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Discretization of the Interior Neumann Problem using Lusin Wavelets
JAKOB JONSSON AND EMIL TIMLIN
Department of Mathematical Sciences
University of Gothenburg

Abstract
We prove the existence of Hilbert space frames for the complex Hardy subspaces
of L2(T), consisting of simple rational functions whose poles are arranged accord-
ing to a Whitney partition. We also present parts of the classical existence theory
for the Dirichlet and Neumann problems based on layer potentials. We use our
frame to construct new methods—the Casazza-Christensen method (CC method)
and the Whitney method of fundamental solutions (WMFS)—for numerically solv-
ing Laplace’s equation with Neumann boundary data on the unit disk. Our goal
is to resolve problems in computing the solution to high accuracy near the bound-
ary, that is typical for the boundary integral equation method (BIE method). The
methods are implemented in MATLAB and their performances are analyzed. Both
methods converge exponentially when the exact solution is a polynomial, but when
the exact solution is a rational function with a pole just outside of the boundary,
the convergence is considerably slower. For polynomial data, the accuracy of the
new methods near the boundary is much better than for a simple implementation
of the BIE method. Some partial theoretical results related to the convergence and
conditioning of the method of fundamental solutions and the WMFS are proved.
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1
Introduction

When solving a boundary value problem, it is often important to have a good basis
for the space of solutions of the equation. For instance, let H be a Hilbert space
consisting of functions f satisfying Df = 0 on Ω, for some domain Ω ⊂ C and linear
partial differential operator D. Then, a boundary value problem for the partial
differential equation may be formulated asDf = 0 in Ω,

T f = g on ∂Ω,

where T is some trace operator mapping f to its boundary data Tf . Given some
basis (en) for H, one strategy is to write a solution f in its basis expansion

f =
∑

anen

and to impose the boundary condition Tf = g, so that one obtains the linear
equation

g =
∑

anTen (1.1)
where g and Ten are known. Solving for the coefficients an and computing ∑ anen,
one then recovers a solution f with the desired boundary data. Alternatively, given
that Ten is an orthonormal basis (for the space of boundary data), it may be more
efficient to compute the coefficients directly by taking inner products

an = (g, Ten).

While these methods seem simple in theory, there are a few problems that arise.
Firstly, even if many functions (en) satisfying Den = 0 are known, it may be diffi-
cult to construct a basis out of these, and even harder to guarantee that (Ten) is an
orthonormal basis. Secondly, even if a basis is found, the basis should be picked so
that one may approximate f ≈ ∑N

1 anen well with a low number of terms; that is,
at least for some subset of functions in H, such as functions with smooth boundary
data. Thirdly, computing the coefficients (an) should be a well-conditioned opera-
tion, which means that small errors in the data g only result in small errors in the
computed coefficients. Finally, we want a method that works on many domains,
and in particular on domains with rough boundaries without any notable symmetry
properties.
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1. Introduction

In this thesis, we try to solve these problems by relaxing the requirement that
(en), or (Ten), is an orthonormal basis. As our vectors (en), we take a family of
wavelets (ψn). Simply put, this means that each ψn is given by translations and
rescalings of a single so-called mother wavelet ψ. While constructing orthonormal
wavelet bases is a largely solved problem on Rn, these methods are difficult to
generalize to rougher domains. Further, applying the operator T may not result
in an orthonormal basis (Tψn) for the space of solutions, making the coefficients
(an) difficult to compute. Because of this, we instead consider so-called frames - a
generalization of orthonormal bases. Here, the idea is to allow for "too many" basis
vectors, while still requiring that the vectors are evenly distributed in the space
(in a precise sense). This relaxation allows us to create wavelet frames for many
domains, including ones that only have Lipschitz boundaries. Additionally, this
frame structure is more stable than the orthogonality condition, in the sense that
(Tψn) is guaranteed to be a frame if (ψn) is a frame (under certain assumptions on
T ).

1.1 Outline of the thesis
In Chapter 2, we give a more comprehensive introduction to frames, followed by
an introduction to Hardy subspaces – the subspaces of solutions to the partial dif-
ferential equation we solve in Chapter 6. We end the chapter by briefly discussing
wavelets and in particular Lusin wavelets. These Lusin wavelets will be the "basis
vectors" of the frame we dedicate Chapter 3 to constructing. In Chapter 4, we shift
focus to the theory of the interior Neumann problem. Here, we rigorously pose the
boundary value problem of finding a C2 function u : Ω → R such that∆u = 0 in Ω,

∂νu = g on ∂Ω,
(1.2)

where Ω ⊂ Rn is some bounded domain with C2 boundary and g : ∂Ω → R is some
continuous function with

∫
∂Ω g dσ = 0. Using Fredholm theory, we prove existence

and uniqueness (up to an additive constant) of solutions to (1.2). In the last part
of Chapter 4, we show that (1.2) can be reformulated in terms of Hardy subspaces
when Ω ⊂ C, so that the so-called Lusin-Whitney frame constructed in Chapter 3
constitutes a frame for the space of solutions to the partial differential equation.
In Chapter 5, we develop two original methods based on the Lusin-Whitney frame
for solving (1.2). For the first method, called the Whitney method of fundamental
solutions (WMFS), the idea is to compute the coefficients (an) by simply solving
the linear system of equations in (1.1). For the second method, called the Cazzasa-
Christensen (CC) method, the coefficients (an) are instead computed using inner
products.

In Chapter 6, we end the thesis with a comparison between our two methods and two
more conventional methods, namely, the boundary integral equation (BIE) method,
and the method of fundamental solutions (MFS). We find that both the WMFS and
the CC method have an exponential rate of convergence for entire boundary data

2



1. Introduction

(see Figure 6.2), with the WMFS performing well even for less regular data (see
Figure 6.4). These two methods, together with the MFS, also have a high accuracy
near the boundary of the domain (see Figure 6.1), where the BIE method typically
has a large error. Further, the CC method is numerically stable in the sense that
the matrix inverted in the method has a low condition number. This property fails
for the WMFS.

3
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2
Frames, Hardy Subspaces and

Calderón’s Formula

While orthonormal bases have a lot of nice properties, the requirements of orthog-
onality and linear independence are often very restrictive in practice. This limits
the ability to create basis vectors with other nice properties, such as regularity or
localization. The main drawback of orthonormal bases, however, is that their rigid-
ity makes them difficult to construct on arbitrary domains with rough boundaries,
where the tools from Fourier analysis are weaker.

Because of this rigidity, several relaxations of the concept of orthonormal bases
have been proposed. For this thesis, the main notion is something called a frame.
The idea is to allow for "too many" basis vectors so that the basis vectors are not
necessarily linearly independent anymore, but still evenly distributed in the space
(see Figure 2.1). In the first section of this chapter, we give an introduction to the
concept of frames. In the second section, we discuss certain Hilbert spaces called
Hardy subspaces, which are the spaces which we will construct frames for. Finally, we
state and prove Calderón’s formula – a tool for creating wavelet frames for L2(R).
These sections are meant to provide background information on some important
concepts in this thesis, so no original results are presented in this chapter.

2.1 General frame theory
This section is based on the book by Christensen [5], mostly from Chapter 5. Unless
otherwise stated, we will always assume that all Hilbert spaces are complex in this
thesis. Recall that for orthonormal bases, we have Parseval’s identity.

(a) ON-vectors (b) Frame vectors

Figure 2.1: A schematic illustration of orthonormal vectors and frame vectors.
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2. Frames, Hardy Subspaces and Calderón’s Formula

Theorem 2.1.1 (Parseval’s identity). Let (en) be a normalized sequence of vectors
in a Hilbert space H. Then (en) is an orthonormal basis for H if and only if

∥f∥2 =
∑

|(f, en)|2

for every f ∈ H.

Relaxing this identity by replacing the equality with inequalities leads to the defi-
nition of a frame.

Definition 2.1.2 (Frame). A countable collection of vectors (φn) is a frame for a
Hilbert space H if there exist constants 0 < A < B < ∞ so that for all f ∈ H,

A∥f∥2 ≤
∑

|(f, φn)|2 ≤ B∥f∥2.

The numbers A and B are called frame bounds, with A a lower frame bound and B
an upper frame bound. If there exist frame bounds so that A = B, we say that the
frame is tight.

Since inequalities of the type f(x) ≤ Cg(x), where C is some constant independent
of x, will appear a lot in this thesis, we introduce some notation for this.

Definition 2.1.3 (Analyst’s inequality). Let 0 ≤ f(x) ≤ Cg(x) for all x in some
set X, where C ≥ 0 does not depend on x. Then we write

f(x) ≲ g(x),

and similarly
f(x) ≳ g(x)

if f(x) ≥ Cg(x) ≥ 0 (and C > 0). The relations ≲ and ≳ are called the analyst’s
inequalities. If both f ≲ g and g ≲ f , we write f ≃ g and say that f is comparable
to g.

Remark. Some authors use the symbol ≈ to denote what we write as a ≃-relation.
We shall instead let f ≈ g have an informal meaning, namely that f is approximately
equal to g.

With this notation, Definition 2.1.2 can be written as

∥f∥2 ≃
∑

|(f, φn)|2.

We shall now discuss some basic properties of frames. First of all, note that the
definition of a frame does not require (φn) to be a basis. Indeed, (φn) need not be
linearly independent.

Example 2.1.4. Consider the real Hilbert space R2. Then the sequence (φn)N1

6



2. Frames, Hardy Subspaces and Calderón’s Formula

given by φn = (cos 2πn
N
, sin 2πn

N
) is a tight frame, since for f = (f1, f2) we have

N∑
1

|(f, φn)|2 =
N∑
1

(
f1 cos 2πn

N
+ f2 sin 2πn

N

)2

=
N∑
1

(
f 2

1 cos2 2πn
N

+ 2f1f2 cos 2πn
N

sin 2πn
N

+ f 2
2 sin2 2πn

N

)

= N

2 f
2
1 + N

2 f
2
2

= N

2 ∥f∥2.

Clearly, the frame vectors are neither orthogonal nor a basis, yet still satisfy Parse-
val’s identity (up to a constant).

While in this sense frames are far from being orthonormal bases, they still retain
many useful properties of orthonormal bases. Recall that for orthonormal bases
(en), we have the basis expansion f = ∑(f, en)en. Tight frames have an analogous
property.

Proposition 2.1.5. If (φn) is a tight frame for H (A = B), then for every f ∈ H
we have

f = A−1∑
n

(f, φn)φn,

where the series is norm convergent.

For brevity, we skip the proof of this, and instead let it be a corollary of Proposi-
tion 2.1.10 below. For non-orthonormal bases, we do not have f = ∑(f, en)en. For
bases in Hilbert spaces, the coefficients are instead given by the dual set of the basis.

Proposition 2.1.6. Let (en) be a (Schauder) basis for H. Then there exists a
so-called dual basis (e′

n) ⊂ H so that every f ∈ H has the unique representation

f =
∑

(f, e′
n)en.

The basis and its dual basis satisfy the bi-orthogonality condition

(en, e′
m) = δnm.

Proof. Consider the bounded orthogonal projections PN : H → (span (en)n ̸=N)⊥. By
definition, PNen = 0 for all n ̸= N , yet PNeN ̸= 0 as otherwise eN ∈ span (en)n ̸=N .
So for every (norm-convergent) basis expansion, we get

PNf = PN
∑

cnen = cNPNeN .

So the functional f 7→ ∥PNeN∥−2(PNf, PNeN) = cN is bounded and therefore has
some Riesz representation, say e′

N ∈ H. Thus

f =
∑

cnen =
∑

(f, e′
n)en

7



2. Frames, Hardy Subspaces and Calderón’s Formula

This also gives us the bi-orthogonality: Setting f = em we get that

em =
∑
n

cnen =
∑
n

(em, e′
n)en.

As the coefficients cn are unique, and (em, e′
n) = cn = δmn, we get the bi-orthogonality

property.

To see that something similar holds for frames, we need a few operators associated
with the frame.

Definition 2.1.7 (Frame operators). Let (φn) be a frame for H. Then the operators

S : H → H, f 7→
∑
n

(f, φn)φn,

F : H → ℓ2, f 7→ ((f, φn))n,
F ∗ : ℓ2 → H, (cn) 7→

∑
n

cnφn,

are called the frame operator, analyzing operator and synthesizing operator, respec-
tively.

Proposition 2.1.8. Let (φn) be a frame with frame operators defined as above. Then
the series in Definition 2.1.7 are norm convergent. Further, the frame operators are
all bounded, and in addition S = F ∗F is invertible and positive. If the frame is tight
(A=B in Definition 2.1.2), then S = AI = BI, where I is the identity operator.

Proof. We have by the frame bound that

∥Ff∥2 =
∑

|(f, φn)|2 ≃ ∥f∥2,

so both F and F ∗ are bounded. Here, we used the notation ≃ from Definition 2.1.3.
The series ∑ cnφn is norm convergent, since∥∥∥∥∥

M∑
n=N

cnφn

∥∥∥∥∥ = ∥F ∗(PM − PN−1)c∥ ≲ ∥(PM − PN−1)c∥ → 0, M,N → ∞,

where c = (cn) ∈ ℓ2 is fixed and PN : ℓ2 → ℓ2 are orthogonal projections onto
the first N coordinate vectors in ℓ2. A similar argument shows that the series
Sf = ∑

n(f, φn)φn is norm convergent.

Now, it follows immediately from the definitions that we may factorize S = F ∗F , so
S is bounded and positive; hence S is self-adjoint. S is injective with closed range,
since by Cauchy-Schwartz

∥Sf∥∥f∥ ≥ (Sf, f) = (Ff, Ff) =
∑

|(f, φn)|2 ≃ ∥f∥2,

so
∥Sf∥ ≳ ∥f∥. (2.1)

8



2. Frames, Hardy Subspaces and Calderón’s Formula

As S is injective and self-adjoint, the range of S is dense, while at the same time, it
is closed by (2.1). We conclude that S is bijective, so it is invertible. Finally, if the
frame is tight (A = B), we have for an ON-basis (en) that

Sem =
∑
n

(Sem, en)en = Aem +
∑
n̸=m

(Sem, en)en,

so by Parseval’s identity
∥Sem∥2 = A2 + ∥R∥2,

where R = ∑
n̸=m(Sem, en)en. But one can easily see that ∥S∥ ≤ A, so

A2 ≥ ∥Sem∥2 = A2 + ∥R∥2,

which implies R = 0. Thus Sem = Aem for every m, which implies S = AI.

This proposition allows us to define the dual frame of (φn), which mirrors the concept
of a dual basis.

Definition 2.1.9. (Dual frame) For a frame with frame operator S, the sequence
(φ′

n) ⊂ H, where φ′
n := S−1φn, is called the dual frame of (φn).

Note that if the frame (φn) is tight, then the dual frame vectors are just φ′
n = A−1φn.

As the name suggests, if (φn) is a frame, then the dual frame (φ′
n) is a frame

with frame bounds B−1 and A−1. Given the dual frame, one can write each f as
f = ∑(f, φ′

n)φn. Those coefficients need not be unique, however, they are optimal
in the following sense.

Proposition 2.1.10. Let (φn) be a frame for H with (φ′
n) as its dual frame. Further,

let f ∈ H and consider the canonical frame coefficients an = (f, φ′
n) of f . Then

f =
∑

anφn =
∑

(f, φ′
n)φn =

∑
(f, φn)φ′

n, (2.2)

where both series are unconditionally norm-convergent. The coefficients an are op-
timal in the sense that if f = ∑

cnφn for some other coefficients, then∑
|cn|2 =

∑
|cn − an|2 +

∑
|an|2 ≥

∑
|an|2,

Proof. To see that the series in (2.2) converge unconditionally, let σ : N → N be
a permutation, and define the orthogonal projections P σ

N : ℓ2 → ℓ2 with ran P σ
N =

span (eσ(n))N1 . Then
N∑
1

(f, φ′
σ(n))φσ(n) = F ∗P σ

NFS
−1f,

which converges to F ∗FS−1f = f since P σ
N → I in the strong operator topology.

One can similarly show that ∑(f, φn)φ′
n is unconditionally convergent.

Next, we prove that the frame coefficients (an) are norm-minimal. Assume a = (an)
and c = (cn) in ℓ2 are such that an = (f, φ′

n) and

f =
∑

anφn =
∑

cnφn.

9



2. Frames, Hardy Subspaces and Calderón’s Formula

Then ∑
(an − cn)φn = 0,

which means that a − c ∈ ker (F ′)∗ = (ran F ′)⊥, where F ′ is the analyzing frame
operator for (φ′

n). Yet a = F ′f ∈ ran F ′, so a and a − c are orthogonal. By
Pythagoras’ theorem, we obtain that∑

|cn|2 =
∑

|cn − an|2 +
∑

|an|2 ≥
∑

|an|2,

which finishes the proof.

Unfortunately, frames and their duals need not have the bi-orthogonality property.
In fact, this property is equivalent to the frame being a Schauder basis.

Proposition 2.1.11 (Bi-orthogonality). Let (φn) be a frame with dual frame (φ′
n).

Then
(φn, φ′

m) = δn,m for all n,m, (2.3)
if and only if (φn) is also a Schauder basis. The condition in (2.3) is called the
bi-orthogonality property.

Proof. If (φn) is a Schauder basis, then it follows that its dual frame is its dual
basis, which by Proposition 2.1.6 implies bi-orthogonality. For the other direction,
assume that bi-orthogonality holds. This implies that for any f with

f =
∑

anφn =
∑

bnφn,

we have
0 =

∑
(an − bn)φn.

By bi-orthogonality

0 =
∑

(an − bn)(φn, φm) = am − bm,

implying that the coefficients an = bn are unique. Since by Proposition 2.1.10 any
f can be written as

f =
∑

anφn

for an = (f, φ′
n), and these coefficients are unique, it follows by definition that (φn)

is a Schauder basis.

One interpretation of the properties described above is that frames are numerically
stable. Frame series are unconditionally convergent, which means that one can
reconstruct f from its frame coefficients without worrying about finding a canonical
order to sum the series in. Further, frames have good continuity properties. Since
the dual frame is a frame, we have that ∥f∥2 ≲

∑ |(f, φ′
n)|2. This means that frames

have continuity in data: if the coefficients of f1 − f2 are small, then f1 − f2 is small.
In Chapters 5 and 6 we compute the solution f to a boundary value problem by
calculating the frame coefficients (f, φ′

n). In practice, these calculations cannot be

10



2. Frames, Hardy Subspaces and Calderón’s Formula

exact. The continuity in data property, then, ensures that these (hopefully) small
errors do not result in a large error for the final approximation of f . Similarly, the
fact that the frame operator S is invertible implies that given a function f , one
can recover the frame coefficients (f, φ′

n) = (f, S−1φn), and this mapping H ∋ f 7→
((f, φ′

n)) ∈ ℓ2 is continuous.

In general, one way to describe the numerical stability of an operator T is to consider
the so-called condition number κ(T ) of T . When T is an invertible operator, we
define κ(T ) = ∥T∥∥T−1∥. In the context of frame theory, we are interested in the
equation ∑

anφn = f, (2.4)

which using the synthesizing frame operator F ∗ can be written as

F ∗a = f,

where a = (an) ∈ ℓ2. If F ∗ is invertible, one can recover the coefficients (an) from f
by computing a = (F ∗)−1f . Thus, given an approximation f̃ of f , one can compute
approximate coefficients ã = (F ∗)−1f̃ , with an error

∥a− ã∥ = ∥(F ∗)−1(f − f̃)∥ ≤ ∥(F ∗)−1∥∥f − f̃∥.

So errors in the estimated coefficients are amplified by at most a factor of ∥(F ∗)−1∥
relative to the error in f . Likewise, approximate coefficients ã yield an estimate f̃
of f with an error controlled by

∥f − f̃∥ = ∥F ∗(a− ã)∥ ≤ ∥F ∗∥∥a− ã∥.

Thus, if F ∗ is invertible, a low condition number κ(F ∗) implies that numerical errors
are not amplified too much when solving the equation F ∗a = f . To define κ(F ∗)
when F ∗ is not invertible, we need to introduce the so-called pseudoinverse of an
operator.

Definition 2.1.12 (Moore-Penrose pseudoinverse). Let T : H → K be a surjective
operator between Hilbert spaces H and K. Then, the operator T † : K → H with
T † = T ∗(TT ∗)−1 is called the (right) pseudoinverse of T .

Lemma 2.1.13. Given an operator T from Definition 2.1.12, the pseudoinverse T †

is a well-defined operator satisfying TT † = I.

Proof. We begin by showing that TT ∗ is invertible. We may decompose T = T̃P ,
where P : H → (kerT )⊥ is an orthogonal projection and T̃ : (kerT )⊥ → K is
given by T̃ f = Tf for f ∈ (kerT )⊥. Since T is surjective and bounded, we have
that T̃ is bijective and bounded, so by the bounded inverse theorem, it is invertible.
Now, P ∗ : (kerT )⊥ → H is the inclusion operator of (kerT )⊥ into H, since for each
f ∈ (kerT )⊥ and g ∈ H, we may decompose g = g1 + g2 so that g1 ∈ (kerT )⊥ and
g2 ∈ kerT , which implies that

(P ∗f, g) = (f, Pg) = (f, g1) = (f, g)

11
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as (f, g2) = 0. Using this, it follows that PP ∗ = I, so

TT ∗ = T̃PP ∗T̃ ∗ = T̃ T̃ ∗,

which is a product of invertible operators and hence is invertible. Thus

T † = T ∗(TT ∗)−1

is a well-defined operator K → H with

TT † = TT ∗(TT ∗)−1 = I.

When the operator F ∗ is surjective but not injective, one can solve the equation

F ∗a = f,

where f is known, by taking the coefficients a = (F ∗)†f , as then F ∗a = F ∗(F ∗)†f =
f . Like above, we have that errors f̃ in f results in approximated coefficients ã with

∥a− ã∥ ≤ ∥(F ∗)†∥∥f − f̃∥.

This gives the general definition of the condition number of a surjective operator.

Definition 2.1.14 (Condition number). For a surjective operator T : H → K
between Hilbert spaces H and K, we define

κ(T ) = ∥T∥∥T †∥,

where T † is the pseudoinverse of T .

Remark. Note that some authors define κ(T ) = ∞ when T is not an invertible
operator. This should not be confused with our definition.

We are now able to show that the condition number of F ∗ is given by the frame
bounds A and B.

Proposition 2.1.15 (Numerical stability of frames). Let F ∗ be the synthesizing
operator of a frame with frame bounds A and B. Then F ∗ is surjective, and

κ(F ∗) ≤
√
B/A.

If A∗ and B∗ are the optimal frame bounds for the frame, then

κ(F ∗) =
√
B∗/A∗.

Proof. Let A∗ and B∗ be optimal frame bounds, in the sense that

A∗ = sup{A ;A∥f∥2 ≤
∑

|(f, φj)|2 for all f},
B∗ = inf{B ;

∑
|(f, φj)|2 ≤ B∥f∥2 for all f}.

12
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So

A∗ = sup
{
A ;A ≤ ∥Ff∥2

∥f∥2 for all f ̸= 0
}

= inf
0 ̸=f∈H

∥Ff∥2

∥f∥2 ,

B∗ = inf
{
B ; ∥Ff∥2

∥f∥2 ≤ B for all f ̸= 0
}

= sup
0̸=f∈H

∥Ff∥2

∥f∥2 .

But then
√
B∗ = ∥F∥ = ∥F ∗∥ by the definition of the operator norm. Next, we

have that (F ∗)† = F ∗(F ∗F )−1 = FS−1, where S is the frame operator of (φj). But
then

∥(F ∗)†∥ = ∥((F ∗)†)∗∥ = ∥S−1F ∗∥ = sup
0̸=a∈ℓ2

∥S−1F ∗a∥
∥a∥

= sup
0 ̸=a∈(kerF ∗)⊥

∥S−1F ∗a∥
∥a∥

.

Since (kerF ∗)⊥ = ran F , it follows that

sup
0̸=a∈(kerF ∗)⊥

∥S−1F ∗a∥
∥a∥

= sup
0 ̸=a∈ran F

∥S−1F ∗a∥
∥a∥

= sup
f :Ff ̸=0

∥S−1F ∗Ff∥
∥Ff∥

= sup
0̸=f∈H

∥f∥
∥Ff∥

,

where the last step uses that Ff = 0 if and only if f = 0, that is, injectivity of F .
We conclude that

∥(F ∗)†∥ = sup
0̸=f∈H

∥f∥
∥Ff∥

=
(

inf
0 ̸=f∈H

∥Ff∥
∥f∥

)−1

=
√

1/A∗

and consequently
κ(F ∗) = ∥F ∗∥∥(F ∗)†∥ =

√
B∗/A∗.

When A and B are (not necessarily optimal) frame bounds, we have by definition
of A∗ and B∗ that A ≤ A∗ and B ≥ B∗, so it follows that

κ(F ∗) =
√
B∗/A∗ ≤

√
B/A.

To summarize, one can solve frame-type equations like (2.4) (where (φn) is a frame)
in a numerically stable way, at least assuming that the frame bounds satisfy A ≈ B.
In Chapters 5 and 6, we discuss some additional numerical properties of frames,
especially with respect to equations of the type

N∑
1
anφn = f,

where (φn)N1 is a subcollection of frame vectors for some frame (φn)∞
1 .

Beyond numerical stability, frames also have a certain useful theoretical stability
property, namely that they are stable under linear mappings. That is, applying a
bounded surjective operator to a frame yields another frame.

Proposition 2.1.16. Let (φn) be a frame for H and T : H → K be a bounded
surjective operator, where H and K are Hilbert spaces. Then (Tφn) is a frame for
K.

13
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Proof. In the proof of Lemma 2.1.13, we showed that TT ∗ is invertible when T is a
bounded surjective operator. It follows that

∥g∥ ≃ ∥TT ∗g∥ ≲ ∥T ∗g∥ ≲ ∥g∥,

so ∥T ∗g∥ ≃ ∥g∥ for all g ∈ K. Since T is surjective, we may write each g ∈ K as
g = Tf for f ∈ H. Thus

∥g∥2 ≃ ∥T ∗g∥2 ≃
∑

|(T ∗g, φn)|2 =
∑

|(g, Tφn)|2,

since T ∗g ∈ H and (φn) is a frame for H.

Corollary 2.1.17. Let H and K be Hilbert spaces so that H is complex and K
is either real or complex. Further, assume that (φn) is a frame for H and that
T : H → K is a bounded surjective R-linear (not necessarily C-linear) operator.
Then (Tφn) ∪ (Tiφn) is a frame for K.

Proof. The idea is to view H as a real space and to note that Proposition 2.1.16 still
holds in the real case. Equipping H with the real inner product (·, ·)R := Re (·, ·)C,
it follows that (φn) ∪ (iφn) is a frame for H over R (that is, with respect to the real
inner product) since∑(

|(f, φn)R|2 + |(f, iφn)R|2
)

=
∑

|(f, φn)C|2 ≃ ∥f∥2,

for all f ∈ H. Hence, viewing K as a real Hilbert space, it follows from Proposi-
tion 2.1.16 that (Tφn) ∪ (Tiφn) is a frame for K over R. If K is a complex space,
we note that for all g ∈ K,

∥g∥2 ≃ ∥g∥2 + ∥ig∥2 ≃
∑(

|(g, ϕn)R|2 + |(ig, ϕn)R|2
)

=
∑

|(g, ϕn)C|2,

where ϕn = Tφn and ϕ−n = Tiφn.

This property yields a useful way of creating new frames. For our purposes, we
will create a frame (ψj) for the space of solutions to a certain partial differential
equation. Then, we consider the bounded mapping T from the solution space, to
the space of boundary data corresponding to the solutions. By Proposition 2.1.16
(or rather Corollary 2.1.17), this induces a new frame for the space of boundary
data. In Chapters 5 and 6, where this is more thoroughly studied, we show that
these two frames lead to a numerical method for solving the differential equation.

To conclude this section, we introduce the concept of continuous frames. Simply
stated, the idea is to replace the sum in the definition of a frame with an integral,
as integrals are often easier to work with (in analysis).

Definition 2.1.18. Let H be a Hilbert space and (X,µ) be a measure space. We
say that the family (φx)x∈X is a continuous frame for H if there exist constants
0 < A,B < ∞ so that for all f ∈ H,

A∥f∥2 ≤
∫
X

|(f, φx)|2 dµ(x) ≤ B∥f∥2.

14
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Implicitly, this means that we must also require that X ∋ x 7→ (f, φx) ∈ C is
measurable for all f ∈ H. If more regularity is known about this mapping, one
can in certain cases pass from a continuous frame to a (discrete) frame with the
approximation

∥f∥2 ≃
∫
X

|(f, φx)|2 dµ(x) ≈
∑

|(f, cnφxn)|2,

where the points xn ∈ X and coefficients cn are picked so that a ≃-equality is
achieved. Indeed, this is exactly what we set out to do in Chapter 3: we first
construct a continuous frame for a Hardy subspace—the space of solutions to our
partial differential equation—and then sample to obtain a discrete frame.

2.2 Hardy subspaces
This section is partially based on Chapter 1 in Mashreghi [21]. In Chapters 4 and 5,
we solve a partial differential equation involving finding an analytic function with a
certain prescribed boundary value. The L2-subspaces of such boundary values are
called the Hardy subspaces and will be the main topic of this section. Before defining
the Hardy subspaces, we briefly fix some notation and define the L2-space on Γ.

Definition 2.2.1. Let Γ be a C2 simple curve parametrized by ρ : [0, a] → C. Then
the integral over Γ with respect to the complex measure dw is defined as∫

Γ
f(w) dw =

∫ a

0
f(ρ(x))ρ′(x) dx.

Similarly, the arc-length integral is defined as∫
Γ
f(w) |dw| =

∫ a

0
f(ρ(x))|ρ′(x)| dx.

This induces the norm

∥f∥2 = ∥f∥2
L2(Γ) =

∫
Γ

|f(w)|2 |dw|

and inner product

(f, g) = (f, g)L2(Γ) =
∫

Γ
f(w)g(w) |dw|.

Finally, we define L2(Γ) as the complex Hilbert space of all measurable functions
f : Γ → C so that ∥f∥ < ∞.

Throughout the remainder of this chapter, the term domain will always refer to
a non-empty open connected set. For the following definition, recall that C(Ω) =
C(Ω,C) denotes the set of complex-valued continuous functions on some domain Ω,
while A(Ω) means the set of holomorphic functions on Ω.

Definition 2.2.2. Let Ω+ ⊂ C be a bounded simply connected domain with C2

boundary Γ. Denote by Ω− = Ω+c, that is, the exterior of Ω+. Then the Hardy

15
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subspaces of L2(Γ) are defined as

L+
2 (Γ) = {F |Γ ∈ L2(Γ) ;F ∈ C(Ω+), F |Ω+ ∈ A(Ω+)},

L−
2 (Γ) = {F |Γ ∈ L2(Γ) ;F ∈ C(Ω−), F |Ω− ∈ A(Ω−), lim

|z|→∞
F (z) = 0},

where the closure is in the L2(Γ) topology. If Γ is the graph of a C2 function γ on
R, one denotes Ω+ = {x + iy ∈ C ; y > γ(x)} and Ω− = {x + iy ∈ C ; y < γ(x)},
and defines

L+
2 (Γ) = {F |Γ ∈ L2(Γ) ;F ∈ C(Ω+), F |Ω+ ∈ A(Ω+), lim

|z|→∞
z∈Ω+

F (z) = 0},

L−
2 (Γ) = {F |Γ ∈ L2(Γ) ;F ∈ C(Ω−), F |Ω− ∈ A(Ω−), lim

|z|→∞
z∈Ω−

F (z) = 0}.

Remark. In some literature, "Hardy space" refers to a certain space of real-valued
functions. To avoid confusing this with our definition, we will always refer to the
spaces in Definition 2.2.2 as the Hardy subspaces (of L2(Γ)).

Intuitively, the Hardy subspaces consist of boundary values of analytic functions
on Ω+ and Ω−, respectively. Exactly in what sense the functions f ∈ L+

2 are
boundary values is however a delicate matter and requires some more advanced
theory. As such results are not needed in this thesis, we will not dwell on this
topic any further. Moving on, we discuss some equivalent definitions of the Hardy
subspaces for certain nice domains. When Ω+ is the upper-half complex plane or
the unit disk, the Hardy subspaces can be described in terms of Fourier analysis.
For the following proposition, we let f̂(n) = (f, wn) =

∫
T f(w)w−n |dw| denote the

Fourier coefficients of a function in L2(T).

Proposition 2.2.3. Let Ω+ = D, the unit disk, so that Γ = T is the unit circle.
Then

L+
2 (T) = {f ∈ L2(T) ; f̂(n) = 0 for all n < 0},

L−
2 (T) = {f ∈ L2(T) ; f̂(n) = 0 for all n ≥ 0}.

Proof. Assume that f = F |T for some F that is analytic on D and continuous on D.
Then for n < 0

f̂(n) = (f, wn) =
∫
T
f(w)w−n |dw| = −i

∫
T
f(w)w−n−1 dw,

since w̄ = w−1 on T and iw|dw| = dw. Then, by Cauchy’s integral theorem, we
have that ∫

T
f(w)w−n |dw| = −i

∫
T
f(w)w−n−1 dw = 0.

In other words, the continuous functional f 7→ f̂(n) is zero on a (by definition) dense
subset of L+

2 , so it is zero for all of L+
2 . For the other direction, assume that f ∈ L2

16
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with f̂(n) = 0 for all n < 0. Then f is given by the L2-limit

f(w) =
∞∑
0
anw

n,

where each of the partial sums ∑N
0 anw

n ∈ L+
2 . As L+

2 is closed, we must have that
f ∈ L+

2 . The analogous argument shows that f with f̂(n) = 0 for all n ≥ 0 belong
to L−

2 . Finally, assume that f = F |T with F analytic on Ω−, continuous on Ω− and
with F → 0 as |z| → ∞. Again we get that for n ≥ 0

f̂(n) = −i
∫
T
f(w)w−n−1 dw.

To see that this is zero, let ΓR be the counter-clockwise oriented circle centered at
0 with radius R > 1. Then, by deformation of the contour, we get that∣∣∣∣∣

∫
T
f(w)w−n−1 dw

∣∣∣∣∣ =
∣∣∣∣∣
∫

ΓR

F (w)w−n−1 dw

∣∣∣∣∣ ≲ R sup
|w|=R

|F (w)w−n−1| → 0,

as R → ∞.

The argument in the proposition above translates to L2(R), where Fourier series
are replaced by the Fourier transform. For this proposition, f̂(ξ) =

∫
R f(x)e−iξx dx

denotes the Fourier transform of a function in L2(R).

Proposition 2.2.4. Let Ω+ = C+ be the upper-half complex plane, so that Γ = R.
Then

L+
2 (R) = {f ∈ L2(R) ; supp f̂ ⊂ [0,∞)},

L−
2 (R) = {f ∈ L2(R) ; supp f̂ ⊂ (−∞, 0]}.

Proof. Assume that f = F |R ∈ L2 with F analytic on C+, continuous on C+ and
so that F → 0 as |z| → ∞. Then for a fixed ξ < 0 we have by deformation of the
contour that

f̂(ξ) = lim
R→∞

∫ R

−R
f(x)e−iξx dx = lim

R→∞

∫
ΓR

f(z)e−iξz dz,

where ΓR = {Reiθ ; 0 ≤ θ ≤ π} is a clockwise oriented semi-circle in the upper-half
plane with radius R. By Jordan’s lemma, we have that∣∣∣∣∣

∫
ΓR

f(z)e−iξz dz

∣∣∣∣∣ ≲ |ξ|−1 sup
z∈ΓR

|F (z)| → 0.

Thus the L2-bounded mapping f 7→ f̂χ(−∞,0) is zero on a dense subset of L+
2 , so by

continuity it is zero on all of L+
2 .

For the other direction, assume that f ∈ L2 with supp f̂ ⊂ [0,∞) and set fn so that
f̂n = f̂χ[0,n]. Then the functions Fn given by

2πFn(z) =
∫ n

0
f̂(ξ)eiξz dξ

17
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are entire (by for instance an application of Morera’s theorem combined with Fubini’s
theorem) and satisfy Fn|R = fn by Fourier inversion. Finally, for each n and ε > 0
there is some smooth φ with supp φ ⊂ (0, n) so that

|2πFn(z)| ≤
∫ n

0
|f̂(ξ) − φ(ξ)||eiξz| dξ +

∣∣∣∣∣
∫ n

0
φ(ξ)eiξz dξ

∣∣∣∣∣
≤ ε+

∣∣∣∣∣ 1
iz

∫ n

0
φ′(ξ)eiξz dξ

∣∣∣∣∣
≤ 2ε

for z ∈ C+ with |z| sufficiently large. But this means that

lim
|z|→∞
z∈Ω+

F (z) = 0.

Hence fn ∈ L+
2 , so since fn → f and L+

2 is closed, we have that f ∈ L+
2 . Analogous

arguments show that

L−
2 (R) = {f ∈ L2(R) ; supp f̂ ⊂ (−∞, 0]}.

From the propositions above, it follows that L2 splits into L+
2 and L−

2 , where Ω+

is either the unit disk or the upper-half complex plane. Let us summarize our
observations in a single theorem. For this statement, recall that a topological direct
sum H = H1 ⊕H2 means that each f ∈ H has a unique decomposition f = f1 + f2
where fj ∈ Hj and further that the (possibly oblique) projections H ∋ f 7→ fj ∈ Hj

are bounded. It follows from this definition that Hj are closed subspaces of H.

Theorem 2.2.5 (Hardy splitting). Let Ω+ be either the unit disk or the upper-half
complex plane, so that Γ is T or R, respectively. Then we have the topological direct
sum

L2 = L+
2 ⊕ L−

2 ,

where L+
2 and L−

2 are orthogonal. In particular, each f ∈ L2 can be written as
a unique decomposition f = f+ + f− with f+ ∈ L+

2 and f− ∈ L−
2 , where the

decomposition satisfies
∥f∥2 = ∥f+∥2 + ∥f−∥2.

For other domains with smooth boundaries, a version of Theorem 2.2.5 still holds,
namely that L2 = L+

2 ⊕ L−
2 is a topological direct sum. The fact that L+

2 and L−
2

are orthogonal subspaces is however a very special property of the unit disk and
the upper-half complex plane, and does not hold in general for other domains. To
conclude this section, we briefly discuss how the Hardy splitting connects to the
Cauchy integral operators.

Definition 2.2.6. Let Ω+ be a bounded simply connected domain with C2 boundary

18
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Γ. For f ∈ L2(Γ), we define

C+f(z) = 1
2πi

∫
Γ

f(w)
w − z

dw, z ∈ Ω+,

C−f(z) = 1
2πi

∫
Γ

f(w)
w − z

dw, z ∈ Ω−.

By Cauchy’s integral formula, it follows that for f ∈ L+
2 , C+f is the holomorphic

function on Ω+ with f as its boundary value. That is, at least on a dense subset of
L+

2 . So C+ and C− map boundary values in the Hardy subspaces to their analytic
extensions. One might ask what the boundary data of C+f is when f ∈ L2. The
(partial) answer to this is the Sokhotski-Plemelj theorem. To state this theorem, we
need to define the so-called Cauchy integral operator.

Definition 2.2.7 (Cauchy integral operator). Let Ω+ be a bounded simply con-
nected domain with C2 boundary Γ, where Γ is arc-length parametrized by the
function ρ : [0, |Γ|] → C. Then, for w ∈ Γ with w = ρ(s), we define the ε-truncated
Cauchy integral operator on L2(Γ) by

Cεf(w) = Cε
Γf(w) = 1

πi

∫ |Γ|

0

f(ρ(t))
ρ(t) − ρ(s)χε(s− t)ρ′(t) dt,

where χε(s− t) =

1, if |s− t| > ε or
∣∣∣|s− t| − |Γ|

∣∣∣ > ε,

0, otherwise.

The Cauchy integral operator C = CΓ is then defined as the limit C = limε→0 C
ε in

the strong operator topology of L2(Γ).

We shall soon show that C is defined on all of L2(Γ), and is, in fact, a bounded
operator. Before this, however, we state the Sokhotski-Plemelj theorem. For a
stronger version of this theorem, where Γ is the graph of a Lipschitz curve, see
Grafakos [16, Proposition 8.6.1].

Theorem 2.2.8 (Sokhotski-Plemelj). Let Ω+ be a bounded simply connected domain
with C2 boundary Γ. Further, let f = F |Γ ∈ L2, where F is analytic in some
neighborhood of Γ. Then

lim
Ω+∋z→w

C+f(z) = 1
2Cf(w) + 1

2f(w),

lim
Ω−∋z→w

C−f(z) = 1
2Cf(w) − 1

2f(w).

This gives an explicit formula for the boundary data of C+f and C−f . Given that
C is bounded, we may extend various results like Sokhotski-Plemelj from a dense
subset of L2 to all of L2. Before moving on, we show that C is well-defined and
bounded when Ω+ is the unit disk. The proof of this is greatly simplified by the
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fact that (Cε) are so-called convolution operators on this domain, which by the
convolution theorem are diagonalized by the Fourier basis (wn). On other domains,
however, (Cε) are in general not convolution operators, making the boundedness of
C a significantly more difficult problem. For the following theorem, recall that we
defined f̂(n) = (f, wn).

Theorem 2.2.9 (Convolution theorem). Let k ∈ L1(T). We define the convolution
on T as f ∗T k(eis) =

∫ π
−π k(ei(s−t))f(eit) dt. Then for all f ∈ L2(T) and n ∈ Z we

have
f̂ ∗T k(n) = f̂(n)k̂(n).

We can now prove the continuity of the Cauchy integral operator C on the unit
circle. Here, we even have that C is a unitary operator, however this need not be
true on other domains.

Theorem 2.2.10. The Cauchy integral operator C on the unit circle is a well-
defined unitary operator given by C = I on L+

2 and C = −I on L−
2 .

Proof. Consider the operators Ĉεf(n) = Ĉεf(n). By the convolution theorem, we
have that

Ĉεf(n) = f̂ ∗T kε(n)
= f̂(n)k̂ε(n),

where kε(eis) = 1
π

1
1−eisχ|s|>ε (for −π < s ≤ π). We compute

πk̂ε(n) =
∫

|s|>ε

e−ins

1 − eis
ds

=
∫ π

ε

e−ins

1 − eis
ds+

∫ −ε

−π

e−ins

1 − eis
ds

=
∫ π

ε

(
e−ins

1 − eis
+ eins

1 − e−is

)
ds

=
∫ π

ε

e−ins − e−i(n+1)s + eins − ei(n+1)s

1 − e−is − eis + 1 ds

=
∫ π

ε

cosns− cos (n+ 1)s
1 − cos s ds

=
∫ π

ε

cosns− cosns cos s+ sinns sin s
1 − cos s ds

=
∫ π

ε
cosns ds+

∫ π

ε

sinns sin s
1 − cos s ds,

so
k̂ε(n) = 1

π

∫ π

ε
cosns ds+ 1

π

∫ π

ε

sinns sin s
1 − cos s ds.

The proof consists of two steps. First, we show that for k̂(n) := limε→0 k̂ε(n), we
have k̂(n) = 1 for n ≥ 0 and k̂(n) = −1 for n < 0. Second, we show that |k̂ε(n)| ≲ 1,
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uniformly in n and ε. We begin with the first step. We have

k̂(0) = lim
ε→0

1
π

∫ π

ε
1 ds = 1.

For n > 0, we use the formula for a finite geometric sum to conclude that

πk̂(−n) = πk̂(−n) − πk̂(0) + πk̂(0)

= lim
ε→0

∫
|s|>ε

eins − 1
1 − eis

ds+ πk̂(0)

= lim
ε→0

−
∫

|s|>ε

1 − eins

1 − eis
ds+ π

= lim
ε→0

−
n−1∑
m=0

∫
|s|>ε

eims ds+ π

= −π.

Similarly, we obtain (for n > 0) that

πk̂(n) = lim
ε→0

∫
|s|>ε

e−ins − 1
1 − eis

ds+ π

= lim
ε→0

∫
|s|>ε

e−ins1 − eins

1 − eis
ds+ π

= lim
ε→0

∫
|s|>ε

e−ins
n−1∑
m=0

eims ds+ π

= lim
ε→0

−1∑
m=−n

∫
|s|>ε

eims ds+ π

= π.

That is, k̂(n) = 1 if n ≥ 0 and k̂(n) = −1 if n < 0. Next, we show that |k̂ε(n)| ≲ 1,
uniformly in n and ε. Recall that

k̂ε(n) =
∫ π

ε
cosns ds+

∫ π

ε

sinns sin s
1 − cos s ds.

It is immediate that the first term is uniformly bounded in n and ε. For the second
term, we set gn(s) = sinns

s
and h(s) = s sin s

1−cos s and integrate by parts to obtain that

∫ π

ε

sinns sin s
1 − cos s ds =

∫ π

ε
gn(s)h(s) ds =

[
Gn(s)h(s)

]π
ε

−
∫ π

ε
Gn(s)h′(s) ds,

where Gn(s) =
∫ s

0
sinnt
t
dt. Now, h is bounded on [0, π] since

h(s) = O(s2)
s2/2 + O(s4) = O(1)

1 + O(s2) .
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Further, we have that

h′(s) = (sin s+ s cos s)(1 − cos s) − (s sin s) sin s
(1 − cos s)2

= sin s+ s cos s− sin s cos s− s cos2 s− s sin2 s

(1 − cos s)2

=
sin s+ s cos s− 1

2 sin 2s− s

(1 − cos s)2

=
s− s3/6 + O(s5) + s(1 − s2/2 + O(s5)) − 1

2(2s− 8s3/6 + O(s5)) − s

(s2/2 + O(s4))2

= s− s3/6 + s− s3/2 − s+ 2s3/3 − s+ O(s5)
s4/4 + O(s6)

= O(s5)
s4/4 + O(s6)

= O(s)
1 + O(s2) ,

so h′ is also bounded on [0, π]. By a change of variables,

|Gn(s)| =
∣∣∣∣∣
∫ s

0

sinnt
t

dt

∣∣∣∣∣
=
∣∣∣∣∣
∫ ns

0

sin t
t

dt

∣∣∣∣∣.
It is clear that |Gn(s)| ≲ 1 for s < 1/n, so assume that s ≥ 1/n. Then

|Gn(s)| ≤
∣∣∣∣∣
∫ 1

0

sin t
t

dt

∣∣∣∣∣+
∣∣∣∣∣
∫ ns

1

sin t
t

dt

∣∣∣∣∣
≲ 1 +

∣∣∣∣∣
[

− cos t
t

]ns
1

∣∣∣∣∣+
∣∣∣∣∣
∫ ns

1

cos t
t2

dt

∣∣∣∣∣
≲ 1.

We therefore conclude that∣∣∣∣∣
∫ π

ε

sinns sin s
1 − cos s ds

∣∣∣∣∣ =
∣∣∣∣∣
[
Gn(s)h(s)

]π
ε

−
∫ π

ε
Gn(s)h′(s) ds

∣∣∣∣∣
≲ 1 +

∫ π

ε
|Gn(s)h′(s)| ds

≲ 1,

so |k̂ε(n)| ≲ 1 uniformly in n and ε. If we define the Cauchy integral operator C by
Ĉf(n) = k̂(n)f̂(n), then for each f ∈ L2,

∥Ĉεf − Ĉf∥2 =
∑

|k̂ε(n) − k̂(n)|2|f̂(n)|2 → 0

by dominated convergence. Thus, the strong operator topology limit of Cε is a well-
defined operator C with C = I on L+

2 and C = −I on L−
2 (by Proposition 2.2.3).
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2. Frames, Hardy Subspaces and Calderón’s Formula

From Theorem 2.2.10, it follows by a parameterization argument that the Cauchy
integral operator is bounded on other smooth curves as well. In this case, the Cauchy
integral operator is no longer unitary, nor a convolution-type operator.

Corollary 2.2.11. For a simple closed C2 curve Γ, the Cauchy integral operator
CΓ : L2(Γ) → L2(Γ), CΓf = lim

ε→0
Cε

Γf,

is well-defined and bounded.

Proof. To show that (Cε
Γ)ε converges in the strong operator topology to a bounded

operator CΓ, we reduce the case of the general simple closed C2 curve Γ to that
of the unit circle by two transformations. Let γ : [−π, π] → T parameterize T by
γ(t) = eit. Define T : L2(Γ) → L2(T) by f 7→ f ◦ z ◦ Arg , where z : [−π, π] → Γ
parameterizes Γ. T is continuously invertible, since

∥Tf∥2 =
∫ π

−π
|f(z(t))|2 dt ≃

∫ π

−π
|f(z(t))|2|z′(t)| dt = ∥f∥2

and because T−1g = g ◦ γ ◦ z−1 is an inverse of T , where we with a slight abuse of
notation denote z−1 as the inverse of z : (−π, π] → Γ. Now, let C̃ε

Γ : L2(T) → L2(T)
be given by C̃ε

Γ = TCε
ΓT

−1. Then,

Cε
ΓT

−1g(z(s)) = 1
πi

∫ π

−π

T−1g(z(t))
z(t) − z(s)χε(s− t)z′(t) dt

= 1
πi

∫ π

−π

g(γ(z−1(z(t)))
z(t) − z(s) χε(s− t)z′(t) dt

= 1
πi

∫ π

−π

g(γ(t))
z(t) − z(s)χε(s− t)z′(t) dt,

and hence
C̃ε

Γ(eis) = 1
πi

∫ π

−π

g(γ(t))
z(t) − z(s)χε(s− t)z′(t) dt.

Therefore, if Cε = Cε
T is the ε-truncated Cauchy operator on T,

C̃ε
Γg(eis) − Cεg(eis) = 1

πi

∫ π

−π
K(s, t)χε(s− t)g(γ(t)) dt (2.5)

where
K(s, t) = z′(t)

z(t) − z(s) − γ′(t)
γ(t) − γ(s) .

By Taylor’s theorem, we have that

K(s, t) = z′(t)
z(t) − z(s) − γ′(t)

γ(t) − γ(s)

= z′(t)
(t− s)z′(s) + O((t− s)2) − γ′(t)

(t− s)γ′(s) + O((t− s)2)

= (t− s)z′(t)γ′(s) − (t− s)z′(s)γ′(t) + O((t− s)2)
(t− s)2(z′(s) + O(t− s))(γ′(s) + O(t− s))

= z′(t)γ′(s) − z′(s)γ′(t) + O(t− s)
(t− s)(z′(s)γ′(s) + O(t− s)) .
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Applying Taylor’s theorem again to z′(t) and γ′(t) yields the estimate

K(s, t) = z′(t)γ′(s) − z′(s)γ′(t) + O(t− s)
(t− s)(z′(s)γ′(s) + O(t− s))

= z′(s)γ′(s) − z′(s)γ′(s) + O(t− s)γ′(s) + z′(s)O(t− s) + O(t− s)
(t− s)(z′(s)γ′(s) + O(t− s))

= O(1)
z′(s)γ′(s) + O(t− s) .

As z′ and γ′ are continuous and non-zero on [−π, π], it follows that K is continuous
on [−π, π]2 and it thus defines a Hilbert-Schmidt operator on L2(T); the right-hand
side of (2.5) therefore converges to this operator in the strong operator topology.
As also Cεg → Cg (by Theorem 2.2.10), we have

lim
ε→0

C̃ε
Γg = Cg + 1

πi

∫ 2π

0
K(·, t)g(γ(t)) dt;

hence the operators C̃ε
Γ converge in the strong operator topology. But then, since

∥Cε1
Γ f − Cε2

Γ f∥ ≃
∥∥∥C̃ε1

Γ Tf − C̃ε2
Γ Tf

∥∥∥ −→ 0 as ε1, ε2 → 0,

the sequence (Cε
Γf)ε converges for each f . By the Banach-Steinhaus theorem, the

operators Cε
Γ are uniformly norm bounded and therefore the linear operator CΓ

defined by CΓf = limε→0 C
ε
Γf is bounded.

2.3 Calderón’s formula and Lusin wavelets
In this section, which is partially based on Chapter 2 in Daubechies [10], we make
a slight detour into wavelet analysis. In spirit of this, we restrict our attention to
L2(R), which is the most common space discussed in for instance Daubechies [10].
In wavelet analysis, one traditionally constructs a basis for L2(R) by generating a
family of wavelets ψj,k(x) = 2j/2ψ(2jx − k) from a single mother wavelet ψ. For
Calderón’s formula, the idea is to let this family be continuous, which then induces
a continuous frame like in Definition 2.1.18.

For this section, we consider so-called admissible wavelets, which are wavelets fulfill-
ing a weak decay condition. So, assume that ψ ∈ L2(R) satisfies

∫
R(1+|x|)α|ψ(x)| dx

< ∞ for some α > 0, and further that
∫
R ψ(x) dx = 0. Then it follows that

|ψ̂(ξ)| = |ψ̂(ξ) − ψ̂(0)|

≤
∫
R

|ψ(x)||e−iξx − 1| dx

=
∫
R

|ψ(x)|(1 + |x|)α |e−iξx − 1|
(1 + |x|)α dx

≲ sup
x∈R

|e−iξx − 1|
(1 + |x|)α ,
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2. Frames, Hardy Subspaces and Calderón’s Formula

where the constant in the ≲-relation does not depend on ξ. For −π ≤ ξx ≤ π we
have that

|e−iξx − 1|
(1 + |x|)α ≥ |e−iξx − 1|

(1 + |x+ 2πn/|ξ||)α = |e−iξ(x+2πn/|ξ|) − 1|
(1 + |x+ 2πn/|ξ||)α

for each n ∈ Z. Hence

sup
x∈R

|e−iξx − 1|
(1 + |x|)α = sup

x∈[−π/|ξ|,π/|ξ|]

|e−iξx − 1|
(1 + |x|)α

≤ 2
(1 + |π/ξ|)α

= 2|ξ|α

(|ξ| + π)α
≲ |ξ|α.

Therefore, given that
∫
R(1 + |x|)α|ψ(x)| dx < ∞ for some α > 0 and

∫
R ψ(x) dx = 0,

it follows that |ψ̂(ξ)| ≲ |ξ|α, so the two non-negative constants

c+ :=
∫ ∞

0
|ξ|−1|ψ̂(ξ)|2 dξ,

c− :=
∫ 0

−∞
|ξ|−1|ψ̂(ξ)|2 dξ

are finite. For the theorem below, we use the notation ψ̌(x) := ψ(−x) and ψt(x) :=
1
t
ψ(x/t).

Theorem 2.3.1 (Calderón’s formula). Let ψ be an admissible wavelet with constants
c+ and c− as above. Then every f = f+ + f− with f+ ∈ L+

2 (R) and f− ∈ L−
2 (R)

can be written
c+f+ + c−f− =

∫ ∞

0
ψ̌t ∗ ψt ∗ f dt

t
, (2.6)

where the integral is interpreted as the L2-limit

lim
ε→0
R→∞

∫ R

ε
ψ̌t ∗ ψt ∗ f dt

t
.

Proof. The idea of the proof is to take the Fourier transform of (2.6), which then
collapses into a constant times f̂ by the convolution theorem (for R) since the
measure dt

t
is invariant under dilations.

Taking the Fourier transform (with respect to x), we obtain

F
(∫ R

ε
ψ̌t ∗ ψt ∗ f dt

t

)
=
∫ R

ε
F(ψ̌t ∗ ψt ∗ f)dt

t
(2.7)

= f̂(ξ)
∫ R

ε
|ψ̂(tξ)|2dt

t
.
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2. Frames, Hardy Subspaces and Calderón’s Formula

We justify the step (2.7) at the end of the proof. With the change of variables
η = tξ, we obtain for each fixed ξ ̸= 0 that

cε,R(ξ) :=
∫ R

ε
|ψ̂(tξ)|2dt

t
=
∫ Rξ

εξ
|ψ̂(η)|2dη

η
→

c+, ξ > 0,
c−, ξ < 0,

monotonically as ε → 0 and R → ∞. So by monotone convergence

f̂(ξ)
∫ R

ε
|ψ̂(tξ)|2dt

t
→ f̂(ξ)(c+χR+(ξ) + c−χR−(ξ)),

where the limit is in L2. As the Fourier transform is (continuously) invertible, and
since f+ is the function with f̂+ = f̂χR+ by Proposition 2.2.4, we conclude that

c+f+ + c−f− = lim
ε→0
R→∞

∫ R

ε
f ∗ ψ̌t ∗ ψt

dt

t

in L2.

We now justify the step in (2.7). Note that for f ∈ L1 ∩ L2, we have by Young’s
convolution inequality that∫ R

ε

∫
R

|f ∗ ψ̌t ∗ ψt(x)e−iξx| dx dt
t

≤
∫ R

ε
∥ψ̌t∥1∥ψt∥1∥f(x)∥1

dt

t
= C∥ψ∥2

1∥f∥1

< ∞.

Thus, Fubini’s theorem implies that (2.7) holds on a dense set. Now, consider the
L2-operator

T : f 7→ F
(∫ R

ε
ψ̌t ∗ ψt ∗ f dt

t

)
,

that is, the left-hand side of (2.7). For fixed ε and R, the operator T is L2 bounded
since

∥F−1Tf∥2
2 =

∫
R

∣∣∣∣∣
∫ R

ε
ψ̌t ∗ ψt ∗ f dt

t

∣∣∣∣∣
2

dx

≲
∫ R

ε

∫
R

|ψ̌t ∗ ψt ∗ f |2 dx dt
t

(Cauchy-Schwartz)

=
∫ R

ε
∥ψ̌t ∗ ψt ∗ f∥2

2
dt

t

≤
∫ R

ε
∥ψt∥2

1∥ψt∥2
1∥f∥2

2
dt

t
(Young)

≃ ∥f∥2
2.

Further, the operator Sf(ξ) = cε,R(ξ)f̂(ξ) is also L2-bounded since cε,R ≤ max(c+, c−)
pointwise. As we showed above, Sf equals the right-hand side of (2.7). Since S = T
on a dense set, and they are both bounded, we conclude that they agree everywhere.
Hence (2.7) holds for all f ∈ L2.
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2. Frames, Hardy Subspaces and Calderón’s Formula

With a slight reformulation, Calderón’s formula can be stated as an isometry the-
orem for wavelet transforms. Below, we denote C+ = {s + it ∈ C ; t > 0} and
C− = {s+ it ∈ C ; t < 0}.

Theorem 2.3.2. Let ψ ∈ L2(R) be an admissible wavelet with constants c+, c− as
above. For z = s + it ∈ C+, let ψz(x) = ψs+it(x) = |t|−1/2ψ(x−s

t
). Define the

truncated wavelet transforms

Fn : L2(R) → L2(C+, λ(z)|dz|), f 7→ (f, ψz)χ1/n<Re z<n,

where λ(z) = 1
(Re z)2 . Then the strong operator topology limit F = limn→∞ Fn is

called the wavelet transform, and satisfies

∥Ff∥2 = c+∥f+∥2 + c−∥f−∥2,

for all f ∈ L2(R).

Viewed in terms of frame theory, the wavelet transform above is a continuous frame
operator for a tight frame, at least when restricted to L+

2 or L−
2 . That is, for every

f+ ∈ L+
2 ,

c+∥f+∥2 =
∫
C+

|(f, ψz)|2 λ(z)|dz|,

where again the integral needs to be interpreted as a limit. We shall now apply this
formula to a concrete family of wavelets - the so-called Lusin wavelets.

Definition 2.3.3 (Mother Lusin wavelet on R). The mother Lusin wavelet of order
k ≥ 0 is the function

ψ(x) = 1
(x+ i)(k+1) .

Applying the rescaling from Theorem 2.3.2 to the Lusin mother wavelet, we get that

ψz(x) = tk+1

|t|1/2(x− s+ it)k+1 = tk+1

|t|1/2(x− z)k+1 ,

where z = s + it. The Lusin wavelet provides a direct connection between the
wavelet transform and Cauchy’s integral formula, as

(f, ψz) = tk+1

|t|1/2

∫
R

f(x)
(x− z)k+1

dx = tk+1

|t|1/2

∫
R

f(x)
(x− z)k+1 dx = 2πitk+1

k!|t|1/2 F
(k)(z), (2.8)

where F (z) = 1
2πi
∫
R
f(x)
x−z dx is the Cauchy integral of f . Now, it follows directly by

definition that ψ ∈ L+
2 (R), so c+ > 0 and c− = 0. Further, for k ≥ 1, we have

that
∫
(1 + |x|)α|ψ(x)| dx < ∞ and ψ̂(0) =

∫
ψ(x) dx = 0, so the Lusin wavelets are

admissible when k ≥ 1. For such k, we may thus combine (2.8) with Calderón’s
formula to obtain the continuous Lusin frame for L2(R).

27



2. Frames, Hardy Subspaces and Calderón’s Formula

Corollary 2.3.4. Let k ≥ 1. For every f ∈ L2(R) we have

∥f∥2 =
∫
C+

|F (k)(z)|2 λk(z)|dz| +
∫
C−

|F (k)(z)|2 λk(z)|dz|,

where λk(z) = c|t|2k−3.

Given the rigidity of the analytic integrand |F (k)(z)|2, the prospect of discretizing
this continuous frame into a discrete frame of Lusin wavelets is good. Indeed, we
construct such a discretization in Chapter 3, but for the Hardy subspace L+

2 (T)
instead.
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3
Lusin Frame for L+

2 (T)

In this chapter, we construct a continuous frame of Lusin wavelets for the Hardy
spaces on the circle. We then construct an explicit discretization to obtain a discrete
frame for solving a partial differential equation in Chapters 5 and 6. The existence
of frames of Lusin wavelets, as presented in Theorem 3.2.6, is an original result and
is the most important part of this chapter. Section 3.1 contains no original results
(except a uniqueness property discussed in Theorem 3.1.4), but introduces notation
and preparatory theory needed for Section 3.2.

3.1 Continuous frame
For this chapter we consider the domain Ω+ = D+, the unit disk with boundary T
and Ω− = D− as the complement of D+ ∪T. For the application later in this thesis,
it will be inconvenient to have Lusin wavelets with poles z in all of D−, as this set
is unbounded. We shall therefore construct a frame with poles in the domains

D+
δ = {z ; 1

1 + δ
< |z| < 1},

D−
δ = {z ; 1 < |z| < 1 + δ}

instead. One then interprets D+
∞ = D+ and D−

∞ = D−. We want to prove the
following theorem.

Theorem 3.1.1. Let k ≥ 1 be an integer and define the weight function

λk(z) =
∣∣∣log |z|

∣∣∣2k−1
,

with λ(z) := λ1(z). Then for any f ∈ L2(T)

∥f∥2 ≃
∫
D+

δ

|F (k)(z)|2λk(z) |dz| +
∫
D−

δ

|F (k)(z)|2λk(z) |dz| +
k−1∑
n=0

|(f, wn)|2, (3.1)

where F (z) = 1
2πi
∫
T
f(w)
w−z dw. When δ = ∞, (3.1) is an equality (up to a multiplicative

constant).
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Remark. An immediate consequence of Theorem 3.1.1 is that any weight function
µ with µ(z) ≃ λk(z) =

∣∣∣log |z|
∣∣∣2k−1

(on D+
δ ∪ D−

δ ) also yields a ≃-equality like (3.1).
We will use this in the proof of Theorem 3.2.4.

The strategy of the proof is to write f as a Fourier series f(z) = ∑
anz

n and
differentiate term-wise. After passing to polar coordinates, we get (for k = 1) that

∫
D+

δ

|F ′(z)|2λ(z) |dz| = 2π
∞∑
1

|an|2n2
∫ 1

1
1+δ

λ(r)r2n−1 dr,

where an are the Fourier coefficients of f . The weight function λ is picked so that
the error factor n2 ∫ 1

1
1+δ

λ(r)r2n−1 dr is constant when δ = ∞, and comparable to a
constant when δ < ∞. A similar estimate holds for

∫
D−

δ
|F ′(z)|2λ(z) |dz|.

Proof. We only prove the case k = 1, as the argument is the same for higher k,
except with slightly longer calculations. For a general f ∈ L2, we have that f(z) =∑∞

−∞ anz
n in L2, where the series is norm convergent and the Fourier coefficients

satisfy
∥f∥2 = 2π

∑
|an|2,

by Parseval’s identity. We shall only show (3.1) for f ∈ L+
2 , that is, for f with

Fourier coefficients an = 0 for all n < 0 (by Proposition 2.2.3). One can show that
for such f , we have that the Cauchy integral is given by F (z) = ∑∞

0 anz
n when

z ∈ D+ and F (z) = 0 when z ∈ D−. Since the Fourier series converges uniformly on
compact subsets of D+, we may differentiate term-wise to obtain

F ′(z) =
∞∑
1
annz

n−1,

when z ∈ D+. For more concise expressions, we write p = 1
1+δ . Using polar coordi-

nates, orthogonality of zn, and Tonelli’s theorem, we may then calculate
∫
D+

δ

|F ′(z)|2λ(z) |dz| =
∫ 1

p

∫ 2π

0
|F ′(reiθ)|2λ(reiθ)r dθ dr

=
∫ 1

p
λ(r)r

∫ 2π

0

∣∣∣∣∣
∞∑
1
ann(reiθ)n−1

∣∣∣∣∣
2

dθ dr

= 2π
∫ 1

p
λ(r)r

∞∑
1

|annrn−1|2 dr

= 2π
∞∑
1

|an|2n2
∫ 1

p
λ(r)r2n−1 dr.

Here, we used the slight abuse of notation λ(r) to denote λ(z) for some |z| = r,
which is well defined since λ is radial. To show that the factor 2πn2 ∫ 1

p λ(r)r2n−1 dr
is comparable to a constant, it suffices to show that it has a finite, positive limit as
n → ∞, since it is strictly positive for each n. Since k = 1, we get by integration
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by parts that

lim
n→∞

n2
∫ 1

p
λ(r)r2n−1 dr = lim

n→∞
n2
∫ 1

p
(− log r)r2n−1 dr

= lim
n→∞

(
n

2

[
(− log r)r2n

]1

p

+ n

2

∫ 1

p
r2n−1 dr

)

= 1
4 ,

and actually n2 ∫ 1
p (− log r)r2n−1 dr = 1/4 for all n > 0 when p = 0, that is, when

δ = ∞. For k > 1, the corresponding error factor can be estimated by iterating
integration by parts. Since the limit is finite, we get that∫

D+
|F ′(z)|2λ(z) |dz| = 2π

∞∑
1

|an|2n2
∫ 1

p
λ(r)r2n−1 dr

≃
∞∑
1

|an|2,

which by Parseval’s identity implies

∥f∥2 ≃
∫
D+

δ

|F ′(z)|2λ(z) |dz| + |(f, 1)|2. (3.2)

Analogous calculations show that for f ∈ L−
2 we have

∥f∥2 ≃
∫
D−

δ

|F ′(z)|2λ(z) |dz|. (3.3)

Since ∥f∥2 = ∥f+∥2 + ∥f−∥2 by Theorem 2.2.5, combining (3.2) and (3.3) concludes
the proof.

Remark. The assumption that k ≥ 1 is sharp, and loosely corresponds to the
fact that Lusin wavelets of order k = 0 are "degenerate" (or inadmissible, in the
terminology of Section 2.3). To see that (3.1) fails for k = 0, note that for f ∈ L+

2
we have by calculations like in the proof above that∫

D+
δ

|F (z)|2λ(z) |dz| = 2π
∞∑
0

|an|2
∫ 1

p
λ(r)r2n+1 dr

for any radial weight function λ (that is, any non-negative radial λ). Taking f(w) =
wn (with n ≥ 0), we get that a necessary condition on λ for (3.1) to hold is that

0 < inf
n

∫ 1

p
λ(r)r2n+1 dr.

But by monotone convergence, we have

lim
n→∞

∫ 1

p
λ(r)r2n+1 dr =

∫ 1

p
lim
n→∞

λ(r)r2n+1 dr = 0.
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Theorem 3.1.1 should be interpreted as a continuous frame from Definition 2.1.18,
except that a finite number of additional frame vectors wn (for n = 0, . . . , k− 1) are
needed to complete the frame. Expanding the expression for the Cauchy integral,
we see that

F (k)(z) = ck

∫
T

f(w)
(w − z)k+1 dw = ck

∫
T

f(w)
(w − z)k+1 iw |dw| = ck(f, iwψz),

where ψz(w) = (w − z)−(k+1).

Definition 3.1.2 (Lusin wavelet on T). Let k ≥ 0 be an integer and q ∈ C \ T.
Then the unnormalized Lusin wavelet of order k, with its pole at q, is

ψq(w) = 1
(w − q)k+1 , w ∈ T.

The (normalized) Lusin wavelet of order k, with its pole at q, is then

ψq(w) = dq
(w − q)k+1 , w ∈ T,

where dq > 0 is chosen so that ∥ψq∥ = 1. Unless otherwise stated, ψq denotes the
normalized Lusin wavelet, but in some cases, we will use the same notation for the
unnormalized Lusin wavelet.

With this terminology established, Theorem 3.1.1 can be restated as

∥f∥2 ≃
∫
D+

δ

|(f, iwψz)|2λk(z) |dz| +
∫
D−

δ

|(f, iwψz)|2λk(z) |dz| +
k−1∑
n=0

|(f, wn)|2

for all f ∈ L2. That is, the family of unnormalized modified Lusin wavelets
(iwψz)z∈D+

δ
∪D−

δ
of order k is a continuous frame for L2, up to a finite number of

additional vectors wn.

From the proof of Theorem 3.1.1, we see that the weight function λk(z) =
∣∣∣log |z|

∣∣∣2k−1

does not yield a tight continuous frame when δ < ∞. That is, (3.1) is not an
equality for this weight unless δ = ∞. Of course, there might still exist some other
weight, possibly depending on δ, so that (3.1) is an equality. Unfortunately, this is
not possible. To prove this, we need a certain uniqueness theorem from complex
analysis. See Rubel [22, Theorem 1] for a proof.

Theorem 3.1.3 (Carlson’s theorem). Let f ∈ A(C) be such that there exists con-
stants A and B, with B < π, such that

1. |f(z)| ≲ eA|z|,

2. |f(iy)| ≲ eB|y| for all y ∈ R, and

3. f(n) = 0 for all n ∈ N.
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Then f is identically zero.

Remark. One can relax condition 3 to allow for a finite number of exceptions. To
see this, assume that f is some entire function satisfying conditions 1 and 2, and
further that f(n) = 0 for all n ≥ N . Then, by taking p as a polynomial with
p(n) = 0 for 0 ≤ n ≤ N , we get that all conditions 1-3 hold for fp. Thus fp, and
subsequently f , is identically zero.

With this, we may prove the following statement.

Theorem 3.1.4. When δ < ∞ and k ≥ 1, there is no weight function λ ≥ 0 so that
(3.1) is an equality.

For a radial weight function λ̃, the strategy is to study the entire function

G(z) = z2
∫ 1

p
λ̃(r)r2z−1 dr − 1,

where p = 1
1+δ > 0. If the frame is tight (for k = 1), then setting f(w) = wn in (3.1)

implies

2π =
∫
D+

δ

|F ′(z)|2λ̃(z) |dz| = 2πn2
∫ 1

p
λ̃(r)r2n−1 dr

for n ≥ 1. Therefore G is zero on all natural numbers (except 0), so by Carlson’s
theorem (with condition 3 relaxed as in the remark above) it must be zero for all
z ∈ C. This then leads to a contradiction since G(0) = −1.

Proof. For simplicity, this proof only covers the case k = 1. By way of contradiction,
we assume that (3.1) is an equality. In particular, this means that

∥f∥2 =
∫
D+

δ

|F ′(z)|2λ(z) |dz| + |(f, 1)|2

for all f ∈ L+
2 .

Claim: λ may be replaced by a radial (non-negative) weight λ̃.

Since the translation τθ : L+
2 → L+

2 given by τθf(w) = f(weiθ) is unitary, we get
that

∥f∥2 − |(f, 1)|2 = ∥τθf∥2 − |(τθf, τθ1)|2

= ∥τθf∥2 − |(τθf, 1)|2

=
∫
D+

δ

|F ′(zeiθ)|2λ(z) |dz|
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for all θ. Passing to polar coordinates, and integrating over θ, we can rewrite

∥f∥2 − |(f, 1)|2 = 1
2π

∫ 2π

0

(
∥τθf∥2 − |(τθf, 1)|2

)
dθ

= 1
2π

∫ 2π

0

∫
D+

δ

|F ′(zeiθ)|2λ(z) |dz| dθ

= 1
2π

∫ 2π

0

∫ 1

p

∫ 2π

0
|F ′(reiθ+iϕ)|2λ(reiϕ)r dϕ dr dθ.

From the change of variables φ = θ + ϕ, dφ = dϕ, together with Tonelli’s theorem
and periodicity we get that

∥f∥2 − |(f, 1)|2 = 1
2π

∫ 1

p
r
∫ 2π

0

∫ 2π

0
|F ′(reiθ+iϕ)|2λ(reiϕ) dϕ dθ dr

= 1
2π

∫ 1

p
r
∫ 2π

0

∫ 2π

0
|F ′(reiφ)|2λ(reiφ−iθ) dφ dθ dr

=
∫ 1

p
r
∫ 2π

0
|F ′(reiφ)|2

(
1

2π

∫ 2π

0
λ(reiφ−iθ) dθ

)
dφ dr

=
∫
D+

δ

|F ′(z)|2λ̃(z) |dz|,

where λ̃(z) = 1
2π
∫ 2π

0 λ(|z|eiφ)dφ is radial. Note in particular that for f = wn for
n ≥ 1, we get (from the calculations in the proof of Theorem 3.1.1) that

2π = ∥wn∥2 = 2πn2
∫ 1

p
λ̃(r)r2n−1 dr. (3.4)

With this established, we define the function

G(z) = z2
∫ 1

p
λ̃(r)r2z−1 dr − 1.

Claim: G is well defined and identically zero on all of C.

Let us begin by noting that
∫ 1
p λ̃(r) dr < ∞ since by assumption

2π
∫ 1

p
λ̃(r)r2−1 dr = ∥w∥2 < ∞,

so ∫ 1

p
λ̃(r) dr ≲

∫ 1

p
λ̃(r)r2−1 dr < ∞.

Then the integral in G converges for every z ∈ C, since∫ 1

p
|λ̃(r)r2z−1| dr ≲

∫ 1

p
λ̃(r)r−2|z| dr

≤ p−2|z|
∫ 1

p
λ̃(r) dr

≲ e(−2 log p)|z|.
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From this, the usual application of Morera’s theorem together with Fubini’s theorem
implies that G is an entire function. The estimate on

∫ 1
p |λ̃(r)r2z−1| dr also shows

that |G(z)| ≲ eA|z| for some constant A, which means that condition 1 of Carlson’s
theorem is satisfied. Further, condition 2 holds as for y ∈ R

|G(iy)| ≤ |y|2
∫ 1

p
|λ̃(r)riy−1| dr + 1 = |y|2

∫ 1

p
λ̃(r)r−1 dr + 1 ≃ |y|2 + 1.

Finally, we have by assumption and (3.4) that G(n) = 0 for all n ∈ Z>0. Hence
Carlson’s theorem implies that G is identically zero. But this is impossible since

G(0) = 02
∫ 1

p
λ̃(r)r−1 dr − 1 = −1.

This contradiction concludes the proof.

We shall now discretize the continuous frame of Theorem 3.1.1 to obtain a frame of
Lusin wavelets for L+

2 and L−
2 , respectively.

3.2 Discrete frame
The goal of this section is to use Theorem 3.1.1 to construct a collection of Lusin
wavelets ψj(z) = cj(z − qj)−(k+1) with poles (qj) ⊂ D−

δ so that (ψj) is a frame for
L+

2 , that is, so that
∥f∥2 ≃

∑
|(f, ψj)|2

for all f ∈ L+
2 . To discretize the continuous frame, we partition the domains D+

δ

and D−
δ into a collection of sets (Qj) with the special property that their "radii" are

comparable to the distances d(Qj,T). Such a setup is called a Whitney partition.

Definition 3.2.1 (Whitney partition). A family of sets (Qj), with Qj ⊂ D+
δ , is

called an ε-fine Whitney partition of D+
δ if

1. ⊔Qj = D+
δ (up to a null set),

2. there exists open balls Bj = BRj
(qj) and B′

j = Brj
(qj) so that B′

j ⊂ Qj ⊂ Bj

and Bj ⊂ D+, where rj ≃ Rj uniformly in j and ε,

3. ε

2 ≤ Rj

d(qj,T) ≤ ε for all j.

The sets Qj are called Whitney regions, and the corresponding (non-unique) points
qj are called their mid-points. The analogous conditions define a Whitney partition
for D−

δ .

It is a theorem by Whitney that every (non-trivial) open set in Rn has a Whitney
partition. For our domain, we explicitly make this partition by picking parts of

35



3. Lusin Frame for L+
2 (T)

Figure 3.1: A Whitney partition of D+
1 - the annulus with outer radius 1 and inner

radius 1/2. The region D+
1 is marked with gray. Each enclosed part of the shaded

area is a Whitney region Qj.

circle sectors as our Whitney regions. That is,

Qj = {z ∈ C ; aj < |z| < bj, cj < Arg z < dj}

for some constants aj, bj, cj and dj depending on the parameter ε. Then, we let

qj = aj + bj
2 ei

cj +dj
2

be their corresponding midpoints. See Figure 3.1 for an illustration of a Whitney
partition. As we shall see later, this kind of partition will be useful for constructing
the discrete frame since the proportions of the Whitney regions work well with the
Poincaré-Wirtinger inequality. Before discussing this, we prove a covering lemma of
the partition, allowing us to pass from working on the possibly irregular sets Qj to
the more well-behaved balls Bj.

Lemma 3.2.2 (Finite covering property). Fix ε < 1/3. Let (Qj) be an ε-fine
Whitney partition of D+

δ (or D−
δ ) with corresponding balls Bj from Definition 3.2.1.

Then we have that ∑
χBj

≃ 1

almost everywhere on D+
δ (or D−

δ ), where the constants in the ≃-relation do not
depend on ε or δ.
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Proof. Let z be covered by, possibly infinitely many, balls Bj, where j = 1, 2, . . .
(after re-indexing the partition (Qj)). Then, writing d(z) = d(z,T), we have

|qj − z| ≤ Rj ≤ εd(qj) ≤ ε(|qj − z| + d(z)),

so
|qj − z| ≤ ε

1 − ε
d(z).

Thus every qj is contained in the ball B centered at z with radius r = ε
1−εd(z). This

means that the disjoint balls B′
j = Brj

(qj) all intersect B (see Figure 3.2). We shall
measure ∪(B′

j ∩B) to show that the number of balls B′
j intersecting B is bounded.

The fact that qj ∈ B while all B′
j are disjoint means that at most one ball B′

j0 has a
radius rj0 ≥ r. Then, we must have for every j ̸= j0 that m(B′

j ∩ B) ≥ αm(B′
j) for

some fixed proportion α depending only on the dimension. For instance, α = 1/4
works in R2. As all B′

j ∩ B are disjoint, we get by σ-additivity and monotonicity
that

m(B) ≥
∑
j ̸=j0

m(B′
j ∩B) ≥ α

∑
j ̸=j0

m(B′
j) = απ

∑
j ̸=j0

r2
j .

But their radii are bounded from below by

rj ≥ CRj

≥ Cεd(qj)/2

≥ Cε

2 d(B,T).

Letting w ∈ B and t ∈ T be arbitrary, we have that

|t− w| ≥ |t− z| − |z − w|
≥ |z − t| − r

≥ d(z) − r

= 1 − 2ε
1 − ε

d(z),

so d(B,T) ≥ 1−2ε
1−ε d(z). Therefore

rj ≥ Cε

2 d(B,T) ≥ Cε(1 − 2ε)
2(1 − ε) d(z) ≳ r,

since ε < 1/3. Hence, letting J denote the (necessarily finite) number of balls B′
j

intersecting z, we get

m(B) ≳
J∑
j=1
j ̸=j0

r2 ≥ (J − 1)r2

and at the same time m(B) = πr2. We conclude that

J ≲ 1
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z

B

q1

B′
1

q2

B′
2

q3

B′
3

q4

B′
4

q5

B′
5

Figure 3.2: A schematic illustration of the balls in the proof of Lemma 3.2.2.

uniformly in z, ε and δ. Passing to the original indexation of the Whitney regions
Qj, we deduce that ∑

χBj
≲ 1

for each z ∈ D+
δ or D−

δ . So, up to a null set, we have
∑

χQj
≃ 1.

With this covering lemma established, the only remaining tool needed is the Poincaré-
Wirtinger inequality. For simplicity, we state here a slightly weaker version of the
usual formulation, as the concepts of weak derivatives and Sobolev spaces are not
needed in this thesis. Here, we consider the L2(Ω)-norm given by ∥·∥2

Ω =
∫

Ω | · |2 |dz|,
where |dz| is the area measure on the set Ω ⊂ C.

Theorem 3.2.3 (Poincaré-Wirtinger inequality). Let f ∈ C1(Ω) be defined on some
open set Ω ⊂ C containing a closed ball B = Br(q). Further, let fB = 1

|B|
∫
f |dz| be

the average of f over B. Then

∥f − fB∥B ≲ r∥∇f∥B,

where the constant in the ≲-relation does not depend on f or B.

This theorem has an even simpler form for analytic functions. Given f ∈ A(Ω),
so that B = Br(q) ⊂⊂ Ω, we have by the mean value property (for disks) that
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fB = f(q). Then, writing f = u+ iv for real u and v, Poincaré-Wirtinger implies

∥f − f(q)∥2
B = ∥u− uB∥2

B + ∥v − vB∥2
B

≲ r2
(
∥ux∥2

B + ∥uy∥2
B + ∥vx∥2

B + ∥vy∥2
B

)
= 4r2∥f ′∥2

B,

where the last step follows from the Cauchy-Riemann equations. So

∥f − f(q)∥B ≲ r∥f ′∥B. (3.5)

One interpretation of (3.5) is that if the right-hand side is small, then f is well
estimated by sampling it in the midpoint q. We are now ready for the discrete
version of Theorem 3.1.1.

Theorem 3.2.4. Let k ≥ 1 and 0 < δ < ∞ be fixed. Then there is some ε0,
depending on k and δ, with the following property. If ε < ε0, and (pj) and (qj) are
midpoints of ε-fine Whitney partitions of D+

δ and D−
δ , respectively, then it holds that

∥f∥2 ≃
∑
j

cj|F (k)(pj)|2 +
∑
j

dj|F (k)(qj)|2 +
k−1∑

0
|(f, wn)|2

for all f ∈ L2, where F is the Cauchy integral of f and

cj ≃ ε2
∣∣∣1 − |pj|

∣∣∣2k+1
, dj ≃ ε2

∣∣∣1 − |qj|
∣∣∣2k+1

.

By Theorem 3.1.1, we have that

∥f∥2 ≃
∫
D+

δ

|F (k)(z)|2λk(z) |dz| +
∫
D−

δ

|F (k)(z)|2λk(z) |dz| +
k−1∑
n=0

|(f, wn)|2.

The goal of the proof is to approximate∫
D−

δ

|F (k)(z)|2 λk(z)|dz| =
∑
j

∫
Qj

|F (k)(z)|2 λk(z)|dz| ≈
∑

dj|F (k)(qj)|2, (3.6)

where Qj are the Whitney regions of D−
δ . If the Whitney partition is fine enough,

F (k) will be close to constant on Qj, so that (3.6) will hold. To show this, the critical
step is that ∫

Bj

|F (k)(z) − F (k)(qj)|2 |dz| ≲ R2
j

∫
Bj

|F (k+1)(z)|2 |dz|,

where (Bj) are the balls from Definition 3.2.1 that in some sense approximate (Qj).
We then show that the right-hand side is small by applying Theorem 3.1.1 of the
order k + 1.
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Proof. We only prove the case k = 1 as the same argument applies for larger k.
Further, the estimate is only proved for f ∈ L−

2 . Let ε ∈ (0, 1/3) be fixed, and let
(Qj) be the Whitney regions of an ε-fine Whitney partition of D−

δ , with (qj) as their
corresponding midpoints. Note that Theorem 3.1.1 is formulated in terms of the
weight function

∣∣∣log |z|
∣∣∣, but it actually follows that the same ≃-equality holds for

any λ(z) ≃
∣∣∣log |z|

∣∣∣. In particular, given δ < ∞, we may take λ(z) =
∣∣∣1 − |z|

∣∣∣ =
d(z,T). This will pair well with the geometry of the Whitney partition and the
scaling of the Poincaré-Wirtinger inequality.

Define the norms ∥ · ∥2
Ω =

∫
Ω | · |2 |dz| and ∥ · ∥2

V (Ω) =
∫

Ω | · |2 λ(z)|dz|. Then, setting

dj = ∥1∥2
V (Qj) =

∫
Qj

∣∣∣1 − |z|
∣∣∣ |dz| ≃

∣∣∣1 − |qj|
∣∣∣R2

j ≃ ε2
∣∣∣1 − |qj|

∣∣∣3,
we have that∣∣∣∣∣∥F ′∥2

V (D−
δ

) −
∑
j

dj|F ′(qj)|2
∣∣∣∣∣ =

∣∣∣∣∣∑
j

(
∥F ′∥2

V (Qj) − ∥F ′(qj)∥2
V (Qj)

)∣∣∣∣∣
≤
∑
j

∣∣∣∥F ′∥2
V (Qj) − ∥F ′(qj)∥2

V (Qj)

∣∣∣.
By the reverse triangle inequality, it follows that∣∣∣∥F ′∥2

V (Qj) − ∥F ′(qj)∥2
V (Qj)

∣∣∣ =
∣∣∣∥F ′∥V (Qj) − ∥F ′(qj)∥V (Qj)

∣∣∣ · (∥F ′∥V (Qj) + ∥F ′(qj)∥V (Qj)
)

≤ ∥F ′ − F ′(qj)∥V (Qj)︸ ︷︷ ︸
=:I

·
(
∥F ′∥V (Qj) + ∥F ′(qj)∥V (Qj)

)
︸ ︷︷ ︸

=:II

.

We begin by estimating I.

Claim: I ≲ ε∥F ′′λ∥V (Bj).

Since λ is approximately constant on Qj, and as Qj ⊂ Bj = BRj
(qj), we have

I = ∥F ′ − F ′(qj)∥V (Qj)

≃ λ(qj)1/2∥F ′ − F ′(qj)∥Qj

≤ λ(qj)1/2∥F ′ − F ′(qj)∥Bj
.

By (3.5), we have the estimate

∥F ′ − F ′(qj)∥Bj
≤ CRj∥F ′′∥Bj

,

where C does not depend on j or ε. By condition 3 from Definition 3.2.1, we have
that

Rj ≃ ελ(qj).
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We have therefore obtained that

I ≲ λ(qj)1/2∥F ′ − F ′(qj)∥Bj
(Qj ⊂ Bj)

≲ λ(qj)1/2Rj∥F ′′∥Bj
(Poincaré-Wirtinger)

≃ ελ(qj)3/2∥F ′′∥Bj
(Whitney condition 3)

≃ ε∥F ′′λ∥V (Bj).

The bound on II follows almost immediately from this estimate.

Claim: II ≲ ∥F ′∥V (Qj) + ∥F ′′λ∥V (Bj).

From the estimate of I, we get∣∣∣∥F ′∥V (Qj) − dj|F ′(qj)|
∣∣∣ ≤ ∥F ′ − F ′(qj)∥V (Qj) ≲ ε∥F ′′λ∥V (Bj).

In particular,
dj|F ′(qj)| ≲ ∥F ′∥V (Qj) + ε∥F ′′λ∥V (Bj).

Since ε < 1, we may bound II by

II = ∥F ′∥V (Qj) + dj|F ′(qj)| ≲ ∥F ′∥V (Qj) + ∥F ′′λ∥V (Bj).

Multiplying I by II and summing over j, together with the inequality 2ab ≤ a2 + b2,
gives the total estimate

∑
j

I · II ≲ ε
∑
j

(
∥F ′′λ∥V (Bj)∥F ′∥V (Qj) + ∥F ′′λ∥2

V (Bj)

)

≲ ε
∑
j

(
∥F ′∥2

V (Qj) + ∥F ′′λ∥2
V (Bj)

)
= ε∥F ′∥2

V (D−
δ

) + ε
∑
j

∥F ′′λ∥2
V (Bj).

For the second term ∑
j ∥F ′′λ∥2

V (Bj), note that some of the balls Bj might not be
contained in D−

δ . Namely, if Qj borders the "outer boundary" ∂B1+δ(0), then Bj ̸⊂
D−
δ . However if z ∈ Bj = BRj

(qj), then

d(z,D−
δ ) ≤ |z − qj| ≤ Rj ≤ εd(qj) ≤ εδ ≤ δ,

if ε ≤ 1. Therefore ∪Bj ⊂ D−
2δ. By Lemma 3.2.2, we can pass ∑j ∥F ′′λ∥2

V (Bj) to an
integral over D−

2δ:

∑
j

∥F ′′λ∥2
V (Bj) =

∥∥∥∥F ′′λ3/2
(∑

χBj

)1/2∥∥∥∥2

D−
2δ

≲ ∥F ′′λ∥2
V (D−

2δ
).

By the frame bound of Theorem 3.1.1, we deduce that

∥F ′′λ∥2
V (D−

2δ
) ≃ ∥f∥2 ≃ ∥F ′∥2

V (D−
δ

).
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Thus ∑
j

∣∣∣∣∣∥F ′∥2
V (Qj) − dj|F ′(qj)|2

∣∣∣∣∣ ≤
∑
j

I · II ≲ ε∥F ′∥2
V (D−

δ
).

This implies that∣∣∣∣∣∥F ′∥2
V (D−

δ
) −

∑
j

dj|F ′(qj)|2
∣∣∣∣∣ =

∣∣∣∣∣∑
j

(
∥F ′∥2

V (Qj) − dj|F ′(qj)|2
)∣∣∣∣∣ ≲ ε∥F ′∥2

V (D−
δ

).

So, for some constant C independent of ε (but dependent on k and δ), we have that

(1 − Cε)∥F ′∥2
V (D−

δ
) ≤

∑
j

dj|F ′(qj)|2 ≤ (1 + Cε)∥F ′∥2
V (D−

δ
).

Picking ε < 1/C and applying the frame bound of Theorem 3.1.1 gives the conclusion

∥f∥2 ≃
∑

dj|F ′(qj)|2

for all f ∈ L−
2 . Using analogous estimates for D+

δ , we get that∫
D+

δ

|F ′(z)|2λ(z) |dz| ≃
∑

cj|F ′(pj)|2

for all f ∈ L+
2 . With Theorem 2.2.5, we get the final result

∥f∥2 ≃
∑
j

cj|F ′(pj)|2 +
∑
j

dj|F ′(qj)|2 + |(f, 1)|2

for f ∈ L2.

The proof of Theorem 3.2.4 is the most important argument of this section. Using
this theorem, we can prove the main result of this chapter - that Lusin wavelets
constitute a frame. For this theorem, we need to estimate the norm of the un-
normalized Lusin wavelets. Therefore, we take the opportunity to present a few
additional calculations that will be useful in Chapter 5.

Lemma 3.2.5. Let ψp(z) = (z − p)−(k+1) and ψq(z) = (z − q)−(k+1). Then, given
that either p, q ∈ D+ or p, q ∈ D−, we have

(ψp, ψq) =
k∑
j=0

aj,k(pq − 1)−(k+j+1)

for some strictly positive coefficients aj,k independent of p and q. In particular, if
p ∈ D+

δ or p ∈ D−
δ , then

∥ψp∥2 ≃
∣∣∣|p| − 1

∣∣∣−2k−1
,

uniformly in p but not in k or δ.

We postpone the proof of Lemma 3.2.5 until the end of the chapter. Instead, we
focus on the following main theorem.

42



3. Lusin Frame for L+
2 (T)

Theorem 3.2.6 (Lusin-Whitney frame). Let ε and δ be as in Theorem 3.2.4 and
further let ψ+

j (z) = c′
j(z − qj)−(k+1) and ψ−

j (z) = d′
j(z − pj)−(k+1) be normalized

Lusin wavelets of order k ≥ 1, so that (pj) and (qj) are the midpoints of an ε-fine
Whitney partition of D+

δ and D−
δ , respectively. Then (ψ+

j ) is a frame for L+
2 and

(ψ−
j ) ∪ (w−n)kn=1 is a frame for L−

2 .

Proof. From Lemma 3.2.5, it follows that √
cj ≃ εc′

j and
√
dj ≃ εd′

j, where (cj)
and (dj) are the constants from Theorem 3.2.4. Hence, Theorem 3.2.4 implies that
(iwψ+

j ) ∪ (iwψ−
j ) ∪ (wn)k−1

0 is a frame for L2. It follows from Corollary 2.1.17 that
(ψ+

j ) ∪ (ψ−
j ) ∪ (iwn+1)k−1

0 is a frame for L2, since the mapping L2 ∋ f 7→ iwf ∈ L2
is R-linear and invertible.

Now, to see that (ψ+
j ) is a frame for L+

2 , consider the projection

P : L2 → L+
2 , f = f+ + f− 7→ f+,

where f = f+ + f− is the unique Hardy subspace decomposition of f . By The-
orem 2.2.5, this projection is well defined, bounded, and surjective. Thus, Propo-
sition 2.1.16 implies that (Pψ+

j ) ∪ (Pψ−
j ) ∪ (Piwn+1)k−1

0 is a frame for L+
2 . Since

ψ−
j ∈ L−

2 , it is clear that the vectors Pψ−
j vanish. Further, wn+1 ∈ L−

2 since
wn+1 = w−n−1 on T. Therefore Pwn+1 = 0 as well. We conclude that (Pψ+

j ) = (ψ+
j )

is a frame for L+
2 . By instead considering the projection L2 → L−

2 , we get that
(ψ−

j ) ∪ (w−n)kn=1 is a frame for L−
2 .

Proof of Lemma 3.2.5. First, consider the case where p, q ∈ D−. By Cauchy’s inte-
gral formula,

(ψp, ψq) =
∫
T

(w − p)−(k+1)

(w − q)k+1 |dw|

= −i
∫
T

(w − p)−(k+1)

w(w−1 − q)k+1 dw

= −i
∫
T

wk(w − p)−(k+1)

(1 − qw)k+1 dw

= i(−1)k(q)−(k+1)
∫
T

wk(w − p)−(k+1)

(w − 1/q)k+1 dw

= ck(q)−(k+1) d
k

dzk

∣∣∣∣∣
z=1/q

zk(z − p)−(k+1).

By Leibniz’s rule,

dk

dzk
zk

(z − p)k+1 =
k∑
l=0

bk,l

(
dl

dzl
zk
)(

dk−l

dzk−l (z − p)−(k+1)
)

=
k∑
l=0

b′
k,lz

k−l(z − p)−(2k+1−l),
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so

(ψp, ψq) = (−q)−k−1
k∑
l=0

b′′
k,l(1/q)k−l(1/q − p)−(2k+1−l)

=
k∑
l=0

b′′′
k,l(pq − 1)−(2k+1−l)

=
k∑
j=0

aj,k(pq − 1)−(k+j+1),

for some positive coefficients aj,k. Second, assume that p, q ∈ D+. Then we still get

(ψp, ψq) = i(−1)k(q)−(k+1)
∫
T

wk(w − p)−(k+1)

(w − 1/q)k+1 dw.

Since the integrand is O(|z|−k−2) close to infinity, we may apply Cauchy’s integral
theorem to the bounded region D− ∩ B(0, R) for some arbitrarily large R, to see
that

i(−1)k(q)−(k+1)
∫
T

wk(w − p)−(k+1)

(w − 1/q)k+1 dw = ck(q)−(k+1) d
k

dzk

∣∣∣∣∣
z=1/q

zk(z − p)−(k+1),

just like above. Therefore

(ψp, ψq) =
k∑
j=0

aj,k(pq − 1)−(k+j+1)

also in this case.

We conclude this chapter by discussing a few properties of the Lusin-Whitney frame.
First of all, we show that any finite collection of Lusin wavelets is linearly indepen-
dent.

Proposition 3.2.7. Let (pj)n1 be a set of distinct poles in C \ T, and k ≥ 0 be
fixed. Then, the corresponding set of order k Lusin wavelets ψj(z) = (z − pj)−(k+1)

is linearly independent.

Proof. Assume that ∑n
1 ajψj = 0 in L2(T), that is, almost everywhere on T. Then

the meromorphic function C ∋ z 7→ ∑n
1 ajψj(z) is zero on a set with a limit point,

so is identically zero on all of C by the identity theorem. Now, for 1 ≤ l ≤ n, we
have

alψl(z) = −
∑

j ̸=l,1≤j≤n
ajψj(z),

So
|al|

|z − pl|k+1 = |alψl(z)| =
∣∣∣∣∣ ∑
j ̸=l,1≤j≤n

ajψj(z)
∣∣∣∣∣.

Letting z → pl, we get that the right-hand side is bounded, while |al|
|z−pl|k+1 → ∞

unless al = 0. Thus al = 0. As l was arbitrary, we conclude that al = 0 for all
1 ≤ l ≤ n, implying that (ψj)n1 is linearly independent.
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While Lusin wavelets are linearly independent, they are never linearly independent
in the stronger sense that ∑

ajψj = 0
implies aj = 0 for all j; that is, a set of Lusin wavelets can never constitute a
Schauder basis for the Hardy subspaces.

Proposition 3.2.8. Let {q+
j }∞

j=0 ⊂ D+ and {q−
j }∞

j=0 ⊂ D− be fixed sets of poles,
with corresponding unnormalized Lusin wavelets ψ±

j (w) = (w − q∓
j )−(k+1) of order

k ≥ 0.

(i) If span {ψ+
j }∞

j=0 is dense in L+
2 (T), then span {ψ+

j }∞
j=1 is dense in L+

2 (T).

(ii) If span ({ψ−
j }∞

j=0∪{w−j}kj=1) is dense in L−
2 (T), then span ({ψ−

j }∞
j=1∪{w−j}kj=1)

is dense in L−
2 (T).

In particular, there is no set of Lusin wavelets such that {ψ+
j }∞

j=0 or {ψ−
j }∞

j=0 ∪
{w−j}kj=1 is a Schauder basis for L+

2 (T) or L−
2 (T), respectively.

Note that the indices j in Proposition 3.2.8 start at 0 in the first parts of the
statements and at 1 in the second parts of the statements. To see that no set of
Lusin wavelets (possibly together with a finite set of w−j-vectors) can constitute a
Schauder basis for L+

2 (T) or L−
2 (T), assume by way of contradiction that {ψ+

j }∞
j=0 is

a basis for L+
2 (T). Then, in particular, span {ψ+

j }∞
j=0 is dense in L+

2 (T). Further, it
follows from the closed graph theorem that the operator f = ∑∞

j=0 cjψ
+
j 7→ c0ψ

+
0 is a

bounded and complemented projection, which implies that span {ψ+
j }∞

j=1 is a proper
subspace of L+

2 (T). But Proposition 3.2.8 implies that span {ψ+
j }∞

j=1 = L+
2 (T), a

contradiction. The argument for why {ψ−
j }∞

j=0 ∪ {w−j}kj=1 cannot be a Schauder
basis for L−

2 (T) is analogous.

To prove Proposition 3.2.8, we need the following duality lemma about L+
2 (T) and

L−
2 (T).

Lemma 3.2.9. A subspace span {fj} ⊂ L±
2 (T) is dense if and only if there is no

non-zero f ∈ L∓
2 (T) such that ∫

T
f(w)fj(w) dw = 0

for all fj.

Proof. First, assume that span {fj} is a dense subspace of L±
2 (T), and let f ∈ L∓

2 (T)
be a function so that ∫

T
f(w)fj(w) dw = 0

for all j. As span {fj} is a dense subspace, it follows that∫
T
f(w)g(w) dw = 0 (3.7)

45



3. Lusin Frame for L+
2 (T)

for all g ∈ L±
2 (T). If f ∈ L+

2 (T) and span {fj} ⊂ L−
2 (T), then f has the Fourier

expansion f(w) = ∑∞
j=0 ajw

j, which together with (3.7) implies that

0 =
∫
T
f(w)w−j−1 dw = i

∫
T
f(w)w−j |dw| = iaj

for all j ≥ 0. Thus f = 0. If instead f ∈ L−
2 (T) and span {fj} ⊂ L+

2 (T), then f has
the Fourier expansion f(w) = ∑∞

j=1 ajw
−j, in which case (3.7) implies that

0 =
∫
T
f(w)wj dw = i

∫
T
f(w)wj+1 |dw| = iaj+1

for all j ≥ 0. Hence, in both cases, f = 0.

Second, assume that span {fj} is not a dense subspace of L±
2 (T). Then there is some

non-zero g ∈ L±
2 (T) such that

0 = (fj, g) =
∫
T
fj(w)g(w) |dw| = −i

∫
T
fj(w)g(w)w−1 dw

for all j. Defining f(w) = g(w)w−1, it follows that f is a non-zero function in L2(T)
satisfying

∫
T f(w)fj(w) dw = 0 for all j. To see that f ∈ L∓

2 (T), we expand f in
terms of its Fourier series. If g ∈ L+

2 (T), then g(w) = ∑∞
j=0 ajw

j, so

f(w) = w−1
∞∑
j=0

ajwj =
∞∑
j=0

ajw
−j−1,

which implies that f ∈ L−
2 (T). On the other hand, if g ∈ L−

2 (T), then g(w) =∑∞
j=1 ajw

−j, so

f(w) = w−1
∞∑
j=1

ajw−j =
∞∑
j=1

ajw
j−1,

implying that f ∈ L+
2 (T).

Proof of Proposition 3.2.8. We begin by proving (i). By contraposition, assume that
span {ψ+

j }∞
j=1 is not dense in L+

2 (T). Then, by Lemma 3.2.9, there is some non-zero
f ∈ L−

2 (T) such that F (k)(q−
j ) = 0 for all j ≥ 1, where F (z) = 1

2πi
∫
T
f(w)
w−z dw is the

Cauchy integral of f . By Lemma 3.2.9, it suffices to find some non-zero g ∈ L−
2 (T)

so that the Cauchy integral G of g satisfies G(k)(q−
j ) = 0 for all j ≥ 0. The goal of

the proof is to accomplish this by finding a function g ∈ L−
2 (T) with

G(k)(z) = (1 − q−
0 z

−1)F (k)(z), z ∈ D−.

In pursuit of this, we define

g(w) = f(w) − q−
0

∞∑
j=1

aj
j

j + k
w−j−1, w ∈ T,
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where aj are the coefficients from the Fourier expansion f(w) = ∑∞
j=1 ajw

−j. Then
g ∈ L−

2 (T), with

G(k)(z) = F (k)(z)−q−
0 z

−1
∞∑
j=1

aj(−j)(−j−1) . . . (−j−k+1)z−j−k = (1−q−
0 z

−1)F (k)(z),

for z ∈ D−. Therefore
∫
T

g(w)
(w−q−

j )k+1 dw = 0 for all j ≥ 0. Further, G(k) is non-
zero on D−, which implies that g is non-zero. By Lemma 3.2.9, we conclude that
span {ψ+

j }∞
j=0 is not dense in L+

2 (T), and thus (i) is proven.

To see that (ii) holds, assume again by contraposition that span ({ψ−
j }∞

j=1∪{w−j}kj=1)
is not dense in L−

2 (T). Then Lemma 3.2.9 implies that there is some non-zero
f ∈ L+

2 (T) with F (k)(q+
j ) = 0 for all j ≥ 1, and F (j)(0) = 0 for 0 ≤ j ≤ k − 1. We

aim to find some g ∈ L+
2 (T) with G(j)(0) = 0 for 0 ≤ j ≤ k − 1 so that

G(k)(z) = (z − q+
0 )F (k)(z), z ∈ D+.

Define g ∈ L+
2 (T) by

g(w) = (w − q+
0 )f(w) − k

∞∑
j=k

aj
j + 1w

j+1, w ∈ T,

where f has the Fourier expansion f(w) = ∑∞
j=k ajw

j. Note that the first k terms in
the Fourier series of f vanish, since F (j)(0) = 0 for 0 ≤ j ≤ k− 1. By the definition
of g, this implies that G(j)(0) = 0 for 0 ≤ j ≤ k − 1 as well. Further, by Leibniz’
rule, it follows that

G(k)(z) = (z − q+
0 )F (k)(z), z ∈ D−.

Consequently, G(k)(q+
j ) = 0 for all j ≥ 0. Finally, F (k) is non-zero, as otherwise f

would be a non-zero polynomial of order ≤ k− 1, which is impossible since the first
k − 1 Fourier coefficients of f are zero. Hence G(k) is non-zero and therefore g is
non-zero. Thus, Lemma 3.2.9 implies that span ({ψ−

j }∞
j=0 ∪ {w−j}kj=1) is not dense

in L−
2 (T), which concludes the proof of (ii).

In the next chapter, we shift focus from frames and wavelets to investigating the
interior Neumann problem through the use of layer potentials and boundary integral
equations. Here, we introduce the partial differential equation in a general setting,
so that we can solve it using wavelet methods in Chapters 5 and 6.
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4
The Interior Neumann Problem

We are aiming at developing a frame-based method for numerically solving Laplace’s
equation on a bounded domain (or its unbounded complement) with either Dirichlet
or Neumann boundary data. There is already a well-established method for doing
this called the boundary integral equation method (BIE method) which transforms
the problem into an integral equation that can be effectively solved numerically.
This numerical method is based on classical existence theory for Laplace’s equa-
tion using layer potentials. In this chapter we review some of this theory, following
closely Chapter 3 of Folland’s book Introduction to Partial Differential Equations
[14]. Except for Sections 4.1 and 4.7, all of the theorems and proofs of this chapter
can be found there; however, regarding some parts requiring analysis in local co-
ordinates, we have tried—for both the reader’s and our own sake—to supply more
detail. We have also been inspired by Rosén’s unpublished book as well as his oral
communication for the broad strokes of the theory but also for some of the notation.

Suppose Ω+ is a bounded domain in Rn with boundary Γ, and let ν be the normal
vector of Γ pointing into the unbounded domain Ω− = Rn \ Ω+. Given a real-valued
function g on Γ, we want to find a harmonic function u on Ω+ such that ∂νu = g on
Γ, that is, a C2 function u : Ω+ → R such that∆u = 0 in Ω+,

∂νu = g on Γ.
(4.1)

We will focus our attention of the interior Neumann problem (4.1), but there are
three other problems that are intimately connected with this one. We can pose
the same problem on Ω+ but with a Dirichlet boundary condition u = g on Γ.
Alternatively, we can consider solving Laplace’s equation on the exterior domain
Ω− with either Dirichlet or Neumann boundary data. In this chapter we will learn
how layer potentials and Fredholm theory can be used to produce solutions for the
boundary value problem (4.1), and we will see how the PDE is reduced to solving a
linear integral equation on the boundary of the domain, called a boundary integral
equation. The same methodology works for the other problems that we mentioned
as well, and the resulting boundary integral equations are closely related to each
other.

Throughout Sections 4.1 to 4.6, we deal exclusively with real-valued functions, and
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Lp(X) and C(X) will denote the spaces of p-integrable respectively continuous,
real-valued functions on a measure space X. In Section 4.7 we relate the interior
Neumann problem with the Hardy subspace L+

2 (Γ), which as before consists of
complex-valued functions.

4.1 Hypersurfaces and regular domains
Before going further we digress somewhat to explain what we assume about the
domain on which we are going to work. Our main source for this section is the book
Introduction to smooth manifolds by Lee [19]. Everything we need can be found
there although the material is presented in a more abstract setting. Also, Lee [19]
only deals with C∞ manifolds, but everything is easily adapted to the Ck case. To
not get bogged down with details before we get to the main topic of this chapter,
we will try to be brief.

Given a differentiable function f : Rn → Rm, we denote the total derivative of f at
a point x by Dfx, and we identify Dfx with the Jacobian matrix of f at x in the
standard bases. In the case when f is real-valued and Dfx = ∇fx, we use the more
common notation ∇f(x). If U and V are open subsets of Rn, a function F : U → V
is called a Ck diffeomorphism if F has an inverse F−1 : V → U and both F and F−1

have continuous partial derivatives of order k ≥ 1. If x ∈ U and I is the identity
map on Rn, the chain rule gives

I = D(F−1 ◦ F )x = D(F−1)F (x)DFx,

I = D(F ◦ F−1)F (x) = DFxD(F−1)F (x),
(4.2)

showing that DFx and D(F−1)y are invertible for all points x ∈ U and y ∈ V ,
respectively, and moreover that (DFx)−1 = D(F−1)F (x).

Definition 4.1.1 (Hypersurface). A subset S of Rn endowed with the subspace
topology is called a hypersurface of class Ck, or simply a Ck hypersurface, if for
every point x ∈ S there exist open sets V,W ⊂ Rn and a Ck diffeomorphism
ψ : V → W such that x ∈ V and ψ(S ∩ V ) = Rn−1 ∩W . Here we identify Rn−1 and
Rn−1 × {0} ⊂ Rn.

We think of S as a surface with n−1 degrees of freedom embedded in n-dimensional
Euclidean space, and the definition says that patches of S can be flattened out and
identified with open subsets of Rn−1. The pair (V, ψ) is called a slice chart for S.
The domains in which we are interested are those whose boundary is a hypersurface.
The are several equivalent ways of defining a hypersurface, or generally a manifold
or a submanifold, and we have chosen the one which seemed most convenient for us;
see Lee [19, Theorem 5.8], for the equivalence between our definition and the more
general one through a smooth structure.

A coordinate chart for S, or simply a chart for S, is a pair (U,φ : U → U ′) such
that U ⊂ S and U ′ ⊂ Rn−1 are open and φ is a homeomorphism with a Ck inverse
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φ−1 such that D(φ−1)x : Rn−1 → Rn is injective for every x ∈ U ′. The inverse map
φ−1 : U ′ → U is called a parametrization. Two charts (U,φ) and (V, ψ) of class Ck

such that U ∩ V ̸= ∅ are called Ck compatible if the map

ψ ◦ φ−1|φ(U∩V ) : φ(U ∩ V ) → ψ(U ∩ V )

is a Ck diffeomorphism. (If U∩V = ∅ we also call them Ck compatible.) A collection
of Ck compatible charts {(Uα, φα)} covering S—meaning S = ∪αUα—is called an
atlas of class Ck. Proposition 4.1.5 below shows that any hypersurface admits an
atlas.

If x ∈ U ⊂ S for a chart (U,φ), φ(x) is called a coordinate representation for x.
If also y ∈ U , we want the distance between x and y to be comparable to the
distance between their coordinate representations φ(x) and φ(y). This can always
be achieved. To see this, we need the following two lemmas, the first of which will
be useful by itself.

Lemma 4.1.2 (Lebesgue Number Lemma). Let (M,d) be a compact metric space
and suppose {Uα} is an open cover of M . Then there exists an ε > 0 such that
d(x, y) < ε implies x, y ∈ Uα for some α.

Proof. If x ∈ M then x ∈ Uα for some α. Since Uα is open we can choose δx > 0
small enough so that Vx := B(x, 2δx) ⊂ Uα. Let Bx = B(x, δx). The collection
{Bx}x∈K is an open cover of K and thus admits a finite subcover {Bxj

}nj=1. Let
ε = min{δx1 , ..., δxn} and suppose d(x, y) < ε. Then x ∈ Bxj

⊂ Vxj
for some j, and

thus

d(y, xj) ≤ d(y, x) + d(x, xj) < ε+ δxj
≤ 2δxj

,

showing that y ∈ Vxj
. So x, y ∈ Vxj

, and by construction Vxj
⊂ Uα for some α.

Because of Lemma 4.1.2, whenever we have two points x, y ∈ S and S is compact,
we can always assume that x and y lie in a single chart if |x − y| is sufficiently
small. The next proposition says that if a function has a bounded total derivative
(or equivalently, bounded partial derivatives) on a convex set, then it is Lipschitz
continuous on that set.

Proposition 4.1.3. Let V be a convex open subset of Rn. Suppose f : V → Rm is
differentiable and that ∥Dfx∥ ≤ M for every x ∈ V . Then

|f(x) − f(y)| ≤ M |x− y|

for every x, y ∈ V .

This is a consequence of the mean value theorem, see Rudin [23, Theorem 9.19] for
a proof.
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Corollary 4.1.4. Suppose V is an open set of Rn containing a compact set K. If
f : V → Rm is differentiable in V and ∥Dfx∥ ≤ M for every x ∈ V , then f is
Lipschitz continuous on K. In particular, if f ∈ C1(V,Rm), then f is Lipschitz
continuous on K.

Proof. For every point x ∈ K, choose δx > 0 such that Bx := B(x, δx) ⊂ V . For each
such ball, Proposition 4.1.3 implies that f |Bx is Lipschitz continuous with Lipschitz
constant M . Since {Bx}x∈K is an open cover of K, Lemma 4.1.2 says that there
exists an ε > 0 such that x, y ∈ K and |x− y| < ε implies x, y ∈ Bz for some z ∈ K.
Thus, whenever |x− y| < ε,

|f(x) − f(y)| ≤ M |x− y|.

If instead |x− y| ≥ ε, then

|f(x) − f(y)| ≤ |x− y|ε−1|f(x) − f(y)| ≤ |x− y| 2ε−1 sup
x∈K

|f(x)|︸ ︷︷ ︸
=M ′

.

Since f is continuous and K is compact, M ′ < ∞, and we see that max{M,M ′}
works as a Lipschitz constant on K.

We now show that every point on a hypersurface admits a coordinate chart contain-
ing that point. By a bi-Lipschitz function we mean a function f : A → B, A ⊂ Rn,
B ⊂ Rm, such that for all x, y ∈ A,

c1|x− y| ≤ |f(x) − f(y)| ≤ c2|x− y|

for some constants 0 < c1 ≤ c2 < ∞. If f is bijective, this is equivalent to that both
f and f−1 are Lipschitz continuous.

Proposition 4.1.5. Suppose S is a hypersurface of class Ck, k ≥ 1. Every slice
chart for S containing a point x ∈ S naturally defines a coordinate chart for S
containing x, and any two such coordinate charts are Ck compatible. The induced
coordinate charts may be taken to be bi-Lipschitz.

Proof. By definition, for each point x ∈ S there are open sets V,W of Rn and a Ck

diffeomorphism ψ : V → W such that x ∈ V and ψ(V ∩ S) = Rn−1 ∩ W . Choose
ε > 0 small enough so that B = B(x, ε) satisfies B ⊂ V . By Corollary 4.1.4,
ψ is Lipschitz continuous on B and hence also on B. Now, ψ is in particular a
homeomorphism between V and W so ψ(B) is pre-compact in W , and applying
Corollary 4.1.4 again shows that ψ−1 : ψ(B) → B is also Lipschitz continuous.
Notice also that since ψ : B → ψ(B) is a bijection,

ψ(B ∩ S) = ψ(B ∩ (S ∩ V )) = ψ(B) ∩ ψ(S ∩ V )
= ψ(B) ∩ (Rn−1 ∩W ) = Rn−1 ∩ ψ(B).
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Thus, after possibly restricting the domain and range, we can assume that ψ : V →
W is bi-Lipschitz. Let π : Rn → Rn−1 be projection onto the n− 1 first coordinates.
Let U = V ∩ S, U ′ = π(Rn−1 ∩W ), and φ : U → U ′ be given by φ = π ◦ ψ|U . It is
now straightforward to check that (U,φ) is a bi-Lipschitz chart of class Ck and that
any two such charts are Ck compatible.

If (U,φ) and (V, ψ) are coordinate charts induced by slice charts as in Proposi-
tion 4.1.5, and if x ∈ U ∩ V , then because they are Ck compatible, the chain rule
gives

D(φ−1)φ(x) = D(ψ−1 ◦ (ψ ◦ φ−1))φ(x) = D(ψ−1)ψ(x)D(ψ ◦ φ−1)φ(x).

By (4.2), Dφ(x)(ψ ◦ φ−1) is invertible, so we get in particular that

D(φ−1)φ(x)Rn−1 = D(ψ−1)ψ(x)Rn−1. (4.3)

The vector subspace D(φ−1)φ(x)Rn−1 of Rn is called the tangent space at x, denoted
by TxS. By (4.3), TxS is independently defined by any coordinate chart which is
smoothly compatible to the natural charts induced by slice charts, and TxS is thus
intrinsic to S. It has dimension n − 1 since D(φ−1)φ(x) is injective, and a natural
basis for TxS is given by the vectors (∂φ−1/∂xi)(x).

Whenever S is compact, Proposition 4.1.5 implies that we can cover S by finitely
many bi-Lipschitz charts {(Ui, φi)}. Taking the maximum and minimum over all
Lipschitz constants we get that whenever x, y ∈ S are contained in a single chart
(Ui, φi), |x − y| ≃ |φi(x) − φi(y)|, where the constants depend only on the specific
covering.

We now define the domains in which we are interested. Let Hn = Rn−1 × [0,∞) and
∂Hn = Rn−1 × {0} denote the upper half-space of Rn and its topological boundary
in Rn, respectively.

Definition 4.1.6 (Regular domain). A closed subset D of Rn endowed with the
subspace topology is called a regular domain of class Ck if for every x ∈ D there
exist open sets V,W ⊂ Rn with x ∈ V , and a Ck diffeomorphism ψ : V → W such
that ψ(D ∩ V ) = Hn ∩W .

The pair (V, ψ) is called a half-slice chart for D or simply a half-slice for D. The
definition gives us a condition for determining when a point x belongs to D: if x
is contained in a half-slice (V, ψ) for D, x ∈ D if and only if ψn(x) ≥ 0 where ψn
is the n:th component function of ψ. If x is an interior point of D and ε > 0 is
small enough so that B(x, ε) ⊂ D, then by choosing a ∈ Rn such that B(a, ε) ⊂ Hn

and putting ψ : B(x, ε) → B(a, ε), ψ(y) = y + (a− x), the defining condition holds
trivially with ψ(B(x, ε)) = B(a, ε). A half-slice (V, ψ : V → W ) which satisfies
ψ(V ∩ D) = W is called an interior chart, and we see that every interior point is
contained in an interior chart. On the other hand, if x ∈ D and (V, ψ) is a half-slice
containing x such that ψ(x) ∈ ∂Hn, we call x a manifold boundary point for D, and
we call (V, ψ) a boundary chart.
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Proposition 4.1.7. Let D be a regular domain of class Ck.

1. Let x ∈ D and (V, ψ) be a half-slice for D containing x such that ψ(x) ∈ ∂Hn.
If (Ṽ , ψ̃) is any other half-slice for D containing x, then ψ̃(x) ∈ ∂Hn.

2. The set of manifold boundary points for D is equal to the topological boundary
∂D of D in Rn.

3. ∂D is a hypersurface of class Ck.

Proof. For (1), see Lee [19, Theorems 1.46 and 5.51]. Point (2) is basically immediate
by the use of slice charts. To show (3), suppose x ∈ ∂D and let (V, ψ : V → W )
be a slice chart for D containing x. If y ∈ V ∩ ∂D, then by (2), y is manifold
boundary point and is thus contained in a slice chart (Ṽ , ψ̃) with ψ̃(x) ∈ ∂Hn. But
then ψ(y) ∈ ∂Hn according to (1); hence ψ(∂D ∩ V ) ⊂ ∂Hn ∩ W . If ψ(x) ∈ ∂Hn,
then x is a manifold boundary point and therefore a part of ∂D by (2). Thus
ψ(∂D ∩ V ) = ∂Hn ∩W , so that (V, ψ) is a slice chart for x.

Next, we consider the unit normal vectors ν on the boundary ∂D of a regular domain
D. We will need some specific information on this topic. Let (V, ψ) be a boundary
chart for D, and let ψn denote the n:th coordinate function of ψ. Consider the
vector field ν̃ on V defined by

ν̃(x) = − ∇ψn(x)
|∇ψn(x)| , x ∈ V. (4.4)

First of all, since Dψx is invertible at all points x ∈ V , ∇ψn(x) never vanishes, so
ν̃ is well-defined. It is clear that |ν̃(x)| = 1 and that ν̃ is of class Ck−1 if ψ is of
class Ck, k ≥ 1. More is true, if x ∈ ∂D, then ν̃(x) is in fact orthogonal to the
tangent space Tx∂D. This should be quite intuitive because ∂D ∩ V is equal to
the level curve ψ−1

n ({0}). To see this properly, note first that (V, ψ) is not only
a boundary chart for D, but also a slice chart for ∂D, as we saw in the proof of
Proposition 4.1.7. Thus it induces a natural coordinate chart (U,φ : U → U ′) for
∂D given by π ◦ ψ|U , where U = ∂D ∩ V and π is projection onto the n − 1 first
coordinates. The corresponding parametrization, g = φ−1, is given by g = ψ−1 ◦ ι,
where ι : Rn−1 → Rn−1 × {0} is the inclusion map. Thus, if f = ψ−1, v = ψ(x), and
v′ = φ(x) = π(v), then for i = 1, ..., n− 1,

∂g

∂xi
(v′) = ∂f

∂xi
(v).

Because Dψx and Dfv are each others inverses, it follows that

∇ψn(x) · ∂f
∂xi

(v) = δn,i, (4.5)

where δn,i is the Kronecker delta. Thus,

ν̃(x) · ∂g
∂xi

(v′) = −1
|∇ψn(x)|∇ψn(x) · ∂f

∂xi
(v) = 0
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for every i = 1, ..., n− 1. Since {(∂g/∂xi)(v′)}n−1
i=1 form a basis for Tx∂D, this shows

that ν̃(x) ⊥ Tx∂D.

Through a linearization of f around v, one can see that ν̃ is outward-pointing in
the sense that for each x ∈ V ∩ ∂D, there exists ε > 0 such that if t ∈ R with
|t| < ε, then x + tν̃(x) ∈ D if and only if t ≤ 0. (In Lemma 4.1.9, we will see how
this is done.) By covering ∂D with slice charts (V, ψ), a global outward pointing
unit normal vector field ν can be constructed by taking gradients of the ψn:s, and
patching things up using a partition of unity.

Proposition 4.1.8. Let D be a regular domain of class Ck, k ≥ 1. There exists
a unique outward-pointing vector field ν : ∂D → Rn such that |ν(x)| = 1 and
ν(x) ⊥ Tx∂D for every x ∈ ∂D. Moreover, ν extends to a Ck−1 vector field in a
neighborhood of ∂D.

See Lee [19, Propositions 5.43 and 15.33] for a proof. Because ν is unique, and
ν̃ (defined in (4.4) by a slice chart (V, ψ)) satisfies the same properties, ν = ν̃ on
∂D ∩ V . Next, we need a lemma which ensures the existence of a global ε > 0 such
that points on the form x + tν(x) for x ∈ ∂D and |t| < ε, lies in D precisely when
t ≤ 0.

Lemma 4.1.9. Let D be a bounded regular domain of class C2. Then there is an
ε > 0 such that for every x ∈ ∂D and t ∈ R with |t| < ε, x+ tν(x) ∈ D if and only
if t ≤ 0.

Proof. Let z ∈ ∂D and suppose z is contained in a boundary chart (V, ψ : V → W )
of class C2. Let u = ψ(z) and let B be a small ball centered at u such that
B ⊂ W . By restricting the domain and range of ψ, with U = ψ−1(B), we have
a new boundary chart ψ : U → B containing z. Just as we saw in the proof of
Proposition 4.1.5, after this restriction, ψ is bi-Lipschitz, and in particular there is
a constant L such that |ψ(x) − ψ(y)| ≤ L|x− y| for all x, y ∈ U .

Consider the map F (x, t) = x + tν(x) defined on ∂D × R, where ∂D is given the
subspace topology and ∂D×R is given the product topology. An easy ε-δ argument
shows that F is continuous. Since z = F (z, 0), and U is a neighborhood of z, F−1(U)
is a neighborhood of (z, 0). Thus, there is an open subset W of ∂D containing z,
and a small interval (−ε0, ε0) such that W × (−ε0, ε0) ⊂ F−1(U). Therefore, every
point on the form x+ tν(x) with x ∈ W and |t| < ε0 is contained in U .

Let f : B → U be the inverse of ψ. For x ∈ W and |t| < ε0, put v = ψ(x) and
w = ψ(x + tν(x)). Because B be is a convex set and f is of class C2, a first order
Taylor approximation of f around v gives

tν(x) = f(w) − f(v) = Dfv(w − v) + |w − v|2rv(w), (4.6)

with remainder term rv(w). Since f extends to a C2 function outside ofB, the second
order partial derivatives of f are bounded on B; hence, there is a constant M < ∞
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such that |rv(w)| ≤ M for all v, w ∈ B (see for example Lee [19, Corollary C.16]).

As we noted before, ν(x) is equal to −∇ψn(x)/|∇ψn(x)| on U ∩ ∂D. Then, since
vn = 0 (as x ∈ ∂D), taking the inner product of both sides of (4.6) with ∇ψn(x),
and using (4.5), gives

−t|∇ψn(x)| = wn + |w − v|2rv(w) · ∇ψn(x).

By solving for wn we get

wn = −t|∇ψn(x)|
(

1 + |w − v|2

t
rv(w) · ∇ψn(x)

|∇ψn(x)|

)
. (4.7)

Now, because |w − v| = |ψ(x+ tν(x)) − ψ(x)| ≤ L|t|, we get∣∣∣∣∣ |w − v|2

t
rv(w) · ∇ψn(x)

|∇ψn(x)|

∣∣∣∣∣ ≤ L2|t|2

|t|
M = ML2|t|.

Thus, we see that whenever |t| < ε := min{ε0, (2ML2)−1}, the sign of the right-hand
side of (4.7) is completely determined by t. Thus, if |t| < ε, then wn ≥ 0 if and only
if t ≤ 0. But wn = ψn(x + tν(x)), so this means that x + tν(x) ∈ D if and only if
t ≤ 0.

To conclude, we have found a neighborhood W = Wz of z in ∂D, and a number
ε = εz > 0, such that for all x ∈ Wz and |t| < εz, x + tν(x) ∈ D if and only
if t ≤ 0. A final compactness argument allows us to extend this local argument
to a global one. Since D is bounded, so is ∂D. Thus ∂D is closed and bounded,
and hence compact. By covering ∂D with neighborhoods Wz as above, we can
extract a finite subcover Wz1 , ...,Wzn , with corresponding numbers εz1 , ..., εzn . Let
ε = min{εz1 , ..., εzn}. Given any point x ∈ ∂D, x ∈ Wzj

for some j. Since ε ≤ εzj
,

it follows that if |t| < ε, then x+ tν(x) ∈ D if and only if t ≤ 0.

4.1.1 Integration over hypersurfaces
When integrating a real-valued function f over a hypersurface S, we always mean
integration of f against (n−1)-dimensional Hausdorff measure on the Borel subsets
of S, which we denote by σ (see Folland [15, Chapter 11.2] for a construction). We
have the following local change of variables formula (see Folland [15, Theorem 11.25]
for a proof):

Proposition 4.1.10. Let S ⊂ Rn be a hypersurface of class C1 and let (U,φ) be a
C1 chart for S with g = φ−1. If f ∈ L1(S, σ), then∫

U
f(x) dσ(x) =

∫
φ(U)

f(g(x))J(Dgx) dx (4.8)

where dx is (n− 1)-dimensional Lebesgue measure and

J(Dgx) =
√

det
[
(Dgx)∗Dgx

]
.
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Note that if T : Rm → Rn is any linear map, then T ∗T is positive semidefinite and
consequently has a non-negative determinant. Thus J(Dgx) makes sense.

4.1.2 Normal derivatives and Green’s identities
We will need a special definition for the normal derivative of a function at the
boundary of our domain; the reason for this is that we will not be able to guarantee
that the gradient of our solution extends continuously to the boundary. Let Ω be an
open set in Rn such that Ω is a regular domain of class C1 and suppose u ∈ C1(Ω).
If there is a function ∂νu on ∂Ω such that

lim
t ↑ 0

sup
x∈∂Ω

|ν(x) · ∇u(x+ tν(x)) − ∂νu(x)| = 0, (4.9)

we say that ∂νu is the normal derivative of u on ∂Ω. Being the uniform limit of
continuous functions, ∂νu is continuous if it exists.

Definition 4.1.11. We define the class C1
ν (Ω) to consist of all functions u ∈ C1(Ω)∩

C(Ω) such that u has a normal derivative on ∂Ω as in (4.9).

Of course, if ∇u extends continuously to Ω, then ∂νu(x) is just the regular normal
derivative ν(x) · ∇u(x). Next, we state the two special cases of Green’s first identity
that we need.

Theorem 4.1.12. Let Ω be an open bounded set in Rn such that Ω is a regular
domain of class C1. If φ is harmonic in Ω and extends smoothly to a neighborhood
of Ω, then ∫

Ω
|∇φ|2 dx =

∫
∂Ω
φ∂νφdσ, (4.10)∫

∂Ω
∂νφdσ = 0. (4.11)

We shall extend Theorem 4.1.12 to the setting when we merely have φ ∈ C1
ν (Ω).

For this and other reasons we introduce a so called a tubular neighborhood theorem
(see for example Madsen, Tornehave, [20, Theorem 9.23]), which says, roughly, that
if a regular domain is sufficiently smooth, then we can place a smooth open tube
around its boundary which does not self-intersect.

Theorem 4.1.13. Let D be a bounded regular domain of class C2 with outward unit
normal ν. Then there exists a neighborhood V of ∂D in Rn and an ε > 0 such that
the mapping

F : ∂D × (−ε, ε) → V, F (x, t) = x+ tν(x)

is a homeomorphism. The inverse map F−1 is of class C1, and for every C1 chart
(U,φ : U → U ′) of ∂D, the mapping (u, t) 7→ F (φ−1(u), t) defined on U ′ × (−ε, ε)
is a C1 diffeomorphism onto its image. Furthermore, if y = F (x, t) is any point in
V , then x is the unique closest point to y in ∂D.

57



4. The Interior Neumann Problem

The first two statements can be formulated more succinctly by saying that F is
a diffeomorphism (although we would have to define what this means first). The
theorem says in particular that every point in V lies on exactly one line normal to
the boundary. This gives some motivation for our definition of ∂νu since we are
then sampling ∇u on a C1 level set parallel to ∂Ω. The following proposition is a
consequence of the existence of a tubular neighborhood.

Proposition 4.1.14. Let D and F be as in Theorem 4.1.13, and for t < 0, define

Dt = {y ∈ D : dist(y, ∂D) ≥ |t|}.

Then there is an ε > 0 such that for every t ∈ (−ε, 0), the set Dt is a regular domain
of class C1, and ∂Dt = F (∂D, t). Furthermore, the outward unit normal νt of ∂Dt

satisfies νt(F (x, t)) = ν(x), where ν is the outward unit normal for D.

Proof. Let ε be the minimum of the ε:s of Theorem 4.1.13 and Lemma 4.1.9, and
fix t ∈ (−ε, 0). First, it is straight-forward to check that

∂Dt = {y ∈ D : dist(y, ∂D) = |t|}.

To show that ∂Dt = F (∂D, t), suppose y ∈ F (∂D, t). Then y = x+ tν(x) for some
x ∈ ∂D. By Theorem 4.1.13, x is the (unique) closest point to y in ∂D. Thus,
since |y − x| = |t|, y ∈ ∂Dt. Conversely, suppose y ∈ ∂Dt. Consider the function
ρ : Rn \ {y} → (0,∞) given by ρ(x) = |x − y|. Clearly, ρ is smooth since we
stay away from y, and ρ(x) ≥ |t| for every x ∈ ∂D since y ∈ ∂Dt. Because ∂D is
compact, ρ|∂D attains its minimum value |t| (again, because y ∈ ∂Dt) at some point
z ∈ ∂D. Because ∂D is of class C1, optimality principles tells us that ∇ρ(z) must
be orthogonal to the tangent space Tz∂D (for otherwise, there is a path on ∂D one
can travel so as to make ρ even smaller, which is impossible). Thus,

z − y

|t|
= z − y

|z − y|
= ∇ρ(z) = ±ν(z),

so that y = z ∓ |t|ν(z). But since y ∈ ∂Dt ⊂ D, Lemma 4.1.9 implies that we must
in fact have y = z − |t|ν(z) = z + tν(z). Thus y ∈ F (∂D, t), and we conclude that
∂Dt = F (∂D, t).

Let us now show that Dt is a regular domain of class C1. Clearly, Dt is closed. Thus,
we need to show that any point of Dt is contained in a half slice chart. If y ∈ Dt

is an interior point, then y is trivially contained in a half slice as we mentioned
earlier, right after Definition 4.1.6. So suppose y ∈ ∂Dt. Let (U,φ : U → U ′)
be a C1 coordinate chart for ∂D containing the (unique) point x ∈ ∂D such that
y = F (x, t). Choose σ > 0 small enough so that (t − σ, t + σ) ⊂ (−ε, 0), and
put V = F (U × (t − σ, t + σ)). Then y ∈ V , and V is open in Rn since F is a
homeomorphism. With π1 : Rn+1 → Rn and π2 : Rn+1 → R being projection onto
the n first coordinates respectively the last coordinate, define

ψ(z) =
(
φ(π1(F−1(z))), π2(F−1(z)) − t

)
, z ∈ V.
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Then ψ is an open map of class C1, because it is a Cartesian product of compo-
sitions of such maps (F−1 is a C1 homeomorphism according to Theorem 4.1.13).
In particular, W := ψ(V ) is open. One now computes directly that the mapping
g : W → V given by g(u, s) = F (φ−1(u), s+ t) is an inverse of ψ : V → W . Clearly,
g is of class C1 because of Theorem 4.1.13. It is also a matter of checking that
ψ(∂Dt ∩ V ) = ∂Hn ∩W . We conclude that ψ : V → W is a half slice containing y.

For the last statement about the normal unit field νt, let x ∈ ∂D and consider the
map ρ : Rn \ {x} → (0,∞) given by ρ(y) = |y−x| (which is similar to, but different
from, the ρ we considered earlier). As before, ρ is smooth. Moreover, ρ(y) ≥ |t|
for all y ∈ ∂Dt, and equality is achieved at the point y0 = F (x, t). Again, because
∂Dt is C1 (by what we just showed), optimality principles tells us that −∇ρ(y0) is
orthogonal to the tangent space Ty0∂Dt, and moreover, that −∇ρ(y0) points in a
direction of descent. Thus,

ν(x) = − y0 − x

|y0 − x|
= −∇ρ(y0) = ±νt(y0).

Since νt is outward-pointing, for λ > 0 small enough, the point z = y0 + λνt(y0) lies
in D \ Dt; hence dist(z, ∂D) < |t|. This shows that νt is a direction of descent, so
that we must necessarily have ν(x) = −∇ρ(y0) = νt(y0) = νt(F (x, t)).

We now extend (4.10) and (4.11). The idea is simple: if φ is harmonic in Ω, then
it extends smoothly outside of the smaller domains Ωt, hence we can apply Theo-
rem 4.1.12 to Ωt and then let t ↑ 0. Our definition of ∂ν is tailored so as to make
this limiting argument work.

Proposition 4.1.15. Let Ω be a bounded open set such that Ω is a regular domain
of class C2. If φ ∈ C1

ν (Ω) and φ is harmonic in Ω, then (4.10) and (4.11) holds for
φ.

Proof. We prove only (4.10) as (4.11) is analogous. We first note that Ω is closed
and bounded, and hence compact, so Theorem 4.1.13 and Proposition 4.1.14 applies.
For t < 0 and |t| small enough, φ extends smoothly to a neighborhood of Ωt, so by
(4.10),

∫
Ωt

|∇φ|2 dx =
∫
∂Ωt

φ[νt · ∇φ] dσ. (4.12)

As t ↑ 0, the left-hand side tends to
∫

Ω |∇φ|2 dx by monotone convergence. To see
that the right-hand side approaches the correct limit, consider first a C1 coordinate
chart (U, ψ) for ∂Ω and let ρ be a continuous bump function with support in U .
With Ft(x) = x+ tν(x), let Ut = Ft(U), ψt = ψ ◦F−1

t , and ρt = ρ ◦F−1
t . Since Ft is

a homeomorphism and F−1
t is of class C1, (Ut, ψt) is a C1 chart for ∂Ωt and ρt is a

continuous bump function with support in Ut. With f = ψ−1 and ft = ψ−1
t = Ft ◦f ,
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the formulas (4.8) and νt ◦ Ft = ν gives∫
∂Ωt

ρtφ[νt · ∇φ] dσ =
∫
ψt(Ut)

((ρtφ) ◦ ft)[(νt ◦ ft) · (∇φ ◦ ft)]J(Dft) dx

=
∫
ψ(U)

(ρ ◦ f)(φ ◦ ft)[(ν ◦ f) · (∇φ ◦ ft)]J(Dft) dx.

From the definition of Ft and C1
ν (Ω), it follows that the integrand in the last integral

converges uniformly on ψ(U) to [(ρφ∂νφ) ◦ f ]J(Df). Thus

lim
t↑0

∫
∂Ωt

ρtφ[νt · ∇φ] dσ =
∫
ψ(U)

[(ρφ∂νφ) ◦ f ]J(Df) dx =
∫
∂Ω
ρφ∂νφdσ.

Now cover ∂Ω by finitely many C1 charts (Ui, φi) and choose a partition of unity
{ρi} subordinate to {Ui}. Through the formulas in the preceding argument, this
induces a covering of ∂Ωt by C1 charts and a corresponding subordinate partition
of unity. Splitting the right-hand side of (4.12) accordingly and taking a limit as t ↑
0 then gives

lim
t↑0

∫
∂Ωt

φ[νt · ∇φ] dσ =
∫
∂Ω
φ∂νφdσ.

4.2 Uniqueness and a necessary condition for ex-
istence

Having introduced the necessary machinery we can now properly state the version of
the interior Neumann problem we intend to solve. From now on we fix a connected
bounded open set Ω+ in Rn such that Ω+ is a regular domain of class C2. We put
Ω− = Rn \ Ω+ and Γ = ∂Ω+ = ∂Ω−. Given a function φ ∈ C1

ν (Ω+), we denote its
normal derivative as defined in (4.9) by ∂ν+φ. Similarly, if φ ∈ C1

ν (Ω−) we denote its
normal derivative by ∂ν−φ. Of course, the normal vectors in the definitions of ∂ν+

and ∂ν− have opposite directions. Let g ∈ C(Γ). The interior Neumann problem
reads: find u ∈ C1

ν (Ω+) ∩ C2(Ω+) such that∆u = 0 in Ω+,

∂ν+u = g on Γ.
(4.13)

We call u a solution to (4.13). Our goal is to prove:

Theorem 4.2.1. Let g ∈ C(Γ). The interior Neumann problem (4.13) has a solu-
tion, which is unique up to an additive constant, if and only if

∫
Γ g dσ = 0.

That this condition is necessary is immediate from (4.11). If u solves (4.13), then

0 =
∫

Γ
∂ν+u dσ =

∫
Γ
g dσ. (4.14)

Uniqueness up to constants is almost as easy.
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Proposition 4.2.2. Let g ∈ C(Γ) and suppose u1 and u2 solves (4.13). Then u1−u2
is a constant.

Proof. Put v = u1 − u2 so that v solves (4.13) with ∂ν+v = 0. Applying (4.10) to v
over Ω+ gives ∫

Ω+
|∇v|2 dx =

∫
Γ
v∂ν+v dσ = 0.

Thus ∇v ≡ 0 on Ω+ by continuity and so v is locally constant. But since Ω+ is
connected, this implies that v is identically equal to a constant.

4.3 Layer potentials
We now introduce layer potentials, which turn out to represent solutions to both
the interior and exterior versions of (4.13), with either Dirichlet or Neumann data.
For x ∈ Rn \ {0}, let

ϕ(x) = 1
(2 − n)ωn|x|n−2 if n > 2, and ϕ(x) = 1

2π log |x| if n = 2,

where ωn is the surface area of the unit sphere in Rn. The function ϕ is called the
fundamental solution of the Laplace operator. If L is a linear partial differential
operator, then f is called a fundamental solution of L if Lf = δ in the distributional
sense, where δ is the Dirac delta function. A consequence of this (which is easily
checked by direct computation) is that ϕ is harmonic on Rn \ {0}. For x ̸= y we set
Φ(x, y) = ϕ(x− y), that is,

Φ(x, y) = 1
(2 − n)ωn|x− y|n−2 (n > 2), (4.15)

Φ(x, y) = 1
2π log |x− y| (n = 2). (4.16)

We notice that in both cases we have

∇xΦ(x, y) = x− y

ωn|x− y|n
and ∇yΦ(x, y) = y − x

ωn|x− y|n
.

Here ∇xf means that we take the gradient with respect to the first variable of f
and should not be confused with ∇fx := (∇f)(x).

Definition 4.3.1 (Layer potentials). Given a function h on Γ, we define the sin-
gle layer potential with moment h and the double layer potential with moment h,
respectively, by

v(x) = S̃h(x) =
∫

Γ
Φ(x, y)h(y) dσ(y),

u(x) = K̃h(x) =
∫

Γ
∂νyΦ(x, y)h(y) dσ(y),

for x ∈ Rn \ Γ, where ∂νyΦ(x, y) = ν(y) · ∇yΦ(x, y).
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For x ∈ Rn\Γ, the functions Γ ∋ y 7→ Φ(x, y) and Γ ∋ y 7→ ∂νyΦ(x, y) are continuous
on Γ, so the integrals are well-defined if h ∈ L1(Γ). The following fact hints at the
naturality of these definitions in the context of harmonic functions. Consider Green’s
second identity on a domain D:∫

D

(
ψ(y)∆φ(y) − φ(y)∆ψ(y)

)
dy =

∫
∂D

(
ψ(y)∂νφ(y) − φ(y)∂νψ(y)

)
dσ(y).

If ψ is harmonic in D, then setting φ(y) = Φ(x, y) for x ∈ D gives

ψ(x) =
∫
∂D

(
∂νyΦ(x, y)ψ(y) − Φ(x, y)∂νψ(y)

)
dσ(y) = K̃ψ(x) − S̃(∂νψ)(x).

Thus ψ is represented by its Dirichlet and Neumann data on the boundary through
the layer potentials.

Proposition 4.3.2. With h ∈ L1(Γ), the single and double layer potentials v and u
are harmonic in Rn \ Γ.

Proof. Let x ∈ Rn \ Γ and choose ε small enough so that B(x, ε) ⊂ Rn \ Γ. Then
for every i = 1, .., n, ∂xi

Φ is bounded on B(x, ε)×Γ, hence |∂xi
Φ(x′, y)h(y)| ≲ |h(y)|

for (x′, y) ∈ B(x, ε) × Γ. Since h ∈ L1(Γ) we may differentiate inside of the integral
(see for example Folland [15, Theorem 2.27]) to obtain

∂xi
v(x) =

∫
Γ
∂xi

Φ(x, y)h(y) dσ(y).

By repeating the argument and adding things up we get

∆v(x) =
∫

Γ
∆xΦ(x, y)h(y) dσ(y).

But ϕ is harmonic in Rn \ {0}, so x 7→ Φ(x, y) is harmonic in Rn \ Γ for every y ∈ Γ;
hence ∆v(x) = 0. Similar arguments shows that the same is true of u.

We now introduce operators on the boundary related to the layer potentials. For a
function h on Γ and x ∈ Γ we set, formally,

Sh(x) =
∫

Γ
Φ(x, y)h(y) dσ(y),

Kh(x) =
∫

Γ
∂νyΦ(x, y)h(y) dσ(y).

The kernels Φ and ∂νyΦ are singular on the diagonal of Γ×Γ, but as we will see in a
moment, these singularities are weak enough for S and K to define bounded compact
operators on L2(Γ). The operator K is called the Neumann-Poincaré operator.

The following fundamental relations, which we will prove in Section 4.5, express the
limiting behavior of the layer potentials as one approaches the boundary from the
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interior and exterior domain, and connect the layer potentials with the Neumann-
Poincaré operator. Recall that the unit normal vector ν points into the unbounded
domain Ω−. For a function φ ∈ Rn \ Γ → R and x ∈ Γ we put

φ+(x) = lim
t↑0

φ(x+ tν(x)) and φ−(x) = lim
t↓0

φ(x+ tν(x)).

If h is continuous on Γ, u = K̃h and v = S̃h, then for x ∈ Γ we have

u+(x) = 1
2h(x) +Kh(x), (4.17)

u−(x) = −1
2h(x) +Kh(x), (4.18)

∂ν+v(x) = −1
2h(x) +K∗h(x), (4.19)

∂ν−v(x) = 1
2h(x) +K∗h(x), (4.20)

where K∗ denotes the L2 adjoint of K. The four different operators on the right
are of the form (constant× identity operator+compact operator). By the Fredholm
alternative (see Theorem 4.6.1 below), these operators are invertible modulo finite-
dimensional subspaces, and it turns out that the right-hand sides of the first and
fourth equations are invertible while the right-hand sides of the second and third
equations are invertible modulo a one-dimensional kernel. To see how this resolves
the question of existence of a solution for, say, the interior Dirichlet problem, consider
(4.17) and let g ∈ C(Γ). The equation h/2 + Kh = g can be solved (uniquely) for
h ∈ L2(Γ). If u = K̃h, then u is harmonic in Ω+ by Proposition 4.3.2, and if h is
continuous, (4.17) shows that u has the correct boundary behavior, so that u solves
the interior Dirichlet problem with boundary data g. Proposition 4.4.7 in the next
section shows that the continuity hypothesis of g implies continuity of h, so that the
argument clinches.

4.4 Weakly singular integral operators
In this section we introduce an appropriate class of operators of which S and K are
members. We then apply the results to S and K to put them on solid ground.

4.4.1 General theory
Throughout this section we let Σ denote a compact hypersurface of class C1. We
start by stating a theorem giving sufficient conditions for an integral operator to
be bounded on Lp(Σ) for 1 ≤ p ≤ ∞. We leave out the proof (see Folland [15,
Theorem 6.18]); it follows from an application of Hölder’s inequality and Fubini’s
theorem.

Theorem 4.4.1 (Schur estimates). Suppose k : Σ × Σ → R satisfies

sup
x∈Σ

∫
Σ

|k(x, y)| dσ(y) ≤ C and sup
y∈Σ

∫
Σ

|k(x, y)| dσ(x) ≤ C. (4.21)
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Then for every f ∈ Lp(Σ), 1 ≤ p ≤ ∞,

Tf(x) =
∫

Σ
k(x, y)f(y) dσ(y)

converges for almost every x ∈ Σ and ∥Tf∥p ≤ C∥f∥p.

The theorem holds much more generally by replacing Σ×Σ by X×Y for any σ-finite
measure spaces X and Y .

Definition 4.4.2. A function k : Σ × Σ → R is called a weakly singular kernel if
for some α ∈ (0, n− 1) and C < ∞,

|k(x, y)| ≤ C

|x− y|α
, x ̸= y.

The exponent α is called the order of k. We say that k is a continuous kernel if k is
continuous off the diagonal, that is, continuous on the set {(x, y) ∈ Σ × Σ : x ̸= y}.

Throughout this chapter, it will be implicitly understood that if x ∈ Σ and δ > 0,
then the integrals

∫
B(x,δ) · dσ(y) and

∫
B(x,δ)c · dσ(y) are taken over the sets Σ∩B(x, δ)

and Σ ∩B(x, δ)c, respectively. The same convention holds when Σ is replaced by Γ
and we integrate with respect to surface measure.

Proposition 4.4.3. Let k be a weakly singular kernel of order α. Then for every
ε > 0,

sup
x∈Σ

∫
B(x,ε)

|k(x, y)| dσ(y) ≲ εn−1−α, (4.22)

where the constant in the ≲-relation depends only on k and Σ. The same estimate
holds with the roles of x and y interchanged.

Proof. Fix ε > 0 and cover Σ by finitely many C1 bi-Lipschitz charts (Ui, φi) and
choose a corresponding Lebesgue number δ > 0 as in Lemma 4.1.2. As we mentioned
in Section 4.1, there are absolute constants c1 and c2 (depending only on the chosen
covering) such that

c1|x− y| ≤ |φi(x) − φi(y)| ≤ c2|x− y|

for all x, y ∈ Ui. Suppose ε < δ and let x ∈ Σ. Then B(x, ε) ∩ Σ ⊂ Ui for some
chart (Ui, φi). Let fi = φ−1

i , x = fi(v), and y = fi(u) for y ∈ B(x, ε) ∩ Σ. We have∫
B(x,ε)

|k(x, y)| dσ(y) ≲
∫
B(x,ε)

|x− y|−α dσ(y)

=
∫
φi(B(x,ε))

|fi(v) − fi(u)|−αJ(D(fi)u) du

≲
∫
B(v,c2ε)

|v − u|−α du =
∫
B(0,c2ε)

|u|−α du.
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In the third step we used the bi-Lipschitz property of fi and the fact that 1/c1 is a
Lipschitz constant for fi, which implies that the partial derivatives of fi are bounded
by 1/c1. Furthermore, φi(B(x, ε)) ⊂ B(v, c2ε) since for y ∈ B(x, ε) we have

|φi(y) − v| = |φi(y) − φi(x)| ≤ c2|y − x| < c2ε.

Now, since B(0, c2ε) ⊂ Rn−1, integration in polar coordinates gives∫
B(x,ε)

|k(x, y)| dσ(y) ≲
∫
B(0,c2ε)

|u|−α du ≲ εn−1−α. (4.23)

If instead ε ≥ δ, ∫
B(x,ε)

|k(x, y)| dσ(y) ≲
∫

Σ
|x− y|−α dσ(y),

and a partition of unity argument and a similar integration in polar coordinates
shows that the last integral is bounded by some constant C < ∞. Thus

∫
B(x,ε)

|k(x, y)| dσ(y) ≲ εn−1−α C

δn−1−α , (4.24)

and (4.22) now follows from (4.23) and (4.24). By symmetry, the same bound holds
with x and y interchanged.

Corollary 4.4.4. Any integral operator on Σ with a weakly singular kernel is bounded
on Lp(Σ) for any p ∈ [1,∞].

Proof. By taking ε = diam Σ in (4.22), the statement follows from Theorem 4.4.1.

For ε > 0 we let

Dε = {(x, y) ∈ Σ × Σ : |x− y| < ε} (4.25)

be the set of points (x, y) lying close to the diagonal of Σ × Σ. Given a kernel k on
Σ × Σ it is often useful to split it into two parts

kε1(x, y) = χDε(x, y)k(x, y) and kε2(x, y) = k(x, y) − kε1(x, y). (4.26)

If T is the integral operator on Σ whose kernel is k, we get a corresponding decom-
position T = T ε1 + T ε2 . If k is singular on the diagonal, writing k = kε1 + kε2 means in
particular that we split k into an unbounded part kε1 and a bounded part kε2.

Proposition 4.4.5. If T is an integral operator on Σ with a weakly singular kernel
k, then T is compact on L2(Σ).
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Proof. Write T = T ε1 + T ε2 as above. Because the kernel of T ε2 is bounded, T ε2 is
a Hilbert-Schmidt operator and hence compact for every ε > 0 (see for example,
W. Arveson [1, Proposition 2.8.4. and Example 2.8.5.]). Proposition 4.4.3 and
Theorem 4.4.1 shows that

∥T − T ε2 ∥L2→L2 = ∥T ε1 ∥L2→L2 −→ 0

as ε → 0. Thus T is the limit of compact operators in the operator norm topology
and is therefore compact.

We need two facts about weakly singular kernels where the continuity comes into
play. Let k be a weakly singular continuous kernel and T be the corresponding
integral operator, and let f be a function on Σ. With x ∈ Σ and Bδ = B(x, δ), the
following estimate (with possibly minor modifications) will be used several times,

|Tf(x) − Tf(y)| ≤
∫
Bδ

(|k(x, z)| + |k(y, z)|)|f(z)| dσ(z)

+
∫
Bc

δ

|k(x, z) − k(y, z)||f(z)| dσ(z).
(4.27)

We want to make the right-hand side small. To control the first integral on the right
we utilize Proposition 4.4.3, which works because of the size estimate |k(x, y)| ≲
|x− y|−α. To control the second integral, we use the regularity of the kernel off the
diagonal. If δ is held fixed and |x−y| < δ/2, then (x, z), (y, z) ∈ Dc

δ/2 (see (4.25)) for
every z ∈ Bc

δ . Because Dc
δ/2 is compact, k is uniformly continuous on Dc

δ/2, and so
the second integral can be made arbitrarily small by choosing |x− y| small enough.

Proposition 4.4.6. Let k be a weakly singular continuous kernel and let T be the
corresponding integral operator. If f is bounded on Σ, then Tf is continuous on Σ.

Proof. Fix ε > 0 and let Bδ = B(x, δ). We use (4.27) and estimate f by its uniform
norm to get

|Tf(x) − Tf(y)| ≤ ∥f∥∞(I + II),

where

I =
∫
Bδ

(|k(x, z)| + |k(y, z)|) dσ(z), II =
∫
Bc

δ

|k(x, z) − k(y, z)| dσ(z).

Let |x− y| < δ, so that Bδ ⊂ B(y, 2δ). Then

I ≤ 2 sup
x′∈Σ

∫
B(x′,2δ)

|k(x′, z)| dσ(z) < ε

2∥f∥∞

if δ is small enough. By uniform continuity on Dc
δ/2, choosing δ′ < δ/2 small enough,

|x− y| < δ′ implies II < ε/2∥f∥∞, and so

|Tf(x) − Tf(y)| ≤ ∥f∥∞

(
ε

2∥f∥∞
+ ε

2∥f∥∞

)
= ε.
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Proposition 4.4.7. Let k be a weakly singular continuous kernel and let T be its
corresponding operator. If f ∈ L2(Σ) and f + Tf = g is continuous on Σ, then so
is f .

Proof. We start by making a continuous version of the decomposition of k in (4.26).
Fix ε > 0 and let ρ be a continuous function on Σ × Σ satisfying 0 ≤ ρ ≤ 1,
ρ(x, y) = 1 if |x− y| < ε/2 and ρ(x, y) = 0 if |x− y| > ε. Put

kε1 = ρk and kε2 = (1 − ρ)k,

so that kε2 is continuous on Σ×Σ and k = kε1+kε2. Let T ε1 and T ε2 be the corresponding
integral operators. By Cauchy-Schwarz,

|T ε2 f(x) − T ε2 (y)|2 ≤ ∥f∥2
∫

Σ
|kε2(x, z) − kε2(y, z)|2 dσ(z) −→ 0 as y → x.

Thus T ε2 f is continuous and hence so is

g − T ε2 f = f + T ε1 f =: h.

By Theorem 4.4.1 and (4.22), both ∥T ε1 ∥L2→L2 and ∥T ε1 ∥L∞→L∞ can be made smaller
than 1 by taking ε sufficiently small. Then I + T ε1 is invertible as an operator on
both L2(Σ) and L∞(Σ) and its inverse is given by the Neumann series

(I + T ε1 )−1 =
∞∑
j=0

(−T ε1 )j.

Since f ∈ L2(Σ), f = ∑∞
j=0(−T ε1 )jh. But h is bounded, so each term in the sum is

continuous according to Proposition 4.4.6, and since the series converges uniformly,
f is continuous on Σ.

4.4.2 Kernels of the layer potentials
We now apply the results of the previous section to Φ and ∂νyΦ, and their corre-
sponding operators S and K. When n > 2, it is immediate from (4.15) that Φ is a
continuous kernel of order n− 2 on Γ × Γ. When n = 2, Φ is given by (4.16) and in
this case only has a log-singularity on the diagonal; hence Φ is a kernel of order α for
every α ∈ (0, 1). Thus, by Corollary 4.4.4 and Proposition 4.4.5, S is well-defined,
bounded, and compact on L2(Γ). It is not obvious, however, that

∂νyΦ(x, y) = ν(y) · (y − x)
ωn|y − x|n

(x ̸= y)

is weakly singular. The next lemma is just what we need. We recall that Ω+ is a
regular domain of class C2, so that Γ is a hypersurface of class C2.

Lemma 4.4.8. For all x, y ∈ Γ,

|ν(y) · (y − x)| ≲ |y − x|2,

where the constant in the ≲-relation depends only on Γ.
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Proof. According to Proposition 4.1.5, for each point x of Γ there is a bi-Lipschitz
chart (U,φ : U → U ′) of class C2 containing x. Let B(φ(x), δ) be any ball centered
at φ(x) such that B(φ(x), δ) ⊂ U ′. With V = φ−1(B(φ(x), δ)) and V ′ = B(φ(x), δ),
we have a new chart (V, φ|V : V → V ′) which also contains x. Cover Γ by finitely
many such charts (Vi, φi : Vi → V ′

i ) and let fi = φ−1
i . According to Lemma 4.1.2,

there is a δ > 0 such that |x− y| < δ implies x, y ∈ Vi for some i. Fix such a δ and
suppose |x− y| < δ and x, y ∈ Vi. Let u = φi(x) and v = φi(y). By convexity of V ′

i ,
we can do a second order Taylor expansion of fi around v to get

fi(u) = fi(v) +D(fi)v(u− v) + |u− v|2ri,v(u)

with ri,v(u) as remainder. Since fi extends to a C2 function in a neighborhood of
V ′
i , the second order partial derivatives of fi are bounded on V ′

i ; hence there is a
constant Mi such that |ri,v(u)| ≤ Mi for all u, v ∈ V ′

i . Put M = maxiMi. Applying
the Taylor expansion and using the fact that ν(y) is orthogonal to the tangent space
TyΓ we get

|ν(y) · (y − x)| = |ν(fi(v)) · (fi(u) − fi(v))|
=
∣∣∣ν(fi(v)) ·

(
D(fi)v(u− v) + |u− v|2ri,v(u)

)∣∣∣
= |u− v|2|ν(fi(v)) · ri,v(u)| ≤ M |u− v|2 ≃ |y − x|2.

If instead |x− y| ≥ δ,

|ν(y) · (y − x)| ≤ |y − x| ≤ 1
δ

|y − x|2.

It is significant that we can improve the bound |ν(y) · (y − x)| ≲ |y − x|, which
follows directly from Cauchy-Schwarz, to ≲ |y− x|2. As is clear from the proof, the
reason for this is cancellation that occurs by virtue of orthogonality: when x is close
to y, x− y is almost tangent to Γ at y, and thus ν(y) and x− y are approximately
orthogonal. It follows immediately from Lemma 4.4.8 that ∂νyΦ(x, y) is a kernel of
order n− 2 on Γ × Γ,

|∂νyΦ(x, y)| ≲ |y − x|2

|y − x|n
= 1

|y − x|n−2 ,

and we conclude that the Neumann-Poincaré operator K is well-defined, bounded,
and compact on L2(Γ). An important distinction between Φ and ∂νyΦ is that Φ
satisfies the estimate |Φ(x, y)| ≲ |x− y|2−n on all of Rn × Γ (if n = 2, the exponent
2−n has to be replaced by −α for α ∈ (0, 1), and (x, y) ∈ Rn×Γ has to be replaced
by (x, y) ∈ V × Γ where V ⊂ Rn is bounded) while ∂νyΦ does not: if x ∈ Rn \ Γ
approaches y ∈ Γ along the line normal to Γ at y, that is, x = y + tν(y) for t ̸= 0,
then

∂νyΦ(y + tν(y), y) = t|ν(y)|2
ωn|x− y|n

= 1
ωn|x− y|n−1 .

As is seen in the proof of Proposition 4.5.1, this distinguishing feature allows S to
define a continuous extension of S̃ across Γ.
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4.5 Jump relations
We are now ready to prove the formulas (4.17)-(4.20). As is evident from these,
u and ∂νv have jump discontinuities across the boundary: in either case there is a
jump by a magnitude of |h(x)| as one approaches x ∈ Γ from the interior versus the
exterior domain. Hence we refer to them as jump relations. In particular, the double
layer potential with moment h cannot be extended continuously across Γ (except
when h ≡ 0). In contrast, we now show that this can be done for the single layer
potential; the proof is very similar to that of Proposition 4.4.6.

Proposition 4.5.1. Suppose h : Γ → R is bounded, and let

v(x) =

S̃h(x) if x ∈ Rn \ Γ,
Sh(x) if x ∈ Γ.

Then v is continuous on Rn.

Proof. Because of Proposition 4.3.2, v is continuous on Rn \Γ, and we already know
from Proposition 4.4.6 that v|Γ is continuous. Thus it is sufficient to show that for
any ε > 0 we can find δ > 0 such that x ∈ Rn \ Γ, x0 ∈ Γ, and |x− x0| < δ, implies
|v(x) − v(x0)| < ε.

Fix ε > 0 and suppose n ≥ 3. The case n = 2 is identical after having estimated
|Φ(x, y)| ≲ |x− y|−α for any α ∈ (0, 1). We estimate

|S̃h(x) − Sh(x0)| ≤ ∥h∥∞(I + II), (4.28)

where

I =
∫
B(x0,δ)

(|Φ(x, y)| + |Φ(x0, y)|) dσ(y), II =
∫
B(x0,δ)c

|Φ(x, y) − Φ(x0, y)| dσ(y).

Suppose |x − x0| < δ and consider I. Let x′ be any point on Γ such that d :=
dist(x,Γ) = |x − x′|. We would like to replace |Φ(x, y)| by |Φ(x′, y)|. To this end,
notice that if y ∈ Γ and |x′ − y| < 2d, then

|x′ − y|
|x− y|

<
2d
d

= 2;

and if |x′ − y| ≥ 2d, then

|x′ − y|
|x− y|

≤ |x′ − y|
|x′ − y| − |x′ − x|

= 1
1 − |x′−x|

|x′−y|

≤ 1
1 − d

2d
= 2.

Therefore,

|Φ(x, y)| = 1
(n− 2)ωn|x− y|n−2 =

(
|x′ − y|
|x− y|

)n−2

|Φ(x′, y)| ≤ 2n−2|Φ(x′, y)|.
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Next, notice that B(x0, δ) ⊂ B(x′, 3δ) because if z ∈ B(x0, δ), then

|z − x′| ≤ |z − x0| + |x0 − x| + |x− x′| < δ + 2|x0 − x| < 3δ.

We get

I ≤ (2n−1 + 1) sup
z∈Γ

∫
B(z,3δ)

k(z, y) dσ(y) < ε

2∥h∥∞

by taking δ small enough. To control II we use the continuity of Φ off the diagonal.
If |x− x0| < δ/2, then for every y ∈ Γ ∩B(x0, δ)c,

(x, y), (x0, y) ∈ {(x′, y′) ∈ BR × Γ : |x′ − y′| ≥ δ/2} =: Aδ/2

where BR is some large ball containing Γ. Since Aδ/2 is compact, Φ is uniformly con-
tinuous on Aδ/2, and so the integrand in II can be made smaller than ε/(2σ(Γ)∥h∥∞)
by taking |x − x0| < δ′ where δ′ < δ/2 is sufficiently small. The result now follows
from (4.28).

We now set our aim at proving the jump relations (4.17) and (4.18) involving the
double layer potential u. We start by proving the special case when h ≡ 1. The
proof of Proposition 4.5.2 conveys the importance of the harmonicity of the kernel
Φ and provides geometric intuition for why the constant 1/2 appears in the jump
relations.

Proposition 4.5.2.

K̃1(x) =

1 if x ∈ Ω+,

0 if x ∈ Ω−,
and K1 ≡ 1/2.

Proof. If x ∈ Ω−, then the function y 7→ Φ(x, y) is harmonic in Ω+ and extends
smoothly to a neighborhood of Ω+. Thus by (4.11), K̃1(x) = 0. If instead x ∈ Ω+,
let ε > 0 small enough so that B(x, ε) ⊂ Ω+. Consider the sphere Sε centered at
x with radius ε. The outward unit normal ν(y) on Sε is given by (y − x)/ε; hence,
since σ(Sε) = ωnε

n−1, for y ∈ Sε we have that

∂νyΦ(x, y) = (y − x) · (y − x)
εωn|y − x|n

= 1
ωnεn−1 = 1

σ(Sε)
.

Applying (4.11) to the region Ω+ \B(x, ε) whose boundary is Γ ∪ Sε then gives

K̃1(x) =
∫

Γ
∂νyΦ(x, y) dσ(y) −

∫
Sε

∂νyΦ(x, y) dσ(y) + 1
σ(Sε)

∫
Sε

dσ(y) = 1.

Suppose now x ∈ Γ. With Sε as above put S+
ε = Sε ∩ Ω+ and consider the domain

Ω+
ε = Ω+ \B(x, ε) whose boundary is Γε = (Γ \B(x, ε)) ∪ S+

ε . Thus we cut out the
part of Γ passing through the ball B(x, ε) and replace it by the part of the sphere Sε
contained in Ω+. Since Γ is almost equal to the affine hyperplane x+TxΓ in a small
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neighborhood of x, S+
ε is approximately equal to the half-sphere lying on the same

side of the tangent space at x as Ω+. (It is from this half -sphere that the constant
1/2 arises.) As before, y 7→ Φ(x, y) is harmonic in Ω+

ε and extends smoothly to a
neighborhood of Ω+

ε . By (4.11) once more,
∫

Γ\B(x,ε)
∂νyΦ(x, y) dσ(y) =

∫
Γε

∂νyΦ(x, y) dσ(y) + 1
σ(Sε)

∫
S+

ε

dσ(y)

= σ(S+
ε )

σ(Sε)
.

(4.29)

The left-hand side of (4.29) converges to K1(x) as ε → 0 by dominated convergence,
and according to our heuristic, the right-hand side should converge to 1/2. So if
this holds, we are done.

We now make this rigorous. We claim that there is a positive constant c = c(x) < ∞
such that for ε sufficiently small,

{y ∈ Sε : (y − x) · ν(x) < −cε2} ⊂ Ω+, (4.30)
{y ∈ Sε : (y − x) · ν(x) > cε2} ⊂ Ω−. (4.31)

Suppose the claim holds and let

S ′
ε = {y ∈ Sε : (y − x) · ν(x) ≤ 0}

be the (exact) half-sphere on the same side of x+ TxΓ as Ω+. It follows that

(S+
ε \ S ′

ε) ∪ (S ′
ε \ S+

ε ) ⊂ {y ∈ Sε : |(y − x) · ν(x)| ≤ cε2} =: Aε;

hence, |σ(S+
ε ) − σ(S ′

ε)| ≤ σ(Aε). Lemma 4.5.3 below shows that σ(Aε) ≲ εn, and
therefore,

σ(S+
ε )

σ(Sε)
= σ(S ′

ε)
σ(Sε)

+ σ(S+
ε ) − σ(S ′

ε)
σ(Sε)

= 1
2 + O(ε) −→ 1

2 as ε → 0.

To prove the claim, let (V, ψ : V → W ) be a boundary chart of class C2 for Ω+ such
that x ∈ V . As we noted in the proof of Lemma 4.1.9, after restricting the domain
and range of ψ if necessary, we may assume that W is a convex set and that ψ is
bi-Lipschitz. Furthermore, after composing ψ with a translation, we may assume
that ψ(x) = 0. We also mentioned in Section 4.1 (see (4.4) and the comment after
Proposition 4.1.8) that since x ∈ Γ ∩ V , it follows that

ν(x) = − ∇ψn(x)
|∇ψn(x)| ,

where ψn is the n:th coordinate function of ψ. Put f = ψ−1 and u = ψ(y) for y ∈ V .
By (4.5), ∇ψn(x) · (∂f/∂xi)(0) = δn,i. Since W is convex, we can do a second order
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Taylor expansion of f around 0 = ψ(x), which gives

(y − x) · ν(x) = (f(u) − f(0)) · −∇ψn(x)
|∇ψn(x)| =

(
Df0u+ |u|2r0(u)

)
· −∇ψn(x)

|∇ψn(x)|

= − 1
|∇ψn(x)|

 n∑
i=1

ui

(
∂f

∂xi
(0) · ∇ψn(x)

)
+ |u|2(r0(u) · ∇ψn(x))


= − 1

|∇ψn(x)|
(
un + |u|2(r0(u) · ∇ψn(x))

)
.

Thus if (y − x) · ν(x) < −cε2 we get

un > cε2|∇ψn(x)|
(

1 − c−1ε−2|u|2
(
r0(u) · ∇ψn(x)

|∇ψn(x)|

))
. (4.32)

Let ε be sufficiently small so that Sε ⊂ V . Then, if additionally y ∈ Sε, we get
that ε = |y − x| ≃ |u| since f is bi-Lipschitz. Thus, for some constant C1 < ∞,
ε−2|u|2 ≤ C1. Because the remainder term r0(u) is bounded in a neighborhood of 0,
by say C2 < ∞, Cauchy-Schwarz gives that for ε small enough,∣∣∣∣∣c−1ε−2|u|2

(
r0(u) · ∇ψn(x)

|∇ψn(x)|

)∣∣∣∣∣ ≤ c−1C1C2.

We see that if we choose c = 2C1C2, which depends on x but not on y nor ε,
then the right-hand side of (4.32) is positive for ε sufficiently small, implying that
ψn(y) = un > 0, or equivalently, y ∈ Ω+. Thus we have shown the inclusion (4.30),
and (4.31) follows similarly.

We note that the set Γε appearing in the proof is not a hypersurface of class Ck

for any k ≥ 0 because it has corners or creases at the intersection of Γ and S+
ε .

The version of Green’s first identity stated in Theorem 4.1.12 is therefore not strong
enough for our purposes. This is not however an issue because Green’s identities,
or more generally the Divergence theorem, holds for much more general boundaries
than smooth hypersurfaces, for example, a Lipschitz boundary is sufficient (see
L. Evans and R. Gariepy [12, Theorem 5.16]).

Lemma 4.5.3. Let Sε ⊂ Rn be the sphere of radius ε centered at x ∈ Rn. Let
v ∈ Rn be any vector of unit length and let 0 < c < ∞ be a constant. Put

Aε = {y ∈ Sε : |(y − x) · v| ≤ cε2}.

Then σ(Aε) ≲ εn, where the constant in the ≲-relation only depends on n.

Proof. As Hausdorff measure is invariant under isometries, after a translation and
rotation, we may assume that x = 0 and v = (1, 0, ..., 0). The sphere Sε is pa-
rameterized (up to a set of measure zero) by n-dimensional spherical coordinates as
follows. Let

T : (0, π)n−2 × (0, 2π) → Rn, T (ϕ1, ..., ϕn−2, θ) = (x1, x2, ..., xn)
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be given by

x1 = ε cosϕ1, x2 = ε sinϕ1 cosϕ2, x3 = ε sinϕ1 sinϕ2 cosϕ3, ...,

xn−1 = ε sinϕ1... sinϕn−2 cos θ, xn = ε sinϕ1... sinϕn−2 sin θ.

Then T is a diffeomorphism onto a subset D of Sε such that σ(Sε \ D) = 0. For
example, when n = 3, this reduces to the usual spherical coordinates but with the
axes permuted. Hausdorff measure is given in these coordinates by

dσ = εn−1 sinn−2 ϕ1 sinn−3 ϕ2... sinϕn−2dϕ1dϕ2...dϕn−2dθ.

Representing y ∈ Sε in these coordinates and taking the inner product with v then
simply gives y · v = ε cosϕ1, and

|y · v| ≤ cε2 ⇐⇒ ε| cosϕ1| ≤ cε2 ⇐⇒ | cosϕ1| ≤ cε.

Thus

χAε(T (ϕ1, ..., ϕn−2, θ)) = χBε(ϕ1), Bε := {φ ∈ (0, π) : | cosφ| ≤ cε}.

Now, since cos(φ) = − sin(φ− π/2), and | sin x| ≥ (2/π)|x| for x ∈ (−π/2, π/2), we
have for φ ∈ (0, π) that

| cos(φ)| = | sin(φ− π/2)| ≥ 2
π

|φ− π/2|.

Thus | cos(φ)| ≤ cε implies (2/π)|φ− π/2| ≤ cε, so that

Bε ⊂
{
φ ∈ (0, π) : 2

π

∣∣∣∣∣φ− π

2

∣∣∣∣∣ ≤ cε

}

=
{
φ ∈ (0, π) : π2 (1 − cε) < φ <

π

2 (1 + cε)
}

=: Cε.

Therefore, χBε(ϕ1) ≤ χCε(ϕ1), and a change of variables together with Fubini’s
theorem then gives

σ(Aε) =
∫
Sε

χAε(y) dσ(y)

= εn−1
∫ 2π

0

∫ π

0
...
∫ π

0
χAε(T (ϕ1, ..., ϕn−2, θ))

· sinn−2 ϕ1 sinn−3 ϕ2... sinϕn−2dϕ1dϕ2...dϕn−2dθ

= εn−1
∫ 2π

0

∫ π

0
...
∫ π

0
χBε(ϕ1)

· sinn−2 ϕ1 sinn−3 ϕ2... sinϕn−2dϕ1dϕ2...dϕn−2dθ

≃ εn−1
∫ π

0
χBε(ϕ1) sinn−2 ϕ1 dϕ1 ≤ εn−1

∫ π

0
χCε(ϕ1) dϕ1

= εn−1
(
π

2 (1 + cε) − π

2 (1 − cε)
)

= cπεn.

Thus σ(Aε) ≲ εn.
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To extend Proposition 4.5.2 to the general case, we need a technical result, the proof
of which we omit since it is not very enlightening; see Folland [14, Lemma 3.20].

Lemma 4.5.4. There is a constant C < ∞ such that∫
Γ

|∂νyΦ(x, y)| dσ(y) < C

for all x ∈ Rn \ Γ.

As will be clear from the proof of the next theorem, the lemma is needed to control
K̃h(x) as x approaches Γ. In the light of Proposition 4.5.2, we see that the fact
that K̃1(x) stays bounded in Ω+ (it is constantly equal to 1), does not rely on sign
cancellation. Lemma 4.5.4 basically says that fx(y) = |∂νyΦ(x, y)| approximates a
Dirac delta function as x approaches x0 ∈ Γ at the line normal to Tx0Γ. We are now
ready to prove (4.17) and (4.18).

Theorem 4.5.5. Let h ∈ C(Γ) and u = K̃h. Then

u+(x) = 1
2h(x) +Kh(x),

u−(x) = −1
2h(x) +Kh(x),

and the convergence of u(x+ tν(x)) as t tends to 0 from below or above is uniform
on Γ.

Proof. For t < 0 and |t| small enough, x′ := x + tν(x) ∈ Ω+ for every x ∈ Γ by
Lemma 4.1.9. Thus, by Proposition 4.5.2 we can write

−1
2h(x) =

∫
Γ
∂νyΦ(x, y)h(x) dσ(y) −

∫
Γ
∂νyΦ(x′, y)h(x) dσ(y),

and hence

u(x′) −
(
h(x)

2 +Kh(x)
)

=
∫

Γ

[
∂νyΦ(x′, y) − ∂νyΦ(x, y)

]
(h(y) − h(x)) dσ(y).

The proof now proceeds very similarly to those of Propositions 4.4.6 and 4.5.1.
Fix ε > 0. Taking absolute values and splitting the integral into two parts over
Bδ = B(x, δ) and Bc

δ , respectively, gives∣∣∣∣∣u(x′) −
(
h(x)

2 +Kh(x)
)∣∣∣∣∣ ≤

∫
Bδ

(|∂νyΦ(x′, y)| + |∂νyΦ(x, y)|)|h(y) − h(x)| dσ(y)

+ 2∥h∥∞

∫
Bc

δ

|∂νyΦ(x′, y) − ∂νyΦ(x, y)| dσ(y).

By (4.22) and Lemma 4.5.4, the kernel in the integral over Bδ is bounded by some
constant C. By uniform continuity of h we can choose δ small enough so that
|y − x| < δ implies |h(y) − h(x)| < ε/(2Cσ(Γ)) for all x, y ∈ Γ, in which case the
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integral over Bδ is bounded by ε/2. We deal with the integral over Bc
δ exactly as in

the proof of Proposition 4.5.1, so let Aδ/2 be as in that proof. Since ∂νyΦ is uniformly
continuous on Aδ/2, taking δ′ < δ/2 sufficiently small implies that∫

Bc
δ

|∂νyΦ(x′, y) − ∂νyΦ(x, y)| dσ(y) < ε

4∥h∥∞

whenever |x′ − x| = |t| < δ′, and so∣∣∣∣∣u(x′) −
(
h(x)

2 +Kh(x)
)∣∣∣∣∣ < ε

2 + 2∥h∥∞
ε

4∥h∥∞
= ε.

The proof for the second relation is analogous.

In relations (4.19) and (4.20), the adjoint operator K∗ of K appear. Since the kernel
∂νyΦ(x, y) is real-valued, it follows from Fubini’s theorem that the kernel of K∗ is
given by ∂νxΦ(x, y), that is,

K∗h(x) =
∫

Γ
∂νxΦ(x, y)h(y) dσ(y) =

∫
Γ

ν(x) · (x− y)
ωn|x− y|n

h(y) dσ(y).

Furthermore, if x ∈ Γ, and x′ = x+ tν(x) with t ̸= 0,

ν(x) · ∇v(x′) =
∫

Γ
ν(x) · ∇xΦ(x′, y)h(y) dσ(y) =

∫
Γ

ν(x) · (x′ − y)
ωn|x′ − y|n

h(y) dσ(y),

which should be compared to

u(x′) =
∫

Γ
ν(y) · ∇yΦ(x′, y)h(y) dσ(y) =

∫
Γ

ν(y) · (y − x′)
ωn|y − x′|n

h(y) dσ(y).

The situation is indeed rather symmetric, and we can utilize Theorem 4.5.5 when
we now prove (4.19) and (4.20).

Theorem 4.5.6. Let h ∈ C(Γ) and v = S̃h. Then

∂ν+v(x) = −1
2h(x) +K∗h(x),

∂ν−v(x) = 1
2h(x) +K∗h(x),

and the convergence of ν(x) · ∇v(x + tν(x)) as t tends to 0 from below or above is
uniform on Γ.

Proof. Let u = K̃h, and for x ∈ Γ and |t| small consider

φt(x) := ν(x) · ∇v(x+ tν(x)) + u(x+ tν(x)).

We claim that φt → K∗h + Kh uniformly on Γ as t → 0. Fix ε > 0 and for
(x, y) ∈ Γ × Γ define

kt(x, y) = ν(x) · (x+ tν(x) − y)
ωn|x+ tν(x) − y|n

+ ν(y) · (y − x− tν(x))
ωn|x+ tν(x) − y|n

,
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and

k(x, y) = ν(x) · (x− y)
ωn|x− y|n

+ ν(y) · (y − x)
ωn|x− y|n

= ∂νxΦ(x, y) + ∂νyΦ(x, y).

Then

φt(x) =
∫

Γ
kt(x, y)h(y) dσ(y), K∗h(x) +Kh(x) =

∫
Γ
k(x, y)h(y) dσ(y).

With Bδ = B(x, δ) we estimate as before,

|φt(x) −K∗h(x) −Kh(x)| ≤ ∥h∥∞(I + II) (4.33)

with

I =
∫
Bδ

(|kt(x, y)| + |k(x, y)|) dσ(y), II =
∫
Bc

δ

|kt(x, y) − k(x, y)| dσ(y).

By Theorem 4.1.13, if |t| is small enough, then dist(x+ tν(x),Γ) = |t| for all x ∈ Γ,
in which case

|x− y|
|x+ tν(x) − y|

≤ 2

for all y ∈ Γ, as we showed in the proof of Proposition 4.5.1. Thus

|kt(x, y)| ≤ |ν(x) − ν(y)|
ωn|x− y|n−1

(
|x− y|

|x+ tν(x) − y|

)n−1

≲
1

|x− y|n−2 .

In the last step we used that ν is C1 in a neighborhood of Γ and hence Lipschitz
on Γ by Corollary 4.1.4. Similarly, |k(x, y)| ≲ |x− y|2−n. Thus by Proposition 4.22,
I < ε/2∥h∥∞ if δ is chosen small enough. By continuity off the diagonal, taking
|t| < δ/2 small enough gives II < ε/2∥h∥∞ and then the claim follows from (4.33).

Since ν(x) · ∇v(x + tν(x)) = φt(x) − u(x + tν(x)), the claim together with Theo-
rem 4.5.5 now implies that, uniformly in x ∈ Γ,

lim
t↑0

ν(x) · ∇v(x+ tν(x)) = K∗h(x) +Kh(x) − 1
2h(x) −Kh(x)

= −1
2h(x) +K∗h(x),

and

lim
t↓0

ν(x) · ∇v(x+ tν(x)) = K∗h(x) +Kh(x) + 1
2h(x) −Kh(x)

= 1
2h(x) +K∗h(x).

We end this section by noting two immediate consequences of Theorems 4.5.5
and 4.5.6. If h ∈ C(Γ), u = K̃h and v = S̃h, then h can be decomposed in
the following two ways:

h = u+ − u−, (4.34)
h = ∂ν−v − ∂ν+v. (4.35)
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4.6 Existence of solutions to the interior Neu-
mann problem

We now turn to the existence part for the interior Neumann problem. Let

T = −1
2I +K, so that T ∗ = −1

2I +K∗.

If h ∈ C(Γ) and v = S̃h, then v ∈ C1
ν (Ω+) and ∂ν+v = T ∗h by Proposition 4.5.1 and

Theorem 4.5.6. Now if g ∈ C(Γ) and the equation T ∗h = g can be solved for some
h ∈ L2(Γ), then in fact h ∈ C(Γ) by Proposition 4.4.7. We conclude that the single
layer potential v with moment h ∈ C(Γ) solves the interior Neumann problem with
data g ∈ C(Γ) if and only if T ∗h = g. Thus we focus our attention on the operator
T ∗ : L2(Γ) → L2(Γ) with the ambition of identifying ranT ∗. We now state one of
the main theorems for compact operators, the Fredholm alternative, which provides
us with the general tools we need to analyze T ∗.

Theorem 4.6.1 (Fredholm Alternative). Let K : X → X be a compact operator
on a real Hilbert space X, and suppose λ ∈ R \ {0}. Let A = λI + K and let
A∗ = λI +K∗ be the adjoint of A. Then ranA and ranA∗ are closed subspaces, and

ranA = (kerA∗)⊥ and ranA∗ = (kerA)⊥. (4.36)

Moreover, kerA and kerA∗ are finite-dimensional, and

dim(ker A) = dim(ker A∗) < ∞. (4.37)

There are few different ways in which the Fredholm alternative is usually stated,
in particular, it is more commonly stated for complex Hilbert spaces. We refer
the reader to E. Zeidler [27, Theorem 5.B.] for a proof. The theorem holds more
generally in a Banach space setting provided we replace the orthogonal complements
by quotients and adjoints by dual operators. Roughly, it says that operators of
the form A = λI + K are, if not invertible, invertible modulo finite-dimensional
subspaces. Moreover, since (ranA)⊥ = kerA∗ by (4.36), it follows from (4.37) that
dim(kerA) = dim(ranA⊥); hence A is injective if and only if it is surjective. Thus
operators on this form very much resemble square matrices. As we saw in Section 4.4,
the Neumann-Poincaré operator K is compact, and it is a fact that K is compact if
and only if K∗ is compact. Thus the Fredholm alternative applies to T = −I/2 +K
and T ∗ = −I/2 +K∗.

For the next theorem, it is crucial that we are assuming that the domain Ω+ is
connected. In general, if Ω+ has m connected components, then dim(ker T ) = m.
We have already used the connectedness assumption when we proved uniqueness
modulo constants for the interior Neumann problem. If Ω+ had more than one con-
nected component, then "uniqueness modulo constants" would have to be replaced
by "uniqueness modulo functions that are constant on each component".

77



4. The Interior Neumann Problem

Theorem 4.6.2. (ranT ∗)⊥ = kerT = span {1}.

Proof. The first equality, (ranT ∗)⊥ = kerT , is a general fact for bounded linear
operators, so we only need to focus on the second equality. It follows immediately
from Proposition 4.5.2 that 1 ∈ kerT and hence, by (4.37),

1 ≤ dim(kerT ) = dim(kerT ∗). (4.38)

We claim that {
h ∈ kerT ∗ :

∫
Γ
h dσ = 0

}
= {0}.

If this is true, then by Lemma 4.6.3 below, with V = kerT ∗ and ρ : kerT ∗ → R
given by ρ(h) =

∫
Γ h dσ,

dim(kerT ∗) ≤ dim(ker ρ) + 1 = dim({0}) + 1 = 1.

Combining this with (4.38) then gives that dim(kerT ) = 1, so that kerT = span {1}
since 1 ∈ kerT .

Let us prove the claim. First notice that every function in kerT ∗ is automatically
continuous by Proposition 4.4.7 since the zero function is continuous (observe that
the T in Proposition 4.4.7 corresponds to K∗, and not the T ∗ in this proof ). Let
h ∈ kerT ∗ with

∫
Γ h dσ = 0 and put v = S̃h. By Theorem 4.5.6, ∂ν+v = 0 and

thus v = α on Ω+ for some constant α ∈ R by uniqueness modulo constants for
the interior Neumann problem. By (4.35), ∂ν−v = h, so by Proposition 4.1.15 and
Green’s identity (4.10) applied to the region BR ∩ Ω− (where BR = B(0, R) is some
large ball containing Γ),∫

BR∩Ω−
|∇v|2 dx = α

∫
Γ
h dσ +

∫
∂BR

v∂νv dσ =
∫
∂BR

v∂νv dσ.

If n ≥ 3, one checks that v(x) = O(|x|2−n) for |x| large. If n = 2, v(x) does not
vanish at infinity in general; however, under the assumption

∫
Γ h dσ = 0 we get for

|x| large that

|v(x)| = 1
2π

∣∣∣∣∣
∫

Γ
(ln |x− y| − ln |x|)h(y) dσ(y)

∣∣∣∣∣ ≲ ln
(

1 + C

|x|

)
≃ |x|−1.

In either case, |v(x)| ≲ R−1 for x ∈ ∂BR. Further, for any n ≥ 2 and x ∈ ∂BR,

|∂νv(x)| ≤
∫

Γ

|x · (x− y)|
ωnR|x− y|n

|h(y)| dσ(y) ≲ R1−n.

Thus ∫
BR∩Ω−

|∇v|2 dx =
∣∣∣∣∣
∫
∂BR

v(x)∂νv(x) dσ(x)
∣∣∣∣∣ ≤ R−n

∫
∂BR

dσ(x) ≃ R−1.

Letting R → ∞, monotone convergence shows that
∫

Ω− |∇v|2 dx = 0. Therefore
∇v = 0 on Ω−, and in particular h = ∂ν−v = 0.
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Lemma 4.6.3. Let V be a finite dimensional real Hilbert space and let ρ be a linear
functional on V . Then

dim(V ) ≤ dim(ker ρ) + 1.

Proof. If ρ is trivial, that is, ker ρ = V , the inequality is trivial. Suppose ρ is non-
trivial. Then the quotient V/ker ρ is isomorphic to R via the induced linear map
ρ̃(x+ ker ρ) := ρ(x) (which is well-defined), and it is easily checked that (ker ρ)⊥ is
isomorphic to V/ker ρ through the quotient map h 7→ h+ ker ρ. Thus

dim V = dim ker ρ+ dim(ker ρ)⊥ = dim ker ρ+ 1.

We are finally in a position to give a proof of Theorem 4.2.1, which, as we recall,
states that for g ∈ C(Γ), the interior Neumann problem has a solution, which is
unique up to constants, if and only if

∫
Γ g dσ = 0.

Proof of Theorem 4.2.1. The necessity of
∫

Γ g dσ = 0 and uniqueness modulo con-
stants was proved in (4.14) and Proposition 4.2.2, respectively. As we mentioned
in the beginning of this section, the single layer potential v with moment h solves
the interior Neumann problem if and only if T ∗h = g. By Theorem 4.6.2, this equa-
tion is solvable precisely when

∫
Γ g dσ = 0. Thus, the condition

∫
Γ g dσ = 0 is also

sufficient for a solution to exist.

In the proof of Theorem 4.6.2 we showed explicitly that kerT ∗ ∩ {h :
∫

Γ h dσ = 0} is
the trivial subspace {0}, so according to the statement of the same theorem, if we
define

L0
2(Γ) =

{
h ∈ L2(Γ) :

∫
Γ
h dσ = 0

}
, (4.39)

then T ∗ : L0
2(Γ) → L0

2(Γ) is invertible.

We conclude this section by commenting on the kernel of T ∗. Since ∇S̃h = O(|x|1−n)
for any h ∈ C(Γ), it follows from the proof of Theorem 4.6.2 that v = S̃h with
h ∈ kerT ∗ solves the following exterior Dirichlet problem: find u ∈ C1

ν (Ω−) such
that 

∆u = 0 in Ω−,

u = c on Γ,
∇u → 0 as x → ∞,

(4.40)

where c ∈ R is a constant. If u is a solution to (4.40) for some c ∈ R, we call
∇u an exterior Dirichlet eigenfield. One can see using Green’s third identity that
∂ν−u ∈ kerT ∗ whenever u is a solution to (4.40). Thus kerT ∗ consists precisely of
the normal components at the boundary of the Dirichlet eigenfields.
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4.7 Complex reformulation
In R2 there is a natural complex reformulation of the interior Neumann problem
which asks for a holomorphic function satisfying a boundary condition analogous to
the condition ∂ν+u = g. We now translate our results from the previous sections
to the complex case. We identify a pair (x, y) ∈ R2 with z = x + iy ∈ C, and we
make the additional assumption that Ω+ is simply connected; this is to ensure the
existence of complex primitives of holomorphic functions on Ω+. Given a real-valued
C1 function u on an open set E ⊂ R2 we define

∇u(z) = ∂u

∂x
(z) − i

∂u

∂y
(z).

It follows from the Cauchy-Riemann equations that if u is harmonic in Ω+, then ∇u
is holomorphic in Ω+. Conversely, given a holomorphic function F on Ω+ with a
complex primitive F̃ , then u = Re F̃ is harmonic on Ω+ and

∇u = F.

Now let z ∈ Γ, w ∈ Ω+, u ∈ C1(Ω+), and F = F1 + iF2 = ∇u. We have

Re (ν(z)F (w)) = ν1(z)F1(w) − ν2(z)F2(w) = ν1(z)∂xu(w) + ν2(z)∂yu(w)
= ν(z) · ∇u(w).

In particular, for t < 0 and |t| small,

Re (ν(z)F (z + tν(z))) = ν(z) · ∇u(z + tν(z)).

Assuming u ∈ C1
ν (Ω+) and letting t ↑ 0 we get

lim
t↑0

Re (ν(z)F (z + tν(z))) = ∂ν+u(z). (4.41)

If F : Ω+ → C is a function such that the limit on the left-hand side of (4.41) exists,
with the convergence being uniform on Γ, we define

T ′F (z) = lim
t↑0

Re (ν(z)F (z + tν(z))), z ∈ Γ.

Let g be a real-valued continuous function on Γ with
∫

Γ g dσ = 0. We pose the
following problem: Find F : Ω → C+ such that T ′F exists and∂F = 0 in Ω+,

T ′F = g on Γ.
(4.42)

By ∂F = 0 we mean that F is holomorphic in Ω+. It is a direct consequence of
Theorem 4.2.1 that this problem has a unique solution. Let u be a solution to the
interior Neumann problem with data g. Then F = ∇u is holomorphic in Ω+ and
by (4.41), T ′F = g; hence F solves (4.42). If F1 and F2 both solves (4.42), let F̃1
and F̃2 be corresponding complex primitives and put u1 = Re F̃1 and u2 = Re F̃2.
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4. The Interior Neumann Problem

Then by (4.41), u1 and u2 solves the interior Neumann problem with data g. Thus
u = u1 − u2 is identically equal to a constant, and so 0 = ∇u = F1 − F2.

If the solution F of Problem (4.42) has a trace f in the sense that F (z+tν(z)) → f(z)
uniformly on Γ as t ↑ 0, then T ′F = Re (νf). Recall now Definition 2.2.2 of the
Hardy subspace L+

2 (Γ). By that definition, the space of f ∈ L2(Γ;C) such that f =
F |Γ for F ∈ A(Ω+)∩C(Ω+) is dense in L+

2 (Γ); hence on a dense set, T ′F = Re (νf).
It is in fact true that if Ω+ has some regularity, then every f ∈ L+

2 (Γ) is the (non-
tangential) pointwise a.e. limit of its Cauchy integral C+f in Ω; this is a consequence
of Theorem 2.2.8. So if we allow T ′ to act on functions which merely have a pointwise
limit a.e., then for every f ∈ L+

2 (Γ) we have that T ′(C+f) = Re (νf). It is therefore
natural to consider T ′ instead as an operator on L+

2 (Γ), and we define

T : L+
2 (Γ) → L0

2(Γ), T f(z) = Re (ν(z)f(z)), (4.43)

with L0
2(Γ) being defined in (4.39). We note that T is R-linear but not C-linear, and

that T is L2 bounded because of the pointwise estimate |Tf(z)| ≤ |f(z)|. Problem
(4.42) can then be rephrased as: given a real-valued function g on Γ with

∫
Γ g dσ = 0,

find f ∈ L+
2 (Γ) such that Tf = g. The solution to the complex interior Neumann

problem (4.42) is then given by C+f , and the existence and uniqueness of solutions
to this problem with boundary data g ∈ L0

2(Γ) is then equivalent to the invertibility
of the operator T . We shall present a general existence and uniqueness result for
the interior Neumann problem in a moment and then come back to this point.

Before this, however, we notice the similarity between the jump relations that we
have proved in this chapter and those of Theorem 2.2.8. In fact, in the 2 dimen-
sional case, the jump relations for the layer potentials follow from their complex
counterparts. Writing the complex measure as dw = iν(w)|dw|, we then see that if
f is real-valued,

ReC+f(z) = K̃f(z) and Re 1
2Cf(z) = Kf(z),

where C is the singular Cauchy integral of Definition 2.2.7. Thus

lim
w→z

C+f(w) = 1
2f(z) + 1

2Cf(z) =⇒ lim
w→z

K̃f(w) = 1
2f(z) +Kf(z).

Let us now focus again for a moment on the (real) interior Neumann problem. We
defined the normal boundary operator ∂ν+u through a uniform limit

∥ν(x) · ∇u(x+ tν(x)) − g(x)∥L∞(Γ) −→ 0 as t ↑ 0.

As we have just hinted at, requiring this limit to exist in the uniform topology is a
rather strong condition, and it is natural weaken this by requiring either pointwise
a.e. convergence or convergence in L2(Γ). (Notice that without this modification
we cannot even state the Neumann problem for boundary data in L2.) Indeed, in
the late 70’s and early 80’s, contributions from many authors showed that both the
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Dirichlet and Neumann problems admit unique (up to constants in the Neumann
case) solutions for boundary data in Lp, 1 < p < ∞, on C1 domains and even
on Lipschitz domains. For example, in 1978, E. B. Fabes, M. Jodeit, and N. M.
Riviere [13] showed existence and uniqueness for the Dirichlet and Neumann problem
on C1 domains for n ≥ 3 through the use of layer potentials. Prior to this, B.
Dahlberg [8] had already resolved the Dirichlet problem by other means on C1

domains with data in Lp, 1 < p < ∞, and on Lipschitz domains with data in
Lp, p ≥ 2. The work of Fabes et al. work relied on a theorem of A. P. Calderon
[4] showing the boundedness of the (principal value) Cauchy integral on Lipschitz
curves in R2 with sufficiently small Lipschitz constant. In 1981, R. R. Coifman, A.
McIntosh, and Y. Meyer [6] famously extended this result: the Cauchy integral is
bounded on any Lipschitz curve. A consequence of this theorem are various trace
theorems for the layer potentials on Lipschitz domains. In 1984, G. Verchota [24]
produced, among other things, answers in the Lipschitz setting, for n ≥ 2, for exactly
when the operators corresponding to jump relations (4.17)-(4.20) are invertible; in
particular he showed that our operator T ∗ : L0

2(Γ) → L0
2(Γ) is indeed invertible

in this very general context. Combining his results with the aforementioned trace
theorems thus produces solutions in the form of layer potentials for both the Dirichlet
and Neumann problems on Lipschitz domains. So what is very uplifting about
the humble work we have done in this chapter is that the same methodology of
using single and double layer potentials to reduce the boundary value problems
to integral equations on the boundary works very generally. In passing, we can
point out explicitly why we got away easily without any deep results. Our proof
for the boundedness of the Neumann-Poincaré operator K relies on the estimate
|ν(y) · (y − x)| ≲ |y − x|2, which in turn relies on the fact that we are assuming a
C2 boundary. With some modifications, our arguments goes through with a C1+α

boundary for α > 0, however, in the C1 case, our argument fails and K has to be
interpreted as a principal value integral. The importance of singular integrals when
studying Laplace’s equation should hereby be very clear.

To present (and use) one general result for the Neumann problem, we first explain
what we mean by non-tangential convergence to a point x ∈ ∂Ω for a given domain
Ω. In this context it is somewhat more natural to instead consider the inward
pointing unit normal vector ν̃(x) = −ν(x). Given a point z ∈ Ω (which we think
of as lying close to x), the angle between the vector z − x and ν̃(x) is the unique
number θ ∈ [0, π] satisfying

cos θ = ν̃(x) · (z − x)
|z − x|

.

We require that z approaches the point x in such a way that the angle between z−x
and ν̃(x) is bounded above by some θ0 < π/2, that is, for some number α ∈ (0, 1)
we have

ν̃(x) · (z − x)
|z − x|

> α ⇐⇒ ν̃(x) · (z − x) > α|z − x|.

We let Cα
x be the cone consisting of all those points z satisfying this requirement,

Cα
x = {z ∈ Ω : ν̃(x) · (z − x) > α|z − x|}.
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This set is sometimes called a non-tangential approach region at x. Given a small
number δ and a function f ∈ Ω, we define the non-tangential maximal function of
f at x ∈ Γ (depending on α and δ) as

Nf(x) = sup{|f(z)| : |z − x| < δ, z ∈ Cα
x }.

We have the following theorem:

Theorem 4.7.1. Let Ω be an open, bounded, and connected set in Rn with a C1

boundary, and suppose g ∈ L2(∂Ω) with
∫
∂Ω g dσ = 0. There exist constants δ and c

depending only on Ω, and a harmonic function u on Ω such that ∥N(∇u)∥L2(∂Ω) ≤
c∥g∥L2(∂Ω) for every α ∈ (0, 1), and for almost every x ∈ ∂Ω,

ν(x) · ∇u(z) z∈Cα
x−−−→

z→x
g(x).

Moreover, if g = 0, then u is a constant.

As we mentioned previously, this was first proved by Fabes et al. [13, Theorem 6]
when n ≥ 3, however the article does not mention the case n = 2. Apparently,
when n = 2, this theorem was proved for Lipschitz domains (so in particular for C1

domains) in unpublished work by C. E. Kenig and E. B. Fabes, see remark (d) on
page 207 in D. S. Jersion and C. E. Kenig [18, Theorem 2]. For definiteness, we also
refer the reader to B. Dahlberg and C. E. Kenig [9] which proves optimal solvability
results in the Lipschitz setting for data in Lp. According to the comment in the last
paragraph of Section 1, page 439, their results also hold for the case n = 2 with
obvious modifications.

In the previous sections we have only considered convergence of z → x as z ap-
proaches x at a line normal to Tx∂Ω, that is, z = x+ tν(x); we can now allow z to
move freely in the cone Cα

x . Because of the control of the maximum function of ∇u,
dominated convergence also gives that

∥ν(x) · ∇u(x+ tν(x)) − g(x)∥L2(∂Ω) −→ 0 as t ↑ 0.

We now turn attention back to our boundary operator Tf = Re (νf). Invertibility
of T follows from Theorem 4.7.1 in essentially the same way that existence and
uniqueness for Problem (4.42) follows from Theorem 4.2.1. For any Lipschitz domain
Ω with boundary Γ (so in particular for any C1 domain), it is true that membership
of f ∈ L+

2 (Γ) implies that f is the non-tangential a.e. limit of its Cauchy integral F ,
and that NF ∈ L2(Γ); and conversely that if F ∈ A(Ω) and NF ∈ L2(Γ), then F
has non-tangential boundary data in L+

2 (Γ). See P. Duren [11, Theorem 10.3] and
D. S. Jerison and C.E. Kenig [17, Theorem 2.11 and Remark 5.1]. For the rest of
this chapter, we assume that Ω+ is simply connected with a C1 boundary.

Given g ∈ L0
2(Γ), let u be a solution to the interior Neumann problem as in Theo-

rem 4.7.1 and let F = ∇u in Ω+. Then F ∈ A(Ω+) and NF ∈ L2(Γ), so that F has
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a trace f ∈ L+
2 (Γ). Then with w ∈ Cα

z ,

Tf(z) = lim
w→z

Re (ν(z)F (w)) = lim
w→z

ν(z) · ∇u(w) = g(z)

for a.e. z ∈ Γ. Thus T is surjective. Suppose that Tf1 = Tf2 for some f1, f2 ∈
L+

2 (Γ). Let F̃1, F̃2 be complex primitives of F1 = C+f1, F2 = C+f2, and put
u1 = Re F̃1 and u2 = Re F̃2. Then for a.e. z ∈ Γ,

lim
w→z

ν(z) · ∇ui(w) = lim
w→z

Re (ν(z)Fi(w)) = Tfi(z), i = 1, 2;

hence u = u1−u2 solves the homogeneous Neumann problem. Since N(∇u) ∈ L2(Γ),
Theorem 4.7.1 implies that that u is a constant and thus 0 = ∇u = F1 −F2. Taking
traces of F1 and F2 then shows that f1 = f2, and we conclude that T is bijective.

Now, by considering L+
2 (Γ) as a real vector space V , that is, we only allow multipli-

cation by real scalars (while the L2 norm and the underlying set of complex-valued
functions remain the same), then T : V → L0

2(Γ) is a bijective bounded linear op-
erator between (real) Banach spaces. By the bounded inverse theorem, the linear-
algebraic inverse T−1 : L0

2(Γ) → V of T is bounded. Of course, the inverse map T−1

is the same independently of whether or not we consider L+
2 (Γ) as a vector space

over the real or complex field. We conclude that T : L+
2 (Γ) → L0

2(Γ) is invertible,
which we state as a theorem:

Theorem 4.7.2. If Ω+ is a simply connected domain with C1 boundary, then the
operator T defined in (4.43) is invertible.

In the last two chapters we will investigate different methods for solving the equation
Tf = g.
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In the previous chapter, we established that the inner Neumann problem on a
bounded and simply connected domain Ω+ is equivalent to finding f ∈ L2(Γ) so
that for a given real-valued g ∈ L2(Γ) (with

∫
Γ g(w) |dw| = 0),∂̄f = 0 in Ω+,

Re νf = g on Γ,

where ∂̄f = 0 in Ω+ means that f ∈ L+
2 (Γ). While the methods described below are

designed for general domains (in C), we will, for simplicity, restrict our attention to
the unit circle in this chapter. So, from now on, Ω+ = D+, Ω− = D− and Γ = T.
In this chapter, we will investigate different wavelet-based methods for concretely
solving this partial differential equation, specifically on the unit disk. The key idea
is to write

f =
∑

cjψj

for some Lusin wavelets ψj(z) = dj(z−pj)−(k+1) and coefficients cj ∈ C. Then, given
that the series converges, we get that f ∈ L+

2 (T), which implies that the condition
∂̄f = 0 is automatically satisfied in D+. Thus, after applying the boundary operator
f 7→ Re (νf), the boundary condition reduces to algebraic conditions on (cj). The
most straightforward way of finding these coefficients cj numerically is via what is
called the method of fundamental solutions (MFS), which we will discuss next.

5.1 Method of fundamental solutions
For the MFS, we make the ansatz

f =
n∑
1
cjψj, (5.1)

where ψj are Lusin wavelets with poles in some fixed set. We then require that
Re νf = g, so with cj = aj − ibj, we get

g = Re ν
n∑
1
cjψj =

n∑
1

Re (aj − ibj)νψj =
n∑
1

(
ajRe νψj + bjIm νψj

)
.
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Defining the vector c̃ so that

c̃j =

aj, j ≤ n,

bj−n, n < j ≤ 2n
(5.2)

and the modified wavelets (φj) by

φj =

Re νψj, j ≤ n,

Im νψj−n, n < j ≤ 2n,
(5.3)

we get that

g =
2n∑
j=1

c̃jφj. (5.4)

This is a finite linear system of equations that we can solve numerically to determine
c̃ and by extension f . A few natural questions arise:

1. How should the poles (pj) be chosen so that any f ∈ L+
2 can be approximated

like in (5.1)? That is, when is span {ψj} dense in L+
2 ?

2. When is (5.4) solvable and when is it well-conditioned?

3. What rate of convergence does the MFS have?

5.1.1 Density of wavelets

Let us begin by investigating the first question. In this subsection, we will present
a few partial results that loosely speaking state that span {ψj} is dense in L+

2 if the
poles (pj) are not too close to the boundary T. For instance, the poles pj = 2 + 2−j

will induce a dense span of wavelets. On the other hand, a set of poles with |pj| =
1 + 2−j does not result in a dense wavelet span.

To prove such statements, a useful reformulation is that span {ψj} is dense if and
only if span {ψj}⊥ = 0; that is, span {ψj} is dense if and only if f = 0 is the only
function in L+

2 satisfying

(f, ψj) = 0

for all j. Bearing in mind that Ω+ = D+, this can be formulated in terms of zeros
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of certain analytic functions. Since dw = iw |dw|, we have for f ∈ L+
2 that

(f, ψj) =
∫
T

f(w)
(w − pj)k+1

|dw|

= −i
∫
T

w−1f(w)
(w − pj)k+1

iw|dw|

= −i
∫
T

wkf(w)
wk+1(w−1 − p̄j)k+1 dw

= −i
∫
T

wkf(w)
(1 − wp̄j)k+1 dw

= −i
∫
T

wkf(w)
(p̄j)k+1((p̄j)−1 − w)k+1 dw

= cj,kF
(k)((p̄j)−1),

(5.5)

where F (z) = 1
2πi
∫
T
wkf(w)
w−z dw is the Cauchy integral of wkf(w) and cj,k ̸= 0 is some

constant depending on k and j. We therefore have the following characterization.

Proposition 5.1.1. Let (ψj) be a sequence of Lusin wavelets of order k ≥ 0, with
(pj) ⊂ D− as their respective poles. Then span {ψj} is dense in L+

2 (T) if and only
if there is no non-zero F ∈ A(D+), with boundary values in {wkf(w) ; f ∈ L2}, so
that F (k)((p̄j)−1) = 0 for all j.

This is a problem in complex analysis that at least has some partial answers. Exam-
ples of such non-trivial functions F can be generated via what is called a Blaschke
product. See Conway [7, Proposition 2.6] for a proof.

Theorem 5.1.2 (Blaschke product). Let (qj) ⊂ D+ be a sequence of not necessarily
distinct points. If ∑

(1 − |qj|) < ∞,

then there exists a non-zero function b ∈ L+
2 (T) such that b(qj) = 0 for all j. Further,

if a point q appears m < ∞ times in the sequence (qj), then b has a zero at q of
multiplicity m.

Using this, we get a necessary condition for the density of the Lusin wavelets.

Corollary 5.1.3. Let (pj) ⊂ D− be a sequence of distinct points and let ψj(z) be
the Lusin wavelets of order k ≥ 0 with (pj) as poles. If span {ψj} is dense in L+

2 ,
then ∑

(1 − |pj|−1) = ∞.

Proof. We show the contrapositive statement, so assume that
∑

(1 − |pj|−1) < ∞.
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Then there exists a (non-zero) Blaschke product b ∈ L+
∞ ⊂ L+

2 with zeros of multi-
plicity k + 1 at all points (p̄j)−1, which means that b(l)((p̄j)−1) = 0 for all j and all
0 ≤ l ≤ k. By (5.5), we get that

(b, ψj) = cj,kF
(k)((p̄j)−1),

where F (z) =
∫
T
wkb(w)
w−z dw for z ∈ D+. So, by Leibniz’s rule,

F (k)(z) = dk

dzk
zkb(z) =

k∑
j=0

(
k

j

)(
dj

dzj
b(z)

)(
dk−j

dzk−j z
k
)
.

We conclude that
F (k)((p̄j)−1) = 0

and hence
(b, ψj) = 0

for all j. Thus span {ψj} is not dense in L+
2 .

It is a theorem by Szegő that any non-zero function in L+
2 (and even in the larger

so-called Nevanlinna class) satisfies the Blaschke condition. See Conway [7, Theo-
rem 2.8 and Proposition 2.2] for a proof.

Theorem 5.1.4 (Szegő). Let (qj) ⊂ D+ be a sequence of possibly non-distinct points.
Further, assume that ∑

(1 − |qj|) = ∞

and that f ∈ L+
2 is some function with f(qj) = 0 for all j, with repeated entries in

the sequence (qj) corresponding to zeros of higher multiplicities. Then f = 0.

From (5.5) it thus follows that for Lusin wavelets of order 0, the condition ∑(1 −
|pj|−1) = ∞ is equivalent to the density of wavelets.

Corollary 5.1.5. Let (pj) ⊂ D− be a sequence of poles for the Lusin wavelets
ψj(z) = (z − pj)−1 of order zero. Then

span {ψj} = L+
2

if and only if ∑
(1 − |pj|−1) = ∞.

When (pj) is a bounded sequence, this is equivalent to∑
(|pj| − 1) = ∞.

For Lusin wavelets of higher order, the situation is less clear. In practice, it is
common to pick the poles (pj) along some smooth curve outside of T. By the
identity theorem from complex analysis, this set of poles—and indeed any other set
with a limit point in D−—induces a dense span of Lusin wavelets.
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Proposition 5.1.6. Let (pj) ⊂ D− be a sequence of distinct points with a limit point
p in D−. Then span {ψj} is dense in L+

2 (T), where ψj(z) = (z − pj)−(k+1) for some
fixed k ≥ 0.

Proof. Let f ∈ span {ψj}⊥. Then, since the multiplication operator f(w) 7→ iwf(w)
is unitary,

0 = (f, ψj)
= (f, ψj)
= (iwf(w), iwψ(w))

=
∫
T

iwf(w)
(w − pj)k+1 iw |dw|

= −i
∫
T

wf(w)
(w − pj)k+1 dw

= ckG
(k)(pj),

where G is the Cauchy integral of wf(w). Since G(k) is zero on a set with a limit
point where G(k) is analytic, G(k) must be identically zero on D−. But then G(z) is
a polynomial in z on D−, with the property that

|G(z)| ≲
∫
T

|wf(w)|
|w − z|

|dw| ≤ ∥wf∥
(∫

T
|w − z|−2 |dw|

)1/2

→ 0,

as |z| → ∞. We deduce that G = 0 on D−, which means that wf(w) ∈ L+
2 . But

further wf(w) ⊥ L+
2 , since for any h ∈ L+

2 we have by Cauchy’s integral theorem
that

(h(w), iwf(w)) =
∫
T
h(w)f(w) dw = 0.

Therefore wf(w) = 0 and hence f = 0. So span {ψj}⊥ = {0} and consequently
span {ψj} = L+

2 (T).

We showed in Chapter 3 that picking poles (pj) as midpoints of a Whitney partition,
like in Theorem 3.2.6, yields a frame of Lusin wavelets. In particular, this implies
that span {ψj} is dense for these poles.

5.1.2 Conditioning
Let us move on to the question of conditioning. To investigate the numerical stability
of the equation

g =
2n∑
1
c̃jφj,

it will be helpful to rephrase this in terms of operators from frame theory. As a lot
of different such operators will be used in this chapter, we take the opportunity to
define all of them here.
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Definition 5.1.7 (Truncated frame operators). Let (ψj) be a finite or infinite se-
quence of Lusin wavelets. For n < ∞, we define the truncated complex frame
operators as

Fn : span {ψj}n1 −→ Cn, f 7−→ ((f, ψj))n1 ,

F ∗
n : Cn −→ span {ψj}n1 , (cj) 7−→

n∑
1
cjψj,

Sn : span {ψj}n1 −→ span {ψj}n1 , f 7−→
n∑
1

(f, ψj)ψj,

where we topologize span {ψj}n1 as L2 and Cn as ℓ2. Fn and F ∗
n are called the

analyzing and synthesizing truncated complex frame operators, respectively. Sn =
F ∗
nFn is then called the truncated complex frame operator.

Next, we define the truncated real frame operators as

F̄n : span R{φj}2n
1 −→ R2n, f 7−→ ((f, φj))2n

1 ,

F̄ ∗
n : R2n −→ span R{φj}2n

1 , (cj) 7−→
2n∑
1
cjφj,

S̄n : span R{φj}2n
1 −→ span R{φj}2n

1 , f 7−→
2n∑
1

(f, φj)φj,

where φj is given by (5.3). As indicated by their names, we consider F̄n, F̄ ∗
n , and S̄n

as real operators acting on (or between) real Hilbert spaces span R{φj}2n
1 and R2n.

Using these operators, the equation g = ∑2n
1 c̃jφj can be restated as

F̄ ∗
n c̃ = g. (5.6)

We first note that (5.6) is always uniquely solvable, given that g ∈ span R{φj}2n
1 .

Lemma 5.1.8. Every operator in Definition 5.1.7 is invertible. In particular, (ψj)n1
and (φj)2n

1 are frames for span {ψj}n1 and span {φj}2n
1 , respectively.

Proof. It follows immediately from the definition of span that F ∗
n and F̄ ∗

n are surjec-
tive. Since Lusin wavelets are linearly independent by Proposition 3.2.7, it follows
that F ∗

n is injective and hence invertible. Likewise, (φj)2n
1 are linearly independent

(over R) since by invertibility of T (Theorem 4.7.2),

0 =
2n∑
1
ajφj = T

n∑
1
ajψj + Ti

n∑
1
an+jψj

implies

0 =
n∑
1

(aj + ian+j)ψj
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and hence aj + ian+j = 0 for all j. Thus, F̄ ∗
n is also injective and hence invertible.

As taking adjoints preserves invertibility, and the product of invertible operators is
invertible, we conclude that the rest of the operators are invertible as well.

Finally, the fact that (ψj)n1 and (φj)2n
1 are frames for their respective spans follows

from noting that, by invertibility of Fn, we have

∥f∥2 ≃ ∥Fnf∥2 =
∑

|(f, ψj)|2

for every f ∈ span {ψj}n1 . Similarly, (φj)2n
1 is a frame for span {φj}2n

1 .

For numerical stability, we want the operators (F̄ ∗
n) to be well-conditioned in the

sense that κ(F̄ ∗
n) ≲ 1 as n → ∞. Working with the vectors Re νψj or Im νψj is a bit

inconvenient, so we would like to translate the question to a problem about Lusin
wavelets. To do this, we identify R2n = Cn to obtain that (5.6) can be equivalently
formulated as

TF ∗
nc = Tf,

where C ∋ cj = c̃j + ic̃n+j are defined as in (5.2) and T : L+
2 (T) → L0

2(T,R) is the
operator Tf = Re νf . But then, since T is invertible by Theorem 4.7.2, and all
truncated frame operators are invertible by Lemma 5.1.8, we get that

κ(F̄ ∗
n) = κ(TF ∗

n) ≃ κ(F ∗
n),

uniformly in n. As we found in Proposition 2.1.15, we have that κ(F ∗
n) =

√
B/A,

where A and B are the (optimal) frame bounds of the frame (ψj)n1 for the space
span {ψj}n1 . Therefore, we can control κ(F ∗

n) by estimating expressions of the type∑n
1 |(f, ψj)|2, where f ∈ span {ψj}n1 . In the following proposition, we take this

approach to show that (normalized) Lusin wavelets of order 0 always result in ill-
conditioned operators F ∗

n , at least assuming that the wavelets span L+
2 .

Proposition 5.1.9. Let (pj) ⊂ D− be a fixed bounded sequence. Let (ψj) be the
normalized Lusin wavelets of order 0 with poles (pj), and define the matrices F ∗

n

with respect to (ψj) as in Definition 5.1.7. If span {ψj} = L+
2 , then

κ(F ∗
n) → ∞, n → ∞.

Proof. By Corollary 5.1.5, (ψj) span L+
2 if and only if∑

(|pj| − 1) = ∞,

so assume that this series diverges. We shall show that this implies large inner
products (ψ1, ψj). For this argument, let |pj| ≤ M for some fixed M .

First, note that

∥(F ∗
n)−1∥ = sup

0̸=a∈Cn

∥a∥
∥F ∗

na∥
≥ ∥e1∥

∥F ∗
ne1∥

= 1
∥ψ1∥

= 1.
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Second, we have
∥Fn∥2 ≥ ∥Fnψ1∥2

∥ψ1∥2 = 1
∥ψ1∥2

n∑
1

|(ψ1, ψj)|2.

By the calculations in the proof of Lemma 3.2.5, we have for normalized order 0
Lusin wavelets that

|(ψp, ψq)| = a0,0|pq − 1|−1(
a0,0(|p|2 − 1)−1a0,0(|q|2 − 1)−1

)1/2

= (|p|2 − 1)1/2(|q|2 − 1)1/2

|pq − 1|

≥

(
(|p| − 1)(|p| + 1)(|q| − 1)(|q| + 1)

)1/2

|pq| + 1

≥ (|p| − 1)1/2(|q| − 1)1/2

M2 + 1
≃ (|p| − 1)1/2(|q| − 1)1/2,

where the constant in the ≃ relation depends on M . Thus

∥Fn∥2 ≥
n∑
1

|(ψ1, ψj)|2

≳
n∑
1

(|p1| − 1)(|pj| − 1)

= (|p1| − 1)
n∑
1

(|pj| − 1).

As ∑∞
1 (|pj| − 1) = ∞, we conclude that

κ(F ∗
n)2 = ∥Fn∥2∥(F ∗

n)−1∥2 ≳ (|p1| − 1)
n∑
1

(|pj| − 1) → ∞,

as n → ∞.

Similar estimates can be employed to show that if the poles do not get close to
the boundary T, then the operators (F ∗

n) are ill-conditioned. In particular, this
means that placing all poles on a closed curve—the method used in Section 5.2—is
ill-conditioned. The main reason for this is that the corresponding Lusin wavelets
with such poles have relatively large inner products |(ψi, ψj)| ≥ 1

2∥ψi∥∥ψj∥, at least
for some fixed proportion of the wavelets. In Proposition 5.1.11, we show that this
property implies ill-conditioned operators (F ∗

n).

Lemma 5.1.10. Let k ≥ 0 and fix a compact set K ⊂ D−. Then there exists
α = αk,K > 0 so that for every finite sequence of distinct poles (pj)n1 ⊂ K, with the
corresponding normalized order k Lusin wavelets ψj(w) = cj(w− pj)−(k+1), we have
that

|{j ; |(ψJ , ψj)| > 1
2∥ψJ∥∥ψj∥}| ≥ αn

for some J ∈ {1, . . . , n}.
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Remark. Note that by linearity, the inequality |(ψJ , ψj)| ≥ 1
2∥ψJ∥∥ψj∥ is indepen-

dent of the normalization of the wavelets. That is, if it holds for ψ1 and ψ2, then it
holds for β1ψ1 and β2ψ2 for any β1, β2 ̸= 0.

Proof. Define the function

f : K ×K → [0, 1], f(p, q) = |(ψp, ψq)|
∥ψp∥∥ψq∥

,

where ψp(w) = cp(w− p)−(k+1) and similarly for ψq. By Lemma 3.2.5, we have that
f is continuous. Further, we have that f(p, q) = 1 if and only if p = q, since Lusin
wavelets are linearly independent by Proposition 3.2.7.

Claim: There exists some ε = εk,K > 0 so that if p, p′, q ∈ K satisfies f(p, q), f(p′, q) >
1 − ε, then f(p, p′) > 1/2.

By way of contradiction, assume that the claim is false. That is, that there exist a
sequence ((pn, p′

n, qn))n in K3 with f(pn, qn), f(p′
n, qn) > 1−1/n, so that f(pn, p′

n) ≤
1/2 for all n. But then, since K3 is compact, we may find a convergent subsequence
((pnm , p

′
nm
, qnm))m such that pnm → p, p′

nm
→ p′ and qnm → q as m → ∞. By

continuity of f , this implies that

1 − 1/nm < f(pnm , qnm) → f(p, q),

so f(p, q) = 1. As we mentioned before, this implies that p = q. Similarly, we
conclude that 1 = f(p′, q) and hence p′ = q = p. But it also holds that f(pn, p′

n) ≤
1/2 for all n, so

1/2 ≥ f(pnm , p
′
nm

) → f(p, p′) = 1.
This is a contradiction, which proves the claim.

Now, let ε be as in the claim. Then, defining

Lz = {p ∈ K ; f(p, z) > 1 − ε},

we have that Lz are non-empty open sets (by continuity of f(·, z)) and that (Lz)z∈K
is an open cover of K. So we may take some finite subcover (Lzl

)m1 of K. So, for an
arbitrary sequence (pj)n1 ⊂ K, we have that

|(pj)n1 ∩ Lzl
| ≥ 1

m
|(pj)n1 |

for some 1 ≤ l ≤ m, as otherwise

|(pj)n1 | = |(pj)n1 ∩ (∪m
1 Lzl

)| ≤
m∑
l=1

|(pj)nj=1 ∩ Lzl
| < |(pj)n1 |.

So for some l,
|{j ; f(pj, zl) > 1 − ε}| ≥ 1

m
|(pj)n1 | = n

m
.
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Finally, taking J ∈ {1, . . . , n} so that f(pJ , zl) > 1 − ε we get after applying the
claim that

|{j ; f(pj, pJ) > 1
2}| ≥ n

m
.

Rephrasing this in terms of the definition of f , we get

|{j ; |(ψJ , ψj)| > 1
2∥ψJ∥∥ψj∥}| ≥ n

m

and conclude that the lemma is proven.

Proposition 5.1.11. Let k ≥ 0 and K ⊂ D− be compact. Then for any finite set
of distinct points (pj)n1 ⊂ K, we have

κ(F ∗
n) ≳ n1/2,

where F ∗
n is the synthesizing operator for some Lusin wavelets

ψj(z) = cj(z − pj)−(k+1),

with arbitrary normalization constants (cj). Here, the constant in the ≳-relation
depends on k and K, but not on the sequence (pj)n1 , n or the normalization constants
(cj).

Proof. Let l be an index such that ∥ψl∥ ≤ ∥ψj∥ for all 1 ≤ j ≤ n. Then we get that

∥(F ∗
n)−1∥ = sup

0̸=a∈Cn

∥a∥
∥F ∗

na∥
≥ ∥el∥

∥F ∗
nel∥

= 1
∥ψl∥

.

Next, let J be the index from Lemma 5.1.10 and I ⊂ {1, . . . , n} be the index set

I = {j ; |(ψJ , ψj)| ≥ 1
2∥ψJ∥∥ψj∥}.

Then Lemma 5.1.10 implies

∥F ∗
n∥2 = ∥Fn∥2

≥ ∥FnψJ∥2

∥ψJ∥2

= 1
∥ψJ∥2

n∑
j=1

|(ψJ , ψj)|2

≥ 1
∥ψJ∥2

∑
j∈I

|(ψJ , ψj)|2

≥ 1
4
∑
j∈I

∥ψj∥2

≥ 1
4∥ψl∥2|I|

≳ n∥ψl∥2.

We deduce that
κ(F ∗

n) = ∥F ∗
n∥∥(F ∗

n)−1∥ ≳ n1/2.

94



5. Wavelet Methods

With some generalities about density and conditioning established, we move on to
concrete versions of the method of fundamental solutions. First up is the simplest
method, where the poles are placed uniformly spaced on a circle in D−.

5.2 Classical method of fundamental solutions
In this section, we investigate the so-called classical method of fundamental solu-
tions, when the poles of the Lusin wavelets are uniformly spread out on a circle Sr
of a fixed radius r, and a generalization of this when we allow the radius to be a
function of N , r = r(N). Although we have been working on the unit disk D so far
in this chapter, the ideas have been designed to work on more general domains. This
is not the case for what follows next, where we utilize the tools of Fourier analysis.

In the first part, when the circle is fixed, we will show that when the solution f0 to
the equation Tf = g has an analytical extension to a neighborhood of D, then the
solutions fN to the equations

Tf = P̄Ng, (5.7)
where P̄N is projection onto span{φ1, ..., φ2N}, will converge to f at an exponential
rate, or more precisely, that ∥fN − f0∥ tends to zero exponentially fast. Note that
(5.7) is equivalent to the the condition F̄ ∗

N c̃ = P̄Ng where f = ∑N
i=1 ciψi as in

Section 5.1, and that Proposition 5.1.11 implies that this method is always ill-
conditioned.

In the second part, we consider the radius as a function of N . The motivation for
investigating this variant is an attempt to find a method for solving Tf = g which
both converges and is numerically stable. The intuition for why letting r ↓ 1 as N →
∞ might lead to a numerically stable method is that when r decreases, the Lusin
wavelets, whose poles lie on Sr, become more localized and hence more orthogonal
to each other, implying that the frame bounds become close to 1. Unfortunately,
as we will see, such a method can never both converge and be numerically stable at
the same time.

5.2.1 Exponential convergence of the MFS
When the poles are spread out uniformly on a circle, the Lusin wavelets are T-
translations of each other in the following sense. Given f ∈ L2(T) and a positive
integer N , let θ = 2π/N and w = eiθ. Define

fj(z) = f(w−jz) for j ∈ Z. (5.8)

As j 7→ w−j is N -periodic, fj = fj+Nl for every l ∈ Z. Thus f gives rise to N
distinct translations fj. For N points pj, j = 1, ..., N , uniformly placed on a circle
we have pj = reiθj = rwj for θ = 2π/N (assuming here for simplicity that one of
the points lies on the positive x-axis). Thus, if ψ(z) = (z − r)−(k+1) for r > 1,

ψj(z) = 1
(w−jz − r)k+1 = wj(k+1)

(z − rwj)k+1 = wj(k+1)

(z − pj)k+1 ;
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hence every wavelet is a translation of ψ (up to a multiplicative constant). In
this situation, the calculations on the Fourier side become particularly simple. If
f ∈ L2(T) with Fourier coefficients cn := (f, zn)/2π, then the Fourier coefficients of
fj are given by cnw−jn since

fj(z) = f(w−jz) =
∑
n∈Z

cn(w−jz)n =
∑
n∈Z

(cnw−jn)zn.

Clearly, ∥f∥ = ∥fj∥ for every j. From now on we consider only normalized wavelets,
and for k ≥ 0, r > 1 we put

ψ(z) = τ

(z − r)k+1 where τ =
∥∥∥(z − r)−(k+1)

∥∥∥−1
,

and define Hk
N = span(ψ1, ..., ψN) where ψj is defined according to (5.8); the super-

script k denotes the order of ψ. We will engage in a slight abuse of notation and
also refer to the frame defined by ψ1, ..., ψN as Hk

N ; what is meant should be clear
from the context.

We now derive the Fourier series expansions of the Lusin wavelets. To emphasize
the order of ψ and τ we write ψ[k] and τk, respectively. For the order zero wavelet
ψ[0] we have

ψ[0](z) = −r−1 τ0

1 − zr−1 = −r−1τ0
∑
n≥0

(zr−1)n =
∑
n≥0

(−τ0r
−n−1)zn. (5.9)

The power series expansion is valid whenever |z| < r and thus converges uniformly
on compact subsets of Br(0). In particular, the convergence is uniform on T, and
since (T, σ) is a finite measure space, the convergence holds in L2(T) as well. The
Fourier coefficients of ψ[0] are thus given by −τ0r

−n−1. Now notice that the Lusin
wavelets of order k ≥ 1 are just derivatives of Lusin wavelets of order 0:

ψ′
[0](z) = −τ0(z − r)−2,

ψ′′
[0](z) = (−1)2τ02!(z − r)−3,

...
ψ

(k)
[0] (z) = (−1)kτ0k!(z − r)−(k+1);

thus

ψ[k](z) = (−1)kτk
τ0k! ψ

(k)
[0] (z). (5.10)

For |z| < r we may differentiate the power series (5.9) termwise, and combining this

96



5. Wavelet Methods

with (5.10) then gives

ψ[k](z) = (−1)kτk
k!

∑
n≥0

(−r−n−1) d
k

dzk
zn

= (−1)k+1τk
∞∑
n=k

r−n−1 n!
k!(n− k)!z

n−k

= (−1)k+1τk
∞∑
n=0

r−n−1 (n+ k)!
k!n! zn

=
∞∑
n=0

(−1)k+1τkr
−n−1

(
n+ k

k

)
zn.

For the same reasons as above, this series converges in L2(T). The Fourier coefficients
of ψ[k] are thus given by

1
2π (ψ[k], z

n) = (−1)k+1τk

(
n+ k

k

)
r−n−1, n ≥ 0, (5.11)

and (ψ[k], z
n)/2π = 0 if n < 0.

We will now collect some facts about the subspaces Hk
N . Recall that w = ei2π/N .

Let
ξj = N−1/2(1, wj, ..., w(N−1)j) ∈ CN

for j = 0, ..., N − 1. Then (ξj)N−1
j=0 forms an orthonormal basis for CN because

(ξj, ξk)CN = 1
N

N−1∑
n=0

wnjwnk = 1
N

N−1∑
n=0

wn(j−k)

= 1
N


1−wN(j−k)

1−wj−k k ̸= j

N k = j
= δj,k.

The following proposition is a finite version of a so-called Tauberian Theorem due
to Wiener [25, Theorem 1].

Proposition 5.2.1. Let f ∈ L+
2 (T), N ≥ 1, and let fj be defined as in (5.8) for

j = 1, ..., N . Suppose f has non-vanishing Fourier coefficients, i.e. (f, zn) ̸= 0 for
every n ≥ 0. Then given any β0, ..., βN−1 ∈ C, there are unique α1, ..., αN ∈ C such
that h = ∑N

j=1 αjfj satisfies (h, zn)/2π = βn for n = 0, 1, ..., N − 1.

Proof. Suppose f = ∑N
j=1 αjφj and let n ∈ {0, ..., N − 1}. We have

1
2π (h, zn) = 1

2π

N∑
j=1

αj(fj, zn) = 1
2π

N∑
j=1

αj(f, zn)w−jn

= N1/2w−n

2π (f, zn)
N∑
j=1

αjN−1/2w(j−1)n = N1/2w−n

2π (f, zn)(α, ξn)CN .
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Thus, requiring βn = (h, zn)/2π for n = 0, ..., N − 1 results in the N × N linear
system

N1/2

2π


(f, z0)ξ0

w−1(f, z1)ξ1
...

w−(N−1)(f, zN−1)ξN−1



α1
α2
...
αN

 =


β0
β1
...

βN−1

 .
The rows of this matrix are nonzero (by assumption) and orthogonal, so the equation
has a unique solution (α1, ..., αN).

Let VN = span{1, z, ..., zN−1} and let PN denote the orthogonal projection of L2(T)
onto VN , i.e., PN

∑
n∈Z cnz

n = ∑N−1
n=0 cnz

n for every ∑n∈Z cnz
n ∈ L2(T).

Corollary 5.2.2. For any g ∈ VN , there exists a unique h ∈ Hk
N such that PNh = g.

Proof. This is just a reformulation of Proposition 5.2.1 in the case f = ψ. By (5.11),
(ψ, zn)/2π ̸= 0 for every n ≥ 0. If g = ∑N−1

n=0 βnz
n, choose α1, ..., αN as in Propo-

sition 5.2.1 and put h = ∑N
j=1 αjψj. Then PNh = g, and h is unique since the

coefficients α1, ..., αN are unique.

Lemma 5.2.3. Suppose f ∈ Hk
N and let cn = (f, zn)/2π. Then for N ≥ 1, m ≥ 0,

and 0 ≤ n ≤ N − 1,
cNm+n = a(N,m, n)r−Nmcn

where a(N,m, n) ≡ 1 if k = 0 and

a(N,m, n) = (Nm+ n+ k) · ... · (Nm+ n+ 1)
(n+ k) · ... · (n+ 1)

if k ≥ 1. Furthermore,

∥f∥2 = 2π
N−1∑
n=0

|cn|2
∑
m≥0

a(N,m, n)2r−2Nm.

Proof. Let f = ∑N
j=1 αjψj. Using (5.11) gives

cNm+n =
N∑
j=1

αj
1

2π (ψj, zNm+n)

=
N∑
j=1

αj(−1)k+1τ

(
Nm+ n+ k

k

)
r−(Nm+n+1)w−j(Nm+n)

= a(N,m, n)r−Nm
N∑
j=1

αj(−1)k+1τ

(
n+ k

k

)
r−(n+1)w−jn

= a(N,m, n)r−Nm
N∑
j=1

αj
1

2π (ψj, zn)

= a(N,m, n)r−Nmcn.
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In the third equality, we utilized the N -periodicity of n 7→ w−jn. For the second
statement, we now have

1
2π∥f∥2 =

∞∑
n=0

|cn|2 =
∞∑
m=0

N(m+1)−1∑
n=Nm

|cn|2

=
∞∑
m=0

N−1∑
n=0

|cNm+n|2 =
∞∑
m=0

N−1∑
n=0

a(N,m, n)2r−2Nm|cn|2

=
N−1∑
n=0

|cn|2
∞∑
m=0

a(N,m, n)2r−2Nm.

We can now characterize Hk
N in a simple way.

Proposition 5.2.4. For every f ∈ H0
N , the following identity holds

f = MϕN
PNf (5.12)

where ϕN(z) = rN/(rN − zN) and MϕN
is the corresponding multiplication operator.

Furthermore,

H0
N = MϕN

VN = {ϕNf : f ∈ VN}, (5.13)

Hk
N = dk

dzk
MϕN

VN =
{
(ϕNf)(k) : f ∈ VN

}
. (5.14)

Proof. Suppose f ∈ H0
N and let cn be the Fourier coefficients of f . By Lemma 5.2.3,

we have

f(z) =
∑
n≥0

cnz
n =

∑
m≥0

N(m+1)−1∑
n=Nm

cnz
n =

∑
m≥0

N−1∑
n=0

cNm+nz
Nm+n

=
∑
m≥0

r−NmzNm
N−1∑
n=0

cnz
n = MϕN

PNf(z),

showing that (5.12) holds. For f ∈ H0
N , f = MϕN

PNf ∈ MϕN
VN , so thatH0

N ⊂ MϕN
VN .

Suppose f ∈ MϕN
VN , i.e. f = ϕN(z)∑N−1

n=0 dnz
n. By Corollary 5.2.2, there exists a

unique g ∈ H0
N such that PNg = ∑N−1

n=0 dnz
n. Then by (5.12), f = MϕN

PNg = g ∈
H0
N , and we conclude that H0

N = MϕN
VN . The last statement (5.14) follows from

(5.13) since {f (k) : f ∈ H0
N} = Hk

N .

We note that the operator MϕN
PN : L2(T) → H0

N is an idempotent with range H0
N

because of formulas (5.12) and (5.13). It is not an orthogonal projection, however,
since it is not self-adjoint: (MϕN

PN)∗ = PNM
∗
ϕN

, the range of which is contained
in VN ; but H0

N ̸⊂ VN , so (MϕN
PN)∗ ̸= MϕN

PN . The sequence (ϕN)N converges
uniformly to 1 at an exponential rate, hence for N large, MϕN

PNf ≈ PNf . We can
utilize this fact together with the next lemma to prove the exponential convergence
of the MFS whenever the function in question can be analytically extended outside
of the unit disk.
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Lemma 5.2.5. If f ∈ L+
2 can be analytically extended to the disk B(0, 1 + ε) of

radius 1 + ε centered at 0, then

∥f − PNf∥ ≤ C

(
1 + ε

2

)−N

.

for a constant C = C(f, ε).

Proof. If f has an analytic extension to B(0, 1 + ε), then the Fourier series
f = ∑

n≥0 cnz
n converges absolutely for all |z| < 1 + ε. In particular,

( ∞∑
n=0

∣∣∣(1 + ε/2)ncn
∣∣∣2)1/2

≤
∞∑
n=0

(1 + ε/2)n|cn| < ∞.

Therefore

∥f − PNf∥ =
( ∞∑
n=N

|cn|2
)1/2

=
( ∞∑
n=N

∣∣∣(1 + ε/2)Ncn
∣∣∣2)1/2(

1 + ε

2

)−N

≤
( ∞∑
n=0

∣∣∣(1 + ε/2)ncn
∣∣∣2)1/2(

1 + ε

2

)−N

= C(f, ε)
(

1 + ε

2

)−N

.

Theorem 5.2.6. Let P̃N : L2(T) → Hk
N be the orthogonal projection onto Hk

N . If
f can be analytically extended to the disk B(0, 1 + ε), then there exist constants
ρ = ρ(ε, r) > 1 and C = C(f, ε, r, k) such that

∥f − P̃Nf∥ ≤ Cρ−N . (5.15)

Proof. We start with the case k = 0, which is cleaner and illustrates the general
idea. Since MϕN

PNf ∈ H0
N we have

∥f − P̃Nf∥ ≤ ∥f −MϕN
PNf∥ ≤ ∥f − PNf∥ + ∥PNf −MϕN

PNf∥
= ∥f − PNf∥ + ∥(1 − ϕN)PNf∥.

The first term on the right is bounded as in Lemma 5.2.5. For the second term, we
have

∥(1 − ϕN)PNf∥ ≤ ∥1 − ϕN∥∞∥PNf∥ ≤ sup
z∈T

∣∣∣∣∣r−N zN

1 − r−NzN

∣∣∣∣∣∥f∥

≤ 1
1 − r−N ∥f∥r−N ≤ r

r − 1∥f∥r−N .

(5.16)

Thus,

∥f − P̃Nf∥ ≤
(
C(f, ε) + r

r − 1∥f∥
)

(min(1 + ε/2, r))−N .
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Suppose now that k ≥ 1 and for N > k let

gN(z) =
N−1∑
n=k

cn−k

n(n− 1) · ... · (n− k + 1)z
n ∈ VN ,

where cn are the Fourier coefficients for f . For N > k we have

∥f − P̃Nf∥ ≤
∥∥∥f − (MϕN

gN)(k)
∥∥∥

≤ ∥f − PN−kf∥ +
∥∥∥PN−kf − (MϕN

gN)(k)
∥∥∥. (5.17)

As before, the first term on the right is bounded by C(f, ε)(1 + ε/2)−(N−k). For the
second term note that

(MϕN
gN)(k) =

k∑
j=0

(
k

j

)
(ϕN)(k−j)g

(j)
N

=
k−1∑
j=0

(
k

j

)
(ϕN)(k−j)g

(j)
N + ϕN

N−1∑
n=k

cn−kz
n−k

=
k−1∑
j=0

(
k

j

)
(ϕN)(k−j)g

(j)
N + ϕNPN−kf.

Thus

∥∥∥PN−kf − (MϕN
gN)(k)

∥∥∥ ≤ ∥(1 − ϕN)PN−kf∥ +
∥∥∥∥∥
k−1∑
j=0

(
k

j

)
(ϕN)(k−j)g

(j)
N

∥∥∥∥∥
≤ ∥(1 − ϕN)PN−kf∥ +

k−1∑
j=0

(
k

j

)∥∥∥(ϕN)(k−j)
∥∥∥

∞

∥∥∥g(j)
N

∥∥∥.
As in (5.16), the first term on the right is less than r(r−1)−1∥f∥r−N . For the second
term we clearly have ∥g(j)

N ∥ ≤ ∥f∥ for every j. To differentiate ϕN , it is easier to
write it in its power series. We get

∣∣∣(ϕN)(k−j)
∣∣∣ =

∣∣∣∣∣ d(k−j)

dz(k−j)

∑
m≥0

r−NmzNm
∣∣∣∣∣

=
∣∣∣∣∣ ∑
m≥1

r−Nm(Nm) · ... · (Nm− (k − j) + 1)zNm−(k−j)
∣∣∣∣∣

≤ r−N ∑
m≥1

r−N(m−1)(Nm)k

= Nkr−N ∑
m≥0

(m+ 1)kr−m = C1(r, k)Nkr−N .
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Therefore,

∥∥∥PN−kf − (MϕN
gN)(k)

∥∥∥ ≤ r

r − 1∥f∥r−N +
k−1∑
j=0

(
k

j

)
C1(r, k)Nkr−N∥f∥

≤
(

r

r − 1 +
k−1∑
j=0

(
k

j

)
C1(r, k)

)
∥f∥

︸ ︷︷ ︸
=C2(r,k)

Nkr−N

≤ C2(r, k) sup
N

(
Nkr−N/2

)
r−N/2 = C3(r, k)r−N/2.

Equation (5.17) now gives

∥f − P̃N∥ ≤
(
C(f, ε)(1 + ε/2)k + C3(r, k)

)(
min

(
1 + ε/2, r1/2

))−N
.

Recall that we defined P̄N as the orthogonal projection onto span{φ1, ..., φ2N}.

Corollary 5.2.7. Let g ∈ L2(T;R) with
∫
T g dσ = 0, f0 ∈ L+

2 (T), and Tf0 = g. If
f0 can be extended analytically to a neighborhood of D, then the solutions fN to the
equations Tf = P̄Ng converges to f0 in L2 at an exponential rate.

Proof. By invertibility of the operator T , we have

∥fN − f0∥ ≃ ∥TfN − Tf0∥ = ∥P̄Ng − g∥ ≤ ∥T P̃Nf0 − g∥ ≃ ∥P̃Nf0 − f0∥,

where the third step holds since T P̃Nf ∈ span{φ1, ..., φ2N}. Thus

∥fN − f0∥ ≤ C1∥P̃Nf0 − f0∥

for some constant C1. Since f0 extends analytically to a neighborhood of D, for some
ε > 0, f0 extends analytically to the disk B(0, 1 + ε). According to Theorem 5.2.6,
there are constants C2 = C2(f, ε, r, k) and ρ = ρ(ε, r) > 1 such that ∥P̃Nf0 − f0∥ ≤
C2ρ

−N . Thus ∥fN − f0∥ ≤ C1C2ρ
−N .

5.2.2 Circles with varying radii
We now consider what happens when r = r(N). We are only interested in the case
when r is close to 1, so throughout this section, we will assume that r ≤ 2. In
Theorem 5.2.11 we show that the optimal frame bounds A and B of Hk

N are stable
in N , meaning A(N) ≃ 1 ≃ B(N), if and only if N(r − 1) ≤ C for all N for some
constant C. In particular, as we have already seen, when r is independent of N ,
the frame bounds are never stable. Roughly, this condition says that the distance
between the poles of the wavelets and the unit circle, r− 1, is less than the distance
between neighboring poles, which is approximately 2π/N . Theorem 5.2.12 then
shows that whenever this condition is satisfied, no polynomial can be approximated
arbitrarily well by Hk

N as N → ∞.
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We start by rewriting the defining frame sum ∑N
j=1 |(f, hj)|2 to something more

suitable for estimating frame bounds; this is a circle-version of the calculation done
on page 67 in Daubechies [10] for the real line. Here, f and h are functions in L2(T)
and hj is defined through (5.8). Let cn and dn denote the Fourier coefficients of f
and h, respectively, and recall that the Fourier coefficients of hj are given by dnw−jn.
We have

N∑
j=1

|(f, hj)|2 = (2π)2
N∑
j=1

∣∣∣∣∣ ∑
n∈Z

cndnw−jn

∣∣∣∣∣
2

= (2π)2
N∑
j=1

∣∣∣∣∣ ∑
m∈Z

N(m+1)−1∑
n=Nm

cndnw−jn

∣∣∣∣∣
2

= (2π)2
N∑
j=1

∣∣∣∣∣ ∑
m∈Z

N−1∑
n=0

cn+Nmdn+Nmw−j(n+Nm)

∣∣∣∣∣
2

.

Using the N -periodicity of n 7→ w−jn gives

N∑
j=1

∣∣∣∣∣ ∑
m∈Z

N−1∑
n=0

cn+Nmdn+Nmw−j(n+Nm)

∣∣∣∣∣
2

=
N∑
j=1

∣∣∣∣∣ ∑
m∈Z

N−1∑
n=0

cn+Nmdn+Nmw−jn

∣∣∣∣∣
2

=
N∑
j=1

∣∣∣∣∣
N−1∑
n=0

w−jn
∑
m∈Z

cn+Nmdn+Nm

∣∣∣∣∣
2

= N
N∑
j=1

∣∣∣∣∣
N−1∑
n=0

unN−1/2w−jn

∣∣∣∣∣
2

= N
N−1∑
j=0

∣∣∣∣(u, ξj)CN

∣∣∣∣2

where un := ∑
m∈Z cn+Nmdn+Nm and u = (u0, ..., uN−1). Since (ξj)N−1

j=0 form an
orthonormal basis for CN , so does (ξj)N−1

j=0 . Thus

N∑
j=1

∣∣∣∣(u, ξj)CN

∣∣∣∣2 = ∥u∥2
CN =

N−1∑
n=0

∣∣∣∣∣ ∑
m∈Z

cn+Nmdn+Nm

∣∣∣∣∣
2

.

We conclude that

N∑
j=1

|(f, hj)|2 = (2π)2N
N−1∑
n=0

∣∣∣∣∣ ∑
m∈Z

cn+Nmdn+Nm

∣∣∣∣∣
2

. (5.18)

We now obtain expressions for the optimal frame bounds for Hk
N . To this end, we

introduce the notation

S(n) :=
∑
m≥0

[(Nm+ n+ k) · ... · (Nm+ n+ 1)]2r−2Nm (5.19)

when k ≥ 1, and S(n) ≡ 1 when k = 0.
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Proposition 5.2.8. The optimal frame bounds for Hk
N , k ≥ 0, are

A = 2πNτ 2
k

(k!)2r2 min
n∈[0,N−1]

{
r−2nS(n)

}
and B = 2πNτ 2

k

(k!)2r2 max
n∈[0,N−1]

{
r−2nS(n)

}
. (5.20)

Proof. Let f ∈ Hk
N . By Lemma 5.2.3, (5.11), and (5.18), we have

N∑
j=1

|(f, ψj)|2 = (2π)2N
N−1∑
n=0

∣∣∣∣∣ ∑
m≥0

cn+Nmdn+Nm

∣∣∣∣∣
2

= (2π)2N
N−1∑
n=0

∣∣∣∣∣ ∑
m≥0

r−Nma(N,m, n)cnτk
(
Nm+ n+ k

k

)
r−(Nm+n+1)

∣∣∣∣∣
2

= (2π)2Nτ 2
k

(k!)2r2

N−1∑
n=0

r−2n|cn|2
 ∑
m≥0

[(Nm+ n+ k) · ... · (Nm+ n+ 1)]2
(n+ k) · ... · (n+ 1) r−2Nm

2

= 2πNτ 2
k

(k!)2r2

2π
N−1∑
n=0

r−2nS(n)|cn|2
∑
m≥0

a(N,m, n)2r−2Nm

.
Note that in the first equality we used that ψ ∈ L+

2 (T) (i.e. dn = 0 for n < 0) so
that the inner sum runs over {0, 1, 2, ...} instead of Z. The last expression in square
brackets can be bounded below and above by replacing r−2nS(n) by its minimum
and maximum value for n ∈ {0, 1, ..., N − 1}. We see that these bounds are optimal
by appealing to Corollary 5.2.2: If n1 and n2 minimizes respectively maximizes
r−2nS(n), then choosing f1, f2 ∈ Hk

N such that PNf1 = zn1 and PNf2 = zn2 shows
that equality holds in each case by letting f = f1 and f = f2. Using these bounds
and realizing that the remaining expression in the square brackets is precisely ∥f∥2

according to Lemma 5.2.3 shows that

2πNτ 2
k

(k!)2r2 r
−2n1S(n1)∥f∥2 ≤

N∑
j=1

|(f, ψj)|2 ≤ 2πNτ 2
k

(k!)2r2 r
−2n2S(n2)∥f∥2.

Since these bounds are optimal, (5.20) follows.

Remark. When k = 0, (5.20) reduces to

A = N(r2 − 1)
r2N − 1 and B = N(r2 − 1)r2N

(r2N − 1)r2 .

When k ≥ 1, computing r−2n1S(n1) and r−2n2S(n2) is not a very tractable problem.
However, for our purposes, estimates on A and B are sufficient. For this reason, we
consider the functions

gk(x) =
∞∑
n=1

nkxn, x ∈ (0, 1).
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We notice that

x
d

dx
g0(x) = x

∞∑
n=1

nxn−1 = g1(x),

and it easy to see by induction that x(d/dx)gk−1(x) = gk(x). On the other hand,
since g0(x) is just the geometric series without the x0 term, g0(x) = x/(1 − x), so
that

g1(x) = x
d

dx
g0(x) = x

(1 − x)2 , g2(x) = x
d

dx
g1(x) = x(x+ 1)

(1 − x)3 ,

and so forth. By induction, one can show that

gk(x) = x

(1 − x)k+1

k∑
j=1

A(k, j)xj−1

for some constants A(k, j) ≥ 1 given by certain recurrence relations. We are not
interested in the specific values of the constants and refer the reader to Wood [26]
for details. However, we note that since A(k, j) ≥ 1 and x ∈ (0, 1),

1 ≤
k∑
j=1

A(k, j)xj−1 ≤
k∑
j=1

A(k, j),

so that

gk(x) ≃ x

(1 − x)k+1

where the constants in the ≃-relation depend only on k.

Lemma 5.2.9. For k ≥ 1, consider the functions S(n) as defined in (5.19). If
r ∈ (1, 2], then

S(0) ≃ 1 + N2kr(2k−1)N

(rN − 1)2k+1 and S(N − 1) ≃ N2kr(2k+1)N

(rN − 1)2k+1 ,

where the constants in the ≃-relation depend only on k.

Proof. We first notice that

g2k
(
r−2N

)
≃ r−2N

(1 − r−2N)2k+1 = r4kN

(r2N − 1)2k+1

= r(2k−1)Nr(2k+1)N

(rN − 1)2k+1(rN + 1)2k+1 ≃ r(2k−1)N

(rN − 1)2k+1 ,

where the last step holds since r ∈ (1, 2]. We now have that

S(0) = (k!)2 +
∑
m≥1

[(Nm+ k) · ... · (Nm+ 1)]2r−2Nm

≃ 1 +N2k ∑
m≥1

m2kr−2Nm = 1 +N2kg2k
(
r−2N

)

≃ 1 + N2kr(2k−1)N

(rN − 1)2k+1 .
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Similarly,

S(N − 1) =
∑
m≥0

[(N(m+ 1) + k − 1) · ... ·N(m+ 1)]2r−2Nm

≃ N2k ∑
m≥0

(m+ 1)2kr−2Nm = N2kr2N ∑
m≥0

(m+ 1)2kr−2N(m+1)

= N2kr2Ng2k
(
r−2N

)
≃ N2kr(2k+1)N

(rN − 1)2k+1 .

Proposition 5.2.10. Let A and B denote the optimal frame bounds for Hk
N , k ≥ 0,

and suppose r ∈ (1, 2]. Then(
N(r − 1)
rN − 1

)2k+1

r(2k−3)N ≲ A ≲

(
N(r − 1)
rN − 1

)2k+1

r(2k−1)N ,

and

B ≲

(
N(r − 1)
rN − 1

)2k+1

r(2k+1)N ,

where the constants in the ≃-relations depends only on k.

Proof. Since n 7→ r−2n is decreasing and n 7→ S(n) is increasing, Proposition 5.2.8
gives

A = 2πNτ 2
k

(k!)2r2 min
n∈[0,N−1]

{
r−2nS(n)

}
≥ 2πNτ 2

k

(k!)2r2 r
−2(N−1)S(0) ≃ Nτ 2

k

r2N S(0).

Recalling that τ 2
k ≃ (r−1)2k+1 (see Lemma 3.2.5), applying Lemma 5.2.9 then gives

A ≃ N(r − 1)2k+1

r2N

(
1 + N2kr(2k−1)N

(rN − 1)2k+1

)
≥
(
N(r − 1)
rN − 1

)2k+1

r(2k−3)N .

Similarly, for B we have that

B = 2πNτ 2
k

(k!)2r2 max
n∈[0,N−1]

{
r−2nS(n)

}
≤ 2πNτ 2

k

(k!)2r2S(N − 1) ≃ Nτ 2
kS(N − 1)

≃ N(r − 1)2k+1 N
2kr(2k+1)N

(rN − 1)2k+1 =
(
N(r − 1)
rN − 1

)2k+1

r(2k+1)N .

For the upper bound on A we use Corollary 5.2.2 to choose f ∈ Hk
N such that

PNf = zN−1. The main computation in the proof of Proposition 5.2.8 then shows
that for this choice of f , we have

A∥f∥2 ≤
N∑
j=1

|(f, ψj)|2 = 2πNτ 2
k

(k!)2r2N S(N − 1)∥f∥2;
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hence by Lemma 5.2.9,

A ≤ 2πNτ 2
k

(k!)2r2N S(N − 1) ≃ N(r − 1)2k+1

r2N
N2kr(2k+1)N

(rN − 1)2k+1

=
(
N(r − 1)
rN − 1

)2k+1

r(2k−1)N .

We now prove the main result of this section which says exactly when the frame
bounds are stable in N .

Theorem 5.2.11. Let A and B denote the optimal frame bounds for Hk
N and let

r = r(N) > 1 be a function of N . Then infN A(N) > 0 and supN B(N) < ∞ if
and only if N(r − 1) ≤ C for some constant C. When the latter condition fails,
infN A(N) = 0.

Proof. Let ρ = N(r− 1) and suppose that ρ ≤ C. As before, we assume that r ≤ 2.
We know from elementary calculus that (1 + x)1/x is decreasing in x for x > 0 and
that its limit is e as x ↓ 0, hence

1 ≤ rN =
((

1 + (r − 1)
) 1

r−1

)ρ
≤ eρ ≤ eC .

Thus, by Proposition 5.2.10,(
N(r − 1)
rN − 1

)2k+1

≲ A ≤ B ≲

(
N(r − 1)
rN − 1

)2k+1

. (5.21)

Now notice that

(
N(r − 1)
rN − 1

)−1

=

((
1 + (r − 1)

) 1
r−1

)ρ
− 1

ρ
;

hence

2ρ − 1
ρ

≤
(
N(r − 1)
rN − 1

)−1

≤ eρ − 1
ρ

.

Again, from elementary calculus we know that (ex − 1)/x increases in x for x > 0
and that its limit as x ↓ 0 is 1, hence

ln 2 ≤
(
N(r − 1)
rN − 1

)−1

≤ eC − 1
C

.

The conclusion then follows from (5.21).
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Suppose instead that ρ = N(r − 1) ̸≤ C for any C > 0, or equivalently, that there
exists a subsequence (Nj) such that ρ(Nj) = Nj(r(Nj) − 1) → ∞. We can assume
that ρ = N(r(N) − 1) → ∞ since we could simply replace this expression with
Nj(r(Nj)−1) in what follows. By using the upper bound on A in Proposition 5.2.10
we get

A ≲

(
N(r − 1)
rN − 1

)2k+1

r(2k−1)N = ρ2k+1

r2N (1 − r−N)−(2k+1)

= ρ2k+1((
1 + (r − 1)

) 1
r−1

)2ρ

1 −
((

1 + (r − 1)
) 1

r−1

)−ρ
−(2k+1)

≤ ρ2k+1

22ρ (1 − 2−ρ)−(2k+1) −→ 0 as ρ −→ ∞.

Theorem 5.2.12. Let F ∗
N be the synthesizing operator corresponding to Hk

N . Then
either κ(F ∗

N) → ∞ or P̃Nf ̸→ f for every polynomial f ∈ L+
2 (T).

Proof. Let A and B denote the optimal frame bounds for Hk
N . First note that B ≥ 1.

Indeed, for any frame {fn}n≥1 consisting of normalized frame vectors we have

1 ≤ 1 +
∑
n≥2

|(f1, fn)|2 = |(f1, f1)|2 +
∑
n≥2

|(f1, fn)|2 ≤ B∥f1∥2 = B.

Thus, since κ(F ∗
N)2 = B/A by Proposition 2.1.15, Theorem 5.2.11 shows that

supN κ(F ∗
N) < ∞ if and only if ρ = N(r − 1) ≤ C for some constant C. Assume

then that ρ ≤ C, and choose an arbitrary polynomial f = ∑n0
n=0 bnz

n with bn0 ̸= 0.
Suppose we can find gN = ∑

n≥0 cnz
n ∈ Hk

N such that ∥f − gN∥ ≤ |bn0|/2 for every
N large enough. We have

∥f − gN∥2 = 2π
(

n0∑
n=0

|bn − cn|2 +
∞∑

n=n0+1
|cn|2

)
≥ max

{
|bn0 − cn0|2, |cN+n0|2

}
.

On the one hand, |bn0 − cn0| ≤ |bn0|/2 and thus |cn0| ≥ |bn0|/2. On the other hand,
∥f − gN∥ ≥ |cN+n0|. By Lemma 5.2.3,

|cN+n0| = (N + n0 + k) · ... · (N + n0 + 1)
(n0 + k) · ... · (n0 + 1) r−N |cn0|

≥ (N + n0 + k) · ... · (N + n0 + 1)
(n0 + k) · ... · (n0 + 1) r−N |bn0 |

2
≳ Nkr−N .

But as we saw in the proof of Theorem 5.2.11, r−N ≃ 1 whenever ρ ≤ C. Thus,
|b0|
2 ≥ ∥f − gN∥ ≥ |cN+n0| ≳ Nk −→ ∞ as N −→ ∞,

which is absurd. We conclude that P̃Nf ̸→ f for every polynomial f .
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5.3 Whitney method of fundamental solutions
As we highlighted in Proposition 2.1.15, the problem of conditioning for the MFS is
equivalent to finding vectors (ψj) with well-behaved frame bounds An and Bn. That
is, since (ψj)n1 is a frame for span {ψj}n1 , Proposition 2.1.15 implies that κ(F ∗

n)2 =
Bn/An, where An and Bn are the optimal constants such that

An∥f∥2 ≤
n∑
1

|(f, ψj)|2 ≤ Bn∥f∥2 (5.22)

for all n and all f ∈ span {ψj}n1 . Thus, the condition numbers κ(F ∗
n) are uniformly

bounded in n if and only if An ≃ Bn ≃ 1 for all n. Lusin wavelets with poles on
a circle as in the regular MFS have no such frame structure, which is the intuitive
reason that the operators (F ∗

n) are ill-conditioned, in the sense that κ(F ∗
n) → ∞ as

n → ∞. Indeed, Proposition 5.1.11 implies that κ(F ∗
n) → ∞ as n → ∞ in this case.

However, as we saw in Chapter 3, placing the poles (pj)∞
1 in a Whitney-type con-

figuration as in Theorem 3.2.6 yields a frame of Lusin wavelets; that is, in the case
with the frame for L+

2 consisting of infinitely many wavelets. Given that

A∥f∥2 ≤
∞∑
1

|(f, ψj)|2 ≤ B∥f∥2

for all f ∈ L+
2 , where (ψj) is the Lusin-Whitney frame from Theorem 3.2.6, it is

reasonable to expect (5.22) to hold with optimal frame bounds An ≃ 1 and Bn ≃ 1.
By Proposition 2.1.15, this would imply that κ(F ∗

n) ≲ 1 uniformly in n, yielding
a well-conditioned method of fundamental solutions. In light of this prospect, we
investigate the so-called Whitney method of fundamental solutions (WMFS), where
the Lusin wavelets are picked with poles according to a Whitney configuration.

While it is true that the optimal upper frame bounds satisfy Bn ≃ 1, we unfortu-
nately have that An → 0, so An ̸≃ 1. In fact, this is a general problem for linearly
independent frames that are not bases, such as the Lusin-Whitney frame. For the
following proposition, recall that we say that an infinite set of vectors (fk) is linearly
independent if every finite sub-collection (fkj

)nj=1 is linearly independent. This does
not imply that ∑

akfk = 0
only if ak = 0 for all k. This stronger sense of linear independence is instead a
defining property for (Schauder) bases.

Proposition 5.3.1. ([5, Lemma 7.2.1.]) Let (fk) be a linearly independent frame
for H, which is not a basis for H, and let An and Bn be the optimal frame bounds
satisfying

An∥f∥2 ≤
n∑
1

|(f, fk)|2 ≤ Bn∥f∥2, for all f ∈ span {fk}n1 .

Then An → 0 and Bn → B as n → ∞, where B is the upper frame bound of (fk).
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Proof. Define the analyzing frame operators Fn : span {fk}n1 → Cn so that (Fnf)k =
(f, fk). Then F ∗

n : Cn → span {fk}n1 is given by F ∗
na = ∑n

1 akfk and is automatically
surjective. Since by assumption (fk)n1 is linearly independent, we have that F ∗

n is a
square matrix, so both Fn and F ∗

n are invertible by the rank theorem.

As
∥Fnf∥2 =

n∑
1

|(f, fk)|2,

we have that

∥(F ∗
n)−1∥ = ∥F−1

n ∥ = sup
0̸=f∈span {fk}n

1

∥f∥
∥Fnf∥

= A−1/2
n .

Since by assumption (fk) is not a basis ofH, there exists some sequence of coefficients
(ck) so that ∑

ckfk = 0

and ∑
|ck|2 = 1.

Setting c(n) ∈ Cn as the (finite) sequence with c(n)k = ck for 1 ≤ k ≤ n, we obtain
that

∥F ∗
nc(n)∥2 ≥ ∥c(n)∥2∥(F ∗

n)−1∥−2 = ∥c(n)∥2An.

We conclude that, when n is large enough so that c(n) ̸= 0, we have

An ≤ ∥c(n)∥−2∥F ∗
nc(n)∥2 = ∥c(n)∥−2

∥∥∥∥∥
n∑
k=1

ckfk

∥∥∥∥∥
2

→ 0.

Thus, An → 0. To see that Bn → B, note that ∥Fnf∥ → ∥Ff∥ as n → ∞ for all
f ∈ span {fk}∞

1 , at least when n is large enough so that Fnf is well-defined. Hence
Bn = ∥Fn∥2 → ∥F∥2 = B.

We summarize our observations in a theorem.

Theorem 5.3.2. Let (ψj)∞
1 be wavelets from the Lusin-Whitney frame of L+

2 as in
Theorem 3.2.6. Then span {ψj}∞

1 is dense in L+
2 , but the corresponding truncated

synthesizing frame operators F ∗
n from Definition 5.1.7 are ill-conditioned, in the

sense that
κ(F ∗

n) → ∞, n → ∞.

Proof. The density of span {ψj}∞
1 follows immediately from Theorem 3.2.6. By

Propositions 3.2.7 and 3.2.8, we have that the Lusin-Whitney frame is linearly inde-
pendent, but not a basis. Thus, Proposition 5.3.1 implies that the optimal truncated
frame bounds An and Bn (as defined in the proposition) satisfy An → 0 and Bn → B
as n → ∞. Since

∥Fnf∥2 =
n∑
1

|(f, ψj)|2,
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we have ∥Fn∥2 = Bn and ∥F−1
n ∥2 = A−1

n . Hence

κ(F ∗
n) = κ(Fn) =

√
B/A → ∞.

While the frame structure breaks down upon truncations in the WMFS, there is
still a way to take advantage of the frame properties. The idea is to approximate
the frame operator S = F ∗F instead of the synthesizing operator F ∗, with the
advantage of S being that it is invertible. We expand upon this method in the next
section.

5.4 The Casazza-Christensen method
This section is partially based on Chapter 23 in Christensen [5]. Recall that for the
MFS, we made the ansatz

f =
∑

ajψj,

imposed the condition Re νf = g on T, and solved for aj by inverting the synthesizing
operator F ∗. This turned out to be ill-conditioned since the operator F ∗ is not
invertible. To remedy this, we use a different representation of f , or rather, a
different representation of g. By Proposition 2.1.10 and Theorem 3.2.6, every f ∈ L+

2
has the frame expansion

f =
∑

(S−1f, ψj)ψj,

where Sf = ∑(f, ψj)ψj is the frame operator for the Lusin-Whitney frame. By
Theorem 4.7.2, the operator T : f 7→ Re (νf) is invertible. Since bounded surjective
operators map frames to frames (by Corollary 2.1.17), the set (Tψj) ∪ (Tiψj) is a
frame for L0

2. With g = Tf , we then have the expansion

Tf =
∑(

(S̄−1g, Tψj)Tψj + (S̄−1g, T iψj)Tiψj
)

= T
∑(

(S̄−1g, Tψj) + i(S̄−1g, T iψj)
)
ψj

where S̄ is the frame operator for (Tψj) ∪ (Tiψj). So

f =
∑(

(S̄−1g, Tψj) + i(S̄−1g, T iψj)
)
ψj

since T is invertible. Finding f then reduces to the following two steps.

1. Compute an auxiliary density h ∈ L0
2 so that S̄h = g.

2. Evaluate f = ∑((h, Tψj) + i(h, T iψj)
)
ψj.

Let us state this argument as a proposition.
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Proposition 5.4.1 (Real Lusin-Whitney frame). Let (ψj) be the Lusin-Whitney
frame for L+

2 (T). Define the frame vectors

φj =

Tψj, j > 0,
T iψj, j < 0,

with the corresponding real frame operator

S̄ : L0
2(T,R) → L0

2(T,R), g 7→
∑

(g, φj)φj.

Then (φj) is a frame for L0
2(T,R).

Let us also document our inversion formula for T , and take the opportunity to
simplify it slightly.

Proposition 5.4.2. Let T be the operator from (4.43). Then

T−1g =
∑

(S̄−1g, νψj)ψj,

where (·, ·) is the complex inner product on L2.

Proof. For g ∈ L0
2(T,R) we get by Proposition 5.4.1 that

g =
∑

(S̄−1g, φj)Rφj

=
∑(

(S̄−1g, φj)RTψj + (S̄−1g, φ−j)RTiψj
)

= T
∑(

(S̄−1g, φj)R + i(S̄−1g, φ−j)R
)
ψj.

So, since T is invertible,

T−1g =
∑(

(S̄−1g, φj)R + i(S̄−1g, φ−j)R
)
ψj

=
∑(

(S̄−1g,Re νψj)R + i(S̄−1g,Re iνψj)R
)
ψj

=
∑(

Re (S̄−1g, νψj)C + iRe (S̄−1g, iνψj)C
)
ψj

=
∑(

Re (S̄−1g, νψj)C − iRe i(S̄−1g, νψj)C
)
ψj

=
∑(

Re (S̄−1g, νψj)C + iIm (S̄−1g, νψj)C
)
ψj

=
∑

(S̄−1g, νψj)Cψj.

In practice, computing h = S̄−1g requires approximating S̄−1 by some (finite rank)
matrix. The most straightforward way of doing this is to use the truncated real
frame operator S̄N = F̄ ∗

N F̄N from Definition 5.1.7. This operator satisfies S̄N → S̄

112



5. Wavelet Methods

in the strong operator topology, so one might expect S̄−1
N PN → S̄−1, where PN is

the orthogonal projection onto HN = span {φj}N−N . Here, S−1
N is defined as the

inverse of the restriction SN : HN → HN . Unfortunately, the operator S̄−1
N is badly

behaved in the sense that κ(S̄N) → ∞, and in the sense that S−1
N ̸→ S̄−1, even in

the weak operator topology. The ill-conditioned property is a direct consequence of
Proposition 5.3.1. When it comes to the convergence problem, it is a difficulty for
many frames in general.

Proposition 5.4.3. (Christensen [5, Proposition 23.1.4]) Let (fn) be a linearly in-
dependent frame with frame operator

S : H → H, f 7→
∑

(f, fn)fn

and truncated frame operators

SN : HN → HN , f 7→
N∑
1

(f, fn)fn.

If every f ∈ H and frame vector fn satisfies

(f, S−1
N fn) → (f, S−1fn), N → ∞, (5.23)

then (fn) is a basis.

Proof. Assume that (5.23) holds. Then, in particular, we have that

(fm, S−1
N fn) → (fm, S−1fn).

But since (fn) is a linearly independent set, we have that (fn)N1 is a basis for HN ,
so for fk ∈ HN we have

fk = SNS
−1
N fk =

N∑
1

(S−1
N fk, fn)fn.

By the uniqueness of basis expansions, it follows that that

(fk, S−1
N fn) = (S−1

N fk, fn) = δkn.

Then
(fk, S−1fn) = lim

N
(fk, S−1

N fn) = lim
N
δnk = δnk,

so (fn) is a frame with the bi-orthogonality property, which by Proposition 2.1.11
implies that (fn) is a basis.

Since (φj) is a linearly independent frame (by Proposition 3.2.7), but not a basis
(by Proposition 3.2.8), Proposition 5.4.3 above implies that S̄−1

N PN ̸→ S−1 in the
weak operator topology. The solution to these problems is to estimate S̄−1 in a
different way, via what is called the Casazza-Christensen method (see Christensen [5,
Theorem 23.2.3]). The idea is to compress S̄N to an n×n matrix for n ≪ N , which
will then have an inverse converging to the n× n compression of S̄−1.
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Theorem 5.4.4 (Casazza-Christensen method). Let (fj) be a frame for H with
frame bounds A and B. For each n, let m(n) be an integer such that

1
2A∥f∥2 ≤

n+m(n)∑
1

|(f, fj)|2, for all f ∈ span {fj}n1 . (5.24)

Further, let Pn : H → span {fj}n1 denote the orthogonal projection onto span {fj}n1 .
Then

(PnSn+m(n))−1Pn → S−1, n → ∞
in the strong operator topology. Here, PnSn+m(n) : span {fj}n1 → span {fj}n1 is a
well-conditioned matrix with

∥PnSn+m(n)∥ ≤ B, ∥(PnSn+m(n))−1∥ ≤ 2/A.

Proof. First, note that for all f ∈ span {fj}n1

(PnSn+m(n)f, f) = (Fn+m(n)f, Fn+m(n)Pnf) = ∥Fn+m(n)f∥2 =
n+m(n)∑

1
|(f, fj)|2,

and by (5.24)

1
2A∥f∥2 ≤

n+m(n)∑
1

|(f, fj)|2 ≤
∞∑
1

|(f, fj)|2 ≤ B∥f∥2.

Therefore, A
2 I ≤ PnSn+m(n) ≤ BI on span {fj}n1 , which implies

∥PnSn+m(n)∥ ≤ B, ∥(PnSn+m(n))−1∥ ≤ 2/A.

Second, as (PnSn+m(n))−1Pn are uniformly norm bounded (with respect to n), it
suffices to show the strong operator topology limit on a dense subset of H. Then,
for f ∈ span {fj}n0

1 for some fixed n0, and h = S−1
n+m(n)f , we have

∥(PnSn+m(n))−1Pnf − S−1f∥ = ∥(PnSn+m(n))−1PnSn+m(n)h− S−1Sn+m(n)h∥
= ∥h− S−1Sn+m(n)h∥
→ 0.

Thus, using this method, we may compute h = S̄−1g ≈ (PnS̄n+m(n))−1Png in a well
conditioned way. What remains is to evaluate

f =
∑

(h, νψj)ψj,

which is implemented via the approximation

f ≈
N∑
1

(h, νψj)ψj.

This is close to f since SN → S in the strong operator topology. Further, this
approximation is numerically stable, since ∥SN∥ ≤ ∥S∥ so ∥SN∥ ≲ 1 uniformly in
N .
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Numerical Results

In this chapter we compare the performances of the following four methods for
solving the complex interior Neumann problem on the unit disk:

• the boundary integral equation method (BIE method),

• the method of fundamental solutions with poles on a circle (MFS),

• the method of fundamental solutions with poles according to a Whitney par-
tition (WMFS),

• the Casazza-Christensen method (CC method).

In this chapter, we refer to the three last methods as wavelet methods. We will
see that the wavelet methods converge fast when the exact solution is a polynomial
(see Figures 6.1 and 6.2), but that the convergence is considerably slower when
the exact solution is a rational function with a pole close to the boundary (see
Figures 6.3 and 6.4). Roughly, the convergence becomes faster if the solution can be
analytically extended farther outside of the domain. The BIE method on the other
hand is much more robust in this regard, and the rate of convergence is essentially
unaffected when switching between these two types of data. As is typical for the
BIE method, and which can been seen in the figures, the approximation is very
poor in a thin strip around the boundary. In the case when the exact solution is
a polynomial, the wavelet methods largely resolve this problem; this is especially
true for the MFS and the WMFS. As for numerical stability, it is unclear how
the MFS and WMFS performs. The methods are numerically (and theoretically)
ill-conditioned, but adding white noise in the data does not seem to cause large
errors in the solution. The CC method is, however, numerically (and theoretically)
well-conditioned.

The first and well-established method, the BIE method, is based on the theory in
Chapter 4. We saw that if v = S̃h is the single layer potential with moment h, then
v has Neumann boundary data −h/2+K∗h, where K is the Neumann-Poincaré op-
erator. Hence this method amounts to discretizing and solving the linear equation
(−I/2 + K∗)h = g and then approximating S̃h. The MFS and WMFS are both

115



6. Numerical Results

based on the ansatz f = ∑n
1 ciψi (see (5.1)) and are essentially the same method

except for the placement of the poles. The former method places the poles on a
(fixed) circle with radius > 1 while the latter method places them according to a
Whitney partition (see Section 6.1.2 below). By applying the boundary operator
Tf = Re (νf), the ansatz is transformed into the condition F̄ ∗

n c̃ = g (see (5.6)).
This equation is then discretized and c̃ is computed as a least squares solution,
which then gives the original coefficients c. As was described in the last section
of the previous chapter, the CC method also produces a solution which is a linear
combination of Lusin wavelets but instead finds the coefficients by observing the
solution formula f = ∑((S̄)−1g, νψj)ψj, and then approximating (S̄)−1g through
the Casazza-Christensen method (see Theorem 5.4.4), which in the end boils down
to inverting a matrix. Since we want to measure the difference between an approx-
imate solution and the exact solution to the interior Neumann problem, it is more
convenient to work with the complex version of the problem because the solution
is unique in this case; this is equivalent to comparing the gradients of the solutions
to the real version. It is worth noting that changing between the two problems is a
non-issue both for the BIE method and the wavelet based methods—each method
produces a solution which is represented by an analytical formula which can be
differentiated or integrated exactly, without the need for an additional numerical
approximation.

The solution formula v = S̃h is given by an integral over the boundary against a
kernel which is singular on the diagonal. In numerical applications this is a problem
because it causes a large error of the approximate solution close to the boundary. The
idea of our supervisor Rosén was to remedy this problem by moving the singularities
away from the diagonal and into the exterior domain through the use of a wavelet
frame. The main goal of this thesis has been to investigate if such a method can
resolve this problem and at the same time achieve good convergence and stability
properties. As mentioned above, the wavelet methods partially succeeds in these
regards, with the main determining factor being what type of data is being used. In
Section 6.2 we present our numerical results.

We now discuss briefly what we have considered with respect to convergence and
stability. We let e denote the pointwise error between the exact solution and the
approximate solution produced by each method, that is e = |fexact − fapprox|. We
have measured the rate of convergence of the methods through the error e as a
function of the number of discretization points m of the boundary T, where the size
of e is measured both pointwise on the unit disk D+ and in the L2(D+) norm. The
pointwise error, displayed by a colorplot, gives a qualitative overall picture of e for a
fixed value of m, and enables us to see where in the disk the approximation is good
or bad. The L2 norm allows us to summarize the error in a single number so that
we can plot it as a function of m, and gives us a quantitative estimate for size of
the error close to the boundary.

In each method a linear system Ax = y has to be solved. If A is invertible, then we
find x by computing x = A−1y; if A is not invertible, then we can instead find the
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normal pseudosolution, that is, the unique vector x ∈ Rn such that

|Ax− y| ≤ |Az − y| (6.1)

for all z ∈ Rn, and |x| ≤ |z| for all z ∈ Rn such that equality holds in (6.1). This
is the same thing as finding the minimum norm solution of the equation Ax = Py
where P is the orthogonal projection onto ranA. In either case, we would like that a
small relative change in the data y results in only a small relative change in x. More
precisely, if x1 and x2 are the solutions or normal pseudosolutions of the systems
Ax = y1 and Ax = y2, respectively, then we would like that

|x1 − x2|
|x1|

≤ K
|y1 − y2|

|y1|

for a constant K ≈ 1. Recall that we defined the condition number of A as κ(A) =
∥A∥∥A†∥ where A† is the pseudoinverse for A (see Definition 2.1.14) and ∥ · ∥ is the
L2 operator norm. When A is invertible, then A† = A−1, in which case we get that

|x1 − x2|
|x1|

≤ ∥A−1∥|y1 − y2|
∥A∥−1|y1|

= κ(A) |y1 − y2|
|y1|

,

and we see that κ(A) controls the relative error in the solution in terms of the
relative error in the data. In the case when A is not invertible things are not as
simple, but κ(A) still plays the same roll. We have for example the following result,
which is a special case of theorem due to Wedin (see L. Beilina, E. Karchevskii, and
M. Karchevskii [3, Theorem 7.15]).

Theorem 6.0.1. If A is a full rank m × n matrix with m ≥ n, x1 and x2 are the
normal pseudosolutions of the systems Ax = y1 and Ax = y2, respectively, then

|x1 − x2|
|x1|

≤ κ(A)
(

1 + |r1|
∥A∥|x1|

)
|y1 − y2|

|y1|

where r1 is the residual Ax1 − y1.

Thus we want to compute the numbers κ(A) corresponding to our methods to mea-
sure their numerical stability. We do this in the following way. Every matrix A (of
size m× n) has a singular value decomposition, that is, there exist unitary matrices
U and V of sizes m × m and n × n, respectively, and a diagonal matrix Σ of size
m × n with σi = Σii ≥ 0 for every i, such that A = UΣV T . This decomposition is
not unique; however, up to ordering, the elements σi on the diagonal of Σ are in fact
unique. They are referred to as the singular values of A. The number of non-zero
singular values is equal to the rank of A. Let r = rankA and suppose we order the
singular values such that

σ1 ≥ σ2 ≥ ... ≥ σr > 0, and σk = 0, k = r + 1, ...,min{m,n}.

Then one can show that ∥A∥ = σ1 and ∥A†∥ = σ−1
r (see L. Beilina et al. [3,

Equation 6.27 and Proposition 6.1]), hence κ(A) = σ1/σr.
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The MATLAB command cond(A) computes the ratio σ1/σmin{m,n} for A, so in the
case when A has full rank, cond(A) is the same as κ(A). For us the only interesting
methods with regards to the condition number are the BIE method and the CC
method, whose corresponding linear systems are invertible, which justifies our use
of the command in this case. In Chapter 5, we have already seen that the WMFS
and MFS are never numerically stable; see Proposition 5.3.1 and Proposition 5.1.11.
Both of these methods are based on solving the linear equation F̄ ∗

n c̃ = g, and Propo-
sition 5.1.11 showed that κ(F̄ ∗

n) → ∞ in the case of the MFS and Theorem 5.3.2
showed that κ(F̄ ∗

n) → ∞ in the case of the WMFS. Although the WMFS and the
MFS do not meet our goal of numerical stability, their fast rates of convergence are
still of interest.

6.1 Discretization and implementation
We will now describe how we have discretized and implemented the four different
methods in MATLAB.

6.1.1 BIE method
To improve the performance of the BIE method, we have implemented a slight
modification of the operator −I/2 +K∗. If Eh denotes the average of h on Γ, then
we implement the operator A = −I/2 +K∗ +E instead. The reason for this is that
A is invertible on L2(Γ). The two operators agree on L0

2(Γ), so nothing is lost by
doing this. The latter statement is obvious as Eh = 0 on L0

2(Γ). To see that A is
invertible, first note that E is a rank one operator, hence K∗ + E is compact and
so A is Fredholm with index zero. Thus it is sufficient to show that A is injective,
so suppose Ah = 0. Taking the average on both sides gives (Eh)/2 + E(K∗h) = 0.
Recall from Proposition 4.5.2 that K1 ≡ 1/2, hence

E(K∗h) = 1
σ(Γ)(K∗h, 1) = 1

σ(Γ)(h,K1) = 1
2Eh.

Thus 0 = (Eh)/2 + E(K∗h) = Eh, so that h ∈ L0
2(Γ) and −h/2 + K∗h = 0. But

then h = 0 as −I/2 +K∗|L0
2(Γ) is invertible.

To discretize the equation Ah = g on T, we choose m uniformly distributed points
x1, .., xm, on T and put

h⃗ = (h(x1), ..., h(xm)) and g⃗ = (g(x1), ..., g(xm)).

We have

K∗h(xi) =
∫
T
∂νxΦ(xi, y)h(y) dσ(y) ≈ 2π

m

m∑
j=1

∂νxΦ(xi, xj)h(xj)

= 2π
m

(
K⃗i,1, ..., K⃗i,m

)
· h⃗, i = 1, ...,m,
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where K⃗i,j = ∂νxΦ(xi, xj) and Φ is defined in (4.16). Evidently, the diagonal elements
K⃗i,i will cause a problem here because of the singularity at the diagonal of ∂νxΦ.
However, in 2 dimensions, this singularity is in fact removable on any domain with
a sufficiently smooth boundary, that is, the limit of ∂νxΦ(x, y) as x → y ∈ Γ, x ∈ Γ,
exists. This is not true in higher dimensions. On the unit circle, it is in fact the
case that ∂νxΦ(x, y) is constantly equal to 1/4π off the diagonal, so in particular
limx→y ∂νxΦ(x, y) = 1/4π, and we put K⃗i,i = 1/4π. Therefore, K∗h = (1/2)Eh and
A = −I/2 + (3/2)Eh.

We approximate Eh simply as

Eh = 1
2π

∫
T
h(y) dσ(y) ≈ 1

2π
2π
m

m∑
i=1

h(xi) = 1
m

(1, ..., 1) · h⃗.

With I as the m×m identity matrix and Σ the m×m matrix with each entry being
equal to 1, we then discretize Ah = g as(

− 1
2I + 2π

m
K⃗ + 1

m
Σ
)
h⃗ = g⃗. (6.2)

Having solved the linear system (6.2), we get the approximate solution to the com-
plex Neumann problem as

f(x) = 2π
m

m∑
j=1

∇xΦ(x, xj)h(xj) = 1
m

m∑
j=1

h(xj)
x− xj

, x ∈ D+.

6.1.2 Whitney setup
For the WMFS and the CC method, we need to construct a Whitney partition of
the domain D−

1 = B(0, 2) \ B(0, 1). We do this as follows. Fix ε < 1 and put
rj = 1 + (1 + ε)−j. First partition (up to a set of measure zero) D−

1 into countably
many annuli Aj = {z : rj ≤ |z| ≤ rj−1}, j ≥ 1. The thickness of Aj is then
rj−1 − rj = ε(1 + ε)−j. Let nj = ⌈2πε−1r−j⌉ and θj = 2π/nj for j ≥ 1. Now
partition each Aj into nj "annular sectors"

Qj,k = {reiθ : rj ≤ r ≤ rj−1 and θj(k − 1) ≤ θ ≤ θjk}, k = 1, ..., nj.

The sets Qj,k are then our Whitney regions (compare with the partition of D+
1 in

Figure 3.1). Let us check that these regions indeed define a Whitney partition.
First, it is clear that {Qj,k} partitions D−

1 up to a set of measure zero. By Definition
3.2.1, we need to show that for every j and k, there exist points qj,k ∈ Qj,k and
numbers 0 < rj < Rj such that

1. Brj
(qj,k) ⊂ Qj,k ⊂ BRj

(qj,k) with rj ≃ Rj uniformly in j and ε, and

2. εd(qj,k,T)/2 < Rj < εd(qj,k,T).
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Let qj,k denote the "mid-point" of Qj,k, that is,

qj,k = rj−1 + rj
2 eiθj(k−1/2).

Let Rj = ε(1 + ε)−j and rj = ε(1 + ε)−j/2π. Then Rj/rj = 2π, and due to the
geometry of the domain, it is easily checked that Brj

(qj,k) ⊂ Qj,k ⊂ BRj
(qj,k); hence

(1) holds. Since d(qj,k,T) = (1 + ε)−j(2 + ε)/2 and 1 < (2 + ε)/2 < 2, we see that
(2) also holds.

The parameter ε governs the sizes of the Whitney regions: Conditions (1) and (2)
imply that the diameter of Qj,k is proportional to Rj = ε(1+ε)−j. Thus the diameter
of Qj,k decays exponentially in j, and the rate of the decay is controlled by ε. A
small ε gives a slow decay, and regions between two neighboring annuli Aj and Aj+1
are then approximately of the same size.

6.1.3 WMFS and MFS
In the WMFS, we use the Whitney partition described in the previous section and
invoke Theorem 3.2.6 to obtain a wavelet frame {ψj,k} with poles at the points qj,k.
Enumerating our wavelets instead as ψj, j ≥ 1, starting from the outer-most annuli
A1 and counting inwards, we make the ansatz f = ∑n

j=1 cjψj. With the notation
from Section 5.1 and 5.1.2, applying the operator Tf = Re (νf) then gives

F̄ ∗
n c̃ =

2n∑
j=1

c̃jφj = g

where

c̃j =

Re cj, j ≤ n,

Im cj−n, n < j ≤ 2n,
and φj =

Re νψj, j ≤ n,

Im νψj−n, n < j ≤ 2n.

The truncated frame operator F̄ ∗
n is discretized by the m×2n-matrix Wn whose j:th

column is (φ⃗j)T , where

φ⃗j = (φj(z1), ..., φj(zm)).

Thus the equation F̄ ∗
n c̃ = g is approximated by

Wnc̃ = g⃗.

Solving this system for c̃ then gives the coefficients c1, ..., cn. Discretization of the
MFS is analogous with the only difference that the ψj are chosen to be Lusin wavelets
with poles uniformly distributed on a fixed circle of radius RMFS > 1.

6.1.4 CC method
The CC method utilizes the same Whitney partition as the WMFS, but is based
on the Casazza-Christensen method for inverting the real frame operator S̄ to solve
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the linear equation S̄h = g (see Section 5.4 for why this is non-trivial). According
to Theorem 5.4.4, given that n = n(l) > l is chosen large enough,

(PlS̄n)−1Plg
L2−−−→
l→∞

S̄−1g, (6.3)

where S̄n is the frame operator for H̄n = span{φ1, ..., φ2n} and Pl is the orthogonal
projection onto H̄l. To implement Pl, we note that if we are given an orthonormal
basis {ej}2l

j=1 for H̄l, then Pl is given by

Plf =
2l∑
j=1

(f, ej)ej.

If A is a matrix, then the MATLAB command orth(A) creates an orthonormal
basis for the range of A. By letting A = Wl and p = rankWl, we thus obtain
an orthonormal basis {e⃗j}pj=1 for span{φ⃗1, ..., φ⃗2l}. Let Ol be the m × p matrix
whose j:th column is (e⃗j)T . Then any element in ranWl can be written as Olx
with x ∈ Rp, and the coordinate vector with respect to the basis {e⃗j}pj=1 for the
projection of f⃗ ∈ Rm onto ranWl is given by OT

l f⃗ . The discretization of S̄n is given
by cmWnW

T
n where cm = 2π/m, since S̄n = F̄ ∗

n F̄n, F̄ ∗
n is discretized by Wn, and

F̄nf =
(
(f, φ1), ..., (f, φ2n)

)T
≈
(

2π
m

m∑
j=1

f(zj)φ1(zj), ...,
2π
m

m∑
j=1

f(zj)φ2n(zj)
)T

= cmW
T
n f⃗ .

Note that the operator being inverted in (6.3) really is the compression of S̄n to
H̄l, that is PlS̄n|H̄l

: H̄l → H̄l. By identifying a vector in span{φ⃗1, ..., φ⃗2l} with
its coordinate vector in the basis {e⃗j}pj=1, we obtain the discretized compression by
considering the p× p matrix

Cn = OT
l (cmWnW

T
n )Ol = cmO

T
l WnW

T
n Ol.

The left-hand side of (6.3) is therefore approximated by C−1
n OT

l g⃗, which is then
a coordinate vector with respect to the basis {e⃗j}pj=1. Switching back to Rm by
multiplying by the matrix Ol from the left then gives

h⃗ = OlC
−1
n OT

l g⃗ ∈ Rm,

which is the discretized approximation to S̄−1g. According to Proposition 5.4.2,
f = ∑((S̄)−1g, νψj)ψj ≈ ∑n

j=1((S̄)−1g, νψj)ψj, so we now compute our coefficients
as

cj = cmh⃗ ·
(
ν(z1)ψj(z1), ..., ν(zm)ψj(zm)

)
, j = 1, ..., n.
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6.2 Comparison of the different methods

We present numerical results for two different types of boundary data g = Tf : in
the first case, f is a polynomial of degree 30 with randomly chosen coefficients,
and in the second case f is a rational function with a pole at z = 1.1. Of course,
f ∈ L+

2 (T) in both cases, so that we have explicit solutions to the complex interior
Neumann problem. We always normalize the boundary data in the L2 norm. Recall
that we denote the pointwise error between an exact and an approximate solution by
e. Before we look at the performance of each method we will make a few comments
regarding the relevant parameters. The parameter which is common for each method
is the number of discretization points m on the boundary of the domain. Of course,
for each method to converge we need that m → ∞.

For each wavelet method to converge we also need that the number n of wavelets
used tends to infinity, hence we need to make a choice for the ratio m/n. We know
very little about what is optimal here, and in this chapter we choose m/n ≈ 2.
However, it does seem like the performances of the wavelet methods are rather
unaffected when this is varied. One numerical defect that comes from discretization
and numerical round-off errors is that MATLAB is not able to sense the linear
independence between the wavelets. If m/n is increased, MATLAB can detect linear
independence easier but apparently not much is gained with respect to convergence
or stability by doing this.

Additionally, for each wavelet method we need to make a choice about the order k
of the Lusin wavelets used. In this chapter we use only wavelets of order k = 1,
so we present no numerical results about what happens when the order is varied.
However, it is definitely the case that k effects the rate of convergence of each
wavelet method, in particular, a low order seems to be better for well-behaved data
(for example, when g is the data of an entire function) and a higher order seems
to be better for when the data is more singular in nature (for example, if g is the
data of a rational function with a pole close to the boundary). Moreover, a larger k
seems to give a lower condition number for the CC method.

We now make a few comments specific to each method.

• The BIE method has m as its single parameter, which is one of its main
advantages because this makes it easy to implement and understand.

• For the MFS, one needs to make a choice for the curve encircling the domain
on which the Neumann problem is to be solved. Since we have only considered
the simplest possible case of the unit disk, this problem is somewhat nullified
as there is only one canonical choice, namely a circle of radius RMFS > 1.
If g is the boundary data of a function with a singularity at p ∈ C close to
the boundary, it makes a huge difference how RMFS is chosen. Basically, for
this method to converge in practice, one needs that RMFS < |p|, as shown by
Barnett and Betcke in [2, Theorem 3] for Helmholtz equation. In Figures 6.3
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and 6.4, this condition fails (|p| = 1.1 and RMFS = 1.5), and we see that the
performance of the MFS is very poor. Thus, to be able to use this method with
confidence, one needs to know how far the exact solution can be analytically
extended outside of the domain (or use some optimization scheme to find
RMFS).

• For the WMFS and the CC method, a Whitney partition has to be explicitly
constructed. This may be one of the major difficulties for application of these
methods on general domains. If the domain is smooth, one natural choice of
curves on which to place the poles are those of the form {x+ tν(x) : x ∈ ∂D}
for t > 0 and |t| small enough, which according to Theorem 4.1.13 are smooth
and non-self-intersecting. However, it is still not obvious how to place the
poles on the curves to obtain a good Whitney partition.

In the case of the unit disk, the parameter ε governs the relative sizes of the
Whitney regions (see Section 6.1.2). Numerical experiments indicate that the
CC method may fail to converge if ε is not small enough. This could be
due to the fact that ε is not small enough to produce a frame according to
Theorem 3.2.6. For the proof of Theorem 3.2.6 we need that ε < 1, but apart
from that, the only observation we have made about ε is that it is reasonable
to have it in the range [0.2, 0.5]. Furthermore, the rate of convergence of the
CC method seems to be quite sensitive to ε, and ε also effects the condition
number of the matrices Cn (see Section 6.1.4).

• Finally, for the CC method one also has to consider the ratio ρ = l/n. Recall
that the CC method relies on inverting the operator PlS̄n|H̄l

: H̄l → H̄l, and
that κ(PlS̄n) ≤ 2B/A if n − l is sufficiently large (see Theorem 5.4.4), where
A and B are frame bounds for the (infinite) Lusin-Whitney frame. Another
way to phrase this is to say that we need ρ to be sufficiently small. We have
no quantitative information on how large n needs to be for a given l. In our
numerical experiments, though, it seems like having ρ approximately constant
works for the condition numbers of the matrices Cn to stabilize. We present
some data regarding ρ in Section 6.2.2.

6.2.1 Rates of convergence
We now present our numerical results regarding convergence in the two cases of
polynomial data and rational data with a pole in the exterior domain.

6.2.1.1 Polynomial data

In Figures 6.1 and 6.2 the exact solution f is a polynomial of degree 30 with coeffi-
cients chosen randomly (before normalization) from the interval [−25, 25] according
to a uniform probability distribution. Each method is discretized using m = 500
uniformly distributed points on the boundary, and for the wavelet methods n = 322
wavelets are used. We have chosen f and m so as to convey the typical behavior of
the methods. The BIE plot in Figure 6.1 shows the large error close to the boundary
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Figure 6.1: Color plots of log10 e for the four different methods. f is a polynomial
of degree 30. Parameters: m = 500, n = 322, ε = 0.4, k = 1, RMFS = 1.5, ρ = 1/6.

(the yellow and red strip) which is characteristic for the BIE method. However, in-
side of the strip the BIE method outperform the wavelet methods. The CC method
also has a larger error close to the boundary, but it is still much lower than that
of the BIE. The errors of the MFS and WMFS methods are more or less uniform
throughout the disk, and in particular these methods outperform the BIE method
at the boundary.

To compare the rates of convergence as m → ∞, we compute log10 ∥e∥2 as a function
of m. To reduce numerical noise and to make the trends of the methods clearer,
we plot a weighted average of log10 ∥e∥2. To be precise, if a1, ..., ak are the values
of log10 ∥e∥2 corresponding to the m-values m1, ...,mk, then for i ∈ {5, ..., k − 4} we
plot the data points (mi, Ai), where

Ai =
(
ai−4 + ai+4 + 2(ai−3 + ai+3) + 3(ai−2 + ai+2) + 4(ai−1 + ai+1) + 5ai

)
/25.

(6.4)

If i ∈ {1, ..., 4, k − 3, ..., k}, then Ai is modified slightly. For example, for i = 2,

A2 =
(
a1 + (a1 + a2 + a3)/3 + (a1 + ...+ a5)/5

)
/3.

Figure 6.2 shows how log10 ∥e∥2 behave as m ranges from 100 to 5000. Note that
∥eBIE∥2 is by far the largest due to the large boundary error as indicated in Figure 6.1.
However, since log10 ∥eBIE∥2 decreases linearly, the rate of convergence of the BIE
with respect to the L2 norm is still exponential. We see that the convergence for
both the MFS and the WMFS is very rapid, which is typical for these methods.
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Figure 6.2: Plots of weighted average (see Equation 6.4) of log10 ∥e∥2 as a function
of m in the range [100, 5000] when f is a polynomial of degree 30. Parameters:
ε = 0.3, k = 1, RMFS = 1.5, ρ = 1/6.

From around m = 500 until m = 800, the error of the WMFS is approximately
constant, after which it continues to decrease until m ≈ 1500. This behavior is
due to our implementation of the Whitney partition. More wavelets are added by
inserting a full "layer" of new poles instead of adding them one by one as m increases.
So for example, the number of wavelets might go from 200 to 300 to 500, and so
forth (depending on ε). This is probably an unnecessary restriction, but it accounts
for the step-wise fashion in which the error decreases for the WMFS and the CC
method, although visually this effect is considerably reduced because the graphs
in Figures 6.2 and 6.4 are smoothed out by taking a weighted average. For the
MFS, where the poles are placed on a circle, new wavelets are added continuously
as m increases. We see that the error of the MFS increases slightly after having
reached its minimum at about 10−11 and the same behavior is displayed by the
CC method. We are not sure why this is the case. The fact that the error does
not decrease past this point could indicate that these methods fail to converge.
Maximum machine precision is at about 10−16, so we expect a well-conditioned
converging method to eventually reach an error of this magnitude. For the MFS,
which is not well-conditioned, this could be due to round off-errors being magnified
because of extremely large condition numbers, however, if this was the case we might
expect this effect to be more apparent in the WMFS as well, which also is extremely
poorly conditioned. The error of the CC method actually continues to decrease past
this point but very slowly. For example, choosing m = 20000 gives an L2 error on
the order of 10−12.

In practice, when it comes to rates of convergence, one is mainly interested in the
amount of time it takes for a given method to reach a specified error tolerance. This
is not something which we have focused on in this thesis. However, what we can say
is that for a given number of discretization points m (as opposed to a given error
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tolerance), the CC method is the fastest method to run to completion. The main
reason for this is that the size of the linear system being solved in the CC method
is much smaller than for the other methods. For example, if m = 1000, the size of
the linear system in the CC method is 98 × 98, while the corresponding sizes in the
WMFS and the BIE method are m × 2n = 1000 × 958 and m × m = 1000 × 1000,
respectively. For the MFS, the size of the linear system is also m × 2n. The size
of the linear system in the CC method is equal to p × p, where p is the dimension
of span{φ⃗1, ..., φ⃗2l}, and l = ρn. Thus, if ρ is small, then so is 2l, and p is yet
smaller than 2l because the vectors φ1, ..., φ2l, are not linearly independent (at least
as determined by MATLAB).

In Figure 6.1, ε = 0.3, and changing this parameter to, say, ε = 0.2, results in the
CC method reaching approximately the same minimum error as that of the WMFS
at approximately 3 · 10−15. The minimum error of the CC method seems to be quite
sensitive to ε, and a lower ε results in a lower minimum error. In this regard, the
WMFS seems more robust in that its minimum error is not effected as much by the
choice of ε. The radius for the MFS is chosen to be RMFS = 1.5. This choice is
rather arbitrary and is of greater importance in the presence of a singularity in the
data.

Figures 6.1 and 6.2 indicates that all methods perform quite well with regards to
convergence when the data is well-behaved and can be analytically extended far
outside of the domain (to all of C in this case). The wavelet methods do not suffer
the same bad boundary behavior as that of the BIE, but the BIE method is the best
as one stays away from the boundary.

6.2.1.2 Rational data with a pole

In Figures 6.3 and 6.4 the exact solution is f(z) = c(z − 1.1)−2 where c is an L2
normalizing constant. The parameters in Figure 6.3 are the same as in Figure 6.2,
and we see clearly how changing the data results in a much worse performance of the
wavelet methods, while the performance of the BIE method is essentially unaffected.
The heuristic explanation for this is that the curve or curves on which the poles lie
in the wavelet methods encircle the singularity in the data, which is not true for the
BIE method where the curve on which the poles lie is the boundary of the domain.
As in the case of polynomial data, the error of the CC method is qualitatively similar
to the error of the BIE method, showing a better performance as one stays away
from the boundary, while the performances of the MFS and WMFS are uniform
throughout the disk. We have not understood why the error of the CC method
becomes larger closer to the boundary.

Figure 6.4 shows the behavior of log10 ∥e∥2 as m ranges from 100 to 5000. Again,
the behavior of the BIE method is the same, with a large error in the L2 norm due
to the poor performance at the boundary, but which still decays exponentially. The
qualitative behavior of the MFS is the same as in Figure 6.2 but with a minimum
error that is much larger than in the case of polynomial data. Clearly the MFS fails
to converge, which illustrates the importance of choosing the radius RMFS correctly;
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Figure 6.3: Color plots of log10 e for the four different methods when f(z) =
c(z − 1.1)−2. Parameters: m = 500, n = 322, ε = 0.4, k = 1, RMFS = 1.5, ρ = 1/6.

in Figures 6.3 and 6.4, RMFS = 1.5 > 1.1 = |p|, and as we mentioned earlier, we need
RMFS < |p| for the method to work well. In the L2 norm the WMFS is the only
method that reaches a good minimum error relatively fast. Figure 6.4 illustrates
that even though the WMFS and the CC method have poles according to the same
Whitney partition, their corresponding rates of convergence are quite different. We
do however see a steady decline in the error of the CC method, and in fact if one
waits long enough, m = 20000 suffices, then just as in the case of polynomial data,
the CC method reaches an error on the order of 10−12.

Changing the parameter ε to 0.2 again allows the CC method to reach a minimum
error, at about m = 20000, that is about the same as that of the WMFS. The main
differences in the case of polynomial data versus the case of rational data with a
singularity are that the rates of convergence of the wavelet methods are much lower,
and that the MFS even fails to converge in the latter case.

6.2.2 Conditioning of the CC method
We now look closer at the conditioning of the CC method, more precisely, at the
condition numbers κCC of the matrices Cn (see Section 6.1.4) that are being inverted
and how they are effected by the parameter ρ = l/n. As we have already mentioned,
the conditioning of the MFS and WMFS is extremely poor with condition numbers
on the order of 1/(machine precision), and we have shown theoretically that these
methods are indeed ill-conditioned. We should mention, however, that when we
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Figure 6.4: Plots of weighted average (see Equation 6.4) of log10 ∥e∥2 as a function
of m in the range [100, 5000] when f(z) = c(z− 1.1)−2. Parameters: ε = 0.3, k = 1,
RMFS = 1.5, ρ = 1/6.

have added random noise to the boundary data, this has not been reflected in the
performance of the methods. In fact, the induced errors in the solutions have been
on the same order of magnitude as the error in the data. Condition numbers only
provide upper bounds on the stability of the methods and do not say that errors in
the data always induces large errors in the solutions. At any rate, these methods
are not of interest in this regard.

The method which is by far the best with respect to conditioning is the BIE method,
at least on the unit disk. However, as we mentioned in Section 6.1.1, it is unfair to
consider only the unit disk, because in this caseK∗h = (1/2)Eh, with E simply being
the average of h on T; and we see numerically that κBIE is actually independent of
m, with κBIE ≈ 10. In any case, since the BIE method is an already well-established
method, we will not investigate this further.

Figure 6.5 shows 5 different graphs of log10 κCC as a function of m as m ranges
from 100 to 5000, with the ratios ρ = l/n varying from 1/3 to 1/15. In all cases
κCC eventually stabilizes, and we see that a smaller ρ gives a smaller condition
number for m large, with κCC reaching its minimum value on the order of 102 when
ρ = 1/15. This is quite positive news because it is not obvious that keeping ρ
constant will induce a well-conditioned method; it could well have been the case
that we necessarily need ρ ↓ 0 as m → ∞ for κCC to be stable. The results suggests
that we could even try to implement ρ ↑ 1 (but still having n− l → ∞) as m → ∞
and see if κCC stays bounded.

The condition number is also effected by ε and the order k of the Lusin wavelets.
How low the condition number κCC can become depends on the theoretical frame
bounds of the full Lusin frame, and these frame bounds depends on ε, with a small
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Figure 6.5: Plots of weighted average (see Equation (6.4)) of log10 κCC for different
values of ρ as a function of m in the range [100, 5000]. Parameters: ε = 0.3, k = 1.

ε corresponding to a tighter frame, that is, B/A closer to 1. It also seems to be the
case that if ε is smaller, then it takes longer for κCC to reach its minimum value.
Furthermore, a higher order k seems to correspond to lower condition numbers.
This is probably due to the fact that higher order wavelets are more localized, and
hence closer to being orthogonal. However, a higher order also usually means a
slower convergence. All things considered, it seems that good conditioning for the
CC method can be achieved (at least on the unit disk) without too costly sacrifices
with regards to the rate of convergence.

6.3 Conclusions
If we disregard the poor performance at the boundary, the BIE method is hard to
beat. In the interior part of the domain the convergence of the BIE method is very
rapid and the method is robust with respect to different kinds of boundary data. It is
also very simple to implement and understand, even on general domains, which can
be a big benefit in practice. For data where the exact solution is entire, the wavelet
based methods perform quite well with fast convergence and, importantly, achieve
better performance at the boundary than the BIE method. When the exact solution
of the data has a pole close the boundary, the convergence of the wavelet methods
are slow relative that of the BIE, with the MFS sometimes failing to converge,
though the WMFS and the CC method seem to converge eventually. Moving the
pole closer to the boundary can drastically decrease the rate of convergence for the
wavelet methods.

The only well-conditioned wavelet method is the CC method. It converges relatively
fast and performs better than the BIE method close to the boundary. In our esti-
mation, this is therefore our strongest candidate for a well-rounded method. As we
mentioned previously, one challenge for implementing this method (and the WMFS)
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on general domains is the construction of a Whitney partition. Another challenge
for understanding the method well is how the different parameters relate to each
other. Optimally, one would want quantitative estimates for the speed of conver-
gence and the condition number, relating ε, k, and ρ. An additional point about the
CC method which we mentioned briefly is that for a given number of a discretization
points, the CC method is the fastest method due to the small size of the matrix
being inverted. Further investigations should include the amount of time it takes
for the CC method to reach a specified error tolerance. Another relevant aspect,
which we have not considered, is the stability of the construction of the orthonormal
basis in the CC method, although the only perturbations in the input data which
enter here are round-off errors in the discretization of the Lusin wavelets, for which
we have analytical formulas. The last point that we think should be investigated
further is the possibility to generalize this concept to higher dimensions, and possi-
bly to more general equations than Laplace’s. Clearly we have made heavy use of
complex analysis in this thesis, but the idea of using a frame with singularities in
the exterior domain is not restricted to C.
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