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Abstract

Simulating the dynamics of active particles play a key role in understanding the
many behaviours active matter can exhibit. Experimental studies are more costly
than simulations in this regard, as there is much work that needs to be performed
with setups and observation time. Computer simulations are a powerful and cost-
effective supplements to experiments. One topic of study within active matter
is light-absorbing microparticles which are commonly made of silica with a light-
absorbing metallic compound such as iron oxide or gold. One such microparticle
is the Janus particle, a silica particle with a hemispherical coating of gold as the
absorbing compound. When illuminated with a laser, the coating absorbs the light
and heats up rapidly, generating a temperature gradient which allows the Janus
particle to exhibit self-propulsion and clustering with other Janus particles due to
thermophoresis and Brownian motion.

In this thesis, I introduce a model which simulates light-absorbing microparticles
with a desired distribution of iron oxide in an optical landscape. In particular, the
case of an optical landscape characterized by a periodical sinusoidal intensity profile
of a given spatial periodicity will be considered.

The results show that for a hemispherical distribution (Janus particle) there is self-
propulsion originating at the side of the cap, with super-diffusive characteristics.
When the laser periodicity is similar to the particle radius, it becomes confined be-
tween two high intensity peaks. A particle with uniform distribution diffuses with
Brownian motion, with no self-propulsion. Clustering behaviour arises when multi-
ple particles are in close proximity to each other, as observed in experiments.

The agreement with experimental results opens up for the opportunity to simulate
other light-absorbing particles with different distributions of absorbing compounds.

Keywords: active matter, thermophoresis, Brownian motion, Janus particle, anoma-
lous diffusion.



Acknowledgements

I would first like to express my gratitude to my supervisor Agnese Callegari, for our
discussions, feedback sessions, and the guidance she has provided me with through-
out the duration of these ten months in writing and presenting this work, it has been
a pleasure. In addition, I would also like to thank John Klint, Niphredil Klint, and
Hampus Elmteg for their feedback and scrutiny in writing this thesis, and Antonio
Ciarlo for his help in improving the presentation.

And my inspiration F .B. whom I could not have come this far without, I am eternally
grateful to have known her.



Contents

List of Figures 1

1 Introduction 5

2 Theory 7
2.1 Brownian motion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2 Steady-state heat equation . . . . . . . . . . . . . . . . . . . . . . . . 10
2.3 Thermophoresis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.4 Slip �ow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.5 Anomalous di�usion . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

3 Method 14
3.1 Steady-state heat equation . . . . . . . . . . . . . . . . . . . . . . . . 14
3.2 The numerical method . . . . . . . . . . . . . . . . . . . . . . . . . . 15

3.2.1 Temperature increase . . . . . . . . . . . . . . . . . . . . . . . 16
3.2.2 Temperature gradient . . . . . . . . . . . . . . . . . . . . . . . 17
3.2.3 Tangential velocity . . . . . . . . . . . . . . . . . . . . . . . . 17
3.2.4 Velocity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
3.2.5 Angular velocity . . . . . . . . . . . . . . . . . . . . . . . . . 18

3.3 Evolving in time . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

4 Results 20
4.1 Temperature increase . . . . . . . . . . . . . . . . . . . . . . . . . . 20
4.2 Temperature gradient . . . . . . . . . . . . . . . . . . . . . . . . . . 21
4.3 Time evolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
4.4 Iron oxide density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
4.5 Laser gradient e�ect . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
4.6 Two particles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
4.7 Repulsion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

5 Conclusion 37

Bibliography 37

A Model details II
A.1 Poisson's equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . II
A.2 Rotations in 3D . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . II

vii



Contents

B Additional �gures IV
B.1 Uniform distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . IV

1



List of Figures

1.1 Raster electron microscopy image of manufactured Janus particles,
a gold coating forms on the silica particles by depositing gold vapor
unto it, from Thermotaxis of Janus particles[1]. . . . . . . . . . . . . 5

1.2 Clustering observed both in experiments and simulations. Simula-
tions by John and Niphredil Klint, experiments by Bialké et al [4][5]. 6

2.1 A microparticle in a medium is subject to constant collisions with the
surrounding molecules,H2O in this graphical representation (not to
scale). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.2 Cartesian reference system with particle heading denoted by angle� . 9
2.3 Trajectory obtained for Brownian motion using the update rules from

Eqs. 2.7 - 2.8 Brownian motion is characterized by chaotic and ran-
dom motion. By tracing the particles position over time the di�usive
characteristic can be visualized. . . . . . . . . . . . . . . . . . . . . . 9

2.4 Flow characteristics as a function of Reynolds number. Fromwww.Nuclear-
Power.com. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.5 The three types of di�usion which are relevant for this simulation.�
is a parameter which determines the slope of the MSD. . . . . . . . . 12

3.1 Gaussian laser pro�le for di�erent laser periodicities. From left to
right: � = 80 � m, � = 4 � m, � = 0.2 � m. . . . . . . . . . . . . . . . 15

3.2 Initialized iron-oxide inclusions for a particle from di�erent perspectives. 16

4.1 Left: Temperature increase for X0Z-plane. In the center of the par-
ticle the temperature increase is not considered and is therefore zero.
Right: 400 randomly initialized iron-oxide deposits in a hemispherical
distribution. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

4.2 Left: Temperature increase for X0Z-plane, including the interior points.
It becomes more clear that the deposits are the sources which is to
be expected from the model. Right: Distribution of deposits for the
particle. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

4.3 Left: X component of the temperature gradient for a slice of the
center of the particle (y = 0) with � = 80 � m. Right: Z component
of the temperature gradient. . . . . . . . . . . . . . . . . . . . . . . . 22

4.4 Left: Quiver plot of the full gradient. Right: Quiver plot of the
tangential component of the gradient obtained from the Helmholtz
decomposition. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2



List of Figures

4.5 Trajectory obtained from 5 � 103 time steps, with � = 80 � m. It
is evident that the particle has preference to travel in the negative
Z-direction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

4.6 MSD obtained from5� 103 time steps, with � = 80 � m. The graphs
show the MSD over a log-log plot, with a clear increase for the Z-
component of the MSD which is also the direction of the particles
self-propulsion as seen in �gure 4.5. . . . . . . . . . . . . . . . . . . 24

4.7 Trajectory obtained from 5 � 103 time steps, with � = 2 � m. In
contrast to �gure 4.5, the particle travels less in Z-direction. but likes
to align itself in a low-intensity region as denoted by the darker color
of the background. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

4.8 MSD obtained from5 � 103 time steps, with � = 2 � m. . . . . . . . . 25
4.9 MSD obtained from5 � 103 time steps, with � = 0.2 � m. . . . . . . . 26
4.10 Velocity relationship for a hemispherical distribution of iron oxide.

With more iron oxide we expect a greater velocity. . . . . . . . . . . 27
4.11 Temperature increase for a particle between high-intensity regions for

� = 4 �m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
4.12 Temperature gradient for a particle between high-intensity regions for

� = 4 � m. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
4.13 Temperature increase for a particle centered on a high-intensity re-

gions for � = 4 � m. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
4.14 Temperature gradient for a particle centered on a high-intensity re-

gions for � = 4 � m. . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
4.15 Trajectory obtained from5�103 time steps, with a circular laser pro�le

projected in Z-direction and� = 4 � m. The particle does not manage
to move outside of the �rst ring as seen in the XY plot. . . . . . . . . 30

4.16 Trajectory obtained for � = 80 � m where clustering for two Janus
particles occur. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

4.17 Clustering of two uniform con�guration particles for� = 80 � m. . . . 32
4.18 Clustering of two Janus particles with� = 4 � m. . . . . . . . . . . . 33
4.19 Clustering of two uniform particles with� = 4 � m. . . . . . . . . . 34
4.20 Two Janus particles with� = 80 � m with repulsive thermophoresis.

In contrast to previous �gures, the sign of the Soret coe�cient is
changed to be negative, which leads to a repulsive force between the
particles. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

4.21 Two Janus particles with� = 4 � m with a negative Soret coe�cient. 36

B.1 Trajectory obtained from 5 � 103 time steps, with � = 80 � m with a
uniform distribution. . . . . . . . . . . . . . . . . . . . . . . . . . . . IV

B.2 MSD obtained from5�103 time steps, with � = 80 � m with a uniform
distribution. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . V

B.3 Trajectory obtained from 5 � 103 time steps, with � = 4 � m with a
uniform distribution. There is a preference for the particle to remain
between high-intensity peaks due to the gradient force. At times the
particle can escape this trough as shown in the �nal stages of the
trajectory. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . V

3



List of Figures

B.4 MSD obtained from5� 103 time steps, with � = 4 � m with a uniform
distribution. The slope of 1.14 indicates Brownian motion. . . . . . . VI

B.5 Trajectory obtained from 5 � 103 time steps, with � = 80 � m with a
uniform distribution. Attraction takes place between the particles. . . VI

B.6 Trajectory obtained from 5 � 103 time steps, with � = 4 � m with a
uniform distribution. Attraction takes place between the particles as
well as the gradient e�ect which keeps the particles close to origin. . VII

4



1
Introduction

In nature, active matter manifests in a variety of shapes and sizes. Schools of �sh,
�ocks of birds and colonies of bacteria all have some kind of collective behaviour,
be it migration or evasion of predators. In living systems, collective behaviours play
an important part in the survival for the individual and the species. In contrast
to non-living systems where collective behaviour can also manifest in a variety of
di�erent ways, such as nanomachines son, light activated microparticle clustering,
collective motion, and propulsion.

Light-absorbing microparticles are a common topic of study for exploring the inter-
play of Brownian motion, thermophoresis, and di�usion. By manipulating various
physical parameters within a system, one can delve into how these particles behave
under di�erent conditions, something which simulations can help explore. Key pa-
rameters such as particle radius or �uid viscosity in�uence their dynamics.

Typically, these particles consist of SiO2 with metal inclusions or may feature coat-
ings, such as the array of Janus particles depicted in Figure 1.1 which commonly
has a hemispherical coating of gold or platinum.

Figure 1.1: Raster electron microscopy image of manufactured Janus particles,
a gold coating forms on the silica particles by depositing gold vapor unto it, from
Thermotaxis of Janus particles[1].

The nameabsorbingoriginates from the ability of the particle to absorb light and
heat up, primarily through metallic coatings as mentioned or with iron deposits per-
meating the porous structure of the particle. The absorption of light by the metal
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1. Introduction

creates a state of non-equilibrium in the form of a local temperature gradient, which
in turn induces a hydrodynamic �ux around the surface of the particle, which is the
cause of the thermophoretic force [2].

Similarly, active particles, despite being initially immobile, start exhibiting motility
when subjected to external stimuli, such as light or a magnetic �eld. Immersed in
a viscous solution, these particles exhibit motility and can even engage in collective
behaviors like clustering or the operation of molecular motors [3]. This activation
mechanism, showcases the capability to induce motion and activity in otherwise
inert systems which can be bene�cial for operations involving delicate biological
materials such as living tissue or other sensitive systems where invasive methods are
unsuitable.

The primary focus of this report will be to simulate the dynamics of active particles
under illumination, which stems from previous work by John Klint and Niphredil
Klint in which the self-organization of active particles was studied. The model used
assumed active particles with a uniform heat distribution, and a variety of cluster
con�gurations and behaviors was simulated and catalogued. An example of this as
can be seen in �gure 1.2.

Figure 1.2: Clustering observed both in experiments and simulations. Simulations
by John and Niphredil Klint, experiments by Bialké et al [4][5].

By using an idealized uniform heat distribution for the temperature gradient, we
overlook the opportunity of discovering unique behaviours and dynamics. An asym-
metric or non-uniform distribution could thus provide insight into the unexplained
characteristics of active particles.

Therefore, the goal of this thesis will be to introduce such non-uniform and asym-
metric heat distributions to explore the dynamics of active particles.
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2
Theory

This chapter introduces the theory used to model temperature increase, temperature
gradient, and Brownian motion for active particles.

2.1 Brownian motion

Brownian motion is the random motion of particles immersed in a medium. For a
single microparticle in a viscous solution, the molecules in the medium are continu-
ously colliding with the microparticle, visualized in �gure 2.1.

Figure 2.1: A microparticle in a medium is subject to constant collisions with the
surrounding molecules,H2O in this graphical representation (not to scale).

The perturbations these collisions in�uence the particle with are small in magnitude
but many in numbers. This allows the motion to be modelled with a stochastic
di�erential equation by exploiting the large number of collisions, and generalizing it
to a normal distribution. The equation is referred to as the Langevin equation [13]

7



2. Theory

which takes on the following form,

m
dv
dt

= � 
 v + F thermal ; (2.1)

where
F thermal =

q
2kB T 
 W (t): (2.2)

Where v is the particles velocity, m is mass,
 is its friction coe�cient, with Fthermal

being the thermal force, andW (t) being a Wiener process with zero mean and
a variance of one. The thermal force is a process which models the collisions of
molecules with the microparticle in the medium, for a given temperatureT.

The relaxation time is a measure of the average time it takes for a particle to return
to equilibrium after a perturbation. In the context of Brownian motion a perturba-
tion could be a collision with a molecule. As a silica particle of 1-2� m will be much
heavier than any molecule colliding with it, its relaxation time (t relax = m=
 trans ) is
on the order of 0.1� s [14]. This is much smaller than the chosen simulation time-
step size which is on the order of 1.0ms. This allows one to neglect the inertia term
m dv

dt as the particle could potentially reach equilibrium a thousand times during a
single time-step [6].

With this approximation, equation 2.1 can thus be simpli�ed to:


 v =
q

2kB 
T W (t) (2.3)

Then, one can simplify the expression further by expressing the thermal force
through its standard deviation:

� =
p

2kBT 




=
q

2DT (2.4)

Where DT is the translational di�usion coe�cient. When simulating Brownian mo-
tion, it is common to rewrite the thermal force in terms of translational di�usion
rather than temperature for simplicity's sake.

The di�erential equations governing the motion of the particle becomes,

dx
dt

=
q

2DT Wx ; (2.5)

dy
dt

=
q

2DT Wy: (2.6)

Using the forward Euler method one can simulate these equations of motion with
the following rewriting,

xnew = xold +
q

2DT dtWx ; (2.7)

ynew = yold +
q

2DT dtWy: (2.8)
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2. Theory

Figure 2.2: Cartesian reference system with particle heading denoted by angle� .

One then lets lets the system evolve in time, tracing the particles position at each
timestep. An example plot of this can be seen in �gure 2.3.

Figure 2.3: Trajectory obtained for Brownian motion using the update rules from
Eqs. 2.7 - 2.8 Brownian motion is characterized by chaotic and random motion. By
tracing the particles position over time the di�usive characteristic can be visualized.

Simulating Brownian motion is also one of the fundamental methods used to study
di�usion, a process which commonly manifests with liquids and gases where parti-
cles spread out or dissolve in a medium. One example of this being the mixing of
food coloring in water or how milk mixed with a cup of co�ee. Initially there is clear
separation between the medium and the liquid but after some time, the food col-
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2. Theory

oring (or milk) will reach a uniform distribution and be fully mixed with the medium.

In essence, simulating Brownian motion not only provides valuable insights into the
microscopic behavior of particles but also serves as a powerful tool for understanding
and predicting the macroscopic phenomena of di�usion, illustrating the dynamic
nature through which substances disperse.

2.2 Steady-state heat equation

Fourier's equation of heat is a partial di�erential equation which describes how
temperature di�uses in a region of space, such as a viscous �uid or solid metal. It
takes on the following form,

r 2T(r ) �
1
�

@T
@t

= �
w(r )

k
: (2.9)

where � = k
�c p

is the thermal di�usivity of the given material, � is the density, cp

is heat capacity,k is thermal conductivity, and w(r ) is volumetric heat density (in
units of W

m3 ).

As the heat propagates much faster than the particles movement, the time depen-
dency term in equation (2.9) vanishes, simplifying the equation to the following
form,

r 2T(r ) = �
w(r )

k
; (2.10)

which is known as the steady-state heat equation. This shares the same form as
Poisson's equation of electrostatics, and can also be approximated in the same man-
ner.

2.3 Thermophoresis

Thermophoresis, also known as the Soret e�ect is a phenomen which manifests in
the nano- and microscopic scale world where molecules travel along the direction
of induced temperature gradients [8]. This results in an attractive or repelling
force between microparticles depending on the Soret coe�cient, which is a constant
de�ned as,

ST =
DT

D
; (2.11)

whereD is the di�usion coe�cient, and DT is the thermodi�usion coe�cient [2].

A common way to study thermophoresis is by heating Silica microparticles using a
laser or external magnetic �eld which under the right conditions give rise to self-
assembly, and cluster formation [9]. There is also the phenomen ofself-propulsion,
where a given particle is a�ected by its own gradient[10].
As will be shown in this thesis, the temperature gradient of a particle not only
a�ects surrounding particles, but also a�ects the motion of the particle itself, aptly

10



2. Theory

namedself-phoresis. This has garnered considerable interest due to its implications
in various �elds, including soft matter physics, biophysics, and micro�uidics.

2.4 Slip �ow

The hydrodynamic �ux from thermophoresis is responsible for the self-propulsion.
Two notable examples of self-propulsion is demonstrated in the work of Würger
[11] or Masoumeh [9], whose research models the e�ect of the �ux on the particle,
leading to self-propulsion and clustering, which shows a direct relationship between
hydrodynamics and thermophoresis.

The Reynolds number is a dimensionless quantity that de�nes the characteristic �ow
of a viscous �uid, de�ned as the ratio of inertial forces to the viscous forces for a
given �uid,

Re =
� vL

�
=

FINERTIA

FVISCOSITY

; (2.12)

where� is density of the �uid, v is �uid velocity and L is characteristic length of the
�ow. For a high Reynolds number (105) the �ow is dominated by inertial forces, and
is often synonymous with turbulence and chaotic �ow. For a low Reynolds number
the �ow is dominated by viscous forces, leading to a structured and laminar �ow
along the boundary of a particle.

The two di�erent characteristic �ows are illustrated in �gure 2.4.

Figure 2.4: Flow characteristics as a function of Reynolds number. From
www.Nuclear-Power.com.
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2. Theory

2.5 Anomalous di�usion

When one considers Brownian motion in the context of an active particle, one must
also be ready to categorize the types of di�usive behaviours that may occur, as ac-
tive particles can exhibit propulsion or collective behaviour which is categorized as
anomalous di�usion.

A way to study the di�usive process of a particle is to study its mean square displace-
ment (MSD), which represents the average squared distance traveled by a particle
from its initial position. This is useful when studying particle di�usion characteris-
tics and their di�usion rate.

From a single time trajectory, one can obtain the MSD under the assumption that
the motion is ergodic with the following expression:

MSD(t) =
1
n

nX

i =1

[x(t + � i ) � x(� i )]
2 ; (2.13)

where � represents di�erent time lags, x is displacement, and n is the number of
time steps in the trajectory.
By plotting the MSD over time and comparing the slopes, one can determine if the
motion is one of three main modes of di�usion: superdi�usion, Brownian motion
and subdi�usion, as illustrated in �gure 2.5.

Figure 2.5: The three types of di�usion which are relevant for this simulation.�
is a parameter which determines the slope of the MSD.

There exists an additional two modes of anomalous di�usion, namely ballistic and
hyperballistic, where� � 2. These modes are not relevant to the thesis as they are

12



2. Theory

observed in systems of heavier particles or optical systems [7].
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3
Method

This chapter introduces the numerical methods used to compute and model the
steady-state heat equation to simulatethermophoresis , the forces dictating the
motion of these particles.

Thermophoresis is partly dependant on the viscosity of the immersed �uid. In ex-
periments by F. Weinert the solution is water-glycerol whereas in experiments by
F. Schmidt the solution is a water-lutidine mixture [2] [10]. Both of these solutions
yield di�erent interaction strengths of thermophoresis, and in some cases a solution
might even change the sign of the force, causing repulsion instead of attraction [2].

For the sake of simplicity, the immersed solution in this simulation will be water
with a constant viscosity regardless of temperature changes, and the radius of the
particle will be kept at 2 � m.

3.1 Steady-state heat equation

The primary simpli�cation for approximating the heat equation as a steady-state
system is that the temperature stabilizes so rapidly during heating that the change
in temperature can be considered instant. This allows us to neglect the time depen-
dency (such that@T

@t = 0). This allows one to use Poisson's equation for electrostatics
(A.1) as a similar starting point, only that the system is thermal and not electrical.

The temperature increase� T at any given point can be computed similarly to
Poisson's equation of electrostatics. Which for a system containingn temperature
sourcesq(r ) can be expressed with the following integral,

� T(r ) =
nX

d=1

ZZZ

V
qd(r ) dV; (3.1)

with,

q(r ) =
w(r 0)

VF ekjr � r 0j
; (3.2)

where VF e is volume of a single deposit of iron, assumed to be spherical andk is
thermal di�usivity of water and r 0 is the location of a iron deposit.
With w(r ) being the laser intensity per unit volume, the deposits are represented
in the simulation such that they occupy a volume which will absorb a portion of
w(r ) proportional to their volume when illuminated, and the temperature at given

14



3. Method

point r from the depositr 0will decrease linearly with the distance, i.e. withjr � r 0j � 1.

A rough estimate on the radiusd of an iron deposit can be obtained from [12], which
is equal to 0.03� m, and from this one obtains the volumeV of a deposit with the
trivial calculation of

V =
4�d 3

3
: (3.3)

With a Gaussian laser pro�le, the intensity from the center of the laser is dependant
on the spatial periodicity � and the displacementx from the center along the x-axis,
and so the following expression will be used to model a Gaussian laser pro�le,

w(x) = I 0

�

1 + cos
� 2�x

�

��

: (3.4)

Plotting this for di�erent periodicities yields �gure 3.1.

Figure 3.1: Gaussian laser pro�le for di�erent laser periodicities. From left to
right: � = 80 � m, � = 4 � m, � = 0.2 � m.

One solves for the total laser powerI 0 by setting the integral over the illuminated
area (� 40 � m for experimental setups) to be equal to the laser power density, which
for this case is on the order of 100 mW. One then obtains total laser power as,

I0 =
10� 3

(6 � 10� 6)2

W
m2

: (3.5)

3.2 The numerical method

The integrals were computed numerically by utilizingC++, and the openMPAPI for
the usage of parallelization. The data processing and plotting program was written
in Python utilizing numpyand matplotlib .

The following initialization serves as a starting point for all simulations.
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3. Method

Algorithm 1 Initialization

1: Initialize an empty simulation box of size 100� m.
2: Initialize the particle with position (x,y,z) and radius r
3: Generate N iron oxide deposit inside the particle with a desired distribution.

An example particle from the initialization can be seen in �gure 3.2, which has a
hemispherical distribution.

Figure 3.2: Initialized iron-oxide inclusions for a particle from di�erent perspec-
tives.

The position of each deposit is random, which means that each initialization is
unique.

3.2.1 Temperature increase

To calculate the increase in temperature around the particle, an integral is calculated
for all points in Cartesian space. The iron-oxide deposits will be the heat sources,
with no heat contribution from the silica itself. Equation 3.1 becomes,

� T(r ) =
nX

d=1

dV
NX

i =1

NX

j =1

NX

k=1

qd(r ): (3.6)

WheredV is a volume element of the simulation box. and N is the number of points
per axis, n is the number of deposits, and

q(r ) =
w(r 0)

VF ekjr � r 0j
: (3.7)
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Once the numerical computation of equation 3.6 for all points in the simulation box
is completed, the values of the scalar �eld� T(r ) are obtained and the output is
written to a �le to be plotted.

What often follows after a computation of a scalar �eld is the computation of the
temperature gradient of the scalar �eld, namelyr (� T(r )) .

3.2.2 Temperature gradient

To then compute the temperature gradient, the �nite-di�erence method is used to
approximate the derivatives of the scalar �eld with a central di�erence scheme, which
takes on the following form of

f 0(x) = lim
h! 0

f (x + h) � f (x � h)
2h

; (3.8)

which can be utilized to approximate the temperature gradient. By substituting
f (x) with the scalar �eld � T(r ) from equation 3.6 and settingh to be su�ciently
small one obtains

r (� T(r )) �
� T(r + h) � � T(r � h)

2h
; (3.9)

with r being a point in Cartesian space.

In three dimensions, Eq. 3.9 is expressed as three components for each of the
directions (x̂; ŷ; ẑ),

r (� T(r )) =

 
@(� T(x; y; z))

@x
;
@(� T(x; y; z))

@y
;
@(� T(x; y; z))

@z

!

; (3.10)

(3.11)

which when written as �nite di�erences becomes,

@(� T(x; y; z))
@x

�
� T(x + h; y; z) � � T(x � h; y; z)

2h
; (3.12)

@(� T(x; y; z))
@y

�
� T(x; y + h; z) � � T(x; y � h; z)

2h
; (3.13)

@(� T(x; y; z))
@z

�
� T(x; y; z + h) � � T(x; y; z � h)

2h
; (3.14)

(3.15)

for coordinatesx; y; z respectively.

3.2.3 Tangential velocity

In order to compute the slip �ow velocity, one must �rst compute the tangential
component of the temperature gradient around the particle.
This is done by performing a Helmholtz decomposition, which states that a vector
�eld can be expressed as the sum of a radial (curl-free) vector �eld and a tangential
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(divergence-free) vector �eld [16]. In the context of this simulation, the Helmholtz
decomposition will take on the following form

r (� T) = r ? (� T) + r k(� T); (3.16)

where r ? (� T) represents the radial component andr k(� T) the tangential com-
ponent of the temperature gradient �eld.

In order to obtain the tangential component of the temperature gradient, the gra-
dient is projected on the surface normal vector̂n to obtain the radial component as
follows,

r ? (� T) = n̂(r (� T) � n̂): (3.17)

One then subtracts the radial component from the full gradient according to Eq.
3.18,

r k(� T) = r (� T) � r ? (� T) (3.18)

3.2.4 Velocity

The phenomena responsible for the propulsion takes plane in a thin layer around
the particle, and to compute this propulsion the contributions from the tangential
component of the temperature gradientr k(� T) is performed as follows,

v = � DT

Z
r k(� T)d
 : (3.19)

With the thermodi�usion coe�cient DT de�ned as

DT = ST D � 2:8107� 10� 6 m2

K � s
; (3.20)

where ST is the Soret coe�cient as introduced in Eq. 2.11 and D is the di�usion
coe�cient for water.

3.2.5 Angular velocity

The total angular velocity is computed by summing up contributions from the cross
product of the tangential velocity with vector r , expressed with,

! =
NX

i =1

r i � v i ; (3.21)

where r is the vector describing a pointi on the surface of a particle,N is the
number of discrete points on the particle surface,v is the phoretic velocity for a
given point i .
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3.3 Evolving in time

In order to solve for the equations of motion in time, a �nite-di�erence integration
scheme will be used to approximate the equations of motion. Given an arbitrary
trajectory of a particle with a velocity r (t) which is known for all values of t, the
following equation of motion is obtained

� r (t)
� t

= v(t): (3.22)

The change in position is then obtained as,

� r (t) = v(t)� t; (3.23)

which is then used to obtain the update rule for a series of time steps,

r new = r old + v(t)� t; (3.24)

with � t being a su�ciently small time step.
In order to simulate the particles for a number of time steps (denoted bytmax ) using
the previously de�ned methods, the following algorithm is implemented.

Algorithm 2 Time evolution

1: Initialize system.
2: Initialize particles.
3: while t < tmax do
4: Compute � T with Eq. 3.1
5: Compute r (� T) with Eq. 3.9.
6: Compute particles velocityv with Eq. 3.19.
7: Compute angular velocity! with Eq. 3.21.
8: Rotate the particles with ! with Eq. A.5.
9: Update particle positions with v and Brownian noise.

10: Perform hard-sphere corrections for all particles.
11: Increment t
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4
Results

This chapter will present results obtained from approximating temperature increase,
temperature gradient, as well as the trajectories from evolving the system in time.

Points inside the particle will not be considered due to the hydrodynamic interaction
being a surface phenome. Therefore the temperature pro�le will have values 0 inside
the particle itself.

Some �gures also contain the Gaussian laser pro�le with a given periodicity where
for some cases it can be very large (� = 80 � m) compared to the diameter of the
particle which results in a near-homogeneous illumination of the particle.

4.1 Temperature increase

The results from approximating the temperature integral in Eq. 3.1 can be seen in
�gure 4.1.

Figure 4.1: Left: Temperature increase for X0Z-plane. In the center of the par-
ticle the temperature increase is not considered and is therefore zero. Right: 400
randomly initialized iron-oxide deposits in a hemispherical distribution.
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The inside of the particle is not considered, as the relevant physics that take place
do so in a thin layer along the surface, and not inside it. However the results are
too beautiful to leave out, and can be observed in �gure 4.2.

Figure 4.2: Left: Temperature increase for X0Z-plane, including the interior
points. It becomes more clear that the deposits are the sources which is to be
expected from the model. Right: Distribution of deposits for the particle.

With the temperature increase �eld obtained, it is time to compute the temperature
gradient.

4.2 Temperature gradient

The results from computing �nite central di�erences to approximate the derivative
of the temperature increase can be seen in �gure 4.3.
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4. Results

Figure 4.3: Left: X component of the temperature gradient for a slice of the center
of the particle (y = 0) with � = 80 � m. Right: Z component of the temperature
gradient.

Following this, a quiver plot was created to illustrate the combined direction of the
gradient components obtained in �gure 4.3 as well as the tangential �ow to the
particles surface, the results of which can be seen in �gure 4.4.

Figure 4.4: Left: Quiver plot of the full gradient. Right: Quiver plot of the
tangential component of the gradient obtained from the Helmholtz decomposition.

From the results obtained in section 4.1 and 4.2, what one can infer is that closer
to the sources of heat there is a higher temperature increase, which is expected.
The gradient shows how temperature increases with respect to change in a given
direction.
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4.3 Time evolution

This section contains trajectories from letting the system evolve over time along
with MSD analysis, starting with the case for a hemispherical particle with a high
periodicity of illumination in �gure 4.5.

Figure 4.5: Trajectory obtained from 5 � 103 time steps, with � = 80 � m. It is
evident that the particle has preference to travel in the negative Z-direction.

From this trajectory, the MSD can be calculated and analysed to categorize the
types of di�usion that occur. The results of which can be seen in �gure 4.6.
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Figure 4.6: MSD obtained from 5 � 103 time steps, with � = 80 � m. The graphs
show the MSD over a log-log plot, with a clear increase for the Z-component of the
MSD which is also the direction of the particles self-propulsion as seen in �gure 4.5.

From the results in 4.6, the slopes of the MSD in three di�erent time regions was
calculated to categorize the types of anomalous di�usion. The slope value for a
given time interval can be seen in table 4.3.

Time interval � x � y � z

[10� 2 to 10� 1]s 1.0057 1.0135 1.1025
[10� 1 to 4 � 10� 1]s 1.0240 1.0090 1.5705
[4 � 101 to 5 � 101]s 0.8971 0.7367 1.9304

With � representing the average slope for each graph.

For � = 80 � m, the values in table 4.3 show an� � 1 which indicates Brownian
motion, which lasts for x and y until the end of the simulation where� < 1. This is
subdi�usion, and indicates a reduction in displacement, which is due to the particle
moving further away from the laser max power region and losing velocity. In the case
for z, there is clear signs of superdi�usion(1 < � < 2), bordering on self-propulsive
motion (� = 2) which is expected for a Janus particle

The laser periodicity was then lowered to 2� m in order to study how it a�ects the
mean square displacement. The results of which can be seen in �gure 4.7
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Figure 4.7: Trajectory obtained from 5�103 time steps, with � = 2 � m. In contrast
to �gure 4.5, the particle travels less in Z-direction. but likes to align itself in a low-
intensity region as denoted by the darker color of the background.

The corresponding MSD analysis of �gure 4.7 can be seen in �gure 4.8.

Figure 4.8: MSD obtained from 5 � 103 time steps, with � = 2 � m.

The average slopes of the MSD obtained in �gure 4.8 can be seen in table 4.3.
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Time interval � x � y � z

[10� 2 to 10� 1]s 1.0042 1.0100 1.0088
[10� 1 to 4 � 10� 1]s 0.7465 0.8815 1.3749
[4 � 101 to 5 � 101]s 0.8122 0.2059 1.7090

For � = 2 � m, the values in table 4.3 show an� smaller in all directions compared
to the case of� = 80 � m which implies a higher tendency for subdi�usion when
the laser periodicity is similar to the particles size (2� m), with � y going as low as
0.2059. Z remains in a superdi�usive mode.

Following this, the spatial periodicity is further reduced to 0.2� m, the MSD analysis
can be seen in �gure 4.9.

Figure 4.9: MSD obtained from 5 � 103 time steps, with � = 0.2 � m.

The average slopes of the MSD obtained in �gure 4.9 can be seen in table 4.3.

Time interval � x � y � z

[10� 2 to 10� 1]s 1.0219 0.9629 1.0235
[10� 1 to 4 � 10� 1]s 0.9599 0.9388 1.1643
[4 � 101 to 5 � 101]s 1.2413 0.7470 1.9040

For � = 0.2 � m, the values in table 4.3 show an� similar to the case of� = 80 � m,
with � � 1 for most of the simulation, indicating Brownian motion, with the �nal
values being a mix of superdi�usive and subdi�usive modes. This con�rms the dy-
namics to be similar to that of Janus particles, as they exhibit similar self-propulsion.
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4.4 Iron oxide density

In order to study how the velocity changes with the amount of iron oxide in the par-
ticle, a parameter sweep was performed and the subsequent velocity was measured
from simulations of5� 103 time steps, the results of which can be seen in �gure 4.10.

Figure 4.10: Velocity relationship for a hemispherical distribution of iron oxide.
With more iron oxide we expect a greater velocity.

The linear �t in 4.10 demonstrates the relationship between absorbing iron oxide
and the particle propulsion speed in Z-direction. It is worth noting that each new
particle initialization has its own unique distribution or iron oxide. The consequence
of this is that some distributions contribute to a greater self propulsion than others,
which can lead to large di�erence when analysing the propulsion speed of di�erent
particles.

4.5 Laser gradient e�ect

As the trajectory obtained in �gure 4.7 appears to be con�ned between maximum
intensity peaks, it raised the question of the characteristics of the particle's temper-
ature pro�le. The result of this can be seen in �gure 4.11.
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4. Results

Figure 4.11: Temperature increase for a particle between high-intensity regions
for � = 4 �m .

Then for the temperature gradient, see �gure 4.12.

Figure 4.12: Temperature gradient for a particle between high-intensity regions
for � = 4 � m.

What one can infer from �gure 4.12 is that the horizontal components are much
greater in relation to the vertical components, indicating a type of restoring force
which con�nes the particle between high-intensity regions.
To contrast this with the temperature pro�le when the particle is centered on a
peak, see �gure 4.13
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