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Which Groups Are Unitarizable

Tim Westlund
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Abstract

This thesis covers some theory on similarity of group representations to unitary representations.
We discuss the notion of amenability and give some classes of groups that are amenable. We then
prove the Dixmier-Day theorem, that states that a locally compact group G is unitarizable if it is
amenable. We also investigate the converse of this statement, which is still an open problem. We
will give some statements where we make some assumptions on the similarity that are equivalent
to amenability. We will also investigate when bounded algebra homomorphism A — B(H), where
A is a C™-algebra, are similar to a *-homomorphism. We will present connections between the
unitarizability of groups and unitarizability of group C*-algebras, and this will be useful for some
results about the converse of the Dixmier-Day theorem. We will also investigate the notions of
completely positive and completely bounded maps and prove Stinespring’s theorem for completely
positive maps followed by Wittstock’s theorem for completely bounded maps. We then prove
Haagerup’s theorem that states that unitarizability of homomorphisms is equivalent to the property
of being completely bounded.

Keywords: amenability, completely bounded maps, Dixmier-Day theorem, Haagerups theorem, Kadi-
son’s problem, unitarizable groups, unitarizable representations
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1 Introduction

In this thesis, we will explore when representations of locally compact groups, meaning group homo-
morphisms into the invertible, bounded linear operators on a Hilbert space, are similar to unitary
representations. We will also investigate when an algebra representation = : A — B(H), where A
is a C*-algebra, are similar to a *-homomorphism. A key result regarding the first question is the
Dixmier-Day theorem, that gives that if G is an amenable group, similarity to a unitary representation
is equivalent to the property of being uniformly bounded. We will define the property of amenabil-
ity of locally compact groups and prove some results about this property. To define the property of
amenability, we need a measure on the group. We will define (up to multiplication by a constant) a
non-zero left translation invariant Radon measure on the group, called Haar measure. This is neces-
sary to define L*°(G), and we will define amenability by the existance of a bounded linear functional
m € L>(G)* such that (1,m) =1 = |m|| and (f,m) = (Lsf), where L f(t) = f(s~t). We will prove
that certain classes of groups are amenable. This includes abelian groups, finite groups and compact
groups.

Groups that have the property that every uniformly bounded representation is similar to a unitary
representation are called unitarizable. By the Dixmier-Day theorem, amenability implies unitarizablil-
ity. The converse is still an open problem, but we will prove that we can get a statement that is
equivalent to amenability by adding conditions on the similarity S such that S~'x(-)S is unitary. We
will also prove that any non-abelian free group is not unitarizable, and that any discrete group that
has a non-abelian free group is non-unitarizable.

Some results on the unitarizability of groups will use the theory of group C*-algebras. The Kadison
problem asks whether any bounded *-homomorphism A — B(H) is similar to a *-homomorphism.
We will prove that an algebra homomorphism is equivalent to a *-homomorphism if and only if it is
completely bounded. This reduces the Kadison problem to determine whether any bounded homo-
morphism is completely bounded. We will use this machinery to prove that G is unitarizable if and
only if every countable subgroup is unitarizable.

2 Preliminaries

This section will cover some notions that are needed in this thesis.

2.1 Locally compact groups

We will begin by stating some definitions.
Definition 2.1. A group is a set G with a binary operation (a,b) — ab such that:
e a(bc) = (ab)c for all a,b,c € G

e there exists an element in G, denoted by 1 such that al = 1la = a for all a € G.
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e for all a € G, there exists an element in G, denoted by a™*, such that aa™ =a"'a = 1.

We call G abelian if ab = ba for all a,b € G.

Definition 2.2. A subgroup is a subset H C G such that it is closed under the operation of G, and it
forms a group with this operation. A subgroup is said to be normal if it is closed under h — ghg™!
for all g € G.

Definition 2.3. A (left) coset of a subgroup H is a set on the form gH = {gh : h € H}. f N
is a normal subgroup, the quotient group G/N is defined as the set of left cosets with operation
(gN)(hN) = (gh)N. Tt can be verified that this operation is well defined.

The following definition is from [F, sec 2.1]

Definition 2.4. A topological group is a group G with a topology such that the mappings (z,y) — zy
and x — z~! are continuous.

A topological space X is called locally compact if every point z € X has a compact neighborhood,
which is an open set U and a compact set K such that z € U C K. A topological group is called
locally compact if the underlying topology is locally compact and Hausdorff. We will define

AB:={ab:a€ Aand be B},zA={za:a€ A}

and
At ={a"':ac A}

The set Az is defined in the obvious way. We say that a set A C G is symmetric if A = A~
Ezxample 2.5. The following are examples of locally compact groups:

e any discrete group

e (R,+) with the standard topology

e (R\ {0}, ) with the standard topology

e GL,(R) with the operator norm topology.

Ezample 2.6. The group (R, +) with the finite complement topology is not a topological group as the
preimage of the open set R\ {0} under (x,y) — x +y is R? \ {(x,y) : * = —y}. The only open sets
in the product topology are the sets where we remove a finite number of vertical or horizontal lines.
Hence, addition is not continuous.

Ezample 2.7. The group (Q,+) is a topological group with the subspace topology inherited from R
with the standard topology, but it is not locally compact. Pick ¢ € Q and pick a neighborhood U of ¢
in R. We get that U NQ is a neighborhood of ¢ in Q. We get that there is no compact set K D UNQ
with respect to the topology on QQ as we can pick open intervals approaching an irrational number in
U to obtain an open cover without a finite subcover.

Another concept from group theory is the concept of group actions.



Definition 2.8. A group action of a group G on a set X is a group homomorphism ¢ : G — Symm(X).

We write gz to denote (¢(g))(x). The relation « ~ y if and only if there exists g € G such that gz =y
is an equivalence relation. The equivalence classes are called orbits.

2.2 Construction of Haar measure

On the real line, there exists a translation invariant measure normalizing the unit interval, Lesbesgue
measure. It is not defined on all subsets of the real line, but it is defined on all Borel sets. The real
line with the standard topology and addition is an example of a locally compact group and Lesbesgue
measure is invariant under (left) translation. Hence it is natural to ask whether any locally compact
group has such a measure. It will not be uniquely defined in the same way as Lesbesgue measure, as
there is no obvious choice of which subset to normalize, but it will be a Radon measure and it will be
unique up to multiplication by a constant. The aim of this section is to construct such a measure, that
is called Haar measure, on locally compact groups. We will follow [F, Sec. 2.2]. We will now state the
definition of a Haar measure.

Definition 2.9. A Radon measure is a measure such that every compact set has finite measure. A
Haar measure p on a locally compact group G is a non-zero Radon measure such that u(gF) = pu(E)
for all g € G and for every Borel set EF C G.

We now introduce some notation. We use C.(G) to denote the space of compactly supported functions
G — R and we define the set

CH(G):={f€CuG): f>0and f#0}.

We will sometimes write C;F when the group G is obvious from the context. We define the operations
Ly,f(z) = f(y'z) and R, f(z) := f(zy). We will now state a definition.

Definition 2.10. A function f: G — C is said to be left uniformly continuous if
HLyf — flloo = 0,y — 1.

We call f right uniformly continuous if the statement holds with R, instead of L.
We will now state and prove a result that will be used later in the section.

Proposition 2.11. Let f € C.(G), then f is right and left uniformly continuous.

Proof. We will give the proof from [F, Proposition 2.6] and prove right uniform continuity, left uniform
continuity can be proven similarly. Let K = supp(f) and pick € > 0 arbitrarily. For every z there
exist a neighborhood U, of 1 such that

1
Fay) — ()] < 3¢
for y € U,. It follows from the continuity of the product that there is a symmetric neighborhood V. of
1 such that V,V, C U. We observe that {zV, },cx is an open cover of K and by compactness it has a
finite subcover {z;Vy, }_;. Let



It remains to prove that || f(zy)— f(x)| < e for y € V. If none of x and zy is an element of K, the result
follows trivially, so we only need to prove the result in two cases when x € K and when xy € K. Fix
x € K. We easily observe that there is an ¢ such that osi_lx € Vy,. We see that zy = xz(x;lx)y € z;Uy,
by the definitions of the sets V,, and V. We use the triangle inequality to get

Floy) = F@) < |flay) = )| +|f@) = f@)| = S +5 =<

The case where zy € K can be handled in the same way. O

We will now prove an existence theorem and a uniqueness theorem for Haar measure.

Theorem 2.12. FEvery locally compact group has a Haar measure.

Proof. We will give the proof from [F, Thm 2.10]. Let f,¢ € CF(G) and define

(f:0): 1nf{Z:cZ f<chL , ¢ for some x1,...,x, € G}.

i=1 i=1

We now pick fo € CH(G) and define
I, = (f:9)
d) — .
(fo:9)
We note that Iy is subadditive and that additivity is the only criteria that fails for it to be a linear
functional restricted to C.'. We note that

(Lyf: ) =inf{> ci:Lyf <Y c;iLa, ¢}
=inf{d e fly 'a) <Y cidla) yy o)}

1

(1)

Pick y_lx; = x; and make the variable substitution 2’ = y~'x. We easily see that I is invariant

under left translations. Before we proceed, we will need the following result.

Lemma 2.13. For any fi, fo in CF and for any e > 0, there exists a neighborhood V of 1 such that
for all ¢ with supp(¢) CV we have that

Is(f1) +1p(f2) < Ip(f1+ f2) + €

Proof. Let g € CF(G) be such that g = 1 on supp(f1 + f2) and let § be a positive real number. Let
h = fi + fa + 0g and define h;(x) := fi(z)/h(z) for all = such that f;(z) # 0 and let h;(z) = 0
otherwise and note that h; € CF(G), i € {1,2}. We apply Proposition 2.11 and get that there exists
a neighborhood V of 1 such that

|hi(z) = hi(y)| = |hi(y(y™ @) = hi(y)| = |Ry-12hi(y) — hi(y)] <O
for y~'z € V. Let ¢ € CF (G) with supp(¢) C V. If h <> ¢;L,, ¢ we get that
fi(z) = h(z)hi(z)
<Y Ly, d(x)hi(x)
= cip(a;  w)hi(x) 2)
=Y cidxy @) (hi(w) = hilxy) + hi(x;))
<Zc]¢m L) (hi(z;) + 6).



It is obvious that hq + he < 1 and we observe that

(fr:0)+ (f2:0) <D cj(halay) +6) + > cj(ha(z;) +6) <Y e;(1+ 20).

Moreover,

_(is0)+(f2:0) _ inf¥e;(1+20)
L)+ 1o)== = (19 (3)

(
= (1+20)15(h) < (1+26)(Ls(f1 + f2) + 614(9))-
We observe that (f : ¢) < (f : ¥)(¥ : ¢), as f < > biLy,9, and ¢ < ) cjL, ¢ implies that

f < S biciLy e . We now get that (£ = 6) < (f : fo)(fo : @) and (fo : @) < (fo: £)(f : ¢). This gives
that I,(f) € [(fo: f)7', (f : fo)] and we get that it suffices to pick J small enough for

20(f1+ f2: fo) + (14 26)d(g : fo) <e.

We get that
1o(f1) + Is(f2) = 1o(f1 + f2)
<261y (f1 + f2) + (1 +20)014(g) (4)
<25(fi+ fa: fo) + (1 +20)d(g: fo) <e.
This completes the proof of the lemma. O

For every f € CH(G) we define the interval

Xy=[(fo: )N (f: fo)l.

We denote the product of these intervals by X. It is trivial that X is Hausdorf, and it is compact by
Tychonoff’s theorem. We note that X is the set of functions from C to (0,00) such that f maps to
an element of X ;. We note that I is an element of this set for all ¢ € CF(G). We denote the closure
of the set

{1y : supp(¢) C V}

in X by K(V) and note that

Hence, K(V) has the finite intersection property. Hence, as X is compact, let I € K (V) for every
neighborhood V' of 1. We note that for any z1, ..., z, € C(G), any € > 0 and any neighborhood V' of
1, there exists ¢ with supp(¢) C V, such that |I(z;) — I;(x;)| < € for all i. We pick V as in Lemma
2.13 and get that

I(f1) + 1(f2) = I(f1 + f2)

< Is(f1) + Ls(f2) — To(f1 + f2) + 3¢ < de. (5)

The additivity of I follows by letting ¢ — 0. We observe that any f € C.(G) can be written as
f=fi— f2for f1,fo € CH(G). We define I(f) as I(f1) — I(f2). It is obvious that this extension is
well defined. Haar measure is the measure p implied by Riesz representation theorem, this is the step
where local compactness is used.



Theorem 2.14. Haar measure is unique up to multiplication by a positive constant.

Proof. We follow the proof from [F, Thm 2.20|. Let x and A be two Haar measures and let f, g € CH(G).
We want to prove that
J fdu _ [ gdp

Jfax— [gax

Let Vi be a symmetric compact neiborhood of 1 and define the sets A = supp(f)Vo U Vosupp(f) and
B = supp(g)Vo U Vosupp(g). We get that A and B are compact by the continuity of the product and
that f(zy) — f(yz) is supported in A and g(xy) — g(yx) is suppported in B. For any € > 0 it follows
from Proposition 2.11 that there is a symmetrict neighborhood V' C V; of 1 such that

[f(zy) = Flyx)| = [f(zy) — f(z) = fyz) + f(2)| < |f(zy) = f(o)] +[f(yz) — f(z)| <e

and |g(zy) — g(yz)| < € for all z and for all y € V. Let h € CH(G) be such that h(z) = h(z~!) and
supp(h) C V. We now get that

/hdu/fd/\ // z)dp(y)
// £ () dN(@)dp(y).
By using the assumption that h(z) = h(z~1), we get that
/hd/\/fdu //h ) dp(y)
_ / / hiy ') f(y)dA(z)dp(y)
~ [ [ 1 ns@dntane) (")
/ / Flay)du(y)dA\(@)
// F(@y)dN@)du(y).

‘/hd)\/fdu—/hdu/fd/\’
‘ [ [ s - yan )du<y>] ®)

<eMA) / hdjs.
By the same reasoning we get that

’/hdu/gd/\—/hd/\/gd,u‘ < e/\(B)/hdu.

We multiply the first inequality by
[ v [ s

10

We get that



and the second inequality by

/ hdp / gdp
and add the resulting inequalities. We get
A(A A(B
(A, )

[ fdu [ gdu
fhd/\ffdA‘ fgd)\fhdA’ (9)
"\ Shdu fdu || [gdu [ hdu
| oar [ gar
| fgdu  fdp |
We complete the proof by letting ¢ — 0. O

We will now give examples of Haar measure.
Ezxample 2.15. The following are examples of Haar measure:

e Lesbesgue measure on (R", +);

o u(A) = CI(GA‘) on finite groups, where ¢ denotes the counting measure;

dz

o 4z
||

on (R\ {0},-), where dz denotes the Lesbesgue measure.

We note that any compact group has a Haar measure p such that u(G) = 1. We call this Haar measure
normalized.

2.3 Banach spaces and operators

Here, we will cover some concepts from functional analysis that are used in this thesis. We will now
give some definitions.

Definition 2.16. A normed vector space is a vector space X with a map || - || : X — Rxo, called a
norm, such that for c € C,z,y € X

o [lez]| = lefll=l
e ||z|| =0 implies x = 0,
o llz+yll < llzll + llyl-

A Banach space is a normed vector space such that every Cauchy sequence converges. An inner product
space is a vector space Y with a map (-, ), called an inner product, that maps a pair of elements in Y’
to the underlying field, such that for c € C,z,y € X

b (x,y} = (y,sc),

o (ax +by,z) = alx,z) + by, 2),

11



e (z,z) >0 and (x,z) =0 if and only if z = 0.

An inner product induces a norm by ||z||? = (z,z). A Hilbert space is an inner product space such
that the induced norm gives a Banach space.

Recall the definition of a linear operator. We will now give some more definitions.

Definition 2.17. A linear operator is said to be bounded if sup, =y [|[Tz| < co. This supremum is
denoted by ||T|| and is called the operator norm of T. A linear functional is a linear mapping with the
underlying field as it’s codomain. The space of bounded linear functionals on a normed vector space

X is denoted by X™* and is called the dual space of X. The space of bounded linear operators X — Y
is denoted B(X,Y’). We write B(X) instead of B(X, X).

We have the following theorem.

Theorem 2.18 (Riesz representation). Let H be a Hilbert space and let T be a bounded linear func-
tional. Then there exists a unique y € H such that Tx = (x,y) for allz € X.

Considering that we have this result for Hilbert spaces, it makes sense to use the notation (z,y) for
x € X and y € X*, even if X only is a Banach space. The map (-, -) is called the standard pairing.

Ezample 2.19. Let X =P and let 1/p+1/g=1,1 < p < co. Then X* = [? and the standard pairing
is <$, y> = ley

We may of course use the norm topology on X*, but another topology that we will use is the w*-
topology. Consider the topological space Y = ], .y C with the product topology. The dual space is
clearly a subset of this, and we may consider this space with the subspace topology inherited from Y.
This topology is the w*-topology. We have the following result.

Theorem 2.20 (Banach-Alaoglu). Let X be a Banach space. Then the unit ball in X* is w*-compact.

2.4 Basic theory of C*-algebras

Here, we will present some theory about normed algebras. We will start by stating some definitions.
We will start by defining an algebra ([A, Def. 1.3.1])

Definition 2.21. An algebra is a vector space A with a multiplication such that
e a(fb+ vc) = Bab+ yac and (Bb + yec)a = Bba + vyca for all a,b,c € A, 8,7 € C,
e (ab)c = a(be) for all a,b,c € A.

An algebra A is called commutative if ab = ba for all a,b € A. If A has a norm such that ||ab|| < ||al|||?]|
we say that A is a normed algebra. If A is a Banach space with respect to that norm, we call A a
Banach algebra.

We will give an important definition, more specifically [A, Def. 2.2.1].

Definition 2.22. An involution * on an algebra A is a conjugate-linear map such that z** = =z

12



and (zy)* = y*z* for z,y € A. A C*-algebra A is a Banach algebra with an involution * such that
lz*z|l = [l]*.

It is not required in the definition that algebras have a unit, but in this thesis we will assume that
every algebra has a unit. If x* = z, we say that x is self adjoint. If x*x = xa*, we say that x is normal.
If x*x = z*x = 1, we say that z is unitary. An important definition is the definition of the spectrum.

Definition 2.23. Let A be an algebra. The resolvent set p(a) of an element a € A is defined as
pla) :=={\ € C:a— Al is invertible}.

The complement of this set is denoted by o(a) and is called the spectrum of a. The spectral radius of
a is defined as
r(a) := sup [A|
AEo(a)

Remark 2.24. By the Stone-Weierstrass theorem, every continuous function defined on a compact set
of complex numbers can be approximated by polynomials in z and z. It can be proven that o(a) is
compact. By identifying z with = and Z with z* we may define continuous functional calculus for
normal elements of a C*-algebra, so that f(a) = limp,(a), where p, is a sequence of polynomials
approximating f € C(o(a)).
We note the following
Proposition 2.25. Let A be a C*-algebra and let a € A. Then we have the following:

o if A is a subalgebra of a C*-algebra B, we have that o4(a) = op(a);

o o(f(a)) = f(o(a)) for all normal a and f € C(o(a));

The second point follows immediately from [A, Thm. 2.3.1]. The third point is [A, Thm. 1.6.3 |.

Ezample 2.26. The algebra B(H) equipped with the operator norm, where H is a Hilbert space and
where A* is the adjoint operator of an operator A, is a C*-algebra. More generally, any norm-closed
subalgebra of B(H) that is closed under the involution is a C*-algebra. We call such C*-algebras
concrete C*-algebras [A, p. 42].

In fact, every C*-algebra turns out to be a concrete C*-algebra by the following theorem.

Theorem 2.27 (Gelfand-Naimark). Any unital C*-algebra is isometrically *-isomorphic to a concrete
C*-algebra.

Before we proceed with the proof, we will need some theory.

Ezample 2.28. Let X be a compact Hausdorff space. By C(X) we denote the space of functions
X — C with the usual pointwise operations. This space is a commutative C*-algebra when equipped
with the supremum norm and complex conjugation. In fact, by Gelfand’s theorem, every commutative
C*-algebra is on this form up to an isometric *-isomorphism.

13



We will now give two definitions from [A, pp. 25-26].

Definition 2.29. The Gelfand spectrum of an algebra A, denoted by sp(A), is the set of non-trivial
algebra homomorphisms A — C. The Gelfand map is the map A — C(sp(A)) given by a — a, where
a(w) = w(a).

We note that sp(A) with the w*-topology is a compact Hausdorf space [A, Prop. 1.9.3].

Theorem 2.30 (Gelfand). Let A be a commutative C*-algebra. Let X = sp(A). Then the Gelfand
map is an isometric *~isomorphism A — C(X).

The proof of this result can be found in [A, Thm. 2.2.4]. We will now give some definitions, the first
from [A, p.126], the second from [P2, p.9], the third from [A, p.122] and the fourth from [P2, p.26].

Definition 2.31. A positive element of a C*-algebra is an element such that a = a* and o(a) C [0, 00).
Remark 2.32. Let x be self adjoint, then z? is positive.

Definition 2.33. Let A, B be C*-algebras. A positive map is a linear map ¢ : A — B that maps
positive elements to positive elements.

Definition 2.34. A positive linear functional p such that p(1) = 1 is called a state.
We will now collect some results on positive elements and states.

Theorem 2.35. Let A be a C* algebra. Then a*a is positive for all a € A.

Proof. We will give the proof from [A, Thm. 4.8.3]. Consider the continuous functions

f(t):{\/iiftzo

0 otherwise

and

(1) = 0ift>0
g = v/—t otherwise

We observe that fg = gf =0 and f(t)? — g(t)? =t. Let x = f(a*a) and y = g(a*a). We observe that
x and y are self adjoint, 2y = yz = 0 and a*a = 22 — y?. We get that

(ay)*ay = ya*ay = y(z* — y*)y = —y*

is such that its spectrum is contained in (—o0,0]. We can now apply the following result
Lemma 2.36. Let a be such that o(a*a) C (—00,0]. Then a = 0.

The proof of this lemma can be found in [A, Lemma 4.8.2]. This shows that ay = 0, implying that
y* = 0 giving that y = 0 as y is self adjoint. We get that a*a = x? where z is self adjoint, giving that
a*a is positive. O

14



Proposition 2.37. Let p be a linear functional such that ||p|| = p(1) = 1. Then p is a state.

Proof. We will give the proof from [A, Corr. 1,p. 128]. Let p be a linear functional with the assumed
properties. We want to prove that p(z) > 0 for every positive . We claim that p(z) is in the convex
closure of o(z) for z normal. Any positive element is self adjoint and hence normal, so this implies
the desired result. It now remains to prove the claim. The sub-C*-algebra B generated by 1 and z is
clearly commutative and hence isometrically *-isomorphic to C(X). The desired result follows from
[A, Lemma 1.10.3], which is the claim for A = C(X). O

Corrolary 2.38. For all x € A, there exists a state p such that p(z*z) = ||z||?

Proof. We will follow the proof from [A, Corollary 2, p.128|. Let B be the sub-C*-algebra generated
by y = z*z and 1. We claim that we can find wy € sp(B) such that wo(y) = ||y||. Indeed, Gelfand’s
theorem gives that sup,c,(p)[9(w)| = [lyll and § is positive. As X is compact and 7 is continuous,
¢ must have a maximum at some point wg. We use Hahn-Banach to extend w to a linear functional
p:A— C. We get ||p|]| = p(1) = 1, completing the proof. O

One important result is the Gelfand-Naimark-Segal constgruction. As the construction is important
for several results in the thesis, we will present it’s proof here.

Theorem 2.39 (Gelfand-Naimark-Segal). Let p be a positive linear functional on a C*-algebra. Then
there exists a Hilbert space H, a *-homomorphism w : A — B(H) and an element £ € H such that

o T(A) =H
o p(x) = (w(x)&, &) for all x € A.

We call the pair (7,&) a GNS-pair.

Proof. We will follow the proof from [A, Thm. 4.7.3]. Consider the positive semidefinite sesquilinear
form (a,b)’ := p(a*b). As it is positive semidefinite, it follows from the Cauchy-Schwartz inequality
that

N={beA:pla*a)=0}={bec A: p(x™b) =0 for all x € A}

is a left ideal. Consider the quotient space A/N with the inner product (x + N,y + N) = p(a*b).
The completion of this space is a Hilbert space. We now want to define a *-homomorphism. For each
a € A, define a map on B(A/N) by 7’(a)(z + N) = ax + N. This map is well-defined as for n € N,
we get a(x +n)+ N =ax+an+ N =ax+ N as N is a left ideal. We need to show that 7’'(a) is a
bounded operator for all a € A. We claim that ||7'(a)|| < ||a||. Without loss of generality, we assume
that ||a|| < 1. We get

(r'(a)x + N,7'(a)x + N) = {axz + N,az + N) = p(z*a*az).
We observe that ||a*al| = [|a||> < 1. This gives that 1 — a*a is positive as A € o(1 — a*a) if and only if
A =1—+, where v € og(a*a) C [0, 1], giving that 1 — a*a has a non-negative spectrum. Let y be the

positive square root of 1 — a*a. We get that

t*r — 2¥a*ar = ¥ (1 — a*a)x = o*y’x = (yx)*y.
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We get that
plz*z) — p(z”a”ax) = p((yx)*yx) = 0.

We have now proven that
(r'(a)(z + N),7'(a)(x + N)) < p(z*2) = (z+ N,z + N),
showing that 7/(a) is bounded. We observe that 7/(a*) = 7'(a)* as
(r'(a)(x + N),y + N) = (ax + N,y + N)
p((az)"y)
Y

— e (a"y)
=(zx+ N,a*y+ N) = (z+ N,7'(a*)(y + N)).

(10)

For every a € A, the operator 7/(a) can be uniquely extended to an operator 7(a) € B(H), where H
is the completion of A/N. It can be verified that a — 7(a) is a *-homomorphism A — B(H). Let
& =14 N. It is obvious that 7(A)(1+ N) = H. We also get that

(m(a)(14+ N),1+ N)={(a+ N,1+ N) = p(a),

showing that (m, &) is a GNS-pair and completing the proof. O
We can now prove the Gelfand-Naimark theorem.

Proof of Theorem 2.27. We will follow the proof from [A, p.128]. Pick € A and let p be a state such
that p(z*z) = ||z||?, which exists by Corollary 2.38. Let (m,,&) be a GNS-pair for p and denote the

corresponding Hilbert space by H,. By inserting a = 1, we get ||¢|| = 1 and by inserting a = z*z, we
get
e (2)€]1* = p(a™z) = ||z]?,
giving
[ (@)]| = [|]]-
We now let
H=PH,
z€A
and
r= D
z€A

We get that 7 is injective. Hence 7 : A — 7w(A) C B(H) is a *-isomorphism. Any *-isomorphism must
be isometric as ||7(a)|| < |la|| and ||7#=X(T)| < ||T|| but

lal| = l[(z" o m)(a)]| < [Iw(a)ll;
completing the proof. O
Remark 2.40. This result induces a natural uniquely defined C*—norm on the algebra M, (A) of n x n
matrices with entries from A. We may treat A as a subalgebra of B(H), giving that M, (4) is a

subalgebra of the bounded operators on the direct sum of n copies of H, providing us with the obvious
norm.
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This characterisation of C*-algebras as a norm closed *-subalgebra of B(H) can be modified by re-
quiring that the algebra is closed in the weak operator topology. We will now give a definition from
[A, p.42].

Definition 2.41. A von Neumann Algebra is a weakly closed *-subalgebra of B(H).

It is clear that any von Neumann-algebra is a C*-algebra as the weak operator topology is coarser
than the norm topology.

2.5 Group (*-algebras

In this subsection, we will associate a C*-algebra to a given discrete group G. We will give a construc-
tion from [R, p.240]. We note that {!(G) with pointwise addition, pointwise multiplication by scalars
and convolution is an algebra. Indeed, we have the following.

Proposition 2.42. Let f,g € IY(G). Then fxg € 1X(Q) and || f * gll1 < ||fll1llgll1-

Proof. We use the triangle inequality and Fubini’s theorem to get that

MA@ =D 1 Fwaly" o)l

zeG e yel
<> D I wgly™ o)
i (11)
=D 1fWID lgly™ )l
yeG z€G
=D W1 lg@)] < oo.
yelG zeG
This completes the proof. -

We have the following result.

Proposition 2.43. The algebra I'(G) is commutative if and only if G is abelian.

Proof. The only if direction is trivial. The if direction follows as
[xh= Zf(gi)‘sgi * Z h(gi)dg, = Z f(9:)1(9;)dg,;
i=1 j=1 .3

giving that f and h commute. O

The space I*(G) is a Banach *-algebra with involution defined by f* = f, f(t) = f(t~!). However it is
not a C*-algebra in general. However, we can use it to create a C*-algebra. Let f € I'(G) and define
|f| := sup{|| ||}, where the supremum is taken over all C*-norms on [*. We will prove that there exists
a C*— norm on [!(G) later. We note that

A1 =17 Faa)dgll < D1 (a)llldg.ll = 1 £1h
i=1 i=1
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for all C*-norms on [!(G), where we used that
18] = 1165 * 84l = lI5e]| = 1.

This shows that the supremum is finite. This is a norm as

| 7] = sup{||f||} = 0 if and only if || f|| = 0, which is equivalent to f =0,

lef| = sup{[lcfl[} = csup{|[fI|} = ¢[f],

|f + gl = sup{[lf + gll} <sup{[[f[I+llgll} <sup{llf]I} +sup{llgll} = 17|+ lgl;

|/ gl = sup{||f * gll} < sup{[[f]llgll} <sup{||lf[I} sup{llgl} = [fllgl,
o |fxfr|=sup{llf= [} =sup{llf}* = |fI*
We get that the completion of [1(G) is a C*-algebra.

Remark 2.44. We may make a similar construction for general, locally compact groups.

3 Amenable Groups

We will introduce the notion of amenability, which will be very important later. This notion is
connected to the Banach-Tarski paradox, and it turns out that in the discrete case, being amenable is
equivalent to not being paradoxical. By L*°(G) we mean L*°(G, p), where p denotes Haar measure.
This section will follow [R, Sec. 1] and the results will be from this source unless another source is
cited.

3.1 Definition and examples

We will now define amenability and give some examples of amenable groups.
Definition 3.1. We say that m € L>(G)* is a mean if (1,m) = ||m|| = 1.

We note that any mean is positive, meaning that (1, m) > 0 for any f >0
Definition 3.2. We say that a mean m on G is left invariant if (L,¢, m) = (¢, m)

Definition 3.3. Let G be a locally compact group. We say G is amenable if there exists a left invariant
mean on G.

We make the following observation.

Remark 3.4. If m is a left invariant mean, then p(A) = (x4, m) defines a left invariant finitely additive
measure normalizing G on the Borel sets. To prove finite additivity we observe that
n
(XU, 4,m) =Y _(xa,.m).
i=1
Note that this finitely additive measure is not necessarily countably additive. We easily observe that
ooy XAy {A;} pairwise disjoint, does not converge in norm unless all A; except for finitely many have
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Haar measure 0. It will be proven later that the group (R, +) with the discrete topology is amenable,
and hence has a left invariant finitely additive measure defined on all subsets normalizing the real line,
but the only left invariant countably additive measure that assigns a finite measure to the real line is
the zero measure.

We now formulate and prove a simple result.

Proposition 3.5. Any compact group G is amenable.

Proof. Let pu be the normalized Haar measure and define

(f,m) = /G fdu, f € L=(C).

It is trivial that this is a left invariant mean and hence G is amenable. O

As any finite group is trivially compact, we get that finite groups are

amenable with the mean (¢, m) = > .5 ¢(9)/|G|. We will now prove a result that can be used to
prove that free groups on more than 1 generator are not amenable, but before we state the result, we
will need to give a definition.

Definition 3.6. Let G be a group acting on a set X. We say that X is G-paradozical if there are
pairwise disjoint sets A1, ..., Ay, B1, ..., B,y € X and group elements g1, .., gn, b1, .., Ay € G such that

i=1 =1

A group G is said to be paradoxical if it is G-paradoxical with respect to the left multiplication.

We observe that a paradoxical discrete group can not be amenable as we get

n k n k
1:<1am>:ZXA” JrZXBZ,m :ngl Ai> JFZXh B;, M) = 2.
i=1 j=1 i=1 J=1

All the involved functions are measurable as all subsets of G are trivially Borel. In fact we have the
following result, which is a part of [R, Corollary 0.2.11].

Proposition 3.7. A discrete group G is amenable if and only if it is not paradozical.

To prove this, we use Tarski’s theorem, the proof can be found in [R, Sec. 0.2].

Proof. By Tarski’s theorem, there exists a left invariant finitely additive measure defined on the power
set P(G) normalizing G if and only if G is not paradoxical. If there exists such a finitely additive
measure j, the mean is given by (¢, m) = [ ¢dpu.

We will now give a definition.
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Definition 3.8. Let S be a set. The free group generated by S is the set of reduced words consisting

of letters from {s,s7!:s € S}. A word is reduced if it does not contain any pairs on the form ss=! or

s~1s. The operation is concatenation followed by reduction.

Remark 3.9. Free groups are uniquely defined by the cardinality of the generating set. If card(S) =
card(S’), we let f : S — S’ be a bijection and let ¢(s) = f(s) and ¢(s~!) = f(s)~!. Then ¢ is an
isomorphism from the free group generated by S to the free group generated by S’. We will use F,, to
denote the free group on n generators, and F,, to denote the free group generated by a countable set.

We now observe that the only possibly amenable free group is F;. This follows from the following two
results. The proofs are from [R, Sec.0.1].

Proposition 3.10. Let G be a paradoxical group acting on a set X without non-trivial fized points,
then X is G—paradoxical.

Proof. We invoke the axiom of choice and let M be a set of one element from each orbit. The sets gM
form a partition of X as any element z € X has to belong to some orbit, and if y € gM N hM we get
that gz; = hay for some x1, x5 € M which implies 1y = 25 and g = h. Let Ay, ..., Ay, B1,...,B,, CG
and g1, .., 9n, P1, .-, Ay € G form a paradoxical decomposition of G. Then A;M and B;M together
with the g; and h;’s form a paradoxical decomposition of X. O

Proposition 3.11. The free group on 2 generators is paradozical.

Proof. Let o and 7 generate Fy. Let W, be the set of words with [ as its first letter. Then
Fo=W,UoW -1 =W, UTW_-1.
O

As any subgroup acts on the whole group without non-trivial fixed points, any group that has a
paradoxical subgroup is paradoxical. In particular, any group that has F» as a subgroup is paradoxical.
As any free groups except for F; has Fy as a subgroup, only F; ~ (Z,+) can be ameanable, and in
fact, it is. We use f to denote the image of f under the obvious embedding of L*(G) in L>®(G)*. We
will introduce the set P(G) which is the set of L'(G) functions such that f is a mean.

Lemma 3.12. We have that P(G) = {f € LY(G) : f > 0,||f|1 = 1} and that the image P(G) of the
set P(G) under the obvious embedding of L*(G) into L*°(GQ)* is w*-dense in the set K of all means.

Proof. We follow the relevant parts of the proof of [P1, Prop. 0.1]. By definition of f we get

wﬁ:m@:/mw

By observation, we get that
P(G)={f € LX) |fl = Land [ fod =0 when 6 > 0},

That [ f¢ > 0 for all ¢ > 0 gives that f > 0 almost everywhere, and this completes the proof of the
first part.
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For the second part, we assume that the closure of P(G) is not K. We pick mg in K \ P(G) and
observe that there exists a w*-neighborhood of mg that is disjoint from P. This gives that there is a
¢o such that Re(o, f) < Re{pg,mg) — ¢ for all f € P(G). We may assume that ¢q is real valued. Let
ko = esssup ¢g and observe that there exists a set C' of positive measure such that ¢g(z) > ko — /2
for x € C. Let f = xc/u(C). We observe that

(60, ) = (f, 60) = /f¢odu >y 2.

This gives that (¢g, mg) > ko + €/2 contradicting that (¢, m) < esssup ¢. O
Proposition 3.13. The group (Z,+) is amenable.

Proof. We will follow the proof from [P1, Ex. 0.3]. As the group is abelian, we do not need to
distinguish between left and right invariance and we will simply write invariant. The idea of the proof
is to find a suitable sequence {f,} in P(G). Let

n

1
o= 501 ;ar
For ¢ € L>°(G) and s > 0 we get that

|<L75¢7fn> _<¢7fn>|

— Zmﬂ (r)

\(+ o) - imm) (12)

n+s s—n—1

7| 2 o) = D> )

r=n+1 -n
2ol
- 2n+1

The case where s < 0 can be handled similarly. We get that every w*-cluster point of the sequence is
an invariant mean, and hence (Z, +) is amenable. O

We can use the same idea for (R, +) with f,, = X[—n,n)/2n. We note that this proof is a proof that
E, = [-n,n]NZ is a Fylner sequence (see Definition 3.16), as u(E,) = |E,| = 2n + 1 and we may
pick ¢ = xg,, -

More generally, we have the following result.

Proposition 3.14. Any abelian locally compact group is amenable.

Before we proceed, we will state a result that will be used in the proof.
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Theorem 3.15 (Markov-Kakutani). Let X be a locally convex topological vector space and let K be
a compact, convexr subset. Let S be a family of commuting continuous affine maps on K. Then the
mappings in S have a common fixed point.

In particular, this theorem holds for any family of commuting w*-continuous linear maps on L*>(G)*
that leave the set K of all means invariant. We will not prove this theorem, but a proof can be found
in [P1, Prop. 0.14].

Proof. We observe that K is convex as for any means m,n we have that
(L,A—=tym+tny=1—-t+t=1
and
1= ym -+ tn]] < (1= Dffm]| + el = 1.

We note that K is w*-compact as it is a closed subspace of the closed unit ball, that is w*-compact
by the Banach-Alaoglu theorem. We now define the linear operators

Ty : L=(G)" — L>=(G)”
by (¢, Tyy) = (Lg,y), ¢ € L®(G),y € L>®(G)*. As G is abelian, we observe that

Tyny = (((gh)~"x), y)
= (o(h™'g7 2),y) = (o9~ h 7 x), y) (13)
= (LgLn¢,y) = TyThy.
We observe that L, is w*-continuous for all g and that K is invariant, as (1,T,m) = (Lys1,m) =
(1,m) =1 and

[Tgml| = sup [(Lyp,m)| < sup [(¢,m)| = 1.
lell<1 lell<1

By Theorem 3.15, there is a m € K such that Tym = m for all g and hence, m is left a invariant
mean. O

We have now proven the amenability of any abelian locally compact group.

3.2 Fglner sequences

We will now introduce some properties that are equivalent to amenability. This subsection will follow
[EW, Sec. 10]. In order to prove the amenability of more groups, we will need to give a definition.

Definition 3.16. We say that G admits Fginer sets if we have that for all compact K and all € > 0,
there exists a measurable set E with non zero, finite measure such that

wkEAE)
u(E)

for all k € K. We say that G meets the Reiter condition in L' if we have that for all compact K C G
and all € > 0, there exists f € P(G) such that

[Lnf = fllh <e
for all k € K. We say that L?(G) has an almost invariant vector if there exists f € L?(G) such that
[Lnf = flla <e

forall k € K.
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Remark 3.17. If G is a o—compact, metrizable group that admits Fglner sets, there exists a sequence
{E,} such that
w(kE,AE,)

M(En)

for any fixed k € G and the convergence is uniform on compact sets. Such a sequence is called a
Folner sequence. Let K; be an increasing sequence of compact sets such that G = UZ—GN K;. Let E,
be the Fglner set corresponding to K, and ¢ = 1/n. The pointwise convergence is obvious. For every
compact set K, it is a subset of K,, for some n, as if it is not, it can be written as U;’il K; N K and

—0

{K¢° N (K;N K)} would be an open cover without a finite subcover. Hence

wup HEELAE,) 1
up ——*+— "/ _
keII:; :u(En) n

for n sufficiently large. It follows immediately that this is a Fglner sequence. It is obvious that the
existence of a Falner sequence implies that G admits Fglner sets, as for any compact set K and € > 0
we may pick K, such that K C K,, and 1/n < e. We then pick E = E,, as the corresponding Fglner
set.

We can now state a result.

Theorem 3.18. Let G be a discrete group or a o-compact and metrizable group. Then the following
are equivalent:

e GG is amenable

o G admits Follner sets

o G fulfills the Reiter condition in L

e L?(G) has an almost invariant vector.

It is clear that G = (R, +) in the standard topology is c—compact as it can be written as
U [—n,n].
neN

By Proposition 3.14, G is amenable and by Theorem 3.18 and Remark 3.17, it has a Fglner sequence.
Indeed, E,, = [-n?,n?] is a Fglner sequence. We will now prove Theorem 3.18.

Proof. We will follow the proof given in [EW, Thm. 10.15]. If F is a Fglner set for a compact K and
€ > 0 we get that the Reiter condition is met by letting f = xg/u(E). We also get that fi = xg/v/1(E)
is an almost invariant vector in L?(G). If fy is such that ||fa|| = 1 and ||Lxfo — fall2 < &, we define
f = f2? and observe that f € P(G). We use the definition of the L? norm and the Cauchy-Schwarz
inequality to get

ILif = fll = 1Lrf3 — f3lln = |(Lefo = f2) (Lif2 + f2)l1a
= /G |Lifo — fallLifa + foldu = (Li.f2 — f2, Li.f2 + fo) (14)
<||Lxf2 — fall2llLifo + foll2 < [|Lefo — foll2(| Lk f2ll2 + || f2]]) = 2e.
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We now let G have the Reiter condition and we want to show that G admits Fglner sets. Let K be a
compact set. Without loss of generality, we may assume p(K) > 0. Fix € > 0 and pick f that meets
the Reiter condition. For every a > 0 we define E, = {g € G : f(g) > «a}. This set is obviously
measurable as it is the preimage of a closed set under a measurable function. We get that

/000 w(Ey)da

:/ /XEadeOé
o Ja

o (15)
= / / XE, dodp
G JO
— [ sdu=1iflh =1
G
By very similar reasoning we get that
/ wkELAEy)da = ||Lpf — fll1 <e.
G
We now get that
| [ wEaAE)du(kda
0o JK
= / / M(kEaAEa)dad:u(k>

</K€du:eu(l()
- / en(K)u(Ea)dor

This implies that there exists o € (0, 00) such that

/K (ko AE,)du(k) < ep(K)u(Ea).

If G is discrete, this implies that p is a constant multiple of counting measure and that K is finite. We
get that |kE,AE,| < €|K||Ey|- In the other case, we note that what we have already proven implies
that for all € > 0 and 6 > 0 there is a measurable set £ = E,, such that

/ wWkEAE)du(k) < edu(F) < oo.
K

This shows that u(N) < § where
N ={ke K : W(kEAFE) > cu(E)}.

We have now proven that for any compact K, any € > 0 and § > 0, there exists a measurable £ = F,
with finite measure and N C K with u(N) < ¢ such that

WkEAE) < ep(E)

for all k € K\ N. Define K; = K U K? and let § = u(K)/2. We get that there is a measurable set E
with finite measure and N with pu(N) < p(K)/2 such that

wkEAFE) < ep(E) (17)
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for all k1 € K3 \ N. Fix k € K. We get that (17) holds for all k; € K, where (K \ N > u(K)/2) and
for all kky € kK, where u(kK \ N) > u(K)/2. We get that there exists a k; such that (17) holds for
k1 and kki. This gives that

W(kEAE) < u((kEAkk,E) U (kky EAE))

< W(kEAE) + ep(E) < 2ep(E). (18)

We have now proven that the last three statements are equivalent. We now want to show that the
Reiter condition and amenability are equivalent. We assume that G fulfills the Reiter condition. Let
f be a function given by the Reiter condition and let ¢ € L°°(G). We get that

(fiLi-1¢ = &) = (f; Li20) = (£, 8) = (Lif = [, &) < el|]loc- (19)
By embedding these functions into the set of means by the obvious embedding, we get that the set
A(e, ¢, k) = {means M : [(Ly; ¢; — ¢i, M)| < €|¢s|oo for all 4, j}

is non-empty for all € > 0, ¢ = (¢1,...,¢;), k = (k1,...,k,) and any I,n. These sets clearly have the
finite intersection property, and as the set of means is w*-compact, all sets on this form has at least
one common element. This element is a left invariant mean. We now assume G is amenable and intend
to prove the Reiter condition. Let m be a left invariant mean. We first handle the discrete case. We
define D : LY(G) — LY(G)X by Df = (Lrf — f)kex. It can be verified that D(P(G)) is convex,
and hence, by [EW, Cor. 8.74], the norm closure and weak closure coincide. We want to show that
0 is an element in the weak closure. For every ¢1,...,¢,, € > 0 we want to find f € P(G) such that
[(Lxf — f, ;)| < e forall i and k € K. We observe that

(Lif = [, i) = (Lidi — i, [)-

We get that this expression is 0 for f = m, and the result immediately follows from Lemma 3.12. In
the non-discrete case we need the following result.

Lemma 3.19. Let G be a o-compact, metrizable, amenable group. Then there exists a mean M such
that (f x ¢, M) = (¢, m) for all f € P(G). This mean is said to be topologically left invariant.

The proof of this can be found in [EW, Lemma 10.17]. We fix ¢1, ..., ¢, and define the operator D
such that Df = (¢; = f — f)_,. We get that

lgix f—flli<e

for i =1,...,n. Let {g1,...} be a dense countable subset of G such that g; = 1. Let ¢, = Ly, ¢. We can
find a sequence {f,} such that ||¢; * f, — fulli = 0. Let K C G and fix ¢ > 0. By [EW, Lemma 3.74],
there exist a neighborhood U of 1 such that || L,¢ — ¢||1 < € for all w € U. As {g1,92,...} is dense we
get that |J;2, ;U = G. By compactness of K, we get that any open cover has a finite subcover and
hence we have

!
K C U g:U.
i1

Chose n large enough such that
[Lg;&* fr — full <€
for j=1,...,1. Let k € K. We get that k = g;u for some j <[/ and u € U. We get

[1Lk¢ = Lg;0lly = || Ly, (Lud — 9)|| <e.
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We now get that
||Lk¢*fn_¢*fn||: ||Lk¢*fn_LgJ¢*fn+LgJ¢*fn_fn+fn_¢*fn||

It can be verified that (Lg@) * f,, = Li(¢* f,,). Hence, the function ¢« f,, satisfies the Reiter condition
for K C G and 3e. This completes the proof. O

(20)

4 Unitarizable representations

In this section, we will investigate when group representations on Hilbert spaces are unitarizable. The
aim of this section is to prove the Dixmier-Day theorem. Before we state and prove this theorem, we
will need some preparations.

4.1 Some representation theory

We will now state some definitions.

Definition 4.1. A representation of a group G on a Hilbert space H is a map G — B(H), where
B(H) is the space of bounded linear operators on H, such that 7(1) = I and 7(zy) = n(x)n(y). A
representation 7(+) is said to be wunitary if w(g) is unitary for all g.

Ezample 4.2. Let G = (T, -) be the multiplication group on the unit circle in the complex plane. Let
0y |cosf —sinf
m(e”) = [sin@ cos 6 ] ’

This representation is unitary.

The left regular representation A : G — B(I?(G)), defined by A\(s) = L, is another example of a unitary
representation.
Let S be an invertible operator and let 7(-) be a representation. It is clear that g — Sw(g)S~! is a
representation.

Definition 4.3. Two representations m; : G — B(H) and w3 : G — B(K) are said to be equivalent
if there exists an invertible operator S : K — H such that m;(-) = Sma(-)S™1. We say that a
representation m(-) is unitarizable if it is equivalent to a unitary representation.

Definition 4.4. A representation 7 (-) is said to be uniformly bounded if

sup [[m(g)[| < oc.
geG

We denote this supremum by |7|.

Unitary representations are important in physics and are in particular used in quantum mechanics.
Mathematically, unitary representations have the very convenient property that they can be expressed
in terms of irreducible representations, which can be seen by stating the following theorems.

Definition 4.5. An invariant subspace of a representation 7w : G — H is a subspace X of H such that
m(g)X C X for all g € G. A representation is said to be irreducible if it has no non-trivial invariant
subspace.
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Lemma 4.6. Let m: G — B(H) be a unitary representation on a Hilbert space H If a subspace X of
H is invariant under the action of 7(-), then X~ is invariant.
Proof. Let x € X and y € X+. We get that

0= (z,y) = (r(g)x,y) = (x,7(g~")y)

for all g € G, completing the proof. U

Theorem 4.7. Let G be a group. Then every finite dimensional unitary representation is a direct sum
of irreducible representations.

Proof. We note that if 7(-) is not irreducible, it can be written as m(-)|x @ 7(-)|x+, where X is a
non-trivial invariant subspace. This procedure can be repeated until we have written m(t) as a direct
sum of irreducible representations. Note that this procedure will always terminate in a finite number
of steps, as any one-dimensional representation is irreducible. O

Example 4.8. Let G = (R, +), H = C? and

(t) = (1) i] .

This representation is not unitary. We see that the subspace

(=)

Ezample 4.9. Let 7(-) be defined as in Example 4.2. Any irreducible representation of an abelian
group is one-dimensional, giving that 7 (-) is not irreducible.

is invariant, but X' is not.

We will restrict ourselves to representations of locally compact groups that are continuous with respect
to the strong operator topology, and we need to check the continuity of g — (7(g)§,n). As the strong
topology and the weak topology coincide on the ball, continuity of a uniformly bounded representation
is equivalent to the continuity of g — 7(g)€. We will use the word representation to mean a continuous
representation.

4.2 Unitarizability

In this section we will follow [P4, Sec. 0]. For the remaining part of the section, we will require that
representations are continuous. Let 7 : G — B(H) be a uniformly bounded representation, then

sup [|S7(9)S™H| < (1SS l|7]) < oo
geG

We get that uniform boundedness is invariant under equivalence. As any unitary operator trivially has
norm 1, we get that any unitary representation, and hence any unitarizable representation is uniformly
bounded. We now look at a concrete example.

Ezample 4.10. Let G = (R\ {0},-) an let m(z) = x. As this representation is not uniformly bounded,
it is clearly not unitarizable.
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It is noted in [P4, p. 5] that a representation is unitary if and only if sup,cq [|[7(g)|| < 1. This follows
from the observation that m(¢~!) = 7(g)~!, which implies that 7(g) must be an invertible isometry
for all g, as

]l = Im(g)m (g Nzl < (@) lx (g~ llz] < llz]l, = € H,
and hence, 7 is unitary. We will now state and prove the main theorem of this section which gives a
class of groups for which any uniformly bounded representation is unitarizable.

Theorem 4.11 (Dixmier-Day). Let G be amenable, then all uniformly bounded representations are
unitarizable.

Proof. We will follow the proof from [P4, Thm. 0.6]. Let m be a uniformly bounded representation.
Define

foy(9) = (n(g™ Nz, 7(g™)y).
Let m be a left invariant mean and define ||z|/r = (fre, m)'/2. We note that
Im(g)allz = (Lg-1 fowsm) = (fuw,m) = ||z|3-

Hence 7 is unitary with respect to the inner product

<x,y>ﬂ = <fxy7m>
We get that ||z||r < |7]|||z|| by the definition of || - ||. We also get that
l]|* = (z, z)
= (r(t)n(t™ ")z, m()m (¢ x))
< 7O foa
< |71? fra-

(21)

By the linearity and positivity of m, we get that

2]l = (ll*1,m) < |72 fow,m) = |7|*2]7,
showing that ||z|| < |n|||z|l. This equivalence of the norms will become important later. Let {e;} be
an orthonormal basis in (H, (-,-)) and let {e;} be an orthonormal basis in (H, (-,-)). Let S be the
uniquely defined linear operator such that Se} = e;. This S is clearly an invertible isometry and we get

that [|Sz| = ||z||. Moreover, Sm(g)S~?! is unitary as ||S7(g)S ™ z|| = ||z| and we get that Sm(g)S~*
is an invertible isometry. O

Remark 4.12. Considering S as an operator (H, (-,-)) — (H, (-,-)), we get that ||Sz| = ||| < |=|||z]|
and [[S™ || = |7][[S7 x]lx < |x[|l]], giving that [[S|[[|STH] < |=*.

We use this result and Proposition 3.5, Proposition 3.14 and Theorem 3.18 to immediately get the
following.

Corrolary 4.13. The following classes of groups are unitarizable:
e finite groups;

e compact groups;
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e abelian groups;
e discrete or o-compact, metrizable groups that admit Folner sets.

4.3 Non-unitarizable groups

We have started to explore which groups have the property that every uniformly bounded represen-
tation is similar to a unitary representation. We will now explore some groups that do not have this
property. It turns out that non-abelian free groups, and any discrete group that has a non-abelian free
subgroup, are examples of groups that do not have this property. In this subsection, we will follow
[P4, Sec. 2].

Definition 4.14. A group is called unitarizable if every uniformly bounded representation is unita-
rizable.

By Theorem 4.11, any amenable group is unitarizable. In this section, we want to prove that free
groups are not unitarizable.

4.4 Coefficients of unitary representations

We will first introduce two spaces of functions. Let B(G) be the set of functions f : G — C such that
there exists a Hilbert space H, a unitary representation 7 on H and z,y € H such that f(t) = (n(t)x, y).

Remark 4.15. If w(t) is unitarizable, then (7 (t)z,y) € B(G).

We define T,,(G) to be the set of functions f : G — C such that there exist functions fi, fo : GXxG — C
satisfying f(st) = fi(s,t) + fa(s,t), where

sup2|fl(s,t)|p < oo

seG teG
and

supz | f2(s,1)]P < o0.

teG seG

It is trivial that T,,(G) is a vector space.

We define the norm on B(G) by || f|ls(e) = inf{||z] - ly[|}, and the norm on T},(G) by

1/p 1/p
Il =t {sup (S Ics.or) s (S iasor) .

s€ teG seq@

Both these infimums are taken over all decompositions on the relevant form. We get that | - || () is
a norm as we have the following

e 0 <[f(®)=r@z )| < lzllyll;
o cf(t) = (m(t)ex,y);

o frg=(r(t)r,y)g = (m1(t)x1,y1)H, +(m2(t)22, y2) o, Where T = T BT, & = 21D T2, Yy = Y1 DY2
and H = H, ® H,.
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The second and third point give that B(G) is a vector space. The first point gives that ||| gy > 0 for
x # 0. The second point gives ||cz| p(q) = |c|l|z] () and the third point gives the triangle inequality.
Before we prove this we note that (w(t)x,y) = (w(t)cx,y/c) for any ¢ € R\ {0}. Hence, we may chose
x1,y1 and 2, ys such that ||z1|| = ||y1]| and ||z2| = ||y2||. Then
IF +9llBc) < o @ zal*llyn & yo|*
= ([l [I* + llz2l) (lya I + [ly21) (22)
= (lzalllyall + lla2lly21)?-

and we get that B(G) is indeed a normed space. We will focus on the discrete case and assume that
G is discrete. In fact B(G) is the dual space of C*(G), see [R, Thm. A.3.11]. We define the function

lift=g,
b4(t) = {

0 otherwise.
Remark 4.16. We have that I*(G) C B(G) as 6,(t) = (L¢0., d,) implies that 6, € B(G) and [|65]| () <
1= [[dsllx

We get that T,(S) is a normed space as if f(st) = ai(s,t) + az(s,t) and g(st) = b1(s,t) + ba(s,t), we
get that

1/p
nf+mmﬂn§mm<§jmu&w+mw¢wj

s€ teG@

+sup y (|a2(s,t) + bg(s,t)|p>1/p

teG L8
1/p 1/p
<swp((Slaor) + (Tineor) )
S€EG teG teG (23)
1/p 1/p
rsup (Sl or) o+ (Shatsor) )
LeG s€G teG
Z 1/p Z 1/p
<sup (Sl ) s (Flnats.0p)
seG teqy teG teq
1/p 1/p
+sup< as(s,t P) +sup< bi(s,t p> .
Sup Sez; 2(s,1)] Sup tezg 1(s,2)]

Hence || f + gll7,) < I fllz,@) + 19llz,(¢)- The remaining axioms are trivial. We can now state a
theorem.

Theorem 4.17. Let G be a unitarizable discrete group. Then T1(G) C B(G).
Before the proof, we will give a definition and state another result.

Definition 4.18. Let f and g be functions G — C such that at least one of them has finite support.
The convolution of f and g is defined as

(F+9)®) = 3 F()g(s™).

seG
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Proposition 4.19. Let (a; ;) be an infinite matriz such that
sup » a; ;| < 1
1 .
J

and

supz la; ;] < 1.
7o

Then the matrix defines a linear operator A :1?> — 12 such that || A < 1.

In particular, this result states that an operator A given by a matrix (a; ;) with norm bounded by 1
in /' and [°°, has norm bounded by 1 in [2. The proof of this result is found in [P4, Prop. 2.15|.

Proof. We will give the proof of the theorem from [P4, Thm. 2.1|. Let f € T,(G). We get that there
are ay,as such that f(s~'t) = a1(s,t) + az(s,t) and there exists C' with

sup2|a1 s,t)] < C
stheG

and

sup Z laz(s,t)| < C.

tEGSGG

Let A, Ay : C(@) — C%, where C(%) denotes the space of finitely supported functions G — C, be
the linear operators given by the "matrices” a1, az, which means that (A;g)(t) = > ., a(t,s)g(s). For
f € CY we set f(x) = f(z~') and define p(f)g = g * f. We get that

)=> g(s)f(s7t)=>_ f(t"s)g(s),g € C¢
seG sesS

showing that f(s~!t) is the matrix for the linear operator p(f) and that p(f) = A; + As. Moreover

(p(f)Leg)(x) = (g(t~ ) (y ))( )
= ; gt~ 'y) fzMy) 24)
= g fa"ty) = (Lip(f)g)(x),

yeg

giving that p(f) and L; commute. Using [a,b] := ab — ba to denote the commutator of the operators
a, b, note that

0= [p(f)aLt] = [Al,Lt] + [AQ»Lt]'
Let D(a) := [A1,a]. Whenever D(a), D(b) and D(ab) are defined, we have

D(a)b+ aD(b) = (Asa — aA2)b+ a(Asb — bAy) = Asab — abAs = D(ab),
meaning that D is a derivation. Let H = [?(G) & [?(G) and define

o[ )

We observe that D(L;) is bounded as an operator on [ and [*° with norm not exceeding 2C. Hence,
it is bounded by 2C' as an operator on [? by Proposition 4.19. We get that ||7(t)| < 1+ 2C as

mons |5 2]+ [0 257 |=1+imen <1z (25)
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This is a representation of G by the fact that D is a derivation. Indeed, we have that

_ LsLt D(LsLt) _ LsLt D(LS)Lt+LsD(Lt) _
m(st) = { 0 L.L, ]—[ 0 L.L, = m(s)7(t).

Let x = (61,0) and y = (0,91). We get that
(m(t)z,y) = (D(Lt)61 & 61,61 & 0)

= (D(Ly)dy, 61)

= (A2Ly01 — Ly Asdy, 61)
= (Ag0; — Lt A261,61) (26)

= (A6, 61) — (L1 A0y, 01)

= (A204,61) — (A201,64-1)

= a2(15 t) - a2(t717 1)
By Remark 4.15 and our assumption that every uniformly bounded representation is unitarizable, we
get that as(1,t) — ax(t™1,1) € B(GQ). As
F(t) =a1(1,t) +ax(1,t) = a1 (1,t) + (az(1,t) — az(t™1,1)) +az(t™4,1)

and ay(1,t) + az(t71,1) € I}(G) C B(G) (see Remark 4.16), we obtain f € B(G), completing the
proof. O

We will now prove the following result, from which we will immediately obtain that F, is not unita-
rizable. Let {g1, g2, ...} be the generators of F.,. We use |t| to denote the length of the reduced word
t. We for example have |1| =0, |g;| =1 |g:9;| = 2 and |gigj_1| =2 for i # j.

Lemma 4.20. Let f: Fy — C be the indicator function of the set of reduced words of length 1. Then
we have f € T (Foo) but f ¢ B(Fu).

Proof. We will follow the proof given in [P4, Lemma 2.2]. We observe that f € T1(Fy) as if we let

J1(8,t) = Xst|=1,¢|>s] (55 1)
and
J2(8,t) = Xjst|=1,]¢|<|s| (5, 1)
we get that
f(st) = fi(s,t) + fa(s, 1)
We note that given a word ¢, there is exactly one word s such that st has length 1 and |s| < |¢|, and
given a word s, there is exactly one word ¢ such that |st| = 1 and |s| > |t|. Hence, f € T (Fx). We

now assume that f € B(G) and strive for a contradiction. Let H be a Hilbert space and let 7(-), x
and y be such that f(g) = (w(g)x,y). Hence

(m(gj)z,y) = (m(g;)"x,y) =1

and
(m(t)z,y) =0
for [t| # 1. Let a; = (w(g;) + 7(g:)*)/2. For each n > 1 we let

RZjTl:l[l(I-i-\/iﬁaj).
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We get that
2

H” = [|(1 +in~2a;) (I + in~ ' 2a;)"||

_ 2 2
= |1 +aj/n] <1+ ajll/n

(27)
<1+ lag|?/n <1+ |Im(g;) + ()" |* /4n

< 1t (o)l + (o) )4 =14 -

2 1 "
IRI? < (1+-) <e.

Q\fz (95) +m(g5) +Z¢

|t #1

giving

We develop the product and get

where 9 is some function with finite support. We use our assumption to get

n

(Rz,y)

m(g;)@,y) + (m(95) "z y)) + Y b(t)(x(t)e,y)

J=1 [t]#1 (28)
2in .

= NG =iy/n.

By the Cauchy-Schwartz inequality we get

v =[(Rz,y)| < [|Rz|[[lyll < [ Bllll=[llly]l < Velllyl,
contradicting that /n is unbounded. Hence, f ¢ B(F). O

The following result immediately follows from Theorem 4.17 and Lemma 4.20.
Corrolary 4.21. The group F, is not unitarizable.

This will imply the non-unitarizability of F,, by the following result which shows that unitarizability
passes to subgroups.

Theorem 4.22. Let F' be a subgroup of a discrete group G. Then F is unitarizable if G is unitarizable.

Proof. We will follow the proof from [P4, Thm 2.§] . Given a uniformly bounded representation 7 :
F — B(H), we intend to construct a Hilbert space H O H and a representation % : G — B(H) such
that |7| = ||, H is invariant under 7 (¢) and 7 (t) extends 7 (t) for all ¢t € F. Define

rol®) = {W(t) ifter

0 otherwise

We invoke the axiom of choice and let {s;} be a set of one representative of each element in G/F. For
more convenient notation, we assume that G/F is countable so that we can index {s;} by the positive
integers. Without loss of generality, we may assume that s; = 1. We define

H=H;, H =H.

i>1
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Let 7 (x) be the operator defined by the matrix (o (s; '2s;)); ;. We make the following observations.

e mo(s; ws;) = 0 except if s;F = xs;F);

o 7i(e) = Ia(zy) = 7(z)7(y);

e Iftc Fandi=1orj=1, then my(s; tsj)fOexceptlfzfjfl
o [7] =[]

The first point is trivial. The second point holds as if s[lxysj € F we have zys; € s; I, giving that
xys; ' = s;F and ys; F' = x~'s; F implying that sys; B = sz 1s; F. We get that there exists a unique
[ such that sl_lx_lsiF =F= sl_lyst and

mo(s; twys;) = m(s; tays;) = w(si tws)m(s; tys;) = mo(s; tws)mo(s; ys;)-
In the case that si_lzysj ¢ I, we get that si_lxyst # I giving that
mo(s; tays;) = 0.

Pick [ arbitrarily. We may assume that mo(s; xsl) # 0. Thls implies that xs;F' = s; F. Thls gives
that mstF #* acle implying that ys; [ # SlF and that mo(s;” ysj) = 0. We get that mo(s; a:ysj)
mo(s; 'ws;)mo(s; 'ys;) for any [ in this case. We get that

(Z’fro Yasy)mo(sy, ys])) (mo(s; tws)mo(s; M ys;)-

k>1

This gives that & is a representation. The third point follows immediately from elementary group
theory and implies that H; is invariant under #(¢) and the restriction of 7 (¢) to H is equal to 7 (¢) for
t € F. The last point follows as

17 D aill* = 1P molsi sy

>1 i>1 j>1

=D 11D mols; Htsy)ayl?

>l j>1

= Z l[mo(sy tsi, ),

1>1

<D Imolsy Htsi)N |, |1

i>1

55

i>1

= > Inlllwll? = [« .

i>1

where I; is the unique index such that mo(s; *ts;,) # 0. This shows that ||#(¢)| < |« for all t € G,
implying that || < |7|. The other mequahty is trivial as 7 is a subrepresentation of #|p due to
the third point. We have now proven that #(-) has all the desired properties. As #(-) is uniformly
bounded, we get that 7(-) is unitarizable. We get that there exists S such that S#(-)S~! is unitary.
If welet ' : H— W :=SH, §'¢ = S¢, £ € H. Then S’ is invertible with S'm(¢)(S")~. We have
Sn(t)S™'W C W and Sw(t)S|w = S'm(t)(S")~L. As Sa(t)S~? is unitary, so is S'7(t)S" 1. O
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We immediately get the following result.

Corrolary 4.23. The group F,, is non-unitarizable for all n > 2.

Proof. We use ideas from [P4, Lemma 2.7 iii)] to prove this result. Let o and 7 be two distinct
generators of F,,. Let F' be the subgroup of F,, generated by {c"7" : n € N}. We easily observe that
F is isomorphic to F,. We apply the contraposition of Theorem 4.22 to get the desired result. O

Remark 4.24. This result can be proven more directly by showing that the indicator function of EUE !
is in T1(G) but not in B(G) if E C G is an infinite free set, meaning that it generates a free group
with the operation of G. For more details, see [P4, Lemma 2.7] and [P4, Thm 2.7].

We will now prove another similar result.

Proposition 4.25. Let G be a discrete unitarizable group and let N be a normal subgroup. Then G /N
s unitarizable.

Proof. Let N be a normal subgroup, and 7(-) be a uniformly bounded representation on G/N, then
we can create a uniformly bounded representation on G in the folowing way. Let ¢ be the quotient
map and define 7 (¢t) = 7w(¢(t)). This representation is clearly uniformly bounded, and we get that if
G is unitarizable, then 7(-) is unitarizable, and this clearly gives that 7(-) is unitarizable. We get that
G/N is unitarizable, completing the proof. O

5 Similarity problems for C*-algebras

In the previous section, we have seen some similarity results for group representations. We will now
explore similar questions of when homomorphisms of C*-algebras are similar to *-homomorphisms.
One such problem is the still open Kadison problem[P4, p.168].

Let A be a C*-algebra, H be a Hilbert space. This problem asks the question: ”is every bounded
homomorphism similar to a *-homomorphism?”.

Before we proceed, we will need to repeat some theory of C*-algebras. We will now present some
theory about C*-algebras from [A, Sec. 2|. Let A be a C*-algebra and let H be a Hilbert space. We
will now state and prove the following result.

Theorem 5.1. A unital homomorphism 7 : A — B(H) is a *homomorphism if and only if ||| = 1.

Proof. We will follow the proof from [A, Thm. 2.5.5]. We may assume 7 is not degenerate. We get that
7(1) = I. We observe that o(r(a)) C o(a), as if A € p(a), we get that 7(a — A1)~ = (7(a) — )71,
giving that A € p(m(a)). This implies that for the spectral radius, we have r(7(a)) < r(a). For any a
we get that m(a*a) = m(a)*n(a) is self -adjoint and hence, it’s norm coincides with it’s spectral radius.
We get,

[w(@)||* = l[7(a*a)|| = r(r(a*a)) < r(a*a) = [la"al| = [lal|*.

This gives that ||| < 1 and «(1) =1 gives ||x| = 1.
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Conversely, we note that if u is unitary, we have that ||7(uw)z|| < |lull||z]| = ||z]] and |7 (u*)z| < ||z,
but
]| = [lm(w) " m(w)z|] < |lw(w)a|[fa(uw)*]| < {lr(w)z]],

showing that |7 (u)z| = ||z|| and that 7(u) is unitary as it is an invertible isometry. We now want
to prove that 7 maps self adjoint elements to self adjoint elements. We note that e*® is unitary for
all t € R if and only if x is self adjoint. Indeed, from the Taylor series expansion of the exponential
function, we get that e'*" = e~ If x is self adjoint, we get that e’ is unitary. If €™ is unitary,
we get that I = e**(*=2") for all t € R. If the standard limit

eitu

—a,t =0

holds in this case, we are done. In fact it does hold by inserting the Taylor series of the exponential
function and observing that the constant term of the resulting series (not depending on t) is a. We
get that 7 is a *~homomorphism as any a € A can be expressed as a = x + iy for z,y self adjoint. [

By the same reasoning as in the previous section, any algebra homomorphism that is similar to a
*_homomorphism is bounded. The Kadison problem is to determine whether the converse of this
statement is true. We will call any C*-algebra for which this is true unitarizable.

5.1 Group (C*-algebras and similarity

In this section we will cover how to associate a C*-algebra to a given group. We will denote this
algebra by C*(G). We will investigate the connection between the unitarizability of a discrete group G
and the unitarizability of C*(G). Recall that C*(G) is defined as the completion of I*(G) with respect
to the norm we defined in Section 2.5. We will need the following results

Theorem 5.2. Let u be a unitary representation of a discrete group G. Then u can be uniquely
extended to a *-homomorphism I*(G) — B(H) by

mu(D> F(9)85.) = > F(gi)ulgs).
i=1 i=1
Proof. We can clearly extend to C(%) by linearity as
7Tu(Z: f(9i)dq,) = Z f(gi)u(gi).
i=1 i=1

It is clearly a homomorphism. It also preserves the *—operation, as




It is bounded as

n

I (D f(90)35.)

i=1

= 11> flga)ulgnl

=1
< Z I1f (gi)ulga)ll (31)
= Z [f(gi)l = [[ £l

As C(@) is dense in ' (G) this *~homomorphism can be extended to a *-homomorphism I'(G) — B(H)
by continuity. We get

7Tu(z: f(9i)dg,) = Z f(gi)ulgi),

where the series on the right hand side converges in norm. This completes the proof. O

Proposition 5.3. The left regular representation A\g of G, can be extended to an injective
*-homomorphism 11 (G) — B(1*(G)). We call this the left reqular *-homomorphism.

Proof. We will follow the proof of [P6, Thm. 2.2.5]. As Ag is unitary, by Theorem 5.2. we extend it
to I1(G) to get
e (Y 190,06 =D Flgi)ha(9:)€, € € P(G).

i=1 i=1
Pick f =372, f(9:)dq, € ker(ma,). Fix go € G. We get
0= <7TAG (f)5g07 51>

— (g (i 6355 )60

=1 (32)
=Y "> F(9:)6g0 (97 1)1 (R) = f(g0)-
heG i=1
This shows that f = 0. U

Recall the definition of |a|, a € I'(G) as the supremmum of ||a|| over all C*-norms on I'(G). We have
the following equivalent definition.

Proposition 5.4. We have that

la| = sup{||7(a)|| : 7 is a * —homomorphism I*(G) — B(H) for some H}.

Proof. 1t is obvious that |a| > sup{||w(a)||}, as sup{||w(a)||} defines a C*-norm. It is a norm as
we may pick 7 as the left-regular *-homomorphism. The Gelfand-Naimark theorem, gives that for
every C*-norm on [!(G), there exists an isometric *-isomorphism from the completion of I!(G) with
that norm to B, where B is a norm closed subalgebra of B(H) for some H. Hence we have that
|a| < sup{||m(a)[}. O
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Remark 5.5. Instead of the norm we already defined, we may equip I!(G) with the norm |a| := ||A.]|.
The completion with respect to this norm is called the reduced C*-algebra of G and is denoted by
C{(G).

The next result gives a connection between *-homomorphisms of /' (G) and unitary representations of

G.

Proposition 5.6. We have that 7 : I'*(G) — B(H) is a *~homomorphism if and only if p(g) := 7(d4)
s a unitary representation of G.

Proof. If p is unitary, then 7, = 7 and 7 is a *-homomorphism by Theorem 5.2. Conversely, if 7 is a
*_homomorphism, we have that

plg)" =m(0y)" = 7(6;) = w(dg-1) = plg™")-

This completes the proof. O

Considering the previous result, it may seem natural to believe that C*(G) is unitarizable if and only
if G is unitarizable. We obviously get that C*(G) is unitarizable if G is unitarizable, but the converse
is not true. The natural connection fails as if we try to extend a uniformly bounded representation
to C(©)| this is not necessarily bounded. It is for example not possible to deduce that C* (F3) is not
unitarizable just because F5 is not unitarizable.

We will now give some examples of C*(G) for concrete groups.

Theorem 5.7. We have that C*(G) ~ C’(G), where G is a discrete abelian group and G is the group
of homomorphisms G — T with pointwise multiplication and it’s topology is generated by sets on the
form R

{x € G:|x(9:) — xo0(g:)| <€ forallielI},

where I is finite.

Proof. We will follow the proof from [P6, Thm. 2.5.5]. We observe that C*(G) is a commutative
C*-algebra with unit d;. By Gelfand’s theorem, C*(G) is isomorphic to C(sp(C*(G))) where the
isomorphism is given by the Gelfand map. It suffices to show that sp(C*(G)) and G are homeomorphic.
Let ¢ € sp(C*(G)). We define py(g) = ¢(d,). The mapping f : sp(C*(G)) — G given by ¢ = py is a
continuous. It is injective as C*(G) is generated by {d,}. It is surjective as if x € G, we get that y
is a unitary representation. Hence, we may extend it to a character of I'(G) and hence C*(G). As f
is a continuous bijection between compact Hausdorfl spaces, it is a homeomorphism. This completes

the proof. 0
Proposition 5.8. We have that C*(Z) ~ C(T).

Proof. This proof is based on the proof of [P6, Prop. 2.5.4]. We define a mapping ¢ : Z—T by x —
x(1). The mapping ¢ is clearly injective as Z is cyclic. It is obvious that for every z € T, there exists a
homomorphism x such that x(1) = z. Just pick x(n) = 2™. This is clearly a continuous and bijective
map between compact Hausdorff spaces and hence it’s a homeomorphism. We get C(Z) ~ C(T). The
desired result follows from Theorem 5.7. O
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The next theorem gives that C*(F3) has a certain universality property.

Theorem 5.9. For every C*-alegbra A and for all unitary elements u,v € A, there exists a unique
*-homomorphism p : C*(Fy) — A such that p(6,) = u and p(8;) = v. For everyn € Z* there exists a
surjective *~homomorphism C*(Fy) — B(C™).

Proof. We will follow the proof from [P6, Thm. 2.7.1]. Let # : A — B(H) be an injective *-
homomorphism (see Theorem 2.27). We get that 7(u) and 7(v) are unitary. A basic result about
free groups gives that there exists a group homomorphism ¢ : F» — U(H) such that ¢(o) = 7(u)
and ¢(7) = m(v). This is a unitary representation, and hence it extends to a *-homomorphism
¢ : C*(Fy) — B(H). Let p =710 . We complete the proof of the first statement by noting that
the composition is well-defined. For the second statement, we pick

1 0 0
0 e/ 0
u =
6 0 eQﬂ'i(ﬂ‘,—l)/n
and
01 0 0
0 0 1 0
v =
1 00 ... O

We note that the C*-algebra generated by these matrices is M,,(C) as u generates all diagonal matrices,
and hence we can find a matrix in the C*-algebra generated by u that maps a basis vector e; of C" to
te; for any complex t. It is obvious that there is a matrix in the C*-algebra generated by v that maps
e; to e; for any j, proving that any linear mapping C* — C", and hence any n x n matrix, is in the
C*-algebra generated by u,v. This gives that p is surjective in this case. O

6 Completely bounded homomorphisms

We will now investigate the theory of completely bounded maps. The aim of this section is to prove
that a homomorphism A — B(H) is similar to a *-homomorphism if and only if it is completely
bounded. The tools from this section, combined with results about group C*-algebras will be used to
prove a result that gives a necessary and sufficient condition for a group to be unitarizable.

6.1 Completely bounded maps

Definition 6.1. Let A be a C*-algebra and let ¢ : A — B be a linear map. We define ¢,, : M,,(4) —
M,,(B) by ¢n((a; ;) = (mn(ai;)). We say that ¢ is completely positive if ¢, is positive for all n € Z7.
We say that ¢ is completely bounded if sup,~; ||¢n|| < co. We denote this supremum with ||@/e,. We
say that ¢ is completely contractive if ||d||e < 1.

Ezample 6.2. Consider the linear operator ¢ : My(C) — B(C) given by M + M?". This operation is
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positive. However, ¢ is not positive as

®2

_ 0 O
O OO O
O O OO
_ o o =
o O O
O = O O
OO = O
_ oo O O

where the input matrix is positive but the output matrix is not as it’s characteristic polynomial is
(A —1)3(\ + 1), giving that -1 is an eigenvalue.

We will now give a result that gives a characerization of completely positive maps.

Theorem 6.3 (Stinespring). Let A be a C*-algebra and let ¢ : A — B(H) be a completely positive
map. Then there exists a Hilbert space K, a unital *-homomorphism m : A — B(K) and a bounded
map V : H — K with ||¢(1)|| = ||V||* such that

d(a) =V*r(a)V.

Proof. We will give the proof from [P2, Thm. 4.1]. On the algebraic tensor product A ® H we define
a bilinear form by extending (a ® z,b®y) := (¢(b*a)z,y) i to the entire space. We use H™ to denote
the direct sum of n copies of H. The bilinear form is positive semidefinite. Indeed, we have

<Zai®xi,2aj®xj> ZZ(aiQ@xi,aj@xj)
i J

> (@lajadai,z;) (33)

= (Pn((ajai)i,;) i i, ©;T;5) g,

and hence it suffices to show that (aja;),; is positive. We get

ai 0 ... O o a a

* 1 2 n

I T
(a;ai)i,j = ’ ' ’ . . . > O,

a, 0 .. 0

which completes the proof that the bilinear form is positive semidefinite. Therefore it satisfies the
Cauchy-Schwartz inequality, i.e.

[{u, 0)]* < (u,u)(v,0),u,0 € A® H.
This gives that
N={ueA®H: (u,uy=0}={uec A® H : (u,v) =0 for all v}

is a subspace of A ® H. We now consider the inner product space (A ® H)/N with the inner product
(x + N,y + N) = (x,y). Let K be the completion of this space. We define 7(a) > (a; ® x; + N) =
>_(aa;) ® x; + N. We observe that (aja*aa;);; < [[a*al|(a}a;); ;. Indeed, we have

*

la*all(ajai)i; — (aja”aas)i; = (aj(|la*al[l = a*a)as)i; > 0,
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giving that ¢y, (aja*aa;) < [la*al|¢n(aja;). This gives that

<7T(a)(Zai®xi+N),7r(a)(2aj®xj+N>>

:Z<aai®mi+N,aaj®xj+N)

%,
= Z a*aaZ VTi, i) H
= ((b(aja aai) D T3, Bx;) geny
<lla*al[{¢(aja;) i i, Bz ;) grem

”a a”z a a; SCZ,SC] H

= ||a||2<Zai®xi+N,Zaj®xj+N>.

This shows that 7(a) leaves N invariant, giving that it is a well defined operator on K, and it is
bounded by |la||. We get that 7(a) can be extended to a unital *~homomorphism A — B(K)(see the
proof of the GNS construction). We now define V : H — K by x — 1 ® z + N. We note that

IVzl* = (1@ z+ N, 1@z +N) = (p(1)z,2)n < [oQ)ll]z]?,
giving that V' is bounded. We now get that
(Vim(a)Vz,y) = (m(a)Vz,Vy) = (r(a) 1@z + N), 10y + N) = (¢(a)z,y)n
for all z,y, giving that V*7(a)V = ¢(a), completing the proof. O

We call the triple (7, V, K) a Stinespring representation. If the closed linear span of 7(A)V H is K, we
call the Stinespring representation minimal.

Remark 6.4. This result implies the GNS-construction as if p is a positive linear functional, then p
is completely positive by [P2, Prop. 3.8]. Let (m,V, K) be a minimal Stinespring decomposition. Let
& =VI1. We get (m(a)V1,V1) = V*r(a)V = p(a) and 7(A)V1 = n(A)VC, giving that (7, ¢) is a
GNS-pair.

Two results that will be used later are the following.

Theorem 6.5. Let X be a Banach space and let A be a von Neumann algebra. Then any bounded net
{T\} of linear maps X — A has a cluster point in the point-ultraweak topology.

The proof of this result can be found in [BO, Thm. 1.3.7]

Proposition 6.6. Let A, B be C*-algebras and let ¢ : A — B be a contractive completely positive
map. Then we have the following:

e d(a)*¢(a) < ¢(a*a) for all a € A.

e Fiza € A. Then ¢(ab) = ¢(a)d(b) and ¢(ba) = ¢(b)p(a) for all b if p(aa*) = ¢(a)p(a)* and
¢(a*a) = ¢(a) ¢(a).
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o The set Ay of a € A such that a satisfies the conditions in the previous point is a C*-subalgebra
of A.

The proof of this result can be found in [BO, Prop. 1.5.7]. It is a natural question to ask whether any
completely positive map defined on an operator system extends to the whole C*-algebra. We have the
following result.

Theorem 6.7 (Arveson’s extension theorem). Let S C A be an operator system and let ¢ : S — B(H)
be a completely positive map. Then there exists a completely positive map ¢ : A — B(H) such that

¢ls = ¢.
The proof of this result can be found in [P2, Thm. 7.5].

Theorem 6.8. Let A be a C*-algebra and let ¢ be completely bounded. Then there exist completely
positive maps ¢1,¢2 : A — B(H) such that the map ® : My(A) — B(H @ H) given by

(I)[ [a b” _ [¢1(a) ¢(b)]
c d ¢*(c)  ¢2(d)
is completely positive and ||®i|lco = ||Dlleb- If ||@]ler < 1, we may take ¢; such that ¢1(1) = p2(1) = Ig.

The proof of this result can be found in [P2, Thm. 8.3] We will now state and prove an analogous
theorem to Theorem 6.3 for completely bounded maps.

Theorem 6.9 (Wittstock). Let A be a C*-algebra and let ¢ : A — B(H) be a completely bounded
map. Then there exist a Hilbert space K, a *-homomorphism m : A — B(K) and bounded operators
Vi,Vo 1 H = K such that ¢(a) = Vi*n(a)Va and ||d|lee = |[Villl|[V2ll. If ||¢llce = 1, we may pick V; as
1sometries.

Proof. We will follow the proof from [P2, thm. 8.4]. Without loss of generality, assume that |||, = 1.
Let ¢1,¢2 and ® be as in Theorem 6.8. Let (w1, V, K1) be a minimal Stinespring representation of ®.
We get that @ is unital, and we may pick V' as an isometry. We now note the following.

Lemma 6.10. There exists a Hilbert space K and a unital *~homomorphism w: A — B(K) such that

Ki=K®K and b b
a[[f ] -5 )

o[l ol = [ dle

for U : K1 — K; unitary and K a subspace of K7, as

b o

is a projection. We use the same reasoning to get that

Lo ]
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is unitarily equivalent to

For

giving that

and

We also get

0 o]fo w] o o0
wx 0 00__0 wrw|

We have K 2 K+ and K; = K @ K. Let

This operator is unitary. We get that

(US)*m [g (ﬂ Us— [g é] .

This gives that

<[l o] =T o
bool =l oo ol o v

I 0] [Ty, Ti,][I 0] [Tuy ©
0 0| |Toy Toa||0 0/ |0 o

We can use similar reasoning to show similar results for

b )

(US)*m { [al bl} }US = {a[ bl} a,b,c,d € C.

Let a € A. We get that
as

and

etc. We conclude that
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We get that

b 5l = m s ol o ] e

showing that 71 = m1,1. It follows by a similar reasoning that all 7; ; are equal. Moreover, we get

7r171(a1a2) 0 o [ a1a2 0 |
0 o =™l o o
- B (35)
=m| |9 0 m | | % 0 = [m1,1(a1)m1(a2)]
_1-00-1-00—1,111,12a
and
mi(a*) 0 . [a* 0]
0o of " [o o
W ol
—m[_g 0” (36)
_ 1 1(0,) 0 * 7r171(a)* 0
o 0 o — 0 0
This shows that 71 1 is a *-homomorphism, completing the proof. O
We get that

(1) 0 o |m@) 0
h@O—{ 0 0 (hp0)=V o 0 V(h®0).
Let V(h @ 0) = a @ b, we observe that b = 0 as the fact that V' is an isometry implies that
lall* = 122 = la @ b]|* = [lal* + [1b]>.

We get that there are isometries V4 and V3 such that V(h@®0) = V1A ®0 and V(0@ b) = 0@ Vah. We

get
p1(a) o) | _ 1w |7la) w0)], _ [Vim(a)V1 Vim(b)Va
Lb*(C) @(d)}‘v L(e) w<d>]v‘[v;w<c>v1 Vin(d)Va
This completes the proof. O

6.2 Haagerup’s theorem on completely bounded homomorphisms

We will now connect this to the previous section. It turns out that a homomorphism is equivalent to
a *-homomorphism if and only if it is completely bounded. Before we proceed we need the following
result.

Theorem 6.11. Let A be a C*-algebra and let p: A — B(H) be a completely bounded unital homo-
morphism. Then there exists an invertible operator S such that ||S||[|S7 || = ||plles and S~™tp()S is
completely contractive.

Proof. We will follow the proof from [P2, Thm. 9.1|. Let the Hilbert space K, the operators Vi, V;
and the *-homomorphism 7 be as in Theorem 6.9. We define the seminorm | - | by

k| = inf{|| Y 7w(a;)Vahil| : > plai)h; = h,a; € A,h € H,n € N}.
i=1 =1
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This is a norm as it is equivalent to the usual norm on H. Indeed, we observe that
n n n

1Rl = 1Y plaahall = 1Y Vim(ai) Vahal| < [IVillll D w(as) Vahil,
i=1 i=1 i=1

and hence ||h|| < ||Vi]||h| We also get that |h| < ||7(1)Vah|| < ||Vz||||h]|. This gives that | -| is a norm.
We now want to show that it is given by an inner product. It suffices to show that

|2+ y1* + |z = y* = 2]z + |y[*), 2,y € H.
The inequality
|2+ y1* + |z = yl* < 2]z + |y]*)
follows from the parallelogram identity for the usual norm as

n n

Z m(a;)Vax; + ZW a;)Vay;
J

=1

2
|z +y? + |z —yl* <

n

Z m(a;)Vax; — Z m(a;)Vay;

i=1 j=1
n 2 n 2
= ( Zw( Vax; Z m(a;)Vay; >
i=1 j=1
The other inequality follows by letting + = u+v and y = w—v. We can now let S: (H,|-|) — (H, |- |)

be the identity map. This is bounded with bounded inverse because of the equivalence between the
| - |-norm and the usual norm. This reduces the problem to showing that p is completely contractive

+

with respect to the norm | -|. We get that p is contractive as
n n
(@bl < IS m(aa)Vahs < [lall|l S m(asVahil
i=1 i=1

showing that |p(a)h| < |lal|||h||. To show that p is completely contractive, we fix n € Z* and define a

norm | - |’ such that p, is contractive on H(™ by
A" = inf{]| Z?Tn )Vahill : an = h},
where V5 is the direct sum of n copies of V. It suffices to show that |-I"=]"|n. This follows as
j2|? = inf{|| Y ma(A)Valullf Y pu(A)hi = 2}
1=1 1=1
=inf() D> wlari)Vahuyl* =YY plaij)hey = i} (38)
i=1 =1 j=1 1=1 j=1
= Jal* = |zl
i=1
This completes the proof. O

Corrolary 6.12 (Haagerup). A unital homomorphism ©: A — B(H) is equivalent to a
-homomorphism if and only if it is completely bounded.
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Proof. We will follow the proof of [P4, Corr. 4.4]. The only if direction is obvious as if a homomorphism
p() = S~17(-)S we have that p,(-) = S™ 7, ()™ where ™ is the direct sum of n copies of S.
We now want to prove the if direction. It suffices to show that any contractive homomorphism is a
sx-homomorphism. This follows immediately from Theorem 5.1.

O

This result reduces the Kadison problem to determining whether or not every bounded homomorphism
is completely bounded [P2, p.123]. We will now go back to the unitarizability of groups and use our
new tools to prove that a discrete group is unitarizable if and only if every countable subgroup is
unitarizable. We will now state and prove two results that will directly imply the desired result.

Theorem 6.13. Let G be a discrete group and let w be uniformly bounded. The following are equivalent:
e T is unitarizable

o 7(f) =2 1cq f(t)m(t) defined on l1(G) extends to a completely bounded homomorphism
C*(G) — B(H).

Proof. We will follow the proof from [P3, Thm. 0.9]. If 7 is unitarizable, we get that there exists
S € B(H) such that 7 = S™1pS for a unitary representation p. We get that p extends to a *-
homomorphism p. We get that # = S~15S and the desired property follows from Corollary 6.12. The
converse is also a direct consequence of the same corollary. O

Corrolary 6.14. A uniformly bounded representation of a discrete group is unitarizable if and only if
the restriction to any countable subgroup is unitarizable.

Proof. We will follow the proof from [P3, Corr. 0.10]. Any restriction of a unitarizable representation
is clearly unitarizable. We will now prove the converse. We will prove this by contraposition. If 7 is
not unitarizable, then 7 can not be extended to a completely bounded map C*(G) — B(H). Then
we can find (ay,;,;)i; = an € M,(C*(G)), such that ||a,| <1 and a,;; € I'(G)(as [*(G) is dense in
C*(G)), such that |7, (an)|| — co. Let I' be the countable subgroup generated by U, ; ; supp(an,i,;),
where supp(f) denotes the support of the function f. We see that 7| is not unitarizable, completing
the proof. O

From Corollary 6.14 and Theorem 4.22, we immediately get that G is unitarizable if and only if every
countable subgroup is unitarizable. However, having to check every countable subgroup in order to
use this result makes the criterion quite hard to use.

7 The converse of the Dixmier-Day theorem

We previously proved the Dixmier-Day theorem (Theorem 4.11), which states that any amenable
group is unitarizable. A natural question is whether or not the converse of this is true. The converse
is indeed true for almost connected locally compact groups, meaning that G/G1, where G, is the
connected component containing 1, is compact (see [P3, Remark. 0.8]). Due to this result, it is clear
that the discrete case is among the more interesting cases as G/G; = G. Hence, we will focus on
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discrete groups. As unitarizability passes to subgroups (see Theorem 4.22), we get that the converse
would be implied by the following conjecture by Von Neumann.

Conjecture 7.1. A group G is amenable if and only if it does not have Fs as a subgroup.

Unfortunately, this conjecture has been disproved. There are non-amenable groups not containing
F5, some examples can be found in [M] and [P3, Remark 0.4]. Those groups are candidates that can
witness the failure of the converse of the Dixmier-Day theorem. We will now state a result that gives us
a weaker form of the converse of the Dixmier-Day theorem. As noted in Remark 4.12; the similarity S
that we construct in the Dixmier-Day theorem has the additional property that [|S=1||||S|| < |7|?. The
existence of such a similarity is one of the statements that turns out to be equivalent to amenability.
Recall that the space B(G) is defined as the space of functions f : G — C such that there exists a Hilbert
space H, a unitary representation 7 : G — B(H) and vectors x,y € H such that f(t) = (7 (t)x,y). For
¢ > 0, we define the space

B.(GQ) :={f : there exists 7 with |7| < c,z,y € H : f(t) = (n(t)x,y)}.
We define the norm in the same way as on B(G).
Theorem 7.2. Let G be a discrete group. Then the following are equivalent:

o (G is amenable.

e For every uniformly bounded representation w, there exists an invertible operator S € B(H) such
that S='7S is unitary and |S~Y||S]| < |7|*.

o There exist constants K and a < 3 such that for every uniformly bounded representation, there
exists an invertible operator S € B(H) such that S~'nS is unitary and | S™|||S]| < K|=|*.

o We have that B.(G) is a subspace of B(G). For every f € B.(G) and ¢ > 1, we have that
15 = Al .o

o Thereis a K and o < 3 such that for every f € B. and for every ¢ > 1, we have that || f|| p(q) <
K| fllB.e)-

Tt is stated in [P4, p.55] that this result can be generalized to arbitrary groups, but it is not a proof
of the converse of the Dixmier-Day theorem as it does make assumptions about the similarity S that
might not hold for a general unitarizable group.

Part one of the proof. We will follow the proof from [P3, Thm. 1.1]. The first point implies the second
point by Theorem 4.11 and Remark 4.12. The second point implies the 3rd point by picking K =1
and a = 2, the fourth point implies the fifth point by the same reasoning. The third point implies the
fifth point as for any f € B.(G), we may express it as f(t) = (7w(t)z,y), but then we may write it as
f#) = (p(t)S~tx, S*y), where p is unitary. We get that

I1fllBc) < IS~ =Syl
< ISTHIIS [y (39)
< Klr|*[lz||lyll < Ke*||lz||[[yll-

We obtain that [|f||pg) < K|c|* by taking the infimum over all representations of f on the form
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f() = (z(t)x,y). By the same reasoning, the second point implies the fourth point. It remains to
show that the fifth point implies the first point, but we need to make some preparations for this. [

7.1 The spaces of multipliers

We will now make the necessary preparations before we proceed with the rest of the proof of Theorem
7.2. We will follow [P3, Sec. 2|. We define My(G) as the set of functions f : G — C such that there
are bounded functions &; : G — B(H;, H;_1), where {Hi}fzo is a sequence of Hilbert spaces such that
Hy = H; = C, such that
fltita.tq) = &1 (t1).--Lalta)

for all ¢4,...,tq4 € G. This of course requires that we identify B(C) with C, which we can do as these
spaces are clearly isomorphic. We note that My(G) is a vector space as if f(t1...tq) = &1.1(¢1)---61,4(tq)
and g(t1...tq) = €2.1(t1)..-£2,4(tq), we have that

(f +9)(t1-.ta) = &1 (t1)-.-La(ta),

where &q(ta)z = &1,a(ta)z ® &o.a(ta)z, & = &1, ® & for 1 < 4 < d. For i = 1, we let x be the
representative of the bounded linear functional &;; : H; — C and y be the representative of &35 :
K; — C. Then & is the bounded linear functional corresponding to x @y € H; @ K;. In the case
where d = 2, we get that the condition can be rewritten as f(t1t2) = (z(t1),y(t2)), where z,y are
bounded functions G — H. The space M5(G) is called the space of Hertz-Schur multipliers. The norm
on My(G) is defined by

d
1fllazac) = inf{Hthg €l : f(tr.-ta) = & (t1).-La(ta)}-
=11

This is indeed a norm as we have the following.

e We have that ||cf||a,a) = cll fllmae) as

d
lef Iaraey < sup e () T sup €)1 = lelll fllaaey,

=2

giving that |lcf|lar, ) < lelll flla,(q) for all f € My(G) and all c. We get the other inequality
by |fllmae) = lef /ellmae) < llefllimue /e

e The triangle inequality holds. We will prove this in the case of d = 2 as M(G) is the relevant
space for the remaining part of this section. Let f(st) = (z1(s),y1(t)) and g(st) = (x2(s),y=2(t)).

Let z(t) = 21(t) ® x2(t) and y(t) = y1(t) B y=(t). We use a similar argument as for B(G) to pick
Z1,Y1, T2, Y2 such that sup ||z1(¢)| = sup |ly1(¢)|| and sup ||z2(t)]| = sup ||y=2(¢)||. We get

1f + 9l (@) < (sup lax () +sup [lz2(6)[1*) (sup [y ()] + lly2(6)]*)
= (sup [lz1]| sup ||y || + sup [|z2|l[[y2[])*.

To complete the proof of Theorem 7.2, we will use the following result.
Theorem 7.3. Let G be a discrete group, then the following are equivalent.

e (G is amenable
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e B(G) = M>(G)

o The identity map I : (B(G), - |am@) — (B(G)| - | B()) is bounded.

Proof. A sketch of the proof that the third point implies the first point can be found in [P3, Thm. 2.3].
We now want to prove that the first point implies the second point. We observe that B(G) C My(G)
for any group as if f(t) = (n(t)z,y) for a unitary representation 7, we get f(st) = (m(st)x,y) =
(m(t)x, 7(s~1y)). In order to prove that My(G) C B(G), pick f € Ma(G). By definition we have that
f(st) = (x(s),y(t)) where x,y € [*°(G, H). We want to find a Hilbert space K, a unitary representation
m: G — B(K) and vectors x,y such that f(t) = (w(¢)z,y). Let m be a left invariant mean, which
exists by our assumption that G is amenable. Recall that ¢(t) = y(t~!). We note that for any t € G

Fs) = f(tt™hs) = {w(t), y(t™"s)) = (w(t), y(s™'1)),
and t — (x(t),y(s71t)) is bounded. In particular we get that
F(s) =m(f(s)1(t) = m((z(t), 5(s"1))).

We observe that (x,y)" := m({z(t),y(t))) is a sesquilinear form on {*°(G, H). Indeed, it is clearly linear
in the first component and conjugate linear in the second component. Let N = {z : (x,2)’ = 0}. This
is a subspace as Cauchy-Schwarz gives that

N ={z:{x,2) =0} ={z: (z,y) =0 for all y}.

Let K’ =1°°(G, H)/N. We define the inner product (x+N,y+N)x = (z,y)’. Let K be the completion
of K'. Define A(s)(x(t) + N) = z(s~*t) + N. This is well defined as the left invariance of m gives that

m((w(s™'t), 2(s7'1))) = m(A(s)(x(1), 2(t))) = m((z(t), 2(t))),

giving that z(s7!:) € N for all s € G and all z € N. We get that A(s) is unitary with respect to
the new inner product as A(s) is an invertible isometry by the previous computation. We get that
(x,A(s)y)x = f(s), completing the proof that the first point implies the second point.

We now want to prove that the second point implies the third point. We get that the identity map
I': (B(G), || - llB(@)) — (B(G), |l - | mz(c)) is bounded as

1f1l(c) = mf{[lz|lllyl| : f(t) = (x(t)z,y)}
= inf{||x(t)z[|x (s~ )yll - f(st) = (n(st)z,y)} (41)
= inf{[|lw (&) ][[|7 (s )yl : f(st) = (x @Oz, 7 ()} > [ flare)-

This completes the proof, as the inverse of I’ is I, giving that I is bounded by the bounded inverse
theorem. O

We will need the following lemma (|P3, Lemma 2.5]), which we will leave without a proof.

Lemma 7.4. For any d > 1 and any ¢ > 2, we have that

11l 5. < 201 fllarae) + 26TV f I see)-
We can now complete the proof of Theorem 7.2.
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Remaining part of proof. We assume that there exist K and o < 3 such that ||f||p) < K| flB.(o)
for all ¢ > 1. We use the previous lemma for d = 2. For every ¢ > 2, we get that

IflB@ < K| fllb.c) < 2K fllvac) + 2K 2| fllBc)-

As a < 3, 2Kc*™3 — 0, ¢ — oo, and we can pick ¢ such that 2Kc® ™3 = ¢, 0 < ¢ < 22 2K. Theorem
7.3 gives us that G is amenable if there exists K such that for all f € B(G), we have the inequality
I fllBe) < K|l fllay(e)- We immediately get such an estimate and this completes the proof. O

7.2 Strong unitarizability and nuclearity

Another notion that is equivalent to amenability is strong unitarizablility, which means that the sim-
ilarity S may be picked such that it commutes with every unitary operator that commutes with the
range of m. This equivalence is proven in [P5|. Recall that a von Neumann algebra is a (unital) C*-
subalgebra of B(H) that is closed with respect to the weak operator topology. We will now follow
[BO, Ch. 2] to make some preparations. We will give some definitions

Definition 7.5. A map 6 : A — B is said to be nuclear if there exists nets of contractive completely
positive maps ¢y, : A = Mjy(,) and 1, : M,y — B such that

[9n 0 dn(a) — O(a)] = 0

for all a € A. A C*-algebra is said to be nuclear if the identity map is nuclear.

A natural problem is to determine whether or not particular classes of C*-algebras are nuclear. Any
finite dimensional C*-algebra A is nuclear as it is a norm closed subalgebra of B(C*) = M;,. We may
chose ¢,, as the inclusion map, and we may construct ¥, by

epqifepq €A

Vn(epq) = {

0 otherwise

for all n. Another important example is the class of commutative C*-algebras. By Gelfand’s theorem,
it suffices to show the following.

Proposition 7.6. Let X be a compact Hausdorf space. Then C(X) is nuclear.

Proof. We will follow the proof from [BO, Prop. 2.4.2]. Fix finite subset M C C(X) and € > 0.
By uniform continuity, there is a finite open cover {U;}? ; such that we for any 1 < ¢ < n have
that ||f(x) — f(y)|| < e for all f € M and all z,y € U;. We note that the set F' of finite subsets of
C(X) is a directed set with respect to inclusion. Let {o;}?; C C(X,][0,1]) be a partition of unity
subordinate to the open cover, meaning that for every i, we have supp(c;) C U; and > o; = 1. Pick
y; € U; arbitrarily. We define ¢p; : C(X) — C* by f — (f(y1),..., f(yn)). This map is unital and
even a *-homomorphism. It is completely positive as it is a positive map with it’s domain being a
commutative C*-algebra (see [P2, Thm. 3.11]). We define ¢p; : C* — C(X) by

(dh 7dn) — Zdloz
i=1
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This is a completely positive map by the same reason. It is unital as > ; o; = 1. We get that

n

15 =0 om (N = 1 Y 03) £ = Syl

i=1 i=1

= Z(f — f(wi))ail| (42)

<e Z o; =E€.
i=1
We get that the nets {¢}yer and {¢}prer are such that

Ilf =m0 on(f)I] — 0
for all f € C(X). O

We will now state a theorem that connects amenability of groups with nuclearity of group C*-algebras.
Theorem 7.7. Let G be a discrete group. Then G is amenable if and only if C5(G) is nuclear.

Before we prove this theorem, we will define L(G) as the closure of C3(G) C B(I*(G)) with respect to
the weak operator topology.

Proof. We will follow the relevant parts of the proof from [BO, Thm. 2.6.8]. If G is amenable, we get
that it admits Folner sets. We will look at the separable case. Let {E;} be a sequence of Folner sets,
in the inseparable case, we would consider a net instead. Let P, be the orthogonal projection of ?(G)
on span{d, : g € Ei}. It is clear that PyB(I*(G))Py can be identified with Mg, of complex matrices
indexed by Ej. We use e, , to denote the matrix with 1 at index (p,q) and 0 everywhere else. We

observe that
epq, if Sq=0p
€p,pAs€q,q = { >

0 otherwise
We get that Py =3 5 e, giving that
P\ Py = Z ep,p)\sequ = Z €p,s—1q-
P,q€EEL pEELNsE),

We now define the map ¢ : C{(G) — Mg, by z — PyxP,. We observe that it is completely
positive as if P,EZ) is the direct sum of ¢ copies of P, we get that (;5,(;)(X) = PIEZ)XP,EZ) = P,EZ)XP,S) ,
X € M;(Cx(@)). We define 9y, : Mg, — C5(G) by

1
€p.q — m}\p)\q—l .

We now want to prove that this is a completely positive map. By Choi’s theorem ([P2, Thm. 3.14]) it
suffices to show that (¥x(ep q))p,q IS a positive matrix. We get that

*

Al M

1 1
——(ApAZ =— . .
|Ek‘( P Q)P-q ‘Ek| . ' =

Ap] Mo

o1



We get that {As}seq spans a dense subspace of C5(G), giving that it suffices to show that ||As — ¢y 0
ok(Xs)|| = 0 for all s € G. We get that

Yr 0 P (Ns) = W( Z ep,slp)

peEERNsEy
1
pEERNsEy I K
. |E;€ N SEk|

As-
| Ek|

We now get

EpyNskEy
e — 0 A = | (1 - ')Asn
| Eg|

= (BB ) (44)

| |EkASEk)|
| Ek|

<| Asll =0,

completing the proof of the only if direction.

We now want to prove that G is amenable if C}(G) is nuclear. Let ¢, : C(G) — My, and
Yy My(ny — C5(G) be unital completely positive maps such that v, o ¢,, converges pointwise to the
identity map. By Arveson’s extension theorem, ¢, can be extended to a unital completely positive
map ¢, : B(I*(G)) = M. Let @, := 1, 0 ¢,. We get &,(z) — z for all z € C;(G). By
picking a cluster point in the point-ultraweak topology, we get a map ® : B(I?(G)) — L(G) such that
®|c;(g) = idos(c)- We define 7(x) := (20, d.). We note that this is a state and that 7(zy) = 7(yz) as

T(AS)A(T)) = (A($)A(r)de, Oe)
{1 ifsr=e (45)

0 otherwise

= (A()A(s)de, 0e) = T(A(r)A(s))-

We define m(f) := 7(®(f;)). The space [*°(G) can clearly be embedded in B(I1*(G)) by f — My,
where My is multiplication by f. By restricting this to {*°(G), we get a mean. We get that

Mg = f(s7)g(t) = f(s™ )g(ss™ ') = (M(s)MyA(s)")g.

One has

and
D(A(s)"A(s)) = R(A(s))"®(A(s))

as ® is the identity on C(G). By the same reasoning, we get that

B(A(s)"(A(5)")") = D(A(s)")P(A(s%)"

and
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We now use the second point of Proposition 6.6 to obtain that

D(A(s)MfA(s)") = ®(A(5))D(MfA(5)")

— B(A($))$(M7)DA(5)") = A(s)B(Mp)A(s)". (46)
We get that
m(A(s)f) = T(R(A(s)MfA(s)")) = T(A(s)R(Mf)A(s)") = T(®(My)) = m(f).
This proves that m is left invariant, and completes the proof that G is amenable.
O

In particular, this result gives that C%(F») is not nuclear. We can now state the following result that
is [P5, Thm. 1].

Theorem 7.8. A C*-algebra A is nuclear if and only if any completely bounded homomorphism w
is similar to a *-homomorphism and the similarity may be picked from the von Neumann algebra
generated by w(A).

Corrolary 7.9. Let G be a discrete group, then G is amenable if it is strongly unitarizable.

Proof. We will follow the proof from [P5, Corr. 3|. Let u : C}(G) — B(H) be a bounded homomor-
phism. Then 7 = u|¢ is uniformly bounded. We get that «(C5(G)) and 7(G) generate the same von
Neumann algebra as they generate the same C*-algebra. As G is strongly unitarizable, we may pick
the similarity S from the von Neumann algebra generated by 7(G). As S gives the similarity of u to

a *-homomorphism, the previous theorem gives that C}(G) is nuclear and hence G is amenable by
Theorem 7.7. O

8 Conclusions and a related problem

In this thesis, we have presented some theory about two different similarity problems. We have proven
the Dixmier-Day theorem that amenability implies unitarizablility, and we have given some statements
that are equivalent to amenability.

For C*-algebras, we have proven some results about the unitarizability of algebra homomorphisms and
some C*-algebras. There is, however, a related problem that was not covered. Recall that a derivation
is a linear map ¢ that follows the product rule §(ab) = §(a)b+ ad(b). A related problem to Kadison’s
problem asks whether any derivation A — B(H), where A is a C*-subalgebra of B(H), is inner ,
meaning that there exists T € B(H) such that d(a) = [a,T]. This is called the derivation problem [P4,
p-3]. In fact, the Kadison problem and the derivation problem are equivalent (see [P4, Thm. 10.1]).
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