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Of truth we know nothing,
for truth is in a well.

Democritus



Abstract

Formal theories of truth aim to help us understand the notion of truth and its role in logic
and mathematics. The field has come forth from Tarski’s effort to give a formal truth
definition, and has since seen significant developments. One of the guiding theories on
mathematical truth is Kripke’s semantic theory which partially models the truth predicate
as a minimal fixed point. Kripke’s theory has motivated several axiomatic theories that
capture this truth notion. Among them the most popular seems to be the theory Kripke-
Feferman (KF). Investigations into the proof theory of KF have been ongoing and inform
our understanding of the relation between truth and provability in mathematical logic.

In this thesis we contribute to these investigations through the lens of cyclic proofs, a
type of formal proof that allows for finite proof-theoretic representations of possibly infinite
derivations through cyclic reasoning. This type of proof has received much attention in
recent years due to its practical applicability, and has been analyzed in the context of
several logical theories, but has not yet been applied to theories of truth. Therefore we
bring together the streams of research by developing a cyclic proof system for the theory
KF. We also demonstrate we are able to further expand this system into cyclic systems for
µKF (a version of KF where truth and falsity are taken to be minimal fixed points), and
νKF (which takes truth and falsity to be maximal fixed points). We show that all three
systems are sound with respect to their semantic construction and that we can simulate
inductive reasoning through cyclic rules in these systems.
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Chapter 1

Introduction

1.1 Truth, proof and paradox

Defining truth is an endeavour that has occupied philosophers and mathematicians for
centuries, with the discussion going back to ancient Greece. We can find traces of it in
texts as early as Aristotle’s Metaphysics1. Ever since, philosophers have attempted to give
definitions of truth in terms of, for instance, coherence, correspondence and pragmatism
[HL22]. Often these theories would take truth to be a substantial object, but they do not
give a formally precise definition of truth in itself.

Paradoxes have played a big role in the discussion around truth, specifically the question
of how to cope with their existence in our language. Take for instance the so-called liar
sentence, denoted by L, that asserts its own falsity (it says of itself: “I am not true”);
then L is true iff L is false, which is inherently contradictory. Though antinomies like this
have been a concern since the antiquity (the first formulation of the liar paradox has been
ascribed to the ancient Greek philosopher Eubulides [Tar69, p. 66]), how they should be
resolved in formal definitions of truth is still contentious. On the side of mathematics,
truth has often been equated with provability: it was assumed that by constructing a
mathematical proof we demonstrate the truth of a statement [Tar31, p. 169], and that
any true mathematical statement can be established by a rigorous argument. However, the
notions of both mathematical proof and truth remained rather imprecise for a long time,
making it difficult to formally connect the two.

In the 1930s, Alfred Tarski made an effort to define the concept of mathematical truth in
formal logic [Tar31]. This gave rise to a new programme whose goal was to further develop
formal theories of truth. These modern truth theories aim to either describe mathematical
truth through semantic definitions or through axiomatic systems, where truth boils down
to a list or axioms that must be satisfied in order for a statement to be considered true

1Here Aristotle said of truth, as quoted by Tarski: “To say of what it is that it is not, or of what is not
that it is, is false, while to say of what it is that it is, or of what is not that it is not, is true” [Tar69, p. 63]
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2 CHAPTER 1. INTRODUCTION

[HL22]. Formal theories of truth, either semantic or axiomatic, can shed light on how we
view and use truth implicitly in logic, philosophy and mathematics.

Around the same time as the development of Tarski’s truth definition, mathematician
and logician David Hilbert initiated a programme aimed at studying the notion of a math-
ematical proof through tools of formal logic. This was the first substantial set up for
the branch of mathematical logic we now know as proof theory [Mur20, p. 12]. Both the
proof-theoretic programme initiated by Hilbert and Tarki’s foundational research on formal
definitions of truth revealed that the notion of truth and that of provability do not always
coincide in mathematics. On the one hand, this is demonstrated by Gödel’s incompleteness
theorems, which showed that there are true arithmetical sentences that cannot be proved
within the formal theory of arithmetic, [Ken20]. On the other hand, Tarski’s undefinabil-
ity theorem demonstrated that the set of statements that are true does not coincide with
the set of formally provable statements, since the former cannot be defined in arithmetic,
while the latter can [Tar69, p. 76]. These developments highlight a fundamental gap be-
tween the notion of truth and that of provability, which has since motivated a systematic
proof-theoretic investigation of formal theories of truth.

The current thesis builds on ongoing research in both formal theories of truth and
proof theory. For the latter, we will specifically be looking into a subdivision of proof
theory which has been gaining attention over recent years, that concerns cyclic proofs.
These are proof systems that allow for possibly infinite derivations by introducing a cyclic
argumentation style, which replaces the usual inductive reasoning more commonly used
in formal proofs. Some of the first literature informing modern investigations into cyclic
proof theory is attributed to Brotherston [Bro05] and Simpson [Sim17]. In recent years
especially, the field has seen significant growth. Cyclic proofs have proven themselves
as a useful alternative to the more traditional proofs relying on induction, especially in
applications for automated reasoning (cf. [BGP12], [TB20], [TU22], [BDP11]). Outside of
practical applications, cyclic proof theory has been investigated extensively in the context
of various logical theories, but not yet in the context of theories of truth. Therefore
this thesis adds a novel perspective to recent and promising research into cyclic proofs,
by investigating truth theories through the lens of cyclic proofs. Our ultimate aim is to
establish a cyclic proof system for the axiomatic truth theory known as Kripke-Feferman.
We also construct auxiliary systems for some theories related to KF, namely Burgess’s
theory µKF [Bur14] and the theory νKF, which we develop in this thesis. In doing so, we
contribute to our understanding of how cyclic proofs for specific theories of truth should
look and what properties of truth contribute to the presentation.

1.2 Motivations

The research in this thesis is interesting for two main reasons. On the side of formal theories
of truth, it analyzes the interactions between syntactic representations of axiomatizations
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of truth and the semantic constructions of truth in the setting of cyclic proof theory. As
far as the author is aware, there is no prior literature attempting to bridge the gap between
theories of truth and cyclic proof theory, and therefore this thesis is the first work in this
direction. Questioning the connections between these streams of research allows us to gain
a better understanding of how we axiomatize and reason about truth in logic. On the
side of cyclic proof theory, we shall see how the properties of truth theories,concerning
how fixed points are repesented in the theory, affect the global proof-theoretic structure of
cyclic proofs, as well as what conditions ought to be placed on cyclic systems, advancing
our understanding of cyclic proofs in the setting of such theories.

The choice of the theory KF as the main focus of this thesis is motivated by the
semantic theory of Kripke at its foundation, which defines truth in terms of a fixed point
construction. Since cyclic proofs have established themselves as an amenable framework
for modelling fixed points, we determined that KF is particularly well-suited for a cyclic
proof-theoretic analysis. Alternative theories of truths were initially considered as well for
this research, but ultimately disregarded. However, analyzing these other theories in the
setting of cyclic proofs could be interesting as a potential future research direction.

1.3 Structure

We now briefly outline the structure of this thesis. We will first establish the necessary
background information on semantic and axiomatic theories of truth in Chapter 2, where
the focus will be on Kripke’s truth definition and axiomatizations of it. Then we will
provide background information on cyclic proof theory and the proof system of cyclic
Peano arithmetic in Chapter 3. We will build on this for the main findings of the thesis,
which start with our development of a proof system consisting of a finitary sequent calculus
for the theory Kripke-Feferman (KF) and related theories µKF and νKF in Chapter 4.
These will be further developed into cyclic proof systems for the mentioned truth theories
in Chapter 5. We will show that the resulting cyclic proof systems are sound, and that
they can embed the inductive reasoning of their non-cyclic counterparts through cyclic
rules. The implications of these contributions will be discussed in the Discussion, Chapter
6, where we also note some possible further directions to extend the current research.

Notational Conventions We let L be the language of Peano arithmetic (PA), including
the induction scheme. We say a theory is formulated in the language LT when it is
formulated in L with PA’s induction scheme extended to possibly include induction over
the truth predicate T [Hal14, p. 89]. We call this extension of Peano arithmetic PAT . The
language LT,F denotes the further expansion of this language to include induction over
the falsity predicate F . The language L`T,F restricts the occurrence of T and F to only
positive instances; meaning these predicates cannot occur in the scope of any negations.
The negation symbol in this language is only allowed to occur in front of some atomic
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formula of L [Lei16, p. 575].
In this thesis, when formulating theories of truth we will usually be speaking either in

LT or L`T,F . Expressions in these languages can be coded in the natural numbers through
Gödel coding. We will briefly set out some of the ways this coding is described in the
remainder of this thesis.

The Gödel codes of terms in the language of a truth theory, commonly denoted as
xty, is generally abbreviated by giving the term with a dot underneath, so we write t..
Likewise the code of a formula A is denoted as A. . Furthermore, predicates that have a
dot underneath them ( “. ,␣. , .̂ ,@. , etc.) represent the terms obtained from operations on
Gödel codes. So, for instance, s .̂ t :“ s. ^ t.. The statement TT. x abbreviates the statement
@y.py “ pT. rx{x. sq Ñ T. yq, likewise when replacing T with F . Operations of the form Tt.,
Ft., TA. and FA. may, with some abuse of notation, be simplified to Tt, Ft, TA and FA.
Thus in such cases we tend to not distinguish between expressions and their Gödel codes.

We introduce the notation SentLpAq to denote that A is the code of a sentence of L.
A sentence is defined as usual, meaning a formula A is a sentence iff it contains no free
variables. An expression of the form t˝ represents the value of the numeral associated with
the closed term t. A closed term is a term containing no variables. We write FVpAq to
denote the set of free variables in A.



Chapter 2

Formal Theories of Truth

Since Tarski gave a formal definition of truth in his paper The concept of truth in formalized
languages, the study of formal theories of truth has become an important research area
within mathematical logic. These modern truth theories can be roughly divided into two
categories which take a different approach to truth: semantic theories, and axiomatic
theories. Semantic theories aim to describe truth for a formal language by giving a truth
predicate and then defining this predicate in some stronger “metalanguage”. Axiomatic
theories, on the other hand, instead describe the behaviour of this truth predicate with a
set of axioms operating on the same level as the formal language. As will become apparent
in this chapter, the two approaches are inherently intertwined, with axiomatic theories
usually building on the foundations of a semantic theory.

2.1 Semantic Truth Theories

2.1.1 Tarski’s semantic truth definition

Tarski’s definition of truth in formal languages is constructed in terms of the satisfaction
of sentences in a given language, the object language, and formulates truth in a so-called
metalanguage [Tar69, p. 68]. This metalanguage contains the object language, but is also
able to talk about the object language. To this end, the metalanguage is extended with
some predicate T which expresses the truth value of a sentence in the object language.
The property of a sentence being true can be formalized as what he calls Convention T,
originally defined in the following way:

Definition 2.1 (Convention T, [Tar31]). A formal definition of the class of all true
sentences T will be called adequate if it has the following consequences:

1. all sentences which are obtained from the expression “x P T if and only if p”, where:

• the symbol x represents any sentence of the object language, and

5
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• the symbol p represents the translation of this sentence into the metalanguage,

2. the sentence “for any x, if x P T then x P S”, where S is the class of all sentences.

The corresponding semantic truth theory recursively decides the truth of sentences in
a structure based on the satisfaction of Convention T. According to his definition, if we,
for instance, take the following sentence:

“Snow is white”

We can assert this sentence to be true in the object language if and only if the statement
that snow is white belongs to the metalanguage.

Along with his truth definition, Tarski gave his theorem on the undefinability of truth,
which has been greatly influential for formal truth theories since. The undefinability the-
orem tells us that, in the framework of classical logic, a complete definition of truth in an
object language cannot be given in that language itself, but rather has to be formulated in
some stronger metalanguage [Tar31, p. 254]. This follows from Convention T, by showing
that if there is some arithmetical formula that defines truth in the language of arithmetic,
then there is some arithmetical sentence (namely the liar sentence L) that asserts of itself
that it is not an arithmetical truth. By Convention T, we can then formulate a sentence
L Ø TL. , which leads to an inconsistency [Hor11, p. 35]. Therefore Tarski demonstrates
that we cannot have any classical model M such that for all sentences A of LT we have
M ( A iff M ( TA. . In fact, we can only define truth within an object language for a
fraction of the language that escapes the liar paradox. Thus the set of all true sentences in
arithmetic is not definable in the language of arithmetic. However, since it is possible to
define the set of provable sentences in the language of arithmetic [Tar31, p. 254], Tarski’s
undefinability theorem highlights that truth cannot be equated with provability in classical
logic.

Tarski’s formal definition shifts away from the previous trends describing truth in terms
of substantial notions like correspondence and coherence. It instead takes truth as func-
tional, emphasising questions about how it can be used in mathematics and logic, rather
than questioning what its essence is (a rather vague and informal question) [Hor11, p. 16].
He thereby lays the foundation for the modern theories of truth that build upon these con-
cepts. Tarski’s approach is semantic. He decided not to pursue the axiomatic approach,
because, as he noted, a truth axiomatization based on sentences that satisfy Convention T
alone would not be strong enough to say anything useful about its object language [Hal14,
p. 18]. Furthermore he argued that any additional axioms that could be added to make a
stronger theory would have an arbitrary character.

Tarski’s theory only defines truth for a small fragment of a language, namely the sen-
tences which do not contain any truth predicates in themselves [Tar31, p. 165]. By limit-
ing ourselves to this fragment, we circumvent the paradox created by the liar sentence, as
demonstrated in the undefinability theorem. Several theories following Tarski’s example
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adhere to this notion, and give a truth predicate that can only be applied to truth-free
sentences. These are the typed theories. On the other side there are theories which do
allow for a self-applicable truth predicate, type-free theories [HL22].

2.1.2 Kripke’s semantic truth definition

One of the first and most popular proposals for a type-free approach to defining truth is
Kripke’s [Kri75]. He gives an outline of a semantic theory where the truth predicate T is
self-applicable but only partially interpreted, therefore asserting that it may be possible for
a sentence to be neither true nor false. In Kripke’s semantic theory of truth, models take
the form pM, S1, S2q, where S1 and S2 are subsets of the domain of M called, respectively,
its extension and anti-extension. The truth value of sentences in in the language of M is
then established in terms of Kleene’s strong three valued logic [Kri75, p. 700]. When M is
taken to be the standard model of Peano arithmetic N, the strong Kleene valuation scheme
is defined as follows (see also [HH06, p. 680], and [McG90, p. 88]):1

Definition 2.2. For the structure N, and S1, S2 Ď ω, pN, S1, S2q (sk A is inductively
defined as follows, with s, t closed terms and A,B LT -sentences:

1. pN, S1, S2q (sk s “ t iff s and t’s values coincide;

2. pN, S1, S2q (sk ␣s “ t iff s and t’s values do not coincide;

3. pN, S1, S2q (sk Tt iff t is a closed term whose value is an LT -sentence in S1;

4. pN, S1, S2q (sk ␣Tt iff t is a closed term whose value is an LT -sentence in S2, or
whose value is not an LT -sentence;

5. pN, S1, S2q (sk ␣␣A iff pN, S1, S2q (sk A;

6. pN, S1, S2q (sk A^B iff pN, S1, S2q (sk A and pN, S1, S2q (sk B;

7. pN, S1, S2q (sk ␣pA^Bq iff pN, S1, S2q (sk ␣A or pN, S1, S2q (sk ␣B;

8. pN, S1, S2q (sk A_B iff pN, S1, S2q (sk A or pN, S1, S2q (sk B;

9. pN, S1, S2q (sk ␣pA_Bq iff pN, S1, S2q (sk ␣A and pN, S1, S2q (sk ␣B;

10. pN, S1, S2q (sk @x.Apxq iff for all n P ω pN, S1, S2q (sk Apn̄q;

11. pN, S1, S2q (sk ␣@x.Apxq iff there exists some n P ω such that pN, S1, S2q (sk ␣Apn̄q;

1We present here a version of the strong Kleene scheme where the extension and anti-extension are
allowed to overlap, thus creating possibly both truth value gaps and gluts. While Kripke allowed for truth
value gaps in his construction, he did not allow truth value gluts; there could never be sentences that are
in both the extension and the anti-extension [Kri75]. This requirement is discarded here to be in line with
the axiomatization of this theory presented later.
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12. pN, S1, S2q (sk Dx.Apxq iff there exists some n P ω such that pN, S1, S2q (sk Apn̄q;

13. pN, S1, S2q (sk ␣Dx.Apxq iff for all n P ω pN, S1, S2q (sk ␣Apn̄q

Note that the resulting models are non-classical, because the strong Kleene scheme
does not satisfy the compositional axiom @t.pT␣. tØ ␣Ttq [HL22]. Hence we cannot claim
in this system that saying a sentence being not true is equivalent to saying its negation is
true. This is what allows us to avoid the liar paradox.

In Kripke’s construction, we define a model for the language LT by iteratively build-
ing the extension and the anti-extension as a partial expansion of the standard model of
arithmetic N. To this end, we construct the following function Φ on pairs of sets pS1, S2q

of natural numbers, called the Kripke jump operator. We can define it as:

ΦpS1, S2q “ ptA P LT : pN, S1, S2q (sk Au, SentLT
Y tA P LT : pN, S1, S2q (sk ␣Auq

where Sent denotes the set of all numbers that are not codes of sentences in LT . The
operator Φ returns the set of sentences valid in S1 and S2, as well as the set of non-
sentences and false sentences in S1 and S2 ([HH06, p. 681]).

Fact 2.3. ([Hor11, p. 119]) Φ is a monotone operator, in the sense that if S1 Ď S11, S2 Ď S12,
then

tA P LT : pN, S1, S2q (sk Au Ď tA P LT : pN, S11, S12q (sk Au, and

SentY tA P LT : pN, S1, S2q (sk ␣Auq Ď SentY tA P LT : pN, S11, S12q (sk ␣Au.

By the Knaster-Tarski theorem2 the monotonicity of Φ guarantees the existence of a
least fixed point pE,Aq for Φ. That is, there is an E and A such that ΦpE ,Aq “ pE ,Aq
[HH06, p. 681]. Kripke’s least fixed point model, denoted as K, is then defined as K :“
pN, E,Aq.

We can also define the least fixed point model by way of a transfinite construction. We
will denote models constructed in each iteration of this process as Kα, where α denotes
we are in the α-th stage of the transfinite construction. At stage 0, we have the model
K0 where both the extension and anti-extension are empty, so K0 :“ pN,H,Hq. At the
α` 1-th iteration of the construction, we let Kα`1 :“ pN, Eα`1,Aα`1q such that Eα`1 and
Aα`1 are determined as the sentences that are made true, or respectively false, in Kα.
From the strong Kleene scheme it follows that any partial model Kα has the monotonicity
property [Hor11, p. 119]. Formally:

2This theorem states that, for a complete lattice xA,ďy and a monotone function f : A Ñ A that is
order-preserving with regard to ď, then the set P of all fixed points of f is non-empty and xP,ďy forms a
complete lattice [Tar55, p. 286]. In particular this implies the existence of a least and greatest fixed point
of f .
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Definition 2.4 (Iterated construction, [Hor11]). For any ordinal α we define Kα :“
pN, Eα,Aαq as follows:

E0 :“ H A0 :“ H

Eα`1 :“ tA P LT : Kα |ùsk Au Aα`1 :“ tA P LT : Kα |ùsk ␣Au

Eλ :“
ď

αăλ

Eα Aλ :“
ď

αăλ

Aα

where λ is a limit ordinal.

At some ordinal stage θ, the process of adding new sentences to previously constructed
models halts, as further iteration does not provide new information on the truth value of
the sentences in the model. For this ordinal θ we have Eθ`1 “ Eθ and Aθ`1 “ Aθ. We
know that the least such ordinal, called the closure ordinal, is ωCK

1 : the first non-recursive
ordinal (the first ordinal that cannot be represented through either natural numbers or a
recursive function) [Hor11, p. 119-120]. In other words, at this stage we have obtained the
least fixed point model, so K :“ KωCK

1
. Thus, Kθ is a fixed point model for any θ ě ωCK

1 .
We have:

Theorem 2.5 ([Hor11]). Kθ “ Kθ`1 for each θ ě ωCK
1 .

Kripke’s fixed point models have several good properties, not least of which is that the
unrestricted Tarski biconditionals, that is, sentences of the form AØ TA. , hold in it:

Corollary 2.6 ([Hor11]). For all sentences A in LT :

Kθ |ùsk A if and only if Kθ |ùsk TA.

where Kθ is any fixed point model of the Kripke construction.

Proof. The left-to-right direction follows from Theorem 2.5, noticing that Kθ |ùsk A implies
Kθ`1 |ùsk TA. by construction. For the other direction, suppose Kθ |ùsk TA. . Then, for
some ordinal β ă θ, Kβ |ùsk A. By monotonicity, Kθ |ùsk A.

It follows from Corollary 2.6, that Tarski’s undefinability theorem does not hold in the
Kripke fixed point models, since we can assert the truth of any statement A in our object
language within the same language [Hor11, p. 121]. Note that, by the construction of
this model there may be sentences that are neither in the extension nor the anti-extension
of the model. Thus T is interpreted as a partial predicate in the Kripke construction,
meaing some sentences can have an undetermined truth value. The liar sentence is one
such sentence. Hence the liar paradox leading to the undefinability theorem is circumvented
and this theorem does not hold in this context.



10 CHAPTER 2. FORMAL THEORIES OF TRUTH

Alternative construction of the Kripke model

The above construction of Kripke’s fixed point model can equivalently be given in terms
of a positive inductive definition of truth. This is the construction given by for instance
McGee in [McG90, p. 107-126] and Halbach in [Hal14, p. 188-191], where a Kripke truth
set is defined inductively, making the strong Kleene scheme implicit. We give a version
of the construction of Kripke truth set that also introduces a predicate F for falsity3, as
well as a Kripke falsity set. This restricts us to formulate the Kripke truth set over the
language L`T,F , with truth and falsity predicates occurring only positively.

Definition 2.7 (Kripke truth-falsity pair). 4 A pair of sets S, S̄ is a Kripke truth-falsity
pair iff the set S Ď ω is a Kripke truth set and S̄ Ď ω is a Kripke falsity set.

S is defined as a Kripke truth set iff it satisfies that n P S iff n is a L`T,F -sentence and
one of the following is true:

1. n is ps “ tq and s and t are closed terms whose values coincide;

2. n is ␣ps “ tq and s and t are closed terms whose values do not coincide;

3. n is pA^Bq and A P S and B P S;

4. n is pA_Bq and A P S or B P S;

5. n is p@x.Apxqq and for all closed terms t, Art{xs P S;

6. n is pDx.Apxqq and there is some closed term t such that Art{xs P S;

7. n is Tt and t is a closed term whose value is in S;

8. n is Tt and t is a closed term whose value is in S̄;

S̄ is defined as a Kripke falsity set iff it satisfies that n P S iff n is a L`T,F -sentence and
one of the following is true:

1. n is ps “ tq and s and t are closed terms whose values do not coincide;

2. n is ␣ps “ tq and s and t are closed terms whose values coincide;

3. n is pA^Bq and A P S̄ or B P S̄;

4. n is pA_Bq and A P S̄ and B P S̄;

5. n is p@x.Apxqq and there is some closed term t such that Art{xs P S̄;

3Technically we can define F in terms of T , as Ft :“ T␣t
4This definition is taken from [Hal14, p. 189], but adapted to also take into consideration a falsity

predicate.
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6. n is pDx.Apxqq and for all closed terms t, Art{xs P S̄;

7. n is Tt and t is a closed term whose value is in S̄ , or the value of t is not an
L`T,F -sentence;

8. n is Tt and t is a closed term whose value is in S, or the value of t is not an L`T,F -
sentence;

From the Kripke truth-falsity pair S we can describe the operators

ΛpSq “ tn : ζpn, Squ

Λ̄pS̄q “ SentL`
T,F
Y tn : ξpn, S̄qu

where ζpn, Sq is a formula expressing one of the clauses of the Kripke truth set S in
Definition 2.7, where S occurs positively [Hal14, p. 190]. Likewise, ξpn, S̄q expresses one of
the clauses of S̄ in Definition 2.7, where S̄ occurs positively. Thus we can define a model
Kα :“ pN,ΛαpHq, Λ̄αpHqq where ΛαpHq denotes the α-th iteration of the operator Λ, such
that:

Λ0pHq :“ H Λα`1pHq :“ ΛpΛαpHqq ΛλpHq :“
Ť

αăλ Λ
αpHq

for λ a limit ordinal. Λ̄α is defined similarly.
Λ and Λ̄ are monotone operators in the same sense as Φ. By appealing to the Knaster-

Tarski theorem, this means that there is a least S such that ΛpSq “ S [McG90, p. 107],
and a least S̄ such that Λ̄pS̄q “ S̄. We say S is a Kripke truth set iff it is a fixed point of
Λ and S̄ is a Kripke falsity set iff it is a fixed point of Λ̄.

We define a fixed point model of this construction as Kθ :“ pN, S, S̄q where S is a fixed
point of Λ and S̄ is a fixed point of Λ̄. We can show that all the fixed points of Kθ coincide
with the fixed points of Kθ (see [Hal14, p. 195-196])5, by demonstrating that the Kripke
truth set S is equivalent to the extension E in any fixed point, and, S̄ is equivalent to the
anti-extension A. In other words:

Theorem 2.8. ΛθpHq “ S “ E and Λ̄θpHq “ S̄ “ A for θ ě ωCK
1

Corollary 2.9. KωCK
1 “ KωCK

1
“ K

Thus the least fixed point model KωCK
1 that results from the positive inductive construc-

tion is equivalent to the model K of Kripke’s construction.

5In fact, this statement is a simplification, since the constructions are formulated in different languages;
where Kripke’s original construction only includes T , the alternative construction also includes F . This
means the fixed points constructions are not identical. However, the falsity predicate F is definable in
Kripke’s construction as F :“ T␣, and therefore the fixed points in the alternative construction can be
directly translated into the original fixed point construction, and vice versa.
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The benefit of this definition of truth, as opposed to Kripke’s original approach, is that
the iterative construction of the model is extended to the non-truth operators. Therefore,
we can argue that for each logical connective, when a sentence containing that connective
is added to the truth set, we move to a new stage in the construction. The stages in the
construction of the Kripkean model in this sense are therefore different than the stages in
Kripke’s original construction, but the fixed point models are equivalent (see also [Mos74]
and [McG90] for more on the properties of positive inductive definitions).

2.2 Axiomatic Truth Theories

The axiomatic approach offers an alternative to the semantic one. In these theories, we
take truth as a primitive notion. An axiomatic truth theory is formed over some base theory
by extending it with a truth predicate and a set of axioms for it. These axioms determine
the behaviour of the truth predicate within the base theory. Therefore we avoid having to
establish some metatheory in order to talk about the base theory, as in the semantic case.
The usual (though not the only possible) choice of base theory is Peano arithmetic (PA),
which is what all the theories in the remainder of this chapter will be formed over.

2.2.1 Disquotational theories

Despite Tarski’s aversion to an axiomatic theory of truth, his inductive truth definitions
have been used as a foundation for the axiomatic approach. One may attempt to axiomatize
Tarski’s definition by taking the approach initially rejected by himself: using the Tarski
biconditionals arising from Convention T as the direct and only axioms of a theory. These
biconditionals are also called disquotation sentences and are sentences of the form

AØ TA.

A theory based on these sentences is called a disquotational theory, and reflects the idea,
which has been defended by philosophers such as Field in [Fie94], that truth is a device of
disquotation and holds little further explanatory power.

Adding the truth biconditionals to the base theory PA, one obtains the theory TB
(Tarski biconditionals), which is a typed theory, i.e., the application of the truth predicate
is restricted to sentences of L [Hal14, p. 53].

Definition 2.10 (TB). The theory TB consists of all axioms of PAT , including all the
induction axioms, as well as all sentences of the form AØ TA. , where A is a sentence of L.

In TB, A must be a sentence containing no free variables. This restriction can be
lifted to obtain the theory UTB (uniform Tarski biconditionals) allowing for uniform
disquotation sentences.
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Definition 2.11 (UTB). The theory UTB consists of all axioms of PAT , including
all the induction axioms, as well as all sentences of the form @x1...@xnpApx

˝
1, ..., x

˝
nq Ø

TA. px1, ..., xnqq, where Apx1, ...xnq is a formula of L with x1, ..., xn the free variables in A.

To transform TB and UTB into type-free theories, we cannot simply lift the restriction
of T to truth-free sentences, since this would allow for the possibility of deriving the liar
paradox [Hal14, p. 253]. One way to avoid this is to restrict the disquotation sentences to
their positive form. This gives us the type-free theories PTB and PUTB.

The common criticism of disquotational theories, initially highlighted by Tarski, is that
they are deductively too weak to form a sufficient theory. TB and UTB conservatively
extend PA, meaning they prove all the same arithmetical statements as PA without proving
any new content [Hal14, p. 55]. This might be in line with the disquotational notion of
truth, but it does mean these theories are of little proof-theoretic value for saying anything
novel about PA.

2.2.2 Compositional Truth

While Tarski rejected the idea of adding further truth axioms to get a stronger theory than
the disquotational ones, this approach has become rather popular. Such theories are called
compositional axiomatic theories, and they can result in much stronger truth axiomati-
zations than theories based merely on disquotation sentences. The most straightforward
example of a typed compositional axiomatization is the theory CT (Compositional Truth),
which directly translates the inductive clauses that can be obtained from Tarski’s truth
definition into axioms to be added over the base theory Peano arithmetic [Hal14, p. 65, p.
89].

Definition 2.12 (CT). The theory CT consists of all axioms of PAT , including all the
induction axioms, as well as the following axioms formulated in LT

6:

CT1 @x.@y.pT px“. yq Ø x˝ “ y˝q

CT2 @x.pSentLT
pxq Ñ pT p␣. xq Ø ␣Txqq

CT3 @x.@y.pSentLT
px .̂ yq Ñ T px .̂ yq Ø Tx^ Tyq

CT4 @x.@y.pSentLT
px_. yq Ñ T px_. yq Ø Tx_ Tyq

CT5 @A.@x.pSentLT
p@.x.Aq Ñ pT p@.x.Aq Ø @y.TAry{xsqq

6Note that in CT1 (and in fact any of the axioms of CT), it is a requirement that x and y must be (Gödel
codes of) closed terms in LT . This is apparent from the fact that we perform some operations over the
Gödel codes of closed terms. However, rather than stating this requirement explicitly as part of the axiom,
it is suppressed for simplicity’s sake. We will continue to suppress this requirement for further definitions
in this thesis. This is in line with several presentations of the axiomatic theories (cf. [Hal14]) and will also
prove simpler for translating truth theories into proof systems for proof theoretic investigations in further
chapters.
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CT6 @A.@x.pSentLT
pD.x.Aq Ñ pT pD.x.Aq Ø Dy.TAry{xsqq

Restricting the occurrence of the truth predicate to typed sentences results in theories
that are somewhat inexpressive and that do not give a complete description of truth in
the full extent of a language. Therefore the development of type-free theories that allow
the truth predicate to be applied to itself has been a particular area of interest. Type-
free theories are more expressive and can give a more complete description of truth in a
language. For the remainder of this chapter, we will shift our attention to the type-free
case 7.

2.2.3 Kripke-Feferman

The theory Kripke-Feferman (KF), [Fef91], is an axiomatization of Kripke’s semantic the-
ory identifying truth as a (least) fixed point. Besides the truth predicate T , the presentation
of KF we give here also uses a falsity predicate, F . Since F is definable by T , some au-
thors choose to work with only the truth predicate T . However, since we believe having
a truth and a falsity predicate more accurately translates the notion of an extension and
anti-extension as in Kripke’s construction, we choose to include F as its own predicate
with corresponding rules.

A feature of KF is that T and F may only occur positively. Thus, we are formulating
our theory in the language L`T,F . We let PAT,F be Peano arithmetic extended with T and
F .

Definition 2.13 (KF). 8 The theory KF consists of all axioms of PAT,F including induc-
tion, as well as the following axioms formulated in L`T,F :

KF1 @x.@y.pppT px“. yq Ø x˝ “ y˝q ^ pT p␣. px“. yqq Ø ␣x˝ “ y˝qqq

KF2 @x.@y.pppF px“. yq Ø ␣x˝ “ y˝qq ^ pF p␣. px“. yqq Ø x˝ “ y˝qq

KF3 @x.@y.pSentL`
T,F
px .̂ yq Ñ pT px .̋yq Ø Tx ˝ Tyqq for ˝ P t^,_u

KF4 @x.@y.pSentL`
T,F
px .̂ yq Ñ pF px .̋yq Ø Fx¯̋Fyqq for ˝ P t^,_u

KF5 @A.@x.pSentL`
T,F
p@.x.Aq Ñ pTQ. x.AØ Qy.TAry{xsqq for Q P t@, Du

KF6 @A.@x.pSentL`
T,F
p@.x.Aq Ñ pFQ. x.AØ Q̄y.FAry{xsqq for Q P t@, Du

KF7 @x.ppTT. xØ Txq ^ pTF. xØ Fxqq

7For more information on CT and other typed theories, cf. Halbach [Hal14].
8The definition for KF used here is adapted from [Lei16, p. 575]. Note that the axiom KF9 is not always

included in KF. For our purposes it will prove useful to assume this as part of KF, hence the inclusion.
Furthermore, as in the definition of CT, we suppress the requirement that x and y must be closed terms of
L`

T,F for each axiom, but specifically KF1, KF2 and KF7, KF8. This requirement is left implicit.
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KF8 @x.ppFT. xØ Fxq ^ pFF. xØ Txqq

KF9 @x.ppTx_ Fxq Ñ SentL`
T,F
pxqq

where ¯̂ “ _, _̄ “ ^, @̄ “ D and D̄ “ @.

The axioms KF7 and KF8 of this theory capture the construction of Kripke’s extension
and anti-extension in the partial model and make it a type-free theory. KF9 says that every
term that is true or false must be a sentence of L`T,F , so only sentences can have a truth
value.

In order to force KF’s consistency, we could add an additional axiom:

Cons @x␣pTx^ Fxq

Consmakes it impossible forKF to contain truth value gluts, which is in line with Kripke’s
original construction that does not allow these gluts. It was shown by Cantini [Can89] that
including the consistency axiom inKF does not affect its proof-theoretic strength, therefore
proof-theoreticallyKF+Cons is equivalent toKF. Some authors include this axiom in their
formulation of KF. However, we have chosen to omit it, aligning with Feferman’s original
formulation of the theory in [Fef91].

KF is roughly the result of adapting the clauses of the Kripke truth-falsity pair pS, S̄q
as defined in Definition 2.7 into axioms. In fact, the classical model pN, S, S̄q is a model
of KF iff pS, S̄q is a Kripke truth-falsity pair [Hal14, p. 197]. By definition, if S is a fixed
point of Λ and S̄ of Λ̄, then S and S̄ verify all the axioms of KF. In the other direction, if
pN, S, S̄q is a model of KF then it can be verified by the axioms of KF that the extension
of T is a Kripke truth set, likewise the anti-extension of F is a Kripke falsity set.

Thus, despite being based on the partial model obtained through the strong Kleene
scheme, KF is formulated in classical logic. We can call the inner logic of KF the set
of sentences A such that TA. is a theorem of the system, and its outer logic the set of
sentences provable in the system. These logics do not match; the outer logic of KF proves
all classical sentences, including the tautology L _ ␣L, where L is the liar sentence, but
this statement is not provable in its inner logic, which is partial and leaves L undecided
[Hal14, p. 215]. Thus KF proves theorems which are untrue according to the notion of
truth as represented in Kripke’s construction. In fact, this means KF is only sound with
respect to Kripke’s model in the following sense:

Theorem 2.14. ([HH06, p. 682]) If KF $ TA. , then A holds in all Kripke fixed point
models.

It is not possible to force the inner and outer logic of KF to coincide, as doing so would
require it to be closed under the following rules:

A
Nec

TA.

TA.
Conec

A
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By adding Nec and Conec to a theory we can assert that if a sentence is provable in
a theory, it is also true in the theory, and vice versa. However, Halbach and Horsten have
shown that the result of closing KF under both Nec and Conec is inconsistent [HH06,
p. 202]. This discrepancy between the inner and outer logic of KF makes KF somewhat
questionable as a type-free truth theory, since T and F in KF do not accurately reflect the
semantic notions of truth and falsity they ought to describe.

Despite this, KF is still a valuable theory for describing the reflective closure of PA, that
is, for making explicit any implicit assumptions that come with the commitment to PA (cf.
[Hal14, p. 312-315] for more). Furthermore, it is a practically useful theory. Deductively
KF is stronger than the disquotational theories9 and the typed theory CT, as well as its
other type-free counterpart the theory FS10; in fact KF is proof-theoretically equivalent
to the theory of ramified truth up to the level ε0 according to Feferman [Hal14, p. 209].
Furthermore, KF is sound with respect to arithmetic [Hor11, p. 126].

2.2.4 Systems related to KF

Partial axiomatizations of Kripke’s theory: IKF and PKF

Several authors have argued for adjusted versions of KF which more closely adhere to
Kripke’s partial notion of truth. Among them is Reinhardt, who proposes the theory IKF
(for inner KF), where IKF = tA : KF $ TA. u [Rei86, p. 232]. This theory is arithmetically
equivalent to KF and it does not contain the liar sentence [Hor11, p. 129]. However, it is
also not really a proper theory in the sense that it does not directly axiomatize a notion of
truth; rather it is just a computably enumerable set of sentences based on the theory KF.

Halbach and Horsten [HH06] propose a different axiomatization of Kripke’s theory
formulated in partial logic, called PKF (for partial KF). Their system is given in the style
of a sequent calculus, where the truth principles of PKF are given as rules that reflect the
truth axioms of KF, but formulated in partial logic. Halbach and Horsten argue that PKF
is the most natural axiomatization of Kripke’s theory [HH06, p. 679]. Certainly, since PKF
builds its rules on top of a system of partial logic, its inner and outer logic actually coincide,
unlike KF, and therefore the system better reflects Kripke’s partial truth models. PKF is a
subtheory of KF, thus arithmetically sound and it leaves the truth value of the liar paradox
undecided, meaning it is sound with respect to Kripke’s fixed point model. However, this
system is proof-theoretically much weaker than KF [HH06, p. 701]. Furthermore, we
can argue that it is more difficult to work with than KF, since reasoning in partial logic
feels less natural than classical reasoning, making it somewhat unattractive as a practical

9PTB and PUTB are subtheories of KF [Can89, p. 102]. However, it can be shown that PUTB proves
all the same arithmetical sentences as KF, thus implying its truth-free content is equivalent [Hal14, p. 268]
(cf. [Hal01] for more on the relation between disquotational and compositional theories.)

10The theory Friedman-Sheard generalizes the axioms of CT to their type-free counterparts. In doing so
it retains the classical axiom @tpT␣tØ ␣Ttq which KF rejects, but in turn loses the axiom @ApTT. tØ Ttq.
FS is not further discussed here (cf. Halbach [Hal14] for further information).
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theory.

An axiomatization of Kripke’s theory for the least fixed point: µKF

Another criticism of KF as an axiomatization of Kripke’s semantics is that its axioms
describe all the fixed points of Kripke’s partial model, and not just the minimal one.
This is problematic, since in Kripke’s model truth is defined by the least fixed point. An
axiomatization that can only capture any arbitrary fixed point will not suffice to describe
truth as originally intended. For this reason, Burgess [Bur14] attempts to formulate a
version of KF that more directly incorporates minimality. This system, called µKF, takes
only the right-to-left direction of KF’s truth axioms KF1-KF8 as in Definition 2.13 (the
compositional direction). Thus, for example it is an axiom of µKF that if x is true and
y is true, then their conjunction is true, but the other direction does not necessarily hold
[Hal14, p. 245]. It then further extends KF with an axiom scheme for minimality, stating
that for every formula P pxq of L`T,F , if the set of true sentences satisfying P is closed under
the compositional truth axioms KF1-KF8, then every true sentence satisfies P [Bur14, p.
19] (and similarly for false sentences). To formally define this axiom scheme, we must first
construct the sentence MpP,Qq, which gives the conjunction of all compositional axioms
of KF with T replaced by a formula P pxq, and F by Qpxq, except for in the last clause.

Definition 2.15. ([Hal14, p. 244]) We define M as: MpP,Qq :“

@x.@y.px˝ “ y˝ Ñ P px“. yqq^

@x.@y.p␣x˝ “ y˝ Ñ Qpx“. yqq^

@x.@y.pSentL`
T,F
px .̂ yq Ñ pP pxq ^ P pyq Ñ P px .̂ yqqq^

@x.@y.pSentL`
T,F
px .̂ yq Ñ pQpxq _Qpyq Ñ Qpx .̂ yqqq^

@x.@y.pSentL`
T,F
px_. yq Ñ pP pxq _ P pyq Ñ P px_. yqqq^

@A.@x.pSentL`
T,F
px_. yq Ñ pQpxq ^Qpyq Ñ Qpx_. yqqq^

@A.@x.pSentL`
T,F
p@.x.Aq Ñ p@y.P pAry{xsq Ñ P p@.x.Aqqq^

@A.@x.pSentL`
T,F
p@.A.xq Ñ pDy.QpAry{xsq Ñ Qp@.x.Aqqq^

@A.@x.pSentL`
T,F
pD.A.xq Ñ pDyP pAry{xsq Ñ P pD.A.xqqq^

@A.@x.pSentL`
T,F
pD.A.xq Ñ p@yQpAry{xsq Ñ QpD.yxqqq^

@t.ppP pt˝q Ñ P pT. tqq ^ @t.pQpt
˝q Ñ P pF. tqqq^
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@t.ppQpt˝q Ñ QpT. tqq ^ @t.pP pt
˝q Ñ QpF. tqqq

Definition 2.16 (µKF). The theory µKF consists of all axioms of KF, where for KF1-
KF8 we only take the compositional direction, as well as the axiom:

Min MpP,Qq Ñ @x.ppTx Ñ P pxqq ^ pFx Ñ Qpxqq for all formulae P pxq, Qpxq of
L`T,F .

From the minimality scheme it is possible to derive the decompositional direction of the
axioms of KF [Bur14, p. 19]. µKF is proof-theoretically a stronger theory than KF, since
it contains KF but also derives theorems that KF does not contain. For instance, µKF
derives the consistency axiom Cons, which cannot be done in KF [Bur14, p. 19]. From
this it follows that µKF can prove the liar sentence, which follows from the consistency
axiom [Hal14, p. 247].11 In fact, Burgess shows that µKF is proof-theoretically as strong
as the theory ID1, which is a theory stating the existence of a fixed point for each positive
arithmetic operator [Bur14, p. 21]. µKF does, however, contain the same issue as KF, in
that its inner logic is partial but its outer logic is classical.

An axiomatizion of Kripke’s theory based on a supervaluation scheme: VF

Kripke’s theory uses the strong Kleene evaluation scheme to decide the truth value of
sentences. However, it is possible to formulate the theory using an alternative evaluation
scheme, providing different criteria for validity. One such alternative scheme is the super-
valuation scheme. The idea behind supervaluations is that we can obtain classical variant
C of our partial model K, by adding sentences whose truth value is undetermined in K to
the extension [Hal14, p. 250]. According to the supervaluation scheme K |ùsv A if C |ùsv A.
Thus, through supervaluations we get rid of the truth gaps in our model and obtain what
is essentially a classical model, which avoids the degree of ambiguity about the truth of
some statements in our partial truth definition.

Cantini [Can90] has axiomatized Kripke’s theory using supervaluation schemes into the
theory VF. This theory proves all classical tautologies. We can, for instance, determine
that the classical tautology T pL_. ␣Lq, where L is the liar sentence, is a theorem of the
outer logic of VF [HL22]. Cantini showed that his theory, like µKF, is proof-theoretically
equivalent to ID1 [Can90, p. 258]. However, despite what might be expected given the
supervaluation construction of VF, the inner and outer logic of VF are actually incompat-
ible, demonstrated by the fact that it cannot be consistently closed under Nec and Conec
[Hal14, p. 251]. VF, therefore, suffers from some of the same flaws as KF.

11The liar sentence that is proved in µKF is in the sense that ␣λ is in the Kripke model iff it is in
the extension of T . Given the restrictions to our language, the fact that the liar can be proven does not
immediately lead to the theory being inconsistent.



Chapter 3

Cyclic Proof Theory

3.1 Foundations of Cyclic Proof Theory

In proof theory we often have to rely on inductive reasoning to construct infinitary ar-
guments. This makes inductive principles powerful tools that significantly increase the
proof-theoretic strength of our system. The most straightforward (and by far the most
common) way to formally implement induction into a finite proof system is to explicitly
add some kind of induction rule [Bro05, p. 78], resulting in what we will call inductive
proof systems that can finitely represent possibly infinite arguments. However, induction
rules, unlike the logical rules, cannot be applied mechanically. Implementing them requires
some additional creativity and decision on the part of the prover, by, for example, guess-
ing the right inductive hypothesis. Such tasks are especially challenging in the setting of
automated reasoning, as the approach is not always straightforward. Therefore automated
provers, for instance, often fail to cope with inductive reasoning, limiting the complexity
of problems that they can solve [BGP12, p. 350].

Therefore, in recent years and as we want to improve systems for automated reasoning,
it has become relevant to find alternative approaches for expressing inductive reasoning
in formal proofs that avoid these difficulties. We might, for example, circumvent the use
of induction rules by instead allowing for ill-founded reasoning. Ill-founded proof systems
introduce the possibility of giving proofs by infinite descent, in other words proofs that
may have branches that expand infinitely upwards [Sim17, p. 287]. Proofs by infinite
descent have been shown to be proof-theoretically equivalent to inductive proofs in certain
settings (cf. [Sim17]). A particular kind of ill-founded proofs are cyclic proofs, which
use circular reasoning to describe derivations that may be infinite. Thus cyclic proofs are
represented as finite graphs that may include cycles, usually over some specified fixed point
of the theory. If we were to unfold these cycles, the graph would be transformed into an
infinitely descending proof tree with finitely many distinct subproofs; we call this a regular
ill-founded proof tree. Thus cyclic proofs describe regular ill-founded proofs [Sim17, p.

19
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291]. Cyclic proofs can simulate inductive reasoning, and thereby avoid difficulties that
come with the use of explicit induction rules.

For a simple example of a cyclic proof, we consider the irrationality of
?
2. Informally,

we can prove that
?
2 is not a rational number through an argument of infinite descent.

This can be formalized into a cyclic sequent calculus derivation, where we introduce a rule
Subst that substitutes one variable in the sequent for another, which allows for us to get
identical nodes over which we can cycle. This derivation is given below, with some steps
omitted for simplicity and with p‹q denoting the presence of a cycle between two nodes:

0 ă x, x2 “ 2y2 ñ Kp‹q
Subst

0 ă y, y2 “ 4z2 ñ K

y ă x, 0 ă y, 4z2 “ 2y2 ñ K
Ax

0 ă x, x2 “ 2y2 ñ 0 ă y ă x^ Dz.px “ 2zq
Cut

0 ă x, x2 “ 2y2 ñ Kp‹q

Figure 3.1: A cyclic proof of the irrationality of
?
2 [Sim17, p. 287]

More formally, cyclic proofs can be seen as finite representations of ill-founded trees
with finite branching and additional back-edges mapping leaves to inner nodes; where this
occurs we call the leaf a bud and the inner node it maps to its companion. Formally, we say
a cyclic tree is a pair C “ pP, βq consisting of a finite proof tree P and a partial function
β : LeafpP q Ñ InnerpP q mapping a leaf node to an inner node of P .

In general, the idea of building proofs on the basis of circular argumentation is cause for
suspicion, since circular reasoning can easily lead to fallacies and inconsistencies. Therefore,
constraints need to be put on a cyclic proof to make sure it is actually expressing a sound
argument; it is usually not sufficient to simply rely on the soundness of the derivation rules.
Take for instance the following cyclic derivation, where p‹q denotes the presence of a cycle
between two nodes:

Ax
K ñ K ñ Kp‹q

Cut
ñ Kp‹q

Figure 3.2: An inconsistent cyclic derivation

Without any further restrictions being placed on the proof, the argument would be
considered sound; and yet we derive a contradiction [Weh23, p. 6]. We therefore need to
make sure our proof does not result in a logical fallacy. A standard approach do this and
to ensure soundness is to define a global condition on cyclic proofs, a so-called progressivity
condition. The specific progressivity conditions for cyclic and ill-founded proofs are adapted
to the system being considered, but will generally implement the same idea of making sure
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our proof does not end up in a vicious cycle like in Figure 3.2. Below we will illustrate
this for the system of cyclic Peano arithmetic.

Some of the fundamental results in cyclic proof theory are given by Brotherston [Bro05],
who investigates a cyclic formulation of inductive first-order logic, and Simpson [Sim17],
who expands on this by giving a cyclic proof system of Peano arithmetic (CPA) that is
equivalent to Peano arithmetic. In recent years, these results have been expanded upon
considerably and cyclic proof theory has evolved into an active field of study within the
larger realm of proof theory. It has also established itself as a valuable tool in practical
applications for, for instance, automatic theorem proving (cf. [BGP12], [TB20], [TU22],
[BDP11] for some applications). Additionally, cyclic proofs have played a part in proof-
theoretic investigations into inductive systems, like modal µ-calculus (cf. [AL16], [AEL22]),
arithmetical inductive definitions (cf. [DM23]) or temporal logics (cf. [KS16], [ALMT23]).

3.2 Cyclic Peano arithmetic

As mentioned above, the cyclic system CPA was initially developed by Simpson in [Sim17],
where he also showed this system to be sound and equivalent to the inductive proof system
PA. The descriptions of these systems in this section are primarily taken from Wehr’s
presentation of Simpson’s system CPA in [Weh23]1.

3.2.1 The system Peano arithmetic

In order to define the cyclic system CPA, we first define an inductive proof system for
Peano arithmetic.

Definition 3.1 (Peano arithmetic). A sequent Γ ñ ∆ in Peano arithmetic is a pair of
finite sets Γ and ∆ of first-order formulae. Let A,B be formulae of first-order arithmetic;
and s, t terms of first-order arithmetic. The proof system Peano arithmetic (PA) consists
of the following derivation rules and axioms:

Logical rules:

Γñ ∆, A
L␣ Γ,␣Añ ∆

Γ, Añ ∆
R␣ Γñ ∆,␣A

Γ, A,B ñ ∆
L^ Γ, A^B ñ ∆

Γñ ∆, A Γñ ∆, B
R^ Γñ ∆, A^B

1Simpson’s version of CPA uses slightly different cyclic rules than the ones that will be presented here.
As a result, Simpson’s soundness proof, as well as his derivation of the PA-induction axiom in CPA, also
look different, though the outline of the argument is the same.
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Γ, Añ ∆ Γ, B ñ ∆
L_ Γ, A_B ñ ∆

Γñ ∆, A,B
R_ Γñ ∆, A_B

Γñ ∆, A Γ, B ñ ∆
LÑ Γ, AÑ B ñ ∆

Γ, Añ ∆, B
RÑ Γñ ∆, AÑ B

Γ, Art{xs ñ ∆
L@ Γ,@x.Añ ∆

Γñ ∆, Ary{xs
R@ y R FVpΓ,∆,@x.Aq

Γñ ∆,@x.A

Γ, Ary{xs ñ ∆
LD y R FVpΓ,∆, Dx.Aq

Γ, Dx.Añ ∆

Γñ ∆, Art{xs
RD Γñ ∆, Dx.A

Γrt, ss ñ ∆rt, ss
L“

Γrs, ts, s “ tñ ∆rs, ts
R“ Γñ t “ t,∆

LK Γ,K ñ ∆

Structural rules:

Γñ ∆
Wk

Γ,Γ1 ñ ∆,∆1
Γ, Añ ∆ Γñ ∆, A

Cut
Γñ ∆

Axioms for first-order arithmetic:

ñ 0 ‰ sptq ñ t` spsq “ spt` sq
sptq “ spsq ñ t “ s ñ t ¨ 0 “ 0

ñ t` 0 “ t ñ t ¨ spsq “ pt ¨ sq ` t

Induction axiom:

Ap0q,@x.pApxq Ñ Apspxqqq ñ Aptq

3.2.2 The system CPA

We now introduce a sequent calculus for the cyclic system CPA. This system consists
primarily of the same rules as the inductive sequent calculus formulation of PA, but replaces
its induction axiom with some rules imposing circular reasoning.

Definition 3.2 (Cyclic Peano arithmetic). The proof system cyclic Peano arithmetic
(CPA) consists of all the sequents, rules and axioms of PA, except for the induction
axiom, and is extended with the following rules [Weh23, p. 5]:
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Γñ ∆
Subst x R FVptq

Γrt{xs ñ ∆rt{xs

Γr0{xs ñ ∆r0{xs Γrspxq{xs ñ ∆rspxq{xs
Casex x R FVpΓ,∆q

Γñ ∆

Definition 3.3 (CPA pre-proof, [Weh23]). A pre-proof in CPA is a pair Π “ pC, λq where
C is a cyclic tree, and λ is a function λ : NodepP q Ñ Seq labelling the nodes of P with
sequents, such that each inner node is associated with one of the CPA derivation rules,
leaves are labelled by axioms and buds share a label with its companion.

As previously demonstrated by the fallacy in Figure 3.2, this definition does not suffice
to construct a sound system. Hence, in the definition of a CPA proof we introduce a
global progressivity condition to achieve soundness. Though a progressivity condition for
CPA could be formulated in several ways, we consider here a progressivity condition as
formulated in [Weh23, p. 6].

Definition 3.4 (Infinite branch). Let Π be a CPA pre-proof. An infinite branch through
Π is an infinite sequence of nodes ptiqiPω of the proof tree P , where for each i ě 0, either
ti`1 is a node of some premise of ti, or ti is a bud node and ti`1 is its companion. This
induces an infinite sequence of sequents pΓi ñ ∆iqiPω.

Definition 3.5 (Progressing arithmetic trace). A variable x has an arithmetic trace along
an infinite branch pΓi ñ ∆iqiPω if there exists an n P ω such that x is a free variable of Γi

and ∆i for all i ě n. This trace is progressing if it passes through a Casex-rule infinitely
often for the same variable x.

Definition 3.6 (CPA proof). A pre-proof in CPA Π is a proof in CPA if for every infinite
branch pΓi ñ ∆iqiPω there exists some variable which has a progressing trace along it.

Asserting the progressivity condition for a cyclic proof allows us to avoid circular rea-
soning leading to contradictions as in Figure 3.2. In this example, we have one infinite
branch, but the Casex rule does not occur on that branch for any variable, therefore any
trace along this branch is not progressing. So that pre-proof does not qualify as a proof in
CPA.

3.2.3 Soundness of CPA

We demonstrate that the proof system CPA is sound with regard to N. To this purpose,
we will first prove the following lemma:

Lemma 3.7 (Reflecting falsity). Given an inference step

Γ0 ñ ∆0 ¨ ¨ ¨ Γn ñ ∆nr
Γñ ∆
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If there exists an environment ρ : FVpΓq Y FVp∆q Ñ ω interpreting the free variables of
any formula A P ΓY∆ as natural numbers, such that ρ |ù

Ź

Γ and ρ *
Ž

∆ then there is
ρ1 ď ρ and 0 ď i ď n such that ρ1 |ù

Ź

Γi and ρ1 *
Ž

∆i.

Proof. We show that for any conclusion of a rule Γ ñ ∆, if ρ * Γ ñ ∆, there is some
environment ρ1 such that ρ1 * Γi ñ ∆i, where Γi ñ ∆i is some premise of the rule. We
look at some illustrative cases2.

• R^: Then ∆ “ ∆0, A ^ B and the premises are Γ ñ ∆0, A and Γ ñ ∆0, B. We
can fix ρ1 :“ ρ. If ρ * Γ ñ ∆ then any C P ∆ is such that ρ * C. In particular,
ρ * A^B, so either ρ * A or ρ * B. Then, either ρ * Γñ ∆0, A or ρ * Γñ ∆0, B.

• R@: Then ∆ “ ∆0,@x.A and the premise is Γ ñ ∆0, Ary{xs where y is a fresh
variable, not occurring in Γ or ∆. If ρ * Γ ñ ∆ then ρ * @x.A, so there exists
an n P ω such that, fixing ρ1 :“ ρry ÞÑ ns, we have ρ1 * Ary{xs. Then we have
ρ1 * Γ0 ñ ∆0, Ary{xs.

• L“: Then Γ “ Γ0rs{x, t{ys, s “ t, and ∆ “ ∆0rs{x, t{ys. The premise is Γ0rt{x, s{ys ñ
∆0rt{x, s{ys. Since ρ * Γrs{x, t{ys, s “ t ñ ∆rs{x, t{ys we know that ρ ( s “ t, so
for any term u, ρ ( urs{xs “ urt{xs and ρ ( urt{ys “ urs{ys. So ρ * Γ0rt{x, s{ys ñ
∆0rt{x, s{ys.

• Subst: Then Γ “ Γ0rt{xs and ∆ “ ∆0rt{xs. The premise is Γ0 ñ ∆0. We can
fix ρ1 :“ ρrx ÞÑ ts. Then for any variable y ‰ x, ρ1 :“ ρ, and for x we have
ρ1 ( x iff ρ ( t. Therefore, for any formula A, ρ ( Art{xs iff ρ1 ( Apxq. So, since
ρ * Γ0rt{xs ñ ∆0rt{xs then ρ1 * Γ0 ñ ∆0.

• Casex: x is not free in Γ Y∆ and ρ * Γ ñ ∆. By Casex we have either ρpxq “ 0
or ρpxq “ spnq for some n P ω. If ρpxq “ 0 then we fix ρ1 :“ ρ so that ρ * Γr0{xs ñ
∆r0{xs. If ρpxq “ spnq then we can fix ρ1 :“ ρrx ÞÑ ns. Then ρ1pxq “ n ă spnq. It
follows that, since ρ * Γpxq ñ ∆pxq, then ρ1 * Γrspxq{xs ñ ∆rspxq{xs.

The remaining cases are similar or trivial. In particular, in any other case we can fix ρ1 :“ ρ
as in the first case, thus ρ * Γi ñ ∆i for some premise of any of these rules.

Using Lemma 3.7, we can show that a CPA proof is sound, i.e. that when a statement
can be proven in CPA, this statement is provably true in the standard model of first-order
arithmetic N.

Theorem 3.8 (Soundness). 3 If CPA $ Γñ ∆ then N ( Γñ ∆.

2These cases are also given in [Weh23, p. 7-8]
3See also [Sim17, p. 290] for Simpson’s original formulation of the proof of soundness for CPA, and

[Weh23, p. 7-8] for a presentation closer to the one given here.
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Proof. Let Π be a CPA proof of Γñ ∆ and suppose towards contradiction that N * Γñ
∆. By iteration of Lemma 3.7, we can construct an infinite branch pΓi ñ ∆iqiPω through
the proof, and a family of environments pρiqiPω such that ρi : FV pΓiq Y FV p∆iq Ñ ω,
and ρi`1 ď ρi. By the progressivity condition of Π we know that the infinite branch
pΓi ñ ∆iqiPω has a progressing arithmetic trace. This means that, by Definition 3.5, the
trace is infinitely often principal for the Casex-rule for the same free variable x. By the
proof of Lemma 3.7, whenever ρi * Γ ñ ∆ and we pass through the righthand side of
Casex, we have ρi`1 * Γ ñ ∆ where ρi`1 ă ρi. Therefore since we pass through this
rule infinitely often, we have ρi`1pxq ă ρipxq for infinitely many i, yielding an infinitely
decreasing sequence that contradicts the well-foundedness of the natural numbers. Thus,
whenever there is a proof Π of a sequent Γñ ∆, it must be the case that N ( Γñ ∆.

3.2.4 Equivalence of CPA and PA

In addition to soundness, we can also prove that any proof in CPA can be transformed
into a proof in the inductive system PA, and vice versa. In other words, CPA is equivalent
to PA:

Theorem 3.9 ([Sim17]). CPA = PA

This result is originally due to Simpson [Sim17]. The only difference between the rules
of PA and CPA is that CPA uses the cyclic rules Subst and Casex to make inductive
arguments, whereas PA relies on the presence of the induction axiom.. Therefore, proving
equivalence of the two systems requires us to prove these rules somehow commute with
each other.

We give here the proof of one direction of the equivalence but omit the proof for the
other direction, which is more involved. For the full proof of this direction, see the original
paper by Simpson [Sim17].

Theorem 3.10. PA Ď CPA.

Proof. Since the only difference between a PA proof and a CPA proof is that the former
may include leaves labelled by the induction axiom, and the latter contains the cyclic rules
Casex and Subst instead, if we show that the induction axiom can be derived by these the
CPA rules, then any PA proof can be simulated by a CPA proof. The induction axiom is
derived in CPA as follows, with Γ denoting an abbreviation of Ap0q,@x.pApxq Ñ Apspxqq:
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Ax
Γñ Ap0q

Ax
Γ, Apspxqq ñ Apspxqq

Γñ Apxqp‹q
Wk

Γñ Apspxqq, Apxq
LÑ

Γ, Apxq Ñ Apspxqq ñ Apspxqq
L@

Γñ Apspxqq
Casex

Γñ Apxqp‹q
Subst

Γñ Aptq

Figure 3.3: Derivation of the PA-induction axiom in CPA [Weh23, p. 6]

The nodes marked with p‹q decribe the leaf node is a bud and the inner node is its
companion. Now, any occurrence of the induction axiom in a proof of PA can be replaced
by the above derivation. Since in the resulting derivation we pass through the Casex rule
infinitely often, there is a progressing trace as in Definition 3.5 and therefore by Definition
3.6 the derivation is a CPA proof.



Chapter 4

Proof-Theoretic Representations
of KF

We will now begin to turn our attention to the development of a cyclic proof system for
the truth theory KF. In order to do so, in this chapter we first develop an inductive proof
system for KF in the form of a finitary sequent calculus.1 We additionally give inductive
systems for the theory of truth as a Kripke minimal fixed point, µKF, and develop a
proof system for a new theory that takes truth as a greatest fixed point of the Kripke
construction, which we shall call νKF.

4.1 The system KF

Since in the theory KF we take Peano arithmetic as a base theory, in a proof-theoretic
representation of KF we retain the rules of PA, on top of which we add a set of truth
and falsity rules and axioms. Thus the finitary sequent calculus for KF consists of all the
logical, arithmetic and structural sequent calculus rules and axioms of the inductive system
PA, extended to the language LT,F , as well as a set of compositional truth and falsity rules
that describe the axioms of KF as in 2.13.

Definition 4.1 (KF). A sequent Γñ ∆ in the Kripke-Feferman proof system is a pair of
finite sets of formulae Γ and ∆ in the language LT,F . The inductive proof system Kripke-
Feferman (KF) consists of all the sequents, rules and axioms of the inductive system PA
as in Definition 3.1, formulated in LT,F , as well as the rules and axioms below, where A is
a sentence in L`T,F and r, s, t are closed terms of L`T,F .

1This system is inspired by the finitary sequent calculus for CT given by Leigh in [Lei13], the infinitary
sequent calculus for KF by Leigh in [Lei16] and the system PKF given by Halbach and Horsten in [HH06].
However, the specific representation of the sequent calculus here is our own.

27
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Truth rules for KF2

Γ, s˝ “ t˝ ñ ∆
LT“

Γ, r “ ps“. tq, T r ñ ∆

Γñ ∆, s˝ “ t˝
RT“

Γ, r “ ps“. tq ñ ∆, T r

Γñ ∆, s˝ “ t˝
LT␣“

Γ, r “ ␣. ps“. tq, T r ñ ∆

Γ, s˝ “ t˝ ñ ∆
RT␣“

Γ, r “ ␣. ps“. tq ñ ∆, T r

Γ, T s, T tñ ∆
LT^

Γ, r “ ps .̂ tq, T r ñ ∆

Γñ ∆, T s Γñ ∆, T t
RT^

Γ, r “ ps .̂ tq ñ ∆, T r

Γ, T sñ ∆ Γ, T tñ ∆
LT_

Γ, r “ ps_. tq, T r ñ ∆

Γñ ∆, T s, T t
RT_

Γ, r “ ps_. tq ñ ∆, T r

Γ, TArt{xs ñ ∆
LT@

Γ, r “ p@.x.Aq, T r ñ ∆

Γñ ∆, TAry{xs
RT@ yRFVpΓ,∆,@.x.Aq

Γ, r “ p@.x.Aq ñ ∆, T r

Γ, TAry{xs ñ ∆
LTD yRFVpΓ,∆,D.x.Aq

Γ, r “ pD.x.Aq, T r ñ ∆

Γñ ∆, TArt{xs
RTD

Γ, r “ pD.x.Aq ñ ∆, T r

Γ, T sñ ∆
LTT Γ, r “ T. s, Tr ñ ∆

Γñ ∆, T s
RTT Γ, r “ T. sñ ∆, T r

Γ, Fsñ ∆
LTF Γ, r “ F. s, Tr ñ ∆

Γñ ∆, Fs
RTF Γ, r “ F. sñ ∆, T r

Falsity rules for KF

2In the conclusions of the following truth and falsity rules, in addition to the principal formula of the
sequent of the form Tr of Fr, we add some expression that explains the content of the term r. For example,
in the rule LT “, we write r “ ps“. tq. This notation, which is not standard in most sequent calculus systems,
is both conventional for proof systems of truth theories (see, e.g., [Lei13]), but also denotes an important
distinction between a sentence T ps“. tq and Tr where r “ ps“. tq; deriving the former is an inference of only
that specific statement, while the deriving latter implies that we may infer Tr for every term r that has
the same value as ps“. tq.
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Γñ ∆, s˝ “ t˝
LF“

Γ, r “ ps“. tq, F r ñ ∆

Γ, s˝ “ t˝ ñ ∆
RF“

Γ, r “ ps“. tq ñ ∆, F r

Γ, s˝ “ t˝ ñ ∆
LF␣“

Γ, r “ ␣. ps“. tq, F r ñ ∆

Γñ ∆, s˝ “ t˝
RF␣“

Γ, r “ ␣. ps“. tq ñ ∆, F r

Γ, Fsñ ∆ Γ, F tñ ∆
LF^

Γ, r “ ps .̂ tq, F r ñ ∆

Γñ ∆, Fs, F t
RF^

Γ, r “ ps .̂ tq ñ ∆, F r

Γ, Fs, F tñ ∆
LF_

Γ, r “ ps_. tq, F r ñ ∆

Γñ ∆, Fs Γñ ∆, F t
RF_

Γ, r “ ps_. tq ñ ∆, F r

Γ, FAry{xs ñ ∆
LF@ yRFVpΓ,∆,@.x.Aq

Γ, r “ p@.x.Aq, F r ñ ∆

Γñ ∆, FArt{xs
RF@

Γ, r “ p@.x.Aq ñ ∆, F r

Γ, FAry{xs ñ ∆
LFD

Γ, r “ pD.x.Aq, F r ñ ∆

Γñ ∆, FAry{xs
RFD yRFVpΓ,∆,D.x.Aq

Γ, r “ pD.x.Aq ñ ∆, F r

Γ, Fsñ ∆
LFT Γ, r “ T. s, Fr ñ ∆

Γñ ∆, Fs
RFT Γ, r “ T. sñ ∆, F r

Γ, T sñ ∆
LFF Γ, r “ F. s, Fr ñ ∆

Γñ ∆, T s
RFF Γ, r “ F. sñ ∆, F r

Axioms for KF

Γ, T r ñ SentL`
T,F
prq Γ, F r ñ SentL`

T,F
prq

The rules of the above system translate KF’s axioms from Definition 2.13 into sequent
calculus rules. They furthermore derive all the axioms of the theory. Therefore, any sound-
ness and completeness results that hold for the standard theory KF extend to equivalent
results in the inductive proof system.

4.2 Minimality and maximality in the KF proof system

4.2.1 The system µKF

The theory µKF as devised by Burgess in [Bur14] contains the axioms KF1-KF8 in the
compositional direction, as well asKF9, but also includes a minimality scheme. This allows
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µKF to be presented as an axiomatization of Kripke’s least fixed point model. Since the
purpose of this thesis is to develop a cyclic system for KF, which does not specify any
property of the truth predicate as a fixed point, it will be interesting to also pay attention
to µKF and how cyclic argumentation over the least fixed point looks as a specific case.

Definition 4.2 (µKF). The proof system µKF consists of all the sequents, rules and
axioms of KF as in Definition 4.1 and is extended with the minimality axiom:

ñMpP,Qq Ñ @x.ppTxÑ P pxqq ^ pFxÑ Qpxqqq

for all formulae P pxq, Qpxq of L`T,F , where M is as defined in Definition 2.15.

As in the case of the proof system KF, since µKF’s inductive proof system characterizes
all axioms of the theory µKF, any soundness and completeness results the hold for the
theory extend to equivalent results for the proof system.

4.2.2 The greatest fixed point model

Kripke’s original outline of a theory did not consider the greatest fixed point model in his
construction for truth, and, as far as the author is aware, no further attempt at developing
such a model, nor an axiomatic theory for it, has been made since. However, for our
purposes of developing a cyclic proof theory of KF, it might be interesting to construct
the greatest fixed point model and a proof-theoretic representation that goes along with it,
to see how it behaves differently from µKF and KF. We construct the greatest fixed point
model, which we call G, in a similar but dual way to Kripke’s least fixed point model K.
We will briefly outline of the construction of G before going on to give the proof system
νKF.

We define a model Gα in the greatest fixed point construction as

Gα :“ pN,ΛαpSentL`
T,F
q, Λ̄αpSentL`

T,F
qq

where Λ and Λ̄ are as defined for Definition 2.7 in Chapter 2, applied to the set of all
sentences in the language L`T,F . Specifically, ΛαpSentL`

T,F
q denotes the α-th iteration of the

operator Λ, such that:

Λ0pSentL`
T,F
q :“ SentL`

T,F
Λα`1pSentL`

T,F
q :“ ΛpΛαpSentL`

T,F
qq

ΛλpSentL`
T,F
q :“

č

αăλ

ΛαpSentL`
T,F
q

for λ a limit ordinal. Λ̄α is defined similarly.
As in the positive inductive construction for the Kripke least fixed point model, by

the Knaster-Tarski theorem we know that there is an ordinal θ such that for every α ě θ
Gα`1 “ Gα. Thus the fixed point models of this construction are all models Gα with
α ě θ for θ being a closure ordinal. We then take the greatest fixed point model in this
construction to be G :“ Gθ “ pN,ΛθpSentL`

T,F
q, Λ̄θpSentL`

T,F
qq.
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4.2.3 The system νKF

We now construct the theory νKF, which is obtained from KF by extending it with a
scheme for maximality; this theory is essentially “dual” to µKF. Since νKF occur in
previous literature, in this thesis it is mostly used as a tool in the same way as µKF; it
functions as a comparison to KF, and specifically when developing cyclic systems for these
theories we shall see how thir differing properties affect the progressivity conditions of these
systems.

The theory νKF consists of the decompositional (meaning the left-to-right) direction of
axioms KF1-KF8, as well as KF9, with an added scheme for maximality. If we let NpP,Qq
be the dual counterpart to the minimality sentence MpP,Qq described in Definition 2.15,
then N is constructed as follows:

Definition 4.3. We define N as: NpP pxq, Qpxqq :“

@x.@y.ppP px“. yq Ñ x˝ “ y˝qq^

@x.@y.ppQpx“. yq Ñ ␣x˝ “ y˝qq^

@x.@y.pSentL`
T,F
px .̂ yq Ñ pP px .̂ yq Ñ P pxq ^ P pyqqq^

@x.@y.pSentL`
T,F
px .̂ yq Ñ pQpx .̂ yq Ñ Qpxq _Qpyqqq^

@x.@y.pSentL`
T,F
px_. yq Ñ pP px_. yq Ñ P pxq _ P pyqqq^

@x.@y.pSentL`
T,F
px_. yq Ñ pQpx_. yq Ñ Qpxq ^Qpyqqq^

@A.@x.pSentL`
T,F
p@.A.xq Ñ pP p@.A.xq Ñ @y.P pAry{xsqqq^

@A.@x.pSentL`
T,F
p@.A.xq Ñ pQp@.A.xq Ñ Dy.QpAry{xsqqq^

@A.@x.pSentL`
T,F
pD.A.xq Ñ pP pD.A.xq Ñ Dy.P pAry{zsqqq^

@y.@x.pSentL`
T,F
pD.A.xq Ñ pQpD.A.xq Ñ @y.QpAry{xsqqq^

@t.pP pT. tq Ñ P pt˝qq ^ @t.pP pF. tq Ñ Qpt˝qqq^

@t.pQpT. tq Ñ Qpt˝qq ^ @t.pQpF. tq Ñ P pt˝qqq^

@x.ppP pxq ^Qpxqq Ñ SentL`
T,F
pxqq

The proof system νKF is then defined as:

Definition 4.4 (νKF). The proof system νKF consists of all the sequents, rules and
axioms of KF as in Defintion 4.1, and is extended with the maximality axiom:
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Max ñ NpP,Qq Ñ @x.ppP pxq Ñ Txq ^ pQpxq Ñ Fxqq

for all formulae P pxq, Qpxq of L`T,F , where N is as defined in Definition 4.3.

Given inductive proof systems for these three theories, we are now ready to explore
their cyclic proof-theoretic counterparts.



Chapter 5

Cyclic Proof-Theoretic
Representations of KF

In this chapter, we propose a cyclic proof system for KF, called CKF. In addition to this
we introduce auxiliary cyclic proof systems for the theories µKF and νKF, which model
truth as a least and as a greatest fixed point respectively. These systems, called CµKF
and CνKF, therefore extend CKF by specifying which fixed point T and F are identified
as, which we then cycle over.

For all three systems, we formulate appropriate progressivity conditions on the truth
and falsity predicates that allow us to both get a sound proof, and embed their inductive
counterparts. We will discuss some implications of these results in Chapter 6.

5.1 Rules of cyclic systems for KF, µKF and νKF

The cyclic system CKF consists of the same rules as the finitary sequent calculus of KF,
but with the induction rule replaced by Casex and Subst, as defined in Chapter 3 for
CPA.

Definition 5.1 (Cyclic Kripke-Feferman). The proof system cyclic Kripke-Feferman (CKF)
consists of all the sequents, rules and axioms of KF as in Definition 4.1, except for the
induction axiom, but extended with the following rules:

Γñ ∆
Subst x R FVptq

Γrt{xs ñ ∆rt{xs

Γr0{xs ñ ∆r0{xs Γrspxq{xs ñ ∆rspxq{xs
Casex x is fresh

Γñ ∆

The cyclic systems CµKF and CνKF will contain the same axioms and rules of KF,
and will be enriched with a progressivity condition for the truth and falsity rules that

33
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expresses minimality of truth as a fixed point. We will show that the minimality axiom as
given in Definition 4.2, which is retained in the inductive proof system, will be subsumed
by cyclic reasoning following from this progressivity condition within CµKF.

Definition 5.2 (Cyclic µKF). The proof system cyclic µKF (CµKF) consists of all the
sequents, rules and axioms of CKF as in Definition 5.1.

Definition 5.3 (Cyclic νKF). The proof system cyclic νKF (CνKF) consists of all the
sequents, rules and axioms of CKF as in Definition 5.1.

5.2 Proof in cyclic KF, µKF and νKF

We know that CµKF and CνKF contain all the same inference rules and axioms as CKF.
Therefore, pre-proofs are defined the same in all three systems:

Definition 5.4 (Pre-proof). A pre-proof in CKF, CµKF or CνKF is a pair Π “ pC, λq
where C is a cyclic tree, and λ is a labelling function λ : NodepP q Ñ Seq labelling the nodes
of P with sequents, such that each inner node is labelled by one of the CKF derivation
rules, leaves are labelled by axioms of CKF and buds share a label with their companion.

We also define the notion of a truth trace as a trace along the truth and falsity rules in
a derivation, which is the same in all three systems:

Definition 5.5 (Truth trace). A sequence of formulae pAiqiPω is a truth trace along an
infinite branch pΓi ñ ∆iqiPω if

• There exists an n P ω such that Ai is a formula in Γi ñ ∆i for all i ě n;

• Ai`1 “ Ai if Ai is not the principal formula in Γi ñ ∆i, otherwise Ai`1 is the residual
subformula of Ai in the premise of the sequent Γi ñ ∆i.

This definition will mainly play a part when defining proof in CµKF and CνKF. The
global progressivity condition is where the main difference between the systems CµKF,
CνKF or CKF lies, due to the fact that each system takes truth as a different type of
fixed point (minimal, maximal, or arbitrary). In the next subsections we will define when
a trace is progressing for the system CKF, which we then extend to define progressing
traces and proofs in CµKF and its dual CνKF

5.2.1 Proof and progressivity in CKF

In contrast to the systems CµKF and CνKF, we will design the system CKF to model
the truth and falsity predicates as any arbitrary fixed point, i.e., we do not restrict it
to be either the least or the greatest. Since cyclic proof systems are typically defined in
relation to specified least or greatest fixed points, it is less straightforward to identify the
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appropriate progressivity condition for a theory of arbitrary fixed points. However, CKF
already contains the theory CPA. Therefore, we can extend the underlying progressivity
condition of CPA to also apply to the rest of CKF. In fact, this suffices as a progressivity
condition to obtain sound proofs in CKF. Since there are no criteria for specifying fixed
points in CKF, any progressivity condition on truth traces can be disregarded. We can
therefore define a proof in CKF with the following progressivity condition:

Definition 5.6 (Progressing trace in CKF). A trace in CKF is progressing if it is an
arithmetic trace as in Definition 3.5 and is infinitely often principal for the Casex-rule for
the same free variable x.

Definition 5.7 (CKF proof). A pre-proof in CKF Π is a proof in CKF if along every
infinite branch Γi ñ ∆i there exists some progressing trace along the branch.

Embedding KF into CKF

When we adhere to this definition of a proof in CKF we can derive the induction axiom of
KF for any formula Apxq in LT,F . For example, the following proof (which is essentially
identical to the proof tree in Figure 3.3) is a proof in CKF, where Apxq :“ Tx and Γ
abbreviates T p0q,@x.pTxÑ T pspxqq:

Ax
Γñ T p0q

Ax
Γ, T pspxqq ñ T pspxqq

Γñ Txp‹q
Wk

Γñ T pspxqq, Tx
LÑ

Γ, TxÑ T pspxqq ñ T pspxqq
L@

Γñ T pspxqq
Casex

Γñ Txp‹q
Subst

Γñ Tt

Figure 5.1: Derivation of the induction axiom for T in CKF

By how we have defined CKF, the only aspect where the rules of CKF differ from
those of inductive KF is in the induction axiom, which is replaced by the cyclic rules
Subst and Casex in CKF. In Theorem 3.10, we have shown that these rules can simulate
the induction axiom. Consequently, as demonstrated in and Figure 5.1, the embedding of
PA into CPA given in Theorem 3.10 smoothly lifts to an embedding of KF into CKF,
which means that induction can be subsumed by cyclic reasoning in this system. Therefore,
we have:

Theorem 5.8. KF Ď CKF

Thus any theorem provable in KF is provable in CKF. Furthermore, we will now
demonstrate how proofs in CKF that adhere to this condition are sound with respect to
the Kripke fixed point model for an arbitrary fixed point, and that this also suffices to
show that the inductive system KF can be embedded in CKF.
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Soundness of CKF

For the sake of giving a soundness argument for CKF, we will employ the positive inductive
definition of K as in Definition 2.7. By Corollary 2.9, any fixed point model, denoted here
as K1, arising from this approach is equivalent to a fixed point model in Kripke’s original
approach, so no issues arises in choosing this construction over the other, but the positive
inductive definition will allow us to derive the lemma below, which is relevant for obtaining
soundness results. Since the theories µKF, νKF and KF are formulated in classical logic,
our soundness argument for each of these theories will be based on classical reasoning over
the relevant structure. To obtain soundness results for any of our cyclic systems we must
first derive the following lemma.

Lemma 5.9 (Reflecting falsity). Let K1 be any fixed point model of the Kripke construction.
Given an inference step, where r is one of the inference rules for CKF:

Γ0 ñ ∆0 ¨ ¨ ¨ Γn ñ ∆nr
Γñ ∆

If K1, ρ |ù
Ź

Γ and K1, ρ *
Ž

∆ for some environment ρ : FVpΓqYFVp∆q Ñ ω interpreting
the free variables of any formula A P Γ Y∆ as natural numbers then there is ρ1 ď ρ and
0 ď i ď n such that K1, ρ1 |ù

Ź

Γi and K1, ρ1 *
Ž

∆i.

Proof. In the case that r is any of the arithmetic rules coming from CPA, we are not
interested in K1 and only look at the environment ρ. Therefore in these cases the proof
follows the same structure as the proof of Lemma 3.7 and if K1, ρ * Γ ñ ∆ then we have
K1, ρ1 * Γi ñ ∆i, where Γi ñ ∆i is some premise of the conclusion.

In the case r is one of the truth and falsity rules, the environment ρ remains unchanged,
so we have ρ1 “ ρ and if the conclusion of the rule does not hold in ρ, neither will the
premise. Furthermore, by the positive inductive definition of K1 and the fact it identifies
a fixed point model, so therefore Corollary 2.6 holds, for any truth or falsity formula
A P Γ Y ∆, iff A is in K1 then its residual subformula Ai is in K1. Thus, in the case of a
truth or falsity rule, if K1, ρ * Γ ñ ∆ then we have K1, ρ * Γi ñ ∆i, where Γi ñ ∆i is
some premise of the conclusion.

From this lemma we also get the following corollary:

Corollary 5.10. Let d be a be a pre-proof with endsequent Γñ ∆ and let K1 be any fixed
point model of the Kripke construction. If K1, ρ * Γñ ∆ then we can construct an infinite
branch pΓi ñ ∆iqiPω through d and a family of environments pρiqiPω, with ρi`1 ď ρi such
that K1, ρi * Γi ñ ∆i for all i P ω.

We now show a soundness result for the system CKF, demonstrating the system is
sound with respect to any fixed point model of the positive inductive Kripke construction.
In fact, this follows almost directly from the soundness of CPA, but must be slightly
adapted to the Kripke fixed point model, which is where Lemma 5.9 and Corollary 5.10
comes in.
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Theorem 5.11 (Soundness). If CKF $ Γ ñ ∆ then K1 ( Γ ñ ∆ for K1 is any fixed
point model for the Kripke construction.

Proof. Let Π be a CKF proof of Γ ñ ∆ and suppose towards contradiction that K1 *
Γ ñ ∆. By Corollary 5.10, we can construct an infinite branch pΓi ñ ∆iqiPω and a
corresponding family of evironments pρiqiPω falsifying each sequent Γi ñ ∆i. By the
progressivity condition of Π we know that this infinite branch has a progressing trace. This
means that, by Definition 5.6, the trace is arithmetic and infinitely often principal for the
Casex-rule for the same free variable x. As observed in Lemma 3.7, whenever ρi * Γñ ∆,
and we pass the right-hand side of Casex, then ρi`1 * Γ ñ ∆ with ρi`1pxq ă ρipxq.
Since we pass this rule infinitely often, we have ρi`1pxq ă ρipxq for infinitely many i,
contradicting the well-foundedness of the natural numbers. Thus K1 ( Γñ ∆ has to hold
for any provable sequent Γñ ∆ in Π.

5.2.2 Proof and progressivity in CµKF

It has already been proven by Burgess [Bur14, p. 19] that KF is a subtheory of µKF, so it
would make sense for the cyclic version of µKF to contain the cyclic version of KF. Thus,
CµKF should have a progressing trace definition that allows it to be an extension of CKF.
In addition to this, and to giving a sound proof system, the goal of the progressing truth
traces in CµKF and CνKF is to allow us to embed the inductive minimality or maximality
axioms.

For these reasons, in CµKF and CνKF, we propose that the cyclic argumentation can
come from either the arithmetic progressivity condition, as laid out for CKF, or from some
additional progressivity condition that cycles over the truth and falsity rules. We define
for CµKF a progressing trace such that it allows us to both derive sound proofs, and to
directly simulate the inductive minimality scheme of µKF into CµKF.

Since µKF models truth as a least fixed point, and therefore as an inductively defined
object, by the positive inductive construction of the Kripke least fixed point model K, every
proof of a truth formula TA (or a falsity formula FA) ought to provide evidence that A
belongs to S (resp., S̄), i.e. the truth set (resp., the falsity set) of K. Consequently, such a
proof must be finite; it can be derived in our proof system only through finite applications
of right-hand side rules for T and F . Therefore, any infinitary cyclic argumentation can
only occur on the left-hand side of the sequent. Keeping this intuition in mind, we define
our progressivity condition as follows:

Definition 5.12 (Progressing trace in CµKF). A trace in CµKF is progressing if it is
either an arithmetic trace as in Definition 3.5 and is infinitely often principal for the Casex-
rule for the same free variable x; or it is a truth trace as in Definition 5.5 and infinitely
often principal for any rule of the form LT˚ or LF˚, where ˚ P t^,_,@, D, T, F u.

Definition 5.13 (CµKF proof). A pre-proof in CµKF Π is a proof in CµKF if along
every infinite branch Γi ñ ∆i there exists some progressing trace along the branch.
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Thus a progressing trace will have to pass through either Casex, or a left truth or
falsity rule (with the exception of the left truth and falsity rules for (in)equality) infinitely
often.

The following is a proof in CµKF of some truth statement on the left:

Ax pA P Γq
Añ A

Wk
Γ, T z ñ ∆, A, z “ T. s

Γ, T z ñ ∆, Ap‹q
Subst

Γ, T sñ ∆, A
LTT Γ, z “ T. s, Tz ñ ∆, A

Cut
Γ, T z ñ ∆, Ap‹q

Figure 5.2: Example proof in CµKF

Note that while this is a valid proof in CµKF, it is not a proof in CKF, since it does
not satisfy CKF’s requirement of having a progressing arithmetic trace; there is only a
truth trace which is progressing according to CµKF’s definition.

Embedding µKF into CµKF

We show that adding the above progressing trace condition to our proof system CµKF
allows us to get rid of the inductive minimality axiom, since any proof in µKF with this
scheme can be simulated by a proof in CµKF. Thus for any proof of a sequent in µKF.
there is a proof of the same sequent in CµKF.

Theorem 5.14. µKF Ď CµKF

Proof. We have to show that in a derivation of Min as in Definition 4.2 any infinite trace
is progressing and therefore the derivation is a proof in CµKF. The prooftree of this
derivation begins at the root as follows:

...
M,Tz ñ P pzqp‹q

RÑ
M ñ pTz Ñ P pzqq

...
M,Fz ñ QpzqpĲq

RÑ
M ñ Fz Ñ Qpzq

R^
M ñ Tz Ñ P pzqq ^ pFz Ñ Qpzq

R@
M ñ @x.ppTxÑ P pxqq ^ pFxÑ Qpxqq

RÑ
ñM Ñ @x.ppTxÑ P pxqq ^ pFxÑ Qpxqqq

Figure 5.3: The beginning of the derivation.

The inner nodes marked with p‹q and pĲq denote that these nodes are companion nodes
for leaves in the continuation of the proof marked with the same symbol. Given that z
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must be a sentence since it occurs in Tz, Fz and P pzq, Qpzq, it can take several forms. We
can therefore take

Ž

z to be the disjunction:

ł

z :“ Dx.Dy.pz “ px“. yqq _ Dx.Dy.pz “ px .̂ yqq _ Dx.Dy.pz “ px_. yqq _ DxD

Apz “ p@.x.Aqq _ Dx.DA.pz “ pD.x.Aqq _ Dy.pz “ pT. yqq _ Dy.pz “ pp.F qyqq

where x, y denote the codes of a term. From the definition of a sentence, we know it is
possible to construct a proof in PA of the sequent

SentL`
T,F
pzq ñ

ł

z

By Theorem 3.9, stating the equivalence of PA and CPA, this inductive argument can be
substituted by a cyclic proof in CPA, thus the sequent is derivable in our cyclic system for
CµKF as well since it contains CPA.

We use this information to apply a Cut-rule, and then we apply the L_-rule (multiple
times) to decompose the disjunction

Ž

z:

...
SentL`

T,F
pzq ñ

Ž

z

...
z “ ps“. tq,M, Tz ñ P pzq

LD, LD
Dx.Dy.pz “ px“. yqq,M, Tz ñ P pzq

...
z “ ps .̂ tq,M, Tz ñ P pzq

LD, LD
Dx.Dy.pz “ px .̂ yqq,M, Tz ñ P pzq

...
other disjuncts of z

...

...
L_, L_, ... Ž

z,M, Tz ñ P pzq
Cut

M,Tz ñ P pzqp‹q

Figure 5.4: Applying Cut, L_ and LD

Likewise if we instead choose to follow the right-hand branch. Next, on each branch,
we apply an L^ rule to decompose M , choosing the suitable conjunct that matches the
operator of z as our principal formula along which to develop a trace. We look at some
of the branches and omit the remaining cases. Let’s for example follow the branch of the
above derivation that takes the disjunct z “ ps .̂ tq and follow its trace. For brevity we omit
some of the non-principal formulae of the proof, for instance the non-principal subformulae
of M . We continue the tree in Figure 5.4 along the left branch as follows:

Ax
M,T pzq ñ P pzq,SentL`

T,F
pzq

L“
M, z “ ps .̂ tq, T pzq ñ P pzq, SentL`

T,F
ps .̂ tq

Ax
P pzq,M, T pzq ñ P pzq

L“
P ps .̂ tq,M, z “ ps .̂ tq, T pzq ñ P pzq (cont’d in Figure 5.6)

LÑ
pP psq ^ P ptq Ñ P ps .̂ tqq, z “ ps .̂ tq,M, T pzq ñ P pzq

LÑ
SentL`

T,F
ps .̂ tq Ñ pP psq ^ P ptq Ñ P ps .̂ tqq, z “ ps .̂ tq,M, T pzq ñ P pzq

L@, L@
@x.@y.pSentL`

T,F
px .̂ yq Ñ pP pxq ^ P pyq Ñ P px .̂ yqq, z “ ps .̂ tq,M, T pzq ñ P pzq

L^
z “ ps .̂ tq,M, Tz ñ P pzq

Figure 5.5: z “ ps .̂ tq (1)
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M,Tz ñ P pzqp‹q
Subst

M,Tsñ P psq
Wk

M, z “ ps .̂ tq, T s, T tñ P pzq, P psq
LT^

z “ ps .̂ tq,M, T pzq ñ P pzq, P psq

M,Tz ñ P pzqp‹q
Subst

M,Ttñ P ptq
Wk

M, z “ ps .̂ tq, T s, T tñ P pzq, P ptq
LT^

z “ ps .̂ tq,M, T pzq ñ P pzq, P ptq
R^

z “ ps .̂ tq,M, T pzq ñ P pzq, P psq ^ P ptq

Figure 5.6: z “ ps .̂ tq (2)

The nodes marked with p‹q denote buds, whose companion is marked with the same
symbol in Figure 5.3. The prooftree expands similarly when taking any other disjunct of
Ž

z, and choosing the suitable conjunct of M as principal formula, as well as when we are
following the right branch of the initial tree, which unfolds the F -predicate. Let’s also look
at the case z “ @x.A:

Ax
Tz ñ P pzq,SentL`

T,F
pzq

L“
z “ p@.x.Aq,M, Tz ñ P pzq, SentL`

T,F
p@.x.Aq (cont’d in Figure 5.8)

LÑ
pSentL`

T,F
p@.x.Aq Ñ p@y.P pAry{xsq Ñ P p@.x.Aqq, z “ p@.x.Aq,M, Tz ñ P pzq

L@, L@
@x.@A.pSentL`

T,F
p@.x.Aq Ñ p@y.P pAry{xsq Ñ P p@.x.Aqq, z “ p@.x.Aq,M, Tz ñ P pzq

L^
z “ p@.x.Aq,M, Tz ñ P pzq

Figure 5.7: z “ p@.x.Aq (1)

Ax
P pzq,M, Tz ñ P pzq

L“
P p@.x.Aqq, z “ p@.x.Aq,M, Tz ñ P pzq

M,Tz ñ P pzqp‹q
Subst

M,TArt{xs,ñ, P pArt{xsq
Wk

z “ p@.x.Aq,M, TArt{xs,ñ P pzq, P pArt{xsq
LT@

z “ p@.x.Aq,M, Tz ñ P pzq, P pArt{xsq
R@

z “ p@.x.Aq,M, Tz ñ P pzq,@y.P pAry{xsq
LÑ

p@y.P pAry{xsq Ñ P p@.x.Aqq, z “ p@.x.Aq,M, Tz ñ P pzq

Figure 5.8: z “ p@.x.Aq (2)

The only situation where we could move between the left-hand T -branches and the
right-hand F -branches of Figure 5.3 is in the application of the LTF - or LFT -rule. Let’s
take the case z “ F. s for example:
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M,Fz ñ QpzqpĲq
Subst

M,Fsñ Qps˝q
Wk

z “ F. s,M,Fsñ P pzq, Qps˝q
LTF

z “ F. s,M, Tz ñ P pzq, Qps˝q

Ax
P pzq,M, Tz ñ P pzq

L“
P pF. sqq, z “ F. s,M, Tz ñ P pzq

LÑ
Qps˝q Ñ P pF. sq, z “ F. s,M, Tz ñ P pzq

L@
@t.pQpt˝q Ñ P pF. tqq, z “ F. s,M, Tz ñ P pzq

L^
z “ F. s,M, Tz ñ P pzq

Figure 5.9: z “ F. s

Now the node marked pĲq cycles back to the node marked with the same symbol of the
initial tree in Figure 5.3.

In the case that z describes an (in)equality between terms, it passes the rules LT“,
LT␣“, LF“, LF␣“ and the branch will be finite. Look for example at the case where
z “ ps“. tq:

Ax
P pzq,M, Tz ñ P pzq

L“
P ps“. tq, z “ ps“. tq,M, Tz ñ P pzq

Ax
z “ ps“. tq,M, s˝ “ t˝ ñ P pzq, s˝ “ t˝

LT“
z “ ps“. tq,M, Tz ñ P pzq, s˝ “ t˝

LÑ
s˝ “ t˝ Ñ P ps“. tq, z “ ps“. tq,M, Tz ñ P pzq

L@
@x.@y.px˝ “ y˝ Ñ P px“. yqq, z “ ps“. tq,M, Tz ñ P pzq

L^
z “ ps“. tq,M, Tz ñ P pzq

Figure 5.10: z “ ps“. tq

The remaining branches unfold similarly to the ones above. This shows that the min-
imality scheme can be simulated by a derivation in CµKF. Notice that the derivation is
progressing: in any infinite branch we can find a trace that passes through some LT˚ or
LF˚ rule infinitely often. Thus the derivation is a CµKF proof.

From this proof it is apparent that the embedding of µKF into CµKF requires pro-
gressing traces of CµKF to be principal infinitely often for any left truth or falsity rules
(with the exception of LT“, LT␣“ and LF“, LF␣“). Any less permissive version of the
progressivity condition, for example the progressivity condition of CKF would make it
impossibly to derive the minimality scheme in CµKF.

Soundness of CµKF

Using Lemma 5.9 and Corollary 5.10, we can show that any proof in CµKF is sound
with respect to the least fixed point model K, so any sentence that is provable in CµKF is
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satisfiable in K (according to classical logic). This proof expands on the soundness proof
for CKF, taking into account the additional progressivity condition for truth traces.

Theorem 5.15 (Soundness). If CµKF $ Γñ ∆ then K ( Γñ ∆

Proof. Let Π be a CµKF proof of Γ ñ ∆ and suppose towards contradiction that K *
Γ ñ ∆. By Corollary 5.10, we can construct an infinite branch pΓi ñ ∆iqiPω and a
corresponding family of evironments pρiqiPω falsifying each sequent Γi ñ ∆i. By the
progressivity condition of Π we know that the infinite branch has a progressing trace. This
means that, by Definition 5.12, either the trace is arithmetic and infinitely often principal
for the Casex-rule for the same free variable x, or it is a truth trace pAiqiPω and infinitely
principal for any rule of the form LT˚ or LF˚, where ˚ P t^,_,@, D, T, F u.

By the proof of Theorem 5.11, we know the trace cannot be a progressing arithmetic
trace, since this would lead to a contradiction. Thus, the progressing trace is a truth trace
pAiqiPω that is infinitely principal for any rule LT˚ or LF˚. Notice that Ai P Γn0`i for any
n0 ď i. We construct along the branch a sequence of ordinals pαiqiPω such that αi`1 ď αi

and each αi is the least ordinal satisfying Kαi |ù Γi but K
αi * ∆i.

We now show that, whenever Γi ñ ∆i is the conclusion of a LT˚ or LF˚ rule with
principal formula Ai then αi`1 ă αi. Thus, we show that for Ai “ Tr or Ai “ Fr, where
r is some term, whenever Kα ( Ai then there exists some β ă α such that Kβ ( Ai`1. We
proceed by doing a case distinction on the left truth and falsity rules.

• LT^: Then Ai “ Tr for r “ ps .̂ tq and Kα ( Tr. This means that the value of r
is in the α-th approximation of the model, and consequently the value of s .̂ t is as
well. By the positive inductive definition of Kα, there is a β ă α such that the values
of the terms s and t are in the truth set of the β-th approximation of the model, so
Kβ ( Ts, T t.

• LT@: Then Ai “ Tr for r “ @.x.A and Kα ( Tr. This means that the value of r is in
the α-th approximation of the model, and consequently the value of @.x.A is as well.
By the positive inductive definition of Kα, there is a β ă α such that the value of the
term Art{xs is in the truth set of the β-th approximation of the model for any t P ω,
so Kβ ( TArt{xs for any t P ω.

• LTF : Then Ai “ Tr for r “ F. s and Kα ( Tr. This means that the value of r is in
the α-th approximation of the model, and consequently the value of F. s is as well.
By the positive inductive definition of Kα, there is a β ă α such that the value of the
term s is in the falsity set of the β-th approximation of the model, so Kβ ( F. s.

The remaining cases are similar or trivial. This means that αi`1 ă αi for infinitely
many i, since infinitely many formulae in pAiqiPω are principal for the LT˚ or LF˚ rules,
contradicting the wellfoundedness of the ordinals.

So we again end up with a contradiction, and therefore K ( Γñ ∆ has to hold for any
provable sequent Γñ ∆ in Π.
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5.2.3 Proof and Progressivity in CνKF

The progressivity condition defining the cyclic proof system CµKF allows the truth and
falsity predicates to be modelled as least fixed points. In the following subsection we will
introduce CνKF as being, in a certain sense, dual to CµKF, being able to model the truth
and falsity predicates as greatest fixed points. It will roughly be obtained by an alternative
progressivity condition that requires truth traces to be infinitely often principal for the
right-hand rules for T or F .

Definition 5.16 (Progressing trace inCνKF). A trace inCνKF is progressing if it is either
an arithmetic trace as in Definition 3.5 and is infinitely often principal for the Casex-rule
for the same free variable x; or it is a truth trace as in Definition 5.5 and infinitely often
principal for any rule of the form RT˚ or RF˚, where ˚ P t^,_,@, D, T, F u.

Definition 5.17 (CνKF proof). A pre-proof in CνKF Π is a proof in CνKF if along
every infinite branch Γi ñ ∆i there exists some progressing trace along the branch.

The following is a proof in CνKF, and is essentially dual to the proof in Figure 5.2:

Ax pA P ∆q
Añ A

Wk
Γ, Añ ∆, T z, z “ T. s

Γ, Añ ∆, T zp‹q
Subst

Γ, Añ ∆, T s
RTT Γ, z “ T. s,Añ ∆, T z

Cut
Γ, Añ ∆, T zp‹q

Figure 5.11: Example proof in CνKF

Again, while this is a proof in CµKF, it does not satisfy the conditions of being a proof
in CKF. From the progressing trace definitions we have given it should be apparent that
CKF is a subsystem of both CµKF and CKF, since any proof in CKF will be a proof in
both of the latter systems, but not every proof in these systems will be a proof in CKF.

Embedding νKF into CνKF

Much like in the case for CµKF, we can embed νKF into its cyclic version by showing that
the inductive maximality axiom can be subsumed by a cyclic proof with the progressing
trace condition we have set as a requirement for CνKF. Therefore any statement that can
be derived by an inductive νKF proof can be derived by a proof in CνKF.

Theorem 5.18. νKF Ď CνKF

Proof. We show the maximality axiom can be derived by a proof in CνKF. This follows a
similar structure to the proof of Theorem 5.14, with the prooftree beginning as follows:
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...
N,P pzq ñ Tzp‹q

RÑ
N ñ P pzq Ñ Tz

...
N,Qpzq ñ FzpĲq

RÑ
N ñ Qpzq Ñ Fz

R^
N ñ pP pzq Ñ Tzq ^ pQpzq Ñ Fzq

R@
N ñ @x.ppP pxq Ñ Txq ^ pQpxq Ñ Fxqq

RÑ
ñ N Ñ @x.ppP pxq Ñ Txq ^ pQpxq Ñ Fxqq

Figure 5.12: The beginning of the derivation.

The inner nodes marked with p‹q and pĲq denote that these nodes are companion nodes
for leaves in the continuation of the proof marked with the same symbol. Like in the proof
of Theorem 5.14, z must be a sentence since it occurs in Tz, Fz and P pzq, Qpzq, so we
take

Ž

z to be the same disjunction as before, where we know that it is possible to derive
SentL`

T,F
ñ

Ž

z through a proof in CPA.

The remainder of the proof goes through in much of the same was as the proof of The-
orem 5.14; we first apply a Cut-rule, and then the L_-rule (multiple times) to decompose
the disjunction

Ž

z:

...
SentL`

T,F
pzq ñ

Ž

z

...
z “ ps“. tq, N, P pzq ñ Tz

LD, LD
Dx.Dy.pz “ px“. yqq, N, P pzq ñ Tz

...
z “ ps .̂ tq, N, P pzq ñ Tz

LD, LD
Dx.Dy.pz “ px .̂ yqq, N, P pzq ñ Tz

...
other disjuncts of z

...

...
L_, L_, ... Ž

z,N, P pzq ñ Tz
Cut

N,P pzq ñ Tzp‹q

Figure 5.13: Applying Cut and L_

Likewise along the F -trace on the right-hand branch of Figure 5.12. We will now look
at one example of how a branch may develop further.
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Ax
SentL`

T,F
, N̄, N, P pzq ñ Tz,SentL`

T,F
, P pzq, Qpzq

R_
SentL`

T,F
, N̄, N, P pzq ñ Tz,SentL`

T,F
, P pzq _Qpzq

Ax
SentL`

T,F
, N̄, NnP pzq ñ Tz,SentL`

T,F
LÑ

pP pzq _Qpzqq Ñ SentL`
T,F

, N̄, N, P pzq ñ Tz,SentL`
T,F
pzq

L@
@x.ppP pxq _Qpxqq Ñ SentL`

T,F
q, N̄, N, P pzq ñ Tz,SentL`

T,F
pzq

L_
N̄,N, P pzq ñ Tz,SentL`

T,F
pzq

L“
N̄, z “ ps_. tq, N, P pzq ñ Tz,SentL`

T,F
ps_. tq (cont’d in Figure 5.15)

LÑ
pSentL`

T,F
ps_. tq Ñ pP ps_. tq Ñ pP psq _ P ptqqq, N̄, z “ ps_. tq, N, P pzq ñ Tz

L@, L@
@x.@y.pSentL`

T,F
px_. yq Ñ pP px_. yq Ñ pP pxq _ P pyqqq, N̄, z “ ps_. tq, N, P pzq ñ Tz

L^
z “ ps_. tq, N, P pzq ñ Tz

Figure 5.14: z “ ps_. tq (1)

N,P pzq ñ Tzp‹q
Subst

N,P psq, P pzq ñ Ts
Wk

P psq, N̄, N, P pzq ñ Ts, T t
RT_

P psq, N̄, z “ ps_. tq, N, P pzq ñ Tz

N, P pzq ñ Tzp‹q
Subst

N,P ptq, P pzq ñ Tt
Wk

P ptq, N̄, N, P pzq ñ Ts, T t
RT_

P ptq, N̄, z “ ps_. tq, N, P pzq ñ Tz
L_

P psq _ P ptq, N̄, z “ ps_. tq, N, P pzq ñ Tz

Ax
N̄,N, P pzq ñ Tz, P pzq

L“
N̄, z “ ps_. tq, N, P pzq ñ Tz, P ps_. tq

LÑ
P ps_. tq Ñ pP psq _ P ptqq, N̄, z “ ps_. tq, N, P pzq ñ Tz

Figure 5.15: z “ ps_. tq (2)

The nodes marked with p‹q are buds of the node marked with the same symbol in
Figure 5.12. It is easily verified that in every other branch not shown here, the derivation
will be similar (but dual) to some branch in Theorem 5.14. Thus any occurrence of the
maximality scheme in νKF can be derived in CνKF. In any infinite branch that occurs in
such a derivation, we will pass through some rule of the form RT˚ or RF˚ infinitely often.
This means that any infinite branch has a progressing trace, and therefore the derivation
is a proof in CνKF.

Soundness of CνKF

We can show that the cyclic system CνKF is sound with the greatest fixed point model
as constructed in Section 4.2.2. The proof for the soundness of CνKF follows the same
structure as in the case for CµKF. However, first we introduce a new lemma and corollary,
nearly identical to Lemma 5.9 and Corollary 5.10 respectively, but take into account the
greatest fixed point model:
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Lemma 5.19 (Reflecting falsity). Let G1 be any fixed point model of the greatest fixed
point model construction as in Section 4.2.2. Given an inference step, where r is one of
the inference rules for CνKF:

Γ0 ñ ∆0 ¨ ¨ ¨ Γn ñ ∆nr
Γñ ∆

If G1, ρ |ù
Ź

Γ and G1, ρ *
Ž

∆ for some environment ρ : FVpΓqYFVp∆q Ñ ω interpreting
the free variables of any formula A P Γ Y∆ as natural numbers then there is ρ1 ď ρ and
0 ď i ď n such that G1, ρ1 |ù

Ź

Γi and G1, ρ1 *
Ž

∆i.

Proof. The proof is dual to the proof of Lemma 5.9; the only change we make is that we
replace K1 with G1.

Corollary 5.20. Let d be a be a pre-proof with endsequent Γñ ∆ and let G1 be any fixed
point model of the Kripke construction. If G1, ρ * Γñ ∆ then we can construct an infinite
branch pΓi ñ ∆iqiPω through d and a family of environments pρiqiPω, with ρi`1 ď ρi such
that G1, ρi * Γi ñ ∆i for all i P ω.

This allows us to give the soundness result for CνKF, which is in some sense dual to
the soundness result for CµKF.

Theorem 5.21 (Soundness). If CνKF $ Γñ ∆ then G ( Γñ ∆.

Proof. Let Π be a CνKF proof of Γ ñ ∆ and suppose towards contradiction that G *

Γ ñ ∆. By Corollary 5.20, we can construct an infinite branch pΓi ñ ∆iqiPω and a
corresponding family of evironments pρiqiPω falsifying each sequent Γi ñ ∆i. By the
progressivity condition of Π we know that the infinite branch has a progressing trace. This
means that, by Definition 5.16, either the trace is arithmetic and infinitely often principal
for the Casex-rule for the same free variable x, or it is a truth trace pAiqiPω and infinitely
principal for any rule of the form RT˚ or RF˚, where ˚ P t^,_,@, D, T, F u.

By the proof of Theorem 5.11, we know the trace cannot be a progressing arithmetic
trace, since this would lead to a contradiction. Thus, the progressing trace is a truth trace
pAiqiPω that is infinitely principal for any rule RT˚ or RF˚. Notice that Ai P ∆n0`i for any
n0 ď i. We construct along the branch a sequence of ordinals pαiqiPω such that αi`1 ď αi

and each αi is the least ordinal satisfying Gαi |ù Γi but G
αi * ∆i.

We now show that, whenever Γi ñ ∆i is the conclusion of a RT˚ or RF˚ rule with
principal formula Ai then αi`1 ă αi. Thus, we show that for Ai “ Tr or Ai “ Fr, where
r is some term, whenever Gα * Ai then there exists some β ă α such that Gβ * Ai`1. We
proceed by doing a case distinction on the right truth and falsity rules.

• RT^: Then Ai “ Tr for r “ ps .̂ tq and Gα * Tr. This means that the value of r
is not in the α-th approximation of the model, and consequently the value of s .̂ t is
not either. By the positive inductive definition of Gα, there is a β ă α such that
the values of the terms s and t are not in the β-th approximation of the model, so
Gβ * Ts, T t.
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• RT@: Then Ai “ Tr for r “ p@.x.A and Gα * Tr. This means that the value of r is
in the α-th approximation of the model, and consequently the value of @.x.A is not
either. By the positive inductive definition of Gα, there is a β ă α such that the
value of the term Art{xs is not in the β-th approximation of the model for all t P ω,
so Gβ * TArt{xs for all t P ω.

• RFT : Then Ai “ Fr for r “ T. s and Gα * Fr. This means that the value of r is in
the α-th approximation of the model, and consequently the value of F. s is not either.
By the positive inductive definition of Gα, there is a β ă α such that the value of
the term s is not in the β-th approximation of the model, so Gβ * F. s.

The remaining cases are similar or trivial. This means that αi`1 ă αi for infinitely
many i, since infinitely many formulae in pAiqn0ďiPω are principal for the RT˚ or RF˚

rules, contradicting the wellfoundedness of the ordinals.
So we again end up with a contradiction, and therefore G ( Γñ ∆ has to hold for any

provable sequent Γñ ∆ in Π.



48 CHAPTER 5. CYCLIC PROOF-THEORETIC REPRESENTATIONS OF KF



Chapter 6

Discussion

In this thesis we have introduced cyclic proof systems for the truth theories KF and µKF,
as well as for the theory νKF. This last theory is not discussed in previous literature on
theories of truth, but its proof-theoretic analysis provides an interesting extension to the
development of the cyclic proof system CKF.

The research outcomes of this thesis contribute to bridging the gap between the realm
of cyclic proofs and theories of truth, paving the way to future investigations on the topic.
Both thesis contributions and potential research directions are discussed in more detail in
the next sections.

6.1 Modularity and arbitrary fixed points in cyclic proofs

The cyclic proof systems CµKF and CνKF presented in this thesis have modular pro-
gressivity conditions, meaning that their progressivity conditions rely on a disjunction of
different progressing trace definitions. Furthermore, we have shown how to construct the
system CKF as a simple fragment of CµKF and CνKF. In other words we have demon-
strated that, in certain settings, cyclic proofs can be used to model theories of arbitrary
fixed points (not just the least and the greatest ones) such as KF. The inductive theories
of truth explored in this thesis each have PA as their base theory, so their cyclic formula-
tions have CPA underlying them. This is what a part of, or in the case of KF what all
of, the cyclic reasoning is built on. This also is what allows for the unique presentation
of progressivity in our cyclic proof systems, as either being modular or allowing for some
arbitrary fixed points. Therefore our systems offer a new perspective on progressivity in
the setting of cyclic and ill-founded proofs.

We have shown an embedding of inductive systems into cyclic systems for each of the
theories of truth considered. What is more, we have shown that all three cyclic systems are
sound with respect to their intended semantic models. However, while we have developed
cyclic systems for theories of truth that are sound and embed their inductive counterparts,
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we still do not know if cyclic and inductive theories of truth prove the same theorems:
in other words, it might be the case that our cyclic systems are too permissive in what
they can prove in comparison to their inductive counterparts. In the case of CµKF, one
could answer this question by exploiting the proof-theoretic equivalence between µKF and
ID1, demonstrated by Burgess in [Bur14] This equivalence should be easily extendable to
the cyclic setting. This means that the equivalence CµKF=µKF would be an immediate
consequence of the equivalence ID1=CID1, where the latter system is the cyclic version
of ID1. However, the equivalence of ID1 to CID1 is currently still an open problem (cf.
[DM23] for more on cyclic proofs for inductive definitions). Regardless, further analysis of
this question is very relevant, since ideally we would like our cyclic and inductive systems
to be proof-theoretically equivalent.

6.2 Proof theory for theories of truth

In this thesis we have also strengthened our understanding of the connection between the
semantic constructions of the truth predicate and the corresponding syntactic theories of
truth, by showing how semantic properties are represented in the setting of cyclic proofs.
It would be interesting to further examine this by extending the cyclic proof-theoretic
analysis presented in this thesis to other truth theories. Good candidates for this would be
the theories PKF and VF, introduced in Section 2.2.4, which would likely allow for similar
cyclic systems as KF, since they have roughly the same semantic foundations. Another
option is how to proof-theoretically present truth theories that do not use fixed point
semantics; for instance a theory like FS, which instead uses revision semantics (cf. [Hal14,
p. 145-181]). Furthermore, it might be attractive to develop a cyclic or ill-founded proof
system for some of the disquotational truth theories, since these consist of some very simple
axioms that would potentially be easy to implement in a cyclic sequent calculus system with
progressivity conditions on the truth trace. Despite the fact that disquotational theories
are not considered to be very strong, it can be shown that PUTB proves all the same
arithmetical sentences as KF [Hal14, p. 268]. Therefore, it would be interesting to see if
we can develop a cyclic system for PUTB that is equivalent to CKF in the same way.

Finally, another way to expand on this research is by exploring the relation between
cyclic proofs and tableaux or games, seen as syntactic presentations of semantic truth the-
ories (see [Mea15] / [Wel09]). There is some evidence of the interaction between cyclic
proofs and games that could support this direction, cf. the cyclic proof-theoretic represen-
tation of game logic in [EHK`19]. Looking into this further, and questioning how games
connect to cyclic or ill-founded proofs, especially in the context of truth theories, would
potentially be valuable in answering some of the open questions above, concerning how we
syntactically represent and understand truth.
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