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Abstract  
This thesis investigates the teaching and learning of linear equations, with particular 
focus on how different ways of perceiving an equation and its components may 
influence students’ equation solving, especially when decimal or negative numbers are 
involved. The dissertation also more broadly examines how students visually attend to 
various aspects of equations, and how instruction can direct students’ attention toward 
aspects that are relevant to algebraic structure. 

Much of the previous research on the teaching and learning of linear equations has 
focused either on students’ conceptual challenges (such as understanding the concept 
of equality) or on difficulties related to equation solving. However, algebraic thinking 
involves perceiving and attending to equations differently than arithmetic, and little is 
known about how this way of perceiving can be supported through teaching. Therefore, 
the six papers included in this thesis examine how students perceive equations (Paper 
I–III), how their awareness of algebraic structure changes (Paper IV), and what types 
of tasks can support this learning (Paper V–VI).   

Together, the studies draw on data collected from four lower-secondary and six 
upper-secondary schools. The research has largely followed a mixed-methods approach 
with a practice-oriented focus, using interventions to explore how teaching can be 
designed to address the identified challenges. Variation theory serves as the theoretical 
foundation, conceptualising learning as a change in awareness, and patterns of variation 
have guided the instructional designs.  

Overall, the results indicate that students need support in recognising equations 
that share the same algebraic structure, since they are sometimes influenced by 
irrelevant aspects such as the types of numbers involved. To support this shift in 
attention, teaching activities involving the building and sorting of equations have been 
developed and investigated. The thesis also makes a theoretical contribution to research 
on algebra structure sense by emphasising that awareness of algebraic structure involves 
both discerning critical aspects of expressions and disregarding irrelevant aspects.  

Based on these findings, teachers can support students in perceiving linear 
equations in more powerful ways – by revealing their algebraic structure – thereby 
creating conditions for more efficient equation solving. 
 
 
Keywords: Algebraic structure, linear equations, phenomenography, structure 

sense, variation theory  



 

 

 
 

Sammanfattning 
 
Den här avhandlingen undersöker undervisning och lärande av linjära ekvationer, med 
särskilt fokus på hur olika sätt att uppfatta en ekvation och dess delar kan påverka 
elevernas ekvationslösning (särskilt när tal i decimalform eller negativa tal förekommer). 
Avhandlingen utforskar också mer generellt hur elever visuellt uppmärksammar olika 
aspekter hos ekvationer och hur undervisning kan rikta elevers uppmärksamhet mot 
aspekter som är relevanta för ekvationers algebraiska struktur. 

Mycket av den tidigare forskningen om undervisning och lärande av linjära 
ekvationer har fokuserat antingen på elevers begreppsliga svårigheter (såsom att förstå 
begreppet likhet) eller på utmaningar kopplade till att lösa ekvationer. Ett annat viktigt 
perspektiv på undervisningen, som inte är lika väl undersökt, handlar om hur algebraiskt 
tänkande innebär ett annat sätt att erfara linjära ekvationer än i aritmetik, samt hur 
undervisning kan utformas för att stödja elever i att se ekvationer på detta sätt.  

Därför undersöker de sex artiklarna i den här avhandlingen hur elever erfar 
ekvationer (artikel I–III), hur deras medvetenhet om algebraisk struktur kan förändras 
(artikel IV) och vilka typer av uppgifter som kan stötta ett mer algebraiskt sätt att erfara 
ekvationer (artikel V–VI). Som helhet bygger studierna på data från fyra högstadieskolor 
och sex gymnasieskolor. Forskningen använder till stor del mixed methods inom olika 
former av praktiknära forskning. Genom interventioner utforskas hur undervisning kan 
utformas för att möta de identifierade utmaningarna.  

Variationsteori har fungerat som teoretiskt ramverk genom att beskriva lärande som 
ett förändrat sätt att erfara, och variationsmönster har väglett designen av 
undervisningen. Resultaten visar att elever behöver stöd i att känna igen ekvationer med 
samma algebraiska struktur, eftersom de påverkas av irrelevanta aspekter, såsom vilka 
typer av tal som ingår. För att stödja en förändring i elevernas uppmärksamhet har 
undervisningsformer utvecklats och undersökts genom att låta elever bygga och sortera 
ekvationer. Avhandlingen bidrar också teoretiskt till forskningsfältet algebra structure 
sense (känsla för struktur i algebraiska uttryck) genom att visa att en medvetenhet om 
algebraisk struktur inte bara handlar om att urskilja kritiska aspekter i ett innehåll, utan 
också om att bortse från irrelevanta aspekter.  

Resultaten bidrar med idéer om hur lärare kan stötta elever i att se ekvationer på ett 
mer kraftfullt sätt – genom att synliggöra ekvationers algebraiska strukturer – och 
därmed möjliggöra att elever kan lösa ekvationer på mer effektiva sätt. 
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Chapter 1 Introduction 

To teach students to solve linear equations is one thing. Guiding them into recognising 
linear equations in different settings is something else. This latter part of teaching, 
sometimes called transferring or recognising structure, is not to be underestimated. It 
can be crucial not only to how effectively students can identify a solution, but also 
whether they can proceed at all in a new context (e.g., one that involves a new set of 
numbers). Recognising structure – how it is sometimes overlooked and how it can be 
taught – is the topic of this thesis. 

All over the world, the topic of algebra is a gatekeeper to higher studies. In the 
Swedish curriculum, for instance, learning methods for solving linear equations is 
compulsory in secondary school (Skolverket, 2022). Despite extensive research that 
details students’ difficulties with algebra (Bush & Karp, 2013), many questions remain 
unanswered and need to be further explored, particularly as students continue to 
struggle. The research of this thesis is an example of such an exploration, which started 
in an open inquiry if students handle linear equations in different ways depending on 
their attributes and the complexity of the context. From the perspective of a 
mathematician, all linear equations of the form 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 = 𝑐𝑐𝑐𝑐𝑎𝑎𝑎𝑎 + 𝑑𝑑𝑑𝑑 can be solved using 
the formula 𝑎𝑎𝑎𝑎 = (𝑑𝑑𝑑𝑑 − 𝑏𝑏𝑏𝑏)/(𝑎𝑎𝑎𝑎 − 𝑐𝑐𝑐𝑐). However, an initial pilot study revealed that 
changing the numbers in 42 = 3 ∙ 𝑎𝑎𝑎𝑎 to 0.12 = 0.4 ∙ 𝑎𝑎𝑎𝑎 made some students unable to 
apply the equation solving skills they had previously demonstrated – even though they 
had calculators (Holmlund, 2022). Fascinated by how a mere change of numbers in an 
equation could make the students unaware of the similarity between multiplicative 
equations, the focus of my inquiry took form: why do some students perceive equations 
that mathematicians consider so similar as distinctly different? To further describe how 
the research has evolved, this introduction will first position the research of this thesis 
in the field of mathematics education, then in relation to the theoretical framework 
used, phenomenography, and finally outline the structure of the thesis.  

Mathematics education research is a field that explores the teaching and learning of 
mathematics. In the last 25 years, a growing body of papers on students’ recognition of 
structure in algebraic expressions has evolved, some of this work uses the term 
“structure sense” (see Linchevski & Livneh, 1999). In their definition of structure sense, 
Hoch and Dreyfus (2004) emphasize that it involves recognising connections both within 
an expression and in relation to other expressions, which is a form of conceptual 
knowledge. At the same time, structure sense is closely connected to procedural 
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knowledge as it often is revealed in the manipulation of algebraic expressions and is 
often assessed through operational tasks. This dual character of the ability to identify 
structure – situated between what students can see and do – is a recurring theme in this 
thesis.  

The research presented in this thesis spans all three topics of knowing, learning and 
teaching. Approaching these human activities, I have used the research tradition of 
phenomenography and variation theory. These perspectives explain knowing as the 
ability to discern properties in a content, learning as a change in that ability and teaching 
as providing opportunities to notice new aspects of the content (Marton, 2015). None 
of the studies in this thesis has the specific aim to develop theoretical ideas of 
phenomenography and variation theory. However, the thesis returns to and builds on 
the original idea of how seeing an object always is situated against a background that 
displays what the object is not (Marton & Booth, 1997). To discern the structure of an 
equation, students need not only to notice relevant aspects of the equation but also 
actively and simultaneously disregard irrelevant aspects. This is also a recurring topic in 
all the articles in this thesis, particularly the irrelevant aspect of the type of number used 
for the coefficient in the equation.  

Finally, this thesis has taken inspiration from design-based research, an experimental 
research approach that is interventionist, iterative, utility and theory oriented, and 
involves practitioners (Plomp, 2013). The thesis consists of three studies (see Figure 
1.1) that contribute with an understanding of and practical solutions to enhance 
students’ awareness of algebraic structure. The specific group of students in focus in 
this research are students in lower secondary school grade 8 and 9, and in upper 
secondary school in the first year of vocational education focusing on electricity. The 
cooperations with schools and the methods have had different characteristics 
throughout the project; testing and interviewing students (Paper I & II), designing 
teaching and exploring students’ progress in collaboration with teachers in a learning 
study (Paper III & IV), and designing learning material in a digital platform and testing 
it in schools (Paper V & VI). The papers are coherent as they originate in the same 
research issue but also display a progression from involving only students’ perspectives, 
to enclosing teachers’ expertise and finally developing self-study material. 
 
Study 1 Study 2  Study 3 
Analysing students’ understandings Intervention with teachers  Designing digital material 
 
 

Figure 1.1 The development and structure of the research. 

Paper I Paper II Paper III Paper IV Paper V Paper VI
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This research fills a gap in the research literature and adds to two bodies of 
knowledge: the one on teaching and learning about linear equations, and the one on 
algebra structure sense. As the studies have involved several students and teachers in 
reflecting on their practise, the research is practise-based, which aligns with its purpose 
of being relevant both for researchers and teachers. 

1.1 Aim and specific object 
The aim of this thesis is to investigate how students’ awareness of algebraic structure in 
linear equations develops while learning algebra – especially in relation to how they 
perceive the different parts of the equation – and how teaching can be designed to 
support recognition of structure in linear equations. The thesis explores the following 
questions:  
 

RQ1.  How do aspects of the mathematical content of linear equations (e.g., attributes 
of the variables or the coefficients) influence students’ awareness of algebraic 
structure? 

 
RQ2. In what ways can the design of curriculum materials, including lessons and 

didactical models, support students to see the structure of linear equations 
involving decimals and negative numbers?
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Chapter 2 Literature review 

Mathematics is a special topic in comparison with many other topics as it, unlike 
chemistry or biology, lacks a fundamental ontological level – the mathematical objects 
cannot be touched and can thus only be explored through their representation of signs 

or other objects (Duval, 2006; Otte, 2006). However, interpretation of signs as 
representations of mathematical ideas is subjective, and a successful signification 
requires a capable interpreter. This introduces the topic of this thesis: how a 
mathematical construct such as linear equations can seem straightforward in its 
mathematical meaning (discussed in 2.1) but be ambiguous and difficult for students to 
interpret (discussed in 2.2–2.3).  

2.1 Linear equations and algebraic thinking 
There is no universally accepted definition of the term ‘equation’, but most proposed 
definitions center on the presence of a statement of mathematical equality 
(Tossavainen, et al., 2011). Equality is a binary relation that indicates reflexivity (𝑎𝑎𝑎𝑎 =
𝑎𝑎𝑎𝑎), symmetry (if 𝑎𝑎𝑎𝑎 = 𝑦𝑦𝑦𝑦 then 𝑦𝑦𝑦𝑦 = 𝑎𝑎𝑎𝑎), and transitivity (𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑎𝑎𝑎𝑎 = 𝑦𝑦𝑦𝑦 and 𝑦𝑦𝑦𝑦 = 𝑧𝑧𝑧𝑧, then 𝑎𝑎𝑎𝑎 = 𝑧𝑧𝑧𝑧). 
Therefore, equations can be purely numerical (e.g., 7=7) or include a variable that can 
be indicated in different ways, as a letter, a gap or a point (e.g.,  4 + □ = 9). More 
specifically, linear equations are equations in which every variable has an exponent of 
one.  

A frequently cited distinction draws a line between arithmetical equations, where the 
variable appears solely on one side (e.g., 4 x + 6 = 30), and non-arithmetical equations, in 
which variables appear on both sides (e.g., 4 x + 6 = 7 x − 12) (Filloy & Rojano, 1989). 
Non-arithmetical equations (also called algebraic equations; Andrews and Sayers, 2012) 
cannot simply be ‘undone’ via arithmetic manipulation and inversion; solving requires 
handling of the variable, such as adding or subtracting x-terms, and by this an awareness 
that both sides of the equation are the same. Arithmetical equations can be ‘undone’ 
(e.g., seeing 5 ∙ 𝑎𝑎𝑎𝑎 + 10 = 40 as a numerical procedure that can be calculated backwards 
40 − 10 = 30, 30/5 = 6), which does not require handling of the unknown. 
However, the arithmetical equations can also be solved algebraically, it all depends on 
how a student sees the equation; whether it is this ‘undoing’ or if the students’ acts are 
motivated by balancing the equation, collecting similar terms, or in some way operating 
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on an unknown quantity. This thesis focuses on this type – arithmetical equations – and 
explores how equations of this sort can be perceived in varying ways by students. 

In this way, the research in the thesis focuses on linear equations – similar in form 
but with varying coefficients – where structure is a key concept, as it captures what all 
such equations share. However, when examining the term 'structure' more closely, 
different possible interpretations emerge depending on how the term is defined. The 
word structure indicates an arrangement or an order of things (Cambridge University 
Press, n.d.). In general, polynomial equations are described by their degree, like 
equations of the form 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎2 + 𝑏𝑏𝑏𝑏𝑎𝑎𝑎𝑎 + 𝑐𝑐𝑐𝑐 = 0, where 𝑎𝑎𝑎𝑎 ≠ 0 are usually characterized by the 
structure of a second-degree equation. However, when learning about linear equations 
the term structure can detail other aspects of the equation. It is thus important to specify 
the meaning of the term – but also consider the different aspects and which of these 
structures are displayed in teaching. 

Kieran (1989) was one of the first to define the concept of structure for algebraic 
expressions. She makes a distinction between the surface structure and the systemic structure. 
The first concept denotes the given form of the terms and operations, their sequential 
order with respect to the constraints of the syntax. For example, 3(𝑎𝑎𝑎𝑎 + 2) + 5, which 
starts with three being multiplied with 𝑎𝑎𝑎𝑎 + 2, followed by adding 5. Kieran’s second 
concept, systemic structure, refers to the mathematical properties of the operations, where 
all transformations of the surface structure are included. In this sense Kieran notes that 
there are an infinite set of equivalent equations belonging to a systemic structure (i.e.,  
𝑎𝑎𝑎𝑎 + 11 = 14, and 5𝑎𝑎𝑎𝑎 = 15 share systemic structure as both can be simplified to 𝑎𝑎𝑎𝑎 =
3, but not with equations that are simplified to 𝑎𝑎𝑎𝑎 = 4). In contrast, Hoch and Dreyfus 
(2004) define algebraic structure in the following way:  
 

Any algebraic expression or sentence represents an algebraic structure. The 
external appearance or shape reveals, or if necessary, can be transformed to reveal, 
an internal order. The internal order is determined by the relationships between 
the quantities and operations that are the component parts of the structure (p. 50). 

 
Hoch and Dreyfus (2004) add that transforming an equation may reveal different 
interpretations of the same structure, exemplifying that 30𝑎𝑎𝑎𝑎2 − 28𝑎𝑎𝑎𝑎 + 6 displays the 
quadratic property, whereas the equivalent expression (5𝑎𝑎𝑎𝑎 − 3)(6𝑎𝑎𝑎𝑎 − 2) shows the 
product of two linear factors. However, when allowing transformations in a definition, 
all linear equations could be transformed into 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 = 𝑏𝑏𝑏𝑏 and thus have the same structure 
– just different interpretations. Following this line of reasoning, all polynomial 
equations could be transformed into 𝑎𝑎𝑎𝑎𝑛𝑛𝑛𝑛+1𝑎𝑎𝑎𝑎𝑛𝑛𝑛𝑛 + 𝑎𝑎𝑎𝑎𝑛𝑛𝑛𝑛𝑎𝑎𝑎𝑎𝑛𝑛𝑛𝑛−1 …  𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎0 = 0 and thus have the 
same structure. However, to explore how students view different linear equations, like 
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additive equations or multiplicative equations, while still being able to use the term 
structure, the relationships considered in the definition need to be specified. Hoch’s 
and Dreyfus’s definition has been used in this thesis, but on the level of distinguishing 
between the internal order of mathematical operations and how they are combined, 
separating between equations 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 = 𝑏𝑏𝑏𝑏, 𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎 = 𝑏𝑏𝑏𝑏 and 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏𝑎𝑎𝑎𝑎 = 𝑐𝑐𝑐𝑐 (𝑎𝑎𝑎𝑎, 𝑏𝑏𝑏𝑏, 𝑐𝑐𝑐𝑐 ≠ 0) as 
different structures. Thus, the sequential order of terms and equivalent equations are 
not referred to when talking about “structure”, but equations with a specific 
combination of operations – therefore also requiring different strategies for solving. 

However, when students recognise structure, it can be done in qualitatively 
different ways depending on how general their awareness of this relationship is. 
Therefore, Venkat et al. (2019) add the factor of generality to the term structure by 
distinguishing between emergent structure that concerns local relationships (e.g., 
recognising 4 ∙ 𝑎𝑎𝑎𝑎 = 64 as a multiplicative equation), and mathematical structure that 
involves seeing general relationships in a class of examples (e.g., 105 = 5𝑎𝑎𝑎𝑎 and  
1 √2⁄ = 𝑦𝑦𝑦𝑦 ∙ 𝑒𝑒𝑒𝑒 are also multiplicative equations).  

What structure is emphasized in the teaching of linear equations is closely related 
to which aspects of the algebraic competence are considered most important for 
students to develop – a topic that has been discussed for decades (e.g., Filloy & Rojano, 
1989; Vlassis, 2002). There is no agreed-upon definition of algebraic thinking. Some 
researchers highlight generalisation as the most essential feature of algebraic thinking 
(Mason, 2008), whereas others point to the symbolisation process as its most 
characteristic component (Kaput, 2008). According to Radford (2018), both positions 
are too limited. He argues that algebraic reasoning can be carried out using natural 
language, without any symbolic notation, and that generalising is a competence found 
in many domains beyond mathematics and therefore cannot be viewed as exclusive to 
algebraic thinking. Instead, Radford (2018) proposes that algebraic thinking involves 
working with “indeterminate quantities in an analytic manner” (p. 8), using multiple 
modes of representation. In his definition, the term analytic is key, referring to a 
deductive way of reasoning.  

Taken together, linear equations involve different forms of structure. Although 
there is no consensus on which structure is most important, the level of algebraic 
thinking they require of a student can be viewed from the perspective of whether they 
involve analytic reasoning about indeterminate quantities. 

2.2 Learning about linear equations 
Since this thesis focuses on students who have learnt basic equation solving in natural 
numbers, it is relevant to discuss how equations are perceived by students who have 
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already been taught about equations. The research on students’ learning of linear 
equations throughout the last four decades will be discussed along the following themes: 
understanding equality, interpreting the variable, issues relating to numbers in 
equations, understanding the equation and transforming the equation.  

Several scholars emphasise that students’ understanding of equality is central to 
learning algebra (e.g., Kieran, 1981; Matthews et al., 2012). Yet many students struggle 
to move beyond an operational interpretation, where the equals sign, “=”, signals that 
a calculation should be carried out – a view that can persist even at university level 
(Tossavainen et al., 2011). Matthews et al., (2012) describe students’ understandings of 
equality on four levels that span the two characteristics of either having an operational 
or relational understanding. Seeing equality in an operational way can either involve 
only handling situations of the form 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 = 𝑐𝑐𝑐𝑐, or extend to handling situations of the 
form 𝑐𝑐𝑐𝑐 = 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏. A relational understanding entails seeing that the two sides are of the 
same value (e.g., accepting 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 = 𝑐𝑐𝑐𝑐 + 𝑑𝑑𝑑𝑑). Some students have the need to evaluate 
both sides, whereas others can transform the two expressions without evaluating them. 
An additional property of equivalence to discern, that has proved important for 
students’ algebra performance, involves the idea of substitution: that expressions that 
are equal can be swapped (Simsek et al., 2019). How central the concept of equality is 
can be understood in relation to its role as one of the “five big ideas” in early algebra 
education (Blanton et al., 2015). 

Turning to one of the other big ideas of early algebra (Blanton et al., 2015), this 
section addresses the variable as a versatile concept in mathematics education. As letters 
are used in algebra in many ways – having somewhat different meanings in functions, 
expressions, and equations – students’ difficulties with understanding letters are not 
restricted to linear equations. Rather students struggle to perceive its various meanings 
in different contexts (Küchemann, 1978; Ursini & Trigueros, 2001; Usiskin, 1988). 
Nevertheless, the context of an equation – seeing it as an unknown number – seems to 
be easier for students than for example interpreting it in a relationship with other letters 
(e.g., 5𝑏𝑏𝑏𝑏 + 6𝑟𝑟𝑟𝑟 = 90) as a variable, with values that systematically vary (Küchemann, 
1978). This can possibly be explained by the fact that this form (unknowns in equations) 
is well represented in tasks (Partanen & Tolvanen, 2019; Ursinin & Trigueros, 2001), 
which may result in students becoming used to this way of interpreting. Other 
misunderstandings mentioned involve understanding the letter as a label (e.g., D 
meaning Daniel’s height), or as an abbreviation (e.g., c for cat) or as corresponding to 
the position of the letter in the alphabet (Küchemann, 1978; MacGregor & Stacey, 
1997).  

 The presence of specific numbers in equations, which is also relevant for how 
students perceive equations, is a topic that has received much less attention. In relation 
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to variables, there is usually an expectation of it representing a natural number 
(Christou, 2015; Christou et al., 2022; Christou & Vosniadou, 2012). This is explained 
by students being biased by their frequent handling of natural numbers. Students are 
used to receiving results on this form, and also know how natural numbers act in 
relation to operations which is then reflected in their equation solving.  

A related topic, students’ challenges with negative numbers in linear equations, has 
been explored. Explanations of the difficulties introduced by the negative numbers 
involve both their abstract character – which makes them harder to visualise (Vlassis, 
2002) – but also issues concerning how the minus sign is discerned. Negativity can be 
interpreted in three ways: as a unary sign indicating a negative number, as a binary sign 
marking subtraction, and as a symmetrical sign representing the opposite value (e.g., in 
-x; Vlassis, 2004). Several studies report on students’ challenge with the first 
interpretation: that students have a tendency to detach the minus sign from a negative 
number (Herscovics & Linchevksi, 1994; Vlassis, 2002; Vlassis & Demonty, 2022). 
Vlassis (2004) suggests that this consistent interpretation of the minus sign as 
subtraction, along with other difficulties, such as misinterpreted rules on how to handle 
negative numbers, stem from students’ early learning of arithmetic. Vlassis and 
Demonty (2022) showed that how students conceptualise the minus sign is related to 
their proficiency in handling integer operations: those who interpreted subtraction as 
“signed taking-away” (e.g., viewing −3 as a transformation) performed better.  

When discussing the different ways students understand equations, one distinction 
commonly made is between seeing an equation as a process to carry out and seeing it 
as an object to work with (Tossavainen et al., 2011; Tuominen et al., 2018; Wettergren 
et al., 2021). The first perspective, seeing the equation as a process, aligns with students 
viewing the equality sign as a promt to act, which is something that students have to 
overcome to fully accept the equality relation. Furthermore, students in both categories 
can differ in other aspects of how they perceive the equation: how they focus on 
equations and control their actions (Carraher & Schliemann, 2007). A student’s focus can 
either be on specific examples from outside the mathematical domain (real problems) 
or purely mathematical (in the form of abstract ideas). This is topical when it comes to 
linear equations, as the subject usually is taught in rather early grades and therefore 
occurs when students are new to algebra. Hence, it is suggested as one of the difficulties 
of linear equations: to solve equations that can no longer be interpreted by referring 
back to concrete models (Vlassis, 2002). Morover, as mentioned, students can have 
various ways of controlling the equaiton solving and how they justify their actions 
(Carraher & Schliemann, 2007). Either, they rely on semantical arguments that connect 
to the meaning of the real problem behind the equation – or they “suspend” the thought 
of what the symbols represent and argue using mathematical properties and the form 
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of the representation (see Figure 2.1). There is not one correct way to think of linear 
equations, but these dimensions map aspects of the mathematical ability that students 
develop when they handle a wide range of linear equations. 
 

Figure 2.1 The focus and control dimensions when approaching problems in algebra, based on 
diagram by Carraher & Schliemann (2007, p. 677). 

Research on how students transform equations to solve them shows that students 
rely on a variety of approaches, called strategies or methods (Kieran, 1992; Linsell, 2009; 
Xie & Cai, 2022). Kieran (1992, p. 400) has identified the following methods in the 
literature: 
 

a. use of number facts, 
b. use of counting techniques, 
c. cover-up, 
d. undoing, 
e. trial-and-error substitution, 
f. transposing,  
g. performing the same operation on both sides. 

 
The two latter methods are usually considered formal (Kieran, 1992), which aligns with 
the thought of algebra as involving the dealing with unknown quantities. The sixth 
method of transposing terms – sometimes mentioned as ‘swap side swap sign’ (SSSS) 
– is considered a shortened version of the last method, also referred to as ‘doing the 
same thing on both sides’ (DSBS). In this way, the DSBS displays students’ 
understanding of equality, while it has been suggested that SSSS sometimes is used as 
routine learnt procedure without conceptual understanding (Kieran, 1992) – although 
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this is not necessarily the case, as shown in Andrew’s (2020) study of pre-service 
teachers. Related to these strategies, some students find it difficult to understand the 
order in which the operations are to be performed, since previously learnt rules of 
multiplication preceding addition do not apply in the same way in equation solving 
(Herscovics & Linchevski, 1994). 

Students’ choice of strategies when solving equations is influenced by several 
factors. The contextual setting is one such factor. When two equations are structurally 
similar, students often solve the contextualised version more frequently than the 
decontextualised one (Linsell, 2009, p. 37). Moreover, the position of terms and the 
unknown in an equation can influence students’ solving frequency. For example, 
students usually find it more difficult to solve for 𝑎𝑎𝑎𝑎 when it appears as a divisor or 
subtrahend (as in 23 = 115 ÷ 𝑛𝑛𝑛𝑛 and 364 = 796 − 𝑛𝑛𝑛𝑛 from Herscovics & Linchevski, 
1994; Xie & Cai, 2022), or when they have two 𝑎𝑎𝑎𝑎-terms occurring on the same side than 
when they occur on different sides of the equality (Elkjær & Kieran, 2025).  

Based on all these notions, it can be summarised that the way an equation is 
formulated and presented in a test or in teaching has a large effect on how students 
come to think about and solve the equation.  

2.3 Algebra structure sense 
Traditionally, studies on algebra education have focused either on how students 
understand different concepts or what they do, but a growing body of literature has as 
research interest students’ ability to recognise structural properties in algebra (Rojano, 
2022a). Although recognition is traditionally classified as a form of conceptual knowledge 
(Hiebert & Lefevre, 1986), variation theory recognises that seeing precedes doing (Marton, 
2015). Thus, recognising structure has both conceptual and procedural implications. 
The field of research on algebra structure sense (occasionally just called structure sense) 
has evolved over three decades, as reviewed below. 

An example from the second study of this thesis is displayed here, that illustrates 
what algebra structure sense is. In the beginning of the lesson, students were shown the 
equation 0.000000001 ∙ 𝑎𝑎𝑎𝑎 + 𝜋𝜋𝜋𝜋 = − 3

103
  which they did not recognise as familiar and 

therefore did not attempt to solve. When encountering the equation again later, several 
students recognised it as an instance of a linear equation of the form 𝑎𝑎𝑎𝑎 ∙ 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 = 𝑐𝑐𝑐𝑐. By 
identifying the underlying additive and multiplicative structure, at least three students 
immediately proceeded to solve it, demonstrating what in research literature is called 
algebra structure sense. The combination of the words in structure sense implies that it is 
possible to have “a feeling” for structure (similarly to the feeling of symbols sense, see 
Arcavi, 1994) and sometimes terms like “intuition” have been mentioned in writings 
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about structure sense (e.g., Hoch & Dreyfus, 2004). From this, one could assume that 
recognising structure has to do with a feeling. However, Linchevski and Livneh (1999), 
the first to introduce the term structure sense, described it as an ability “to use equivalent 
structures of an expression flexibly and creatively” (p. 191). In their study the term was 
used to link numerical and algebraic contexts to show that students’ difficulties with 
algebraic structure also occur in purely numerical contexts, for example “detaching” the 
minus sign from its term.  

The first more formal definitions of structure sense were made by Hoch (2007) in 
her dissertation work. However, her material for generating these definitions involved 
mainly algebraic structures of higher orders (second degree or higher) and has an 
operational focus – especially focusing on handling compound terms. The definition 
suggested in her thesis is therefore less appropriate for structure sense with regard to 
linear equations, the topic in this thesis. However, one of her earlier versions of the 
definition is more applicable in this setting:  

Structure sense, as it applies to high school algebra, can be described as a collection 
of abilities. These abilities include the ability to: [1] see an algebraic expression or 
sentence as an entity, [2] recognise an algebraic expression or sentence as a 
previously met structure, [3] divide an entity into sub-structures, [4] recognize 
mutual connections between structures, [5] recognise which manipulations it is 
possible to perform, and [6] recognise which manipulations it is useful to perform. 
    Hoch & Dreyfus, 2004, p. 3-51 

This definition is also frequently referenced on the topic. Looking at the definition by 
Hoch and Dreyfus, the first and third abilities – seeing an entity but also its sub-
structures – are both related to the definition of an algebraic structure as an internal 
order “in which an entity is made up of its parts” (Hoch & Dreyfus, 2004, p. 50). This 
is the foundation for becoming aware of structure: to recognise locally how parts 
constitute a whole, which Venkat et al. (2019) would call seeing an emergent structure. 
As an example, this could involve a student seeing the multiplicative relationship in 39 ∙
𝑎𝑎𝑎𝑎 = 819 but not in 0.4 ∙ 𝑎𝑎𝑎𝑎 = 0.12. Moreover, the second and fourth abilities – 
recognising a previously met algebraic structure and making connections – are related 
as they involve elements of generalising structure beyond a local context, what Venkat 
et al. (2019) would refer to as seeing mathematical structure. To continue the previous 
example, this would involve the student recognising the multiplicative relationship in 
several contexts and make connections between 0.12 = 0.4 ∙ 𝑎𝑎𝑎𝑎, 6 ∙ 𝑎𝑎𝑎𝑎 = −24, and 𝑎𝑎𝑎𝑎 ∙
𝑎𝑎𝑎𝑎 = 𝑏𝑏𝑏𝑏. Together these four abilities describe what in this thesis will be referred to as 
awareness of algebraic structure. In contrast, the fifth and sixth abilities, which concern 
recognising manipulations, go beyond awareness of algebraic structure. However, these 
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formulations describe awareness of algebraic structure in very general terms. First, it 
does not specify the specific algebraic structure in question, which is essential, as some 
students may be aware of some algebraic structures but not others. Moreover, there are 
additional characteristics of structure sense that are relevant to highlight, as they can 
help to describe the concept more precisely. Four such characteristics of how structure 
sense is outlined in the literature will be reviewed here: understanding of mathematical 
properties, visual features, contextual factors and personal aspects. 

Understanding mathematical properties (and their representation), such as relationships 
between quantities and operations, is essential to structure sense since these constitute 
the essence of algebraic structures (i.e., the internal order, see Hoch & Dreyfus, 2004). 
Examples of how students’ understanding of mathematical properties influences 
structure sense and interacts with the perception of visual features are given by Schüler-
Meyer (2017) who in a design experiment observed students developing structure sense 
of the distributive law. Some students need to unpack the visual representation to see 
structural properties (e.g., 5𝑎𝑎𝑎𝑎𝑏𝑏𝑏𝑏 as 5 ∙ 𝑎𝑎𝑎𝑎 ∙ 𝑏𝑏𝑏𝑏) or remind themselves of previously learnt 
mathematical properties to recognise two structures as similar (e.g., the need for 
commutativity to align (𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐)(−2) with 2𝑎𝑎𝑎𝑎(𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐). However, recognising 
mathematical properties cannot be the only characteristic of structure sense as it would 
not be more specific than conceptual understanding. Instead, structure sense says 
something about the quality of how well students perceive mathematical properties. One 
aspect of this can be seen in the level of generality, distinguishing between seeing 
emergent (local) structures and mathematical (general) structures (Venkat et al., 2019). 
In this way, structure sense includes a comparative dimension, allowing learners to 
recognise structures encountered in one context when they appear in a new one. 
However, the sought structure may either be specified in a task or recognised without 
being told beforehand which one to look for (Hoch, 2007). 

The visual features of algebraic expressions and how they guide students’ attention is 
a reoccurring topic in literature on structure sense. On this topic it is relevant to note 
that the system of algebraic symbolism has developed throughout history and is not 
given by nature. Nevertheless, it carries properties that affect how visually salient the 
system is. One example of this is given by Kirshner (1989), who suggests that the 
hierarchy of operations (e.g., exponents precedes multiplication, that in turn precedes 
addition) is also reflected in their visual positioning: diagonal juxtaposition (𝑎𝑎𝑎𝑎𝑏𝑏𝑏𝑏) 
precedes horizontal juxtaposition (𝑎𝑎𝑎𝑎𝑏𝑏𝑏𝑏), which in its compact form precedes wide 
spacing (𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏). Additionally, it is not only the convention of the syntax that influences 
how visually salient an algebraic expression is; different ways of presenting it can also 
make it more or less salient, for example by using parentheses (Hoch & Dreyfus, 2004). 
Several authors mention that beginners rely more on the visual attributes of algebraic 
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expressions when looking for structure or possible transformations (Rüede, 2013; 
Schüler-Meyer, 2017). Some examples of structure sense involve students instantly 
recognising a structure in an algebraic expression. Along similar lines, Linchevski and 
Livneh (1999) asked students to “quickly” evaluate and explain some tasks. This time 
restriction connects to the visual being a part of structure sense, involving a recognition 
of form and not only mathematical reasoning.  

Contextual factors are important for structure sense as some structures become 
particularly relevant in specific situations or to certain goals. Rojano and Palmas (2022, 
p163) describe how structural features from other mathematical areas can support 
structure sense. They exemplify how students by recalling the geometric structure of a 
circle can recognise the opportunity to complete a squared expression to arrive at the 
circle’s standard formula. Related, Thoms (2018) describes how the structure is dynamic 
in relation to what is considered the intention in different situations. In this way, the 
compound term (or invisible unit) is decided based on what the goal is: for an equation 
on the form 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎2 + 𝑏𝑏𝑏𝑏 = 0, it can be seen as quadratic if the compound term is 𝑎𝑎𝑎𝑎, 
additive and multiplicative if it is 𝑎𝑎𝑎𝑎2 and only additive if the unit is 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎2. 

The personal aspects referred to here involve that individuals’ actions and preferences 
sometimes are mentioned as shaping how they perceive structure. Solares-Rojas and 
Rojano (2022) observed two teachers who addressed algebraic tasks with entirely 
different approaches: one relying on experiences from arithmetic and fluency with the 
syntax of algebra, and the other by inspecting and analysing algebraic expressions. Their 
different approaches are explained by the way their habits influence their use of 
structure sense (Rojano, 2022b). Similarly, Rüede (2013) could see that individuals had 
their own personal ways of interpreting the structures of rational expressions. He also 
saw that novices interpreted things differently from the experts. For example, novices’ 
choices of actions were mostly guided either by visual aspects of the expression (e.g., 
crossing out similar numbers) or finding actions that could change the expression (e.g., 
removing the brackets). Sometimes they could also include an attempt to reinterpret 
the structure. In contrast, the experts, familiar with several interpretations, were mainly 
guided by exploring classifications of the expressions. 

When discussing structure sense, it is important to note that structure sense is not a 
construct always used consistently between studies, but is usually applied to different 
structures: simplifying expressions (e.g., Schüler-Meyer, 2017), linear equations (e.g., 
Linchevski & Livneh, 1999) or equations of higher degrees (e.g., Rüede, 2013). In this 
way studies on structure sense in algebra education sometimes assess the ability to 
recognise different algebraic structures. Thus, there are shared characteristics of studies 
that concern structure sense, but also some variations. 
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Turning to how structure sense is taught, there are a limited number of publications 
that address this issue. In doing so, most studies emphasise the structural similarity 
between arithmetic and algebraic expressions. However, these studies use varying 
pedagogical ideas to support students in becoming aware of algebraic structure (also 
described in Paper VI). One such approach involves guiding students’ attention explicitly. 
This can be done by giving structures names, such as differentiating between a simple 
term (+12), product term (+2 ∙ 𝑎𝑎𝑎𝑎) or a bracketed term (−(3 + 5), in Banerjee & 
Subramaniam, 2012). Naming was found to be especially important for Katy, a student 
who in a teaching interview was asked to name structures of first and second degrees 
and describe them in words (Hoch & Dreyfus, 2010). The interviewer also guided Katy 
with prompts, encouraging her to continue along certain lines of thought. At the end 
of the experiment she said, “Everything I see I categorize” (p. 536).  

Different forms of mapping are commonly occurring in the literature. In these 
studies students are usually supported by adding different degrees of visual salience in 
the tasks. This can be in the form of adding parentheses, simplifying how the expression 
is presented, or using colour to direct the attention of students. For example, this is 
used in a digital teaching platform designed to let students practise mapping algebraic 
expressions to different generative rules, such as finding the input values for a and b in 
𝑎𝑎𝑎𝑎(𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏) when the output value is 𝑎𝑎𝑎𝑎2 − 2 ∙ 𝑎𝑎𝑎𝑎 − 8 (Muñoz-Porras & Xolocotzin, 2022; 
Solares-Rojas & Rojano, 2022). In this design, the level of difficulty is adjusted by the 
use of brackets to emphasise subexpressions, or by varying how expressions are 
displayed – in expanded or simplified form. In a study by Banerjee and Subramaniam 
(2012), the visual salience of algebraic expressions is increased by marking different 
types of terms with rectangles. Mapping between expressions can also be supported by 
asking students to colour the elements that relate in the different expressions (Schüler-
Meyer, 2017) or by presenting similar expressions with identical compound terms next 
to each other, to encourage substitution (Thoms, 2018).  

A third approach to teaching structure involves highlighting the parts and their relation 
to the whole, or as de- and recomposing (Kieran 2018; Venkat et al., 2019). In the teaching 
interviews previously mentioned (Hoch & Dreyfus, 2010), students were asked to find 
specific parts in algebraic expressions, for example find 3𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 in 17𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 − 25 = 13 + 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎, 
to see linear or quadratic structures. This is an example of how to make students 
decompose expressions to see structure. The students were also assigned tasks to make 
up new examples of certain structures and make the structures hard to recognise – 
asking students to add complicating features.  

In this section, pedagogical strategies in research that design teaching to support 
structure sense have been reviewed. There are, however, many studies that address the 
teaching of linear equations in general, some that can also support students to see 
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structure. An example of this is the literature by Rittle-Johnson & Star (2009) that 
emphasises the importance for students of comparing worked examples on equation 
solving. 
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Chapter 3 Theoretical framework 

This chapter begins with a brief overview of how the phenomenographic research 
tradition emerged and how variation theory was developed. Thereafter, some of the key 
assumptions underlying this approach are outlined, before turning to the topic of how 
irrelevant aspects are central to learning. 

3.1 The evolution of phenomenography and 
variation theory 
The description of the evolution of this research approach starts in the 1960s in Sweden. 
Pedagogical research had for a long time been influenced by psychological and 
sociological research traditions, and quantitative approaches dominated the research 
field (Englund, 2004). During the 1960s and 1970s, new qualitative approaches 
challenged the quantitative paradigm, advancing the field towards questions and 
knowledge claims that the quantitative methods did not address. One of these 
approaches emerged in a research group based in Gothenburg in Sweden, “the INOM 
group”. The term is an acronym derived from the Swedish terms inlärning (learning) and 
omvärldsuppfattning (perception of the external world). An idea of how phenomena can 
be experienced in qualitatively different ways was developed. This theorisation was later 
termed phenomenography by Marton (1981), who argued that research aiming to describe 
individuals’ ways of experiencing phenomena should be situated within this approach. 
Phenomenography became one of the traditions that contributed to shaping a new 
strand within pedagogical science in Sweden, the educational research focused on the 
teaching of a specific subject. 

The methodological and theoretical claims of the phenomenographic tradition were 
specified during the 1990s in various publications (Åkerlind, 2018). In this, Learning and 
Awareness (Marton & Booth, 1997) is of importance as it pointed out two directions for 
the research. One was a more theoretically grounded phenomenography, with an 
increased focus on outlining the structure of awareness of a phenomenon and how it 
can be changed (Åkerlind, 2018). The second was variation theory (even though the 
name came somewhat later), building on the same ideas as phenomenography, but with 
an increased pedagogical shift towards investigating students’ learning in the classroom 
and how to best design teaching to promote learning.  
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3.2 Basic ideas of phenomenography and variation 
theory 
It is easy to assume that everyone sees the world as it is – in the same way as everyone 
else (Marton, 2015). But the way we see things is limited by what we have learnt to 
differentiate, that is, what aspects have previously been brought to our attention. Thus, 
students learning algebra can only see what they have learnt from before. Looking at an 

expression such as 6𝑥𝑥𝑥𝑥
3+9𝑥𝑥𝑥𝑥2

4𝑥𝑥𝑥𝑥+6
, a younger student might be satisfied to see that “it is math”, 

older students perhaps see two expressions where x can be factored in the numerator, 
while experts that have learnt to view expressions vertically might see that the ratio 
between the numerator and denominator is 1.5𝑎𝑎𝑎𝑎2 (example from Rüede, 2013). Thus, 
learning is differentiating, something that can come with experience, but also something 
that can be supported by teaching. 

A basic principle within this research approach is that humans can only perceive the 
world through their senses, which makes it impossible to separate the world from our 
experience of it (Marton, 1981). Thus, the research objective is how the world is 
perceived by others, the second-order perspective, and not to make objective claims of the 
world itself. A student’s experience of a phenomenon is not mental or physical – but 
can be seen as a relation between the learner and the object (Marton, 2015; Marton & 
Booth, 1997). A question might arise: if the researcher cannot separate the research 
from her own experience, is objective research possible? Strict objective claims are not 
made in the tradition, but actions are taken to make the results as little biased as possible 
(for example becoming aware of one’s own possible limitations as a researcher and 
using other researchers for analysis and critical reflection).   

More specifically in phenomenography, the focus of study is not the individual’s 
understanding in isolation, but the collective awareness of a group and the range of 
qualitatively different ways in which a phenomenon can be experienced. Each way of 
experiencing may be understood as a “snapshot” of how some people are aware of a 
phenomenon (Marton & Booth, 1997). Research has shown that while there are 
potentially endlessly many features one could notice in a phenomenon, our attention 
can only grasp a limited number of them at a given time. Therefore, there are a limited 
number of distinct ways of experiencing a phenomenon within a given group (Marton, 
2015; Marton & Booth, 1997). The aim of phenomenography is to identify and describe 
these by their essential differences, for example by specifying the aspects that separate 
one way of experiencing from another.  

To illustrate these concepts, four ways of experiencing numbers as a phenomenon 
identified in a study concerning 4–7-year-old children will be used as an example 
(Björklund et al., 2021). To start, students might recognise numbers as involving a 
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certain type of words that are different from non-number words, for example “twenty-
one”. Other students also experience the ordinal aspect of numbers, in that they are set 
in a specific order. For example, when intending to show six fingers, a child might show 
only the right thumb, since it is usually used for counting the sixth number (Björklund, 
et al., 2021). Other children might foreground the cardinal aspect of numbers, that two 
numbers of different size can be put together to make a larger number, without being 
able to specify their quantities. More refined ways of experiencing numbers also involve 
discerning the part-whole relation of numbers: seeing them as composite sets that can 
be related to each other. Thus, essential differences in children’s initial ways of 
experiencing numbers concern the discernment of ordinality, cardinality and part-whole 
relation. All these aspects are needed to develop more advanced ways of experiencing 
numbers. The different ways of experiencing are often represented in an outcome space, a 
table or description that displays the logical relation between the different conceptions 
(Marton & Booth, 1997). Various terms are used synonymously with conceptions – 
such as “ways of understanding,” “ways of experiencing”, and “ways of seeing”. 
Although this might seem confusing, Marton (2015) recognises that various terms can 
be useful as they highlight different aspects of what is meant. 

Variation theory stems from phenomenography and therefore shares the theoretical 
principles mentioned, yet variation theory has a different focus. While 
phenomenography captures discrete “snapshots” of how to be aware, variation theory 
examines how students’ awareness changes over time (i.e., their learning). Looking at 
the previous example with numbers – variation theory would ask what is required by a 
situation to enable students who perceive numbers as a type of word to see them in a 
more refined way? To answer this, we must dissect what learning is and how it can 
come about – which is not answered by phenomenography alone.  

Variation theory states that learning originates in the ability to differentiate between 
aspects of what we perceive (Marton, 2015). Aspects are the dimensions in which a 
phenomenon can vary (for example, numbers can vary in representation, cardinality and 
ordinality), while features are the values within a dimension (features of ordinality can be: 
first, second, third). Learning therefore starts when a difference is noticed, which first 
takes place when a contrast is displayed, that is: experiencing variation in the specific 
aspect and invariance in other aspects. Returning to the earlier example (by Björklund 
et al., 2021), for the students that foreground the ordinal aspect of numbers, learning is 
made possible when a contrast displays the cardinality of numbers: that two and three 
and four also are related by their difference in “manyness”. When the learner has 
discerned this aspect, it can be spotted in different numbers. The pattern of variation 
called generalisation involves experiencing invariance in the specific aspect, and variation 
in other aspects. For example, seeing the cardinality of the number two using different 
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representations (Björklund et al., 2021). These are two of the patterns of variation used 
in variation theory to design learning situations. This systematic variation can be created 
in teaching momentarily, or variation can be discerned by students as they compare the 
current examples with what they have experienced from before. What the students are 
supposed to learn is called the object of learning and when a student sees a previously 
unnoticed aspect of an object of learning, this is referred to as “opening up” a 
dimension of variation (Marton, 2015).  

Returning to phenomenography, studies within that approach can reveal different 
ways of experiencing a phenomenon within a group. These descriptive categories are 
related to the aspects highlighted in variation theory – but not identical – as the various 
ways of experiencing can indicate several aspects of a phenomenon that are essential for 
a group of students to discern in a specific way.  

Studies using phenomenography and variation theory are distinct from many other 
research approaches in its constant focus on the content. Learning is seen as a relation 
between the learner and something – not contained in someone as static knowledge. 
Without that something, there is simply a person and no learning can occur. So, variation 
theory is a good tool for exploring learning in relation to a subject matter. 

3.3 Critical aspects that are irrelevant 
In contrast to the common focus of studies in variation theory – to dissect what aspects 
of a content that need to be discerned for learning to occur – the studies in this thesis 
largely focus on what aspects of the content that need to be unfocused for learning to 
occur. In this way, this thesis builds on the work of previous researchers that describe 
irrelevant aspects as central to learning. Before expanding on the theory of irrelevant 
aspects, we shall first review the concept of critical aspect and the role of the context. 

Returning to the aspects that constitute a phenomenon and the example about 
experiencing numbers in different ways, there is a distinction between the aspects 
students need to discern in order to recognise numbers and those needed to add them 
efficiently. The aspects essential for learning to handle a phenomenon in a specific way are 
called critical aspects. Marton (2015, p. 24) states that “as long as the learner has not 
already made a specific necessary aspect her own, it is a critical aspect for her. It is one 
thing she has to discern to meet the learning target.” Firstly, critical aspects are essential 
to a way of seeing or handling a phenomenon (i.e., the object of learning) and not 
intrinsic in the phenomenon itself (Pang & Ki, 2016). In this way the object of learning 
needs to be very specific and limited to highlight the critical aspects that relate to the 
same way of handling the phenomenon. Secondly, critical aspects are relational in their 
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nature (Pang & Ki, 2016). They cannot be derived solely from scholarly knowledge 
about the object but occur in relation to how someone is aware of the object of learning.   

The origin of the term critical aspects is rooted in the phenomenographic tradition 
(Pang and Ki, 2016). Marton and Booth (1997) describe how a way of experiencing a 
phenomenon is divided into structural aspects (how parts are related to each other and 
to the whole) and referential aspects (its meaning). The referential aspects are needed 
to separate a phenomenon from its background; we need to experience something. 
However, as soon as we see something, the structural aspect is also there, describing 
the phenomenon’s inner composition (internal structure), but also what is experienced 
in the background (the external horizon).  

Marton and Booth (1997) emphasise that we cannot experience anything without a 
context. While not all aspects of the context are relevant to the phenomenon, certain 
elements are connected to it and can even change the way a phenomenon should be 
perceived: “to experience something is not only to pick it out from its context, but also 
to relate it to its context, and even to other contexts as well at the same time” (p. 104). 
They give the string of numbers 581215192226 as an example, which can either be seen 
as a lot of digits, or as one very large number, or even a as a mathematical sequence 5 
8 12 15 19 22 26 – which depends on the background where it is presented. These ways 
of experiencing the same string of numbers involve discerning different aspects. In this 
way, the context influences what comes into focus; for example, the numbers to the left 
gain in importance when looking for a large number, whereas in a number sequence the 
distance between the numbers – an aspect that belongs to the background – needs to 
be discerned. Similarly, mathematical contexts such as arithmetic, geometry and algebra 
influence which aspects of a phenomenon are brought into focus, for example, when 
teaching numeric expressions, and they also shape the processes chosen to handle them. 

Turning to the object of learning, Marton (2015) describes a set of aspects that can 
be critical for learners to discern, but that at the same time should not be taken into 
account. They are called the irrelevant aspects or non-necessary aspects as they are not a part 
of the object of learning: 

What is important here is to be able to generalize, to ignore variation in a particular 
aspect. In such cases, you still have to learn to discern the aspects in order to be 
able to disregard them. (p. 33) 

Thus, these aspects must actively not be taken into consideration to be able to discern 
a learning object.  

An example of this is given by Pang and Chick (2005) who performed a learning 
study, designing a lesson based on variation theory with five teachers and assessed it 
using pre- and posttests in respectively five classes. The object of learning was to see 
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that the market price of the product is determined by supply and demand. Thus, the 
type of product is not a part of the object of learning but is still related to it. Still, 
variation in that aspect was incorporated in the design of the lesson. However, one 
teacher forgot to change the type of product until the end of the lesson. Surprisingly, 
his pupils outperformed the other classes on the post-test (61.5% reached the target, 
compared to the other classes ranging from 9.1–22.6%). The interpretation of the 
results is that his students were given the opportunity to separate the relation between 
demand and supply from the type of product, as it was initially kept invariant. Whereas 
the other students were not given the opportunity to distinguish the aspect of the nature 
of the product as irrelevant (Pang & Ki, 2016).  

To conclude, irrelevant aspects can be displayed in teaching by generalisation, by 
varying the specific irrelevant aspect and keeping all other aspects unvaried. However, 
to display how a context influences a phenomenon and how it should be handled (in 
this thesis relating to arithmetic and algebra as contexts for linear equations) can 
potentially be more difficult to present in a single lesson. Yet it still needs to be 
considered in teaching, but in a wider perspective – displayed over a longer period.   
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Chapter 4 Methods 

This method chapter is a complement to the research methods described in detail in 
the individual articles with a special focus on how they are connected to each other, but 
also how they differ. An overall perspective will be given on the methods in some of 
the studies: the interviews, the design and development, and the test items. Finally, the 
ethical considerations, and the validity and reliability, are reviewed.  

4.1 Overview of the thesis 
The studies in the thesis are connected in several ways. The first study identified and 
analysed a problem in mathematics education (Paper I–II). In the same study, learning 
occurred in some of the interviews which displayed that students can overcome the 
influence that the choice of numbers has on their equation solving (symbolised as the 
first loop in Figure 4.1). To explore this further, a learning study (Paper III–IV) was 
conducted to find ways to help students to focus on the algebraic structure. Finally, these 
ideas and the comparative analysis in Paper V inspired the design of a digital material 
that addresses the same issue (Paper VI). In this way, looking at Figure 4.1, the three 
loops represent the three studies, each with a different design of the teaching, but also 
with a shared common goal – to guide students to see the algebraic structure. 

 
Figure 4.1 The three interventions. 
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The papers of the first and second studies are more theoretical in their claims (the 
first focused on how numbers influence solving linear equations, and the second on 
what students look for in linear equations). The third study is more practical, focusing 
on the effects and usefulness of the design, although it also includes a more theoretical 
question of how awareness of algebraic structure connects to actual solving. Despite 
these differences, each study has contributed to the overall research questions 
concerning students’ awareness of algebraic structure and how to support it. In this 
way, the studies build on each other, using the previous studies as a background. 

Various methods have been employed in the research of this thesis (see Table 4.1). 
All studies include both quantitative and qualitative elements. However, it is in the two 
latter studies that the different types of methods are used to address the same research 
questions, which is a characteristic of mixed methods studies. Across all studies, 
phenomenography and variation theory have served as the dominant theoretical 
framework, and in the first two studies it has guided the analytical work. 

Table 4.1 An overview of the designs of the studies in this paper 

 Participants Data collection Analysis 
Study 1 
 

 
 

 
 

Vocational 
students in their 
first year at upper 
secondary school  
Paper I: 
ninterviews=23 
ntests=110 
Paper II:  
One interview  
 

Paper I & II:  
A test with 
equation-solving 
tasks, semi-
structured interviews 
where students’ 
notes and talk were 
video-recorded.  

Paper I:   
Phenomenographic 
analysis (Marton & 
Booth, 1997), and 
descriptive statistics 
and significance 
testing.  
Paper II: Analysis of 
one student’s 
reasoning 

Study 2 
 

Vocational 
students in their 
first year at upper 
secondary school  
 
Paper III: 
npretests=40 
Also in Paper IV: 
ntotal=45 
nposttests=37 

Paper III & IV:  
Pre- and posttests, 
interviews, audio 
recordings of 
teacher meetings, 
recordings of 
lessons and group 
discussions. 

Paper III: 
Content analysis of 
pretests (Graneheim & 
Lundman, 2004) 
  
Paper IV: 
Analysis of critical 
aspects using variation 
theory (Marton, 2015) 
Descriptive statistics. 
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Study 3 
 

 
n/a 

Paper V: 
Snowball sampling 
of mathematical 
strategies and 
didactical models for 
equation-solving 

Paper V: 
Comparative analysis 
based on how well the 
models translate the 
equations (Filloy & 
Rojano, 1989) 

 
 

Paper VI: 
Students in 
compulsory school, 
grade 8 and 9  
ntotal=126 
 

Paper VI: 
Designing the digital 
material, pre- and 
posttests, 
intervention sheet, 
data of students’ 
activity in the digital 
material  

Paper VI: 
Descriptive statistics 
and significance 
testing. 
 

 
 

    

4.2 Interviews 
Initial analyses in the first two studies were conducted by investigating students’ 
understandings, using prior research, but primarily through interviews. This section 
provides a more detailed account of the interviews, focusing on both their role and the 
procedures used to conduct them. 

Interviews were conducted both in the first study (n=23) and in the second study 
(n=5). In the first study, a phenomenographic approach was adopted with the intention 
of revealing qualitative differences in students’ ways of experiencing structure. 
Performing semi-structured interviews is the most common method to collect empirical 
data in the tradition of phenomenography (Marton & Booth, 1997; Neuman, 1999). In 
the second study, the interviews were fewer and shorter as they only constituted a small 
part of that study.  

Both instances of interviewing shared the characteristic of being semi-structured. 
On both occasions, the questions were taken from the test that the students had 
previously completed, asking them to solve and compare linear equations. In a 
phenomenographic interview, the researcher’s interest is to display how the participant 
perceives a phenomenon. Marton and Booth (1997) describe two characteristics of 
interview questions that can be used when investigating participants’ awareness: either 
through questions that encourage students to undertake a task (involving the 
phenomenon) or to let them reflect on their own awareness of performing a task or on 
a situation that relates to the phenomenon. In the first, the phenomenon is present in 
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a specific and concrete form. However, in the second, students are required to engage 
in an unfamiliar form of reflection, a meta-awareness, which also calls for another type 
of guidance by the researcher (Marton & Booth, 1997). Support can be given by 
reformulating questions or by offering interpretations of earlier responses. The 
interviewee can be supported by bringing her attention back to reflecting on the 
phenomenon. In this thesis, printing the equations on small papers helped to keep the 
topic present throughout the interviews (see Figure 4.2), as an aid to bring the focus 
back to the phenomenon of interest. 

 

 
Figure 4.2 The setup of one semi-structured interview in Study 1. 

The interview context may have caused some students to feel nervous, particularly 
when a camera was present (filming their writing and recording the audio), which can 
potentially have influenced how they experienced the equations. However, the flexibility 
of the semi-structured interview format allowed questions to be adapted to students’ 
responses to support their confidence, while also exploring aspects with which they 
were less familiar. 

Both occasions of interviewing were used as a foundation for this thesis, as 
preliminary research before designing teaching and learning material. In this way, the 
interviews contribute to relevance and strengthen the content validity of the thesis (cf. 
Plomp, 2013, pp. 28–30) – making sure it is rooted in students’ actual needs. 

4.3 Design processes  
In this section, the processes of designing and developing teaching and learning material 
in the second and third studies will be reviewed in a bit more detail than was possible 
in the separate articles. 
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The second study took the form of a learning study. This research approach can be 
described as a systematic attempt to design learning environments while also 
conducting theoretically grounded research, and including teachers’ experiences in the 
design (Pang & Marton, 2003). It is inspired by design experiments (Brown, 1992; 
Collins, 1992) but also incorporates the Japanese and Chinese traditions of lesson 
studies (cf. Stigler & Hiebert, 1999). Comparing this research approach with the great 
variation of studies in the tradition of design-based research, it aligns more with the 
studies that have a theoretical focus, exploring students’ learning processes, rather than 
finding guidelines of how to design teaching.  

The learning study in the second study involved three teachers and one researcher. 
Compared with the more traditional way of performing a learning study, this one was 
set in three different schools with online teacher meetings. Most of the teacher meetings 
were audio recorded with the intention of being able to go back and recall how our 
understanding evolved during the process and how different design choices were 
justified (Cobb et al., 2003). In the first of our nine meetings, the object of learning was 
collectively decided on, and it was further specified during the first meetings. In the 
fourth meeting, the group shared ideas on what kind of tasks could be used to address 
the potentially critical aspects that had been identified. When discussing that students 
need to see the different parts of an equation, an idea came up that students could cut 
equations with scissors and put them together. This evolved into the idea of students 
creating equations with sticky notes in different colours (see Paper IV). The teachers 
also advocated the idea of encouraging students to discuss claims in groups (using the 
colours green and red to make the opposing opinions clear), as this could make students 

Figure 4.3 A setup where the camera positioned on the left records the students’ written 
work and the audio of their discussions during one research lesson in Study 2. 
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articulate their thoughts on structure. Based on this, the researcher wrote a teacher 
guide, prepared the concrete material needed for the lesson, and sent the teachers the 
latest versions of the lesson plan by email before the actual lesson was held. One of the 
teachers then performed the lesson and the researcher was there to video-record the 
classroom and one or two groups. Before performing the lesson in another classroom, 
the researcher pinpointed time slots in the recorded material and informed the teachers 
to look at these in advance. In a meeting, these were then analysed together with 
experiences from the lesson, and students’ answers on the posttest. By reconsidering 
what students need to discern in the object of learning, the design was revised, initiating 
a new design cycle, as is typical in learning studies (Kullberg et al., 2024), illustrated in 
a simplified Figure 4.3. 

 

 
Figure 4.4 A simplified model of one learning study cycle. 

 
In contrast to the previous study, the third study was not a learning study, but was 

instead framed as a design study, following the tradition by Cobb et al. (2003). Apart 
from the change of focus, from formulating critical aspects to designing principles, the 
cycles were much longer in time. The idea of designing the material started in 2022 and 
was piloted first in spring 2025. During this period, there was a change of focus as we 
analysed the problem of students’ handling equations with negative and decimal 
numbers. The design process went from an idea of creating a simulation that could 
contextualise the equations, to designing tasks to support students in how they see the 
equations and solve them. This change of direction in the design process occurred when 
it became apparent that the available didactic models for linear equations do not 

(Re-) analysing how 
students learn the object of 

learning (grounded in 
theory and students' pre-

understandings).

Planning/revising the 
lesson.

One teacher implements 
the lesson plan in her class

Evaluating the lesson and 
investigating students' 
post-understandings.
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translate these examples sufficiently (Paper V). Therefore, the opportunity to design 
this material in the software of Akelius Math appeared timely. The design of the tasks 
was therefore also formed by the conditions of their environment, for example being 
restricted to their templates. Most of all, the platform provided an authentic learning 
situation. In an initial pilot study, the need for improvements in the design was given 
by the participating students and their teacher. For example, explanations by the 
characters in the digital lessons were made more elaborate and were changed from being 
still into short videos (see Figure 4.5). Based on this, the material was tested in 12 
classrooms. Paper VI describes this cycle of the design study, which is not the final one, 
as the design process is intended to continue through revisions informed by the 
findings.   

 
Figure 4.5 Screenshot of an explanatory video in the digital learning material used in Study 3. 

Plomp (2013) argues that consistency and practicality should be the quality criteria 
in the phase of developing designs. The coherence of each of the two studies discussed 
has been supported in different ways. In the learning study, using the lens of variation 
theory in the analysis and design supported the consistency. Another aid in maintaining 
design consistency was also the audio recording of the teacher meetings, which made it 
possible to revisit and reflect on the initial ideas underlying different design features. In 
the third study, consistency was addressed using design principles. By formulating these 
very specifically, decisions on the design could be examined through their lens.  

Regarding practicality, the teachers in the learning study contributed their expert 
judgement about what they know works in classroom practice, as well as their 
arguments concerning what would not be feasible. For example, one teacher valued 
material that is concrete and hands-on as useful for her students’ learning, while another 
teacher noted that writing all numbers and symbols on sticky notes would be too time 
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consuming to be practical within a teacher’s regular working hours. That teachers’ 
professional experiences are merged into the development of teaching is a central idea 
behind learning studies (Pang & Marton, 2003). Also, in the design of the digital learning 
materials, teachers and students—both in the piloting phase and in the intervention 
phase—provided important insights into practicality, for example by identifying words 
that students would find difficult and explanations that would need improvement.  

Overall, the design processes build on somewhat different traditions and are set in 
two separate contexts. However, this also strengthens the results of this thesis as being 
relevant in various settings. 

4.4 Test items 
In the studies, different test items were used to investigate students’ learning. However, 
the items in the different studies have also inspired each other. In all the tests, students 
were given calculators to minimise the actual difficulty that decimal and negative 
numbers bring to the equations. The task types used in the research were of three sorts: 
solving, determining similarity, and identifying the parts. Here we will shortly review 
these test items and their relation. 

In the initial inquiry into how students solve equations (Study 1), ten equations were 
given in a test, all of the form 𝑏𝑏𝑏𝑏 = 𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎 , 𝑏𝑏𝑏𝑏 = 𝑎𝑎𝑎𝑎 ∙ 𝑎𝑎𝑎𝑎,  and 𝑎𝑎𝑎𝑎 = 𝑏𝑏𝑏𝑏 ∙ 𝑎𝑎𝑎𝑎 + 𝑐𝑐𝑐𝑐 with a, b and 
c either used as letters or replaced by natural, decimal, or negative numbers. The 
equations were selected to capture variations in students’ ways of experiencing the 
equations and their structure. To reduce order effects, the tasks were presented in two 
different orders. Apart from the ten equations, students were also asked to perform 
three calculations on a calculator, to ensure that everyone knew how to use the 
calculator. In the second study, the teachers and the researcher wanted to capture 
several different aspects of students’ reasoning, not just the solving. However, due to 
low response rates for all but the first question in the test, the first item was used. 
Fortunately, this question also pinpointed the focus of the object of learning: what 
features students look for when assessing similarity through their encircling of 
equations and their justifications for this. Test items in the third study used both 
questions of solving (as in Study 1) and asking which equations that are solved the same 
way (as in Study 2). This test also added a third type of task where students were asked 
to identify the parts of an equation (the operation and the coefficient). Thereby targeting 
both students’ ability to see parts, (similar) structures, and solve equations. 

The specific equations chosen for the studies were based on previous research, using 
aspects that have previously been identified as challenging to understand in the setting 
of (linear) equations: 
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• Having the unknown to the right of the equality sign (e.g., Herscovics & 

Linchevski, 1994) 
• Involving rational numbers (especially those less than one) in decimal form (e.g., 

Holmlund, 2022; Holmlund, 2023b).  
• Involving negative numbers (e.g., Vlassis, 2002) 
• Involving zero (e.g., English & Sharry, 1996) 
• Changing the letter used for the variable (e.g., English & Sharry, 1996) 
• Having x on both sides of equality (e.g., Vlassis, 2002) 
 

More advanced numbers were used in some equations (in fraction form, in symbol form 
(π) and as a square root (√13)) to investigate students’ abilities to see structure and 
solve equations in a more unfamiliar setting (see Paper VI). 

Consideration was given to whether equations with multiplication should be 
presented with the multiplication sign or not (either as 0.12 = 0.4𝑎𝑎𝑎𝑎 or 0.12 = 0.4 ∙ 𝑎𝑎𝑎𝑎). 
To avoid difficulties with students misinterpreting the syntax, it was decided to use the 
multiplication sign in all tests. At the same time, not using the sign might also have 
influenced how students interpreted the equations, as research shows that the missing 
space created by a skipped sign is a visual cue that some students rely on (Kirshner, 
1989).  

In studies two and three, the tests were used as pre- and posttests, to measure the 
effectiveness of the interventions. When using a pretest, there is always a risk of 
interaction effects, as students who complete the pretest may become influenced by the 
experiment and therefore no longer perform in the same way as students who did not 
take the test (Bryman, 2012). In addition to this, identical tests have been used for pre- 
and posttests in this thesis – to avoid the risk of affecting students’ responses by 
changing the features of the equations. Instead, the time that elapsed between the two 
tests was judged as sufficient to reduce the risk of students remembering the answers.  

4.5 Ethical considerations 
The data collection in the studies in this thesis has been performed in alignment with 
the research ethical guidelines from the Swedish research council (2017). Information 
about the project and its purpose was given to participants, and to parents for those 
who were younger than 15 years of age, so that they could decide regarding their/their 
child’s participation. Informed written consents were collected. All teachers and 
students were made aware that participation was voluntary and that they could withdraw 
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at any time. This understanding was reflected in the fact that a few students in each 
study chose not to participate.  

Moreover, students’ experiences of the research situations have been considered. 
This is especially important as the researcher sets the agenda and the time limit for the 
research, which gives her a position of power in the research situation (Cohen, et al., 
2018). To ensure that all students could succeed in some tasks and reduce the risk of 
leaving them with a feeling of failure, items with a lower difficulty level were included 
in the tests. Before the interventions the students were also instructed that the tests 
were designed to be tricky and that they might not be able to solve all tasks. In Study 3, 
the students were also given sweets during the intervention as a token of appreciation 
for their efforts. 

In the data collection, gathering of personal data involved students’ names (to 
enable comparisons of pre- and posttest), and recordings of voices and their hands 
when explaining their mathematical reasoning. This personal information is kept 
confidential, and all student names have been replaced by fictious names in 
publications. No sensitive personal data was collected during the research projects. The 
processing and storage of the personal data follow the General Data Protection 
Regulation, GDPR, and is for each study specified in a data management plan. In 
collaborating with Turku University (Study 3), a data transfer agreement was signed to 
regulate the use of the data by the two parts. In addition, a data processing agreement 
was established with Akelius Math, that collected the data on students’ activity in the 
digital material. 

4.6 Validity and reliability  
When reviewing the studies in this thesis, the claims made are largely either founded in 
qualitative or mixed-method-analyses, therefore the terms validity and reliability will be 
discussed as understood in these traditions. Validity is understood primarily as the 
trustworthiness of the results, and reliability as the dependability of the research 
process.  

Different aspects of validity in qualitative research are used here to assess the 
trustworthiness of the research in this thesis. To start, descriptive validity is essential, 
ensuring that the descriptions of what transpired in an interview or experiment are 
accurately reported (Maxwell, 1992). Potential threats could be that something has been 
inaccurately reported or that a translation did not catch the student’s intended meaning. 
Actions to ensure descriptive validity include recording interviews and lessons to enable 
returning to the material and verifying what teachers and students said. Moreover, the 
quotes have been kept in their original language until the final editing to avoid being 
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misinterpreted. Moreover, interpretative validity involves whether the researcher has 
been able to understand what the participants mean by their utterances (Maxwell, 1992). 
To support this, analysing data together with colleagues, and presenting tentative 
interpretations in seminars provided input on alternative perspectives. 

Furthermore, the trustworthiness of the theoretical constructs used and theoretical 
interpretations made (i.e., the theoretical validity) also needs to be reviewed. The 
theoretical constructs in this thesis are of different kinds. Two central concepts are 
“structure sense” and “structure”. There are definitions for these concepts (e.g., Hoch 
& Dreyfus, 2004), although these terms are used in different ways in the literature. The 
appropriateness of these concepts and possible interpretations has been continuously 
discussed, such discussions are visible in the papers (e.g., Paper I and IV). On this topic, 
it is relevant to note that in this thesis students have been asked for what equations they 
find similar or possible to solve in the same way. How well this type of task assesses 
students’ awareness of structure as a construct, and whether there are better ways, calls 
for further research. 

On the role of theory, it is also essential to ensure that the interpretations made in 
the studies emerged from the research processes (for example the ways of experiencing 
in Paper I or the critical aspects in Paper IV), found categories were not predetermined 
(see Cohen, et al., 2018). The researcher is of course a part of this process, but as 
previously mentioned, care has been taken to avoid researcher bias in the 
interpretations, such as being transparent in the process and discussing the research 
with others. The validity of these constructs is also strengthened by triangulation (see 
Bakker, 2019; Cohen, et al., 2018), being investigated through multiple data sources 
(e.g., interviews, classroom recording and tests).  

Qualitative research usually emphasises the internal validity more than the external 
validity, as the intent is to represent and understand a phenomenon (Cohen, et al., 2018). 
This aligns with the emphasise of the research of this thesis, as it is oriented towards 
understanding and exploring student’s awareness of structure. However, as the research 
is practice-oriented it is also essential for it to be transferable. External validity in 
qualitative research can be discussed in terms generalisability within a group or outside 
a group. The claims made in this thesis are of both sorts. Some are very specifically 
situated within a particular group and are relevant for similar contexts (e.g., the 
phenomenographic analysis, in Paper I, and the analysis of critical aspects, in Paper IV), 
while other claims attempt to investigate a phenomenon in a more general way (e.g., 
how students’ ability is affected, in Paper I, and the effect of an intervention, in Paper 
VI). Overall, there has been no random sampling or no control groups in these studies, 
which could be considered in future trials. However, the external validity is 
strengthened as the ideas of this thesis have been trialled in several classrooms, by 
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different teachers. The results have been spread through popular science formats 
(lectures and publications), which has led to other teacher testing these ideas in their 
classrooms, which has not been measured but still contributes to the relevance and 
transferability of the research. 

On the reliability of the research process, it is worth mentioning that it has followed 
well-established research methods, such as performing phenomenographic interviews, 
a learning study, and using a design-based approach. To avoid systematic bias from the 
researcher(s), guidelines have been used (e.g., interview guide and overviews of the 
learning study process), pilot studies have been performed, and the processes have been 
documented as transparently as possible (e.g., in written form in documents, and in 
recordings of teacher meetings). Moreover, the coding of tests (Paper IV and VI), and 
the content analysis (Paper III), as well as the comparative analysis (Paper V), were 
conducted in collaboration with other researchers. In contrast, the coding of the test in 
Paper I was only partly conducted together with other researchers but was carried out 
several times to ensure consistency.  Thus, including multiple teacher and researcher 
perspectives on the data, as well as documenting the reflexive process, are methods that 
have been used to improve the dependability of both the process and the results (Cohen 
et al., 2018). 

Finally, the review processes that the studies have undergone before publication 
have been helpful in assessing and improving validity and reliability. Having outlined 
the trustworthiness of this research, the next section will discuss the results. 
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Chapter 5 Results 

In this chapter, each study will be summarised by briefly outlining the context, 
methodology, and main findings of the included papers. Even though the papers have 
their own specific focus, the two initially posed research questions, how students’ awareness 
of algebraic structure is (1) influenced by aspects of the mathematical content of linear equations and 
(2) can be supported by different designs, are informed by insights from all three studies.  

5.1 Study 1 
The investigation of this study is set in the first year of upper secondary school with 
students in vocational education. In total, the data consist of a test with 110 students, 
and 23 phenomenographic student interviews. 
 
Paper I: How numbers influence students when learning to solve equations 
Author: Holmlund, A. (2024) 
Published in: Mathematical Thinking and Learning, 27(3), 305–322. 
 
This paper explores whether students’ abilities to solve linear equations are affected by a choice of 
coefficients from different number domains, and how the students experience solving linear equations 
when the numbers are natural, negative, or between zero and one in decimal form. 

An initial test showed that, even though students had calculators, a significant 
difference was found in the probability that a student would solve an equation with 
natural numbers (e.g., 819 = 39 ∙ 𝑎𝑎𝑎𝑎) compared with other numbers (e.g., 0.657 =
0.045 ∙ 𝑎𝑎𝑎𝑎 or −24 = 6 ∙ 𝑎𝑎𝑎𝑎). An analysis of incorrect answers, where students had 
previously solved the natural number equation but not some of the other multiplicative 
equations, showed that whole number bias was more common for the number 
combination in 0.12 = 0.4 ∙ 𝑎𝑎𝑎𝑎, while mistaking the relation as additive was more 
common for 0.657 = 0.045 ∙ 𝑎𝑎𝑎𝑎. In several cases students’ answers did not reveal why 
they did not solve the other multiplicative equations. 

In the interviews, five qualitatively different ways of experiencing the equation 
solving emerged in the data. Two essential dimensions varied between the conceptions; 
the meanings students see in the equations, and what part of the equations they focused 
on. This reflects two ways in which choosing a different set of numbers for the 
equations influences students in their solving. The first way involves the choice of 
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numbers challenging students’ previous understanding; either they become uncertain 
about the rules for handling the numbers (if they view it syntactically) or unsure how to 
represent the equation (if they see it semantically, for example, as concrete things to 
handle). The second way involves the numbers attracting students’ attention, even to 
the extent that the numbers occupy the students’ thoughts so they forget other essential 
components, such as the operation. 

The first issue can be addressed by helping students extend their understanding of 
equations to a more general context, so it is not limited by the type of numbers or the 
representation. The second involves helping students to direct their attention to the 
operations and the structure of the equation, situating the numbers in the background 
of their awareness.  
 
Paper II: The work done when solving linear equations: Altering experiences 
due to change of numbers 
Author: Holmlund, A. (2023) 
Published in: In Drijvers, P., Csapodi, C., Palmér, H., Gosztonyi, K., & Kónya, E. 
(Eds.). Proceedings of the Thirteenth Congress of the European Society for Research in Mathematics 
Education (CERME13) (pp. 560–567). Alfréd Rényi Institute of Mathematics and 
ERME. 

 
This paper focuses on one interview; with a student we call Emil. Analysing just this 
one interaction provides the possibility to see how the numbers influence a student 
throughout a short period of time. Emil’s ways of experiencing are in this paper 
analysed using the five conceptions specified in Paper I. The analysis concentrates on 
the interplay between learnt strategies and meaning making and how the numbers can contribute to a 
student’s ability to discern structure. 

In the interview the student shifts between four different ways of seeing a 
multiplicative equation – supporting the notion that the ability to solve equations is 
highly dependent on how the equation is perceived and the students’ perception of the 
content. Emil explains that he is not used to handling equations with decimal numbers. 
He is, however, familiar with the strategy of “getting x alone” and that’s why he wants 
to remove the coefficient next to x. Though, his available meaning for the equations, 
interpreting the coefficient as the number of x:es, does not work for decimal equations. 
In this way he tries to match different meanings with the strategy to see how well they 
align with it. By this, the numbers significantly influence how the equation is interpreted. 
As the student is prompted to continue the attempt to solve an equation with decimal 
numbers, he finally finds a theoretical meaning for the equation solving. Thus, this is 
an example of how numbers can be used to support students to see structure. 
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5.2 Study 2 
Study 2 is also set in the first year of upper secondary school with students focusing on 
vocational education. It involves three teachers and their students, one class each (in 
total 45 students – although participation varies across different datasets). 

 
Paper III: Assessing students’ emerging awareness of algebraic structures 
Author: Holmlund, A. & Pejlare, J. (2025). 
Published in: Proceedings of the Fourteenth Congress of European Research in Mathematics 
Education (CERME14), (pp. 518–525). 

 
The aim of this paper is to investigate the way students perceive linear equations while 
also reviewing the potential of a sorting task to evaluate students’ algebraic awareness. 
The research question is: What can we learn about students’ awareness of structure regarding linear 
equations from a sorting task?  

Students’ answers to a sorting task, that was administered as a pre-test in a learning 
study, are analysed in this paper. The answers came from 40 students in three different 
schools, all attending their first year of vocational education in upper secondary school. 
The task in focus asks students to sort linear equations with natural numbers, decimal 
numbers and negative numbers, by which ones they think ‘belong together’ and 
resemble each other, and then to justify why those equations belong together. In this 
way different kinds of data were collected, both the descriptive justifications and the 
more quantifiable encircling by students. A content-analysis of students’ justifications 
was conducted – looking for visual features that students attend to when looking for 
structure – while also reflecting on the potential of the different kinds of data in the 
sorting task to assess students’ algebraic awareness. 

 Seven categories of features that students use for categorising linear equations as 
similar were found. Three of these (separating different operations, separating number 
of steps, and variable on one or both sides) imply a potentially emerging algebraic focus 
on the structure of linear equations. The other four categories (specific positions, letters, 
numbers and length of the equation) are features that are visually salient and are also 
concepts that students’ have previous experience with – in line with previous findings 
(English & Sharry, 1996). Furthermore, the analysis displays how justifications of the 
sorting task do not always align with the encircling. Therefore, both the encircling and 
the justifications should be considered when assessing awareness of structure, as they 
both hold information about what features that students tend to – whether or not the 
students are aware of them. 
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Paper IV: Unveiling structure in linear equations: discerning and disregarding 
critical aspects.  
Author: Anna Holmlund (2026). 
Published in:  Educational Studies in Mathematics, 122, 23–41. 
 
A lot of studies that concern algebra structure sense focus on procedural abilities, 
actions that students should learn to perform and do not place focus on what it is that 
these actions involve. As an answer to this, the present article investigates the role of 
the content, and especially: How does discerning the properties of the parts of an algebraic 
expression contribute to students recognising its structure?  

Through a learning study with three teachers – focusing on “identifying the 
structure of linear equations” as a learning object – a lesson was improved in three 
cycles. The article displays how students through teaching can be supported to see 
algebraic structure. This was done though the systematic variation of the different 
aspects in the linear equations (e.g., the combination of operations) using the patterns 
of variation theory (Marton, 2015). Two tasks were designed to support students in 
seeing structure. In the first task, students are asked to build equations of a certain type 
(i.e., structure) using sticky notes where chosen colours indicate a specific part (e.g., the 
operations in orange). The second task involves students discussing claims of whether 
two equations are of the same type or not. 

Interviews, pre- and post-test, and three video recorded lessons were collected as 
data. The focus of the analysis was to find instances in the data where the way students 
recognise structure changed and what aspect of the linear equation they had discerned 
in a different way.  

Five critical aspects of the content were identified as aspects that students need to 
see to identify structure. All of these are aspects of the content that either have bearing 
on the structure (the combination of operations) or not (the numbers and the minus 
sign in a negative number, the symbol for the unknown and the position of coefficients 
and unknowns in terms of commutative and symmetric properties). This informs that 
awareness of algebraic structures involves not only discerning aspects but also the ability 
to actively not attend to some. 

Traditionally, several studies on algebra structure sense and on solving equations 
has emphasised the structure formed by an equality (e.g., Kieran, 1989; Rüede, 2013), 
which is crucial in order to solve equations and where numbers are crucial to retrieve 
the right answer. In contrast, this study focuses on algebraic structure, where the 
specific number in the equation is irrelevant for the structure. The article also shows 
how these two different ways of regarding structure become confusing to students. 
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5.3 Study 3 
Study 3 concerns the design of a digital material developed to support students in lower 
secondary school. The study covers the design process and also an evaluation of its 
potential to support students in year eight and nine, involving a total of 126 students. 

 
Paper V: How mathematical strategies and didactic models for equation solving 
address coefficients 
Author: Huang, X., & Holmlund, A. (2024) 
Published in: Interplay between research and teaching practice in mathematics education. 
Proceedings of NORMA24, the tenth Nordic conference on mathematics education, 
Copenhagen, 2024, (pp. 184–191). SMDF.  
 
As a part of the design process of the third study, consideration was given as to what 
representation would be most suitable for teaching linear equations as a generalisable 
concept. This resulted in the research question: How do mathematical strategies and didactic 
models for linear equations address coefficients, especially decimal and negative numbers, and the relevant 
operations? To conduct a comparative analysis on the topic, a snowball sampling in the 
literature was conducted, resulting in three types of didactic models (balance scale, 
geometric models and hidden quantities) and three strategies for equation solving (do 
the same thing on both sides, transposing terms and restore and/or confront). 

For the three strategies, the analysis focuses on which concepts and procedures are 
emphasised in each strategy, and thus on the role of the coefficients. The findings show 
that the strategies emphasise different parts, with “restore and/or confront” being the 
one that places emphasis on the coefficients of the highest-degree x-term, finding ways 
to “restore” it to 1 (1 ∙ 𝑎𝑎𝑎𝑎). 

For the didactic models, the analysis focused on reviewing how well these models 
translate (i.e., explain structural aspects of the algebraic syntax) linear equations with 
decimal numbers or negative numbers. Three levels of translation were found: direct 
translation, the need to add features, or requiring transformation of the equation before 
representing it. In line with previous research, it was found that all models have a 
breaking point (Vig et al., 2014), meaning that there are equations that no model can 
translate directly. In the paper, adding features and transforming equations before 
representing them are problematised, as they avoid explaining the actual equation, and 
further complicate an already challenging task.  
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Paper VI: Developing awareness of algebraic structure in linear equations: 
insights from designing digital learning material 
Authors: Holmlund, A., & Huang, X. 
Manuscript submitted, under revision after peer-review. 

 
The results of this study are based on evaluations of a digital learning material, 
comprising two 30‑minute lessons, designed for students in grades eight and nine, 
involving a total of 126 participants. Three interconnected perspectives of linear 
equations guided the design: 1) part awareness 2) structural recognition, and 3) 
structure‑based equation solving. In this paper pre- and posttests, students’ intervention 
evaluation and data from students’ activity in the digital material are analysed to answer 
questions about its effect, the perceived usefulness of the design elements and potential reasons for 
differences in students’ equation solving performances. 

Comparing pre- and posttest, the results show that students overall improve in 
awareness of (1) the operations and of (2) the structure, and in (3) their solving of 
equations with decimal and negative numbers – but not with natural numbers, which 
was also the intent of the design. Students reported that all the applied design elements 
(building, comparing, sorting equations, listening to explanations and coloured parts) as 
useful for making the components of the equation salient. However, students with a 
low baseline performance considered building and sorting less useful, whereas students 
without, or only a small, performance gain found listening to explanations less useful. 
This indicates that students with different levels of prior understanding may have 
different needs in terms of how to best support them.  

Turning to the students’ activity in the digital material, all students performed 
consistently high on different kinds of tasks but varied in their performance in tasks 
concerning solving equations. Analysing their activity based on their performance gain, 
we could see that their time spent on the equation solving tasks varied. Students with a 
small and large performance gain spent longer time on these tasks than the students 
with low baseline or no performance gain. However, this primarily led to a high level 
of correctness in equation solving for the group with large performance gain – thus not 
for all. Reviewing students’ incorrect answers to equation solving items on the post-test 
shows that students made a few more attempts to answer these items after the 
intervention, and the error type that showed the greatest variation in frequency was 
applying the incorrect inverse operation to the coefficient in front of the x-term. 

Overall, the intervention had an effect on some students, but the analysis also 
pinpoints potential improvements in the design; strengthening the design in connecting 
“seeing structure” with correctly solving the equations, and a need to better prepare the 
tasks for students with various prior understanding and different needs.
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Chapter 6 Discussion 

This thesis highlights the importance of how students perceive equations. It extends 
previous research describing algebraic thinking as involving a new way of looking – one 
that recognises that other things are “similar” and “different” in algebra than in 
arithmetic. Students need guidance in recognising equations with the same algebraic 
structure, as they are sometimes influenced by irrelevant aspects, such as the type of 
numbers involved or the letter used for the unknown. To address this, practical 
strategies have been developed to help students make this shift of attention. The thesis 
also makes a theoretical contribution to the tradition of structure sense by emphasising 
that awareness of algebraic structure involves both discerning and disregarding critical 
aspects of expressions. 

6.1 The algebraic structure not yet seen by all 
students  

The first research question (RQ1) posed in this thesis inquires how aspects of the 
mathematical content of linear equations (e.g., attributes of the variables or the 
coefficients) influence students’ awareness of algebraic structure. In a way, this question 
involves two questions: first, which algebraic structure we want students to focus on, 
and second, how aspects of the mathematical content of equations influence whether 
students recognise it.  

Radford (2018) describes algebraic thinking as entailing (in short) dealing with 
indeterminate quantities in an analytic way. Regarding what structure students should 
attend to in linear equations, the analytical dealing with unknown quantities can be 
applied either to the structure of equality (moving an unknown from one side to the 
other, e.g., see Filloy and Rojano, 1989) or to operating on compound terms (often the 
case when discussing structure sense or procedural flexibility, e.g., see Star et al., 2022). 
However, there is a perspective on the analytic dealing of linear equations that seems 
to be less emphasised in the research literature: the analytic dealing of the algebraic 
structure.  

When addressing an equation like 3 ∙ 𝑎𝑎𝑎𝑎 = 7, instead of merely thinking of the 
equality in an analytic way (i.e., a relationship to balance), a student could think of the 
equation as an instance of 𝑎𝑎𝑎𝑎 ∙ 𝑎𝑎𝑎𝑎 = 𝑏𝑏𝑏𝑏 (i.e., a relationship involving multiplication), here 
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referred to as the algebraic structure. This shifts the perspective from the numerical values 
(in each case considering “what should I balance by?”), to the relationship built by the 
operations (“what relationships are displayed, and how can these be handled?”). Some 
might argue that focusing on operations could foster a procedural and naïve 
understanding of equations, which is not the intention of this shift in focus. Both 
perspectives on structure are needed. However, the latter, focusing on algebraic 
structure, connects to the future development of powerful algebraic thinking 
concerning equations of higher degrees, as the relationship built by the operations 
conveys more information about their structure than the equality itself.  

The topic of how students understand the mathematical content of linear equations 
is not new but is rather common in mathematics education research. A frequent 
perspective in research has been to analyse how students interpret specific parts of 
equations, and important findings have been made on how students understand equality 
(e.g., Kieran, 1981; Madej, 2022; Matthews et al., 2012) or the variable (e.g., 
Küchemann, 1978; Kilhamn, 2014; Usiskin, 1988) and how these aspects influence 
students’ abilities to solve equations. However, solving problems (e.g., equations) 
usually depends on quick transformations of symbolic representations rather than a 
reflection on all conceptual details (Otte, 2006). Thus, the mathematical content not 
only influences how well each part is conceptually understood, but also how the whole 
equation is perceived and how the parts interact – that is, its algebraic structure. In this 
way, it adds to the research by Filloy and Rojano (1989) and Vlassis (2002), signalling 
that it matters how students understand the whole equation that they are transforming 
and that one possible difficulty is whether equations can be thought of in a concrete 
way (see Paper I & V). Another example of research that uses a similar perspective of 
equations as being of different “types” (here called algebraic structures) is provided by 
Elkjær and Kieran (2025), who, based on analysis of a large data set, uncovered how 
students evaluate equations with the same structure differently depending on what side 
of the equality the 𝑎𝑎𝑎𝑎-terms occur.  

Returning to the first research question, this thesis shows that the algebraic 
structures (e.g., 𝑎𝑎𝑎𝑎 ∙ 𝑎𝑎𝑎𝑎 = 𝑏𝑏𝑏𝑏, 𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎 = 𝑏𝑏𝑏𝑏 and 𝑎𝑎𝑎𝑎 ∙ 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 = 𝑐𝑐𝑐𝑐) in linear equations is not one 
that all students see. In Paper I, varying the numbers for 𝑎𝑎𝑎𝑎, 𝑏𝑏𝑏𝑏 and 𝑐𝑐𝑐𝑐 proved to be a 
significant issue for students when solving linear equations. Even though they were 
given calculators, students’ success rates decreased substantially when decimals or 
negative numbers were involved. This is in line with Xie and Cai (2022) who found that 
students solving equations with the same structure are influenced by the choice of 
symbol, and the position of the unknown. Such results are sometimes explained by a 
lack of understanding and by students’ habit of using arithmetic procedures. This thesis 
shows difficulties relating not only to students’ understanding and procedures, but also to 
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what students’ focus on in the equations. Papers I, II and IV include examples of how 
students’ awareness of algebraic structure changes when there are other kinds of 
numbers involved. This shows that being aware of algebraic structure is not a constant 
state but depends heavily on what the specific structure is and in what context it is 
presented. That students find rational numbers in linear equations challenging has been 
noted occasionally before (e.g., Hackenberg & Lee, 2015; Star et al., 2022; Xie and Cai, 
2022), but not with the emphasis on the numbers as influencing students’ focus. In 
addition, when reviewing previous studies on structure sense, it becomes clear that they 
commonly rely on examples involving natural numbers. 

That aspects of the mathematical content influence students’ awareness of structure 
is actually a basic assumption in variation theory (Marton, 2015) – learning always 
involves a specific something. How various aspects of the content influence learning 
thus depends on the particular content. Looking at linear equations, there are specific 
aspects of the mathematical content that are essential for making students aware of 
algebraic structure. Several empirical observations in this thesis show that whether 
students evaluate numbers as being relevant or not, is essential to whether they become 
aware of structure (e.g., the student dialogues in Paper IV). Other aspects of linear 
equations that are essential to discern for students to recognise structure are related to 
aspects of the letter used for the variable, the symmetry of equality, and commutativity 
(Paper IV). In this way, this thesis answers the question of how the choice of content 
influences students’ awareness. It shows that the parts of the equation (e.g., equality and 
the variable) are not only relevant in their own meaning (a common focus in previous 
research), but also in terms of whether they inform algebraic structure or not (Paper 
IV). 

It is common to teach students to solve equations based on their arithmetic 
understanding of expressions (e.g., Xie & Cai, 2022) – which is natural and useful, but 
not always sufficient (as demonstrated in this thesis). Algebra teaching needs to add a 
new way of looking at algebraic expressions. For example, Mason (1996) expresses this 
as developing an awareness of generality – looking through rather than at. As exemplified 
in Paper IV, 0.4 ∙ 𝑎𝑎𝑎𝑎 = 12 has little in common with −6 ∙ 𝑎𝑎𝑎𝑎 = 24 considering the 
properties of the numbers and their relations (traditionally arithmetic quandaries), 
although the algebraic multiplicative relationship 𝑎𝑎𝑎𝑎 ∙ 𝑎𝑎𝑎𝑎 = 𝑏𝑏𝑏𝑏 is identical. A student who 
has been taught arithmetic for many years – focusing on how numbers behave under 
operations such as addition and multiplication – might not automatically shift to an 
algebraic perspective, where the specific values of numbers are less relevant. Thus, there 
is a need to emphasise how the mathematical area of algebra influences what aspects 
are relevant.  
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To summarise, this thesis analyses an algebraic structure of linear equations that has 
rather rarely been in focus in mathematics education research. This thesis contributes 
by highlighting how mathematically irrelevant aspects of the content can influence 
students’ awareness of algebraic structure if they have not learnt to consider them as 
irrelevant. The findings extend previous research that describes how the algebraic ability 
involves new ways of “looking” at mathematical objects (e.g., Mason, 1996; Kieran, 
2018).  

6.2 Development of students’ awareness of 
algebraic structure 
The second research question (RQ2) addresses in the ways in which the design of 
curriculum materials, including lessons and didactical models, can support students to 
see the algebraic structure of linear equations involving decimals and negative numbers. 
By addressing this question, this thesis responds to a need to find strategies to support 
students’ algebra structure sense, previously studied only in a small number of studies. 
The following section will elaborate on various pedagogical strategies, especially 
highlighting two types of task designs that appear promising: building equations and 
sorting/categorising equations.  

This thesis does not deal with the topic of how to introduce linear equations, but 
primarily targets students who can solve linear equations with natural numbers. 
However, the thesis also shows that some students rely on concrete models for handling 
linear equations, models that cannot represent all linear equations (Paper I & II). The 
limitations of the balance model to represent some equations and the potential of 
adapting it have been explored in several studies (Elkjaer & Thomsen, 2022; Vlassis, 
2002). Paper V in this thesis contributes to this discussion by reviewing several didactic 
models for equation solving, showing that all the explored models have limitations in 
their potential to explain linear equations with decimal and negative numbers. This does 
not mean that the didactic models should be abandoned but rather complemented by 
theoretical mathematical explanations that hold for all numbers. An example of this 
need is when Emil, in Paper II, thinks of dividing 3 ∙ 𝑎𝑎𝑎𝑎 by 3 in a concrete way, where 
the 3 is removed – like splitting 𝑎𝑎𝑎𝑎, 𝑎𝑎𝑎𝑎 and 𝑎𝑎𝑎𝑎 into three groups. Students like Emil need 
support to find mathematical explanations, for example, that all non-zero numbers 
divided by themselves equal one. In the interview, this support was given by challenging 
Emil to use another set of numbers (decimal numbers less than one), which led him to 
discover new arguments – proving that the kind of numbers used in teaching can be a 
powerful instrument in teaching (sometimes in combination with a calculator). 
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This thesis has adapted task types used in previous studies to support students’ 
algebra structure sense (see chapter 2.4). The task type called comparing (or mapping 
or analogical reasoning) is one type that is frequently used in these kinds of studies and 
that has proved useful for students. Instead, two task types that have not been used to 
the same extent, and which are developed in this thesis are: (1) de- and recomposing 
and (2) categorisation. 

De- and recomposing has previously been suggested as a beneficial way to help 
students become aware of structure (Kieran, 2018; Linchevski & Livneh, 1999; Venkat 
et al., 2019). These suggestions do not always specify how the (de)composing should 
be practically done, but one suggestion is to let students decompose numbers using the 
four arithmetic operations (e.g., Kieran, 2018). However, this thesis has another 
approach – using composing (i.e., building) to visualise structure in the representation, 
how the symbols form relationships as an expression (Papers IV and VI). Another 
example of symbolic (de-)composing is exercises where students should find a certain 
term in an expression by transforming it (e.g., find 3𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 in 17𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 − 25 = 13 + 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎, 
Hoch & Dreyfus, 2010). Also here, structure is found in the symbols. In this way, 
symbolic composing and decomposing is not meant to develop the understanding of 
the mathematical properties of the symbols but rather display how the components of 
the equation have different roles in a structure. Some of the components are essential 
for one type of structure, and others can be substituted. The successful changes in how 
students perceive structure in the equations after working with these tasks (Papers IV 
and VI) suggest the need to further explore similar task types in other settings, for 
example involving second degree equations or functions. 

In discussions of algebra structure sense, it is sometimes implied that categorising is 
an essential component in the ability to recognise structure. When Rüede (2013) 
describes experts’ way of structuring, they look for structure in the algebraic expressions 
and try on different interpretations to see which one will be most useful, a form of 
classification. Similarly, Hoch and Dreyfus (2010) describe a student who has just 
improved her structure sense and says “Everything I see I categorize” (p. 536). Sorting 
or categorisation has been explored before in teaching and is a task type that has gained 
increasing attention (Koichu et al., 2016). Looking specifically at studies on algebra 
structure sense, sorting tasks have been used to assess students’ structure sense, seeing 
what features they attend to (e.g., English & Sharry, 1996; Thoms, 2018). The examples 
where it is used as a pedagogical tool are rather few. For instance, Hoch (2007) used 
sorting to help students distinguish between equations and expressions. Applying 
sorting as a tool to support awareness of structure is developed in this thesis by focusing 
on sorting the equations by their algebraic structure (Paper IV and VI). Moreover, 
giving the groups names turned sorting into categorisation, a way of intentionally 
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guiding students’ attention. Thus, the teacher can help students to shift their focus 
towards aspects that are essential in algebra. In this, variation theory (Marton, 2015) is 
an instrument to organise the categorisation, highlighting that a student needs to see a 
contrast before discerning similarity. In this way, it is essential to consider what 
examples are given and in what order they are presented for students to be able to 
discern critical aspects (see the patterns of contrast and generalisation in chapter 3.2). 

A distinct difference between this thesis and previous design studies on algebra 
structure sense concerns how the support is given. In most of these previous studies 
(mentioned in chapter 2.4) support is given by adding names, colour, generative rules 
and varying degrees of visual salience (using parentheses, simplifying how an expression 
is presented). Some of these have been used in this thesis too. However, little attention 
has previously been paid to how making the structure more complicated can support 
students in recognise structure. Some studies make the variables more complicated to 
encourage substitution, for example as in 17𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 − 25 = 13 + 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 (Hoch & Dreyfus, 
2010; see also Schüler-Meyer, 2017). However, experimenting with a wide range of 
numbers to support the discernment of structure is not well explored in studies on 
algebra structure sense. This thesis demonstrates this kind of support as a useful tool in 
designing teaching, and as an instrument that deserves further attention. 

Paper VI shows that the active types of tasks (comparing, sorting and building) were 
generally appreciated by the students, but more so by students with a basic 
understanding of equation solving. The results of the design cycles (the three studies) 
in this thesis should be interpreted as explorative, addressing an issue that has not been 
given so much attention before. The thesis illustrates some possible approaches and 
may inspire further development of the tasks by researchers and teachers. The tasks can 
also be made more practical for teachers. For example, the sticky notes equation task 
in Paper IV requires a lot of preparation from the teacher. However, instead of using 

Figure 6.1 An example of how a projector can be used as a substitute in 
the Sticky notes equation task (in Paper IV). 
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sticky notes, the components of the equation could be displayed by a projector or 
simply written on the board with instructions (see Figure 6.1).  

Moreover, all papers in this thesis raise the question of how seeing structure relates 
to the actual solving of linear equations. That there is a relation between the two is 
evident – it is a basic assumption of variation theory that seeing precedes doing (Marton, 
2015). However, as demonstrated in this thesis, seeing structure does not always result 
in correct handling – in line with previous research on the topic (Hoch, 2007). Although 
some students participating in the studies of this thesis who learnt to recognise structure 
also improved in equation solving, this was not the case for all (see for example Paper 
IV and VI). More research is still needed on how seeing structure can become an 
integrated and useful part of students’ solving process.  

Throughout three studies the relevance of how students perceive linear equations 
has been exemplified and possible ways to support students in seeing structure through 
teaching have been suggested. Especially, it develops how task types such as building 
and categorising equations can be applied to support students’ awareness of structure. 
The thesis also shows how using features that make the equation more complicated in 
a systematic way, like varying the numbers over a wide range, can support students to 
discern algebraic structure. 

6.3 Theoretical insight regarding awareness of 
algebraic structure 
Apart from answering the two research questions, a theoretical contribution to the 
research field of structure sense (on awareness of algebraic structure) was found in the 
research of this thesis. The topic of structure sense has previously received limited 
attention in research. However, as it becomes more frequently used, it also becomes 
relevant to identify a shared understanding of what this quality entails and how it is 
developed. How this thesis contributes to this topic will be elaborated on here. 

Structure sense has previously been described in operational terms, emphasising the 
ability to recognise familiar structures, seeing compound terms, sub-structures, and 
useful transformations (Hoch & Dreyfus, 2004; 2006; 2007). This gives a clear 
description of how to assess whether someone has structure sense – it is an instruction 
of what to include in assessment tasks – but the operational description does not display 
how awareness of structure emerges or can be supported. To design effective learning 
material, this thesis has explored how to develop students’ ability to recognise structure 
(rather than possible or effective manipulations), referred to here as awareness of algebraic 
structure (based on the definition by Hoch & Dreyfus, 2004). The notion of awareness, in 
contrast to sense, is used to emphasise that recognising structure is situational and 
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context-dependent, rather than a stable individual property. In Paper I and II students’ 
awareness of an algebraic structure (such as 𝑎𝑎𝑎𝑎 = 𝑎𝑎𝑎𝑎 ∙ 𝑏𝑏𝑏𝑏) seems to improve gradually, as 
some perceive the multiplicative equation as representing a situation, whereas others 
have come to see the same structure in a more general way. This aligns with the idea 
that being aware of a structure involves seeing the structure as more or less general 
(Venkat et al. 2019). Thus, although seeing the structure in a particular instance (e.g., 
0.657 = 𝑎𝑎𝑎𝑎 ∙ 045) can take the form of an immediate revelation, the ability to be aware 
of an algebraic structure in various instances is something that develops as students 
generalise the structure across multiple examples. However, when a student has learnt 
where to focus, it can also give them a feeling of being able to spot a specific structure 
in any instance, as Katy said in the study by Hoch & Dreyfus (2010, p. 535): “Now this 
was the one I really didn’t understand the most, now it seems the simplest, it’s 
impossible to make it more difficult.” 

There are several descriptions of how to acquire structure sense. It can be described 
in terms of individual internal processes, in which students carry out mathematical 
operations that lead to the formation of abstract mental objects (Sfard, 1991), a 
perspective used in studies by Hoch & Dreyfus (2010) and Muñoz-Porras and 
Xolocotzin (2022). Learning to see structure can also be seen as a process of becoming 
part of cultural-historical practices and norms, and adopting these to one’s own practice 
(Radford, 2006), a perspective taken in the study by Schüler-Meyer (2017). From this 
perspective, mathematical structures are bound to contexts, and learning is described as 
the social process of becoming aware of them. As previously mentioned, a third 
perspective on learning structure is given by Venkat et al. (2019) that emphasises 
recognising structure as a process of seeing local or general mathematical relationships. 
These theories are not specific to algebra, but they can be applied to learning related to 
structure sense. Here, variation theory (Marton, 2015) adds a perspective on its 
development by an exclusive focus on the mathematical content and how developing 
mathematical learning always relates to a specific content.  

Previous studies on structure sense have largely focused on evaluating whether 
students see structure, thereby assessing if they notice the desirable features. For 
example, this can involve similar compound terms, sometimes in parentheses, that 
enable transformation within an algebraic expression (e.g., Hoch & Dreyfus, 2004; 
Rüede, 2013). In these examples, the focus is on what students should see. However, this 
thesis develops the perspective – that has received little attention previously – that 
becoming aware of algebraic structures involves both discerning and actively 
disregarding aspects of the algebraic content. In Paper IV, five critical aspects were 
found to change students’ awareness of structure in the equations. Four out of five 
aspects are irrelevant aspects, things that students must actively disregard to discern 
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structure (type of number, the letter for the unknown and the position of the numbers 
and variables). This is in line with the perspective of English & Sharry (1996) who 
demonstrate how successful students focus on relevant aspects to a higher degree, 
compared to students who were concerned with the “surface features” of the equations. 
These irrelevant aspects are applicable to algebra more generally, not only linear 
equations, as students need to distance themselves from numbers also when it comes 
to equations of higher degrees. This can be viewed in the light of the argument that 
there is a duality in algebra between seeing structure and generalising (Kieran, 2018), 
and also the dynamic relation between the form of the structure and what is considered 
the relevant unit (i.e., what is generalised, Thoms, 2018). This thesis pinpoints that the 
process of becoming aware of algebraic structures involves disregarding several 
irrelevant aspects, and in this process, students need guidance. Thus, learning to ignore 
specific aspects is crucial for developing awareness of algebraic structure. However, this 
also creates a conflict as the structure of equality (the equivalence relation) requires 
students to focus on the numbers – a discrepancy that must be addressed in teaching. 

To summarise, this thesis adds to research (e.g., Hoch, 2007; Rojano, 2022a; Shüler-
Meyer, 2017) that describes the development of awareness of algebraic structure (or 
algebra structure sense) by displaying it as an ability that is highly dependent on the 
mathematical content handled – what to look at and what to disregard.  

6.4 Limitations and implications for future 
research 
This thesis involves limitations that need to be discussed. Some of these are mentioned 
in the individual papers, and some will be elaborated on here. Building on this, 
implications for future research will also be explored. 

First, when conducting research in classrooms, particularly when comparing 
different teaching conditions, it is necessary to control as many factors as possible that 
might influence the comparison. In the second study of this thesis, the teaching of three 
classrooms was compared even though the conditions were not identical: they were set 
in various cities, performed by different teachers, and involved varying levels of student 
engagement. Having more similar conditions would strengthen the comparability of the 
results. Moreover, larger, randomly selected samples in the studies would allow broader 
conclusions. However, according to the design research approach by Cobb et. al., (2003) 
the complex contexts of the classrooms can be understood as interacting systems, 
where the focus is to explain why some designs work and how these can be adapted to 
other settings. In this way, the format of using qualitative and mixed-methods 
approaches has been useful in this explorative practise-oriented research. Considering 
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that the findings address new solutions to an identified student need, these insights 
warrant further investigation. 

Second, the designed research in the second and third study are very limited in time, 
involving only one lesson each. This made the comparison of data from different 
classrooms more feasible. However, extending the designs over several lessons could 
reveal further potential of this way of teaching – what is the gain of working with 
building and categorising equations based on their structure in the long term? This is a 
topic for future research, with potential to support students in taking ownership of their 
solving of linear equations by developing powerful ways of recognising linear equations 
by their structure. 

Third, different choices of methods would likely have revealed other, but still 
relevant, issues related to the investigated phenomenon. When the first study of this 
thesis was finished, the choice was made to take a practise-oriented turn and explore 
the phenomenon in question through interventions. However, investigating students’ 
ways of experiencing equations even further would reveal other facts that are still not 
very explored; how they go about parsing linear equations (perhaps with eye-tracking), 
or how other equations are perceived based on what numbers are included (e.g., 
equations with x on both sides or of the second-degree). These are some of the potential 
topics for future research. 

Fourth, the choice of theory has also influenced the results. In choosing variation 
theory, the focus of the results has become directed towards the subject matter of the 
equations. Another theory such as commognition (Sfard, 2008) could have put a 
different emphasis on discursive routines and classroom norms, focusing on how the 
structure of linear equations is usually attended to in classrooms. However, as previous 
studies on structure sense have had a focus on what students should learn to do, variation 
theory was particularly suitable as a theory for this thesis in bringing a new perspective 
to the research area. 

Finally, there is a need for more studies that explore how students’ awareness of 
algebraic structure can be taught and how it influences their performance. Controlled 
experiments that investigate how improvements in students’ awareness of algebraic 
structure affect their performance in solving tasks would support the relevance of the 
topic. Moreover, the ideas in this thesis of how to support students’ awareness of 
algebraic structures could be explored in relation to other structures, such as quadratic 
equations, linear equations with compound terms, or functions.  
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