'5S5CPH,.

Then the maps g, may be construed as precomposing ¢ with 1y. From this one
gets the following description of the degrees

deggls

Hn_l (Sn—l)

We note that ([S"1] = Y)"; 1[S"!] in H,_1(B’), which is seen by observing that
m
B =5—-Y 5,
(=1

so that the difference between the cycles representing these classes is a boundary.
Hence, by the functoriality of homology

(degg)[sn—l] — (gt)*[S”‘l] _ g*l*[sn_l]
= L 8-0s[8 = L) (8" = 1 (degn) 5"

(=1 =1
which proves the proposition. [ |

Suppose f : U — R" is a smooth equidimensional mapping with an isolated zero
at p. Suppose also that B is a ball centered at p such that B contains no other zero.
Then we may find a continuous family f; : U — IR" of smooth equidimensional
maps such that fy = f, and f; does not vanish on 9B, and such that f; has only
regular zeros. This family then restricts to homotopy equivalent maps f; : S —
R"” — {0} on the boundary sphere S = 9B.

Definition 2.1.8. Such a family is called a good perturbation of f on S, and we shall
sometimes call such a sphere S an isolating sphere for the isolated vanishing point
p. If f: U — R? = C" is assumed to be holomorphic, then we require a good
perturbation of f to be a family of holomorphic mappings.
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The usefulness of a good perturbation stems from the “coalescing property” of
the index. This property simplifies the calculations significantly by allowing us
to separate a multiple zero to several simple vanishing points.

Corollary 2.1.9 (The Coalescing Property). Suppose f has an isolated zero p and S is
an isolating sphere for p. For a good perturbation f; of f on S the index satisfies

peef; 1(0)
Proof. Since a good perturbation on S is a family of homotopic sphere maps
Hj’(_ll = H}c_il\ S and the degree is stable under homotopy, the corollary follows
from the first equality in (2.4). [

Lemma 2.1.10. If f has an isolated zero at p, then for any isolating sphere S of p there is
a good perturbation of f on S. This is also true in the holomorphic case.

Proof. By Sard’s theorem we can find a path  : I — R" with (0) = p such that
(1) is a regular value of f. Then f;(z) = f(z) — () has only regular zeros for
t = 1. Note that we can choose the regular value y(1) to be arbitrarily close to the
point p. Moreover, if f is holomorphic then clearly so is this family of functions.

To see that this gives a good perturbation, we mimic the argument in the proof

of Lemma 2.1.6| That is, for 6 = inf,cs ||f(z)|| we choose a small regular value
|7(1)]| < ¢ and a path y with ||y(¢)|| < J. Then on S we get that

I£e@ = T = v O] =16 = [l ()] > 0. (2.5)

Thus the family consists of homotopy equivalent maps from S into R” — {0}. This
shows that f,"1(0) is a (nonempty) finite set of points inside S, by continuity. M

In the sequel we denote by f — w, for a regular value w, a good perturbation
where it is implied that one has taken a nice path p — w as in the above construc-
tion.

Proposition 2.1.11. The index of a holomorphic mapping f at an isolated zero p is
strictly positive.

Proof. This follows immediately from the existence of a good perturbation f; of f
on a sphere S isolating the vanishing point. Indeed, as the perturbation is holo-
morphic

det /Rfi = |det Zcfil* >0

where det _Zc f; is the holomorphic Jacobian (see e.g. [DAn93, p.16] ). Hence an

application of [Lemma 2.1.6/and [Corollary 2.1.9|yields the result. u

10



2. Intersection multiplicities

Corollary 2.1.12. If f is an equidimensional finite holomorphic mapping, then f is an
open mapping.

Proof. Take a value f(p), which we may assume to be 0, since otherwise we can
consider f — f(p). To see why f is an open mapping we show that f(p) = 0 is an
interior point. We do this by showing that for 6 > 0 sufficiently small, any point
w with [|w|| < Jis a value.

Fix a small sphere S C U isolating p from other vanishing points. Since inf,cs || f|| >
0, we can define a mapping Hj(f_\l ’ s of spheres. Let § < inf,cs || f||. For any point w
with ||w|| < ¢ the perturbation f — w does not vanish on the sphere by the reverse

f—w

triangle inequality. We therefore get homotopic sphere maps ﬁ ‘s R=TiR

Note that ind, f > 0 by |Proposition 2.1.11} Therefore, homotopy invariance of
the degree (Lemma 2.1.1) implies

: f f-w
0<ind, f =deg 2| =deg 2——| .
=il T T =l
By[Remark 2.1.4]it follows that f(z) = w for some z inside S. This proves that any
|w]|| < ¢ is a value. [ |

We now prove that the geometric interpretation of multiplicity — namely how
many “times” f is 0 — coincide with the topological definition.

Proposition 2.1.13. Let f : U — V be a finite equidimensional mapping holomor-
phic mapping where V is a neighbourhood of the origin in C". If B is a ball isolating
a vanishing point p, then the index indy, f is precisely the generic number of preimages
#f~1(w) N B for w close enough to the origin.

Furthermore, for 6 sufficiently small

Y ind,f / v = / det_grf dv. (2.6)
pef~1(0) Bs F1(By)

Proof. Generic points w sufficiently close to the origin are regular values and give
good perturbations f — w of f on S = dB. The formula then implies

ind, f = deg i

If—wll|s Y, indp, (f —w)=4#f""(w)NB.

S peefY(w)NB

For the second part, assume for simplicity that f~1(0) = {p}. Consider first the
case when p is a regular vanishing point. Since any ball isolates p we see that
#f~1(w) = 1 for any value w, i.e. f is injective. Moreover, the inverse function
theorem implies that f is a diffeomorphism of some neighbourhood B of p to its

11
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image. Choose a small neighbourhood Bs(0) C f(B). We get a diffeomorphism
f: f~1(Bs) — Bs and we may apply the change of variables formula

. é 5) det grfdV = B/ qv.

More generally, if p is not necessarily a regular vanishing point, consider a small
neighbourhood B; of values. By Sard’s theorem, there is some negligible set N
such that B’ = Bs\ N consists of regular values. Since f is proper, f~}(N) is
precompact and it follows that this set is also negligible. For a regular value w &
B’ we get#f 1 (w) = ind, f by the first part of the proposition. Therefore, f ! (w)
consists of ind,, f regular points. For any w € B’ let B, C B; be some ball centered
at w such that the inverse image consists of ind, f disjoint sets diffeomorphic to
By. Define B” = |J,, By and note that since B C B” C Bjs we see that B” is
a conull set in Bs, and hence f~!(B”) is a conull set in f~!(Bs). Let {x»} be a
partition of unity subordinate to the cover {By} of B”. By using the change of
variable formula on each patch of f~!(B,,) we get

/ (Xwo f) det_FrfdV = ind, f / XawdV 2.7)
f~1(Bw) By
and the result follows from the partition of unity. u

2.2 The Grothendieck residue

Consider the holomorphic mapping f(z) = (z{',...,zy"), where ay € Z.. Intu-
itively, we want to define the multiplicity of f at the isolated zero at the origin to
be equal to a1 - - - ay,. Indeed, with the definitions in the previous section, we see
that on a large enough sphere S centered at the origin, the perturbation f — 1 is
good, with isolated regular zeros at points (i, . .., U, ) Where 1, is an «,:th root
of unity — and there are precisely a; - - - &, such points. The analytic multiplicity
is defined by considering the following multivariable residue integral

1 dz* dz;," 1 TR

. — dz = g1 - - -
(27ti)" / z;! Ao, (27ti)" / T
N{lze|=¢} N{|z¢|=¢}

12
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which counts the number of zeros of f. We also get a similar formula as in the
one-variable argument principle

1 dzi! dzy" 1 gdz
g 1 R n — . 2 __ =
271" zy! zy" (27ti)"
N{lz¢|=¢} N{lz¢|=¢}

ap - 0,g(0).

For the given function f(z) = (27", -+ ,zy"), we consider therefore the functional
Resy defined by

1 1
R = .
esf [w] (27-”')1’1 / Z‘i‘l e Zzn w
N{lzel=e}
acting on holomorphic n-forms w defined near the origin. We have just seen that
for a holomorphic function ¢ defined near the origin

Resf[gdf] = aq -+ - ang(0) = g(0)indy f.

In the following, we define and study this integral for more general functions f
with isolated vanishing points.

Definition 2.2.1 (Grothendieck point residue). Given fi,...,f, € 0 = ,0), set
f={(f1,---, fn)- Suppose p is an isolated zero of f and define the cycleT’ = N{z:
|fe(z)| = €4} for ¢, sufficiently small. For ¢ € & we define the residue of g with
respect to f at p by

1 d
Res¢[gdz] := i /rgfg.

For ¢ = detdf the integral is sometimes called the residue of f at p.

The set I' = N{|fy| = €} in the above definition is in fact a smooth cycle of real
codimension 1 for a generic small ¢, which can be seen by invoking Sard’s Lemma.
We define an orientation on I' by considering a smooth regularisation x of the
characteristic function on [1, oo[. For a generic choice ¢ = (¢1,...,€,) of small ¢/
we define x5 = x (|f¢|*/€3). The orientation is then specified by deciding how to
integrate an (n,0)-form w

/w:/@gﬁ/\---/\éxfﬂ\w. (2.8)
r

Remark 2.2.2. This approach to orienting I' is taken from [Ber+93|], which is eas-
ier to work with than that found in [GH78|] where they use a form darg f; A
---darg f, to define an orientation. In particular, the above definition makes it
easy to use Stokes’ theorem as we automatically get the correct sign by anticom-
mutativity of the wedge product.

13



2. Intersection multiplicities

There are several things left to check for [Definition 2.2.1| to make sense. First,

we will see that fixing a representative of the germ g the above integral does
not depend on the cycle I', for a generic small ¢ > 0. This also explains the use of
function germs, which a priori does not make sense in the above integral. Indeed,
if integrating over smaller cycles gives the same integral, then using different
representatives also yield the same integral.

Proposition 2.2.3. The residue integral Resy is well-defined.

Proof. Let T, T’ be two cycles, defined by ¢ and ¢’ respectively. If these cycles are
the same, there is nothing to prove. Otherwise there is some k with ¢, # ¢, and
we may assume ¢, < ;. Without loss of generality, we assume ¢’

]
j = k, and that k = 1. Using the orientation specified in [Equation (2.8) together

= ¢ except for

with Stokes’ theorem we get

SAIXE A w
/ /f1| =&1 X?’l
/w—/ CANIXG A w.
1"’ 1—81

Now, = Ix5/fa A -+ Adx5/ fu is smooth and d-closed in C". Since ¢ A g/ fidz
is a smooth (1,1 — 1)-form on €] < |f1] < &1 where g/ fidz is holomorphic, we
get by Stokes’

P Ag/ frdz =/ 3(p Ag/frdz) = 0.

/a{s'<|f|<s} {e'<|fl<e}

This implies that [;. gdz/f = [, gdz/ f so that Res; is indeed independent of the
choice of cycle. u

For ¢ € 0 there is a natural way of multiplying the residue with g
g Res¢[w] := Ress[gw].
Define the annihilator of the residue to be the ideal
annResf = {g € 0: gResy = 0}. (2.9)

The Local Duality Theorem, found e.g. in [GH78, p. 659], states that if f is finite
equidimensional then ann Res¢ = (f). One consequence of this is that the residue
gives an analytic condition for ideal membership in the case of ideals given by
the component functions of finite equidimensional mappings. We prove only the
direction (f) C ann Res; before ending this section.

Proposition 2.2.4. If ¢ € (f), then g Resy = 0. Hence, (f) C ann Resy.

14



2. Intersection multiplicities

Proof. 1f g € (f) then ¢ = ¥/ f¢hy for some hy € 0. So Res¢[gdz] = Y, Res¢[hyf].
So showing that ¢ = f/h satisfies Res[gdz] = 0 yields the result. To this end,
consider the forms

dz
wﬁ:fgdZ/f:fl--'f€*1f£+1"'fn'

By [Equation (2.8)|and Stokes’ theorem we have forany h € &

Reslifi = [ hpe = (1) [ Sxinge= (=D [ a@xinp) =0
|fel=e |fel<e

where we have used that form (n,n — 1)-form 3/)(\2 A htpy is smooth in C" and 0-
closed (and hence d-closed) on |fy| < ¢, where it is also compactly supported. W

2.3 Residues and multiplicity

We will show that the analytic notion of multiplicity captured by the residue and
the topological definition using winding numbers coincide. To this end we define
two forms that will provide the connection.

Definition 2.3.1. Let f = (f1,..., fu) be a finite n-equidimensional holomorphic
mapping. We define the differential (1,1 — 1)-forms Bf and K by

-1 1 ¢ = —~ .
By := ((”Zm,)z TG ;(—1)5 YROfu N NOfy A ---NOf (2.10)
Kf = Bf/\df (2.11)

We shall refer to these as Bochner-Martinelli forms associated to f.
As a consequence of the equality of the integrals in (2.6), we can relate the index
and the Bochner-Martinelli forms as follows.
Proposition 2.3.2. Suppose f is a finite n-equidimensional holomorphic mapping with
{p} = f~1(0). The Bochner-Martinelli form K and the index ind,, f are related by the
integral

/ K; = ind, f. (2.12)

1fll=¢

Proof. By we have

ind,,f/dvz / det_gpf dV = / |det ZcflPdv  (2.13)
Be fH(Be) f~1(Be)

15



2. Intersection multiplicities

where det ¢Rf is the real and det #¢ f the complex Jacobian (see e.g. [Leb19] for
their relation). On the other hand on || f|| = ¢, K¢ coincides with the form

n—1)1 n P = _
Ky = ((2711')13 e2n <€_21<—1)f Yfodfu N NOfp A /\3f1> Ndf
and the exterior derivative of this form is

_ [
dKS = 9K = %€é| det 7cf|? dv. (2.14)

Hence, an application of Stokes theorem

& n! —4n
/Kfz / Ko = L2 / |det_gcf|? dV
Ifl=e = s

n!

— e ind, f [V = ind, f
B

where we have used (2.14) together with [Equation (2.13), and where the last
equality follows from the fact that Vol(B;) = Z;e?". [

To connect ind,, f and the residue of f at p we also need the following lemma.
Lemma 2.3.3. For a finite equidimensional holomorphic mapping f vanishing at p, the
residue satisfies

Resf([gdz] = / gBs Ndz. (2.15)
Ifll=¢
In particular
Res,[gdf] = / 3K, (2.16)
1fll=¢
A full proof of this can be found in [GH7S8| pp. 653ff]. A more elementary proof

of [Equation (2.16)|in the case n = 2 and for ¢ = 1 can be found in [DAn93, pp.
62f].

We thus get that the residue of det ¢ f at p with respect to f and the index of f
at p coincide

Res¢[df] = ind, f, (2.17)

where we have used the formula df = (det _#¢f)dz.
We define the global residue of a finite equidimensional holomorphic mapping
by
Res;:= ) Res?
pef=1(0)

16



2. Intersection multiplicities

where Resfp is the residue with respect to f at p. We finish this section by recording
the following generalisation of the one-variable argument principle.

Proposition 2.3.4. For a finite equidimensional holomorphic mapping f and for a holo-
morphic function g defined near the points of f~1(0) one has

Resf[gdf] = ) g(p)ind, f. (2.18)
pef~1(0)

This is a consequence of the continuity of the global residue, since at regular
points p the formula can be verified directly by appealing to Cauchy’s formula
and change of variables. For a discussion on the continuity of the residue see e.g.
[GH78, p. 657]. The reader is also referred to [GH78, pp. 663-666] for a different
but rather more complete presentation on why the formula holds.

Algebraic multiplicity

We end this chapter by recalling an algebraic definition of the intersection num-
ber. Let @ =, Oy andlet f = fi,..., fy € 0,and write (f) = (f1,..., fn). Define
the algebraic multiplicity D(f) (or codimension in [DAn93|]) of (f) at p to be the
dimension

D(f) := dime &/ (f). (2.19)

This definition is really only interesting when rad(f) = m, i.e. p is the common
vanishing point of the functions. Otherwise we get either D(f) = 0if (f) =
0, or D(f) = co if the vanishing set has positive dimension. Note that in the
interesting cases, this definition coincides with the definition of mutliplicity of
the fat point at p from algebraic geometry. Note also that, unlike the previous
definitions of multiplicity, the algebraic one does not require equidimensionality
N = n. Indeed, it turns out that this definition generalises the ones previously
mentioned.

Proposition 2.3.5. Let f be a finite n-equidmensional holomorphic mapping vanishing
at p. Then the index at p and the algebraic multiplicity at p coincide

D(f) =ind, f. (2.20)
We therefore get a residue formula

Resslgdf] = ), (dimc 0,/ (f)) g(p)- (221)
pef~1(0)

See [DAN93|, Lemma 1 & 2, pp. 58-59] and the work referenced there for a proof.
The main goal of the rest of the thesis is to generalise the Grothendieck residue to

17



2. Intersection multiplicities

non-equidimensional f and show that a formula generalising (2.21) holds also in
this case.

18



3

Residues of complete intersections

For a finite equidimensional holomorphic map f = (fi,..., fx) with p € f~1(0)
the germs f1,..., fu € O form a so-called reqular sequence in &. We use this prop-
erty to deduce that each subcollection of the germs of the hypersurfaces Z¢, form
a complete intersection at p.

We use regular sequences to study the Koszul complex associated to f and see
that it gives a free resolution of the &-module &'/ (f). Using certain maps in the
Koszul complex, we get a different integral representing the residue, which is
easier to generalise.

For regular sequences f and g in & such that (f) C (g), the Transformation Law

(Theorem 3.3.1) states the relation between the corresponding residues. A proof

of this theorem may be found in [GH78, p. 657], but we present a different proof
using the Koszul complex, based on the proof given in [Lar12].

3.1 Regular sequences and complete intersections

We begin by recalling the definition of regular sequences. We restrict to the case
of a Noetherian local ring (A, m), but a more general presentation is found e.g. in
[Eis95].

Definition 3.1.1. Let (A, m) be a local Noetherian ring. An ordered sequence
r =r1,...,1, of elements ry € mis called a reqular sequence of length k if for each
¢ =1,...,kthe element r/ is not a zerodivisor in the quotient

A/(Tl,. . .,7’g_1>.

Lemma 3.1.2. If r = rq,..., 1y is a reqular sequence in (A, m) then so is any sequence
obtained by reordering the elements of r.

The condition that the ring be local is crucial to prove this lemma, and indeed
it generally fails to be true if one extends the definition to more general rings,
e.g. one may find counterexamples in k[x,y,z]. A nice inductive proof using
Nakayama’s lemma is given in [DAN93, pp. 68f]. In [DANn93, pp. 69f], we also get
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3. Residues of complete intersections

a proof of the following important fact.
Proposition 3.1.3. If f = (f1,..., fu) is an equidimensional finite holomorphic map
vanishing at p, then the sequence of germs f = f1,..., fn € O is a reqular sequence.

Complete intersections

A consequence of [Proposition 3.1.3|is that the analytic sets cut out by any sub-

collection of the component functions of a finite equidimensional mapping f is a
complete intersection at the isolated vanishing points f. This means precisely that
the codimension n — dim(V(fy,, ..., fo,), p) of (V(fe,,--., fr,), p) is precisely k if
f(p) = 0. To see this, we need to take for granted the following proposition, for
a proof see [Dem12].

Proposition 3.1.4. If (B, p) C (A, p) are analytic sets and (A, p) is irreducible, then

dim(B, p) < dim(A,p) or (B,p) = (A,p).

To prove that the subcollections of the components form complete intersection,
we begin by studying how the dimension changes when going from a regular
sequence of length k to one of length k + 1.

Lemma 3.1.5. Let fi,..., fxy1 € O be a sequence such that fi 1 is a nonzerodivisor in
the ring O/ (f1,- .., fx). Then (Z,, ,, p) does not contain any irreducible component of

V(frr--o fo) p)-

Proof. We suppress the point p in the notation in the following proof.

Suppose Ay, ..., Ay are the irreducible components of V(f1, ..., fx), where f1, ..., fi
is a sequence of elements in the maximal ideal. Then the ideals p; = Z(A;) are
prime and for I = (fi,..., fx) one has

m
j=1

For?¢ =1,...,m, define new ideals

Jo:= ) pj-

£t

As 0 is Noetherian, the ideals are finitely generated J, = (g{,...,g%). The vari-
eties V(Jy) satisfy

V() = (1 2e = U 4 V(D)

i=1 j#
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3. Residues of complete intersections

as Ay € Ajfor any £ # j. This means that Ay £ Z,, for some generator gf =: hy.
Hence, we have forany ¢/ = 1,...,m an element iy € J; \ p; such that hyp, C V1.
To conclude, if Zg, | contains an irreducible component Ay, then fx.1 € py, and
hence hyfyy1 € V1. This means that (h¢fes1)N € I for some N, by the Nullstel-
lensatz, and therefore f; is a zerodivisor in &'/I. This proves the contraposi-
tive. |

Corollary 3.1.6. Let f = (f1,..., fn) be an equidimensional finite analytic mapping.
Then at any vanishing point p € f~1(0)

codim (V(fe,,---, fo,),p) =k

for any indexing {{1...,0} C {1,...,n} of k elements. In other words, the variety
(V(fgl, .. .,fgk), p) is a complete intersection.

Proof. Suppose first that p € f~1(0). Then the sequence is regular at p by
Without loss of generality we may assume the indexing is ¢, = r,

since regularity is independent of ordering. We get a strictly increasing sequence

1=codimV(f1) < codimV(fy, fo) < --- < codim V(fy,..., fu) = n.

Indeed, by [Lemma 3.1.5/the vanishing set Zr, | does not contain any irreducible
component Ay of V(f1,..., fr), whence the new variety Z fia N Ae C Ay are of

strictly lower dimension by [Proposition 3.1.4, The result follows now as the above

sequence of inequalities forces the codimension to increase by 1 at each step. W

3.2 Koszul complexes

There are a couple of different ways of defining the Koszul complex. We give
two definitions: one because it gives the easiest way of illustrating the kind of in-
ductive argument one applies when dealing with these complexes, and the other
because it is more useful for the calculations in the rest of the chapter.

Definition 3.2.1. Let A be a ring. The Koszul complex K.(x) associated to an element
x € A is defined to be the chain complex

0 y Al —— Ay —— 0

where A; = Ap = A and the indices are just to keep track of the homological
degree. We sometimes include the ring A in the notation and write K(x, A).
For a sequence x = x1,...,x, € A one defines inductively the Koszul complex
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3. Residues of complete intersections

K.(x) by
K.(x):=K(x1,...,x5-1) @ K.(xp).

Writing x” = x1,...,x,_1, the chain complex K.(x) consists of modules
Kin(x) = (Ku(x') @ Ag) & (K1 (x") @ A1) = Kin(¥') & Ky ()

and the tensor product differential d defined by d(a ® b) = da @b+ (—1)la ® db,
where |a| is the homological degree of a. This differential is given explicitly in this

dy (_1)m_1xn
dy = )

The inductive nature of the proofs that K.(x) gives a resolution of A/(x), for a

realisation by

regular sequence x, rely on the fact that the Koszul complex fits in a short exact
sequence of complexes. As a short exact sequence of complexes induces a long
exact sequence in homology we can calculate the homology by breaking apart
the complex. This is achieved by considering the suspension ~K.(x"), which is
the complex defined by (XK.(x")),, := K;,—1(x’) with differential d;, = —d,,_1.
The desired exact sequence is then

0 — K(x') —— K.(x) ——— ZK.(x') —— 0

By the Snake Lemma, we get a long exact sequence in homology

H.(K.(x")) = » H.(K.(x))
\ / .
o TTx
H.(ZK.(x"))

where ¢ is the connecting homomorphism lowering the degree.

One can describe J explicitly by carrying out the diagram chase. Namely, starting

with ¢ € kerd), = kerd], _, we want an element a’ € kerd/, _; such that ((a") =

dm (0, (—=1)"=1 ¢). Using
(0, (—1)""1c) = <xnc, (—1)m71d;n,1c)

we see that the desired element can be represented by x,,c. So 4 is just the map in
homology given by multiplication by x;,.
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3. Residues of complete intersections

We now give a second definition, which is useful for our calculations. See e.g.
[Eis95, Ch. 17.3] for why the two definitions coincide.

Definition 3.2.2. A concrete realisation of the Koszul complex (which is the one
we use in the sequel) is given by identifying it with a complex (A A®", §;), where
Kin(x) = N A®" with differential d,,, = d, given by contraction withx =}, xeey,
where ¢y is the standard basis of A®™. Recall that we get an induces basis

{eil‘..im =ej, N---Nej, ! n<---< Zm}
for the m:th exterior power K, (x) = A" A®". In this basis Jy is given by

Ox(€iyniy,) i= Z(—l)gflxieaz
14

where the circumflex indicates the exclusion of the element in the wedge product.
Note, that the contraction Jy is an anti-derivation on the graded algebra A A, i.e.
for homogeneous forms «, B, the contraction satisfies Leibniz’ rule

6 (A B) = A B+ (—1)*a A 6,B. (3.2)

This means in particular that the Koszul complex, thus realised, is also a differ-
ential graded algebra. This concrete realisation is much more useful for the work
in the sequel.

Lemma 3.2.3. Let A be a local ring and x a reqular sequence of order n. Then the Koszul
complex K.(x) is a free resolution of A/ (x).

We also record a result that we need momentarily, when considering the Koszul
complex associated to a finite holomorphic mapping as a complex of free analytic
sheaves.

Lemma 3.2.4. If x is a sequence in a ring A such that some element x; is a unit, then the
Koszul complex K.(x) has trivial homology.

The following consequence of |Pr0position 3.1.3| now readily follows from the re-

sults in this section.

Corollary 3.2.5. Let f = (f1,...,fn) be a finite equidimensional holomorphic map.
Then the Koszul complex K.(f) associated to the sequence of germs f = fi,..., fu € Op
at any point of the domain of f is a free resolution of 0,/ (f).

Example 3.2.6. Consider the identity function z = (z1,z;) on X = C?. The co-
ordinates z1,z; generate the maximal ideal in the ring of germs & at the origin
and the whole ring in &), for p # 0. We get a complex of free analytic sheaves
K.(z, Ox) corresponding to the sequence z = z1, zp € my, which we also call the
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3. Residues of complete intersections

Koszul complex, and which is explicitly given as

) e

0 sy Ox y 032 s O > 0.

This complex gives a free resolution of the quotient 0x/my, since this is true
stalkwise.

Koszul complexes as resolutions of analytic sheaves

For a finite equidimensional mapping f we saw that the Koszul complex K.(f)

was a free resolution of €'/ (f) at all points in the domain of f. We may
construe the Koszul complex at each point as coming from a complex of locally
free O'x-modules

K.(f, Ox) = (/\ ﬁ;';”,(sf)

which is a free resolution of the finitely supported analytic sheaf ¢/ 7 (f), since

this is true stalkwise by [3.2.3| and 3.2.4, Locally free analytic sheaves coincide
with holomorphic vector bundles (cf. discussion on sheaves in and the
work referenced there). We may view this as a complex of (trivial) holomorphic

bundles instead.

Lemma 3.2.7. Consider the Koszul complex K.(f, Ox) of a finite mapping as a complex
(E, @) of (trivial) holomorphic bundles over X. In this setting, the Koszul complex is an
exact complex of bundles outside the vanishing set f~1(0).

Proof. Forz ¢ f~1(0) we geta Koszul complex K.(f(z),C) over C. Since f(z) # 0,
fx(z) # 0 for some k, and this means that f;(z) is a unit and implies
exactness. Note also that by the rank-nullity theorem the rank is constant for each
@r since rank ¢ = 1 outside the vanishing set. |

When z € f~1(0), all the maps in the complex at z are trivial and hence the com-
plex cannot be exact since it is a nontrivial complex. In the sequel we therefore
mean by (E, ¢) the Koszul complex of f restricted to Y = X \ f~1(0).

We now relate the Koszul complex of a finite equidimensional mapping to the
residue. This is achieved by viewing the Koszul complex as a complex of vec-
tor bundles and relating a composition of maps occuring in this complex to the
residue via the Bochner-Martinelli form.

Consider the Koszul complex (E, ¢) with the standard metric and e the standard
frame. Then ¢y is the contraction é; with the element f = ), fye;. The Moore-
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3. Residues of complete intersections

Penrose inverse oy of @y is defined by the following conditions

POk Pk = Pk
im ¢i- C ker oy
ker ¢; L imoy.

For the purpose of finding this inverse explicitly, we consider a new frame e/
defined via duality by completing

A

into an orthonormal basis (¢})*, ..., (e},)* of the dual. In this basis, the contraction
ds is simply d¢ej = || f|| and d¢ej, = 0 for £ # 1. Hence, on E; the contraction on
the induced orthonormal basis

e, . =¢e N---Né (i1 < -+ <iy)

is the map given by
(5fe§1,,_l-k = ||f||€,‘2...ik

ifi; =1,and é feg1 iy = 0 otherwise. Hence, on the image one gets that the inverse

is given by
O g/. . = Le/ A e/. .
k [ - ||f|| 1 12...lk'
/
Writing s = Hef_l\l one observes that 0 = s A — is the desired map as it is seen to

satisfy im 0y L ker ¢ and ker 0 = im q)kL. Note that in the original frame

1 ~
5= W;ngg.

In the sequel, we do some calculations with J; and s so we present the the for-
malism used for this calculus.

Superstructure

Our goal is to equip the Koszul complex with a so-called superstructure. This can
be viewed as a way to establish a sign convention which simplifies our formulas
by appropriately “hiding” signs of the form (—1)’~! that would appear other-
wise. We base our presentation on [LW18b, Section 2.2].
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3. Residues of complete intersections

Suppose we have a complex

Pv—-1 $2
—> P

of locally free &x-modules, e.g. a Koszul complex. We equip E := @y Ex with
a superstructure E = ET @& E~ splitting E into an even part E' := @ Ey; and an
odd part E~ := @ Ep,1. We get a superstructure on End E by taking End E™ to
be the degree-preserving and End E~ the degree-reversing endomorphisms. An
element is said to be homogeneous if it is either odd or even. Let &x and & be
the sheaves of smooth functions and forms on X. We consider also the sheaves

Ex(E) == Ex Qg Ex(E) and Ex(Endx E) 1= & R, Ex(End E)

of E-valued and End E-valued forms. These inherit natural superstructures as
follows. Consider first v = w ® 1, where w is a form and # is a smooth section
of either E or End E, such that w and 5 are homogeneous. On such elements,
we define the degree by deg := deg; + deg,, where deg; is the degree of the
form and deg, is the degree of the sections of E or End E, i.e. deg<y := degw +
deg#. The sheaves &5 (E) and &y (End E) get natural left &-module structures by
construction. We want to make them into right modules, in order to give meaning
to multiplications on either side. We endow &% (End E) with an algebra structure
by defining for elements v = w ® 7 and 7' = ' ® 1’ the product
')"Y/ — (_1)dege7degf7/w Aw! ®77’7/.

By viewing a form w as a form-valued endomorphism: w ® Id, we get a right
module structure as well. If § = a ® { € &5 (E), then we interpret y = w ® 1y €
&y (End E) as the endomorphism on &% (E) defined by

1(B) = (—1) 8B By A g @y (E). (3.3)

If the bundles E; are equipped with connections Dg, then D = @y Dg, is a
connection on E. We define the induced connection Dg,4 on End E with the given
superstructure to be the connection satisfying

Dena(7)& = De((8)) — (—1)%87y(Dg(2)). (3.4)

One can show that for form-valued endomorphisms -y, 7’

Dena(7Y') = Dena¥y’ + (—1)%8 "y Dgpa?’. (3.5)
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3. Residues of complete intersections

We usually skip the subscripts and simply write D for all the connections except
when we want to be extra clear.

Koszul complexes and intersection numbers

We endow the Koszul complex (E, ¢) with a superstructure as above. Note that
the contraction ¢ = J¢ is a derivation on & (E) with the inherited superstructure
and that d¢ acts trivially on forms

Sf(w®¢) = (~1)%8“w @ 6L

Let D be a connection that is trivial with respect to the induced basis on E and that
is compatible with the complex structure, i.e. De;, ; = 0, and d is the (0, 1)-part
of D.

Consider the morphisms

Uy = 0,00,_1---0d01 : Eg — E,

Dg:=De¢y---Dgy, : E, — Ey.

Note that E, = Ey are isomorphic to the sheaf &y restricted to Y = X\ f~1(0).
Hence, these form-valued morphisms may be viewed as form-valued scalars and
may thus be identified with usual forms. We relate the Koszul complex to the
Bochner-Martinelli form via these morphisms in the following proposition (see
e.g. [LW18b] for these calculations).

Proposition 3.2.8. For an equidimensional finite mapping f the Bochner-Martinelli
form By and the form df satisfy

un = (2mi)"By and D¢ = nldf.

As a consequence, we can represent the residue as integration against forms ob-
tained from a Koszul complex. This perspective is at the foundation for our gen-
eralisation of the residue to non-complete zero-dimensional intersections.

Corollary 3.2.9.
1

i) /gdz A Uy,
Proof. Since gdz Au, = (27i)"gdz A By by|Proposition 3.2.8} the statement follows

immediately from |[Lemma 2.3.3 |

Res([gdz]| =
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3. Residues of complete intersections

Induced morphisms of Koszul complexes

We finish this section by showing how to relate the complexes K.(f, 0x) and
K.(g, Ox) for finite equidimensional mappings with (f) C (g). We begin by
noting that the inclusion implies that if p € Z; C Zg, then there is a germ of
a holomorphic matrix A defined near p, such that f = gA in 6’5‘9”. The matrix
induces a morphism of the Koszul complexes (near the point)

K.(A) := \A:K.(f, Ox) = K.(g, O%)

defined on each level by K;,(A)e;,...;, := Ae;, A--- A\ Ae; . This gives a commu-
tative diagram

K.(A) K.(A) (3.6)

5
K.(g, O0x) ——— K.(g,Ox)

We use this construction to relate the Bochner-Martinelli forms uj,; and u3.

3.3 The Transformation Law

Using the calculations in the preceding section we present a proof of a theorem
providing the relation between the intersection numbers of two finite equidimen-
sional mappings vanishing at the same point. Throughout this section we view
the Koszul complex as the corresponding complex of bundles.

Theorem 3.3.1 (Transformation Law). Suppose f and g are finite equidimensional
maps X — C". Suppose that in the local ring O at a common vanishing point we have
an inclusion (f) C (g), so that near the point there is a holomorphic matrix A with
f = gA. Then the residues are related by the formula

Resy = (det A) Resy. (3.7)

Note that if I = (f) = (g), then the residues differ only by multiplication with
an inveritble holomorphic matrix. This means that the residue essentially only
depends on the ideal I. In particular, the formulation of the argument principle
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3. Residues of complete intersections

in (2.21) shows that
Ress[hdf] = Resg[hdg] = (dim &/ I)h(p).

Remark 3.3.2. The Transformation law reduces the computation of residues into
a purely algebraic problem. Indeed, suppose we are given a zero-dimensional
complete intersection g in the local ring & at the origin. Then for large enough
N the Nullstellensatz implies z)Y € (g), and we may therefore choose the regular
sequence f; = z). Then f = gA and we may compare the residues

Resg[dz] = Resy[(det A)¢dz].

By Cauchy’s integral formula we see that the residue of § with respect to g is a

derivative
aN n

N
0zy' - -0z}

((detA)Z) (0).

and we observe that the residue is just some weighted combination of derivatives
of point masses at the origin.

For a finite equidimensional mapping f, define a morphism u/ on the Koszul
complex by

ul = 2”5 =Y o/ (00) 1.
0 ‘

If f = gA we write u’, = K.(A)uf, where K.(A) = A A is the induced morphism
of the Koszul complexes. We define V¢ := 7 — d, where 9 is the induced (0, 1)-
part of our trivial hermitian connection D on the space of End-valued forms. Note
that V is an antiderivation on &y (E) and that V is a differential. The last part
can be seen by using that the differentials 6y and d anticommute in the superstruc-
ture 670 = —dJ;. By using that since 70/ = Id by definition, and that ¢/(d0")" = 0
since A" E = 0, we see that outside the vanishing set Z 7 the equality V fuf =1d
holds. Indeed

Vel =V +0(00)") =1d - ¢(do)" =1d. (3.8)

Note that we also get (do)" = 0, since (d0)" = dpo(d0)" = 0.
We claim that if f = gA then

Ve (ug A uf> = uQ —us (3.9)
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3. Residues of complete intersections

holds outside the vanishing set Z; D Z,. By commutativity in we have
Seuly = 8K (A)uf = K.(A)ssul.

As K.(A) is a holomorphic bundle morphism we get that dK.(A) = K.(A)od.
From this together with the fact that V¢ is a derivation with respect to the super-
structure, we see that

Ve <ug A uQ) = Vous A u{q + (—1)de845 8 A K.(A)Vfuf = uQ —u$  (3.10)

where we use that u$ is odd with the sign convention in

To prove the theorem we apply the following representation lemma that we then
use to get a straightforward comparison of the residues.

Lemma 3.3.3. The residue with respect to a finite holomorphic mapping g satisfies

1 =

Where x is a smooth function such that x = 1 on some neighbourhood of [1,00[ and x = 0
in some neighbourhood of 0, and where we define x. = x(||g||>/¢) for any sufficiently
small € > 0.

Proof of [Lemma 3.3.3] Consider the form y.w A u$. This form extends smoothly
across the vanishing points Z as x. vanishes identically near such points. Hence,
since X, is smooth we may apply Stokes” theorem on the integral representation

in|Corollary 3.2.9|to get
1 g 1 g
Res¢[w] = i) / w AUy = i) / Xew N Uy,
Igll>=¢ lglI*=e
1 g
= o / d (xew N ty)
IgllP<e

Using that x.w A uj,; is of bi-degree (n,n — 1), we get that on this form d = 9.
Since w is holomorphic and du$ = 0 on supp xe, we see that the residue is given
by integrating dx. A w A u$ as claimed. |

Lemma 3.3.4. With the notation as in|Lemma 3.3.3|the End-valued form V ¢ <u3 A uQ)
satisfies

[oxenwnvg (unul) =o (3.12)

where V ¢ (ug A uf;) denotes the part with form-degree n — 1.
n
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3. Residues of complete intersections

Proof. We first identify the parts with form degree n — 1. Note that an element
f has form degree k — 1 and section degree k. Since é, lowers the section degree
we see that ¢ < up A (u {4) > has form degree n — 1 precisely if k + ¢ = n + 1. This

means that 1§ A (uf;) ¢ has section degree k + ¢ = n + 1. But the Koszul complex

E is generated by n elements and hence \"™' E = 0.
Thus, we may replace V with —d in the integral. The part of form degree n — 1
in Vg (ug A u];) is therefore given by taking —d of a sum of elements of form-
degree n — 2 and we denote this sum by y. We apply Stokes” theorem by first
writing

oxe Aw A Vg (ug/\u£>n = +d (dxe N\w A )

where we have used that dx. A w A ¢ is a form with bi-degree (1,1 — 1), which
means d = 9 on this form. Since this form is compactly supported inside ||g|| < ¢
we can use Stokes’ theorem

/éxg/\w/\vg(ug/\uf;) =+ / Oxe \w AP =0
n
Igl/>=e

where the last equality follows from the fact that dx. = 0 on ||g||> = & by con-
struction. [}

Proof of [Theorem 3.3.1, Using the equality V (uf A uQ) = uQ — u8 (see (3.9)) out-
side Zy D Z; we may apply [Lemma 3.3.4) to compare the residues as follows. If

we define x. = x(||f||*/¢) the equality in [Lemma 3.3.3|still holds if we replace
Xe with x.. This follows from the inequality || f||*> = ||gAl|*> < ||A||?||g||?>, which

implies that possibly after choosing a slightly bigger ¢’ we see can make sure that
Xe =X =1onaset|fl,| gl = €. By Stokes’ theorem we therefore get that

[ (oxe=ax) nw nuf =0, (3.13)

By [Lemma 3.3.3) |[Lemma 3.3.4|and |Equation (3.9)|we therefore get

LAw A (ug—i—Vg <uf/\u£))n

Zm /aXSAW/\ (uﬁ)
f f_

Since (u A> = K, (A)u), = (det A) uf, another application of[Lemma 3.3.3/shows
that

Rese [w] = Zm /angw/\uﬁz

Resg[w] = ﬁ /E_)X; A (det A)w A uf, = Res¢([(det A)w]
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3. Residues of complete intersections

i.e. Resg = (det A) Resy, as claimed.
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Residues of Artinian Z-modules

Suppose we are given an ideal ] C & := ,0) such that V(]) = 0, i.e. ] is gen-
erated by functions whose common zero set is the origin. In the case when ] is

generated by a regular sequence f = (fi, ..., f) we saw in|[Proposition 3.2.8 and

(Corollary 3.2.9 how the Grothendieck residue Resy can be obtained from the mor-

phisms in the Koszul complex. Hence, the residue formula (2.21)) may be written

/éxg A gD A ity = (27i)"n! (dime 6/7) g(0). 4.1)

We want to generalise this to any zero-dimensional | by constructing forms D¢

and u satisfying [Equation (4.1)| such that these forms coincide with the Bochner-

Martinelli form whenever | is a complete intersection. By considering a free res-
olution (E, ¢) for a more general | and defining D¢ and u,, as before, one would
hope this to be achievable. However, since there is generally no canonical choice
of resolution if | is not a complete intersection, the Moore-Penrose inverse ¢ of
@ is not explicit and hence the form u, is far from explicit. In [Lun12] the au-
thor showed how to define a so-called cohomological residue for Cohen-Macaulay
ideals via a form that coincides with u, in the complete intersection case. In this
thesis we take an indirect approach by invoking a comparison theorem proven
in [Lar19al]. This comparison theorem generalises the Transformation law to the
so-called Andersson-Wulcan currents constructed in [AWO07] which are vast gen-
eralisations of the residues considered here. The comparison theorem allows us
to define a residue of | by using a complete intersection I C J. This was done
in a more general setting in [LM18|] where they give elementary constructions of
residue currents associated to Cohen-Macaulay idealsE|

The main tool in the proofs of the chapter is homological algebra, and the next
section is dedicated to recall the basic terminology and some slightly more ad-
vanced algebraic theory that we use to define the residue. The section is included
mostly for completeness as we will appeal to some of the main results in passing

Here elementary means that they do not use Hironaka’s theorem of resolution of singularities
to construct their currents.
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4. Residues of Artinian &-modules

in the sequel. The reader familiar with some basic terminology from commutative
and homological algebra may skip the next section as we refer to the necessary
results.

4.1 Free resolutions of Cohen-Macaulay modules

Suppose I C & is a complete intersection (of arbitrary dimension) and suppose
J € 0 is zero-dimensional. The Koszul complex gives an explicit realisation of
a minimal resolution of the corresponding cyclic module ¢'/I. Although we may
tind a resolution for &'/ ], by very general arguments, there is no natural choice of
resolution that can be made as explicit as the Koszul complex. However, because
of some properties of &'/] and of the ring &, we have quite a lot of important
information about the resolutions. Before recalling the properties of such reso-
lutions, we present some basic definitions and results. We provide slightly more
general theory than will actually be used in the sequel. This is done in order to re-
late to the more general results found in [LW18a]. Indeed, the basic tools needed
for the proof we provide in the Artinian case has the same flavour algebraically
as in the general case for Cohen-Macaulay modules, that are defined below. The
main references used for this section are [Sim20] and [Eis95].

Throughout this section, let A be a commutative ring with unity.

Projective resolutions

Definition 4.1.1. An A-module M is said to be projective if for any surjective ¢ €
Homy4(N, L), any ¢ € Homuy (M, L) lifts to a homomorphism x : M — N so
that ¢ = ¢y, i.e. there is a lifting x € Homx (M, N) of ¢ making the diagram

commute
N

!

ML
Remark 4.1.2. In the case of local rings the notions of projective and free coincide,
but we introduce this concept since we mainly use the projective property of free
modules in the constructions.
Definition 4.1.3. Let M be an A-module. A projective resolution (E, ) of M is a
complex of projective A-modules inducing an exact sequence

34



4. Residues of Artinian &/-modules

Sometimes we denote by ¢q the induced surjection Ey — M.

The resolution E is said to be finite if there is some n such that E; = 0 for k > n. If
E is finite then the minimal n satisfying this condition is said to be the length of E.
The module M is said to have projective dimension n over A if n is the minimal
length of all finite projective resolutions of M. We denote the projective dimen-
sion over A by pd , M.

We also record this important lemma and its consequence that all resolutions are
essentially the same.

Proposition 4.1.4. Suppose (E, ¢) is a chain complex with coker ¢1 = M, and (F, )
is a projective resolution of N. If x € Hom (M, N) then there is morphism a : E — F
extending «.

This means that « induces a commutative diagram

> Fp w>- > Fp %,Fo ¢O>N > 0
a(;A (ZlA ap Dl]\
> Ey LA > Eq (Pl,EO N oM > 0

Moreover, this morphism is unique up to chain homotopy.

Corollary 4.1.5. Any two projective resolutions of M are chain homotopic.

As we saw previously, for a regular sequence x1, ..., X, defining an ideal I in a
local Noetherian ring A, the Koszul complex K.(x) gives a finite resolution of
length k of the cyclic module A/, consisting of finite free modules. More gener-
ally, we may always find a resolution of any module over any ring by constructing
so-called syzygy modules. If we have a Noetherian ring and a finite module, the
modules in such a resolutions will also be finite.

Proposition 4.1.6. If A is Noetherian and M is finite then there is a projective resolution
of M consisting of finite free modules.

We want to say that the £-modules under consideration have finite projective
dimension bounded by the dimension n of C" as a complex manifold. This is true
for the Koszul complex and in general the existence of such resolutions follows
from the local analytic version of the Syzygy theorem. We refer the reader to
[Tay02, p. 142].

Proposition 4.1.7 (Hilbert’s Syzygy Theorem). If M is a finite module over & = 0
then pd, M < n.

Working with the residue we sometimes use the fact that there is the notion of
a minimal free resolution over a local ring. These will be the syzygy modules and
minimality is captured by the intuition that syzygy modules contain no redun-
dant generators. Hence they must have minimal length and minimal rank at
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4. Residues of Artinian &-modules

each level.

Definition 4.1.8. Suppose (A, m, k) is a local ring and let F, G be complexes of
(projective) A-modules.

We say that F is a minimal complex if the maps in the complex F ® k are all trivial,
i.e. P;(Fy) C mF,_q forall 4.

If F is a minimal complex that is also a free resolution of a module M, then we
say that F is a minimal free resolution of M.

We say that G is a trivial complex if G is a free resolution of the trivial module.
Proposition 4.1.9. A free resolution F over a local ring A is minimal precisely if a basis
of F;_1 maps onto a minimal generating set of coker ¢y for all £.

Lemma 4.1.10. Let M be a finite module over a local ring A. If F is a minimal free
resolution of M then any free resolution E of M is isomorphic to a direct sum E = F © G,
where G is a trivial complex. In particular, up to isomorphism, there is a unique minimal
resolution of M.

The Syzygy theorem can be made into an effective statement (Lemma 4.1.17) giv-

ing a relation between the projective dimension, the dimension of our manifold
and the depth of the module M. This is the main result that we use to compare
different resolutions to each other.

Regular sequences, depth and dimension

Let (A, m) be a Noetherian local ring and M a finite A-module.
Definition 4.1.11. An M-sequence (or a regular sequence on M) is a sequence
X1,...,X; € A such that
i) (x1,...,x)M # M, and
ii) x,is a nonzero-divisor on M/ (x1,...,xy_1)M, i.e.
xgm = 0 mod (xq,...,x,1)Monly if m € (x1,...,x,_1)M, for any ¢ =
1,...,k
The case when M = A we simply call an M-sequence a regular sequence (cf.
[Definition 3.1.1)).
The depth of the module M is the maximum of all lengths of M-sequences.

The ring (A, m) is said to be reqular if the maximal ideal is generated by a regular
sequence.
Definition 4.1.12. The (Krull) dimension dim M of the module M is defined as

dim M := dim (A/ann M) .
Definition 4.1.13. We say that M is Cohen-Macaulay if dim M = depth M.

In [LW18a] Larkdng and Wulcan consider very general so-called residue currents
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4. Residues of Artinian &/-modules

and proved a theorem generalising [Theorem 4.3.4/to Cohen-Macaulay modulesﬂ

We are only interested in the zero-dimensional case of Artinian modules.
Lemma 4.1.14. A ring R # 0 is Artinian precisely if it is Noetherian and dim R = 0.
Corollary 4.1.15. If M is module over a Noetherian ring then M is Artinian precisely if
dim M = 0.

Proposition 4.1.16. Any Artinian module is Cohen-Macaulay, i.e. depth , M = 0.
The reason we restrict to Artinian modules is that these correspond to zero-dim-
ensional varieties, i.e. points with multiplicity, and for these we do not need to
appeal to the more advanced analytic constructions of residue currents. Indeed,
the analytic theory we have already presented, together with some homological
algebra, will suffice to generalise the construction of point residues.

The Auslander-Buchsbaum formula

By the Syzygy theorem we saw that the projective dimension of any module over
0 was bounded from above by the dimension n of C". For a given module this
can be made even more specific by invoking the following formula.

Lemma 4.1.17 (Auslander-Buchsbaum). Let (A, m) be a local ring and M a finite
module of finite projective dimension. Then the projective dimension satisfies

pd, M = depth A — depth M.
In particular, if M is Cohen-Macaulay over a Cohen-Macaulay ring then
pd, M = dim A — dim M. (4.2)

Since 0 is a regular n-dimensional local ring it is Cohen—Macaulayﬂ as m is
generated by the coordinates. Moreover, by the Syzygy theorem, any finite 0-
module has finite projective dimension bounded by n. Hence, we may apply the
Auslander-Buchsbaum formula for any finite &-module. The case we are inter-
ested in is when the module is zero-dimensional.

Corollary 4.1.18. If M is an Artinian O-module then

pd, M = n.

In particular, M has a minimal free resolution of length n.

Indeed in [LW18a] the authors study even more generally residues associated to cycles of
complexes of vector bundles.

3In fact, this is true for any regular local ring and Auslander-Buchsbaums formula holds for
any finite module over such a ring.
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This last result is very useful to us since it allows us to define all of our residues
using resolutions of length precisely n.

4,2 Residues of Artinian modules

Consider an artinian module M over &. By the Auslander-Buchsbaum formula

(Corollary 4.1.18| see also the paragraph after [Lemma 4.1.17) any minimal free

resolution of M has length n. Moreover, by |Lemma 4.1.10| any free resolution is

a direct sum of a minimal and a trivial resolution. We only consider resolutions
of length precisely n. Let (E, @) be such a resolution. The resolution gives an
isomorphism M = 0% /J where r = rankEy. We endow E = @ E; with a
superstructure as in and choose a basis for E and a trivial connection
Dr = @ Dg, with respect to this basis. Define the form D¢ = D¢ --- Doy,
where D is the induced connection on & (End E) which is also endowed with a
superstructure as before. We call a resolution with such a connection D a hermitian
free resolution.

We also need the following proposition.

Proposition 4.2.1. If M is an Artinian &-module, then there is a complete intersection

(f) = (fi,--., fn) € ann M.

Proof. Since dim M = dim(¢&'/ann M) = 0 (by [Corollary 4.1.15) we see that z)¥ €
ann M for large enough N, i.e. radannM = m. We can therefore choose e.g.
f:z{\],...,z,lq\’. [ |

Let I = (f) € ann M be a zero-dimensional complete intersection, and let (K, ¢)
be the Koszul complex of the regular sequence (f) (cf. [Section 3.2). Choose an
identification ag : Kgar 3 Eg. Since M = 0"/ J we see that (ann M)0%" C J,
and hence the inclusion I C ann M implies [& O C J. After the identification ag,
the inclusion I0%" C J induces a (unique) surjectiona_1 : (¢/1)®" — M which

is a factor of the map ¢oao, by the homomorphism theorem. By [Proposition 4.1.4}

this surjection extends to a chain morphism a : K¥" — E which is unique up to
homotopy and such that gy is the identification K(e)ar = Ep we made above. Note
that by construction a_; is determined by the identification ag, hence we may lift
to a from ag directly.

With these constructions, we define the residue of M as follows.

Definition 4.2.2. The residue of { € € with respect to M (after choosing the her-
mitian resolution (E,¢, D), the complete intersection (f) and the morphism a) is
defined as

Resf/’jf’a[é] = %Resf [C tr (ao_lD(p A an(elmn)ﬂ ) (4.3)
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Remark 4.2.3. The factor n! is included in the definition to compensate for the fact

that in the complete intersection case we have D¢ = n!df (cf. [Proposition 3.2.8).

We will, however, ignore this factor at present, and only include it again when
proving the residue formula.

In fact, the residue does not depend on anything but the module M. This is
not obvious and relies mainly on certain algebraic properties of the morphism a.
We begin by showing that a different choice of the morphism a does not change
the residue. Then, that it is independent of the regular sequence f1,...,f, €
ann M. Though nontrivial, these two parts follow from the Transformation Law
(Theorem 3.3.1) together with the fact (Proposition 2.2.4) that (f) = annResy.
We then show independence of the hermitian resolution in two steps by using

a property of the morphism a and the fact that a minimal resolution is a direct
summand of any resolution.
f,a

Proposition 4.2.4. Given an identification ay : Kgar = Ey, the residue Resi/’I is

independent of the induced morphism a : K" — E.

Proof. Suppose that a,b : K¥" — E are liftings such that ag = by, then the surjec-

tions coincide a_; = b_;. By homotopy uniqueness of liftings (Proposition 4.1.4)
we have that a ~ b, so that there is a homotopy s : K¥” — E[+1] such that

a—b= @s+sy.

In particular, a, — by, = @y+154 + sy—1Pn. Since s, = 0 as E,.11 = 0, we get that
ay — by, = s,_1yy. Therefore

(Resi&f’a — Resi,}f’b> [&] = Ress [C tr <”61D§0 A Sn—lan(el...n)ﬂ =0

where the last equality follows by [Proposition 2.2.4] u

We therefore replace the a in notation with ay.
Proposition 4.2.5. The residue Resf/}f "™ is independent of the choice of complete inter-

section f.

Proof. Suppose we have two complete intersections (f1,..., fu), (§1,---,8n) C
ann M. We may assume that (f) C (g), as the Nullstellensatz guarantees that for
some large integer N we have (f,..., fN) C (g) and hence both f and ¢ may

be compared with (fY, ..., f)V) using the Tranformation law (Theorem 3.3.1). Let

(F, ) be the Koszul complex of f and (G,y) the Koszul complex of g. Leta :
F¥" — Eand b : G¥" — E be the induced morphisms.
By the assumption (f) C (g), there is a germ of a holomorphic matrix A such
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that f = gA. Applying the transformation law Res, = (det A) Resy, and hence

Resf/’lg’ bo [§] = Resg [§ tr <b0_1Dg0 A bn(el...n)>:|

— Res; [(detA) Etr (bo_quo A bn(el,__n))} 4

By the property trcA = ctr A for a matrix A and a scalar ¢, we may move the
factor det A inside the trace in (4.4) to get

Resy; ¥ "[¢] = Resy | tr ((det A) by ' Do Abu(er..n) )| (4.5)

The induced morphism K.(A) : (F, ¥) — (G, 7v) induces a morphism K.(A)®" :
(FOr, %) — (G%7, ¥9") and by we have

Res; [Ctr <(detA) by 'De A an(elu_n))} = Resy [Ctr (bo_lD(p Aby A Kn(A)@r(elmn))} .

Finally, b A K.(A)®" is also a lifting of a_1 since Ko(A) : & — O is the identity
morphism, so that in fact a9 = byKo(A)®" = by. Hence, by appealing to
we get

Resy [zt (by 1D A by A Kn(4)7 (e1) )| = Resy [tr (" Do Aauler ) )]

and it follows that Resi}g’ b — Resi}f '™ as required. |

We therefore drop the dependence of f in the notation for the residue.
We must now show that the residue is independent of the resolution E of M. In
the case when M is cyclic, this is due to the fact that the functional

Res¢[w Aan(er..n)] (4.6)

defined for n-forms w is annihilated by ann M, a property similar to
Proving this claim is a bit more involved and relies on a result in the
theory of linkage.

Suppose M is a finite module, so that M = ¢%"/ 7, for a submodule J C 0%".
Define I : J to be the module

[:J ={g€Hom(0%,0):¢(J)C I}

which coincides with the usual notion of colon ideal for an ideal | C 0.
Lemma 4.2.6. Suppose M = 0% /T is an Artinian module. Let K be the Koszul
complex of a complete intersection I = (f) C ann M. Let E be a free resolution of M
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and a : K®" — E be the associated morphism. Then
[:K,®J = I(KI")* + (EN)ay.
In particular, if M = 0/ ], then
I[:]=1+7Z(ay)

where Z(ay,) is the ideal generated by the entries of ay,.
Proof. We refer the reader to [Lar19b, Lemma 4.6] for a proof of this result. |

We indicate briefly how we apply this seemingly technical lemma. In our compar-
ison of residues given by different resolutions, we end up with a form tra; TN
ay. As we have an isomorphism ey, ® a,, L. E = K", we can identify im ¢; =
J with the submodule K, ® J. The lemma together with annRes = I then
imply thatif ¢ € Hom(E,, ') then

Resf[g A aneln_naalq)l] =0

and in particular
Resy [tr (pt A anelmnao_lgolﬂ =0. (4.7)

We now have the means to prove that the residue depends only on the module M.
First, we show that this holds for two resolutions with the same rank at level 0.
Then, we show this in general by relating a free resolution to the minimal part by
comparing both to a third resolution. This approach was adopted to accommo-

date for the resolution constructed in[Theorem 4.3.2, which is not minimal at level

0 in the cases of interest. In [LW18a]] they showed the corresponding formula in

[Theorem 4.3.2|by constructing a resolution of length n -+ 1 but with minimal rank

at level 0.

Lemma 4.2.7. If E and E' are hermitian resolutions of M such that rank Eg = rank E;,
then they define the same residue.

In particular, the residue does not depend on the connection D on E or the identification
ap : K(G)Br = Ep.

Proof. For the first part, let (E, ¢) and (E’, ¢) be free resolutions of equal rank on
level 0 and (K, i) a Koszul complex as before, with a, a’ the associated morphisms
from the Koszul complex to E and E’ respectively. We begin by relating the dif-

ferential forms D¢ and D¢’ as follows. There is an identification by : E| = Ey
such that boag = af), defined by by = aja, . Then any lifting b : E — E’ of by gives
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4. Residues of Artinian &-modules

amorphism b A a’ : K¥" — E which is homotopic to a, since they agree on level 0
by construction.
A calculation with the superstructure (see [LW18b, Lemma 4.4]) yields

Do Ab, =byAD¢'+pr1 Au+vA g, (4.8)

for some Hom-valued sections y and v.
By using that tr AB = tr BA and |[Equation (4.7) we see that

Res; [cj tr (110_14)1 Ap N ﬂ#l...n)] = Resy [gj tr (y A a;elu_naal(pl)” =0. (4.9

We also get

Res [é‘ tr (ao_lv A (p;a;el.__nﬂ = Resy [(j tr (ao_lv A a;_ltpnel._.n” =0 (4.10)

by [Proposition 2.2.4

Thus, we only have to compare the residues with respect to f of the forms asso-

ciated to D¢ A b, and by A D¢'. Since b A a’ ~ a, we may apply [Proposition 4.2.4|

to see that
Resf/}”‘) [¢] = Resy [é tr (ao_ngo A anelmnﬂ @)
= Resy [Ctr (aango A by A a;eln_nﬂ . .
Furthermore, since boajy = ag we have (a))~! = a, by, and it follows that
Rest; “[¢] = Res; [z; tr <a51b0 ADg' A a;el,,ﬂ)} . (4.12)

E, a

To conclude, the equalities in (4.8) — (4.12) together imply that Resllf/’I % = Res,,
|

We therefore drop the dependence of ag in the notation.

We now prove that the minimal part of the resolution is the only contributing
factor in the residue.

Lemma 4.2.8. The residue is independent of the free resolution.

Proof. We prove this by comparing any resolution (E, ¢) to a minimal resolution
(F,e) which is a direct summand of E. This is done by creating a new complex H
from F which satisfies rank Hy = rank Ej, whence Res]I\{A = Resﬁl by
We then show that the residue corresponding to the complex H captured com-
pletely by the minimal part F.

Suppose therefore rank Ey = r > rank Fy = s and consider the trivial complex
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4. Residues of Artinian &/-modules

(G, 7v) defined by

0 y 0% 1, g%t 5 0

wheret =r—s. Let (H,77) = (F®G,e® ). Thenrank Hy = s+t = r as required
and H defines the same residue as E. To compare it with F, endow H with the
direct sum connection Dy = D ¢ Dg, where Dg is the trivial connection on G
in the given basis.

Let (K, 9) be a Koszul complex and by : K§* > F an identification inducing a
morphism b : K¥* — F. Since the residue does not depend on the morphism 4 :
K®" — H or the Koszul complex K, we consider a new morphism by choosing the
identification ag = by ®« : K¥" 5 Howherea : K§*! = 0% is some identification.
Then a lifting a of ag is given by a1 = by ® « and a; = by © 0, for k > 2.

Before calculating Dy = Dy, we begin by recalling that the odd endomorphism
71 on G induces an endomorphism on & (G) = &% ® Ex(G) with the superstruc-
ture as before (cf. which acts on homogeneous elements w ® ¢ by

N(@®E) = (—1) BN @ 9, (2) = (1) BCw e (413)
Since Dg; is trivial with respect to the basis

D(1(w®¢)) = (-1)48Ydw o ¢ (4.14)
1(D(w®¢)) = (—1)%8%dw @ ¢. (4.15)

Now, the induced connection on &y (End G) is then by definition (cf. Section 3.2)

Dy1(w®§) := D(11(w ®§)) — (=1)%87 (D(w ® §)) (4.16)
= (—1)%8Ydw @ ¢ + (—1)%*8% iy @ & (4.17)

and since degdw = degw + 1 if dw # 0, we see that Dy = 0. This implies that
Dn = De ® D7y = De. Therefore, the differentials

ay "Dy Aay = by 'De A by (4.18)

representing the residue with respect to H and F, respectively, coincide, whence
Res!) = Res},. This implies Resk, = Res}, as required. u
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4. Residues of Artinian &-modules

4.3 Residues and intersection multiplicities

In this section we prove the main result of the thesis, namely that the residue of
¢ € 0 with respect to M satisfies the following residue formula

Resp[¢] = (dime M) ¢(0) (4.19)

so that in particular we obtain the intersection multiplicity in the case when M is
a cyclic module &'/ ]. The idea is to disassemble the module M using a so-called
composition series. One then shows that the residue behaves like the dimension
with respect to short exact sequences. Finally, by induction we need only the
calculation

Resn[¢] = ¢(0) (4.20)

for the residue of ¢ with respect to ¢'/m. This calculation is just the Cauchy
integral formula at the origin applied to the function ¢.
Lemma 4.3.1. An Artinian 0-module M with dimc M = ¢ has a composition series

0O=MyCM;C---CM 1M =M

with M]'/M]'_l = ﬁ/mforj = 1,...,€.

Proof. We construct a composition series as follows. Let {v1,...,v4} be abasis for
M as a complex vector space. Let {v;,, ..., v; } be a minimal subset generating M
as an 0-module. Take M,_; to be the module generated by {v;...,v,} \ {v; }.
We claim that M, ; is a maximal proper submodule. Note first that M, | C M
as we have excluded a generator, so in particular we see that dim¢ M, = ¢ — 1.
Now, any chain L C N C M satisfies dim¢ L < dim¢ N < ¢ and hence M,
can not be properly contained in a proper submodule of M as it is maximal as a
subspace. The result follows by induction. |

Theorem 4.3.2. For a short exact sequence of Artinian 0-modules

0 s L > M > N > 0

the residues are related by Resy; = Resy + Resy.
We provide a proof based on the construction of a resolution of M from resolu-
tions of L and N.
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4. Residues of Artinian &/-modules

Lemma 4.3.3 (Horseshoe Lemma). A diagram

81\

T

where the column is exact and where the rows are projective resolutions, can be completed
to a commutative diagram

0 0 0

E1 £1>];“;) £0>£ > 0
Fl (P1>1;;) (PO>]\\;I > 0
>él 71>C\;’0 70>I\\,f > 0

0 0 0

with exact columns and where the middle row is also a projective resolution.
Moreover, Fy = Eq @ Go @9 = €0 @ (), for some lifting v : Go — M of yo. At each
level £ > 1, we get a similar splitting Fy = E; ® Gy, and @, is given as a matrix

&y )\g
P = :

The lemma is proven by successively lifting y and applying the Snake lemma.

Proof of [Theorem 4.3.2, A priori, the residues are already defined using some free
resolutions of our modules, but by invoking [Lemma 4.2.8) we may choose any

resolutions we want. In particular, the Horseshoe lemma gives a free resolution
(F, ) of M from free resolutions (E, ¢) and (G, y) of L and N respectively. More-
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4. Residues of Artinian &-modules

over, this free resolution fits into a short exact sequence

0 s E s F s G s 0

Suppose also that E, G are hermitian resolutions and note that since Fy = E; ® G
we get that as abundle F = E @ G and hence we may equip F with the direct sum
connection D = Dg & Dg.

There is a zero-dimensional complete intersection I = (f) € annM C annL N

ann N by [Proposition 4.2.1, Let K be the Koszul complex associated to f. Let

ap : KSBS = Ep and ¢y : Kgat it Go be identifications. By [Proposition 4.1.4] there

exists morphisms a and ¢ of complexes extending ay and cy respectively. Since the
sequence of resolutions is free, it splits at each level. We therefore get an identifi-
cation by : KSBr — Fo by defining by = a9 ® cg. Note also that the Koszul complex
(K®", ) splits as (K @ K, ' & ). We show how to extend by to a chain
morphism b : K — F that is easy to work with by studying the commutation
relations b = by = b(¢’ @ ¢""). Since the complex splits at each level we see that
by may be represented as a 2 x 2 matrix of homomorphisms

by — (df 82) .
hy ey

Furthermore, since we defined by = a9 @ cp, we have dy = ap, eg = cp and go =
hop = 0. We begin by constructing b; by using the relation ¢1b; = boy.
Recall that g = g9 @ 7 for some lifting y;, : Go — M of g, and that generally ¢,

g A
pr = l 1
0 e
for ¢ > 1. The equation ¢1b; = bpy; translates to

e1d1 + Ay €181+ Ateq _ aolpi 0 ) (4.21)
Y1 T1€1 0 coyy

can be described by a matrix

Let h; = 0, then we may choose d; = 41 and e¢; = ¢; since 4 and c are chain maps.
It remains therefore to show that we can define g; such thate;g; + A1c; = 0. Since
pop1 = 0, we see that egA; = 0. In particular

— 80)\1C1 =0 (422)
ie. imAjc; C kereg = imeg. Hence, if x € K, we may define g;(x) to be any
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4. Residues of Artinian &/-modules

y € Ej such that e1(y) = —Ajc1(x). Then, by construction €1g1(x) + Aqc1(x) = 0.
Inductively, we do a similar diagram chase to find an upper triangular matrix

by, = [ A+2 842
{+2 — .
0 cri2
Indeed, by, can be chosen like this if we have by and b, 1 of the same form, since
we may find g/, , by moving around the terms in the commutation relation using

the property
eA+ Ay =0.

Since ¢ is upper triangular and D is the direct sum connection, the differential
form D¢ has a matrix representation

De w
D =
4 ( 0 D’y>

where w is some form that is not of interest for our calculations. Therefore, we

see that
-1 !
D
tr (bo_lD(p/\bn> g (o PE/ A 1 «“
0 cg Dy Aey
= tr (aale N an> + tr (calD'y N cn>
whence the statement Res); = Res; + Resy follows. [ |

Theorem 4.3.4. The residue satisfies Resps[¢] = (dime M) &(0). Writing this out, we
get an integral formula

/5)(8 A&tr(ag Do Aay) Ay = (27i)"n!(dime M)E(0) (4.23)

generalising the arqument principle.

In the particular case when M = &/ (f1,..., fn) we recall that the algebraic mul-
tiplicity of the vanishing at the origin for f was defined precisely as D(f) =
dim¢c M and gives a relation between the residue integral to this multiplic-
ity.

Proof. Applying|Proposition 3.2.8 and [Corollary 3.2.9|we get

Resn[¢] = %ResZ [n!¢dz] = ¢(0)

where the last equality follows from Cauchy’s integral formula.
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4. Residues of Artinian &-modules

The result now follows from the existence of a composition series of M. Indeed,
for a composition series, the inclusions induce short exact sequences

0 —— My —— My —— O/m — 0 (4.24)

and hence we may apply [Theorem 4.3.2| to see that Resy;, , = Resy, + Resn.

Induction together with the fact that Resys, = Resy, concludes the proof, since the
series has length dim¢ M. |

Example 4.3.5. We give an example calculating the residue for a non-complete
intersection in & = 0. Consider the ideal | = (z%,zlzz, z%) C ¢ and note that
] is zero-dimensional but not a complete intersection. Indeed, note that none of
the generators are redundant, and hence | is minimally generated by 3 elements,
which is seen e.g. by a corollary of Nakayama’s lemma that any two minimally
generating sets of a module over a local ring have the same cardinality. But since
0 is 2-dimensional the maximal length of a regular sequence is 2. Therefore, | is

not a complete intersection and we must use [Definition 4.2.2| to define a residue
for &'/ ]. We do this and demonstrate the residue formula (4.23).
Now, choose the complete intersection I = (z%,2z3) C J. The cyclic module ¢/ ]

has a (minimal) free resolution

0 N Ny S R LN y 0)] —— 0 (4.25)
where
—2Z2 0
1 = (z% 212 z%), m=|z1 -z
0 Z1

Let (K, 1) be the Koszul complex

&
AP (122 =2)

0 > O y O > O/ —— 0 (4.26)

associated to the regular sequence (z3,z3). We find the morphism a by solving
the commutation relations. Note that ag is the identity and a_; is the natural
surjection &'/1 — ¢/ ]. We claim that one can choose a1 and a; to be

10
ap=10 0 and ar; — <22> .
Z1
01
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4. Residues of Artinian &/-modules

We now calculate the differential D¢ A a; (Where the sign comes from the super-
structure in matrix notation, see [LW18b) section 2.5])

—de 0
Z
D¢1Dgoay = (—1)' (d(z@ d(z12;) d(zg)) dzy —dz (2>
0 le

z
=(-1) (—d(z%) ANdzy +d(z122) Ndzy  —d(z122) +d(23) A d21> <22>
1
= 3 2z120dz1 N dzs.

Finally, we compute the residue

Resp[¢] = % Res

2) [322z1258dzy N dzp] = 3 /r 2122¢dz1dz

(27ti)2 2322
_ 3 ¢dzidz; —3.&(0)

(2mi)2 Jr z1z2

2
21 Z

which is precisely what we expected, since dim¢ ¢'/] = 3 as it has as a basis the
functions 1, z1, zo modulo J. [
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