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Abstract

Cystic fibrosis (CF) is a genetic disease that affects several organs of the body such as
the liver, pancreas, or the lungs. Cystic fibrosis is monitored using hospital and home
spirometry, where the difference between the two is what type of technique that is
used. This study evaluates joint mixed-effects models as a statistical framework for
analysing home and hospital spirometry measurements. Statistical methods, such as
simple linear regression and univariate mixed-effects models can be used to analyse
spirometry. However, both simple linear regression and univariate linear mixed-
effects models considers only hospital spirometry and do not accommodate the rich
patient-generated data obtained by home spirometry. By jointly modeling home and
hospital spirometry, we aim to investigate prediction accuracy of hospital spirometry.
We compare the performance of joint and univariate linear mixed-effects models with
that of simple linear regression, evaluating their ability to predict: (i) the current
(i.e., most recent) hospital spirometry value for a patient, (ii) the current mean
value, (iii) the subject-specific trend, and (iv) the population-average trend. The
results showed that joint linear mixed-effects models and univariate linear mixed-
effects models should be used over simple linear regression to estimate trends and
specific values in a CF-setting. Moreover, the results supported the use of joint
linear mixed-effects models when jointly modeling home and hospital spirometry
data.

Keywords: FEV;; FEV,%; Home monitoring; Linear mixed-effects models; Joint
model; Longitudinal data; Lung function; Remote healthcare; Spirometry.
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Best linear unbiased estimator

Best linear unbiased predictor

Cystic fibrosis

Confidence interval

Current mean

Current value

Forced expiratory volume in one second
Percent predicted forced expiratory volume in the first second
Forced vital capacity

Global lung function initiative reference equations
Joint linear mixed-effects model

Linear mixed-effects model

Leave-one-out cross-validation

Mixed-model equations

Ordinary least squares

Population-average trend

Root mean square error

RMSE of current mean predictions.

RMSE of current value predictions.
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RMSE of subject-specific trend predictions.
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Subject-specific trend
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Nomenclature

Index for participant (individual).
Index for measurement occasion within a participant.

Index for measurement setting, where & € {1,2}; & = 1 denotes
home spirometry and & = 2 denotes hospital spirometry.

Total number of participants in the sample or simulation.

Time of measurement j for participant ¢; typically represented by
age or visit time.

Fixed effects: global intercept and slope for setting k.

Random effects: participant-specific intercept and slope for setting
k.

True intercept for participant ¢ in setting k.

True slope for participant ¢ in setting k.
Estimated intercept for participant ¢ in setting k.
Estimated slope for participant ¢ in setting k.

Predicted random-effects intercept and slope parameter for partic-
ipant ¢ in setting k£ from the full data.

Predicted random-effects intercept and slope parameter for partic-
ipant ¢ in setting k, fitted after removing measurement j.

Estimated fixed-effects intercept and slope parameter after exclud-
ing measurement j from participant 7.
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Variables

y. (k)

v

xii

Random variable representing the spirometry value (e.g., FEV1%)
for participant ¢ at measurement j in setting k.

Age of participant ¢ at measurement j.
Random error term (residual) for participant i at measurement j.

Observed spirometry value for participant ¢ at measurement j in
setting k.

Predicted spirometry value for participant ¢ at measurement j in
setting k, estimated from the full data.

Predicted spirometry value for participant i at measurement j in
setting k, estimated after removing measurement j.
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1

Introduction

1.1 Background

Cystic fibrosis (CF) is a genetic disease that can affect several organs of the body
such as the liver, pancreas, or the lungs. CF is often characterized by progressive
lung function decline [28], and therefore there is a need to regularly monitor the
progression of the disease. Some techniques that are used to monitor CF lung dis-
ease are chest X-rays, computed tomography, and hospital-based spirometry ([27],
[26], [30]). The technique that is most commonly used is spirometry and it is used
to assess lung function by measuring how much and how quickly air can be exhaled.

People with CF often face the challenge of traveling considerable distances to access
the specialised CF clinics to receive healthcare [20]. The appointments can disrupt
various aspects of the patient’s life, such as missing school or work, and other ex-
tracurricular activities. To reduce the burden of in-person visits, remote monitoring
using home spirometry has become increasingly common in CF care.

Home spirometry is performed by using a portable device, usually with turbines or
ultrasonic technique’s, and hospital spirometry uses the pneumotachometer. Com-
bining home and hospital spirometry has been proven to be effective in the monitor-
ing of the disease and it improves the remote healthcare [20]. Also, weekly follow-ups
of home spirometry is a reliable tool for telemonitoring of CF lung disease [4]. In-
terpretation of spirometry values should be complemented with clinical expertise
to make a correct assessment of the individual’s lung function measurements [25].
Current guidelines recommend hospital spirometry every third month, but the op-
timal frequency remains unclear. Home spirometry is flexible and it is possible to
share the data with healthcare clinics but earlier studies ([22], [5], [10]) have raised
concerns about the reliability of home spirometry due to conflicting results regard-
ing the interchangeability of hospital and home spirometry measurements. Being
able to replace hospital measurements with home measurements could improve the
remote healthcare further but the reliability of the monitoring techniques cannot be
compromised.

The longitudinal nature of spirometry data necessitates statistical methods that
account for within-subject correlation over time. Longitudinal data consists of re-
peated observations of the same variable over time. This is where linear mixed-effects
models (LMMs) are particularly useful, as they are a natural and well-suited choice
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for analyzing longitudinal data. LMMs can assess trends on both a population level
and on an individual level and they are often used to model only one response vari-
able over time. However, by only modeling one response variable and not several
correlated response variables simultaneously over time could potentially mean that
valuable information is lost. In this case, the correlation between the variables could
potentially be used by the model to improve predictions.

Joint mixed-effects models extend traditional LMMs by simultaneously modeling
multiple correlated outcomes, allowing for more efficient use of available data. By
combining self-generated data (e.g., home spirometry) and healthcare-generated
data (e.g., hospital spirometry) into the same analytical model, the correlation be-
tween the two outcomes could improve accuracy in estimation and increase the
understanding of the progression of CF lung disease. For example, Ivanova [15]
uses linear mixed-effects models to model several correlated outcomes in a non CF
context. The purpose of this study is to utilize joint linear mixed-effects models to
model home and hospital spirometry as two correlated outcomes in order to make
predictions of hospital spirometry. The model is tested through simulations in dif-
ferent theoretical scenarios to investigate how the prediction accuracy is affected and
compared to univariate linear mixed-effects models and simple linear regression.

1.2 Aim

The aim of this thesis is to evaluate the utility of joint mixed-effects models for
analyzing longitudinal data with two correlated outcomes, such as measurements
collected in different settings, with applications to lung function monitoring in cystic
fibrosis (CF). Specifically, the thesis investigates whether combining data sources
within a joint modeling framework can improve prediction accuracy compared to
univariate mixed-effects models and simple linear regression.

1.3 Specific research questions
The specific research questions are as follows:

1. How does joint linear mixed-effects models compare to univariate mixed-effects
models and simple linear regression in terms of accuracy across different time
horizons?

2. How is model accuracy affected by the number of participants included in the
analysis?

3. To what extent does the performance of the proposed methodology depend on
the correlation between subject-specific trends?

4. Can measurements from one setting (e.g., hospital spirometry) be replaced by
additional observations from another (e.g., home spirometry), without com-
promising predictive accuracy?

In addition, the thesis explores the following supplementary question:
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o How stable are the different modeling approaches in terms of convergence and
singularity when applied to realistic data scenarios?

1.4 Limitations

This project focuses exclusively on spirometry data, specifically, home- and hospital-
based measurements, for individuals with CF. Other types of clinical or self-generated
data, such as imaging-based indicators of structural lung damage (e.g., chest X-ray
or computed tomography), growth metrics (e.g., weight, height, and BMI), antibi-
otic use, and patient-reported outcomes (e.g., CF symptoms and quality of life), are
not considered in the current analysis.

The modeling approach is restricted to joint longitudinal data with continuous out-
comes and relies on standard linear mixed-effects models. Assumptions include
Gaussian-distributed random effects and homoscedastic residuals. Non-linear mod-
els, non-Gaussian distributions, and models with heteroscedastic variance structures
fall outside the scope of this thesis.

Finally, the thesis focuses primarily on empirical performance through simulation ex-
periments and applications, rather than the theoretical foundations of mixed-effects
models. While a theoretical overview of mixed-effects modeling is provided in Chap-
ter 2, no new methodological developments or in-depth theoretical derivations are
presented. Instead, the emphasis lies on understanding the comparative performance
and practical implications of joint versus univariate modeling frameworks.

1.5 Outline

The remainder of this thesis is structured as follows: Theory, Simulation exper-
iments, Application results, and Discussion. The theory chapter provides and
overview of the theory used, while simulation experiments discusses the implementa-
tion techniques and the results of these. Third, the application chapter discusses the
implementation techniques and results applied on a real world CF data set. Lastly,
the final chapter goes through the main findings, interpretations and explanations,
clinical and practical implications, methodological considerations and future work,
and conclusion.
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Theory

2.1 Motivating example

Linear mixed-effects models are suited for longitudinal data that are hierarchical,
correlated, and unbalanced, characteristics that are commonly found in longitudinal
clinical studies of chronic diseases such as CF. In this thesis, the data consist of two
types of spirometry measurements, i.e., home and hospital spirometry, repeatedly
recorded by individuals with CF over time. Home and hospital spirometry measure-
ments are inherently correlated, as both reflect lung function of the same individual.
Furthermore, multiple measurements within each individual are correlated due to
the longitudinal nature of the data. CF data have several common characteristics
such as: the number of measurements varies substantially across individuals and
some patients have frequent home and hospital recordings (especially home spirom-
etry), while others have only a few. Measurements are taken at irregular time points
which can be thought of as heterogeneous data with varying numbers of measure-
ments collected at different time points. For people with CF, lung function typically
declines over time, and this pattern is reflected in the data, where most individuals
exhibit a downward trend in their spirometry values. In the modeling framework,
each individual’s lung function trend is assumed to be distributed around an overall
population trend.

Figure 2.1 mimics a spirometry data set. The red lines represent the home spirom-
etry lines for each participant and the blue are the hospital spirometry lines. The
black line represents the population trend line of the home spirometry data and the
dashed line is the population trend line of the hospital data. Note that, this is a toy
example and it was used for conceptual demonstration.

The remainder of this chapter introduces the statistical foundations of LMMs and
their extension to joint modeling frameworks, setting the stage for the simulation
experiments and real-data applications that follow.
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Figure 2.1: Illustrative example of simulated longitudinal spirometry data for
multiple hypothetical individuals, showing home (red) and hospital (blue) measure-
ments over time. The black line represent the population mean regression line of
home spirometry and the dashed black line represent the mean regression line of

hospital spirometry.

2.2 Linear mixed-effects models

To model CF data one could use linear mixed-effects models, which is an extension
of simple linear regression (SLR). We begin by briefly reviewing the principles of
simple linear regression. Simple linear regression is a method used to model the
relationship between two variables: the predictor (explanatory variable) and the
outcome (response variable). The model assumes a linear relationship, expressed as

Y:50—|—51$—|—6, (21)

where Y is the response, x is the predictor, 3 is the intercept, 3 is the slope, and
¢ is the error term. The goal is to estimate the parameters Sy and (i such that the
predicted values of Y are as close as possible to the observed values. Note, that
the parameters that are to be estimated are called fixed parameters or fixed effects.

6



2. Theory

Fixed effects are effects that are assumed to be the same across all observations.

Linear mixed-effects models (LMMs) are an extension of SLR. LMMs are called
mixed because they include both fixed effects and random effects. Random effects
are allowed to vary between individuals and they follow some distribution, usually
the normal distribution. Random effects usually occur when there are groups in
the data. Linear mixed-effects models "borrows" information from the population
trend to estimate individual trends, with shrinkage toward the population trend,
especially for individuals with limited data. This yields more accurate estimates
(best linear unbiased predictor) if the model assumptions are correct.

The random effects represent the deviation from the population trend for each indi-
vidual. The random effects provides unique parameter estimates for each individual
and the random effects takes into account the correlation between measurements
within individual. Longitudinal data is different from independent measurements
in the sense that repeated measures from the same individual are dependent. This
makes a linear regression inappropriate due to the violation of independence.

The following section outlines the theoretical framework, progressing from the def-
inition to parameter estimation. Section 2.2.1 discusses the general definition and
how maximum likelihood techniques are used in the estimation procedure. Section
2.2.2 and 2.2.3 discusses how the fixed effects are estimated and how the random
effects are predicted. Another technique to obtain parameter estimates are with the
so called Henderson’s mixed model equations, which are addressed in Section 2.2.4.
The theory is based on Applied Mixed Models in Medicine by Brown and Prescott
[13] and Linear Mixed Models: A Practical Guide Using Statistical Software by
West, Welch, Galecki [32].

2.2.1 General definition

The general matrix definition of a linear mixed-effects model is:

Y = XB+ Zb+e (2.2)

where Y is a random vector of responses, X is the design matrix of the fixed effects,
Z is the design matrix of random effects, 3 is the p x 1 vector of fixed effects, b is
the ¢ x 1 vector of random effects where Cov(b) = G and b ~ N (0, G) accounting
for subject specific variations, € is the vector of residuals. Let Cov(e) = R. Note
that p is the number of fixed effects and ¢ is the number of random effects. Let V'
denote the covariance matrix of Y so that

V =Cov(Y)=Cov(XB+ Zb+¢)
= Cov(XpB) + Cov(Zb) + Cov(e)
= ZCov(b)Z" + Cov(e)
=ZGZ"+ R
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Here we use the fact that the covariance of X 3 is zero because of the deterministic
effect and the random effects and residuals are uncorrelated. The general definition
has the data of all individuals "stacked" upon each other. Observation between in-
dividuals are assumed to be independent and hence V' is a block-diagonal matrix.

One could be more specific and specify it on individual level. The formula at indi-
vidual level is

Y, =X+ Zb;+ €

and
Cov(Y;) = Z,GZ" + R,.

This is not a diagonal matrix in general because measurements within a participant
are correlated.

The estimation techniques that can be used are maximum likelihood (ML) and resid-
ual maximum likelihood (REML). Maximum likelihood produces downward biased
estimates of the variance parameters [13] and REML is a modification of ML that
handles this issue. This correction helps mitigate downward bias in variance esti-
mates that arise from treating fixed effects as known when they are not.

Since the observations within an individual are dependent, a multivariate normal dis-
tribution for Y is used, where the random effects has zero mean and the distribution
has mean vector X 3 and covariance matrix V. Based on the normal assumption,
the likelihood function is

exp {-1(Y — XB)TV (Y - XB)}
@m)n2 [V [/

and the corresponding log likelihood
1 _
log(L) = K — 5 log |V | +(Y - XB)'V (Y - XB)], (2.3)
where K is a constant.

The method of maximum likelihood is based on the concept of maximizing the log
likelihood function with respect to the variance parameters while keeping the fixed
effects constant. After the variance parameters are estimated, the fixed effects can
be estimated by considering the variance parameters as constant and maximize the
log likelihood with respect to the fixed effects, 8. Note that there are no closed
formulas for the variance parameters and they are therefore estimated iteratively.
A common algorithm used for this is the Newton-Raphson algorithm. Finally, the
ML estimates are biased downwards and thus, the method of residual maximum
likelihood can be used (REML).
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First, let v denote the variance parameters, i.e., the parameters in V. It can be
shown that ¥ — X ,3 and B are independent [13], hence the joint likelihood for 8
and v can be expressed as a product of likelihoods. The likelihood for v based on
Y — X3 is

Ly ¥ — x8) = 208 Y)
L(B; B.7)

The REML log-likelihood function is

A 1 ~ ~
log L(v;Y ~Xf) = K~ log | V' | —log | X"V'X [ (Y = XB)'V (Y - XB)].

Compare this with equation 2.3 and notice that the difference is the subtraction of
the term
log | X'V1IXx |,

It is possible to obtain parameter estimates iteratively using the method of iterative
generalized least squares (IGLS). IGLS gives the same results as ML but the details
are not included here. However, the interested reader can refer to Applied Mixed
Models in Medicine by Brown and Prescott [13].

2.2.2 Estimation of fixed effects

The fixed effects estimates are obtained by maximizing the likelihood by differenti-
ating the log-likelihood with respect to 8 and set to zero. This gives the following
formula

XT'v-(y - XB) =0,
which leads to
B=(XTvix)'XTvly. (2.4)

The variance of 3 is

Cov(B) = (XTVIX) ' X"V 1Cov(Y) V' X(XTV X))}
= X"V X)"'X"V'VVIX(XTVIX)!
= (X"VvX)l

2.2.3 Prediction of random effects

The random effects are treated as realizations from an underlying normal distribu-
tion with mean zero and a specified variance-covariance structure. Although their
true values are unobserved, it is possible to obtain predictions of these effects based
on the observed data. This is typically done using ML and REML. First, define a
product of likelihoods in terms of B, b, and -~y
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where yg are the parameters in the R matrix and «¢g are the parameters in the G
matrix.

Assume that Y | b and b are multivariate normal distributed we get

L(B.b.7:¥) o R |2 exp (<L (Y — X8~ Z6) R (Y — X - 7))
< | G [7V2 exp (—;bTG‘1b> ,

and the log-likelihood is

log(L) = — ;[log |R|+(Y - XB-Zb)'R (Y — XB — Zb)

+log | G | +b"G7'b] + K.

Now, by differentiating the log-likelihood with respect to b and equate to zero gives

b=(Z"R'Z+G ) 'Z"R (Y — Xp).
Using matrix manipulation and the fact that V.= ZGZT 4+ R the random effects
estimates can be written in a more compact form

b=GZ"V (Y — Xp). (2.5)
The variance of b is

Cov(b) = GZ'V'2G - GZ"V'X(X"V'X)' X"V ZG.

2.2.4 Henderson’s mixed model equations

Another way to estimate 8 and b is through Henderson’s mixed model equations
(MME). From the MME equations, one can derive the best linear unbiased estima-
tor (BLUE) of the fixed effects and the best linear unbiased predictor (BLUP) of the
random effects. These estimates are the best estimates as long as the assumptions
of the model are fulfilled. This procedure estimates 8 and b simultaneously without
having to calculate V=1, as in large datasets, computing V! can be computation-
ally expensive or numerically unstable. Henderson’s equations avoid this by solving
a linear system.

When b and Y are normally distributed we have

b N 0 G GZz7
Y Xp)'\ZzG V
and maximizing the joint density function

exp{~3 [bTG b+ (Y — X8 — Zb) 'R {(Y - X8 — Zb)| }
@2m) " /|G| R |

10
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with respect to 8 and b, Henderson’s Mixed Model Equations becomes
I XTRTY
Z'TR'X G '+ Z'R'Z| |b|  |Z'TRYY |

The solutions to Henderson’s equations are the best linear unbiased estimator and
predictor of 8 and b.

XTR-1X XTR-17Z Hﬂ]

BLUE() = (XTV~'X)"1XTV-ly = 3,
BLUP(b) = GZ'"V(Y — Xj) = b.

2.3 Joint mixed-effects models for longitudinal data

A joint mixed-effects model combines multiple outcomes or response variables into
a single model, allowing for the simultaneous analysis of these outcomes while ac-
counting for their potential correlation. If two outcomes are expected to change
similarly over time, a joint model can capture that shared behaviour through cor-
related random effects. This means that a joint model can be more accurate in
predictions since it uses information from both responses.

Consider home and hospital data as two data series. Let Yig-k) denote the outcome
corresponding to measurement j for participant ¢ and outcome type k. Note that
k € {1,2}, where 1 defines home data and 2 hospital data and j is the number of

)

spirometry measurements of the ith individual. Yigk can now be calculated as

v =B+ B Xy + o) + 0 25+ )
Here, Y;; is the spirometry value of participant ¢ at measurement j. Note that in
a CF setting, X;; and Z;; coincides and represents the age of the ¢th participant
at the jth measurement. Also, (B(()k) + b(()?)) represent the intercept of participant
i and ( fk) + bglf)) the slope. Now, the response variable can be expressed as two-
dimensional and allow for correlation between the two outcomes, home spirometry
and hospital spirometry. See Appendix A for the specifications of the variance-
covariance matrix of random effects G and residual variance-covariance matrix R.

Combining Y;J(O) and Yij(-l) into a system of equations gives:

7 )

(
Y® —x0g®  z@p @

1

[y Xl 26)

)

By stacking the two outcome vectors, the combined model can be represented as the
joint system:

(2.7)
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with corresponding block-diagonal design matrices and covariance structures for the
fixed and random effects. This joint formulation enables the modeling of potential
correlations between home and hospital measurements through a joint covariance
structure in the random effects, which includes cross-covariances between the out-
comes. Estimation of model parameters can then proceed as described in the pre-
ceding sections, using ML, REML, or IGLS as described previously.

The joint model enables estimation of shared individual-specific trends via a struc-
tured covariance matrix for the random-effects. Moreover, by modeling two lon-
gitudinal data series simultaneously, the joint model could use the information of
correlation between the two outcomes, and perhaps, achieve better predictive accu-
racy in the outcome of interest (in our case, hospital spirometry).

In summary, to attain unbiased estimates REML is used. REML uses the BLUE
estimates of the fixed-effects to eliminate them from the log-likelihood function so
that it is only a function of the variance parameters. The estimation of the fixed
effects, random effects and variance and covariance parameters are all built upon
maximizing the log-likelihood function. The optimization is done using an iterative
procedure, for example, the Newton-Raphson method which is the method that is
most commonly used. First, the log-likelihood is maximized with respect to the
variance parameters while treating the fixed effects as constants, where an initial
value can be attained from ordinary least squares or SLR by assuming independence.
Then, the estimates of the variance parameters are treated as fixed and maximization
of the log-likelihood with respect to the fixed effects can be done. This is repeated
until convergence.

2.4 Literature review

This chapter is concluded with a brief review of the literature on mixed-effects mod-
eling and its applications in CF research.

Joint linear mixed-effects models are commonly used when analyzing multiple out-
comes simultaneously. The outcomes can be of different types such as continuous,
binary or survival outcomes. Ivanova [15] et al. introduced a random effects lon-
gitudinal model that uses different types of outcomes. Outcome variables does not
always have to follow a normal distribution but they can be skewed or follow a dif-
ferent distribution which is the setting Huang et al. [14] discusses. This setting is
applied on a joint nonlinear mixed-effects models. Furthermore, Li [16] presents a
joint mixed-effects model with multivariate longitudinal data with continuous, pro-
portion, count and binary responses and the association between the variables are
captured through correlated random effects. Daza et al. [7] compares a joint model
to a linear mixed-effects model in a randomized control trial context.

Advanced applications also focused on causal inference. [24] integrated joint model-

ing and g-computation to estimate causal effects in the presence of time-varying and
unmeasured confounding. A Bayesian extension was proposed in [33], using general-
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ized linear mixed models with posterior distributions to evaluate subgroup-specific
treatment effects.

In terms of statistical estimation and implementation, [2] provided a comprehensive
description of the 1mer function in the 1me4 package for R. For researchers with less
experience, introductory materials such as [6], [8], and [12] offered theoretical foun-
dations and practical guidance on implementing linear mixed-effects models. Magezi
[19] focused on within-participant designs and offered tools for users unfamiliar with
R. The basic estimation principles of BLUE and BLUP with focues on their matrix
form were covered in [23], while [21] discussed how iterative weighted least squares
could be used to obtain maximum likelihood estimates. Deciding model structures
in longitudinal data was addressed in [11], discussing balanced vs. unbalanced de-
signs and missing data. Am election procedure of the fixed and random effects was
discussed in [9]. Luke [17] discusses the procedure of evaluating the significance of
fixed effects using p-values.

In CF research, the use of longitudinal data and mixed-effects models is essential
for the understanding of disease progression. Mixed-effects models have been used
to analyze repeated measures such as percent predicted FEV, with studies showing
that modeling choices such as linear vs. non-linear or marginal vs. mixed-effects can
affect estimates of lung function decline [28]. While home spirometry tends to yield
lower and more variable values compared to supervised clinical tests [22, 1, 10], it
remains a viable option for weekly monitoring [4]. Integrating home and hospital
data in telehealth settings has shown outcomes comparable to traditional in-person
care [20]. Longitudinal models also help answer questions about risk factors. Vari-
ability in lung function during stable periods at home has been found to exceed that
seen in clinic settings, highlighting the need for cautious interpretation of home data
[30]. Overall, the quality of CF trend assessment depends on methodological choices
and clinical interpretation [25, 29].

In summary, linear mixed-effects models are well-established for analysing longitu-
dinal clinical data, including applications in cystic fibrosis. These models have been
used to study lung function decline over time, although their implementation varies
in complexity. However, joint models have not been thoroughly evaluated in this
context, particularly regarding the efficient use of home spirometry measurements to
support individual-level assessments. In the remainder of this thesis, we develop and
evaluate joint linear mixed-effects models for combined home and hospital spirom-
etry data, using both simulation studies and real-world applications.
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Simulation experiments

This chapter presents simulation experiments to evaluate the performance of joint
linear mixed-effects models (JLMM) compared to univariate mixed-effects models
(ULMM) and simple linear regression (SLR) in the context of modeling bivariate
longitudinal data. The chapter begins by introducing the simulation objectives
and data-generating process, followed by a description of the model specifications,
simulation settings, and evaluation metrics. The final sections present the results of
the experiments and summarise their implications for model selection in longitudinal
analysis of spirometry data.

3.1 Introduction and objectives

Through simulations, we aimed to evaluate SLR, ULMMs and JLMMs performed
in different settings and the simulations were designed to answer the following ques-
tions:

1. How does a joint mixed-effects model compare to a univariate mixed-effects
model and simple linear regression in terms of estimation and prediction ac-
curacy?

2. How is predictive performance affected by changes in the number of partici-
pants?

3. How does the prediction error vary with the correlation between subject-
specific trends?

4. Can hospital spirometry measurements be replaced by additional home spirom-
etry measurements without compromising accuracy?

5. How frequently do convergence issues occur, and how often is the estimated
variance-covariance matrix of the random effects is singular?

These questions will be evaluated through simulation scenarios that mimic char-
acteristics commonly observed in cystic fibrosis, including irregular measurement
schedules, differing frequencies of home and hospital spirometry, and declining lung
function over time. The simulations examine how model accuracy and stability
are influenced by sample size, measurement frequency, and the correlation between
subject-specific trends.
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3. Simulation experiments

3.2 Simulation setup

This section describes the data-generating process used in the simulations, including
the structure, parameter settings, and assumptions designed to reflect longitudinal
spirometry data typical of individuals with cystic fibrosis. Unless otherwise stated,
the number of participants included in the simulations was set to 100. The intention
of the input parameter values were that they should produce data that was similar
to a real CF data set. The parameters were selected to produce data that resembled
CF data. First, hospital spirometry had higher values than home spirometry. Sec-
ond, the regression lines for home spirometry were specified to have steeper slopes.
The number of home measurements varied between individuals but averaged 12 per
year. In contrast, each participant had 4 hospital spirometry measurements annu-
ally. Measurements were taken at different time points across participants. The
random effects were assigned a variance of 1 around the fixed effects, and the resid-
uals was also set to have a variance of 1.

3.2.1 Formulation of the model

A total of four fixed effects was considered and these were generated with the normal
distribution using the mvrnorm function from the MASS package [31]. The fixed effects
were set directly and the random effects were assumed to be normally distributed
around the fixed effects. The fixed effects were set by taking into account of the fact
that home data systematically exhibit lower values was accounted for. Now, from
the simulated values we have values of the regression parameters of each individual
and hence data can be generated by adding residuals to each regression model. For
example, to generate data that mimics hospital spirometry at a certain age, the
following was implemented:

Y = (0 + 06) + (0 + B - Agey) + e}

v

Consider figure 3.1 which illustrates simulated data of four individuals. Each in-
dividual provides home and hospital measurements and the regression line of each
measurement are displayed as gray lines. Note that, in reality, the differences be-
tween home and hospital measurements might not be as big as it appears in the
figure. This is a toy data set and is provided as an illustration.
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Figure 3.1: Simulated data of four participants. Including random regression line
of home and hospital spirometry for each individual represented as the grey lines.

3.2.2 Specification of the covariance structure

The random effects were simulated using a multivariate normal distribution, with
a variance-covariance matrix called G, which is a 4 x 4 matrix that includes the
variances and correlation terms between the intercept and slope of both home and
hospital data. G is symmetric and structured as:

1 p —p 0

|l 10 —=p
=1 0 1 o
0 —p p 1

It should be noted that G corresponds to the variance-covariance matrix from the-
ory. G has to be positive definite in order to generate values. To achieve this, the
R function nearPD from the Matrix package [3] was used, which adjust the input
matrix and returns the nearest symmetric positive definite matrix to the input ma-
trix. Because of this adjustment, the matrix that was used in the simulations did
not necessarily have the exact same covariance terms as specified in G. The columns
in G are in the following order b(()l), b(()z), bgl), 652). The choices of variance and covari-
ance are arbitrary and can be chosen differently depending on the purpose of the
simulation.
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3.2.3 Simulation settings

The parameters varied in this thesis were the number of participants, correlation be-
tween random effects, number of home spirometry measurements, and time horizon.
The number of participants were varied between 5 and 50 to simulate for smaller
sample sizes. The correlation was varied between 0 and 0.95 as negative correlation
were not of practical interest and correlation of 1 is practically not possible. The
number of hospital measurements was fixed to four and home measurements varied
between 4 to 15. Lastly, time horizons were either 1, 3, or 5 years.

3.2.4 Model specification

Table 3.1 presents a synthetic data set designed to illustrate and clarify the rela-
tionship between the data structure and the corresponding model specification. The
model specifications of the joint LMM (JLMM), univariate LMM (ULMM) and SLR
are provided in listing 1. The 1m is a package used to fit linear models and was used
to fit SLR. The 1me4 package was used to fit ULMM and JLMM. The data, i.e.
df, used for JLMM corresponds to the data in Table 3.1. Note that in our context,
for example the first FEV; value in Table 3.1 corresponds to yﬁ) in mathematical

notation.

Table 3.1: Example data set mimicking cystic fibrosis (CF) spirometry measure-
ments across two settings. The table shows FEV; values by age for two individuals,
with measurements taken at home (Setting = 1) and in hospital (Setting = 2), cor-
responding to the joint model specification.

ID | Setting | Age | FEV,
1 1 12 90
1 1 125 | 85
1 2 12.1 95
1 2 13 90
2 1 15 100
2 1 155 | 95
2 2 15.1 | 105
2 2 16 103

The model specification returned a total of four fixed-effects intercepts, correspond-
ing to the population regression parameters of the home spirometry and hospital
spirometry. Also, the model specification returned the four random effects values
for each individual. The setting parameter was treated as a categorical variable,
allowing different coefficients to be estimated for each setting. An interaction term
was included to specify the effect of age on FEV; depending on the setting which
were the random effects of the slope parameters. Note that the data used in each
model specification were different. The data used in SLR includes only hospital
spirometry from a specific individual, where the data for ULMM includes only hos-
pital spirometry from all individuals and JLMM utilizes the full dataset (i.e., home
and hospital data across all individuals).
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# Simple Linear Regression
1m(FEV1 ~ Age, data = df)

# Univariate linear mized—-effects model

lmer(
FEV1 ~ Age + (1 + Age | ID),
data = df

)

# Joint linear mized-effects model
1mer (
FEV1 ~ -1 + as.factor(Setting) + as.factor(Setting):Age +
(-1 + as.factor(Setting) + as.factor(Setting):Age | ID),
data = df
)

Listing 1: Model specifications for the joint linear mixed-effects model (JLMM), the
univariate linear mixed-effects model (LMM), and simple linear regression (SLR),
all implemented in 1mer or 1m in R.

3.2.5 Evaluation metrics

The performance of the joint model was compared to traditional models in terms of
prediction accuracy. Additionally, the properties of the proposed methodology was
empirically evaluated through simulations. To answer the previous listed questions,
the following evaluation metrics was used to quantify prediction or estimation error:

1. Current value (CV), i.e., error in estimating the actual value at a given time
point after removing the target observation: (y;; — ¥i—;),

2. Current mean (CM) at a specific point in time, i.e., error in estimating the
predicted value at a given time point after removing the target observation:
(Gig = i),

3. Subject-specific trend (SST), i.e., error in estimating the individual-specific
trend after excluding the target observation: (81 + by;) — (Brij + bis—j),

4. Population average trend (PAT), i.e., error in estimating the population trend
after excluding the target observation: Bl — Bl,,j.

Here, y; ; was the i:th participant value of the response at measurement j. g; ; was
the i:th participant predicted response at measurement j of the model that was
fitted on the entire data set and §; _; was the predicted value at measurement j
where the j:th hospital value was removed. B1; and by; was the estimated fixed and
random effects slope parameters, respectively, on the full data set. Bh _; and b, i
were the estimated fixed and random effects slope parameters, respectively, on the
modified data set. 61 was the estimated fixed effects on the full data set and 51 =
were the estimated fixed effects on the modified data. In a CF context, the response
variable represents spirometry data and X;; represent the age of participant ¢ at
measurement j.
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Figure 3.2 illustrates the differences of current value, current mean, and subject-
specific trend. Current value is defined as the difference between the thick black
line and the black dot. Current mean is defined as the difference between the thick
and the dashed lines. Subject-specific trend represents the difference between the
parameter values of the thick line and dashed line. Note that, PAT is not visible in
figure 3.2, because the population regression lines were omitted to avoid cluttering
the image.
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Figure 3.2: Hospital spirometry data of one individual represented by the blue and
black dots. The black dot represents the removed spirometry measurement. The
black line represent the individual hospital regression line on all data (i.e. blue and
black dots). The black dashed line represent the individual regression line on blue
dots only.
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Performance will be assessed using the root mean square error (RMSE) for each of
the differences defined above. The RMSE of the differences above provides eval-
uation metrics as a standardized measure of the average prediction error and was
computed as the following:

RMSE(CV) = | 3 (0(t,) = st G.)
RMSE(CM) = &3 (3(t0s) = s (6))" 32)
RMSE(SST) = ii((ﬁrl—bu) (Bri—j + bri )2, (3.3)
RMSE(PAT) = ;i(ﬁl Br_;)2. (3.4)

To calculate RMSE, a variation of cross-validation was implemented. First, a syn-
thetic data set was generated. Then, the last hospital measurement was removed for
each individual. The original data, the original data with omitted hospital values,
and only the omitted hospital values was saved as three data sets. A joint LMM
was fitted on the original data and another one was fitted on the data with omitted
hospital values. This was done using the 1lmer package. Using the estimated values
from the model fit and extracting the correct values from the omitted data values,
the RMSE of current value, current mean, subject-specific trend, and population
average trend was calculated. A similar procedure was done for the ULMM, also
using lmer, but only considering the hospital data. For SLR, the 1m package was
applied using only the hospital spirometry data for a given individual, thereby ig-
noring the parallel home measurement series.

Note that is possible that the estimated variance-covariance matrix of the random
effects could have a variance or correlation term that is estimated to be zero. This is
indicated by the isSingular function in the 1me4 package. In mathematical terms,
the singularity issue arises when the estimated variance-covariance matrix lacks full
rank.

3.3 Results

3.3.1 Overall performance across models

Figure 3.3 compares the performance of the joint mixed-effects model, the univariate
mixed-effects model, and simple linear regression with the kernel density estimates of
the root mean square error of the current value, current mean, subject-specific trend
and the population average trend. The joint model and univariate model outper-
formed SLR in all scenarios. Visually, there was little to no difference in performance
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between the joint linear mixed-effects model and the univariate linear mixed-effects
model for predicting the current value and the population-average trend. However,
the univariate model performed better than the joint model on estimating the cur-
rent mean and the subject-specific trend. Overall, the univariate model performed
slightly better than the joint model. The difference between ULMM and JLMM are
especially hard to visualize for current value across all time horizons. The difference
in mean are: 0.003, 0.0009 and —0.001 in each case.
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Figure 3.3: Kernel density estimates (KDEs) on the logarithm of RMSE of the
current value, current mean, subject-specific trend and the population average trend
across three time horizons: 1 year (left column), 3 years (middle column), and 5 years
(right column). The rows correspond to the root mean square estimate distributions
for four parameters: current value (fist row), current mean (second row), subject-
specific trend (third row), and population average trend (fourth row).
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3.3.2 Effect of sample size on performance

Figure 3.4 displays the RMSE of the current value, current mean, subject-specific
trend and population average trend of lower values of sample size n. The univariate
mixed-effects model and joint model approach similar performance as the number
of individuals increased. However, the univariate model was slightly better in esti-
mating the current value, current mean and subject-specific trend.

RMSE(CV) RMSE(CM)

RMSE(PAT)
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Figure 3.4: The estimated root mean square errors (RMSE) of current value (CV),
current mean (CM), subject specific trend (SST), populations average trend (PAT)
changing number of participants (N). The black line is the regression line of the joint
LMM and the blue is of the univariate LMM. The shaded areas are 95% confidence
intervals. The results are based on one year time horizon. The results of SLR are
not included here because the results of SLR wont change as SLR depends only on
the number of hospital measurements and not participants.

3.3.3 Impact of correlation between random effects

Figure 3.5 displays the percentage change in RMSE when comparing joint linear
mixed-effects models to univariate linear mixed-effects models for predicting the
current value, current mean, subject-specific trend, and population-average trend,
as a function of the correlation between the random slope effects for home and
hospital spirometry. This was done in order to quantify home much better or worse
JLMM and ULMM were compared to each other at different correlation levels. The
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dashed horizontal line represents where JLMM and ULMM have an equal error.
The RMSE of current value, current mean, subject-specific trend and population
average trend of the JLMM decreases as the correlation increases. The JLMM had
a lower error compared to the ULMM at a correlation of about 0.75 for the current
value and current mean. The current value received a minor improvement of about
0.1 percent and the current mean around 4 percent. The ULMM was better for
the subject-specific trend at all correlation levels while the opposite was true for
the population average trend. The comparison with SLR is presented separately in
Appendix B.
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Figure 3.5: Percentage change in root mean square error (RMSE) when comparing
joint linear mixed-effects models to univariate linear mixed-effects models for pre-
dicting the current value (CV), current mean (CM), subject-specific trend (SST),
and population-average trend (PAT), as a function of the correlation between the
random slope effects for home and hospital spirometry. The correlation between
the home slope parameter and the hospital slope parameter have been varied. The
dashed black lines represent where the joint LMM and univariate LMM are equal.

3.3.4 Substituting hospital with home spirometry

The results of the simulations when substituting a hospital spirometry with home
spirometry are shown in figure 3.6. The joint model had a lower RMSE for the
current value, current mean and the population average trend but for the subject-
specific trend the univariate LMM had a lower error.
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Figure 3.6: Root mean square errors (RMSE) for the current value (CV), current
mean (CM), subject-specific trend (SST), and population-average trend (PAT) when
one hospital measurement was replaced with varying numbers of home spirometry
measurements ranging from 4 to 15. Dots represent mean RMSE values. Black lines
indicate fitted joint LMM regression line with shaded 95% confidence intervals. The
blue line represent the RMSE of the univariate LMM.

3.3.5 Model stability and the issue of singularity

Finally, the model’s stability is evaluated by assessing the occurrence of singularities
in the estimated random effects covariance structure. The proportion of simulated
datasets yielding a singular covariance matrix estimate of the random effects is shown
in figure 3.7. The JLMM had a high occurrence of singular variance-covariance
matrices, especially for lower values on N. The ULMM had lowest occurrences of
singular models and it approached to zero as the sample size N increased.
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Figure 3.7: Proportion of simulated datasets producing a singular covariance ma-
trix estimate of the random effects. Time horizons are: 1 year (thick line), three
years (dashed line) and 5 years (dotted line). Black lines represent the joint model
and blue lines the univariate model.
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Application results

This chapter covers the implementation procedure applied to a real-world CF dataset.
It begins by describing the dataset, followed by the methods and simulation setup.
The final section presents the characteristics of the study population and summarizes
the results.

4.1 Data

The dataset used in the application analysis comprises longitudinal spirometry mea-
surements from individuals with cystic fibrosis (CF), collected at six specialised CF
centers in Sweden between 2019 and 2024. The study population included both pedi-
atric and adult patients, with the majority being children and adolescents. For each
participant, two parallel time series of lung function measurements were available,
i.e., home and hospital spirometry. In general, there were more home measurements
available than hospital measurements, as hospital spirometry measurements were
recommended to be four per year.

4.2 Methods

The objective of the application was to assess whether the most recent hospital
spirometry measurement could be accurately predicted using a joint LMM, based
on preceding hospital and home spirometry data. Specifically, the analysis compared
the predictive performance of the JLMM to that of a ULMM and SLR, under the
condition that the latest hospital measurement was excluded from the model fitting.
The model specification was the same as in the simulations, see Listings 1.

Data cleaning involved the following steps. Spirometry values below 50 or above 150
were considered outliers and removed. Additional cleaning steps included removing
missing values, discarding home spirometry more than three days apart from hos-
pital measurements, and eliminating duplicate entries. Absolute spirometry values
were converted to percent predicted values using the rspiro package, [18], and the
global lung function initiative reference equations, based on each participant’s de-
mographic characteristics. The dataset was subdivided into paediatric and adult
subpopulations to account for physiological and clinical differences in lung function
trajectories, disease progression, and treatment response.
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The lungs develop primarily the first years, then grows together with the rest of the
body and this increases the lung volumes. The GLI equations, expressed as either
a percentage or a z-score, is intended to account for the lung growth. Also, young
individuals could respond differently to treatments compared to adults.

To calculate results on the real data the root mean square of the evaluation metrics:
current value, current mean, subject-specific trend and population average trend was
calculated (see Equations 3.1, 3.2, 3.3, and 3.4). The data was filtered to include
only 1, 3, and 5 year time horizons in order to simulate how different time horizons
affected the results. Also, a "thinning" procedure was done, i.e., twenty five and
fifty percent of the hospital measurements were removed and the models were fitted
on the data and compared to the original model fits. This was done to investigate
how much data could be removed without loss of accuracy. Because of the thinning
procedure, participants with four or fewer hospital spirometry measurements was
removed as the univariate model became unidentifiable when some participant had
only two data points.

4.3 Simulation setup

In order to provide mean values, confidence intervals, and p-values, a bootstrap
analysis with size 100 was done on each population group, i.e., artificially creating
100 data sets. Each bootstrap sample included 100 participants and was modified
to include the last 1, 3, and 5 years of data.

For each bootstrap resampled dataset, the predictive accuracy of JLMM, ULMM,
and SLR was evaluated using four metrics: current value, current mean, subject-
specific trend, and population average trend, as defined in Section 3.2.5. Due to the
positively skewed distribution of the estimated root mean square error, all analyses
were conducted on the logarithmic scale to stabilize variance and improve inter-
pretability of model comparisons. Fold changes were computed to compare model
performance for current value, current mean, subject-specific trend, and population
average trend were calculated by first calculating the difference of the logarithm
of the RMSE values between ULMM vs. SLR, JLMM vs. SLR, and JLMM vs.
ULMM. Note, that in in the first two cases: SLR was used as benchmark and in the
last case ULMM was used as benchmark. Then, a Welch’s t-test was done on the
log-transformed RMSE values and fold changes were calculated by exponentiating
the mean differences of the logarithmic differences. The corresponding confidence
intervals (95%) were calculated by exponentiating the confidence interval values of
the t-test.

This means that a confidence interval that lies strictly below 1.0 indicates that the
first method has a significantly lower error compared to the reference method, while
a confidence interval strictly larger than 1.0 suggests significantly higher error. If
JLMM vs. SLR yields a confidence interval below 1.0, it implies that the RMSE of
JLMM is significantly lower than the RMSE of SLR.
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4.4 Results

4.4.1 Characteristics of the study population

The raw data (i.e., before cleaning) included 162 individuals and 4, 785 home spirom-
etry measurements and 4, 717 hospital measurements. Following the data cleaning
process, which involved filtering out missing values and outliers, excluding home
spirometry data, and removing duplicate entries, the number of participants in the
pediatric group was 74 and there was a total of 1,857 home spirometry records and
1,486 hospital spirometry measurements in this group. Figure 4.1 explains the data
cleaning and selection process as a flow chart and the statistical characteristics of
the pediatric population are given in Table 4.1.

The youngest person was about 7 years old and the oldest was 18 years old where
the ages was based on the latest age of each participant. The mean age of home
spirometry was 13.9 years and 14.2 year respectively. The follow up times of home
spirometry and hospital spirometry ranged between 0.1 to 4.7 and 1.1 to 5.8 re-
spectively. The number of measurements for home and hospital spirometry ranged
between 3 to 104 and 5 to 41. Figure 4.2 displays raw hospital based FEV; values
(liters) across all participants.

FEV; increased with age during childhood and adolescence, peaked in early adult-
hood, and declined thereafter. Figure 4.3 and Figure 4.4 show the FEV,% data of
the pediatric sub-population and adult population respectively. Overall, there was
a downward trend of spirometry measurements on both home measurements and
hospital measurements.

Table 4.1: Characteristics of the study cohort for the pediatric population. The
mean of age is based on the latest age of each participant.

Home spirometry  Hospital spirometry

Number of measurements 1,857 1,486
Age (years)
mean (SD) 13.9 (3.3) 14.2 (3.2)
range 7.0-18.0 7.1-17.9
Follow-up time* (years)
median (IQR) 2.8 (1.5-4.0) 5.2 (3.8-5.6)
range 0.1-4.7 1.1-5.8
Number of measurements
median (IQR) 19.0 (10.0-34.3) 20.0 (12.0-26.8)
range 3-104 541

*Time from the first to the last included FEV1-measurement.
IQR = interquartile range (25th and 75th percentiles).
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Participants screened N = 162
Home spirometry records (n home) = 4,785
Hospital spirometry records (n hospital) = 4,717

Exclusion
Filter out missing values (N = 162, n home = 4,785, n hospital = 3,813)

Remove outliers such that 50 < spirometry < 150
(N = 156, n home = 4,330, n hospital = 3,473)

Remove home spirometry that extend outside three days of hospital spirometry
and remove duplicates

(N =152, n home = 3,430, n hospital = 2,941)

Divide the population into two age groups: younger than 18 (pediatric population)
and older than 18 (adult population)

Filter out those with less than two home records and less than four hospital records in each group

Eligible for inclusion pediatric population: Eligible for inclusion adult population:
N =74 N =44
n home = 1,857 n home = 1,563
n hospital = 1,486 n hospital = 726

Figure 4.1: Overview of the data cleaning and selection process applied to the raw
spirometry dataset, including exclusion criteria for outliers, missing values, duplicate
records, and insufficient longitudinal data.

FEV1 (L)

Age (years)

Figure 4.2: Hospital FEV in liters (L) raw of data.
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Figure 4.3: FEV ;% of age group 18 and younger including population regression
lines. The dashed black line is the regression line of hospital spirometry and the
black line is of the home spirometry. The regression lines of home and hospital
spirometry records are displayed as a black line (home) and a dashed (hospital) line.
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Figure 4.4: FEV1% of age group 18 and older including population regression lines.
The dashed black line is the regression line of hospital spirometry and the black line
is of the home spirometry. The regression lines of home and hospital spirometry
records are displayed as a black line (home) and a dashed (hospital) line.

4.4.2 Performance of JLMM, ULMM, and SLR

The results of the comparison of the JLMM, ULMM, and SLR of the RMSE of cur-
rent value (CV), current mean (CM), subject-specific trend (SST), and population
average trend (PAT) are presented in Table 4.2, Table 4.3, Table 4.4, and Table 4.5.
The results are based on the pediatric population and the result for the adult pop-
ulation are found in Appendix B. Each table corresponds to current value, current
mean, subject-specific trend and population average trend, respectively.
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In the case of current mean, ULMM had a lower error than SLR for the remove-last
scenario across all time horizons but SLR had lowest error in the 25% and 50%
thinning-scenarios across all time horizons. The same can be said for JLMM vs.
SLR where JLMM had a lower error in the remove-last scenario and SLR had lower
error in the other scenarios. The RMSE between JLMM and ULMM for the current
value was insignificant in the cases of: remove-last with three years time horizon,
50% thinning with one and five years time horizons.

Table 4.3 shows the results for the current mean. Here, ULMM and JLMM had a
lower error than SLR in all scenarios. JLMM had lower error than ULMM in all
scenarios except for the case of remove-last with one year time horizon, where the
difference in error was insignificant.

The results for the subject-specific trend are shown in table 4.4 and here, the ULMM
had a lower error compared to SLR in all cases, especially for one year time hori-
zon. JLMM had a lower error compared to SLR in all cases. Finally, JLMM had a
significantly lower error compared to ULMM in all scenarios except for three cases.
First, in the 50%-thinning scenario, the difference was insignificant as the confidence
interval includes 1.0. For the remove-last scenario with one year time horizon and
for the 25%-thinning scenario, ULMM had a significantly lower error than JLMM.

The results of the population average trend are shown in table 4.5. Both ULMM
and JLMM had a lower error compared to SLR in all cases. The difference in RMSE
between JLMM and ULMM were insignificant in the cases of: remove-last scenario
with one and three year time horizons. In the rest of the cases, JLMM had a signif-
icantly lower error than ULMM.

The results of the adult population were consistent with those observed in the pe-
diatric cohort. SLR performed worse than ULMM in 31 out of 36 scenarios. SLR
was worse than JLMM in 32 out of 36 scenarios. Finally, ULMM was worse than
JLMM in 20 out of 36 scenarios.
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Table 4.2: Fold change in root mean squared error (RMSE) for estimating the cur-
rent hospital spirometry value (CV) using univariate linear mixed models (ULMM)
and joint linear mixed models (JLMM) incorporating home spirometry data, com-
pared to simple linear regression (SLR). Values represent fold changes with 95%
confidence intervals (CI), based on 100 bootstrap replications.

Time ULMM JLMM JLMM
Scenario horizon vs SLR P vs SLR P vs ULMM P

Remove last 1 year  0.83 (0.80, 0.83) <0.001 0.81 (0.78,0.84) <0.001 0.97 (0.96, 0.98) <0.001
3 years 0.87 (0.86, 0.88) <0.001 0.87 (0.86, 0.88) <0.001 0.99 (0.98, 1.01) 0.124
5 years 0.99 (0.98, 1.00) 0.003 0.95 (0.94, 0.95) <0.001 0.96 (0.95, 0.97) <0.001

25% thinning 1 year  2.01 (1.93,2.08) <0.001 1.96 (1.89, 2.04) <0.001 0.98 (0.96,0.99) <0.001
3 years 1.08 (1.06, 1.09) <0.001 1.15 (1.13, 1.16) <0.001 1.06 (1.05, 1.08) <0.001
5years  1.09 (1.07, 1.10) <0.001 1.07 (1.06, 1.09) <0.001 0.99 (0.98, 1.00)  0.006

50% thinning 1 year  2.43 (2.29, 2.57) <0.001 2.44 (2.30, 2.58) <0.001 1.00 (0.99, 1.02) 0.523
3 years 1.28 (1.26, 1.31) <0.001 1.33 (1.31, 1.35) <0.001 1.04 (1.01, 1.06) <0.001
5years 1.16 (1.14, 1.18) <0.001 1.16 (1.14, 1.17) <0.001 1.00 (0.98, 1.01)  0.545

Note. Fold changes and 95% CIs were derived by exponentiating the mean difference on

the log-transformed RMSE scale. Statistical comparisons were performed using Welch’s
t-test on the log-transformed values.

Table 4.3: Fold change in root mean squared error (RMSE) for estimating the cur-
rent hospital spirometry mean (CM) using univariate linear mixed models (ULMM)
and joint linear mixed models (JLMM) incorporating home spirometry data, com-
pared to simple linear regression (SLR). Values represent fold changes with 95%
confidence intervals (CI), based on 100 bootstrap replications.
Time ULMM JLMM JLMM
Scenario horizon vs SLR P vs SLR P vs ULMM P
Remove last 1 year  0.26 (0.25, 0.27) <0.001 0.25 (0.24, 0.26) <0.001 0.98 (0.95, 1.01)  0.166
3 years 0.58 (0.56, 0.60) <0.001 0.44 (0.42, 0.45) <0.001 0.75 (0.73,0.78) <0.001
5years 0.72 (0.71, 0.74) <0.001 0.61 (0.59, 0.62) <0.001 0.84 (0.82, 0.86) <0.001

25% thinning 1 year  0.77 (0.74, 0.80) <0.001 0.71 (0.68, 0.74) <0.001 0.93 (0.90, 0.95) <0.001
3years 0.76 (0.72, 0.81) <0.001 0.62 (0.59, 0.64) <0.001 0.81 (0.78, 0.84) <0.001
5 years 0.80 (0.78, 0.82) <0.001 0.69 (0.67, 0.70) <0.001 0.86 (0.85, 0.87) <0.001

50% thinning 1 year  0.86 (0.83, 0.89) <0.001 0.81 (0.78,0.83) <0.001 0.93 (0.92, 0.95) <0.001
3 years 0.89 (0.85,0.92) <0.001 0.66 (0.64, 0.68) <0.001 0.74 (0.72, 0.76) <0.001
5years 0.81 (0.79, 0.82) <0.001 0.72 (0.70, 0.74) <0.001 0.89 (0.87, 0.91) <0.001

Note. Fold changes and 95% CIs were derived by exponentiating the mean difference on

the log-transformed RMSE scale. Statistical comparisons were performed using Welch’s
t-test on the log-transformed values.
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Table 4.4: Fold change in root mean squared error (RMSE) for estimating the
subject-specific trend (SST) using univariate linear mixed models (ULMM) and
joint linear mixed models (JLMM) incorporating home spirometry data, compared
to simple linear regression (SLR). Values represent fold changes with 95% confidence
intervals (CI), based on 100 bootstrap replications.
Time ULMM JLMM JLMM
Scenario horizon vs SLR P vs SLR P vs ULMM P
Remove last 1year  0.03 (0.03,0.04) <0.001 0.05(0.04, 0.05) <0.001 1.57 (1.31,1.88) <0.001
3 years 0.46 (0.44, 0.48) <0.001 0.28 (0.26, 0.30) <0.001 0.62 (0.58, 0.66) <0.001
5years 0.51 (0.50, 0.53) <0.001 0.40 (0.38, 0.42) <0.001 0.78 (0.75, 0.82) <0.001

25% thinning 1 year  0.05 (0.04, 0.06) <0.001 0.06 (0.06, 0.07) <0.001 1.24 (1.07, 1.44)  0.006
3 years 0.47 (0.43,0.51) <0.001 0.27 (0.24, 0.29) <0.001 0.57 (0.53, 0.61) <0.001
5 years 0.47 (0.43,0.50) <0.001 0.38 (0.35, 0.40) <0.001 0.81 (0.79, 0.83) <0.001

50% thinning 1 year  0.04 (0.03, 0.05) <0.001 0.05 (0.04, 0.05) <0.001 1.14 (0.98, 1.33) 0.081
3 years 0.47 (0.44, 0.50) <0.001 0.25 (0.23,0.26) <0.001 0.53 (0.49, 0.56) <0.001
5 years 0.46 (0.43, 0.49) <0.001 0.39 (0.36, 0.41) <0.001 0.83 (0.81, 0.87) <0.001

Note. Fold changes and 95% CIs were derived by exponentiating the mean difference on

the log-transformed RMSE scale. Statistical comparisons were performed using Welch’s
t-test on the log-transformed values.

Table 4.5: Fold change in root mean squared error (RMSE) for estimating the
population average trend (PAT) using univariate linear mixed models (ULMM) and
joint linear mixed models (JLMM) incorporating home spirometry data, compared
to simple linear regression (SLR). Values represent fold changes with 95% confidence
intervals (CI), based on 100 bootstrap replications.

Time ULMM JLMM JLMM
Scenario horizon vs SLR P vs SLR P vs ULMM P

Remove last 1 year  0.03 (0.02, 0.04) <0.001 0.03 (0.02, 0.04) <0.001 0.98 (0.76, 1.28)  0.905
3 years 0.03 (0.02, 0.04) <0.001 0.02 (0.02,0.03) <0.001 0.84 (0.67, 1.04) 0.108
5 years 0.05 (0.04, 0.06) <0.001 0.02 (0.02, 0.03) <0.001 0.43 (0.35, 0.53) <0.001

25% thinning 1 year  0.06 (0.05, 0.08) <0.001 0.05 (0.04, 0.06) <0.001 0.75 (0.62, 0.91) 0.003
3 years 0.05 (0.04, 0.06) <0.001 0.03 (0.02,0.03) <0.001 0.59 (0.49, 0.70) <0.001
5 years 0.03 (0.02, 0.04) <0.001 0.02 (0.01, 0.02) <0.001 0.65 (0.48, 0.87) 0.005

50% thinning 1 year  0.20 (0.16, 0.26) <0.001 0.17 (0.13,0.21) <0.001 0.83 (0.72, 0.96) 0.012
3 years 0.18 (0.16, 0.21) <0.001 0.08 (0.06, 0.10) <0.001 0.43 (0.35, 0.53) <0.001
5 years 0.06 (0.05, 0.08) <0.001 0.03 (0.02,0.04) <0.001 0.49 (0.36, 0.66) <0.001

Note. Fold changes and 95% CIs were derived by exponentiating the mean difference on

the log-transformed RMSE scale. Statistical comparisons were performed using Welch’s
t-test on the log-transformed values.
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Discussion

5.1 Main findings

This thesis evaluated the utility of joint linear mixed-effects models (JLMM) for
analysing longitudinal spirometry data in cystic fibrosis, in comparison with uni-
variate linear mixed-effects models (ULMM) and simple linear regression (SLR).
Across the simulation scenarios, JLMMs and ULMMs demonstrated better predic-
tive performance than SLR across all evaluation metrics. In the simulation study,
the results between JLMM and ULMM were inconclusive.

When implementing SLR, ULMM, and JLMM on the application data, ULMM and
JLMM had better predictive performance compared to SLR in all scenarios except
for the current value in some cases. In contrast to the simulation results, JLMMs
performed better than ULMMSs in most application scenarios. Specifically, in 25 out
of 36 cases — across all evaluation metrics, time horizons, and thinning conditions —
the confidence interval for the performance difference between JLMM and ULMM
was strictly below 1.0, indicating significantly lower prediction error for JLMMs.
These results support that JLMMs provides an advantage over ULMMSs in a CF
setting when making predictions.

The primary limitation of JLMMs identified in this study was their tendency to
estimate a singular variance-covariance matrix, where variance or covariance com-
ponents were estimated to be zero, negative one or positive one.

5.2 Interpretation and explanations

The simulation study showed that ULMMs had a lower tendency in estimating a
singular variance-covariance matrix, suggesting they may be a more robust model-
ing choice. If the quality of home spirometry measurements continues to improve
with technological advancement, it may become feasible to treat home and hospital
measurements as a single data source. In that case, the univariate model may be
sufficient, and the added complexity of a joint model would be unnecessary.
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The reasons for the singularity issue could be that the random-effects structure of
the model was too complex for the data, insufficient variation or correlated random
effects. While the model may still provide estimates, the variance or correlation com-
ponents looses informational value and prediction accuracy decreases. In standard
applications, simplifying the random-effects structure by removing redundant terms
may resolve the issue. However, in the context of joint modeling, where the primary
objective is to leverage the correlation structure between multiple outcomes (e.g.,
home and hospital spirometry), removing random effects defeats the purpose of the
model. A singular fit in this setting therefore suggests that the joint model cannot
fully utilize the cross-outcome correlation, limiting its predictive advantage over uni-
variate models. As such, the observed singularities reflect a fundamental trade-off
between model complexity and the ability to exploit shared variance across modal-
ities in finite data settings.

Both JLMMs and ULMMs offered a gain in RMSE of CV, CM, SST and PAT
when compared to SLR, as SLR uses only hospital spirometry of one individual it
looses valuable information. LMMs uses more data at its disposal and therefore
predictions improve. The joint model incorporates all available data, whereas the
univariate model relies solely on hospital data across all individuals. Another argu-
ment against SLR is that to increase its prediction accuracy, an increase in hospital
measurements is needed. However, the recommendations of the number of hospital
visits are typically four per year, as increasing hospital visits adds to the burden of
care for individuals with CF and their families.

Regarding the sample size, a reduction in sample size is generally expected to lead
to worse predictions and an increase in sample size leads to improved predictions.
However, at some point, the addition of more measurements may no longer enhance
accuracy and instead lead to diminishing returns.

5.3 Clinical and practical implications

The monitoring of individual trends for people with CF lung disease is recommended
to be done with univariate or joint linear mixed-effects models over simple linear
regression. The results support the use of joint linear mixed-effects models when
modeling home and hospital spirometry in parallel. The practical consequences
includes reduced health burden for CF patients and improved telehealth, which is a
desired outcome for most CF patients [20].
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5.4 Methodological considerations and future work

Joint LMMs tended to be computationally intensive due to the larger number of
parameters and more complex model structure, which can increase the risk of con-
vergence issues. Moreover, joint LMMs typically assume normality of the random
effects and this may not always be the case for real-world data. It is also difficult to
test the normality assumption in practice. In theory, it is possible to use a different
distribution. However, in this case one would have to implement different software
and this has not been done in this thesis. Additionally, it was of interest to examine
how the model’s performance changed when the variation in home measurements
was reduced but because of the singularity issue, simulating different variance levels
resulted in incomprehensible results as the model estimated variances as zero.
Future research could explore extensions to non-linear or non-Gaussian settings, the
integration of additional clinical and patient-reported outcomes, or implementing a
Bayesian approach to account for small sample size or departures from normality
assumptions.

5.5 Conclusion

In summary, joint linear mixed-effects models offered improved predictive perfor-
mance compared to both simple linear regression and univariate linear mixed-effects
models to make predictions in a CF setting.
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A

Matrix formulation of the joint
linear mixed-effects model

A.1 Design matrices and model components

The following section provides the mathematical formulation of the joint linear
mixed-effects model applied throughout this thesis and had the following expres-
sion:

b, ~ N(0,Q), (A.2)

Y is a random vector of responses, X is an n x p design matrix of observed values of
explanatory variables, Z is the n x ¢ known matrix of random-effects, 8 is the p x 1
vector of fixed-effects, b is the ¢ x 1 vector of random-effects where Cov(b) = G and
b ~ N(0,G) accounting for subject specific variations, € is the vector of residuals.

T
Yi=[v vl v - vl (A4)

n; and m; are the number of home and hospital spirometry measurements, respec-
tively.

10 x% o0
0
x_|to X o (A5)

B=p" s B Y] (A.6)



A. Matrix formulation of the joint linear mixed-effects model

10 Zli(ll) 0
S
01 0 Zﬁ}
e (A8)
ei= el 1 el D el | (A.9)

Note that X; equals Z; in this specification, as both fixed and random effects in-
clude only an intercept and an age-related slope. However, in general, the design
matrices X; and Z; may differ and include additional covariates, where X, captures
population-level (fixed effect) predictors and Z; encodes subject-specific (random
effect) predictors.

A.2 Covariance structure of the G matrix

The joint mixed-effects model has four random effects, i.e., the intercept and slope
of home data and intercept and slope of hospital data. Note that this specification is
not applied in general and alternative specifications may be more suitable in different
contexts. Hence, the D-matrix have the following expression:

2
ag ag ag ag
W T TR T

2
o o o o
b(()1>b(()2) b(()?) bé2>b§)2) b((j2> bSQ)

G =Var(b;) = (A.10)

2
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by by by by biY biby

2
0,(1),(2 0,(2),(2 0,(1),(2) o
pVp Tp(p( Tyl b

A.3 Covariance structure of the R matrix

In this thesis, we assume a diagonal covariance matrix of the error terms, i.e.,

o2 0 --- 0
, 0 o2 o 0

R, =Cov(g;))=0l=| . . . _ (A.11)
0O 0 o?
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A. Matrix formulation of the joint linear mixed-effects model

TR, = (02) (A.12)

This is the only version of R; we use in this thesis but one should note that the
model can be extended to include correlation between the residuals. If that is the
case, R; will no longer be a diagonal matrix. For example, one could use the Matérn
covariance function or a linear exponent correlation structure. It is also possible to
allow for different variance terms depending on the different measurements i.e. home
spirometry and hospital spirometry.
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B

Supplemental results

B.1 Additional simulation results

This supplemental section includes the results of RMSE for different correlation
levels between the home and hospital slope parameter as seen in figure B.1. Ad-
ditionally, table B.1 provides the characteristics of the study cohort for the adult
population, while table B.2, B.3, B.4, and B.5 presents the application results for
the adult population.

RMSE(CV) RMSE(CM)
7.00- 2.07
6.75
6.50 - 1.0
T T T T 0.7AT T T T
0.00 0.25 050 0.75 0.00 0.25 0.50 0.75
RMSE(SST) RMSE(PAT)
1.00
1.0
05- 0.30
0.31 0.10
______ —%
T T T Tﬁ 0'03AT T T T
0.00 0.25 050 0.75 0.00 0.25 050 0.75
Correlation

Figure B.1: Root mean square error for different correlation levels between the
home and hospital slope parameter. The black line represent the joint LMM, blue
dashed line represent univariate LMM and dotted orange is results of SLR.



B. Supplemental results

B.2 Additional application results

Table B.1 shows the data statistic of the adult population. Table B.2, Table B.3,
Table B.4, Table B.5 shows the results of the adult population.

Table B.1: Characteristics of the study cohort for the adult population. The mean

of age is based on the latest age of each participant.

Home spirometry

Hospital spirometry

Number of measurements 1,563
Age (years)
mean (SD) 32.4 (10.6)
range 18.7-59.0
Follow-up time* (years)
median (IQR) 2.4 (1.5-3.9)
range 0.3-7.6
Number of measurements
median (IQR) 21.5 (10.5-54.5)
range 2-194

726

32.9 (10.5)
19.4-59.0

5.2 (4.3-5.5)
1.4-5.7

14.5 (12-22)

5-34

*Time from the first to the last included FEV1-measurement.

IQR = interquartile range 25th and 75th percentiles.

Table B.2: Fold change in RMSE for predicting the current hospital spirometry
value (CV) using joint linear mixed models (JLMM), univariate linear mixed models
(ULMM), and simple linear regression (SLR), based on 100 bootstrap replications.

Time ULMM JLMM
Scenario horizon vs SLR P vs SLR P

JLMM
vs ULMM P

Remove last 1 year 0.62 (0.59, 0.64) <0.001 0.70 (0.67, 0.73) <0.001
3 years 0.77 (0.75, 0.80) <0.001 0.77 (0.75, 0.78) <0.001
5 years 0.83 (0.82, 0.84) <0.001 0.80 (0.79, 0.81) <0.001

25% thinning 1 year  1.51 (1.45, 1.58) <0.001 1.61 (1.54, 1.69) <0.001
3 years 1.18 (1.14, 1.23) <0.001 1.08 (1.05, 1.11) <0.001
8

5years 0.93 (0.91, 0.95) <0.001 0.90 (0.89, 0.92) <0.001

ot

(=)

50% thinning 1 year  2.28 (2.16, 2.41) <0.001 2.41 (2.28, 2.55) <0.001
3 years 1.46 (1.40, 1.51) <0.001 1.27 (1.23,1.30) <0.001
5 years 1.02 (0.99, 1.05) 0.215 0.96 (0.94, 0.98) <0.001

1.13 (1.11, 1.15)  <0.001
0.99 (0.97, 1.02)  0.454
0.97 (0.95, 0.98) <0.001

1.07 (1.05, 1.08) <0.001
0.91 (0.89, 0.93) <0.001
0.97 (0.96, 0.99) <0.001

1.06 (1.04, 1.07) <0.001
0.87 (0.85, 0.89) <0.001
0.94 (0.92, 0.96) <0.001

Note. Values represent fold changes with 95% confidence intervals

(Cls) derived from log-

transformed RMSE. P-values are from Welch’s t-tests on the log-transformed values.

VI



B. Supplemental results

Table B.3: Fold change in root mean squared error (RMSE) for estimating the cur-
rent hospital spirometry mean (CM) using univariate linear mixed models (ULMM)
and joint linear mixed models (JLMM) incorporating home spirometry data, com-
pared to simple linear regression (SLR). Values represent fold changes with 95%
confidence intervals (CI), based on 100 bootstrap replications.
Time ULMM JLMM JLMM
Scenario horizon vs SLR P vs SLR P vs ULMM P
Remove last 1 year 0.22 (0.21, 0.23) <0.001 0.30 (0.28, 0.32) <0.001 1.35 (1.28,1.42) <0.001
3 years 0.33 (0.31, 0.36) <0.001 0.38 (0.36, 0.40) <0.001 1.13 (1.04, 1.24) 0.007
5 years 0.50 (0.48, 0.52) <0.001 0.47 (0.45, 0.50) <0.001 0.95 (0.91, 0.98) 0.001

25% thinning 1 year  0.82 (0.77, 0.86) <0.001 0.79 (0.75,0.83) <0.001 0.97 (0.94, 1.00)  0.056
3 years 0.93 (0.88,0.99)  0.016 0.76 (0.72, 0.79) <0.001 0.81 (0.77, 0.85) <0.001
5 years 0.87 (0.83,0.91) <0.001 0.78 (0.75, 0.81) <0.001 0.90 (0.87, 0.93) <0.001

50% thinning 1 year  0.85 (0.82, 0.88) <0.001 0.83 (0.80, 0.86) <0.001 0.98 (0.96, 1.00) <0.001
3 years 0.90 (0.86, 0.94) <0.001 0.77 (0.74, 0.80) <0.001 0.85 (0.82, 0.89) <0.001
5 years  0.95 (0.91, 1.00) 0.073 0.79 (0.76, 0.83) <0.001 0.83 (0.80, 0.86) <0.001

Note. Fold changes and 95% CIs were derived by exponentiating the mean difference on

the log-transformed RMSE scale. Statistical comparisons were performed using Welch’s
t-test on the log-transformed values.

Table B.4: Fold change in root mean squared error (RMSE) for estimating the
subject-specific trend (SST) using univariate linear mixed models (ULMM) and
joint linear mixed models (JLMM) incorporating home spirometry data, compared
to simple linear regression (SLR). Values represent fold changes with 95% confidence
intervals (CI), based on 100 bootstrap replications.
Time ULMM JLMM JLMM
Scenario horizon vs SLR P vs SLR r vs ULMM P
Remove last 1 year  0.03 (0.03, 0.04) <0.001 0.10 (0.09, 0.12) <0.001 3.28 (2.65, 4.06) <0.001
3years 0.14 (0.12, 0.17) <0.001 0.23 (0.21, 0.26) <0.001 1.65 (1.34, 2.04) <0.001
5years 0.24 (0.21, 0.26) <0.001 0.24 (0.22, 0.27) <0.001 1.02 (0.95, 1.09) 0.530

25% thinning 1 year  0.03 (0.02, 0.04) <0.001 0.09 (0.07, 0.11) <0.001 2.94 (2.25, 3.84) <0.001
3years 0.23 (0.20, 0.28) <0.001 0.33 (0.31, 0.36) <0.001 1.43 (1.19, 1.73) <0.001
5 years 0.45 (0.40, 0.51) <0.001 0.40 (0.36, 0.44) <0.001 0.87 (0.80, 0.96) 0.003

50% thinning 1 year  0.02 (0.02, 0.02) <0.001 0.05 (0.04, 0.06) <0.001 2.60 (2.10, 3.21) <0.001
3 years 0.17 (0.14, 0.20) <0.001 0.28 (0.26, 0.30) <0.001 1.65 (1.38,1.97) <0.001
5years 0.47 (0.42, 0.53) <0.001 0.38 (0.35, 0.42) <0.001 0.81 (0.76, 0.88) <0.001

Note. Fold changes and 95% CIs were derived by exponentiating the mean difference on

the log-transformed RMSE scale. Statistical comparisons were performed using Welch’s
t-test on the log-transformed values.
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Table B.5: Fold change in root mean squared error (RMSE) for estimating the
population average trend (PAT) using univariate linear mixed models (ULMM) and
joint linear mixed models (JLMM) incorporating home spirometry data, compared
to simple linear regression (SLR). Values represent fold changes with 95% confidence
intervals (CI), based on 100 bootstrap replications.

Scenario

Time
horizon

ULMM
vs SLR

P

JLMM
vs SLR

P

JLMM
vs ULMM

P

Remove last

25% thinning

50% thinning

1 year
3 years

5 years

1 year
3 years

5 years

1 year
3 years

5 years

0.08 (0.05, 0.11)
0.05 (0.04, 0.06)
0.03 (0.02, 0.04)

0.07 (0.05, 0.11)
0.09 (0.07, 0.11)
0.05 (0.04, 0.07)

0.06 (0.04, 0.09)
0.22 (0.20, 0.26)
0.17 (0.15, 0.20)

<0.001
<0.001
<0.001

<0.001
<0.001
<0.001

<0.001
<0.001
<0.001

0.22 (0.16, 0.30)
0.03 (0.03, 0.04)
0.02 (0.02, 0.03)

0.11 (0.08, 0.02)
0.03 (0.03, 0.04)
0.03 (0.02, 0.03)

0.10 (0.08, 0.14)
0.09 (0.07, 0.11)
0.06 (0.05, 0.07)

<0.001
<0.001
<0.001

<0.001
<0.001
<0.001

<0.001
<0.001
<0.001

2.76 (2.07, 3.66)
0.67 (0.46, 0.97)
0.75 (0.57, 0.99)

1.56 (1.06, 2.29)
0.36 (0.28, 0.48)
0.48 (0.38, 0.61)

1.70 (1.31, 2.21)
0.40 (0.33, 0.49)
0.35 (0.29, 0.43)

<0.001
0.035
0.039

0.024
<0.001
<0.001

<0.001
<0.001
<0.001

Note. Fold changes and 95% CIs were derived by exponentiating the mean difference on
the log-transformed RMSE scale. Statistical comparisons were performed using Welch’s

t-test on the log-transformed values.
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