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This dissertation concerns first-order theories of iterated positive truth and fix-
points over intuitionistic arithmetic in three respects: the strength of these the-
ories relative to the arithmetic base theories, relationships between theories of
positive fixpoints and compositional and disquotational truth for truth-positive
sentences, and a comparison with the classical case.

It is known that these theories over classical Peano arithmetic (PA) are mu-
tually interpretable and exceeds the strength of PA. Over intuitionistic Heyting
arithmetic (HA), on the other hand, finite iterations of strictly positive fixpoints
have been shown to be conservative.

After introducing the setting and presenting the earlier results, as well as the
technical tools, the main section of the dissertation can be roughly divided into
two parts. The first presents a novel proof of the conservativity result above. The
proof interprets the theories into the logic of partial terms where a realizability
interpretation is used to reduce the problem to fixpoints for almost negative op-
erator forms. A diagonal argument using a hierarchy of almost negative formulae
with corresponding partial satisfaction predicates yields the result.

The second part generalises the tri-interpretation result from the second para-
graph to intuitionistic theories, by proposing a new generalisation of positivity
called guarded positivity with the aim to better capture the behaviour of intuition-
istic implications and their interplay with transfinite iterations of truth and fix-
point predicates. As a corollary, these transfinite theories are stronger than HA.

A discussion of the results and the methods used concludes the dissertation.
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1 Introduction

Den första snön är vitast [...] Men alla brev skall brytas.
av allt som vindar drev. Var fråga få sitt svar.
En morgon ligger jorden, Och vargens gång skall läsas
beströdd med vita brev. av dem som ögon har.

Stig Dagerman, Den första snön (Dagsedel 10.11.50)

This dissertation concerns the properties of and relationship between positive
truth and fixpoints over intuitionistic arithmetic. There will be three intertwined
themes to this investigation: Firstly, the strength of these theories relative to the
arithmetic base theories; we will recall, and offer a novel proof of, the fact that the
theories of finite iterations of strictly positive fixpoints are conservative over (i.e.
prove the same arithmetic theorems as) Heyting arithmetic (HA). In so doing
we will also show that several related fixpoint theories are similarly conservative
over their arithmetic base theories, or conservative for a certain class of sentences.
We will also show that the same does not hold in general for transfinite itera-
tions of these theories. Secondly, a comparison between theories of iterations of
positive fixpoints and compositional and disquotational truth for truth-positive
sentences. This ties in heavily to the third theme, the comparison with the clas-
sical case. Of some importance in these discussions is the notion of a syntactical
embedding of a theory 𝛵1 in 𝛵2 (to the best of my knowledge a term introduced
by Fujimoto (2011)); a compositional function ℱ from the language ℒ𝛵1 to ℒ𝛵2
acting as the identity on the arithmetic language they have in common such that
𝛵2 ⊢ ℱ[𝛵1].1

The classical point of comparison comprises the theory of positive fixpoints
ÎD1, the compositional and type-free Kripke–Feferman theory for positive truth
KF (Kripke, 1975; Feferman, 1991; Cantini, 1989) and the uniformly disquota-
tional type-free truth-theory for truth-positive formulae PUTB (Cantini, 1989;
Halbach, 2009; Fujimoto, 2011), and iterations of these. It was shown by Can-
tini (1989), Halbach (2009) and Feferman (1991) that these theories are mu-
tually syntactically embedable and thus in particular have the same arithmetical

1 This is in fact slightly stronger than Fujimoto’s definition, since it also ensures that terms
are mapped to terms.
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theorems. The proof of this result will be an important inspiration for the estab-
lishment of similar results in intuitionistic logic presented herein.

The actual proof-theoretic strength of these classical theories was determined
by Feferman (1982); the result was extended by Jäger et al. (1999). It exceeds
that of Peano arithmetic (PA), the underlying arithmetic theory, and so in par-
ticular these theories are not conservative over their arithmetic base.

This starkly contrasts to the intuitionistic case, where the result mentioned
in the first paragraph, that finite iterations of strictly positive fixpoints are con-
servative over HA, was shown by Arai (2011), following a series of papers by
Buchholz (1997), Arai (1998) and Rüede and Strahm (2002); the latter in fact
establish a slightly stronger result for a particular case. However, the relation-
ships with theories of truth in the intuitionistic setting has, to the best of my
knowledge, remained unexplored.

To initiate such an investigation, I reprove Arai’s Theorem using methods
similar to those of Rüede and Strahm and arguments by Aczel (1977) and Fefer-
man (1991) (the arguments by Buchholz (1997) and Arai (1998) also have con-
nections to the argument I will provide), where the construction of a hierarchy
partial satisfaction predicate plays a major role. Subsequently turning to the
transfinite iterations of fixpoints, I introduce a variant of positivity (guardedly
positive formulae), define intuitionistic theories akin to the classical ÎD𝛼, PUTB𝛼
and KF𝛼 using this notion of positivity and prove that they are interpretable into
each other. As a corollary, neither these theories nor earlier conceptions (used by
e.g. Rüede and Strahm (2002)) of transfinite iterations of intuitionistic fixpoints
are conservative over their arithmetic base theories.

Some notes on the notation: We will specify the notation used throughout
the dissertation in Chapter 2. In this introductory chapter we will be less pre-
cise, just enough to carry the main points across. Therefore the notation in this
chapter differs slightly from that used in the rest of the dissertation.

1.1 The Kripke–Feferman theory of truth
Saul Kripke (1975) argued for a fixpoint semantics of truth to tackle the liar para-
dox. Later, Solomon Feferman (1991) considered reflective closures of theories.
One of these systems had one of Kripke’s constructions as a natural semantics.
This was isolated as the Kripke–Feferman theory of truth, KF (to the best of
my knowledge the term was first used for a variant theory by Reinhardt (1986)).
We will here present it in the axiomatisation given by Halbach (2014), which
in addition to PA with induction extended to the language including the unary
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relation symbol T has the following axioms:
KF1. ∀𝑠, 𝑡(Sent(𝑠 ====== 𝑡) → (T(𝑠 ====== 𝑡) ↔ [𝔳(𝑠) == 𝔳(𝑡)]))
KF2. ∀𝑠, 𝑡(Sent(𝑠 ====== 𝑡) → (T(¬¬¬𝑠 ====== 𝑡) ↔ ¬[𝔳(𝑠) == 𝔳(𝑡)]))
KF3. ∀𝑓(Sent(𝑓) → (T(¬¬¬¬¬¬𝑓) ↔ T(𝑓)))
KF4. ∀𝑓, 𝑔(Sent(𝑓∧∧∧ 𝑔) → (T(𝑓∧∧∧ 𝑔) ↔ T(𝑓) ∧ T(𝑔)))
KF5. ∀𝑓, 𝑔(Sent(𝑓∧∧∧ 𝑔) → (T(¬¬¬(𝑓∧∧∧ 𝑔)) ↔ T(¬¬¬𝑓) ∨ T(¬¬¬𝑔)))
KF6. ∀𝑓, 𝑔(Sent(𝑓∨∨∨ 𝑔) → (T(𝑓∨∨∨ 𝑔) ↔ T(𝑓) ∨ T(𝑔)))
KF7. ∀𝑓, 𝑔(Sent(𝑓∨∨∨ 𝑔) → (T(¬¬¬(𝑓∨∨∨ 𝑔)) ↔ T(¬¬¬𝑓) ∧ T(¬¬¬𝑔)))
KF8. ∀𝑣, 𝑓(Sent(∀∀∀𝑣𝑓) → (T(∀∀∀𝑣𝑓) ↔ ∀𝑥T(sub(𝑓, 𝑣, num(𝑥)))))
KF9. ∀𝑣, 𝑓(Sent(∀∀∀𝑣𝑓) → (T(¬¬¬∀∀∀𝑣𝑓) ↔ ∃𝑥T(sub(¬¬¬𝑓, 𝑣, num(𝑥)))))

KF10. ∀𝑣, 𝑓(Sent(∃∃∃𝑣𝑓) → (T(∃∃∃𝑣𝑓) ↔ ∃𝑥T(sub(𝑓, 𝑣, num(𝑥)))))
KF11. ∀𝑣, 𝑓(Sent(∃∃∃𝑣𝑓) → (T(¬¬¬∃∃∃𝑣𝑓) ↔ ∀𝑥T(sub(¬¬¬𝑓, 𝑣, num(𝑥)))))
KF12. ∀𝑡(Sent(T(𝑡)) → (T(T(𝑡)) ↔ [T(𝔳(𝑡))]))
KF13. ∀𝑡(Sent(T(𝑡)) → (T(¬¬¬T(𝑡)) ↔ ([T(¬¬¬𝔳(𝑡))] ∨ ¬[Sent(𝔳(𝑡))])))

where 𝔳 is a shorthand for the Σ1-definition of the evaluation function for closed
terms. The primitive connectives (of the object language) are ∧, ∨ and ¬ (whence
there are no clauses for → above). Evidently, this axiomatisation uses a single
predicate for truth. Other axiomatisations, e.g. Feferman (1991) and Reinhardt
(1986), use two different predicates T and F (for falsity); this is inessential, as
F(𝑥) can be defined as T(¬𝑥) in the above system. Also of little import is the
exact formulation of KF13, that is whether T(¬¬¬T(𝑡)) should be considered true
when the value of 𝑡 is not a sentence.

The intended semantics is obtained by observing that, since T only has posit-
ive occurrences to the right of ↔ in the above axioms, these axioms give rise to
a monotone function on subsets of the standard model of arithmetic, ℕ. That
is, given a partial interpretation 𝑆 ⊂ 𝜔 of T, we use a partial truth-schema, in
this case the strong Kleene schema, to form the set 𝑆′ of (codes of ) sentences that
will be true given that T is interpreted as 𝑆. This can be formulated as ‘updating
clauses’ for 𝑆, which are closely related to the axioms of KF. Because of the posit-
ivity of T in the latter, as stated above this updating will be a monotone operator
on 𝒫(𝜔), which for cardinality reasons (ℒ being countable) must have a (least)
fixpoint: starting from the empty set and iterating the operation through the or-
dinals would yield a perpetually increasing sequence of subsets otherwise. This
fixpoint, 𝔏, then yields a classical interpretation of T in KF (in Kripke’s termin-
ology (Kripke, 1975) closing off T), that is (ℕ, 𝔏) ⊧ KF. The same holds for the
other fixpoints of this operator, though additional properties vary. For instance,
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the least fixpoint 𝔏 is consistent, that is (ℕ, 𝔏) ⊧ ∀𝑓 Sent(𝑓) → ¬(T(𝑓)∧T(¬¬¬𝑓)),
whereas e.g. the greatest fixpoint𝔊 (or any fixpoint containing the (code of ) the
liar sentence 𝜆) instead satisfies (ℕ,𝔊) ⊧ T(⌜𝜆⌝) ∧ T(¬¬¬⌜𝜆⌝). One consequence
of the above construction is thus that KF’s external logic (the logic of T) and
internal logic (the logic under T) do not match, since the first is classical logic
and the second is the partial strong Kleene logic.

1.2 The classical fixpoint theories and their strength
The theory of 𝛼 times iterated inductively generated predicates (or equivalently
least positive fixpoints) over PA is denoted ID𝛼. In short, it states that there
is a predicate for every inductive definition, or equivalently that every positive
operator form (see 1.2.1 below for the definition) has a least fixed point. This
theory is well investigated; a general reference is (Buchholz et al., 1981). For
example, Buchholz (1981) determined the proof-theoretic ordinal of ID𝛼 and
compared it to those of certain intuitionistic variants. Also, note that this, in a
sense, axiomatises the reasoning in Kripke’s semantic construction of truth. We
will return to this point in the next section.

The theory of 𝛼 times iterated positive fixpoints (i.e. without a restriction on
them being least) is called ÎD𝛼.

Definition 1.2.1 (ÎD𝑛 and ÎDi
𝑛). Let 𝛲 be a fresh unary relation symbol. For

each positive operator form Φ in ℒPA, that is ℒPA(𝛲)-formula with exactly 𝑥 free
and only positive occurrences (i.e. in the scope of an even number of negation
symbols) of 𝛲, let IΦ be a new unary relation symbol and call the extension of
ℒPA by all these symbols ℒID1. The ℒID1-theory ÎD1 has the axioms of PA(ℒID1)
(i.e. Peano arithmetic with induction for all formulae of ℒID1) plus

∀𝑥( IΦ(𝑥) ↔ Φ(𝛲/ IΦ)) (1.1)

for all Φ as above.
Taking ℒID1 for ℒPA above, this definition can be iterated to yield ÎD2 in

ℒID2, ÎD3 in ℒID3 etc. ÎD<𝜔 is the union ⋃𝑛∈𝜔 ÎD𝑛 (in the language ℒID<𝜔 =
⋃𝑛∈𝜔 ℒID𝑛).

ÎDi
𝑛 etc. are the corresponding theories in intuitionistic logic, i.e. with ‘PA’

replaced by ‘HA’ and ‘positive’ replaced by ‘strictly positive’ above, the latter
meaning that 𝛲 does not occur in an antecedent of →.

The proof-theoretic ordinals of ÎD𝑛 were computed by Feferman (1982) (for
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finite 𝑛)2. Following Aczel (see (Aczel, 1977), though Feferman refers to an un-
published manuscript with the same title) who determined the strength of ÎD1
to be the same as that of Σ11-AC (choice for Σ11-formulae), that is 𝜑(𝜀0, 0), where
𝜑 is the binary Veblen function, and building on results of Feferman and Sieg
(1981), Feferman shows that the proof-theoretic ordinal of ÎD𝑛 is at most 𝛼𝑛,
where 𝛼0 = 𝜀0 and 𝛼𝑛+1 = 𝜑(𝛼𝑛, 0). To achieve this, Aczel’s argument (we will
present a similar argument under the name of Aczel’s trick below) is general-
ised, partly embedding the 𝑛-th level fixpoint predicate into the theory Σ11-AC.
By extending results by Feferman and Sieg (1981), Σ11-AC together with the
remaining fixpoint predicates can subsequently be embedded into QF-AC (the
theory of choice for quantifier-free formulae) in an infinitary calculus. A cut
elimination argument is then applied to eliminate QF-AC at the expense of a ‘𝜑
increase’ in depth. Applying the argument inductively yields the upper bound
when formalised.

Transfinite iterations of positive fixpoints are defined slightly differently. First,
fix a (primitive recursive) ordinal notation system and let ≺ be a symbol for the
corresponding well-order. The schema of transfinite induction up to 𝛼 for the
language ℒ, TI(⌈𝛼⌉, ℒ), is:

∀𝑎 ((∀𝑏 ≺ 𝑎𝜑(𝑏)) → 𝜑(𝑎)) → ∀v0 ≺ ⌈𝛼⌉𝜑
for all 𝜑 ∈ ℒ. Then

Definition 1.2.2 (ÎD𝛼). Let 𝛲 and 𝑄 be fresh unary relation symbols. For each
ℒPA(𝛲,𝑄)-formula Φ with exactly 𝑥 and 𝑎 free and only positive occurrences of
𝛲, let IΦ be a new unary relation symbol and call the extension ofℒPA by all these
symbols ℒfix

3. The ℒfix-theory ÎD𝛼 has the axioms of PA(ℒfix) plus the schema
TI(⌈𝛼⌉, ℒfix) plus all axioms

∀𝑎 ≺ ⌈𝛼⌉∀𝑥 (IΦ(⟨𝑎, 𝑥⟩) ↔
Φ(𝜆v0. IΦ(⟨𝑎, v0⟩), 𝜆v0.v0 == ⟨pl(v0), pr(v0)⟩ ∧ pl(v0) ≺ 𝑎 ∧ IΦ(v0)))

(1.2)

for all Φ as above. Here ⌈𝛼⌉ is the numeral of the code of the ordinal 𝛼 in the
notation system used.

Jäger et al. (1999) establish the proof theoretic ordinals4 of ÎD𝛼 for 𝛼 < Φ0,
2 The definition of proof-theoretic ordinal (of e.g. ÎD1) used in (Feferman, 1982) is the

least ordinal 𝛼 such that HA + TI(⌈𝛼⌉, ℒPA) proves ConÎD1
. Another definition will be

used below. (In these contexts this difference is of lesser importance.)
3 We will later use a variant ℒID of this language where the IΦ are binary.
4 The definition of proof-theoretic ordinal of 𝛵 used by Jäger et al. (1999) is the least ordinal
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the smallest ordinal closed under all 𝑛-ary Veblen-functions. For example, that
of ÎD𝜔 is Γ𝜀0 and that of ÎD𝜀0 is 𝜑(1, 𝜀0, 𝜀1) (𝜑 is here a ternary Veblen-function;
the exact value of this is unimportant in what follows). They note themselves
that the bound on 𝛼 is slightly arbitrary (i.e. they might have used a different
ordinal notation system to yield results for even larger ordinals), and since the
present dissertation is mainly concerned with methodology, rather than optimal
ordinal limits, we will not go into the notation system used, or the actual bounds
obtained except by way of example. The argument of Jäger et al. (1999) uses
roughly the following strategy: Letting 𝛿𝛼 denote the to-be-confirmed proof-
theoretic ordinal of ÎD𝛼, the lower bound is obtained by showing that a theory
akin to 𝛼-times iterated KF, therein called SRT𝛼 (for Self-Reflecting Truth), syn-
tactically embedable in ÎD𝛼, proves transfinite induction for all ordinals below
𝛿𝛼. That this is also an upper bound is verified via a cut-elimination argument
which establishes that if 𝜗 is arithmetical and is provable in ÎD𝛼, then 𝜗, con-
sidered as a Tait-style sequent, is also provable in an infinitary sequent calculus
with (essentially) only arithmetical axioms and rules, by a cut-free derivation of
depth less than 𝛿𝛼.

1.3 Tri-interpretation of classical disquotational truth,
compositional truth and positive fixpoints

Andrea Cantini (1989) proved that the axioms

∀𝑥⃗ (T(⌜𝜑⌝(num(𝑥⃗))) ↔ 𝜑(𝑥⃗)) for 𝜑 T-positive (1.3)

of the theory we will here call PUTB, the theory of positive uniform Tarski-
biconditionals (the name is used in (Halbach, 2009)), are provable in KF, as
well as that there is a syntactical embedding of ÎD1 in the same theory. From
this, Volker Halbach (Halbach, 2009) extracted that already PUTB syntactically
embeds ÎD1, but only presented a proof that PUTB syntactically embeds (the
particular fixpoint) KF. Since, as Solomon Feferman (1991) observed, KF is syn-
tactically embedable in ÎD1 (in the above wording of KF, it is even a subtheory;
compare this to Kripke’s semantic construction), these theories have the same
arithmetical consequences and the same proof-theoretic strength.

We will sketch the proof that PUTB syntactically embeds ÎD1 in a way sim-
ilar to later proofs in this dissertation. It will be apparent from this proof that
the same argument applies without the law of excluded middle and for strict

𝛾 for which there is no primitive recursive well-order (symbol) of order type 𝛾 (in the
standard model) along which 𝛵 proves transfinite induction.
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positivity, i.e. we even have a syntactical embedding of ÎDi
1 in PUTBi (which is

defined as PUTB but over HA and with ‘positive’ replaced by ‘strictly positive’,
see Chapter 5). Following Feferman (1982), we will call this kind of reasoning,
of which there will be several instances in this dissertation, Aczel’s trick:5

Let Φ(𝛲; 𝑥) be a positive operator form. Consider

𝜑(𝑥, 𝑑) = Φ(𝜆v0.T(𝑑(⌜𝑥⌝/num(v0))); 𝑥),

which is then a T-positive formula. By the Diagonal Lemma (see Chapter 3)
there is a T-positive formula 𝜓(𝑥) such that

PA ⊢ 𝜓(𝑥) ↔ 𝜑(𝑥, ⌜𝜓⌝).

We can now use this 𝜓 as the interpretation of IΦ, since

PA ⊢ 𝜓(𝑥) ↔ 𝜑(𝑥, ⌜𝜓⌝)
= Φ(𝜆v0.T(⌜𝜓⌝(⌜𝑥⌝/num(v0))); 𝑥)
↔ Φ(𝜆v0.𝜓(𝑥/v0); 𝑥)

by the Tarski-biconditional for 𝜓, as 𝜓 is positive in T. The arithmetical part of
the language is interpreted via the identity function.6

Kentaro Fujimoto (2011) extended these results to the transfinite. Surpris-
ingly, the argument that PUTB𝛼 syntactically embeds ÎD𝛼 is a straightforward
generalisation of the finite case, by a variation of Aczel’s trick, while the inter-
pretation of PUTB𝛼 in KF𝛼 is more involved. The problem is T-evaluating state-
ments like 𝜎 ≺ 𝑛 ∧ T(𝜎, 𝜏) at level 𝑛, since KF𝛼 would need to know that both
conjuncts are ‘in ℒ⪯𝑛’ to distribute T(𝑛, ⋅) over the conjunction. To handle these
issues, the interpretation uses a primitive recursive function 𝑓 and its formal
counterpart f to prepend every T(𝑏, ⋅) by T(𝑎, ⋅), where 𝑎 is the previously used
level in the nesting of T. For the above example, this would mean that

T(𝑛, ⌜𝜎 ≺ 𝑛 ∧ T(𝜎, 𝜏)⌝)

is interpreted as

T(𝑛, ⌜𝜎 ≺ 𝑛 ∧ T(𝑛, num(⌜T(𝜎, f(𝜏, 𝜎))⌝))⌝)

which can be (correctly) evaluated by KF𝛼. While this argument has a classical

5 Aczel’s argument in Aczel (1977) concerned Σ1
1-AC using a defined satisfaction predicate,

though we will use this terminology for all arguments of this general form.
6 A more detailed presentation of this kind of argument will be given in Section 1.6, as well

as in Chapter 3
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flavour, it in fact only uses excluded middle for the atomic (i.e. primitive recurs-
ive) 𝜎 ≺ 𝑛.

1.4 Arai’s Theorem
Now turning to the treatments of intuitionistic theories, here first follows a sum-
mary of the proof by Toshiyasu Arai (2011) of the conservativity of ÎDi

𝑛 and
ÎDi

<𝜔 over HA. Since a novel proof of this result is one main contribution of
this dissertation, we present the proof in some detail. The main argument is by
induction on 𝑛, with ÎDi

0 = HA being immediate.
Suppose D0 is an ÎDi

𝑛+1-derivation of the ℒID𝑛-sentence 𝜑0. Fix a natural
number 𝛮 large enough so that all formulae and all operator forms of fixpoint
predicates occurring in D0 have complexity (here defined as number of occur-
rences of logical connectives) strictly less than 𝛮. In terms of a standard Gödel-
numbering, that D0 is such a derivation is a Σ1-statement, whence

PA ⊢ PrfÎDi
𝑛+1
(⌜D0⌝, ⌜𝜑0⌝)

by Σ1-completeness, and consequently

HA ⊢ PrfÎDi
𝑛+1
(⌜D0⌝, ⌜𝜑0⌝)

since PA is Π2-conservative over HA. The corresponding properties of the
complexity-bound 𝛮 are likewise provable in HA. Let ℑ be the (finite) set of all
fixpoint-predicates which occur in D0; ℑ𝑘 is the restriction to ℒID𝑘 (ℒID0 being
ℒHA, so ℑ0 is empty). The reasoning now proceeds roughly in three steps. The
first two of these are performed informally in HA (and we thus omit mention-
ing the coding); in the numbering of (Arai, 2011) these are Proposition 4 and
Theorem 8. The final part is the proof of Theorem 1 following Theorem 8.

1.4.1 Partial cut-elimination in an infinitary sequent calculus

First, an 𝜔-branching sequent calculus with cut for ÎDi
𝑛+1 is introduced in which

all sequents consist of sentences. More precisely, (L∃) and (R∀) are 𝜔-rules, and
there are left and right rules for the fixpoint-predicates in ℑ. In addition, since
all occurring terms are closed we identify them with the numerals of their values.
The remaining rules are more standard. The calculus is given in full below.

Definition 1.4.1 (Infinitary sequent calculus ÎDi∞
𝑛+1). Below, Γ is a finite set of

sentences, 𝑘 ≠ 𝑚 are arbitrary natural numbers, 𝑅 is a unary predicate symbol,



introduction • 9

and 𝜑, 𝜓 and 𝜗 are sentences (unless free variables are explicitly indicated, like
𝜓(𝑥) below).

Initial sequents

Γ, 𝛲(𝑘) ⇒ 𝛲(𝑘) Γ, 𝑘 == 𝑚 ⇒ 𝜑 Γ ⇒ 𝑘 == 𝑘

Rules

Γ, IΦ(𝑘), Φ(IΦ; 𝑘) ⇒ 𝜑
(LI) (IΦ ∈ ℑ)

Γ, IΦ(𝑘) ⇒ 𝜑
Γ ⇒ Φ(IΦ; 𝑘)(RI) (IΦ ∈ ℑ)
Γ ⇒ IΦ(𝑘)

Γ, 𝜓 ∨ 𝜗, 𝜓 ⇒ 𝜑 Γ, 𝜓 ∨ 𝜗, 𝜗 ⇒ 𝜑
(L∨) Γ, 𝜓 ∨ 𝜗 ⇒ 𝜑

Γ ⇒ 𝜓/𝜗(R∨)l/r Γ ⇒ 𝜓 ∨ 𝜗

Γ, 𝜓 ∧ 𝜗, 𝜓/𝜗 ⇒ 𝜑(L∧)l/r Γ, 𝜓 ∧ 𝜗 ⇒ 𝜑
Γ ⇒ 𝜓 Γ ⇒ 𝜗

(R∧) Γ ⇒ 𝜓 ∧ 𝜗

Γ, 𝜓 → 𝜗 ⇒ 𝜓 Γ, 𝜓 → 𝜗, 𝜗 ⇒ 𝜑
(L→) Γ, 𝜓 → 𝜗 ⇒ 𝜑

Γ, 𝜓 ⇒ 𝜗
(R→) Γ ⇒ 𝜓 → 𝜗

⋯ Γ, ∃𝑥𝜓(𝑥), 𝜓(𝑙) ⇒ 𝜑 ⋯ (𝑙 ∈ ℕ)
(L∃) Γ, ∃𝑥𝜓(𝑥) ⇒ 𝜑

Γ ⇒ 𝜓(𝑘)
(R∃) Γ ⇒ ∃𝑥𝜓(𝑥)

Γ, ∀𝑥𝜓(𝑥), 𝜓(𝑘) ⇒ 𝜑
(L∀) Γ, ∀𝑥𝜓(𝑥) ⇒ 𝜑

⋯ Γ ⇒ 𝜓(𝑙) ⋯ (𝑙 ∈ ℕ)
(R∀) Γ ⇒ ∀𝑥𝜓(𝑥)

Γ ⇒ 𝜓 Γ, 𝜓 ⇒ 𝜑
(Cut) Γ ⇒ 𝜑

Embedding the derivation D0 into a derivation D1 of the sequent ⇒ 𝜑0 in
this calculus will ’get rid’ of the induction axioms, since these become instances
of (R∀). A standard argument shows that D1 has depth less than 𝜔2 and no
sentences of complexity 𝛮 or greater occur in it. Another standard argument,
by partial cut-elimination, shows that given D1 there is a derivation D2 of depth
less than 𝜀0 in this infinitary calculus of⇒ 𝜑0 in which all cut-formulae are of the
form IΦ(𝑘), where IΦ ∈ ℑ, and no sentences of complexity 𝛮 or greater occur.7

7 From an external perspective, D2 has depth strictly less than 𝜀0, so HA can still handle
it. From the perspective internal to HA, this is of course part of what it means that a
derivation such as D2 exists.
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1.4.2 Quick (partial) cut-elimination of ℒID𝑛+1-cuts

This is the main part of the argument. This is again by partial cut-elimination,
showing that it is possible to eliminate also the top-tier fixpoint cuts, i.e. cuts
on IΦ(𝑘) with IΦ ∈ ℑ𝑛+1 ∖ ℑ𝑛, at the cost of a double exponential increase in
depth and the possible addition of new ℒID𝑛 cuts (of complexity less than 𝛮).
Technically, we do a multicut-elimination of ℒID𝑛+1-cuts, since the ‘eliminated’
cut formulae need to be brought along and manipulated in the proof. These
technicalities are collected in

Lemma 1.4.2 (Lemma 9 of (Arai, 2011)). Suppose Θ = {𝜗𝑖}𝑘𝑖=1 is a sequence of
sentences of complexity less than𝛮 which are strictly positive in the top-tier fixpoint
predicates (i.e. those corresponding to ℑ𝑛+1 ∖ ℑ𝑛). Assume there exists infinitary
derivations of the sequence of sequents Γ ⇒ 𝜗𝑖 wherein all cut-sentences are in ℒID𝑛,
and an infinitary derivation of Δ,Θ ⇒ 𝜑 wherein all cut-sentences are strictly
positive in the top-tier fixpoint predicates, such that in all these derivations every
sentence is in ℒID𝑛+1 ↾ ℑ and has complexity less than𝛮. Then there is an infinitary
proof ofΔ, Γ ⇒ 𝜑wherein all cuts are inℒID𝑛, all sentences have complexity less than
𝛮 and whose depth is bounded by a double exponential expression in the original
derivations’.

The desired end-result is when 𝜑 = 𝜑0 and Γ, Δ and Θ initially are all empty.
From a procedural perspective the machinery of the lemma runs roughly as fol-
lows: Starting with emptyΘ, we perform a left-first (the only place where the or-
der matters is the branches of a cut on a ℒID𝑛+1-formula) search upwards through
each branch in the proof-tree D2 of ⇒ 𝜑0 for the first cut on a fixpoint atom
𝜗1 = IΦ(𝑘) ∉ ℒID𝑛, or termination in an initial sequent. In case we find such a
cut we thus have subderivations D𝑙 and D𝑟 of Δ ⇒ 𝜗1 and Δ, 𝜗1 ⇒ 𝜑0, respect-
ively, for some Δ (the rules passed during the search may have added formulae to
the left). The lemma is then inductively applied to eliminate the non-ℒID𝑛 cuts
of the left subderivation D𝑙 (i.e. with Θ empty and 𝜗1 as the 𝜑 in the lemma),
and then again with new inputs the cut-eliminated derivation D′

𝑙 of Δ ⇒ 𝜗1
and the right subderivation D𝑟 of Δ, 𝜗1 ⇒ 𝜑0 (i.e. with 𝜗1 as the new sequence
Θ). The former is performed by continuing the search in D𝑙 for the next (non-
ℒID𝑛) cut in the same way as before, introducing a branching and a new local
extension of Θ in the right branches. When this is finished with D′

𝑙 above, in
the right branch D𝑟 the search upwards continues for either a new (non-ℒID𝑛)
cut (branching and extending as above) or a rule where 𝜗1 is the active formula
(i.e. an instance of (LI)); for the sake of this example we will assume that no
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cuts occur in D𝑟 below this (LI). When the latter is found, we start searching
upwards in D′

𝑙 after the corresponding right rule (RI) introducing 𝜗1 = IΦ(𝑘).
This has as immediate subderivation D′′

𝑙 of Γ ⇒ Φ(IΦ; 𝑘), for some Γ, with only
ℒID𝑛 cuts. But now, we can get our desired end-result by continuing the search
throughD𝑟 with 𝜗2 = Φ(IΦ; 𝑘) added toΘ. Now there are a lot more options for
the rules introducing Φ(IΦ; 𝑘) on the left/right respectively, but the remaining
interesting case occurs when Φ (or some of its subformulae added to Θ during
the process) is an implication 𝜗𝑖 = 𝐿 → 𝑅; the other cases are treated standardly.
In this case we can find derivations of Γ, 𝐿 ⇒ 𝑅 with only ℒID𝑛-cuts (immedi-
ately to be followed by (R→)), Δ,Θ ⇒ 𝐿 and Δ,Θ, 𝑅 ⇒ 𝜑 (immediately to
be followed by (L→)), for some Γ, Δ and 𝜑 as in the formulation of the lemma.
Since Φ and all its subformulae are strictly positive, so is 𝑅, and 𝐿 only contains
symbols from ℒID𝑛 ! Thus we can continue the elimination in the two subderiva-
tions, the first that of Δ,Θ ⇒ 𝐿, with the same Γ and Θ, and the second that of
Δ,Θ, 𝑅 ⇒ 𝜑, using Γ, 𝐿 ⇒ 𝑅 to ‘add’ 𝐿 to Γ and 𝑅 = 𝜗𝑖+1 toΘ in the latter case.
When these eliminations are concluded we thus have derivations of Δ, Γ ⇒ 𝐿
and Δ, Γ, 𝐿 ⇒ 𝜑 with only ℒID𝑛-cuts, whereupon we can perform a ℒID𝑛-cut on
𝐿 to achieve a derivation of Δ, Γ ⇒ 𝜑 with no ℒID𝑛+1-cuts. Thus this procedure
is heavily dependent on the assumption of strict positivity.

Because of a ‘subformula property’ (all formulae in the resulting derivation
D3 are subformulae of the end-sequent ⇒ 𝜑0, the cut-formulae of D3 or the
operator forms Φ for IΦ ∈ ℑ occurring in D3), all occurring sentences in D3 are
in ℒID𝑛 ↾ ℑ and have complexity less than 𝛮. The length of D3 is bounded by
33𝛼, where 𝛼 < 𝜀0 is the length of D2.

1.4.3 Invocation of truth

The above shows that HA ⊢ PrfÎDi∞
𝑛+1
(⌜D3⌝, ⌜⇒ 𝜑0⌝) and similar statements

about the length of D3, it’s contents, and their constituent symbols and com-
plexity. It follows that ÎDi

𝑛 shows these statements as well. Let Trℑ𝑛𝛮 be a defined
partial truth-predicate for ℒID𝑛-sentences with complexity less than 𝛮 and fix-
point predicates only fromℑ. This is possible since the latter is finite. By transfin-
ite induction in ÎDi

𝑛 up to the bound on the depth of D3 (well within reach) we
can prove soundness, more specifically ÎDi

𝑛 ⊢ Trℑ𝑛𝛮 (⌜𝜑0⌝). By disquotationality
of Trℑ𝑛𝛮 we have ÎDi

𝑛 ⊢ 𝜑0.

By the main induction hypothesis on 𝑛, it follows that HA ⊢ 𝜑0.
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1.5 Rüede and Strahm’s result on partial conservativity for
transfinitely iterated intuitionistic fixpoints

The argument for the conservativity of ÎDi
𝑛 presented in this dissertation will

have closer connections to the earlier partial conservativity argument of Chris-
tian Rüede and Thomas Strahm (Rüede and Strahm, 2002), which in a sense
combines the use of a realizability interpretation like Buchholz (1997) with a
variant of Aczel’s trick as by Arai (1998). We will therefore outline Rüede and
Strahm’s argument, which shows that ÎDi

𝛼 is conservative over ACA−i
𝛼 (𝛼 times

iterated arithmetic comprehension without set parameters in intuitionistic logic)
for all negative and Π2 arithmetic sentences, from which the corresponding res-
ult for ÎDi

𝑛 and HA follows (since ACA−i
𝑛 is interpretable in HA). Like the proof

in (Arai, 2011), this proof is divided into three parts, the middle being the central
one. ÎDi

𝛼 is here defined like ÎD𝛼 earlier, with the language ℒfix (see Definition
1.2.2) for binary operator forms Φ(𝛲,𝑄; 𝑥, 𝑎) which are strictly positive in 𝛲,
for unary 𝛲 and 𝑄:

Definition 1.5.1 (ÎDi
𝛼 and ACA−i

𝛼 ). ÎDi
𝛼 is HA(ℒfix) plus TI(⌈𝛼⌉, ℒfix) plus all

axioms

∀𝑎 ≺ ⌈𝛼⌉∀𝑥 (IΦ(⟨𝑎, 𝑥⟩) ↔
Φ(𝜆v0. IΦ(⟨𝑎, v0⟩), 𝜆v0.v0 == ⟨pl(v0), pr(v0)⟩ ∧ pl(v0) ≺ 𝑎 ∧ IΦ(v0)))

(1.4)

for all Φ(𝛲,𝑄; 𝑥, 𝑎) which are strictly positive in 𝛲.
ACA−i

𝛼 , the intuitionistic theory of 𝛼-times iterated arithmetic comprehen-
sion without set parameters, is defined in the language ℒACA− adding fresh unary
predicates HΨ to ℒHA for each formula Ψ(𝑄; 𝑥, 𝑎) (NB: these do not need to be
positive in 𝑄). It consists of HA(ℒACA−) plus TI(⌈𝛼⌉, ℒACA−) plus all axioms

∀𝑎 ≺ 𝛼∀𝑥 (HΨ(⟨𝑎, 𝑥⟩) ↔
Ψ(𝜆v0.v0 == ⟨pl(v0), pr(v0)⟩ ∧ pl(v0) ≺ 𝑎 ∧ HΨ(v0)))

(1.5)

for all Ψ(𝑄; 𝑥, 𝑎) as above. ACA−
𝛼 is ACA−i

𝛼 in classical logic.

1.5.1 Realizability interpretation

The first step of their argument is a realizability interpretation, reducing ÎDi
𝛼 to

ÎDi
𝛼(acc), the subtheory of ÎDi

𝛼 with (1.4) only for accessibility operator forms, i.e.
operator forms of the form 𝜑(𝑥, 𝑎) ∧ ∀𝑦(𝜓(𝑥, 𝑎, 𝑦) → 𝛲(𝑦)) for formulae 𝜑, 𝜓
without occurrences of 𝛲. In this they heavily rely on (Buchholz, 1981, §6);
there the argument is performed for theories of least fixed points of strictly posit-
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ive operator forms, but the main reduction associating an accessibility operator
form to a strictly positive one is (essentially) the same: first Kleene’s realizability
by numbers, r, is extended to ℒHA(𝛲,𝑄) in the following way

𝜏 r𝛲(𝜎) is 𝛲(⟨𝜎, 𝜏⟩)
𝜏 r𝑄(𝜎) is 𝑄(⟨⟨pl(𝜎), pr(𝜏)⟩, pr(𝜎)⟩).

where pl and pr are the left and right projections, respectively, of the pairing
function ⟨⋅, ⋅⟩. Then it is shown that pr(𝑥) rΦ(𝛲,𝑄; pl(𝑥), 𝑎) is equivalent to
an accessibility operator form Φ+(𝛲,𝑄; 𝑥, 𝑎), and subsequently realizability is
extended to fixpoint predicates as well with the definition

𝜏 r IΦ(𝜎) is IΦ+(⟨⟨pl(𝜎), 𝜏⟩, pr(𝜎)⟩).

Then it is possible to show ÎDi
𝛼 ⊢ 𝜑 ⇒ ÎDi

𝛼(acc) ⊢ ∃𝑥(𝑥 r𝜑), and since almost
negative formulae are self-realizing in HA (see e.g. (Troelstra and van Dalen,
1988a, section 4.4)) we get their Theorem 2: ÎDi

𝛼 is conservative over ÎDi
𝛼(acc)

for almost negative sentences of ℒHA.

1.5.2 Syntactical embedding using Aczel’s trick

The second part of the argument is a syntactical embedding of the classical theory
ÎD𝛼(acc) into ACA−

𝛼 preserving arithmetic formulae. This is a variant of Aczel’s
trick inspired by the similar arguments by Aczel (1977) and Feferman (1982),
and thus has similarities with the ones of Cantini (1989), Feferman (1982, 1991)
and Halbach (2009) presented in Section 1.3 above. Given an accessibility op-
erator form

Φ(𝛲,𝑄; 𝑥, 𝑎) = 𝜑(𝑥, 𝑎) ∧ ∀𝑦(𝜓(𝑥, 𝑎, 𝑦) → 𝛲(𝑦))
without 𝛲 in 𝜑, 𝜓, chose 𝑛 ∈ ℕ so that 𝜑 is PA(ℒHA(𝑄))-equivalent to a Π𝑛-
formula, and 𝜓 is PA(ℒHA(𝑄))-equivalent to a Σ𝑛-formula. Now, it follows by
diagonalisation and the existence of Π𝑛 satisfaction predicates, as constructed
for example by Hájek and Pudlák (1993) or Kaye (1991), that for each arity 𝑙
there is an (𝑙 + 1)-ary universal predicate for Π𝑛-formulae in PA(ℒHA(𝑄)), that
is aΠ𝑛-formula 𝜉(𝑄; 𝑢, 𝑥⃗) such that for anyΠ𝑛-formula 𝜒(𝑄; 𝑥⃗) there is a 𝑘 ∈ ℕ
with

PA(ℒHA(𝑄)) ⊢ 𝜉(𝑄; 𝑘, 𝑥⃗) ↔ 𝜒(𝑄; 𝑥⃗).
(Note that it follows that for any first-order language extension PA(ℒ) of
PA(ℒHA) and any formula 𝜗 ∈ ℒ, PA(ℒ) ⊢ 𝜉(𝜆v0.𝜗; 𝑘, 𝑥⃗) ↔ 𝜒(𝜆v0.𝜗; 𝑥⃗) since
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there are no specific axioms for 𝑄 in PA(ℒHA(𝑄)).) Letting 𝜉(𝑄; 𝑢, 𝑥, 𝑦, 𝑧) be
the quaternary universal Π𝑛-formula, they then consider the formula

𝜑(𝑥, 𝑎) ∧ ∀𝑦(𝜓(𝑥, 𝑎, 𝑦) → 𝜉(𝑄; 𝑢, 𝑢, 𝑦, 𝑎)),

i.e. Φ with 𝛲(𝑦) replaced by 𝜉(𝑄; 𝑢, 𝑢, 𝑦, 𝑎). Note that the result is equivalent in
PA(ℒHA(𝑄)) to a Π𝑛-formula, and does not contain 𝛲. Hence there is a 𝑘 ∈ ℕ
with

PA(ℒHA(𝑄)) ⊢ 𝜉(𝑄; 𝑘, 𝑢, 𝑥, 𝑎)
↔ 𝜑(𝑥, 𝑎) ∧ ∀𝑦(𝜓(𝑥, 𝑎, 𝑦) → 𝜉(𝑄; 𝑢, 𝑢, 𝑦, 𝑎));

in particular this holds if 𝑢 is replaced by 𝑘. They thus define Ψ(𝑄; 𝑥, 𝑎) =
𝜉(𝑄; 𝑘, 𝑘, 𝑥, 𝑎) and chose HΨ, given in the definition of ACA−

𝛼 , as the interpret-
ation of IΦ, whence the corresponding hierarchy axiom of ACA−

𝛼 is

∀𝑎 ≺ ⌈𝛼⌉∀𝑥 (HΨ(⟨𝑎, 𝑥⟩) ↔ 𝜉(𝜆v0.𝜂(v0); 𝑘, 𝑘, 𝑥, 𝑎)).

where 𝜂(v0) is v0 == ⟨pl(v0), pr(v0)⟩ ∧ pl(v0) ≺ 𝑎 ∧ HΨ(v0). Since

PA(ℒACA−) ⊢ 𝜉(𝜆v0.𝜂(v0); 𝑘, 𝑘, 𝑥, 𝑎) ↔ (𝜑(𝜆v0.𝜂(v0); 𝑥, 𝑎)
∧ ∀𝑦(𝜓(𝜆v0.𝜂(v0); 𝑥, 𝑎, 𝑦)
→ 𝜉(𝜆v0.𝜂(v0); 𝑘, 𝑘, 𝑦, 𝑎)))

by above, we get

ACA− ⊢ ∀𝑎 ≺ ⌈𝛼⌉∀𝑥

(HΨ(⟨𝑎, 𝑥⟩)

↔ (𝜑(𝜆v0.𝜂(v0); 𝑥, 𝑎)
∧ ∀𝑦(𝜓(𝜆v0.𝜂(v0); 𝑥, 𝑎, 𝑦) → 𝜉(𝜆v0.𝜂(v0); 𝑘, 𝑘, 𝑦, 𝑎)))

↔ (𝜑(𝜆v0.v0 == ⟨pl(v0), pr(v0)⟩ ∧ pl(v0) ≺ 𝑎 ∧ HΨ(v0); 𝑥, 𝑎)
∧ ∀𝑦(𝜓(𝜆v0.v0 == ⟨pl(v0), pr(v0)⟩ ∧ pl(v0) ≺ 𝑎 ∧ HΨ(v0); 𝑥, 𝑎, 𝑦)

→ HΨ(⟨𝑎, 𝑦⟩)))),

which shows that the fixpoint axiom for Φ is satisfied by HΨ for IΦ. This yields
their Theorem 3: that ÎD𝛼(acc) is conservative over ACA− for arithmetic formu-
lae.
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1.5.3 Classical conservativity for arithmetic

Finally, a classical conservativity argument is applied; it turns out that the con-
servativity for negative and Π2-sentences of arithmetic of PA over HA extends
to ACA−

𝛼 over ACA−i
𝛼 ; this is Theorem 1 of (Rüede and Strahm, 2002). Together

with the two theorems outlined above, this shows Theorem 4: that ÎDi
𝛼 is con-

servative over ACA−i
𝛼 for negative andΠ2-sentences of arithmetic, since these are

in particular almost negative.

1.6 An initial observation and outline of dissertation
Returning to this dissertation, Aczel’s trick yields a preliminary observation.

Definition 1.6.1. The theory ÎD1(Σ1) has the axioms of PA plus (1.1) for all
𝛲-positive Σ1-formulae Φ.

Remark 1.6.2. Observe that if Φ is as above and 𝜗 is a Σ1-formula with exactly
one free variable, then replacing 𝛲(𝜏) by 𝜗(𝜏) in Φ yields again a Σ1-formula.

Proposition 1.6.3. ÎD1(Σ1) is conservative over PA.

Proof. Let 𝔖𝔞𝔱Σ1 be a definable Σ1 satisfaction predicate for Σ1-formulae in PA
(see e.g. (Hájek and Pudlák, 1993) or (Kaye, 1991)). Let Φ be a Σ1-formula
with exactly 𝑥 free and only positive occurrences of 𝛲. Let

𝜑 = Φ(𝜆v0.𝔖𝔞𝔱Σ1([⌜𝑥⌝ ↦ v0], 𝑑)),
where [⌜𝑥⌝ ↦ v0] is the (formal) variable assignment which assigns the value of
v0 to the variable 𝑥. Note that 𝜑 is Σ1 by the above remark, and has only 𝑥 and
(possibly) 𝑑 free. By the Diagonal Lemma there is a Σ1-formula 𝜓 with

PA ⊢ 𝜓 ↔ 𝜑(𝑑/⌜𝜓⌝)
and exactly 𝑥 free. Define an interpretation ℱ which is compositional, fixes the
language of PA and for each Φ as above and term 𝜏 has

ℱ(IΦ(𝜏)) = 𝜓(𝑥/𝜏).
Now we have that

PA ⊢ ℱ(IΦ(𝑥)) ↔ 𝜓
↔ 𝜑(𝑑/⌜𝜓⌝)
↔ Φ(𝛲/𝜆v0.𝔖𝔞𝔱Σ1([⌜𝑥⌝ ↦ v0], ⌜𝜓⌝))
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↔ Φ(𝛲/𝜆v0.𝜓(𝑥/v0))
↔ Φ(𝛲/𝜆v0.ℱ(IΦ(v0))
↔ ℱ(𝛲/𝜆v0. IΦ(v0)))

which by compositionality of ℱ yields the interpretation of the fixpoint-axiom
for Φ. Hence PA syntactically embeds ÎD1(Σ1).

Remark 1.6.4. The argument works the same for Σ1 replaced by Π1.

We also note that the definition of KF as a fixpoint is possible with a Π2-
formula, and this is not conservative since KF has the full strength of ÎD1, by
Section 1.3 (or by a direct argument, KF ⊢ ConPA). Hence there are conservative
theories in between ÎD1(Σ1) and ÎD1(Π2); are there any ‘natural’ such, apart
from (and ‘weaker than’) KF?

Taking the above observation as the starting point, this dissertation is struc-
tured as follows. In a way similar to Buchholz (1981) and Rüede and Strahm
(2002) a realizability interpretation is used to reduce the complexity of formu-
lae, in this case to almost negative ones. In order to prove Arai’s Theorem, a
result due to van den Berg and van Slooten (2018) is utilised: that for realizab-
ility in Heyting arithmetic over Beeson’s logic of partial terms (Beeson, 1985),
adding the schema of self-realizability for arithmetical formulae yields a conser-
vative extension of (ordinary) Heyting arithmetic. A summary of these results
is given in Chapter 2, following a presentation of the technical and notational
preliminaries. For a proof by Aczel’s trick, a hierarchy of almost negative for-
mulae with corresponding satisfaction predicates is utilised. Both of these are
presented in Chapter 3. The subsequent Chapter 4 contains the application of
Chapters 2 and 3 to yield Arai’s Theorem. We then turn to transfinite iterations
of fixpoint-theories, similar to those of Rüede and Strahm (2002). Chapter 5 in-
troduces a hierarchy of truth-theories defined as fixpoints and generalises the tri-
interpretation results of Cantini (1989), Halbach (2009), Feferman (1991) and
Fujimoto (2011) to the intuitionistic setting using slightly tweaked definitions
of ÎDi

𝛼 and PUTBi
𝛼 with the aim to better capture the behaviour of intuitionistic

implication. Comparing these hierarchies to ÎDi
𝛼, we get as a corollary that the

latter is not conservative over HA + TI(⌈𝛼⌉, ℒPA). The dissertation concludes
with a summary of the results and discussions on seeming conflicts within the
arguments or with the literature, as well as on earlier uses of similar notions and
on the transfinite fixpoint theories; these discussions constitute Chapter 6.

The results of Chapters 3 and 4 for ÎDi
1 have been previously published in

(Granberg Olsson and Leigh, 2024).



2 Preliminaries
Dubbelt nit ska ont fördubbla.

William Shakespeare,
The Tragedy of Macbeth,
translated by Britt G Hallqvist

In this chapter we fix the notation and the basic theories of this dissertation,
so to speak the tools of the thesis. The basic languages and arithmetic theories
employed are introduced in Section 2.1. The construction of symbols for the
recursive and primitive recursive functions, yielding an exact specification of the
language of primitive recursive arithmetic, is the content of Section 2.2. Section
2.3 deals with results concerning the theory HAP in the logic of partial terms
LPT, which we will rely heavily upon in Chapters 3 – 4. Section 2.4 finally
deals with results on Kleene-realizability in the context of HAP. The contents
of 2.3 – 2.4 mainly follow (van den Berg and van Slooten, 2018), augmented
by (Beeson, 1985), (Troelstra and van Dalen, 1988b) and (to some degree) (van
Slooten, 2014).

2.1 Preliminaries
Since we use largely the same tools and notations as in (Granberg Olsson and
Leigh, 2024) (which is based on an early draft of Chapters 3 and 4 of this disser-
tation), the present chapter will contain many notational conventions and results
contained therein, to the point where the formulations are very similar (if not
downright the same). However, in this thesis we will be more meticulous about
keeping track of bound variables, and therefore conventions regarding these, and
several related results, will be added.

Our base languages will be ℒHA, ℒPRA and ℒHAP, all of which will contain
the quantifiers ∀ and ∃, the connectives ∧, ∨ and →, the propositional constant
⊥ and the equality relation symbol == as logical symbols (note that the formal
equals sign == is slightly longer than the meta, or ‘real’, equals sign =). ℒHA, the
language of Heyting arithmetic, in addition to the above contains the constant
symbol 0 and the function symbols S, + and ×, from which numerals will be
constructed in the usual way (0 = 0, 𝑛 + 1 = S(𝑛)) in all languages extending
ℒHA. ℒPRA, the language of primitive recursive arithmetic, contains the symbols
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of ℒHA and in addition function symbols for every primitive recursive function
definition (in the term-calculus introduced in Section 2.2; note that this entails
that there are new symbols for successor, addition and multiplication in addi-
tion to those inherited from ℒHA); some particular symbols we will use are the
pairing function p and the corresponding left and right projections pl and pr,
as well as the sequence coding function ⟨⟩ with the corresponding projections
⟨⟩𝑖. Names of other functions will often be self-explanatory. The final language
is the language of Heyting arithmetic with partial terms, ℒHAP, which contains
the symbols of ℒHA and in addition the constant symbols k, s, pl, pr, p, succ,
r and the binary function symbol ⋅. The intended reading is that the constants
are combinators (we will call them pure combinators) and that ⋅ is application;
we will go into this in more detail in Section 2.3. Since ⋅ will occur more fre-
quently than × we will often abbreviate it by juxtaposition and let × be written
out, and to lessen the clutter of parentheses ⋅ will be assumed to associate to the
left, so that 𝑥 ⋅ 𝑦 ⋅ 𝑧 means (𝑥 ⋅ 𝑦) ⋅ 𝑧.

We will mainly work in an unspecified language ℒ which extends the lan-
guage ℒPRA or ℒHAP (which of them will be clear from the context) by some
unspecified (and possibly empty) set of relation symbols, but no additional con-
stants or function symbols.8 This will apply from Section 2.2 onwards; in this
section 2.1ℒwill denote a language parameter. Heyting arithmetic, HA, (Peano
arithmetic, PA), in this setting is the intuitionistic (resp. classical) theory in ℒHA
axiomatised by basic axioms for the successor S, defining equations for + and ×,
and induction for ℒHA (and the Law of Excluded Middle, LEM). Primitive re-
cursive arithmetic, PRA, is the intuitionistic theory in ℒPRA axiomatised by the
basic axioms for the successor S, the defining equations for + and × and defining
equations (according to the given term-calculus) for every other function sym-
bol of ℒPRA; Heyting arithmetic can also be defined over this language (as for ex-
ample in (Troelstra and van Dalen, 1988a)), a theory we will call HAPRA, which
is PRA plus induction for ℒPRA. Heyting arithmetic with partial terms, HAP,
is the theory in ℒHAP presented by van den Berg and van Slooten (2018); we
will give the axioms and basic properties in section 2.3. HA(ℒ), HAPRA(ℒ) and
HAP(ℒ) will be HA, HAPRA and HAP with induction extended (or restricted)
to ℒ, but with no additional (or removed) axioms (in particular, no such con-
cerning the non-arithmetical relations). Axiomatising HA in ℒHA rather than
ℒPRA is no real restriction, since they are mutually interpretable, and indeed in
the above notation HAPRA = HA(ℒPRA). However, the fact that ℒHA ⊆ ℒHAP

8 The reason is to allow e.g. truth predicates and fixpoints to already occur in the language.
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(as sets) will be advantageous for us.
We use an infinite sequence of variables, v0, v1, … ; metavariables for these will

be denoted by 𝑥, 𝑦, 𝑧, 𝑢, 𝑣, 𝑤, … etc.. A term is a syntactic object (e.g. list of terms
and function symbols) constructed from variables, constants and other terms in
the usual way. We will for disambiguative purposes consider a term consisting of
a single symbol as a distinct object from that symbol, but will suppress this in the
notation. We use 𝜏, 𝜎, 𝜌, … as metavariables for terms, and 𝐹,𝐺,𝛨, … /𝐶,𝐷, …
as metavariables for function/constant symbols. We denote sequences of terms
(or variables) with 𝜏⃗ (𝑥⃗), or 𝜏⃗𝑛 (𝑥⃗𝑛) if we want to emphasise the sequence has
length 𝑛. When it comes to formulae, we mainly want to consider them up
to 𝛼-equivalence. However, we will need to be able to refer to the concrete in-
stances of substitution, since, e.g., the formal substitution function sub in ℒPRA
works on this level, and consequently we need a term for the concrete instances
of formulae. A formula-variant, therefore, is a syntactic object generated from
equations of terms and other atomic relations by the logical connectives. For-
mulae are then 𝛼-equivalence classes of formula-variants. We will often misuse
notation and write ‘the following formula’ and then present a formula-variant
(from the equivalence class). We use 𝜙, 𝜑, 𝜓, 𝜃, 𝜗, … for formulae and formula-
variants, sometimes using 𝜙 as a variant of 𝜑 and 𝜃 of 𝜗. Gödel numbers of
terms and formula-variants (in the language under consideration) are defined in
a standard way; the Gödel number of a formula is the numerically least Gödel
number of one of its variants which does not bind the variable v0

9 and without
nested bindings, meaning that no quantifier ∃∀𝑧 occurs within the scope of an-
other quantifier ∀∃𝑧 binding the same variable. Gödel numbers will be denoted
by ⌜⌝ as usual, and we will use the same notation for the Gödel number of an
expression and the numeral of this number in some language ℒ, since this is
deemed unlikely to cause confusion. The features of the coding we will assume
otherwise are that the codes of no two types of syntactic objects intersect, that
no two syntactic objects have the same code, that 0 codes nothing and that the
codes of formula-variants and terms are (numerically) strictly larger than their
(immediate) constituents. Similarly, the codes of sequences are assumed to be
strictly larger than all of their elements and their length. Finally, we will assume
these properties of the coding to be provable in HA.

In the above terminology, we will use the following conventions regarding
substitution: 𝜙[𝑢⃗/𝜏⃗], where 𝜙 is a formula-variant (or term), 𝑢⃗ is a finite sequence
of distinct variables and 𝜏⃗ is a sequence of terms of the same length, denotes sim-

9 A technical restriction that will simplify some proofs in Chapter 5.



20 • fixed ids about truth

ultaneous substitution of 𝜏𝑖 for the free occurrences 𝑢𝑖 in 𝜙 for all indices 𝑖 of
the sequence; dropping 𝑢⃗ (i.e. writing 𝜙[𝜏⃗]) is a shorthand for 𝜙[v⃗<𝑛/𝜏⃗], where
v⃗<𝑛 is v0, … , v𝑛−1, with 𝑛 the length of 𝜏⃗. We use the corresponding notation for
substitution of formula-variants for relations; 𝜙[𝑅/𝜆𝑥⃗.𝜃], where the length of 𝑥⃗
is the arity of 𝑅, denotes simultaneous substitution in the formula variant 𝜙 of
the formula-variant 𝜃 for the relation symbol 𝑅, where the 𝑖th argument of 𝑅 is
substituted for the free occurrences of 𝑥𝑖 in 𝜃 (but we will make no restrictions
on the arity of 𝜃, or that 𝜃 do not contain other free variables which are not sub-
stituted; hence the need to mark 𝑥⃗). If we omit the ‘𝜆𝑥⃗’ we mean that 𝑥⃗ is v⃗<𝑛 and
if 𝜃 is a single 𝑛-ary relation symbol 𝑄 we write 𝜙[𝑅/𝑄] for 𝜙[𝑅/𝜆𝑣⃗<𝑛.𝑄(𝑣⃗<𝑛)].
If the predicate in question is clear from the context (e.g. 𝛲𝑛 in the definition of
ÎDi

𝑛, see Chapter 4) we will again drop it from the notation. The corresponding
operations at the level of formulae has similar notation; if 𝜑 is a formula, 𝑢⃗ is a fi-
nite sequence of variables and 𝜏⃗ is an equally long sequence of terms then 𝜑(𝑢⃗/𝜏⃗)
is defined as follows: Let 𝜙 be a variant of 𝜑 (that is a member of the equivalence
class 𝜑) where no variable occurring in 𝜏⃗ is bound. Then 𝜑(𝑢⃗/𝜏⃗) is the equival-
ence class of 𝜙[𝑢⃗/𝜏⃗]. The simpler expression 𝜑(𝜏⃗)means 𝜑(v⃗<𝑛/𝜏⃗). Similarly, for
formulae 𝜑 and 𝜗, we define 𝜑(𝑅/𝜆𝑥⃗.𝜗) by: Let 𝜙 be a variant of 𝜑 such that no
free variable of 𝜗 is bound in it, and 𝜃 be a variant of 𝜗 such that no variable of 𝜙
is bound in it10. Then 𝜑(𝑅/𝜆𝑥⃗.𝜗) is the equivalence class of 𝜙[𝑅/𝜆𝑥⃗.𝜃]; the same
conventions as for formula variants otherwise apply. Finally, when expressing
both relation and term substitution, denoted 𝜑(𝜆𝑥⃗.𝜗; 𝜏⃗), term substitution takes
precedence, namely 𝜑(𝜆𝑥⃗.𝜗; 𝜏⃗) = (𝜑(𝜏⃗))(𝜆𝑥⃗.𝜗).11 When introducing a formula
with a formulation of the kind ‘Let 𝜑(𝑥⃗) be a formula’, it is tacitly understood
that 𝑥⃗ has no repetitions, its length is the number of free variables of 𝜑 and no 𝑥⃗
occurs in 𝜑, that is all occurrences of 𝑥⃗ in 𝜑(𝑥⃗) are obtained by the substitution;
𝜑(𝜏⃗) is subsequently the same as 𝜑(𝑥⃗)(𝑥⃗/𝜏⃗). We will of course not pay great
attention to the distinction between formulae and formula-variants, except to
clarify possible ambiguities and causes for confusion. We will misuse notation
and write 𝑐 ∈ ℒ for any symbol, term, formula or formula-variant 𝑐 of the lan-
guage ℒ, since this is deemed unlikely to cause confusion.

10 The important thing is that no variable occurring as an argument to 𝑅 is bound in 𝜃, but
we lose nothing buy this slightly less convoluted definition.

11 Note that all of these choices can be made in an unambiguous (primitive recursive) way,
which we will assume without specifying one.
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2.1.1 Conventions on notation

The ‘real’ functions and relations (on ℕ) will have names in an upright roman
font (except + etc.). Variables, function symbols and arithmetic constants (i.e.
0) in a formal language will have sans-serif names (except as noted for pure com-
binators below). This also goes for relations defined as fcn(𝑥⃗) == 0, where fcn

is a function symbol as above (e.g. primitive recursive relations in ℒPRA defined
below). Combinators (except 0 but including the pure combinators) in an exten-
sion of HAP will have typewriter names12; this will also be used for relations
defined by expressions of the form fcn ⋅ 𝑥⃗ == 0, where fcn is a combinator as
above. Finally, defined predicates and provable functions defined by complex
formulae will have 𝔣𝔯𝔞𝔨𝔱𝔲𝔯 names. In all these cases, the names will be suggestive
of the properties the function/relation provably has in the basic arithmetic under
consideration, and thus which functions they denote on ℕ. One exception to
this rule will be function symbols for primitive recursive functions correspond-
ing to syntactic constructions which will be boldface variants of the symbols
they are adding. For instance, the function symbol ∃∃∃ is the function symbol for
the primitive recursive function ‘prepend with ∃’. Simply put, then, the meta
language (‘top level’) is upright roman, the object language (‘mid level’) is sans-
serif, and the formal object language (‘bottom level’) is bold. We might break
these conventions in specific cases. (Generic terms will, as previously stated, be
denoted by 𝜏, 𝜎, 𝜌 or 𝜈 etc..) Concrete formulae will otherwise be written in a
italic/slanted roman font (i.e. normal math font), with metavariable names for
variables chosen to be suggestive of their intended interpretation (𝑡 for a variable
coding a term etc.). Theories (mostly) have uppercase names in upright roman
math-font.

2.2 Recursive functions and PRA
We will use a term-calculus to generate symbols for all ways to define functions
by recursion. First we generate the ones for the primitive recursive functions.
The set of symbols for primitive recursive functions will be denoted 𝒫ℛ; 𝒫ℛ𝑛

are the 𝑛-ary such symbols. Since these are all symbols ofℒPRA, we will adhere to
the notational conventions of Section 2.1.1, and we will present them alongside

12 For some functions, such as the sequence (de)coding function(s), the distinction between
sans-serif and typewriter would not be visible and consequently the same symbol will be
used whether it is formalised as a symbol for a primitive recursive function or a combinator;
it is hoped that it will always be clear from the context which is intended (since the two
will in general not be mixed).
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their definitional equations, in the form of the axiom schemata which govern
them in PRA.

• Z is a symbol for the unary primitive recursive function which is constantly
zero. As such the corresponding axiom of PRA is ∀𝑥Z(𝑥) == 0.

• succ ∈ 𝒫ℛ is a symbol for the (unary) successor-function, with the (rather
trivial) PRA-axiom ∀𝑥(succ(𝑥) == S(𝑥))

• For every 𝑖 < 𝑛 ∈ ℕ, 𝜋𝑛𝑖 ∈ 𝒫ℛ𝑛 is a symbol for the projection on ele-
ment 𝑖 in a sequence of length 𝑛, with the corresponding PRA-axiom
∀𝑥⃗𝑛(𝜋𝑛𝑖 (𝑥⃗) == 𝑥𝑖).

• Given 𝐹 ∈ 𝒫ℛ𝑛 and 𝐺0, … , 𝐺𝑛−1 ∈ 𝒫ℛ𝑚, the symbol ∘𝑛𝑚(𝐹, 𝐺⃗) ∈ 𝒫ℛ𝑚

and the corresponding axiom of PRA is

∀𝑥⃗𝑚(∘𝑛𝑚(𝐹, 𝐺⃗𝑛)(𝑥⃗𝑚) == 𝐹(𝐺0(𝑥⃗𝑚), …𝐺𝑛−1(𝑥⃗𝑚))).

• Given 𝐹,𝐺 ∈ 𝒫ℛ with arities 𝑛 + 2 ∈ ℕ and 𝑛 ∈ ℕ, respectively, the
symbol rec𝑛(𝐹, 𝐺) ∈ 𝒫ℛ𝑛+1, and the corresponding PRA-axioms are

∀𝑥⃗𝑛(rec𝑛(𝐹, 𝐺)(𝑥⃗𝑛, 0) == 𝐺(𝑥⃗𝑛))

and

∀𝑥⃗𝑛𝑦(rec𝑛(𝐹, 𝐺)(𝑥⃗𝑛, S(𝑦)) == 𝐹(𝑥⃗𝑛, 𝑦, rec𝑛(𝐹, 𝐺)(𝑥⃗𝑛, 𝑦))).

This defines symbols for all the primitive recursive functions; more precisely,
it gives such a symbol for each primitive recursive way to define a function. The
same kinds of symbolsℛ for the recursive functions are obtained by the calculus
above with ℛ instead of 𝒫ℛ (so that in particular 𝒫ℛ ⊂ ℛ) with the following
addition:

• Given 𝐹 ∈ ℛ2, the symbol min(𝐹) ∈ ℛ1. It denotes the (in general not
total) recursive function which for input 𝑘 computes the minimal 𝑖 for
which ‘𝐹(𝑘, 𝑖) = 0’ where for all 𝑗 < 𝑖 ‘𝐹(𝑘, 𝑗) has a value’.

Since these are not intended to be total we cannot simply add these function
symbols with corresponding axioms to a theory like HAPRA, but we can have
such terms in theories like HAP, see Proposition 2.3.18.

2.3 LPT and HAP
For completeness and convenience we here briefly describe the systems LPT and
HAP (essentially) as given by van den Berg and van Slooten (2018). We will
make considerable use of Beeson (1985) and Troelstra and van Dalen (1988b)
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where LPT and similar systems are discussed. For HAP (to be introduced in
Definition 2.3.9 below) we will also refer to van Slooten (2014), where this
system was treated in ordinary intuitionistic logic.

Definition 2.3.1 (LPT). The Logic of Partial Terms, LPT, is a Hilbert-like de-
ductive system, which has the following logical rules (of the form Γ ⇒ 𝜙 where
Γ, a set (presented without curly braces) of formula-variants, are the prerequisites
for applying the rule and the formula-variant 𝜙 is the result) and axiom schemata,
for all constant symbols 𝐶, function symbols 𝐹 and relation symbols 𝑅:

LPT1. 𝜙 → 𝜙
LPT2. 𝜙, 𝜙 → 𝜓 ⇒ 𝜓
LPT3. 𝜙 → 𝜓,𝜓 → 𝜒 ⇒ 𝜙 → 𝜒
LPT4. 𝜙 ∧ 𝜓 → 𝜙, 𝜙 ∧ 𝜓 → 𝜓
LPT5. 𝜙 → 𝜓, 𝜙 → 𝜒 ⇒ 𝜙 → 𝜓 ∧ 𝜒
LPT6. 𝜙 → 𝜙 ∨ 𝜓, 𝜓 → 𝜙 ∨ 𝜓
LPT7. 𝜙 → 𝜒, 𝜓 → 𝜒 ⇒ 𝜙 ∨ 𝜓 → 𝜒
LPT8. 𝜙 ∧ 𝜓 → 𝜒 ⇒ 𝜙 → (𝜓 → 𝜒)
LPT9. 𝜙 → (𝜓 → 𝜒) ⇒ 𝜙 ∧ 𝜓 → 𝜒

LPT10. ⊥ → 𝜙
LPT11. 𝜙 → 𝜓 ⇒ 𝜙 → ∀𝑥𝜓 for 𝑥 ∉ FV(𝜙)
LPT12. ∀𝑥𝜙 ∧ 𝜏↓→ 𝜙[𝑥/𝜏] if FV(𝜏) ∩ BV(𝜙) = ∅
LPT13. 𝜙 → 𝜓 ⇒ ∃𝑥𝜙 → 𝜓 for 𝑥 ∉ FV(𝜓)
LPT14. 𝜙[𝑥/𝜏] ∧ 𝜏↓→ ∃𝑥𝜙 if FV(𝜏) ∩ BV(𝜙) = ∅
LPT15. ∀𝑥(𝑥 == 𝑥)
LPT16. ∀𝑥𝑦(𝑥 == 𝑦 → 𝑦 == 𝑥)
LPT17. ∀𝑥𝑦𝑧(𝑥 == 𝑦 ∧ 𝑦 == 𝑧 → 𝑥 == 𝑧)
LPT18. ∀𝑥⃗𝑦⃗(𝑥⃗ == 𝑦⃗ ∧ 𝐹(𝑥⃗)↓ → 𝐹(𝑥⃗) == 𝐹(𝑦⃗))
LPT19. ∀𝑥⃗𝑦⃗(𝑅(𝑥⃗) ∧ 𝑥⃗ == 𝑦⃗ → 𝑅(𝑦⃗))
LPT20. 𝐶↓
LPT21. 𝐹(𝜏⃗)↓→ 𝜏𝑖↓
LPT22. 𝑅(𝜏⃗) → 𝜏𝑖↓13

LPT23. 𝑥↓
where 𝜏↓ is a shorthand for 𝜏 == 𝜏 (recall that == is considered a logical symbol)
and is read as 𝜏 denotes.
13 Note that this in particular means that a relation cannot be interpreted in a way which is

independent of any of its arguments!
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Rules LPT11 and LPT13 are called (universal and existential) generalisation,
axioms LPT12 and LPT14 (universal and existential) instantiation and LPT20,
LPT21, LPT22 and LPT23 are the strictness axioms. An instance of LPT22 is
𝜏 == 𝜎 → 𝜏↓∧𝜎 ↓. Axiom LPT23 is not explicitly included in the axiomatisation
of van den Berg and van Slooten (2018) but is consistent with it, being derivable
from the the axioms of HAP. Since the axiom is present in the axiomatisation
of Beeson (1985) and the axiomatisation of Troelstra (1998), as well as Troelstra
and van Dalen (1988a) (by the latter called E+-logic), we include it for simpli-
city. This also means we can derive 𝛼-equivalence from the instantiation axioms.
With this addition, the intended reading is that variables (free and bound) range
over existing things (cf.LPT12 and LPT23) whereas general terms need not. In
particular, it does not follow from LPT15 that all terms denote.

Definition 2.3.2. If Γ is a set of formula-variants and 𝜙 a formula-variant then
Γ ⊢D 𝜙 means D is an LPT-derivation (sequence of formula-variants) of (ending
with) 𝜙 using Γ as additional axioms (every element is either from Γ, a logical
axiom as above or obtained from earlier elements by logical rules). If D is unim-
portant we simply write Γ ⊢ 𝜙 to mean there is such a derivation. If Γ is empty
we write ⊢D 𝜙. (The last sentences are cumulative).

Henceforth, when we refer to theories in ordinary intuitionistic logic such as
HA and HAPRA, we will assume they are axiomatised in the system consisting of
LPT with the extra logical axiom schema 𝜏↓ for all terms 𝜏. We will refer to this
system as ⊢I.

Lemma 2.3.3 (𝛼-equivalence). In LPT 𝛼-equivalence holds in the following sense:
For all formula-variants 𝜙 and variables 𝑦 not in 𝜙, ⊢ ∀𝑥𝜙 → ∀𝑦𝜙[𝑥/𝑦] and
⊢ ∃𝑦𝜙[𝑥/𝑦] → ∃𝑥𝜙.

Proof. We straightforwardly construct the proofs.

𝑦↓ Axiom 23
𝑦↓ ∧ ∀𝑥𝜙 → 𝑦↓ Axiom 4

𝑦↓ → (∀𝑥𝜙 → 𝑦↓) Rule 8
∀𝑥𝜙 → 𝑦↓ Rule 2

∀𝑥𝜙 → ∀𝑥𝜙 Axiom 1
∀𝑥𝜙 → ∀𝑥𝜙 ∧ 𝑦↓ Rule 5

∀𝑥𝜙 ∧ 𝑦↓ → 𝜙[𝑥/𝑦] Axiom 12, since 𝑦 not bound in 𝜙
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∀𝑥𝜙 → 𝜙[𝑥/𝑦] Rule 3
∀𝑥𝜙 → ∀𝑦𝜙[𝑥/𝑦] Rule 11, since 𝑦 not free in ∀𝑥𝜙.

In the same spirit we show ⊢ ∃𝑦𝜙[𝑥/𝑦] → ∃𝑥𝜙:

𝑦↓ Axiom 23
𝑦↓ ∧ 𝜙[𝑥/𝑦] → 𝑦↓ Axiom 4

𝑦↓ → (𝜙[𝑥/𝑦] → 𝑦↓) Rule 8
𝜙[𝑥/𝑦] → 𝑦↓ Rule 2

𝜙[𝑥/𝑦] → 𝜙[𝑥/𝑦] Axiom 1
𝜙[𝑥/𝑦] → 𝜙[𝑥/𝑦] ∧ 𝑦↓ Rule 5

𝜙[𝑥/𝑦] ∧ 𝑦↓ → ∃𝑥𝜙 Axiom 14, since 𝑦 not in 𝜙
𝜙[𝑥/𝑦] → ∃𝑥𝜙 Rule 3

∃𝑦𝜙[𝑥/𝑦] → ∃𝑥𝜙 Rule 13, since 𝑦 not in ∃𝑥𝜙.

Note the symmetry between the cases.

Corollary 2.3.4. If 𝜙 and 𝜃 are 𝛼-equivalent formula-variants then ⊢ 𝜙 ↔ 𝜃.

Proof. By induction on the complexity of 𝜙, the only interesting cases being
when 𝜙 is quantified. We therefore consider the existential case (the universal
being dual). Suppose ∃𝑥𝜙 and ∃𝑦𝜃 are 𝛼-equivalent (where 𝑥 and 𝑦 could be the
same variable). Let 𝑧 be a variable which do not occur in either of these, whence
∃𝑧𝜙[𝑥/𝑧] 𝛼≡ ∃𝑧𝜃[𝑦/𝑧]. Note that 𝑥 and 𝑦 are not free in these. Thus let ∃𝑧𝜓 be a
variant of these where neither 𝑥 nor 𝑦 occurs. Then LPT ⊢ 𝜙[𝑥/𝑧] ↔ 𝜓𝜃[𝑦/𝑧]
by induction hypothesis. By the lemma LPT ⊢ ∃𝑥𝜓[𝑧/𝑥] → ∃𝑧𝜓 and LPT ⊢
∃𝑦𝜓[𝑧/𝑦] → ∃𝑧𝜓. Since 𝜙 𝛼≡ 𝜓[𝑧/𝑥] and 𝜃 𝛼≡ 𝜓[𝑧/𝑦], LPT ⊢ 𝜙 ↔ 𝜓[𝑧/𝑥] and
LPT ⊢ 𝜃 ↔ 𝜓[𝑧/𝑦] by induction hypothesis. Consequently

⊢ ∃𝑥𝜙 → ∃𝑥𝜓[𝑧/𝑥]
→ ∃𝑧𝜓
→ ∃𝑧𝜃[𝑦/𝑧]
→ ∃𝑦𝜃

and

⊢ ∃𝑦𝜃 → ∃𝑦𝜓[𝑧/𝑦]
→ ∃𝑧𝜓
→ ∃𝑧𝜙[𝑥/𝑧]
→ ∃𝑥𝜙

as desired.

Consequently we can speak of derivations D of formulae 𝜑 from sets of for-
mulae Γ, if D is a derivation from the set of variants of the formulae in Γ of some
variant 𝜙 of 𝜑.
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For those of us more used to working in systems in which all terms denote,
note that it does not follow from ⊢ 𝜙[𝜏] that ⊢ 𝜏↓ in general. One cannot say
much more than the following.

Remark 2.3.5. If 𝜙 is a formula-variant without ∨ in which the term 𝜏 has at
least one strongly positive occurrence (an occurrence which is not inside an im-
plication) and no free variable existentially bound, then ⊢ 𝜙 → 𝜏↓.

Proof. By induction on the construction of 𝜙.
• In the case of an atom 𝑅(𝜎⃗) for some relation symbol 𝑅 then. ⊢ 𝑅(𝜎⃗) →
𝜎𝑖 ↓ by Axiom 22. By structural induction on 𝜎𝑖 using Axioms 21, 20 and
23 we can show ⊢ 𝜎𝑖↓→ 𝜏↓ if 𝜏 is a subterm of 𝜎𝑖.

• In the conjunctive case 𝜓 ∧ 𝜃, if 𝜏 occurs strongly positively, with no free
variable existentially bound, in𝜓∧𝜃 then it occurs strongly positively with
no free variable existentially bound in either conjunct, w.l.o.g. in 𝜃. We
know that ⊢ 𝜓 ∧ 𝜃 → 𝜃 by Axiom 4. By induction hypothesis ⊢ 𝜃 → 𝜏↓,
whence ⊢ 𝜓 ∧ 𝜃 → 𝜏↓ by Rule 3.

• In the universal case ∀𝑥𝜃, if 𝜏 occurs strongly positively with no free vari-
able existentially bound in ∀𝑥𝜃 then it occurs so in 𝜃. Then ⊢ 𝜃 → 𝜏↓ by
induction hypothesis. Let 𝜓 be a variant of 𝜃 without 𝑥 bound, whence
⊢ 𝜓 ↔ 𝜃 and ⊢ ∀𝑥𝜓 ↔ ∀𝑥𝜃 by the above corollary. Since ⊢ 𝑥↓ by
Axiom 23 and ⊢ (∀𝑥𝜓) ∧ 𝑥↓ → 𝜓 by Axiom 12 we get ⊢ (∀𝑥𝜃) → 𝜏↓
by propositional logic.

• In the existential case ∃𝑥𝜃, if 𝜏 occurs strongly positively with no free
variable existentially bound in ∃𝑥𝜃 then it occurs so in 𝜃. Moreover, 𝑥 is
not free in 𝜏 by assumption. Thus 𝜃 → 𝜏↓ ⇒ (∃𝑥𝜃) → 𝜏↓ is an instance
of existential generalisation (Rule 13). Since ⊢ 𝜃 → 𝜏↓ by induction
hypothesis the result follows.

• In the implicative case, 𝜏 has no strongly positive occurrence in 𝜃 → 𝜓,
so there is nothing to prove.

Notation 2.3.6 (Weak equality). 𝜎 ≃ 𝜏 is a shorthand for 𝜎↓ ∨ 𝜏↓ → 𝜎 == 𝜏.

Lemma 2.3.7 (‘Leibniz Lemma’ of van den Berg and van Slooten (2018)). We
have ⊢ 𝜎⃗ ≃ 𝜏⃗ → 𝐹(𝜎⃗) ≃ 𝐹(𝜏⃗) and ⊢ 𝜎 ≃ 𝜏 ∧ 𝜙[𝑥/𝜏] → 𝜙[𝑥/𝜎] for all function
symbols 𝐹 and all formula-variants 𝜙 of the language.

Lemma 2.3.8 (Deduction theorem). For all sets of formula-variants Γ, formula-
variants 𝛾 and 𝜙 and LPT-derivations D, if Γ, 𝛾 ⊢D 𝜙 and D does not contain any
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usages of generalisation on a variable free in 𝛾, then there is an LPT-derivation D′

such that Γ ⊢D′ 𝛾 → 𝜙 and D′ only contains usages of generalisation on variables
generalised upon inD. In particular, no free variable of 𝛾 is generalised upon inD′.

Proof. Induction on D.
• D is only repetition of 𝛾, Γ, 𝛾 ⊢D 𝛾. Then D′ is only Axiom 1: Γ ⊢D′ 𝛾 → 𝛾.
• D is only repetition of (a formula-variant from) Γ, Γ, 𝛾 ⊢D Γ. Then D′ is

Γ Repetition
Γ ∧ 𝛾 → Γ Axiom 4
Γ → (𝛾 → Γ) Rule 8
𝛾 → Γ Rule 2

whence Γ ⊢D′ 𝛾 → Γ.
• If D is only stating a logical axiom then the above applies with the axiom

in place of the right-hand-side Γ.
• If the last rule of D is 2 (Modus Ponens, MP) then there are 𝜓 and 𝜃

such that Γ, 𝛾 ⊢D1 𝜓 and Γ, 𝛾 ⊢D2 𝜓 → 𝜃 for subderivations D1,D2 of
D, where Γ, 𝛾 ⊢D 𝜃. By induction hypothesis there are D′

1,D′
2 such that

Γ ⊢D′
1 𝛾 → 𝜓 and Γ ⊢D′

2 𝛾 → (𝜓 → 𝜃). Then D′ is D′
1,D′

2 followed by

𝛾 → 𝛾 Axiom 1
𝛾 → 𝛾 ∧ 𝜓 Rule 5
𝛾 ∧ 𝜓 → 𝜃 Rule 9
𝛾 → 𝜃 Rule 3

which contains no new generalisations.
• If the last rule of D is 3 (transitivity) then there are 𝜓, 𝜃 and 𝜒 such that
Γ, 𝛾 ⊢D1 𝜓 → 𝜃 and Γ, 𝛾 ⊢D2 𝜃 → 𝜒 for subderivations D1,D2 of D,
where Γ, 𝛾 ⊢D 𝜓 → 𝜒. By induction hypothesis there are D′

1,D′
2 such

that Γ ⊢D′
1 𝛾 → (𝜓 → 𝜃) and Γ ⊢D′

2 𝛾 → (𝜃 → 𝜒). Then D′ is D′
1,D′

2
followed by

𝛾 ∧ 𝜓 → 𝛾
𝛾 ∧ 𝜓 → 𝜃
𝛾 ∧ 𝜓 → 𝛾 ∧ 𝜃
𝛾 ∧ 𝜃 → 𝜒
𝛾 ∧ 𝜓 → 𝜒



28 • fixed ids about truth

𝛾 → (𝜓 → 𝜒)

which contains no new generalisations.
• If the last rule of D is 5 (∧-intro) then there are 𝜓, 𝜃 and 𝜒 such that
Γ, 𝛾 ⊢D1 𝜓 → 𝜃 and Γ, 𝛾 ⊢D2 𝜓 → 𝜒 for subderivations D1,D2 of D,
where Γ, 𝛾 ⊢D 𝜓 → 𝜃 ∧ 𝜒. By induction hypothesis there are D′

1,D′
2 such

that Γ ⊢D′
1 𝛾 → (𝜓 → 𝜃) and Γ ⊢D′

2 𝛾 → (𝜓 → 𝜒). Then D′ is D′
1,D′

2
followed by

𝛾 ∧ 𝜓 → 𝜃
𝛾 ∧ 𝜓 → 𝜒
𝛾 ∧ 𝜓 → 𝜃 ∧ 𝜒
𝛾 → (𝜓 → 𝜃 ∧ 𝜒)

which contains no new generalisations.
• If the last rule of D is 7 (∨-intro) then there are 𝜓, 𝜃 and 𝜒 such that
Γ, 𝛾 ⊢D1 𝜓 → 𝜒 and Γ, 𝛾 ⊢D2 𝜃 → 𝜒 for subderivations D1,D2 of D, where
Γ, 𝛾 ⊢D 𝜓 ∨ 𝜃 → 𝜒. By induction hypothesis there are D′

1,D′
2 such that

Γ ⊢D′
1 𝛾 → (𝜓 → 𝜒) and Γ ⊢D′

2 𝛾 → (𝜃 → 𝜒). ThenD′ isD′
1,D′

2 followed
by

𝛾 ∧ 𝜓 → 𝜒
𝛾 ∧ 𝜃 → 𝜒
𝜓 ∧ 𝛾 → 𝛾
𝜓 ∧ 𝛾 → 𝜓
𝜓 ∧ 𝛾 → 𝛾 ∧ 𝜓
𝜃 ∧ 𝛾 → 𝛾
𝜃 ∧ 𝛾 → 𝜃
𝜃 ∧ 𝛾 → 𝛾 ∧ 𝜃
𝜓 ∧ 𝛾 → 𝜒
𝜃 ∧ 𝛾 → 𝜒
𝜓 → (𝛾 → 𝜒)
𝜃 → (𝛾 → 𝜒)
𝜓 ∨ 𝜃 → (𝛾 → 𝜒)
(𝜓 ∨ 𝜃) ∧ 𝛾 → 𝜒
𝛾 ∧ (𝜓 ∨ 𝜃) → (𝜓 ∨ 𝜃)
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𝛾 ∧ (𝜓 ∨ 𝜃) → 𝛾
𝛾 ∧ (𝜓 ∨ 𝜃) → (𝜓 ∨ 𝜃) ∧ 𝛾
𝛾 ∧ (𝜓 ∨ 𝜃) → 𝜒
𝛾 → (𝜓 ∨ 𝜃 → 𝜒)

which contains no new generalisations.
• If the last rule of D is 8 (currying) then there are 𝜓, 𝜃 and 𝜒 such that
Γ, 𝛾 ⊢D1 𝜓∧ 𝜃 → 𝜒 for a subderivation D1 of D, where Γ, 𝛾 ⊢D 𝜓 → (𝜃 →
𝜒). By induction hypothesis there is a D′

1 such that Γ ⊢D′
1 𝛾 → (𝜓 ∧ 𝜃 →

𝜒). Then D′ is D′
1 followed by

𝛾 ∧ (𝜓 ∧ 𝜃) → 𝜒
(𝛾 ∧ 𝜓) ∧ 𝜃 → 𝛾 ∧ 𝜓
𝛾 ∧ 𝜓 → 𝛾
(𝛾 ∧ 𝜓) ∧ 𝜃 → 𝛾
𝛾 ∧ 𝜓 → 𝜓
(𝛾 ∧ 𝜓) ∧ 𝜃 → 𝜓
(𝛾 ∧ 𝜓) ∧ 𝜃 → 𝜃
(𝛾 ∧ 𝜓) ∧ 𝜃 → 𝜓 ∧ 𝜃
(𝛾 ∧ 𝜓) ∧ 𝜃 → 𝛾 ∧ (𝜓 ∧ 𝜃)
(𝛾 ∧ 𝜓) ∧ 𝜃 → 𝜒
𝛾 ∧ 𝜓 → (𝜃 → 𝜒)
𝛾 → (𝜓 → (𝜃 → 𝜒))

which contains no new generalisations.
• If the last rule of D is 9 (uncurrying) then there are 𝜓, 𝜃 and 𝜒 such that
Γ, 𝛾 ⊢D1 𝜓 → (𝜃 → 𝜒) for a subderivationD1 ofD, where Γ, 𝛾 ⊢D 𝜓∧𝜃 →
𝜒. By induction hypothesis there is aD′

1 such that Γ ⊢D′
1 𝛾 → (𝜓 → (𝜃 →

𝜒)). Then D′ is D′
1 followed by

𝛾 ∧ 𝜓 → (𝜃 → 𝜒)
(𝛾 ∧ 𝜓) ∧ 𝜃 → 𝜒
𝛾 ∧ (𝜓 ∧ 𝜃) → 𝛾
𝛾 ∧ (𝜓 ∧ 𝜃) → 𝜓 ∧ 𝜃
𝜓 ∧ 𝜃 → 𝜓
𝛾 ∧ (𝜓 ∧ 𝜃) → 𝜓
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𝛾 ∧ (𝜓 ∧ 𝜃) → 𝛾 ∧ 𝜓
𝜓 ∧ 𝜃 → 𝜃
𝛾 ∧ (𝜓 ∧ 𝜃) → 𝜃
𝛾 ∧ (𝜓 ∧ 𝜃) → (𝛾 ∧ 𝜓) ∧ 𝜃
𝛾 ∧ (𝜓 ∧ 𝜃) → 𝜒
𝛾 → (𝜓 ∧ 𝜃 → 𝜒)

which contains no new generalisations.
• If the last rule of D is 11 (∀-generalisation on 𝑥 ∉ FV(𝛾)) then there are
𝜓 and 𝜃 such that 𝑥 ∉ FV(𝜓) and Γ, 𝛾 ⊢D1 𝜓 → 𝜃 for a subderivation D1
ofD, where Γ, 𝛾 ⊢D 𝜓 → ∀𝑥𝜃. By induction hypothesis there is aD′

1 with
generalisations on the same variables as D1 such that Γ ⊢D′

1 𝛾 → (𝜓 → 𝜃).
Then D′ is D′

1 followed by

𝛾 ∧ 𝜓 → 𝜃
𝛾 ∧ 𝜓 → ∀𝑥𝜃
𝛾 → (𝜓 → ∀𝑥𝜃)

which has generalisations on the variables of D1 and on 𝑥, since the latter
is not free in 𝛾 by assumption.

• If finally the last rule ofD is 13 (∃-generalisation on 𝑥 ∉ FV(𝛾)) then there
are𝜓 and 𝜃 such that 𝑥 ∉ FV(𝜃) and Γ, 𝛾 ⊢D1 𝜓 → 𝜃 for a subderivationD1
of D, where Γ, 𝛾 ⊢D ∃𝑥𝜓 → 𝜃. By induction hypothesis there is a D′

1 with
generalisations on the same variables as D1 such that Γ ⊢D′

1 𝛾 → (𝜓 → 𝜃).
Then D′ is D′

1 followed by

𝛾 ∧ 𝜓 → 𝜃
𝜓 ∧ 𝛾 → 𝛾
𝜓 ∧ 𝛾 → 𝜓
𝜓 ∧ 𝛾 → 𝛾 ∧ 𝜓
𝜓 ∧ 𝛾 → 𝜃
𝜓 → (𝛾 → 𝜃)
∃𝑥𝜓 → (𝛾 → 𝜃)
∃𝑥𝜓 ∧ 𝛾 → 𝜃
𝛾 ∧ ∃𝑥𝜓 → ∃𝑥𝜓
𝛾 ∧ ∃𝑥𝜓 → 𝛾
𝛾 ∧ ∃𝑥𝜓 → ∃𝑥𝜓 ∧ 𝛾
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𝛾 ∧ ∃𝑥𝜓 → 𝜃
𝛾 → (∃𝑥𝜓 → 𝜃)

which again has generalisations on the variables of D1 and on 𝑥, the latter
being not free in 𝛾 by assumption.

This concludes the induction.

What has been said thus far applies to all theories formalised in LPT and in
particular allow us to consider LPT-theories axiomatised by formulae instead of
formula-variants. For the rest of this section, we consider the particular theory
HAP, Heyting Arithmetic with partial terms, and its extensions, which are given
by such axiomatisations.

Definition 2.3.9 (HAP). Heyting Arithmetic with Partial terms, HAP, is an
LPT-theory in the language ℒHAP which in addition to equality and ⊥ contains
the following constant symbols: 0, k, s, pl, pr, p, succ, r; and function sym-
bols: S, +, ×, ⋅. It is axiomatised by, for all variables 𝑥, 𝑦 and 𝑧14 and formulae
𝜑:
HAP1. S(𝑥)↓, (𝑥 + 𝑦)↓, (𝑥 × 𝑦)↓.
HAP2. S(𝑥) == S(𝑦) → 𝑥 == 𝑦, 0 =≠ S(𝑥).
HAP3. 𝑥 + 0 == 𝑥, 𝑥 + S(𝑦) == S(𝑥 + 𝑦).
HAP4. 𝑥 × 0 == 0, 𝑥 × S(𝑦) == (𝑥 × 𝑦) + 𝑥.
HAP5. k ⋅ 𝑥 ⋅ 𝑦 == 𝑥, (s ⋅ 𝑥 ⋅ 𝑦)↓, s ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑧 ≃ 𝑥 ⋅ 𝑧 ⋅ (𝑦 ⋅ 𝑧).
HAP6. pl⋅𝑥 ↓, pr⋅𝑥 ↓, pl⋅(p⋅𝑥⋅𝑦) == 𝑥, pr⋅(p⋅𝑥⋅𝑦) == 𝑦, p⋅(pl⋅𝑥)⋅(pr⋅𝑥) == 𝑥.
HAP7. succ ⋅ 𝑥 == S(𝑥), r ⋅ 𝑥 ⋅ 𝑦 ⋅ 0 == 𝑥, r ⋅ 𝑥 ⋅ 𝑦 ⋅ S(𝑧) ≃ 𝑦 ⋅ 𝑧 ⋅ (r ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑧).15

HAP8. 𝜑(𝑥/0) → (∀𝑥(𝜑 → 𝜑(𝑥/S(𝑥))) → ∀𝑥𝜑).
Above we suppress some parentheses, as ⋅ associates to the left.

Terms and formula(-variant)s from the fragment 0, S, +, × will be called arith-
metical. A combinatorial term/formula(-variant) is one from the fragment with-
out S, + or ×. A combinator is a closed combinatorial term, making 0 the only
arithmetical combinator; the other combinator constants k, s, p, pl, pr, succ

14 Note that this means that to use one of these axioms we can use universal generalisation
on any variable, in particular can pick fresh such. This is relevant in connection with the
Deduction Theorem (Lemma 2.3.8).

15 van den Berg and van Slooten (2018) used strict equality in this axiom. Benno van den
Berg revealed that this was unintentional (private communication), and that the results
are not affected by using weak equality. We therefore revert to this usage, which is in line
with Beeson (1985) and Troelstra and van Dalen (1988b).
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and r are the pure combinators. A combinator 𝜏 is unary (binary etc.) total if
HAP ⊢ 𝜏 ⋅ v0↓ (HAP ⊢ 𝜏 ⋅ v0 ⋅ v1↓ etc.).

If ℒ is a language extending ℒHAP, HAP is extended to an ℒ-theory HAP(ℒ)
by letting the induction schema HAP8 apply to all formulae of ℒ.

Not surprisingly HA directly embeds into HAP. The next lemma summarises
the key observations for this result.

Lemma 2.3.10. Let ℒ1 ⊆ ℒ2 be arbitrary first-order languages and Γ1, Γ2 sets of
formula-variants in the respective language. Recall ⊢I denotes derivability in ordin-
ary intuitionistic logic, as captured by the Hilbert-style system LPT plus the extra
logical axiom schema 𝜏↓ for all terms 𝜏. Suppose Γ2 ⊢ 𝜎↓ for all terms 𝜎 of ℒ1 and
Γ2 ⊢ 𝛾 for all 𝛾 ∈ Γ1. Then Γ2 ⊢ 𝜙 for all 𝜙 ∈ ℒ1 with Γ1 ⊢I 𝜙.

Proof. Induction on derivations Γ1 ⊢I 𝜙.
• Suppose 𝜙 ∈ Γ1. Then Γ2 ⊢ 𝜙 by assumption.
• If 𝜙 is an axiom of LPT then Γ2 ⊢ 𝜙 by assumption.
• Suppose 𝜙 is 𝜏 ↓ for some term 𝜏 (an instance of the ‘extra’ axiom schema).

Then Γ2 ⊢ 𝜏↓ by assumption, since 𝜏 ∈ ℒ1.
• Suppose Γ1 ⊢I 𝜙 by some two-premise rule of LPT. Then there are 𝜓 and
𝜃 in ℒ1 such that Γ1 ⊢I 𝜓, Γ1 ⊢I 𝜃, and 𝜓, 𝜃 ⇒ 𝜙 is an instance of that rule.
By induction hypothesis Γ2 ⊢ 𝜓 and Γ2 ⊢ 𝜃. Hence Γ2 ⊢ 𝜙 by applying
the same rule.

• Suppose Γ1 ⊢I 𝜙 by some one-premise rule of LPT. Then there is 𝜃 in ℒ1
such that Γ1 ⊢I 𝜃 and 𝜃 ⇒ 𝜙 is an instance of that rule. By induction
hypothesis Γ2 ⊢ 𝜃. Hence Γ2 ⊢ 𝜙 by applying the same rule.

This concludes the induction, and the proof.

Since straightforwardly HAP ⊢ 𝜏↓ for all arithmetical terms 𝜏, we have

Corollary 2.3.11. HAP proves all theorems of HA.

This provides a lower bound on the arithmetic theorems of HAP. The con-
verse, upper bound is obtained via

Proposition 2.3.12 (Compare 9.3.12 of (Troelstra and van Dalen, 1988b) and
Thm. 4.1.1 of (van Slooten, 2014)). Let ℒ0 be ℒHA possibly extended by a num-
ber of relation symbols and ℒ1 be ℒHAP with the same extension. Then there is an
interpretationℱ of ℒ1 in ℒ0 which fixes free variables and the extra relation symbols
and interprets ⋅ as Kleene application, such that
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1. HA ⊢I ∀𝑥⃗(𝜙 ↔ ℱ(𝜙)) for all 𝜙 ∈ ℒ0,
2. HAP ⊢ 𝜙 ⇒ HA ⊢I ℱ(𝜙) for all 𝜙 ∈ ℒ1,

and the image of conjunctions of atoms and existentially quantified equations in
ℒHAP are Σ1(HA).16

Proof sketch. Let ℱ be such that

ℱ(𝑎 == 𝑏) = (𝑎 == 𝑏)
ℱ(𝑎 == 𝜏) = ℱ(𝜏 == 𝑎)
ℱ(𝐶 == 𝜎) = ℱ(𝑘 == 𝜎)

for 𝑎, 𝑏 variables or 0, 𝜏 neither and 𝜎 an arbitrary term, and

ℱ(S(𝜏) == 𝜎) = ∃𝑣, 𝑤ℱ(𝜏 == 𝑣) ∧ ℱ(𝜎 == 𝑤) ∧ S(𝑣) == 𝑤
ℱ(𝜏 + 𝜎 == 𝜌) = ∃𝑢, 𝑣, 𝑤ℱ(𝜏 == 𝑣) ∧ ℱ(𝜎 == 𝑤) ∧ ℱ(𝜌 == 𝑢) ∧ 𝑣 + 𝑤 == 𝑢
ℱ(𝜏 × 𝜎 == 𝜌) = ∃𝑢, 𝑣, 𝑤ℱ(𝜏 == 𝑣) ∧ ℱ(𝜎 == 𝑤) ∧ ℱ(𝜌 == 𝑢) ∧ 𝑣 × 𝑤 == 𝑢
ℱ(𝜏 ⋅ 𝜎 == 𝜌) = ∃𝑥, 𝑦, 𝑧, 𝑣(𝔗(𝑥, 𝑦, 𝑧) ∧ [𝔘(𝑧) == 𝑣]

∧ ℱ(𝜏 == 𝑥) ∧ ℱ(𝜎 == 𝑦) ∧ ℱ(𝜌 == 𝑣))
ℱ(𝑅(𝜏⃗)) = ∃𝑣⃗𝑅(𝑣⃗) ∧⋀𝑖ℱ(𝜏𝑖 == 𝑣𝑖)

for terms 𝜏, 𝜎 and 𝜌, where 𝔗 and 𝔘 are Σ1-formalisations in HA of Kleene’s T
and result-extracting function U and as usual the new variables are fresh. ℱ is
otherwise compositional. That ℱ(𝜙) ∈ Σ1(HA) if 𝜙 is a conjunction atoms and
existentially quantified equations is straightforward.

1. follows since only the first, second, fourth, fifth and sixth clause are ap-
plicable to, and exhausts the term-construction of, ℒ0, and these clauses do not
change the HA-meaning of formulae.

2. follows by checking that HA ⊢ ℱ(ax) for all axioms of HAP since the
rules of HA and HAP are assumed to be the same and ℱ is compositional.

One point of these two interpretations is that, since they are recursively
defined on the structure of terms in ℒPRA and ℒHAP respectively, they ‘respect
recursive definitions’ in that the interpretation of terms by definition in a particu-
lar recurrence relation will stand in the corresponding relation, so that constructs
representing recursive functions mean what we think they mean even after inter-
preting. Also, as a corollary of this last result we get:

16 The reason we draw attention to this class of formulae is that we in the next chapter will
consider a formula hierarchy where this class will constitute the base case, Λ0.
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Corollary 2.3.13 (Proposition 2.4 of van den Berg and van Slooten (2018)).
HAP is conservative over HA.

This will be of immense importance for the conservativity result in Chapter
4 since it will allow us to finally bring our results down from HAP to HA.

2.3.1 Combinatory algebra in HAP

This subsection aims to describe how the basic facts of combinatory algebra are
derivable in HAP. In this, we closely follow (Beeson, 1985, VI. 2.).

The basic idea is to regard every object of the theory both as a number and as
a partial function, where ⋅ denotes function application to an argument. In line
with this reading we will write 𝜏 ⋅ 𝜎⃗ for 𝜏 ⋅ 𝜎0 ⋅ ⋯ ⋅ 𝜎𝑛, which in turn is a shorthand
for ((⋯ (𝜏 ⋅ 𝜎0) ⋅ ⋯ ) ⋅ 𝜎𝑛) as association of ⋅ is to the left. We will eventually drop
most of the ⋅-symbols to shorten expressions.

It is well known that combinatory algebra is Turing-complete, and thus it
defines the same class of functions as the recursive functions or the 𝜆-calculus.
The following propositions reflect this property in different ways: we can define
a denoting 𝜆-combinator for any partial term of the language, and there are
combinators corresponding to any recursive function definition.

Proposition 2.3.14 (𝜆-terms, Proposition 2.3 of van den Berg and van Slooten
(2018), compare 9.3.5 of Troelstra and van Dalen (1988b) and VI.2.2 of Beeson
(1985)17). For each term 𝜏 and variable 𝑥, there is a term 𝜆𝑥.𝜏 in the combinatorial
fragment (without S, + and ×) such that

1. FV(𝜆𝑥.𝜏) = FV(𝜏) ∖ {𝑥},
2. HAP ⊢ 𝜆𝑥.𝜏↓,
3. HAP ⊢ ⋀𝑖 𝜌𝑖↓ → (𝜆𝑥.𝜏)[𝑦⃗/𝜌⃗]↓ for every sequence 𝑦⃗ of distinct variables

not including 𝑥 and equally long sequence of terms 𝜌⃗, and
4. HAP ⊢ 𝜎↓ → ((𝜆𝑥.𝜏)[𝑦⃗/𝜌⃗]) ⋅ 𝜎 ≃ 𝜏[𝑦⃗, 𝑥/𝜌⃗, 𝜎] for all terms 𝜎.

17 All three of the references give true but less helpful formulations of this lemma, in that they
only claim (𝜆𝑥.𝜏)𝜎 ≃ 𝜏[𝜎] and not how application and substitution interplay and thus
not how iterated 𝛽-reduction works, though this (i.e. 3.) follows using the known fact of
partial term calculus that 𝜏↓ ⇒ (𝜎↓ ⇒ 𝜏[𝑥/𝜎]↓), as was pointed out to me by Gerhard
Jäger. However, at the time of writing (Granberg Olsson and Leigh, 2024) this was un-
known to me, wherefore the above unhelpful formulation also made it in there. Moreover,
the two latter references also apply the corresponding result incorrectly, seemingly confus-
ing weak equality with extensional equality, using e.g. (𝜆𝑥.𝜏)[𝑦/𝜎] ≃ 𝜆𝑥.(𝜏[𝑦/𝜎]), which
is in general not true even if 𝜎 is closed and denoting! Again, similar errors made it into
(Granberg Olsson and Leigh, 2024).
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So 𝜆-terms are extensionally equal (and in general only extensionally equal) (as func-
tions) to the terms they are constructed from.

Proof. We first define

𝜆𝑥.𝑥 = id = s ⋅ k ⋅ k
𝜆𝑥.𝑦 = k ⋅ 𝑦
𝜆𝑥.𝐶 = k ⋅ 𝐶

𝜆𝑥.(𝜎 ⋅ 𝜌) = s ⋅ (𝜆𝑥.𝜎) ⋅ (𝜆𝑥.𝜌)
and subsequently

plus = 𝜆𝑥𝑦.r ⋅ 𝑥 ⋅ (𝜆𝑢𝑣.succ ⋅ 𝑣) ⋅ 𝑦
mult = 𝜆𝑥𝑦.r ⋅ 0 ⋅ (𝜆𝑢𝑣.plus ⋅ 𝑣 ⋅ 𝑥) ⋅ 𝑦
𝜆𝑥.S(𝜎) = 𝜆𝑥.(succ ⋅ 𝜎)

𝜆𝑥.(𝜎 + 𝜌) = 𝜆𝑥.(plus ⋅ 𝜎 ⋅ 𝜌)
𝜆𝑥.(𝜎 × 𝜌) = 𝜆𝑥.(mult ⋅ 𝜎 ⋅ 𝜌).

This exhausts the construction of terms. Verifying the first property is standard,
and the second follows from the third. We prove the two latter by first verifying
them for combinatorial terms 𝜏 by induction. Let 𝑥 and 𝑦⃗ be (distinct) variables.

• Straightforwardly (𝜆𝑥.𝑥)[𝑦⃗/𝜌⃗] = skk[𝑦⃗/𝜌⃗] = skk, whence

HAP ⊢ (𝜆𝑥.𝑥)[𝑦⃗/𝜌⃗]↓
and

HAP ⊢ 𝜎↓ → (𝜆𝑥.𝑥)[𝑦⃗/𝜌⃗]𝜎 ≃ skk𝜎 ≃ (k𝜎)(k𝜎) == 𝜎
where 𝜎 = 𝑥[𝑦⃗, 𝑥/𝜌⃗, 𝜎] (of course).

• First let 𝑦𝑖 be one of the 𝑦⃗ (if 𝑦⃗ non-empty). Then ((𝜆𝑥.𝑦𝑖)[𝑦⃗/𝜌⃗]) =
(k𝑦𝑖[𝑦⃗/𝜌⃗]) = k𝜌𝑖,

HAP ⊢ 𝜌𝑖↓ → k𝜌𝑖↓
and

HAP ⊢ 𝜎↓ → k𝜌𝑖𝜎 ≃ 𝜌𝑖
by HAP5, and 𝜌𝑖 = 𝑦𝑖[𝑦⃗, 𝑥/𝜌⃗, 𝜎]. Then let 𝑧 be a fresh variable, whence
((𝜆𝑥.𝑧)[𝑦⃗/𝜌⃗]) = (k𝑧[𝑦⃗/𝜌⃗]) = k𝑧,

HAP ⊢ k𝑧↓
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and

HAP ⊢ 𝜎↓ → k𝑧𝜎 == 𝑧
by HAP5, and 𝑧 = 𝑧[𝑦⃗, 𝑥/𝜌⃗, 𝜎] vacuously.

• In the same way as the last case above ((𝜆𝑥.𝐶)[𝑦⃗/𝜌⃗]) = (k𝐶[𝑦⃗/𝜌⃗]) = k𝐶,

HAP ⊢ k𝐶↓,
HAP ⊢ 𝜎↓ → k𝐶𝜎 == 𝐶

and 𝐶 = 𝐶[𝑦⃗, 𝑥/𝜌⃗, 𝜎].
• Finally,

(𝜆𝑥.(𝜁 ⋅ 𝜉))[𝑦⃗/𝜌⃗] = (s(𝜆𝑥.𝜁)(𝜆𝑥.𝜉))[𝑦⃗/𝜌⃗]
= s((𝜆𝑥.𝜁)[𝑦⃗/𝜌⃗])((𝜆𝑥.𝜉)[𝑦⃗/𝜌⃗])

whence

HAP ⊢ ⋀𝑖 𝜌𝑖↓ → (𝜆𝑥.(𝜁 ⋅ 𝜉))[𝑦⃗/𝜌⃗]↓
by induction hypothesis and HAP5. Furthermore

HAP ⊢ 𝜎↓ → s((𝜆𝑥.𝜁)[𝑦⃗/𝜌⃗])((𝜆𝑥.𝜉)[𝑦⃗/𝜌⃗])𝜎
≃ (((𝜆𝑥.𝜁)[𝑦⃗/𝜌⃗])𝜎)(((𝜆𝑥.𝜉)[𝑦⃗/𝜌⃗])𝜎)
≃ 𝜁[𝑦⃗, 𝑥/𝜌⃗, 𝜎]𝜉[𝑦⃗, 𝑥/𝜌⃗, 𝜎].

That the first of these weak equalities hold we can verify by assuming
either side denotes and derive equality by HAP5, since subterms of a de-
noting term denote. The second of these is by induction hypothesis. Now
𝜁[𝑦⃗, 𝑥/𝜌⃗, 𝜎]𝜉[𝑦⃗, 𝑥/𝜌⃗, 𝜎] = (𝜁𝜉)[𝑦⃗, 𝑥/𝜌⃗, 𝜎], as desired.

This concludes the proof for combinatorial terms. Before we proceed to prove
the properties in question for general terms 𝜏, we verify that plus and mult
behave as intended, that is

HAP ⊢ ∀𝑥𝑦(plus𝑥𝑦 == 𝑥 + 𝑦) (2.1)
HAP ⊢ ∀𝑥𝑦(mult𝑥𝑦 == 𝑥 × 𝑦). (2.2)

Note that succ, plus and mult are combinatorial terms, and as such the
above proof applies to them. Thus HAP ⊢ plus𝑥𝑦 ≃ r𝑥(𝜆𝑢𝑣.succ𝑣)𝑦 and
HAP ⊢ mult𝑥𝑦 ≃ r0(𝜆𝑢𝑣.plus𝑣𝑥)𝑦where 𝜆𝑢𝑣.succ𝑣↓ and 𝜆𝑢𝑣.plus𝑣𝑥↓.18

Now

HAP ⊢ r𝑥(𝜆𝑢𝑣.succ𝑣)0 == 𝑥 == 𝑥 + 0,
18 We also use the trivial fact that 𝜏[𝑥/𝑥] = 𝜏.
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HAP ⊢ r𝑥(𝜆𝑢𝑣.succ𝑣)𝑦 == 𝑥 + 𝑦
→ r𝑥(𝜆𝑢𝑣.succ𝑣)S(𝑦)

≃ (𝜆𝑢𝑣.succ𝑣)𝑦(r𝑥(𝜆𝑢𝑣.succ𝑣)𝑦)
≃ (𝜆𝑣.succ𝑣)(r𝑥(𝜆𝑢𝑣.succ𝑣)𝑦)
≃ succ(r𝑥(𝜆𝑢𝑣.succ𝑣)𝑦)
== S(𝑥 + 𝑦)
== 𝑥 + S(𝑦)

by iterating this lemma for the combinator 𝜆𝑢𝑣.succ𝑣 and HAP7, whence

HAP ⊢ ∀𝑦plus𝑥𝑦 == 𝑥 + 𝑦

by HAP8 and (2.1) follows. For mult

HAP ⊢ r0(𝜆𝑢𝑣.plus𝑣𝑥)0 == 0 == 𝑥 × 0,
HAP ⊢ r0(𝜆𝑢𝑣.plus𝑣𝑥)𝑦 == 𝑥 × 𝑦

→ r0(𝜆𝑢𝑣.plus𝑣𝑥)S(𝑦)
≃ (𝜆𝑢𝑣.plus𝑣𝑥)𝑦(r0(𝜆𝑢𝑣.plus𝑣𝑥)𝑦)
≃ (𝜆𝑢𝑣.plus𝑣𝑥)𝑦(𝑥 × 𝑦)
≃ (𝜆𝑣.plus𝑣𝑥)[𝑢/𝑦](𝑥 × 𝑦)
≃ (plus𝑣𝑥)[𝑢, 𝑣/𝑦, 𝑥 × 𝑦]
≃ plus(𝑥 × 𝑦)𝑥
== (𝑥 × 𝑦) + 𝑥
== 𝑥 × S(𝑦)

by HAP7 together with repeated application of this lemma for the combinator
(𝜆𝑢𝑣.plus𝑣𝑥), where the last weak equality is by meta (syntactic) equality and
we use (2.1) at the penultimate line. Then (2.2) follows by HAP8 as above.

We now prove the general claims by induction on 𝜏, the first four cases being
as above (verbatim). Let 𝑥 and 𝑦⃗ be as above.

• Since (𝜆𝑥.S(𝜂))[𝑦⃗/𝜌⃗] = (𝜆𝑥.succ𝜂)[𝑦⃗/𝜌⃗] by definition, the same reason-
ing as in the last case above applies, yielding

HAP ⊢ ⋀𝑖 𝜌𝑖↓ → (𝜆𝑥.succ𝜂)[𝑦⃗/𝜌⃗]↓

and

HAP ⊢ 𝜎↓ → ((𝜆𝑥.succ𝜂)[𝑦⃗/𝜌⃗])𝜎 ≃ succ ⋅ (𝜂[𝑦⃗, 𝑥/𝜌⃗, 𝜎])
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by induction hypothesis and this lemma for succ. Moreover

HAP ⊢ succ ⋅ (𝜂[𝑦⃗, 𝑥/𝜌⃗, 𝜎]) ≃ S((𝜂[𝑦⃗, 𝑥/𝜌⃗, 𝜎]))

by HAP7, where S((𝜂[𝑦⃗, 𝑥/𝜌⃗, 𝜎])) = S(𝜂)[𝑦⃗, 𝑥/𝜌⃗, 𝜎].
• Firstly we have

(𝜆𝑥.𝜂 + 𝜁)[𝑦⃗/𝜌⃗] = (𝜆𝑥.plus𝜂𝜁)[𝑦⃗/𝜌⃗]
= (s(𝜆𝑥.plus𝜂)(𝜆𝑥.𝜁))[𝑦⃗/𝜌⃗]
= (s(s(𝜆𝑥.plus)(𝜆𝑥.𝜂))(𝜆𝑥.𝜁))[𝑦⃗/𝜌⃗]
= s(s(𝜆𝑥.plus)[𝑦⃗/𝜌⃗](𝜆𝑥.𝜂)[𝑦⃗/𝜌⃗])(𝜆𝑥.𝜁)[𝑦⃗/𝜌⃗]

by definitions. Thus

HAP ⊢ ⋀𝑖 𝜌𝑖↓ → (𝜆𝑥.𝜂 + 𝜁)[𝑦⃗/𝜌⃗]↓

by induction hypothesis, this lemma for plus and HAP5. Secondly

HAP ⊢ 𝜎↓
→ s(s((𝜆𝑥.plus)[𝑦⃗/𝜌⃗])((𝜆𝑥.𝜂)[𝑦⃗/𝜌⃗]))((𝜆𝑥.𝜁)[𝑦⃗/𝜌⃗])𝜎

≃ (s((𝜆𝑥.plus)[𝑦⃗/𝜌⃗])((𝜆𝑥.𝜂)[𝑦⃗/𝜌⃗])𝜎)(((𝜆𝑥.𝜁)[𝑦⃗/𝜌⃗])𝜎)
≃ (((𝜆𝑥.plus)[𝑦⃗/𝜌⃗])𝜎)(((𝜆𝑥.𝜂)[𝑦⃗/𝜌⃗])𝜎)(((𝜆𝑥.𝜁)[𝑦⃗/𝜌⃗])𝜎)
≃ (((𝜆𝑥.plus)[𝑦⃗/𝜌⃗])𝜎)(𝜂[𝑦⃗, 𝑥/𝜌⃗, 𝜎])(𝜁[𝑦⃗, 𝑥/𝜌⃗, 𝜎])

by HAP5 and induction hypothesis. Moreover plus is a closed combin-
atorial term, so the lemma for such terms applies, giving

HAP ⊢ 𝜎↓ → (𝜆𝑥.plus)[𝑦⃗/𝜌⃗]𝜎 ≃ plus

whence

HAP ⊢ 𝜎↓ → ((𝜆𝑥.𝜂 + 𝜁)[𝑦⃗/𝜌⃗])𝜎
≃ plus(𝜂[𝑦⃗, 𝑥/𝜌⃗, 𝜎])(𝜁[𝑦⃗, 𝑥/𝜌⃗, 𝜎])
≃ (𝜂[𝑦⃗, 𝑥/𝜌⃗, 𝜎])+(𝜁[𝑦⃗, 𝑥/𝜌⃗, 𝜎])
≃ (𝜂+𝜁)[𝑦⃗, 𝑥/𝜌⃗, 𝜎]

by (2.1), where the last weak equality is by meta-equality (again, if we
assume that either side of the second weak equality denotes, then it follows
that 𝜂[𝑦⃗, 𝑥/𝜌⃗, 𝜎]↓ and 𝜁[𝑦⃗, 𝑥/𝜌⃗, 𝜎]↓, so (2.1) is applicable).

• × is similar: Firstly

(𝜆𝑥.𝜂 × 𝜁)[𝑦⃗/𝜌⃗] = (𝜆𝑥.mult𝜂𝜁)[𝑦⃗/𝜌⃗]
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= (s(𝜆𝑥.mult𝜂)(𝜆𝑥.𝜁))[𝑦⃗/𝜌⃗]
= (s(s(𝜆𝑥.mult)(𝜆𝑥.𝜂))(𝜆𝑥.𝜁))[𝑦⃗/𝜌⃗]
= s(s((𝜆𝑥.mult)[𝑦⃗/𝜌⃗])((𝜆𝑥.𝜂)[𝑦⃗/𝜌⃗]))((𝜆𝑥.𝜁)[𝑦⃗/𝜌⃗])

by definitions, whence

HAP ⊢ ⋀𝑖 𝜌𝑖↓ → (𝜆𝑥.𝜂 × 𝜁)[𝑦⃗/𝜌⃗]↓

by induction hypothesis, this lemma for mult and HAP5. Secondly

HAP ⊢ 𝜎↓
→ s(s((𝜆𝑥.mult)[𝑦⃗/𝜌⃗])((𝜆𝑥.𝜂)[𝑦⃗/𝜌⃗]))((𝜆𝑥.𝜁)[𝑦⃗/𝜌⃗])𝜎

≃ (s((𝜆𝑥.mult)[𝑦⃗/𝜌⃗])((𝜆𝑥.𝜂)[𝑦⃗/𝜌⃗])𝜎)(((𝜆𝑥.𝜁)[𝑦⃗/𝜌⃗])𝜎)
≃ (((𝜆𝑥.mult)[𝑦⃗/𝜌⃗])𝜎)(((𝜆𝑥.𝜂)[𝑦⃗/𝜌⃗])𝜎)(((𝜆𝑥.𝜁)[𝑦⃗/𝜌⃗])𝜎)
≃ (((𝜆𝑥.mult)[𝑦⃗/𝜌⃗])𝜎)(𝜂[𝑦⃗, 𝑥/𝜌⃗, 𝜎])(𝜁[𝑦⃗, 𝑥/𝜌⃗, 𝜎])

by HAP5 and induction hypothesis. mult is a combinator, so this lemma
for such applies, giving

HAP ⊢ 𝜎↓ → ((𝜆𝑥.mult)[𝑦⃗/𝜌⃗])𝜎 ≃ mult

whence

HAP ⊢ 𝜎↓ → ((𝜆𝑥.𝜂 × 𝜁)[𝑦⃗/𝜌⃗])𝜎
≃ mult(𝜂[𝑦⃗, 𝑥/𝜌⃗, 𝜎])(𝜁[𝑦⃗, 𝑥/𝜌⃗, 𝜎])
≃ 𝜂[𝑦⃗, 𝑥/𝜌⃗, 𝜎] × 𝜁[𝑦⃗, 𝑥/𝜌⃗, 𝜎]
≃ (𝜂 × 𝜁)[𝑦⃗, 𝑥/𝜌⃗, 𝜎]

as desired, by above, (2.2) and meta-equality.

As stated above we will call terms constructed in accordance with this lemma
𝜆-terms. At first sight they might seem rather redundant, but note that a 𝜆-term
always denotes, as opposed to the original term it was constructed from (though
the application of a 𝜆-term to some argument need not denote, of course). Note
that this also means that 𝜏 is not a subterm of 𝜆𝑥.𝜏 in general. Another immediate
consequence of the construction is that 𝜆-terms do not contain any arithmetical
function symbol, but only ⋅. We will use the usual notational conventions for
stacking 𝜆s, that is 𝜆𝑥.𝜆𝑦.𝜏 will be written 𝜆𝑥𝑦.𝜏 etc. (This was already done in
the proof above).

Corollary 2.3.15. HAP ⊢ 𝜎⃗𝑛↓ → (𝜆𝑥⃗𝑛.𝜏) ⋅ 𝜎⃗𝑛 ≃ 𝜏[𝑥⃗𝑛/𝜎⃗𝑛].
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Thus having modelled 𝜆-calculus in HAP we apply it to obtain a third model
of computation: the recursive functions.

Proposition 2.3.16 (Primitive recursion in HAP). For every primitive recursive
function symbol of ℒPRA there is a combinator of ℒHAP such that HAP proves its
defining equations. More precisely there is an embedding 𝜏 of 𝒫ℛ into the terms of
ℒHAP such that for all 𝐹, 𝐺, and 𝛨 in 𝒫ℛ (with requisite arities)

HAP ⊢ ∀𝑥 𝜏Z ⋅ 𝑥 == 0

HAP ⊢ ∀𝑥 𝜏succ ⋅ 𝑥 == S(𝑥)
HAP ⊢ ∀𝑥⃗𝑚 𝜏𝜋𝑚𝑖 ⋅ 𝑥⃗

𝑚 == 𝑥𝑖
HAP ⊢ ∀𝑥⃗𝑘 𝜏∘𝑚𝑘 (𝐺,𝛨⃗𝑚) ⋅ 𝑥⃗𝑘 == 𝜏𝐺 ⋅ (𝜏𝛨0

⋅ 𝑥⃗𝑘) ⋅ ⋯ ⋅ (𝜏𝛨𝑚−1
⋅ 𝑥⃗𝑘)

HAP ⊢ ∀𝑥⃗𝑚 𝜏rec𝑚(𝐺,𝛨) ⋅ 𝑥⃗
𝑚 ⋅ 0 == 𝜏𝛨 ⋅ 𝑥⃗𝑚

HAP ⊢ ∀𝑥⃗𝑚𝑦 𝜏rec𝑚(𝐺,𝛨) ⋅ 𝑥⃗
𝑚 ⋅ S(𝑦) == 𝜏𝐺 ⋅ 𝑥⃗𝑚 ⋅ 𝑦 ⋅ (𝜏rec𝑚(𝐺,𝛨) ⋅ 𝑥⃗

𝑚 ⋅ 𝑦)

and consequently

HAP ⊢ 𝜏𝐹 ⋅ 𝑛⃗ == val(𝐹, 𝑛⃗)

for every 𝑛⃗ ∈ ℕ⃗. In particular HAP ⊢ 𝜏𝐹↓ for every 𝐹 ∈ 𝒫ℛ.

Proof. Compare with (van Slooten, 2014, 1.2.4) and (Troelstra and van Dalen,
1988b, 9.3.5, 9.3.11). We construct 𝜏𝐹 by induction on the construction of 𝐹.

𝜏Z = k ⋅ 0
𝜏succ = succ
𝜏𝜋𝑚𝑖 = 𝜆𝑥⃗𝑚.𝑥𝑖

𝜏∘𝑚𝑘 (𝐺,𝛨⃗𝑚) = 𝜆𝑥⃗𝑘.𝜏𝐺 ⋅ (𝜏𝛨0
⋅ 𝑥⃗𝑘) ⋅ ⋯ ⋅ (𝜏𝛨𝑚−1

⋅ 𝑥⃗𝑘)
𝜏rec𝑚(𝐺,𝛨) = 𝜆𝑥⃗𝑚.r ⋅ (𝜏𝛨 ⋅ 𝑥⃗𝑚) ⋅ (𝜏𝐺 ⋅ 𝑥⃗𝑚)

Verifying the above properties is straightforward.

Thus standard constructions of primitive recursive functions can be carried
out in HAP. For instance there are combinators corresponding to (natural defin-
itions of ) the arithmetic modified subtraction function, less-than relation and
non-equality. We fix such combinators and write ‘𝜏 ∸ 𝜎’, ‘𝜏 < 𝜎’ and ‘𝜏 ⋈ 𝜎 for
the ensuing operation and relations in ℒHAP in the usual way. Note that the
latter satisfies HAP ⊢ 𝜏 < 𝜎 → 𝜏↓ ∧ 𝜎↓ and HAP ⊢ 𝜏 ⋈ 𝜎 → 𝜏↓ ∧ 𝜎↓, just as if
they were relation symbols. The symbol =≠ will, as usual, be used as a shorthand
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for ¬ == (which is of course equivalent to ⋈ for denoting terms, since equality is
decidable).

As a corollary to the above proposition we get

Proposition 2.3.17. Recall HAPRA is Heyting Arithmetic in ℒPRA (see Troelstra
and van Dalen (1988a)). Then

HAPRA ⊢I 𝜙 ⇒ HAP ⊢ 𝒯(𝜙),
where 𝒯 is the interpretation 𝜏 from Proposition 2.3.16 compositionally extended as
identity on ℒHA to ℒPRA ⟶ ℒHAP. In particular, if 𝜙 ∈ ℒPRA is a true (in ℕ)
Σ1-sentence, then HAP ⊢ 𝒯(𝜙).

Given these results, it should come as no surprise that

Proposition 2.3.18 (Computation in HAP, VI.2.6–8 of Beeson (1985), 9.3.8
of Troelstra and van Dalen (1988b), 1.2.1. of van Slooten (2014)). Combinatory
algebra in HAP encompasses all recursive functions.

1. There is a combinator d such that HAP ⊢ d↓,
HAP ⊢ 𝑥 == 𝑦 → d ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑓 ⋅ 𝑔 ⋅ 𝑧 ≃ 𝑓 ⋅ 𝑧

and

HAP ⊢ 𝑥 =≠ 𝑦 → d ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑓 ⋅ 𝑔 ⋅ 𝑧 ≃ 𝑔 ⋅ 𝑧.

2. There is a combinator fix such that HAP ⊢ fix↓ and
HAP ⊢ fix ⋅ 𝑓↓ ∧ fix ⋅ 𝑓 ⋅ 𝑥 ≃ 𝑓 ⋅ (fix ⋅ 𝑓) ⋅ 𝑥.

3. There is a combinator min such that HAP ⊢ min↓ and
HAP ⊢ ∀𝑢(min𝑓𝑥 == 𝑢 ↔ ∀𝑧 < 𝑢(𝑓𝑥𝑧 > 0) ∧ 𝑓𝑥𝑢 == 0).

Proof. 1. Let e be the binary total combinator representing a natural defin-
ition of the primitive recursive function 𝑒 such that 𝑒(𝑛, 𝑛) = 0 and
𝑒(𝑛, 𝑚) = 1 if 𝑛 ≠ 𝑚 (see (van den Berg and van Slooten, 2018, Re-
mark 2.2)). Then d is 𝜆𝑥𝑦𝑓𝑔.r ⋅ (𝜆𝑧.𝑓 ⋅ 𝑧) ⋅ (𝜆𝑢𝑣𝑧.𝑔 ⋅ 𝑧) ⋅ (e ⋅ 𝑥 ⋅ 𝑦). By
Corollary 2.3.15

HAP ⊢ d𝑥𝑦𝑓𝑔𝑧 ≃ r(𝜆𝑧.𝑓𝑧)(𝜆𝑢𝑣𝑧.𝑔𝑧)(e𝑥𝑦)𝑧,
whence

HAP ⊢ 𝑥 == 𝑦 → d𝑥𝑦𝑓𝑔𝑧 ≃ r(𝜆𝑧.𝑓𝑧)(𝜆𝑢𝑣𝑧.𝑔𝑧)0𝑧
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≃ (𝜆𝑧.𝑓𝑧)𝑧
≃ 𝑓𝑧

and

HAP ⊢ 𝑥 =≠ 𝑦 → d𝑥𝑦𝑓𝑔𝑧
≃ r(𝜆𝑧.𝑓𝑧)(𝜆𝑢𝑣𝑧.𝑔𝑧)S(0)𝑧
≃ (𝜆𝑢𝑣𝑧.𝑔𝑧)0(r(𝜆𝑧.𝑓𝑧)(𝜆𝑢𝑣𝑧.𝑔𝑧)0)𝑧
≃ 𝑔𝑧

by the same corollary.
2. fix is 𝜆𝑓.(𝜆𝑦𝑥.𝑓 ⋅ (𝑦 ⋅ 𝑦) ⋅ 𝑥) ⋅ (𝜆𝑦𝑥.𝑓 ⋅ (𝑦 ⋅ 𝑦) ⋅ 𝑥). Then

HAP ⊢ fix𝑓 ≃ (𝜆𝑦𝑥.𝑓(𝑦𝑦)𝑥)(𝜆𝑦𝑥.𝑓(𝑦𝑦)𝑥)
≃ (𝜆𝑥.𝑓(𝑦𝑦)𝑥)[𝑦/(𝜆𝑦𝑥.𝑓(𝑦𝑦)𝑥)]↓

by Proposition 2.3.14, and thus the ≃ above can be replaced by == . Addi-
tionally, by the same proposition,

HAP ⊢ fix𝑓𝑥 ≃ 𝑓((𝜆𝑦𝑥.𝑓(𝑦𝑦)𝑥)(𝜆𝑦𝑥.𝑓(𝑦𝑦)𝑥))𝑥
≃ 𝑓(fix𝑓)𝑥

as claimed.
3. min is 𝜆𝑓𝑥.fix⋅(𝜆𝑔𝑦𝑧.d⋅0⋅(𝑓⋅𝑦⋅𝑧)⋅(k⋅0)⋅(𝜆𝑢.succ⋅(𝑔⋅𝑦⋅(succ⋅𝑢)))⋅𝑧)⋅

𝑥⋅0. Let 𝜎 = 𝜆𝑢.succ(𝑔⋅𝑦⋅(succ⋅𝑢)) and 𝜏 = 𝜆𝑔𝑦𝑧.d⋅0⋅(𝑓⋅𝑦⋅𝑧)⋅(k⋅0)⋅𝜎⋅𝑧
so that min = 𝜆𝑓𝑥.fix𝜏𝑥0 and HAP ⊢ 𝜏↓ ∧ 𝜎↓ The intuition we will
(try to) establish is that fix𝜏𝑥𝑣 is the minimal number of denoting steps
away that the next zero of 𝑓𝑥- is achieved. We thus first show that

HAP ⊢ fix𝜏𝑥𝑣 == 0 ↔ 𝑓𝑥𝑣 == 0 (2.3)

by noting that by definition

HAP ⊢ 𝑓𝑥𝑣 == 0 → fix𝜏𝑥𝑣 ≃ 𝜏(fix𝜏)𝑥𝑣
≃ d0(𝑓𝑥𝑣)(k0)𝜎[𝑔, 𝑦, 𝑧/fix𝜏, 𝑥, 𝑣]𝑣
≃ k0𝑣
== 0

and conversely

HAP ⊢ fix𝜏𝑥𝑣 == 0

↔ 𝜏(fix𝜏)𝑥𝑣 == 0
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↔ d0(𝑓𝑥𝑣)(k0)𝜎[𝑔, 𝑦, 𝑧/fix𝜏, 𝑥, 𝑣]𝑣 == 0

→ 𝑓𝑥𝑣↓ ∧ (0 < 𝑓𝑥𝑣 → 0 == fix𝜏𝑥𝑣
== 𝜎[𝑔, 𝑦, 𝑧/fix𝜏, 𝑥, 𝑣]𝑣
== succ(fix𝜏𝑥(succ𝑣)))

→ 𝑓𝑥𝑣↓ ∧ (0 < 𝑓𝑥𝑣 → 0 == S(fix𝜏𝑥(S(𝑣))))
→ 𝑓𝑥𝑣 == 0.

On the reading above: the next 0 of 𝑓𝑥- is 0 steps away from 𝑣 iff 𝑓𝑥𝑣 == 0.
We then show by induction that

HAP ⊢ ∀𝑦 ≤ 𝑢(fix𝜏𝑥𝑣 == 𝑢
→ fix𝜏𝑥(𝑣 + 𝑦) == 𝑢 ∸ 𝑦 ∧ ∀𝑧 < 𝑦(0 < 𝑓𝑥(𝑣 + 𝑧)))

using the induction axiom HAP8 on 𝑦. Note that instantiating 𝑦 with 0

yields a trivially true statement. To make the rest of the argument feasible,
we now switch to informally reasonwithinHAP (just as our proofs usually
are informal reasonings within the meta theory; thus we locally descend
a level).
Let S(𝑦) ≤ 𝑢 and assume fix𝜏𝑥𝑣 == 𝑢; by induction hypothesis

fix𝜏𝑥(𝑣 + 𝑦) == 𝑢 ∸ 𝑦 ∧ ∀𝑧 < 𝑦(0 < 𝑓𝑥(𝑣 + 𝑧)).

Thus

𝑢 ∸ 𝑦 == fix𝜏𝑥(𝑣 + 𝑦)
== d0(𝑓𝑥(𝑣 + 𝑦))(k0)𝜎[𝑔, 𝑦, 𝑧/fix𝜏, 𝑥, (𝑣 + 𝑦)](𝑣 + 𝑦) (2.4)

whence 𝑓𝑥(𝑣 + 𝑦)↓, and assuming 𝑓𝑥(𝑣 + 𝑦) == 0 yields

(2.4) == k0(𝑣 + 𝑦)
== 0

which is absurd since 𝑦 < 𝑢. Thus 0 < 𝑓𝑥(𝑣 + 𝑦) and

(2.4) == 𝜎[𝑔, 𝑦, 𝑧/fix𝜏, 𝑥, (𝑣 + 𝑦)](𝑣 + 𝑦)
== succ(fix𝜏𝑥(succ(𝑣 + 𝑦)))
== S(fix𝜏𝑥(𝑣 + S(𝑦)))

whence fix𝜏𝑥(𝑣 + S(𝑦)) == 𝑢 ∸ S(𝑦). If 𝑧 < S(𝑦) then either 𝑧 < 𝑦 and
0 < 𝑓𝑥(𝑣 + 𝑧) by induction hypothesis, or 𝑧 == 𝑦 whence 0 < 𝑓𝑥(𝑣 + 𝑧) by
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above. By HAP8 we conclude

∀𝑦 ≤ 𝑢(fix𝜏𝑥𝑣 == 𝑢
→ fix𝜏𝑥(𝑣 + 𝑦) == 𝑢 ∸ 𝑦 ∧ ∀𝑧 < 𝑦(0 < 𝑓𝑥(𝑣 + 𝑧)))

as desired.
Now we (briefly) return to the usual circumstance of HAP being the ob-
ject language. Instantiating 𝑦 above with 𝑢, we see

HAP ⊢ fix𝜏𝑥𝑣 == 𝑢
→ fix𝜏𝑥(𝑣 + 𝑢) == 0 ∧ ∀𝑧 < 𝑢(0 < 𝑓𝑥(𝑣 + 𝑧))

from which we can deduce

HAP ⊢ fix𝜏𝑥(𝑣 + 𝑢) == 0 → 𝑓𝑥(𝑣 + 𝑢) == 0 ∧ ∀𝑧 < 𝑢(0 < 𝑓𝑥(𝑣 + 𝑧))

by above. We now conversely verify that

HAP ⊢ ∀𝑢𝑣(∀𝑧 < 𝑢(0 < 𝑓𝑥(𝑣 + 𝑧)) ∧ 𝑓𝑥(𝑣 + 𝑢) == 0 → fix𝜏𝑥𝑣 == 𝑢)

reasoning within HAP again.
Let 𝑣 be arbitrary and suppose ∀𝑧 < 0(0 < 𝑓𝑥(𝑣 + 𝑧)) ∧ 𝑓𝑥(𝑣 + 0) == 0.
Then fix𝜏𝑥𝑣 == 0 by (2.3).
Assume ∀𝑣(∀𝑧 < 𝑢(0 < 𝑓𝑥(𝑣 + 𝑧)) ∧ 𝑓𝑥(𝑣 + 𝑢) == 0 → fix𝜏𝑥𝑣 == 𝑢) and
let 𝑣 be arbitrary. Suppose ∀𝑧 < S(𝑢)(0 < 𝑓𝑥(𝑣 + 𝑧)) ∧ 𝑓𝑥(𝑣 + S(𝑢)) == 0.
Then 𝑓𝑥(S(𝑣) + 𝑢) ≃ 𝑓𝑥(𝑣 + S(𝑢)) == 0. Now note that if 𝑧 < 𝑢 then
S(𝑧) < S(𝑢)whence 0 < 𝑓𝑥(𝑣+S(𝑧)), i.e. we have∀𝑧 < 𝑢(0 < 𝑓𝑥(S(𝑣)+𝑧)).
Instantiating the induction hypothesis with S(𝑣) thus gives

fix𝜏𝑥S(𝑣) == 𝑢.

Since 0 < S(𝑢) we also know that 0 < 𝑓𝑥𝑣, whence

fix𝜏𝑥𝑣 ≃ d0(𝑓𝑥𝑣)(k0)𝜎[𝑔, 𝑦, 𝑧/fix𝜏, 𝑥, 𝑣]𝑣
≃ 𝜎[𝑔, 𝑦, 𝑧/fix𝜏, 𝑥, 𝑣]𝑣
≃ succ(fix𝜏𝑥(succ𝑣))
≃ succ(fix𝜏𝑥S(𝑣))
≃ succ𝑢
== S(𝑢)

as desired.
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By HAP8 we conclude

∀𝑢𝑣(∀𝑧 < 𝑢(0 < 𝑓𝑥(𝑣 + 𝑧)) ∧ 𝑓𝑥(𝑣 + 𝑢) == 0 → fix𝜏𝑥𝑣 == 𝑢)

as promised.
Thus we have that

HAP ⊢ ∀𝑢𝑣(fix𝜏𝑥𝑣 == 𝑢 ↔ ∀𝑧 < 𝑢(0 < 𝑓𝑥(𝑣 + 𝑧)) ∧ 𝑓𝑥(𝑣 + 𝑢) == 0)

and instantiating 𝑣 with 0 (recalling min𝑓𝑥 = fix𝜏𝑥0) we get

HAP ⊢ ∀𝑢(min𝑓𝑥 == 𝑢 ↔ ∀𝑧 < 𝑢(0 < 𝑓𝑥𝑧) ∧ 𝑓𝑥𝑢 == 0)

as promised.
Then all recursive functions are definable as combinators using the machinery

in Proposition 2.3.16.

The above embeds ℒPRA (and more) into ℒHAP. It will, however, be import-
ant that ℒHA is embedded in ℒHAP in a way that does not involve ⋅ and the pure
combinators; recall that ℒHA ⊂ ℒHAP by definition! This motivates our nomen-
clature whereby we call the formulae of ℒHA (as a subset of ℒHAP) the arithmetic
formulae of ℒHAP. Also, on a more informal level, like the interpretations of
Lemma 2.3.10 and Proposition 2.3.12, the interpretations of terms stand in
the corresponding recurrence relations to each other as the original terms did in
HAP.

2.4 Realizability
Realizability is one way of making precise the meaning of a formula in intuition-
istic logic. The general idea is that the realizer provides the constructive inform-
ation which is missing in a statement. As such, the realizers of a sentence could
be compared to its proof-objects in e.g. the BHK-interpretation. We will, how-
ever, not go into this but only consider realizability as a syntactic interpretation
of formulae: given a formula 𝜑 and a term 𝜏 we construct another formula 𝜏 r𝜑
(𝜏 realizes 𝜑) whose free variable consists of those of 𝜏 and 𝜑. We will present
two versions of Kleene’s realizability by numbers, one (briefly) in HA and one
in HAP.

We will give the definitions at the level of formula-variants. The extensions
to formulae is the same in both cases: given a formula 𝜗 and a term 𝜏, 𝜏 r 𝜗 is the
equivalence class of 𝜏 r 𝜃 for the variants 𝜃 of 𝜗 where no variable of 𝜏 is bound
and without nested bindings (we will show this definition to be unambiguous
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in Lemma 2.4.7). In particular this means that in a formula like ∃𝑥(𝑥 r𝜑), 𝑥 is
not bound in 𝜑.

We will use the notational convention that r binds tighter than the logical
connectives but weaker than term constructors.

2.4.1 Almost negative formulae

It is, at least in the context of this thesis, inconvenient that there are two distinct
notion of ‘positivity’ and ‘negativity’. The first, which is the one occurring in
e.g. the expression ‘strictly positive fixpoints’, refer to the position of a symbol in
relation to the implications (or, in classical logic, the negations) of a formula. In
classical logic, then, an occurrence of a symbol in a formula is negative (positive)
if it is preceded by a (no) negation symbol in the negation normal form of the
formula, equivalently, if it is within the scope of an odd (even) number of neg-
ations. In intuitionistic logic these measures are less helpful; an occurrence of a
symbol in a formula is strictly positive if it is not within the antecedent of any
implication in the formula. Classically, every positive formula is equivalent to a
strictly positive one, and strict positivity implies positivity. There are also more
fine-grained measures of nesting depth of implications, which can be compared
to the hierarchy introduced in Chapter 3.

The other notion of ‘positivity’/‘negativity’ refers to the connectives and quan-
tifiers used in the construction. In this terminology∧ and∀ (∨ and ∃) correspond
to the negative (positive) fragment of a language (theory etc.). The almost negat-
ive formulae are, fittingly enough, those that are constructed almost only with
the negative connectives/quantifiers, namely: a formula is almost negative iff it
contains no disjunction symbols (∨) and existential quantifiers (∃) only occur
directly in front of equations between terms. We will denote the set of almost
negative formulae (formula-variants) byΛ (the rationale being that aΛ is ‘almost
an 𝛮’ and looks a bit like A).

Our main interest in almost negative formulae derives from their relation to
(Kleene-)realizability. As we will see in the following section, the formula 𝜏 r𝜑
for any term 𝜏 and formula 𝜑 is almost negative, and almost negative formulae
themselves are equivalent (in HA) to there being a realizer of them.
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2.4.2 Kleene-realizability

The ‘ordinary’ variant of Kleene-realizability by numbers is formalised in HAPRA,
essentially as presented in (Troelstra and van Dalen, 1988a, 4.4, p.195–);19 for
each formula-variant 𝜃 of ℒPRA and each term 𝜏 we define the formula-variant
𝜏 r 𝜃 by the following recursive clauses:

𝜏 r (𝜎1 == 𝜎2) is 𝜎1 == 𝜎2,
𝜏 r ⊥ is ⊥,

𝜏 r (𝜙 ∧ 𝜓) is pl(𝜏) r 𝜙 ∧ pr(𝜏) r𝜓,
𝜏 r (𝜙 ∨ 𝜓) is (pl(𝜏) == 0 → pr(𝜏) r 𝜙) ∧ (pl(𝜏) =≠ 0 → pr(𝜏) r𝜓),
𝜏 r (𝜙 → 𝜓) is ∀𝑥(𝑥 r 𝜙 → ∃𝑦T(𝜏, 𝑥, 𝑦) ∧ ∀𝑦(T(𝜏, 𝑥, 𝑦) → U(𝑦) r𝜓)),
𝜏 r (∀𝑥𝜙) is ∀𝑥(∃𝑦T(𝜏, 𝑥, 𝑦) ∧ ∀𝑦(T(𝜏, 𝑥, 𝑦) → U(𝑦) r 𝜙)),
𝜏 r (∃𝑥𝜙) is pr(𝜏) r (𝜙[𝑥/pl(𝜏)]),

where in the implication clause 𝑥 and 𝑦 are distinct and fresh relative to 𝜏, 𝜙
and 𝜓, and in the universal clause 𝑦 is fresh relative to 𝜏, 𝑥 and and 𝜙. In the
clauses above, T is the primitive recursive Kleene’s T-predicate and U the associ-
ated result-extracting function (notice that as primitive recursive, here they are
actual function symbols, as opposed to in in the proof of Proposition 2.3.12);
in case disambiguation is needed, we will use a formalisation of computation by
combinator calculus. Thus the intended meaning of T(𝑥, 𝑦, 𝑧) is that 𝑧 is the code
of a computation (i.e. chain of rewritings) of the program (i.e. combinator term)
coded by 𝑥 on input (applied to the object which is) coded by 𝑦, and U(𝑧) is then
the final result of this computation. There are a few other things to note: the
fresh 𝑥 and 𝑦 in the implication and universal clauses of the definition above can
be chosen in a systematic (primitive recursive) fashion, which we will not specify;
an expression of the form ∀𝑥(𝑥 r𝜑 → 𝜓), as in the clause for implication, will
sometimes be abbreviated ∀𝑥 r𝜑 𝜓, with the parentheses in 𝜓 written out to
such an extent that the expression becomes readable (e.g. ∀𝑥 r𝜑(𝜎(𝑥) == 𝜏(𝑥)));
and the corresponding for ∃𝑥 r𝜑.

The following are some basic facts about r, showing the definition and nota-
tion is meaningful.

Lemma 2.4.1 (Partly Lemma 4.4.6.(i) of (Troelstra and van Dalen, 1988a)). For
19 The below definition differs from theirs in the clause for disjunction, implication and

the universal quantifier (and the presence of the explicit symbol ⊥). The differences are
immaterial in that they yield equivalent notions, but the choice here made is to ensure
that 𝜏 r 𝜙 is literally almost negative, which affects the wording of Lemma 2.4.1.
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every formula-variant 𝜙 and term 𝜏, 𝜏 r𝜓 is almost negative and the free variables
of 𝜙 are among the free variables of 𝜏 r 𝜙, which are among the free variables of 𝜙
and 𝜏.

Lemma 2.4.2. Let 𝜙 and 𝜃 be 𝛼-equivalent formula-variants without nested bind-
ings and 𝜏 a term with no variables bound in 𝜙 or 𝜃. Then 𝜏 r 𝜙 and 𝜏 r 𝜃 are
𝛼-equivalent.

A potential subtlety: the notation ‘𝜏 r𝜑(𝑥⃗)’ etc. can a priori mean both
𝜏 r (𝜑(𝑥⃗)) and (𝜏 r𝜑)(𝑥⃗). Fortunately this is a benign ambiguity; the two lat-
ter are equal as long as 𝜏 does not contain any of the variables substituted for.

Lemma 2.4.3 (Lemma 4.4.6.(ii) of Troelstra and van Dalen (1988a)). Substi-
tution ‘distributes’ over realizability: Let 𝜑 be a formula and 𝜏 a term. For all
equally long finite sequences 𝑢⃗ and 𝜎⃗ of distinct variables and terms, respectively,
(𝜏 r𝜑)(𝑢⃗/𝜎⃗) = (𝜏[𝑢⃗/𝜎⃗]) r (𝜑(𝑢⃗/𝜎⃗)). In particular, (𝑥 r𝜑)(𝑥/𝜏) = 𝜏 r𝜑 if 𝑥 is
fresh.

We will let 𝜏 r𝜑(𝑦⃗) mean 𝜏 r (𝜑(𝑦⃗)) etc., since this seems to be the natural
reading when 𝜏 is a(n explicitly given) single variable.

2.4.3 Realizability in HAP

Realizability in HAP is one of the main tools of (van den Berg and van Slooten,
2018), and we will utilise many of their results, and those of similar systems
like in (Beeson, 1985) and (Troelstra and van Dalen, 1988b). We present this
technical background in this section, together with some additional machinery.20

Proofs will be provided when this particular approach seems to require it. We
start off by sorting out a number of technical issues, showing that the definitions
are well-behaved. First out is to show that the definition of 𝜏 r𝜑 for a formula 𝜑
is meaningful.

In fact, we will extend the definition of realizability given by van den Berg
and van Slooten (2018) to a language ℒ with an arbitrary set of relation symbols,
parameterised by the clauses for these relations.
20 The realizability we will use is not literally an extension of the definition of van den Berg

and van Slooten (2018); the clause for disjunction is different, since they treat it as a
defined predicate. If these definitions were to be unwinded the clause would be that
𝜏 r (𝜓 ∨ 𝜗) would be equivalent to ∀𝑥(pl ⋅ 𝜏 = 0 → pl ⋅ (pr ⋅ 𝜏) ⋅ 𝑥↓ ∧ pl ⋅ (pr ⋅ 𝜏) ⋅ 𝑥 r𝜓) ∧
∀𝑥(pl ⋅ 𝜏 ≠ 0 → pr ⋅ (pr ⋅ 𝜏) ⋅ 𝑥↓∧pr ⋅ (pr ⋅ 𝜏) ⋅ 𝑥 r 𝜗). We will show in Lemma 2.4.12 that
replacing our clause by this this clause would result in an equivalent notion of realizability.
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Definition 2.4.4 (Realizability). The notion of HAP-realizability we will use is
defined via the following clauses:21

𝜏 r (𝜎1 == 𝜎2) is 𝜎1 == 𝜎2,
𝜏 r ⊥ is ⊥,

𝜏 r (𝜙 ∧ 𝜓) is pl ⋅ 𝜏 r 𝜙 ∧ pr ⋅ 𝜏 r𝜓,
𝜏 r (𝜙 ∨ 𝜓) is (pl ⋅ 𝜏 == 0 → pr ⋅ 𝜏 r 𝜙) ∧ (pl ⋅ 𝜏 =≠ 0 → pr ⋅ 𝜏 r𝜓),
𝜏 r (𝜙 → 𝜓) is ∀𝑥(𝑥 r 𝜙 → 𝜏 ⋅ 𝑥↓ ∧ 𝜏 ⋅ 𝑥 r𝜓),
𝜏 r (∀𝑥𝜙) is ∀𝑥(𝜏 ⋅ 𝑥↓ ∧ 𝜏 ⋅ 𝑥 r 𝜙),
𝜏 r (∃𝑥𝜙) is pr ⋅ 𝜏 r (𝜙[𝑥/pl ⋅ 𝜏]),

𝜏 r𝑅(𝜎0, … , 𝜎𝑛−1) is 𝑄𝑅(𝜎0, … , 𝜎𝑛−1, 𝜏),
where in the implication clause 𝑥 is fresh (relative to 𝜏, 𝜙 and 𝜓), extended to
formulae in the way specified in the introduction to this section 2.4. We show
this to be possible in Lemma 2.4.7 below. Here 𝑄𝑅 is an as yet unspecified
relation symbol of ℒ22 whose arity is one greater than that of 𝑅. In writing,
r will be assumed to bind tighter than the logical connectives and quantifiers,
but weaker than substitution (though we will seldom utilise this assumption).
We use the same abbreviations as those introduced in the previous subsection
2.4.2, with the following addition: since expressions of the form 𝜏↓∧𝜏 r 𝜙 occurs
frequently in the realizing clauses, we will use the abbreviation 𝜏↓ r 𝜙 for 𝜏↓∧𝜏 r 𝜙.
For the sake of clarity we will postpone actual usage until after Lemma 2.4.10.

For the rest of this section we will simply let r𝑅 denote the unspecified rela-
tion 𝑄𝑅 of the above definition, whence the final clause reads

𝜏 r𝑅(𝜎0, … , 𝜎𝑛−1) is (r𝑅)(𝜎0, … , 𝜎𝑛−1, 𝜏)
for relations 𝑅. We will make some concrete choices for r𝑅 in particular cases,
mainly in section 4.2. Of course this way of extending might affect the properties
21 In (Troelstra and van Dalen, 1988b, 9.5) a similar notion of realizability is used, with

the addition of a conjunct stating the realizer denotes in the atomic, implicational and
existential clauses

22 It would be conceivable to extend the language with these symbols instead. More generally,
one could conceive of a realizability interpretation where r𝑅 is any formula-variant 𝜃 of
the same or an extended language. None of these will avail us, however, and the latter
would in fact cause trouble for the interpretation of the strictness axiom, and thus for
e.g. the proof of 2.4.11. This being the case we will stick to this ‘watered down’ version.
This choice was regretfully not stressed in our (Granberg Olsson and Leigh, 2024), which
leaves it open to the reader’s interpretation as to whether r𝑅 ∈ ℒ or not, even though it is
still a requirement for the way things are handled, and the way it is done in the concrete
cases.
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of realizability, wherefore we devote the remainder of this section to sorting out
a number of technical issues and showing that the definitions are well-behaved.

Lemma 2.4.5. For every formula-variant 𝜙 and term 𝜏, 𝜏 r 𝜙 is almost negative23

and the free variables of 𝜙 are among the free variables of 𝜏 r 𝜙, which are among the
free variables of 𝜙 and 𝜏.

Proof. Straightforward induction.

The same subtlety as in HA arise here as well; the notation ‘𝑥 r𝑅(𝑦⃗)’ etc. can
a priori mean both 𝑥 r (𝑅(𝑦⃗)) and (r𝑅)(𝑦⃗, 𝑥). Again this ambiguity is benign,
since the two latter are equal. This propagates through the inductive definition
of realizability.

Lemma 2.4.6 (Similar to Lemma 4.4.6.(ii) of Troelstra and van Dalen (1988a)).
Substitution ‘distributes’ over realizability: Let 𝜙 be a formula-variant without nes-
ted bindings. For all terms 𝜏 and equally long finite sequences 𝑢⃗ and 𝜌⃗ of distinct
variables and terms, respectively, such that no variable of 𝜏, 𝑢⃗ or 𝜌⃗ is bound in 𝜙 and
all formula-variants 𝜃 𝛼≡ 𝜏 r 𝜙 which has no bound variables in common with 𝜙 and
no variable from 𝑢⃗ or 𝜌⃗ bound is it the case that

𝜃[𝑢⃗/𝜌⃗] 𝛼≡ (𝜏[𝑢⃗/𝜌⃗]) r (𝜙[𝑢⃗/𝜌⃗]).

Proof. By induction on 𝜙.
• Let 𝜎1 and 𝜎2 be terms. Let 𝜏 be a term and 𝑢⃗ and 𝜌⃗ equally long sequences

of variables and terms. Then

(𝜏 r(𝜎1 == 𝜎2))[𝑢⃗/𝜌⃗] = (𝜎1 == 𝜎2)[𝑢⃗/𝜌⃗]
= (𝜏[𝑢⃗/𝜌⃗]) r((𝜎1 == 𝜎2)[𝑢⃗/𝜌⃗])

as desired.
• Consider the formula variant ⊥, which satisfies

(𝜏 r ⊥)[𝑢⃗/𝜌⃗] = ⊥[𝑢⃗/𝜌⃗] = (𝜏[𝑢⃗/𝜌⃗]) r(⊥[𝑢⃗/𝜌⃗])
for all terms 𝜏 and variable/term sequences 𝑢⃗ and 𝜌⃗.

• Consider a predicate 𝑅 and let 𝜎⃗ be a sequence of terms. Then

(𝜏 r𝑅(𝜎⃗))[𝑢⃗/𝜌⃗] = (r𝑅)(𝜎⃗, 𝜏)[𝑢⃗/𝜌⃗]
= (r𝑅)( ⃑⃗𝜎[𝑢⃗/𝜌⃗], 𝜏[𝑢⃗/𝜌⃗])

23 Indeed, it contains no ∃ at all!
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= 𝜏[𝑢⃗/𝜌⃗] r𝑅( ⃑⃗𝜎[𝑢⃗/𝜌⃗])
= 𝜏[𝑢⃗/𝜌⃗] r(𝑅(𝜎⃗)[𝑢⃗/𝜌⃗])

for all terms 𝜏 and variable/term sequences 𝑢⃗ and 𝜌⃗.
• Consider a formula-variant 𝜙∧𝜓 without nested bindings where the state-

ment of the lemma holds for all formula-variants of lower complexity. Let
𝜏 be a term and 𝑢⃗ and 𝜌⃗ equally long sequences of variables and terms such
that no variables occurring in these are bound in 𝜙∧𝜓. Let 𝜃 𝛼≡ 𝜏 r(𝜙∧𝜓)
have no bound variables in common with 𝜙 ∧ 𝜓 and no variables from 𝑢⃗
or 𝜌⃗ bound. Since

𝜏 r(𝜙 ∧ 𝜓) = (pl𝜏 r 𝜙) ∧ (pr𝜏 r𝜓)
𝜃 must be a conjunction 𝜃l ∧ 𝜃r. Consequently

𝜃[𝑢⃗/𝜌⃗] = 𝜃l[𝑢⃗/𝜌⃗] ∧ 𝜃r[𝑢⃗/𝜌⃗]
𝛼≡ (pl𝜏)[𝑢⃗/𝜌⃗] r(𝜙[𝑢⃗/𝜌⃗]) ∧ (pr𝜏[𝑢⃗/𝜌⃗]) r(𝜓[𝑢⃗/𝜌⃗])
= 𝜏[𝑢⃗/𝜌⃗] r((𝜙 ∧ 𝜓)[𝑢⃗/𝜌⃗])

by induction hypothesis.
• Consider a formula-variant 𝜙∨𝜓 without nested bindings where the state-

ment of the lemma holds for all formula-variants of lower complexity. Let
𝜏 be a term and 𝑢⃗ and 𝜌⃗ equally long sequences of variables and terms such
that no variables occurring in these are bound in 𝜙∧𝜓. Let 𝜃 𝛼≡ 𝜏 r(𝜙∨𝜓)
have no bound variables in common with 𝜙 ∨ 𝜓 and no variables from 𝑢⃗
or 𝜌⃗ bound. Since

𝜏 r(𝜙 ∨ 𝜓) = (pl𝜏 == 0 → pr𝜏 r 𝜙) ∧ (pl𝜏 =≠ 0 → pr𝜏 r𝜓)
𝜃 must be of the form (pl𝜏 == 0 → 𝜃l) ∧ (pl𝜏 =≠ 0 → 𝜃r). Consequently

𝜃[𝑢⃗/𝜌⃗] = ((pl𝜏 == 0)[𝑢⃗/𝜌⃗] → 𝜃l[𝑢⃗/𝜌⃗]) ∧ ((pl𝜏 =≠ 0)[𝑢⃗/𝜌⃗] → 𝜃r[𝑢⃗/𝜌⃗])
𝛼≡ (pl𝜏[𝑢⃗/𝜌⃗] == 0 → pr𝜏[𝑢⃗/𝜌⃗] r(𝜙[𝑢⃗/𝜌⃗]))
∧ (pl𝜏[𝑢⃗/𝜌⃗] =≠ 0 → pr𝜏[𝑢⃗/𝜌⃗] r(𝜓[𝑢⃗/𝜌⃗]))

= 𝜏[𝑢⃗/𝜌⃗] r((𝜙 ∨ 𝜓)[𝑢⃗/𝜌⃗])
by induction hypothesis.

• Consider a formula-variant 𝜙 → 𝜓 without nested bindings where the
statement of the lemma holds for all formula-variants of lower complex-
ity. Let 𝜏 be a term and 𝑢⃗ and 𝜌⃗ equally long sequences of variables and
terms such that no variables occurring in these are bound in 𝜙 → 𝜓. Let
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𝜃 𝛼≡ 𝜏 r(𝜙 → 𝜓) have no bound variables in common with 𝜙 → 𝜓 and
no variables from 𝑢⃗ or 𝜌⃗ bound. Since

𝜏 r(𝜙 → 𝜓) = ∀𝑥(𝑥 r 𝜙 → 𝜏𝑥↓ ∧ 𝜏𝑥 r𝜓)
for some 𝑥 which does not occur in 𝜏, 𝜙 or 𝜓, 𝜃 must have the form
∀𝑦(𝜃a → 𝜏𝑦↓ ∧ 𝜃s) for some 𝑦 (which could be 𝑥). Then 𝑦 is neither
bound nor free in 𝜙 → 𝜓 and also does not occur in 𝜏, 𝑢⃗ or 𝜌⃗. On the
other end we have

𝜏[𝑢⃗/𝜌⃗] r (𝜙 → 𝜓)[𝑢⃗/𝜌⃗]
= ∀𝑧(𝑧 r 𝜙[𝑢⃗/𝜌⃗] → 𝜏[𝑢⃗/𝜌⃗]𝑧↓ ∧ 𝜏[𝑢⃗/𝜌⃗]𝑧 r(𝜓[𝑢⃗/𝜌⃗]))

for some 𝑧 which does not occur in 𝜏[𝑢⃗/𝜌⃗] or (𝜙 → 𝜓)[𝑢⃗/𝜌⃗].
If 𝑦 is 𝑥 then 𝜃a

𝛼≡ 𝑥 r 𝜙 and 𝜃s
𝛼≡ 𝜏𝑥 r𝜓. If 𝑦 is not 𝑥 let 𝜙′ 𝛼≡ 𝑥 r 𝜙 and

𝜓′ 𝛼≡ 𝜏𝑥 r𝜓 have only fresh variables bound. Then

𝜃 𝛼≡ 𝜏 r(𝜙 → 𝜓)
𝛼≡ ∀𝑥(𝜙′ → 𝜏𝑥↓ ∧ 𝜓′)
𝛼≡ ∀𝑦(𝜙′[𝑥/𝑦] → 𝜏𝑦↓ ∧ 𝜓′[𝑥/𝑦])
𝛼≡ ∀𝑦(𝑦 r 𝜙 → 𝜏𝑦↓ ∧ 𝜏𝑦 r𝜓)

since 𝑦 does not occur in 𝜏 and by induction hypotheses since neither
𝑥 nor 𝑦 occurs in 𝜙 or 𝜓. Thus 𝜃a

𝛼≡ 𝑦 r 𝜙 and 𝜃s
𝛼≡ 𝜏𝑦 r𝜓 irrespective of

whether 𝑥 and 𝑦 are the same or not. By induction hypothesis

𝜃a[𝑢⃗/𝜌⃗] 𝛼≡ 𝑦[𝑢⃗/𝜌⃗] r(𝜙[𝑢⃗/𝜌⃗]) = 𝑦 r(𝜙[𝑢⃗/𝜌⃗])
and

𝜃s[𝑢⃗/𝜌⃗] 𝛼≡ (𝜏𝑦)[𝑢⃗/𝜌⃗] r(𝜓[𝑢⃗/𝜌⃗]) = (𝜏[𝑢⃗/𝜌⃗])𝑦 r(𝜓[𝑢⃗/𝜌⃗])
since 𝑦 is bound in 𝜃 and thus does not occur in 𝑢⃗, and by assumption
does not occur in 𝜙 or 𝜓 either. Let

𝜃′a 𝛼≡ 𝑦 r(𝜙[𝑢⃗/𝜌⃗])
and

𝜃′s 𝛼≡ (𝜏[𝑢⃗/𝜌⃗])𝑦 r(𝜓[𝑢⃗/𝜌⃗])
only have fresh bound variables. Similarly to before

𝜃′a[𝑦/𝑧] 𝛼≡ 𝑧 r(𝜙[𝑢⃗/𝜌⃗])
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and

𝜃′s[𝑦/𝑧] 𝛼≡ (𝜏[𝑢⃗/𝜌⃗])𝑧 r(𝜓[𝑢⃗/𝜌⃗])
by induction hypothesis, since by construction 𝑧 does not occur in 𝜏[𝑢⃗/𝜌⃗]
or (𝜙 → 𝜓)[𝑢⃗/𝜌⃗] and 𝑦 does not occur in 𝜙[𝑢⃗/𝜌⃗] or 𝜓[𝑢⃗/𝜌⃗] by assump-
tion. Hence

𝜃[𝑢⃗/𝜌⃗] = ∀𝑦(𝜃a[𝑢⃗/𝜌⃗] → (𝜏𝑦)[𝑢⃗/𝜌⃗]↓ ∧ 𝜃s[𝑢⃗/𝜌⃗])
𝛼≡ ∀𝑦(𝑦 r(𝜙[𝑢⃗/𝜌⃗]) → 𝜏[𝑢⃗/𝜌⃗]𝑦↓ ∧ 𝜏[𝑢⃗/𝜌⃗]𝑦 r(𝜓[𝑢⃗/𝜌⃗]))
𝛼≡ ∀𝑦(𝜃′a → 𝜏[𝑢⃗/𝜌⃗]𝑦↓ ∧ 𝜃′s)
𝛼≡ ∀𝑧(𝜃′a[𝑦/𝑧] → 𝜏[𝑢⃗/𝜌⃗]𝑧↓ ∧ 𝜃′s[𝑦/𝑧])
𝛼≡ ∀𝑧(𝑧 r 𝜙[𝑢⃗/𝜌⃗] → 𝜏[𝑢⃗/𝜌⃗]𝑧↓ ∧ 𝜏[𝑢⃗/𝜌⃗]𝑧 r(𝜓[𝑢⃗/𝜌⃗]))
= 𝜏[𝑢⃗/𝜌⃗] r((𝜙 → 𝜓)[𝑢⃗/𝜌⃗])

as desired.
• Consider a formula-variant ∀𝑥𝜙 without nested bindings where the state-

ment of the lemma holds for all formula-variants of lower complexity. Let
𝜏 be a term and 𝑢⃗ and 𝜌⃗ equally long sequences of variables and terms such
that no variables occurring in these are bound in ∀𝑥𝜙. Let 𝜃 𝛼≡ 𝜏 r(∀𝑥𝜙)
have no bound variables in common with ∀𝑥𝜙 and no variables from 𝑢⃗
or 𝜌⃗ bound. Since

𝜏 r(∀𝑥𝜙) = ∀𝑥(𝜏𝑥↓ ∧ 𝜏𝑥 r 𝜙)
and 𝑥 does not occur in 𝜏, 𝜃 has the form ∀𝑦(𝜏𝑦↓ ∧ 𝜃0) for some 𝑦 which
is not in ∀𝑥𝜙, 𝜏, 𝑢⃗ or 𝜌⃗. Similarly

𝜏[𝑢⃗/𝜌⃗] r((∀𝑥𝜙)[𝑢⃗/𝜌⃗]) = ∀𝑥(𝜏[𝑢⃗/𝜌⃗]𝑥↓ ∧ 𝜏[𝑢⃗/𝜌⃗]𝑥 r(𝜙[𝑢⃗/𝜌⃗]))
Let 𝜙′ 𝛼≡ 𝜏𝑥 r 𝜙 have only fresh variables bound. Then

𝜙′[𝑥/𝑦] 𝛼≡ 𝜏𝑦 r(𝜙[𝑥/𝑦])
since 𝑥 does not occur in 𝜏 and neither 𝑥 nor 𝑦 are bound in 𝜙. Therefore

𝜃 𝛼≡ 𝜏 r(∀𝑥𝜙)
𝛼≡ ∀𝑥(𝜏𝑥↓ ∧ 𝜙′)
𝛼≡ ∀𝑦(𝜏𝑦↓ ∧ 𝜙′[𝑥/𝑦])
𝛼≡ ∀𝑦(𝜏𝑦↓ ∧ 𝜏𝑦 r(𝜙[𝑥/𝑦]))

whence 𝜃0 𝛼≡ 𝜏𝑦 r(𝜙[𝑥/𝑦]). Consequently

𝜃[𝑢⃗/𝜌⃗] = ∀𝑦(𝜏[𝑢⃗/𝜌⃗]𝑦↓ ∧ 𝜃0[𝑢⃗/𝜌⃗])
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𝛼≡ ∀𝑦(𝜏[𝑢⃗/𝜌⃗]𝑦↓ ∧ 𝜏[𝑢⃗/𝜌⃗]𝑦 r(𝜙[𝑥/𝑦][𝑢⃗/𝜌⃗]))
= ∀𝑦(𝜏[𝑢⃗/𝜌⃗]𝑦↓ ∧ 𝜏[𝑢⃗/𝜌⃗]𝑦 r(𝜙[𝑢⃗/𝜌⃗][𝑥/𝑦]))

by induction hypothesis, where the last line follows since 𝑥 and 𝑦 do not
occur in neither 𝑢⃗ nor 𝜌⃗. Finally, let 𝜃′0 𝛼≡ 𝜏[𝑢⃗/𝜌⃗]𝑦 r(𝜙[𝑢⃗/𝜌⃗][𝑥/𝑦]) have
only fresh variables bound, whence 𝜃′0[𝑦/𝑥] 𝛼≡ 𝜏[𝑢⃗/𝜌⃗]𝑥 r(𝜙[𝑢⃗/𝜌⃗]) by in-
duction hypothesis. Then

𝜃[𝑢⃗/𝜌⃗] = ∀𝑦(𝜏[𝑢⃗/𝜌⃗]𝑦↓ ∧ 𝜏[𝑢⃗/𝜌⃗]𝑦 r(𝜙[𝑢⃗/𝜌⃗][𝑥/𝑦]))
𝛼≡ ∀𝑦(𝜏[𝑢⃗/𝜌⃗]𝑦↓ ∧ 𝜃′0)
𝛼≡ ∀𝑥(𝜏[𝑢⃗/𝜌⃗]𝑥↓ ∧ 𝜃′0[𝑦/𝑥])
𝛼≡ ∀𝑥(𝜏[𝑢⃗/𝜌⃗]𝑥↓ ∧ 𝜏[𝑢⃗/𝜌⃗]𝑥 r(𝜙[𝑢⃗/𝜌⃗]))
= 𝜏[𝑢⃗/𝜌⃗] r∀𝑥(𝜙[𝑢⃗/𝜌⃗])
= 𝜏[𝑢⃗/𝜌⃗] r((∀𝑥𝜙)[𝑢⃗/𝜌⃗])

as desired.
• Consider a formula-variant ∃𝑥𝜙 without nested bindings where the state-

ment of the lemma holds for all formula-variants of lower complexity.
Let 𝜏 be a term and 𝑢⃗ and 𝜌⃗ equally long sequences of variables and
terms such that no variables occurring in these are bound in ∃𝑥𝜙. Let
𝜃 𝛼≡ 𝜏 r(∃𝑥𝜙) = pr𝜏 r(𝜙[𝑥/pl𝜏]) have no bound variables in common with
∃𝑥𝜙 and no variables from 𝑢⃗ or 𝜌⃗ bound. A direct consequence hereof is
that 𝑥 is not in 𝑢⃗ or 𝜌⃗, whence

𝜃[𝑢⃗/𝜌⃗] 𝛼≡ (pr𝜏)[𝑢⃗/𝜌⃗] r(𝜙[𝑥/pl𝜏][𝑢⃗/𝜌⃗])
𝛼≡ pr(𝜏[𝑢⃗/𝜌⃗]) r(𝜙[𝑢⃗/𝜌⃗][𝑥/pl𝜏[𝑢⃗/𝜌⃗]])
= 𝜏[𝑢⃗/𝜌⃗] r ∃𝑥(𝜙[𝑢⃗/𝜌⃗])
= 𝜏[𝑢⃗/𝜌⃗] r((∃𝑥𝜙)[𝑢⃗/𝜌⃗])

as desired.
This concludes the induction.

With this rather opaque lemma we can show that the definition of r for formu-
lae is well defined. Subsequently this will as a corollary yield a more transparent
formulation of the above.

Lemma 2.4.7. Let 𝜙 and 𝜃 be 𝛼-equivalent formula-variants without nested bind-
ings. For all terms 𝜏 with no variables bound in 𝜙 or 𝜃 do we have that 𝜏 r 𝜙 and
𝜏 r 𝜃 are 𝛼-equivalent.
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Proof. Induction on the complexity of 𝜙/𝜃.
• In case 𝜙 is atomic then 𝜃 = 𝜙 and there is nothing to show.
• In case 𝜙 is a conjunction, 𝜙1∧𝜙2, then so is 𝜃 and the conjuncts 𝜃1 and 𝜃2

are 𝛼-equivalent to 𝜙1 and 𝜙2, respectively. Neither of these have nested
bindings. Thus

𝜏 r (𝜙1 ∧ 𝜙2) = (pl ⋅ 𝜏 r 𝜙1) ∧ (pr ⋅ 𝜏 r 𝜙2)
𝛼≡ (pl ⋅ 𝜏 r 𝜃1) ∧ (pr ⋅ 𝜏 r 𝜃2)
= 𝜏 r (𝜃1 ∧ 𝜃2)

by induction hypothesis.
• In case 𝜙 is a disjunction, 𝜙1 ∨ 𝜙2, then so is 𝜃 and the disjuncts 𝜃1 and 𝜃2

are 𝛼-equivalent to 𝜙1 and 𝜙2, respectively. Again, neither of these have
nested bindings. Thus

𝜏 r (𝜙1 ∨ 𝜙2) = (pl ⋅ 𝜏 == 0 → pr ⋅ 𝜏 r 𝜙1) ∧ (pl ⋅ 𝜏 =≠ 0 → pr ⋅ 𝜏 r 𝜙2)
𝛼≡ (pl ⋅ 𝜏 == 0 → pr ⋅ 𝜏 r 𝜃1) ∧ (pl ⋅ 𝜏 =≠ 0 → pr ⋅ 𝜏 r 𝜃2)
= 𝜏 r (𝜃1 ∨ 𝜃2)

by induction hypothesis.
• In case 𝜙 is an implication, 𝜙1 → 𝜙2, then so is 𝜃 and the -cedents 𝜃1 and
𝜃2 are 𝛼-equivalent to 𝜙1 and 𝜙2, respectively. Neither of these have nested
bindings. Let 𝜓1 𝛼≡ 𝑥 r 𝜙1, 𝜓2 𝛼≡ 𝜏𝑥 r 𝜙2, 𝜉1 𝛼≡ 𝑦 r 𝜃1 and 𝜉2 𝛼≡ 𝜏𝑦 r 𝜃2 have no
variable of 𝜙, 𝜃, 𝜏, 𝜏 r 𝜙, 𝜏 r 𝜃 or each other bound, whence

𝜏 r (𝜙1 → 𝜙2) = ∀𝑥(𝑥 r 𝜙1 → 𝜏 ⋅ 𝑥↓ ∧ 𝜏 ⋅ 𝑥 r 𝜙2)
𝛼≡ ∀𝑥(𝜓1 → 𝜏 ⋅ 𝑥↓ ∧ 𝜓2)
𝛼≡ ∀𝑧(𝜓1[𝑥/𝑧] → 𝜏 ⋅ 𝑧↓ ∧ 𝜓2[𝑥/𝑧])
𝛼≡ ∀𝑧(𝑧 r 𝜙1 → 𝜏 ⋅ 𝑧↓ ∧ 𝜏 ⋅ 𝑧 r 𝜙2)
𝛼≡ ∀𝑧(𝑧 r 𝜃1 → 𝜏 ⋅ 𝑧↓ ∧ 𝜏 ⋅ 𝑧 r 𝜃2)
𝛼≡ ∀𝑧(𝜉1[𝑦/𝑧] → 𝜏 ⋅ 𝑧↓ ∧ 𝜉2[𝑦/𝑧])
𝛼≡ ∀𝑦(𝜉1 → 𝜏 ⋅ 𝑦↓ ∧ 𝜉2)
𝛼≡ ∀𝑦(𝑦 r 𝜃1 → 𝜏 ⋅ 𝑦↓ ∧ 𝜏 ⋅ 𝑦 r 𝜃2)
= 𝜏 r (𝜃1 → 𝜃2)

by induction hypothesis and 2.4.6, where 𝑥 and 𝑦 are given by the defini-
tion of realizability and 𝑧 is a fresh variable.
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• In case 𝜙 is a universally quantified formula-variant ∀𝑥𝜓 then so is 𝜃. If
𝜃 = ∀𝑥𝜉 then 𝜉 𝛼≡ 𝜓 and 𝜏𝑥 r𝜓 𝛼≡ 𝜏𝑥 r 𝜉 by induction hypothesis, whence

𝜏 r (∀𝑥𝜓) = ∀𝑥(𝜏 ⋅ 𝑥↓ ∧ 𝜏 ⋅ 𝑥 r𝜓)
𝛼≡ ∀𝑥(𝜏 ⋅ 𝑥↓ ∧ 𝜏 ⋅ 𝑥 r 𝜉)
= 𝜏 r∀𝑥𝜉.

If 𝜃 is of the form ∀𝑦𝜉 there is 𝜐 without 𝑥, 𝑦 or variables of 𝜏, 𝜙 or 𝜓
bound and without nested bindings, so that 𝜐[𝑧/𝑥] 𝛼≡ 𝜓 and 𝜉 𝛼≡ 𝜐[𝑧/𝑦]
for some variable 𝑧 not in 𝜙, 𝜃 or 𝜏 or bound in 𝜐. Since 𝑥 is not free
in 𝜙 it is not free in 𝜉 either, and similarly 𝑦 is not free in 𝜓, whence
neither is free in 𝜐. Moreover both 𝜓 and 𝜉 are without nested bindings,
𝑥 is not bound in 𝜓 and 𝑦 not in 𝜉 and neither 𝑥 nor 𝑦 occurs in 𝜏. Let
𝜈 𝛼≡ 𝜏𝑥 r(𝜐[𝑧/𝑥]) have no nested bindings and no variables of 𝜙, 𝜃, 𝜏 or 𝜐
bound. Then

𝜏 r (∀𝑥𝜓) = ∀𝑥(𝜏 ⋅ 𝑥↓ ∧ 𝜏 ⋅ 𝑥 r𝜓)
𝛼≡ ∀𝑥(𝜏 ⋅ 𝑥↓ ∧ 𝜏 ⋅ 𝑥 r(𝜐[𝑧/𝑥])) since 𝑥 not bound in 𝜓 or 𝜐
𝛼≡ ∀𝑥(𝜏𝑥↓ ∧ 𝜈)
𝛼≡ ∀𝑦(𝜏𝑦↓ ∧ 𝜈[𝑥/𝑦])
𝛼≡ ∀𝑦(𝜏𝑦↓ ∧ 𝜏𝑦 r(𝜐[𝑧/𝑦]))
𝛼≡ ∀𝑦(𝜏𝑦↓ ∧ 𝜏𝑦 r 𝜉) since 𝑦 not bound in 𝜉 or 𝜐
= 𝜏 r (∀𝑦𝜉)

using the induction hypothesis and Lemma 2.4.6.

• In case 𝜙 is an existentially quantified formula-variant ∃𝑥𝜓 then so is 𝜃. If
𝜃 = ∃𝑥𝜉 then 𝜉 𝛼≡ 𝜓 and 𝜓[𝑥/pl ⋅ 𝜏] 𝛼≡ 𝜉[𝑥/pl ⋅ 𝜏] (since no variable of 𝜏
is bound in 𝜓 or 𝜃), whence

𝜏 r; (∃𝑥𝜓) = pr ⋅ 𝜏 r (𝜓[𝑥/pl ⋅ 𝜏])
𝛼≡ pr ⋅ 𝜏 r (𝜉[𝑥/pl ⋅ 𝜏])
= 𝜏 r ∃𝑥𝜉

by induction hypothesis. If 𝜃 is of the form ∃𝑦𝜉 there is 𝜐 without 𝑥, 𝑦
or variables of 𝜏 bound and without nested bindings, so that 𝜐 𝛼≡ 𝜓 and
𝜉 𝛼≡ 𝜐[𝑥/𝑦]. Moreover both 𝜓 and 𝜉 are without nested bindings, 𝑥 is
not bound in 𝜓 and 𝑦 not in 𝜉 and neither 𝑥 nor 𝑦 occurs in 𝜏. Then
𝜓[𝑥/pl ⋅ 𝜏] 𝛼≡ 𝜐[𝑥/pl ⋅ 𝜏] and 𝜉[𝑦/pl ⋅ 𝜏] 𝛼≡ 𝜐[𝑥/𝑦][𝑦/pl ⋅ 𝜏] lack nested
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bindings and bound variables from 𝜏, whence

𝜏 r (∃𝑥𝜓) = pr ⋅ 𝜏 r (𝜓[𝑥/pl ⋅ 𝜏])
𝛼≡ pr ⋅ 𝜏 r (𝜐[𝑥/pl ⋅ 𝜏])
= pr ⋅ 𝜏 r (𝜐[𝑥/𝑦][𝑦/pl ⋅ 𝜏])
𝛼≡ pr ⋅ 𝜏 r (𝜉[𝑦/pl ⋅ 𝜏])
= 𝜏 r (∃𝑦𝜉)

by induction hypothesis.
This concludes the induction.

Thus the definition of 𝜏 r𝜑 for formulae 𝜑 is well defined.

Corollary 2.4.8 (Similar to Lemma 2.4.3). Substitution ‘distributes’ over realiz-
ability: Let 𝜑 be a formula and 𝜏 a term. Then (𝜏 r𝜑)(𝑢⃗/𝜌⃗) = 𝜏[𝑢⃗/𝜌⃗] r(𝜑(𝑢⃗/𝜌⃗))
for all equally long finite sequences 𝑢⃗ and 𝜌⃗ of variables and terms, respectively. In
particular, (𝑥 r 𝜙)(𝑥/𝜏) = 𝜏 r 𝜙 if 𝑥 is fresh.

Proof. Let 𝜙 be a variant of 𝜑 without nested bindings and variables of 𝑢⃗, 𝜌⃗
or 𝜏 bound. By definition 𝜏 r 𝜙 is a variant of 𝜏 r𝜑, and since 𝜙[𝑢⃗/𝜌⃗] has no
nested bindings or variables of 𝜏[𝑢⃗/𝜌⃗] bound 𝜏[𝑢⃗/𝜌⃗] r(𝜙[𝑢⃗/𝜌⃗]) is a variant of
𝜏[𝑢⃗/𝜌⃗] r(𝜑(𝑢⃗/𝜌⃗)). Let 𝜃 𝛼≡ 𝜏 r 𝜙 have no nested bindings and only fresh vari-
ables bound. By Lemma 2.4.6 𝜃[𝑢⃗/𝜌⃗] 𝛼≡ 𝜏[𝑢⃗/𝜌⃗] r(𝜙[𝑢⃗/𝜌⃗]). Thus 𝜃[𝑢⃗/𝜌⃗] is a
variant of both (𝜏 r𝜑)(𝑢⃗/𝜌⃗) and 𝜏[𝑢⃗/𝜌⃗] r(𝜑(𝑢⃗/𝜌⃗)), whereby the latter are the
same equivalence classes.

As in the case of realizability in HAPRA, to disambiguate let 𝜏 r𝜑(𝑥⃗/𝑦⃗) mean
𝜏 r (𝜑(𝑥⃗/𝑦⃗)) etc. at the level of formulae, since this seems to be the natural
reading when 𝜏 is a(n explicitly given) single variable. We are now in a position
to specify r’s behaviour at the level of formulae, which will be what we will mainly
use henceforth.

Lemma 2.4.9. The following hold for formulae 𝜑 and 𝜗:

𝜏 r(𝜎1 == 𝜎2) = 𝜎1 == 𝜎2
𝜏 r ⊥ = ⊥

𝜏 r(𝑅(𝜎⃗)) = (r𝑅)(𝜎⃗, 𝜏)
𝜏 r(𝜑 ∧ 𝜗) = pl ⋅ 𝜏 r𝜑 ∧ pr ⋅ 𝜏 r 𝜗
𝜏 r(𝜑 ∨ 𝜗) = (pl ⋅ 𝜏 == 0 → pr ⋅ 𝜏 r𝜑) ∧ (pl ⋅ 𝜏 =≠ 0 → pr ⋅ 𝜏 r 𝜗)
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𝜏 r(𝜑 → 𝜗) = ∀𝑥(𝑥 r𝜑 → 𝜏 ⋅ 𝑥↓ ∧ 𝜏 ⋅ 𝑥 r 𝜗) for 𝑥 ∉ FV(𝜏) ∪ FV(𝜑 → 𝜗)
𝜏 r(∀𝑥𝜑) = ∀𝑥(𝜏 ⋅ 𝑥↓ ∧ 𝜏 ⋅ 𝑥 r𝜑) if 𝑥 ∉ FV(𝜏)
𝜏 r(∃𝑥𝜑) = pr ⋅ 𝜏 r(𝜑(𝑥/pl ⋅ 𝜏)) if 𝑥 ∉ FV(𝜏)

Proof. • The atomic cases are immediate.
• Let 𝜙 and 𝜃 be variants without nested bindings and variables from 𝜏

bound, of 𝜑 and 𝜗 respectively. Then

𝜏 r(𝜙 ∧ 𝜃) = (pl𝜏 r 𝜙) ∧ (pr𝜏 r 𝜃)
is a variant of 𝜏 r(𝜑 ∧ 𝜗), and, since each conjunct on the right hand side
is a variant of pl𝜏 r𝜑 and pr𝜏 r 𝜗 respectively, also a variant of (pl𝜏 r𝜑) ∧
(pr𝜏 r 𝜗).

• Let 𝜙 and 𝜃 be variants without nested bindings and variables from 𝜏
bound, of 𝜑 and 𝜗 respectively. Then

𝜏 r(𝜙 ∨ 𝜃) = (pl𝜏 == 0 → pr𝜏 r 𝜙) ∧ (pl𝜏 =≠ 0 → pr𝜏 r 𝜃)
is a variant of 𝜏 r(𝜑 ∨ 𝜗), and also of (pl𝜏 == 0 → pr𝜏 r𝜑) ∧ (pl𝜏 =≠ 0 →
pr𝜏 r 𝜗).

• Let 𝑥 be a variable which is not free in 𝜏 or (𝜑 → 𝜗). In order to show
equality of two equivalence classes it is enough to show that they have
nonempty intersection. Therefore let 𝜙 and 𝜃 be variants without nested
bindings and variables from 𝜏 or 𝑥 bound, of 𝜑 and 𝜗 respectively. Then
∀𝑥(𝑥 r 𝜙 → 𝜏𝑥↓ ∧ 𝜏𝑥 r 𝜃) is a variant of ∀𝑥(𝑥 r𝜑 → 𝜏𝑥↓ ∧ 𝜏𝑥 r 𝜗) and
𝜏 r(𝜙 → 𝜃) = ∀𝑦(𝑦 r 𝜙 → 𝜏𝑦↓ ∧ 𝜏𝑦 r 𝜃), for some (specific) fresh 𝑦 (which
for all we know could be 𝑥), is a variant of both 𝜏 r(𝜑 → 𝜗) and ∀𝑦(𝑦 r𝜑∧
(𝜏𝑦↓ ∧ 𝜏𝑦 r 𝜗)). Hence

𝜏 r(𝜑 → 𝜗) = ∀𝑦(𝑦 r𝜑 → 𝜏𝑦↓ ∧ 𝜏𝑦 r 𝜗)
= ∀𝑥((𝑦 r𝜑)(𝑦/𝑥) → 𝜏𝑥↓ ∧ (𝜏𝑦 r 𝜗)(𝑦/𝑥))
= ∀𝑥(𝑥 r𝜑 → 𝜏𝑥↓ ∧ 𝜏𝑥 r 𝜗)

as desired, by Corollary 2.4.8.
• Let 𝜙 be a variant of 𝜑 without 𝑥 or any member of FV(𝜏) bound, or

nested bindings. Then, given that 𝑥 is not in 𝜏, ∀𝑥𝜙 is a variant of ∀𝑥𝜑
without any member of FV(𝜏) bound or nested bindings. Consequently,
𝜏 r(∀𝑥𝜙) = ∀𝑥(𝜏𝑥↓∧𝜏𝑥 r 𝜙) is a variant of 𝜏 r(∀𝑥𝜑). Moreover, 𝜏𝑥 r 𝜙 is a
variant of 𝜏𝑥 r𝜑, wherefore ∀𝑥(𝜏𝑥↓ ∧ 𝜏𝑥 r 𝜙) is also a variant of ∀𝑥(𝜏𝑥↓ ∧
𝜏𝑥 r𝜑). Thus 𝜏 r(∀𝑥𝜑) = ∀𝑥(𝜏𝑥↓ ∧ 𝜏𝑥 r𝜑) as desired.



preliminaries • 59

• Let 𝜙 be a variant of 𝜑 without 𝑥 or any member of FV(𝜏) bound or
nested bindings; then ∃𝑥𝜙 is a variant of ∃𝑥𝜑 without any member of
FV(𝜏) bound or nested bindings. Thus 𝜏 r(∃𝑥𝜙) = pr𝜏 r(𝜙[𝑥/pl𝜏]) is a
variant of 𝜏 r(∃𝑥𝜑). Since 𝜙[𝑥/pl𝜏] is a variant of 𝜑(𝑥/pl𝜏) we get that
pr𝜏 r(𝜙[𝑥/pl𝜏]) is a variant of pr𝜏 r(𝜑(𝑥/pl𝜏)), which is what we wanted
to prove.

A property similar to the distribution property of substitution also holds for
substitution of formulae for relations.

Lemma 2.4.10. Let 𝑛 ∈ ℕ, 𝑅 be an 𝑛-ary relation symbol, 𝜏 be a term and 𝜗 be a
formula without free occurrences of v𝑛. Suppose r𝑅 is not the same as r𝑄 for some
other relation symbol 𝑄. Then

𝜏 r (𝜑(𝑅/𝜆v⃗<𝑛.𝜗)) = (𝜏 r𝜑)(r𝑅/𝜆v⃗≤𝑛.v𝑛 r 𝜗)
for every 𝜑 ∈ ℒ.
Proof. By structural induction on 𝜑.

• Let 𝜏 be a term. Then

𝜏 r((𝜎1 == 𝜎2)(𝑅/𝜆v⃗<𝑛.𝜗)) = 𝜎1 == 𝜎2
= (𝜏 r(𝜎1 == 𝜎2))(r𝑅/𝜆v⃗≤𝑛.v𝑛 r 𝜗)

by Lemma 2.4.9.
• Let 𝜏 be a term. Then

𝜏 r(⊥(𝑅/𝜆v⃗<𝑛.𝜗)) = ⊥
= (𝜏 r ⊥)(r𝑅/𝜆v⃗≤𝑛.v𝑛 r 𝜗)

by Lemma 2.4.9.
• Let 𝜏 be a term. Then

𝜏 r(𝑄(𝜎⃗)(𝑅/𝜆v⃗<𝑛.𝜗)) = r𝑄(𝜎⃗, 𝜏)
= (𝜏 r𝑄(𝜎⃗))(r𝑅/𝜆v⃗≤𝑛.v𝑛 r 𝜗)

for relation symbols 𝑄 distinct from 𝑅, and

𝜏 r(𝑅(𝜎⃗)(𝑅/𝜆v⃗<𝑛.𝜗)) = 𝜏 r(𝜗(v⃗<𝑛/𝜎⃗))
= (v𝑛 r 𝜗)(v⃗≤𝑛/𝜎⃗, 𝜏)
= (r𝑅(𝜎⃗, 𝜏))(r𝑅/𝜆v⃗≤𝑛.v𝑛 r 𝜗)
= (𝜏 r𝑅(𝜎⃗))(r𝑅/𝜆v⃗≤𝑛.v𝑛 r 𝜗)

by Lemma 2.4.9 and Corollary 2.4.8.
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• Assume the statement holds for 𝜑 and 𝜓 and let 𝜏 be a term. Then

𝜏 r((𝜑 ∧ 𝜓)(𝑅/𝜆v⃗<𝑛.𝜗))
= 𝜏 r(𝜑(𝑅/𝜆v⃗<𝑛.𝜗) ∧ 𝜓(𝑅/𝜆v⃗<𝑛.𝜗))
= pl𝜏 r(𝜑(𝑅/𝜆v⃗<𝑛.𝜗)) ∧ pr𝜏 r(𝜓(𝑅/𝜆v⃗<𝑛.𝜗))
= (pl𝜏 r𝜑)(r𝑅/𝜆v⃗≤𝑛.v𝑛 r 𝜗) ∧ (pr𝜏 r𝜓)(r𝑅/𝜆v⃗≤𝑛.v𝑛 r 𝜗)
= (pl𝜏 r𝜑 ∧ pr𝜏 r𝜓)(r𝑅/𝜆v⃗≤𝑛.v𝑛 r 𝜗)
= (𝜏 r(𝜑 ∧ 𝜓))(r𝑅/𝜆v⃗≤𝑛.v𝑛 r 𝜗)

by Lemma 2.4.9 and induction hypothesis.
• Assume the statement holds for 𝜑 and 𝜓 and let 𝜏 be a term. Then

𝜏 r((𝜑 ∨ 𝜓)(𝑅/𝜆v⃗<𝑛.𝜗)) = 𝜏 r(𝜑(𝑅/𝜆v⃗<𝑛.𝜗) ∨ 𝜓(𝑅/𝜆v⃗<𝑛.𝜗))
= (pl𝜏 == 0 → pr𝜏 r(𝜑(𝑅/𝜆v⃗<𝑛.𝜗)))
∧ (pl𝜏 =≠ 0 → pr𝜏 r(𝜓(𝑅/𝜆v⃗<𝑛.𝜗)))

= (pl𝜏 == 0 → (pr𝜏 r𝜑)(r𝑅/𝜆v⃗≤𝑛.v𝑛 r 𝜗))
∧ (pl𝜏 =≠ 0 → (pr𝜏 r𝜓)(r𝑅/𝜆v⃗≤𝑛.v𝑛 r 𝜗))

= ((pl𝜏 == 0 → pr𝜏 r𝜑)
∧ (pl𝜏 =≠ 0 → pr𝜏 r𝜓))(r𝑅/𝜆v⃗≤𝑛.v𝑛 r 𝜗)

= (𝜏 r(𝜑 ∨ 𝜓))(r𝑅/𝜆v⃗≤𝑛.v𝑛 r 𝜗)

by Lemma 2.4.9 and induction hypothesis.
• Assume the statement holds for 𝜑 and 𝜓 and let 𝜏 be a term and 𝑥 a

variable without free occurrences in 𝜑, 𝜓, 𝜗 or 𝜏. Then

𝜏 r((𝜑 → 𝜓)(𝑅/𝜆v⃗<𝑛.𝜗))
= 𝜏 r((𝜑(𝑅/𝜆v⃗<𝑛.𝜗)) → (𝜓(𝑅/𝜆v⃗<𝑛.𝜗)))
= ∀𝑥(𝑥 r(𝜑(𝑅/𝜆v⃗<𝑛.𝜗))

→ 𝜏𝑥↓ ∧ 𝜏𝑥 r(𝜓(𝑅/𝜆v⃗<𝑛.𝜗)))
= ∀𝑥((𝑥 r𝜑)(r𝑅/𝜆v⃗≤𝑛.v𝑛 r 𝜗)

→ 𝜏𝑥↓ ∧ (𝜏𝑥 r𝜓)(r𝑅/𝜆v⃗≤𝑛.v𝑛 r 𝜗))
= (∀𝑥(𝑥 r𝜑 → 𝜏𝑥↓ ∧ 𝜏𝑥 r𝜓))(r𝑅/𝜆v⃗≤𝑛.v𝑛 r 𝜗)
= (𝜏 r(𝜑 → 𝜓))(r𝑅/𝜆v⃗≤𝑛.v𝑛 r 𝜗)

by Lemma 2.4.9 and induction hypothesis.
• Assume the statement holds for all formulae of lower complexity than
∀𝑥𝜑 and let 𝜏 be a term. Let 𝑦 be a variable distinct from 𝑥 and not free
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in 𝜑, 𝜗 or 𝜏.
𝜏 r((∀𝑥𝜑)(𝑅/𝜆v⃗<𝑛.𝜗)) = 𝜏 r((∀𝑦𝜑(𝑥/𝑦))(𝑅/𝜆v⃗<𝑛.𝜗))

= 𝜏 r(∀𝑦(𝜑(𝑥/𝑦)(𝑅/𝜆v⃗<𝑛.𝜗)))
= ∀𝑦(𝜏𝑦↓ ∧ 𝜏𝑦 r(𝜑(𝑥/𝑦)(𝑅/𝜆v⃗<𝑛.𝜗)))
= ∀𝑦(𝜏𝑦↓ ∧ (𝜏𝑦 r𝜑(𝑥/𝑦))(r𝑅/𝜆v⃗≤𝑛.v𝑛 r 𝜗))
= (∀𝑦(𝜏𝑦↓ ∧ 𝜏𝑦 r𝜑(𝑥/𝑦)))(r𝑅/𝜆v⃗≤𝑛.v𝑛 r 𝜗)
= (𝜏 r∀𝑦𝜑(𝑥/𝑦))(r𝑅/𝜆v⃗≤𝑛.v𝑛 r 𝜗)
= (𝜏 r∀𝑥𝜑)(r𝑅/𝜆v⃗≤𝑛.v𝑛 r 𝜗)

by Lemma 2.4.9 and induction hypothesis.
• Assume the statement holds for all formulae of lower complexity than ∃𝑥𝜑

and let 𝜏 be a term. Let 𝑦 be a variable distinct from 𝑥 and not free in 𝜑,
𝜗 or 𝜏. Then

𝜏 r((∃𝑥𝜑)(𝑅/𝜆v⃗<𝑛.𝜗)) = 𝜏 r((∃𝑦𝜑(𝑥/𝑦))(𝑅/𝜆v⃗<𝑛.𝜗))
= 𝜏 r(∃𝑦(𝜑(𝑥/𝑦)(𝑅/𝜆v⃗<𝑛.𝜗)))
= pr𝜏 r(𝜑(𝑥/𝑦)(𝑅/𝜆v⃗<𝑛.𝜗)(𝑦/pl𝜏))

by Lemma 2.4.9. Let 𝜙 be a variant of 𝜑without 𝑦 or free variables from 𝜗
or 𝜏 bound, and without nested bindings. Let 𝜃 be a variant of 𝜗 without
𝑦 or variables from 𝜙 or 𝜏 bound, and without nested bindings. Then
pr𝜏 r(𝜙[𝑥/𝑦][𝑅/𝜆v⃗<𝑛.𝜃][𝑦/pl𝜏]) is a variant of the above. Since 𝑦 does
not occur in 𝜃

𝜙[𝑥/𝑦][𝑅/𝜆v⃗<𝑛.𝜃][𝑦/pl𝜏] = 𝜙[𝑥/𝑦][𝑦/pl𝜏][𝑅/𝜆v⃗<𝑛.𝜃].
Thus

pr𝜏 r(𝜙[𝑥/𝑦][𝑅/𝜆v⃗<𝑛.𝜃][𝑦/pl𝜏]) = pr𝜏 r(𝜙[𝑥/𝑦][𝑦/pl𝜏][𝑅/𝜆v⃗<𝑛.𝜃]),
which is a variant of pr𝜏 r(𝜑(𝑥/𝑦)(𝑦/pl𝜏)(𝑅/𝜆v⃗<𝑛.𝜗)). Therefore

𝜏 r((∃𝑥𝜑)(𝑅/𝜆v⃗<𝑛.𝜗)) = pr𝜏 r(𝜑(𝑥/𝑦)(𝑅/𝜆v⃗<𝑛.𝜗)(𝑦/pl𝜏))
= pr𝜏 r(𝜑(𝑥/𝑦)(𝑦/pl𝜏)(𝑅/𝜆v⃗<𝑛.𝜗))
= (pr𝜏 r(𝜑(𝑥/𝑦)(𝑦/pl𝜏)))(r𝑅/𝜆v⃗≤𝑛.v𝑛 r 𝜗)
= (𝜏 r(∃𝑦𝜑(𝑥/𝑦)))(r𝑅/𝜆v⃗≤𝑛.v𝑛 r 𝜗)
= (𝜏 r(∃𝑥𝜑))(r𝑅/𝜆v⃗≤𝑛.v𝑛 r 𝜗)

by induction hypothesis and Lemma 2.4.9.
This concludes the induction.
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As mentioned earlier, for the sake of shorter expressions we will from now
on employ the shorthand 𝜏↓ r𝜑 for 𝜏↓ ∧ 𝜏 r𝜑, for example in the following
soundness theorem. It corresponds to (Beeson, 1985, VII.1.6) and the proof
follows closely.

Lemma 2.4.11. Realizability is closed under derivability in LPT: Let Δ be a set of
formulae of ℒ ⊇ ℒHAP including the axioms of HAP(ℒ) and Γ be a set of formulae
such that for each 𝛾 ∈ Γ there is a term 𝜎 with free variables among those of 𝛾 and
Δ ⊢ 𝜎↓ ∧ 𝜎 r 𝛾. Let 𝜑 be a formula and D a derivation with with Γ ⊢D 𝜑. Then
there is a term 𝜏 with free variables among those of 𝜑 such that Δ ⊢ 𝜏↓ ∧ 𝜏 r𝜑.
Proof. By induction on the depth of the derivation D.

• If 𝜑 ∈ Γ the desired result is one of the assumptions.
• Suppose Γ ⊢ 𝜑 as an axiom of LPT. It is enough to show that HAP(ℒ) ⊢
𝜏↓ ∧ 𝜏 r𝜑 for a 𝜏 as above. We consider cases as to which axiom 𝜑 is an
instance of. (The numbers below refer to the numbering of the axioms of
LPT in 2.3.1.)

1: Let (𝜓 → 𝜓) = 𝜑 and 𝑥 ∉ FV(𝜓). We know that HAP(ℒ) ⊢
id𝑥 == 𝑥 by HAP5. Hence

HAP(ℒ) ⊢ id𝑥↓
HAP(ℒ) ⊢ 𝑥 r𝜓 → 𝑥 r𝜓
HAP(ℒ) ⊢ 𝑥 r𝜓 → id𝑥 r𝜓
HAP(ℒ) ⊢ 𝑥 r𝜓 → id𝑥↓ r𝜓
HAP(ℒ) ⊢ ∀𝑥(𝑥 r𝜓 → id𝑥↓ r𝜓)

i.e. HAP(ℒ) ⊢ id r(𝜓 → 𝜓).
4: Let (𝜓 ∧ 𝜗) = 𝜑 and 𝑥 ∉ FV(𝜓 ∧ 𝜗). 𝑥 r(𝜓 ∧ 𝜗) = pl𝑥 r𝜓 ∧ pr𝑥 r 𝜗

by Lemma 2.4.9 and HAP(ℒ) ⊢ pr𝑥↓ by HAP6. Hence

HAP(ℒ) ⊢ 𝑥 r(𝜓 ∧ 𝜗) → pr𝑥 r 𝜗
HAP(ℒ) ⊢ 𝑥 r(𝜓 ∧ 𝜗) → pr𝑥↓ r 𝜗
HAP(ℒ) ⊢ ∀𝑥(𝑥 r(𝜓 ∧ 𝜗) → pr𝑥↓ r 𝜗)

i.e. HAP(ℒ) ⊢ pr r(𝜓 ∧ 𝜗 → 𝜗). The symmetric case is similar.
6: Let (𝜓 ∨ 𝜗) = 𝜑 and 𝑥, 𝑦 ∉ FV(𝜓 ∨ 𝜗). Since HAP(ℒ) ⊢ S(𝑦)↓ by

HAP1 we have HAP(ℒ) ⊢ ∀𝑦S(𝑦)↓, whence HAP(ℒ) ⊢ 1↓. Since
moreover

HAP(ℒ) ⊢ pl(p𝑦𝑥) == 𝑦
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we get

HAP(ℒ) ⊢ pl(p1𝑥) == 1
and

HAP(ℒ) ⊢ pr(p1𝑥) == 𝑥
in the same way. Consequently

HAP(ℒ) ⊢ 𝑥 r 𝜗 → pr(p1𝑥) r 𝜗
by the Leibniz Lemma 2.3.7. Additionally HAP(ℒ) ⊢ 1 =≠ 0 by
HAP2, symmetry and the fact that both denote (and so can instan-
tiate universal quantifiers). Consequently

HAP(ℒ) ⊢ 𝑥 r 𝜗 → (pl(p1𝑥) =≠ 0 → pr(p1𝑥) r 𝜗)
HAP(ℒ) ⊢ 𝑥 r 𝜗 → (pl(p1𝑥) == 0 → pr(p1𝑥) r𝜓)
HAP(ℒ) ⊢ 𝑥 r 𝜗 → p1𝑥↓
HAP(ℒ) ⊢ 𝑥 r 𝜗 → p1𝑥↓ r(𝜓 ∨ 𝜗)
HAP(ℒ) ⊢ ∀𝑥(𝑥 r 𝜗 → p1𝑥↓ r(𝜓 ∨ 𝜗))

i.e. HAP(ℒ) ⊢ p1 r(𝜗 → 𝜓 ∨ 𝜗). The symmetric case is similar.
10: Let (⊥ → 𝜓) = 𝜑. We know that ⊢ ⊥ → 0 ⋅ 𝑥↓∧ 0 ⋅ 𝑥 r𝜓 by LPT10.

Since 𝑥 r ⊥ = ⊥ it follows that ⊢ ∀𝑥(𝑥 r ⊥ → 0 ⋅ 𝑥↓ r𝜓). Hence
HAP(ℒ) ⊢ 0 r(⊥ → 𝜓).

12: Let (∀𝑥𝜓∧𝜏↓ → 𝜓(𝑥/𝜏)) = 𝜑 and 𝑦, 𝑢 and 𝑣 be distinct fresh vari-
ables. By Proposition 2.3.14 we know that HAP(ℒ) ⊢ 𝜆𝑣.pl𝑣𝜎 ↓
and HAP(ℒ) ⊢ (𝜆𝑣.pl𝑣𝜎)𝑢 ≃ pl𝑢𝜎. Moreover

HAP(ℒ) ⊢ ∀𝑥(pl𝑢𝑥↓ r𝜓) ∧ 𝜎↓→ pl𝑢𝜎↓ r𝜓(𝑥/𝜎)
by LPT12 and Corollary 2.4.8, and thus

HAP(ℒ) ⊢ ∀𝑥(pl𝑢𝑥↓ r𝜓) ∧ 𝜎↓ → (𝜆𝑣.pl𝑣𝜎)𝑢↓ r𝜓(𝑥/𝜎)
by the Leibniz Lemma 2.3.7. This entails that

HAP(ℒ) ⊢ ∀𝑢(∀𝑥(pl𝑢𝑥↓ r𝜓) ∧ 𝜎↓→ (𝜆𝑣.pl𝑣𝜎)𝑢↓ r𝜓(𝑥/𝜎)),
i.e.

HAP(ℒ) ⊢ 𝜆𝑣.pl𝑣𝜎 r(∀𝑥𝜓 ∧ 𝜎↓ → 𝜓(𝑥/𝜎)),
as desired.
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14: Similarly to above, let (𝜗(𝑥/𝜎) ∧ 𝜎↓ → ∃𝑥𝜗) = 𝜑 and 𝑦, 𝑢 and
𝑣 be distinct fresh variables. Then HAP(ℒ) ⊢ 𝜆𝑣.p𝜎(pl𝑣) ↓ and
HAP(ℒ) ⊢ (𝜆𝑣.p𝜎(pl𝑣))𝑢 ≃ p𝜎(pl𝑢). Moreover, HAP6 yields
HAP(ℒ) ⊢ pl𝑢↓. Consequently

HAP(ℒ) ⊢ 𝜎↓ → p𝜎(pl𝑢)↓
HAP(ℒ) ⊢ 𝜎↓ → (𝜆𝑣.p𝜎(pl𝑣))𝑢↓ (⋆)
HAP(ℒ) ⊢ 𝜎↓ → pr(p𝜎(pl𝑢)) == pl𝑢
HAP(ℒ) ⊢ 𝜎↓ → pr((𝜆𝑣.p𝜎(pl𝑣))𝑢) == pl𝑢
HAP(ℒ) ⊢ 𝜎↓ → pl(p𝜎(pl𝑢)) == 𝜎
HAP(ℒ) ⊢ 𝜎↓ → pl((𝜆𝑣.p𝜎(pl𝑣))𝑢) == 𝜎

by the above, HAP6 and the Leibniz Lemma 2.3.7. Hence the
Leibniz Lemma again and Corollary 2.4.8 yields

HAP(ℒ) ⊢ 𝜎↓ → (pl𝑢 r 𝜗(𝑥/𝜎) → pr((𝜆𝑣.p𝜎(pl𝑣))𝑢)
r 𝜗(𝑥/𝑦)(𝑦/pl((𝜆𝑣.p𝜎(pl𝑣))𝑢))),

whence

HAP(ℒ) ⊢ pl𝑢 r 𝜗(𝑥/𝜎) ∧ 𝜎↓ → (𝜆𝑣.p𝜎(pl𝑣))𝑢 r ∃𝑦(𝜗(𝑥/𝑦))
and consequently, by (⋆),

HAP(ℒ) ⊢ ∀𝑢(pl𝑢 r 𝜗(𝑥/𝜎) ∧ 𝜎↓ → (𝜆𝑣.p𝜎(pl𝑣))𝑢↓ r ∃𝑥𝜗),
i.e.

HAP(ℒ) ⊢ (𝜆𝑣.p𝜎(pl𝑣)) r(𝜗(𝑥/𝜎) ∧ 𝜎↓ → ∃𝑥𝜗)
as desired. Thus, up to substitution of equals, LPT14 is ‘trivially’
realized.

15: Let (∀𝑥(𝑥 == 𝑥)) = 𝜑. Since 𝜏 r∀𝑥(𝑥 == 𝑥) = ∀𝑥(𝜏𝑥↓ r(𝑥 == 𝑥)) =
∀𝑥(𝜏𝑥↓ ∧ 𝑥 == 𝑥) for all terms 𝜏 without 𝑥, setting e.g. 𝜏 = succ
yields the desired result, by HAP7 and LPT15.

16: Let (∀𝑥𝑦(𝑥 == 𝑦 → 𝑦 == 𝑥)) = 𝜑. For any 𝜏 without 𝑥 and 𝑦, and
fresh 𝑢,

𝜏 r∀𝑥𝑦(𝑥 == 𝑦 → 𝑦 == 𝑥)
= ∀𝑥(𝜏𝑥↓ ∧ ∀𝑦(𝜏𝑥𝑦↓ ∧ 𝜏𝑥𝑦 r(𝑥 == 𝑦 → 𝑦 == 𝑥)))
= ∀𝑥(𝜏𝑥↓ ∧ ∀𝑦(𝜏𝑥𝑦↓ ∧ ∀𝑢(𝑢 r 𝑥 == 𝑦 → 𝜏𝑥𝑦𝑢↓ r 𝑦 == 𝑥)))
= ∀𝑥(𝜏𝑥↓ ∧ ∀𝑦(𝜏𝑥𝑦↓ ∧ ∀𝑢(𝑥 == 𝑦 → 𝜏𝑥𝑦𝑢↓ ∧ 𝑦 == 𝑥)))
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whence 𝜏 = 𝜆𝑥𝑦𝑢.0 yields the desired result by Proposition 2.3.14
and LPT16.

17: Let (∀𝑥𝑦𝑧(𝑥 == 𝑦 ∧ 𝑦 == 𝑧 → 𝑥 == 𝑧)) = 𝜑. In the same way as above

𝜏 r(∀𝑥𝑦𝑧(𝑥 == 𝑦 ∧ 𝑦 == 𝑧 → 𝑥 == 𝑧))
= ∀𝑥(𝜏𝑥↓ ∧ ∀𝑦(𝜏𝑥𝑦↓ ∧ ∀𝑧(𝜏𝑥𝑦𝑧↓

∧ ∀𝑢(𝑥 == 𝑦 ∧ 𝑦 == 𝑧 → 𝜏𝑥𝑦𝑧𝑢↓ ∧ 𝑥 == 𝑧))))

for fresh 𝑢 and 𝜏 without 𝑥, 𝑦 and 𝑧, whence 𝜏 = 𝜆𝑥𝑦𝑧𝑢.0 yields the
desired result by LPT17.

18: Let (∀𝑥⃗𝑦⃗(𝑥⃗ == 𝑦⃗ ∧ 𝐹(𝑥⃗)↓ → 𝐹(𝑥⃗) == 𝐹(𝑦⃗))) = 𝜑. Applying similar
reasoning inductively,

𝜏 r∀𝑥⃗𝑦⃗(𝑥⃗ == 𝑦⃗ ∧ 𝐹(𝑥⃗)↓ → 𝐹(𝑥⃗) == 𝐹(𝑦⃗))
= ∀𝑥0(𝜏𝑥0↓ ∧ ∀⋯∀𝑥𝑛(𝜏𝑥⃗↓ ∧ ∀𝑦0(𝜏𝑥⃗𝑦0↓ ∧ ∀⋯∀𝑦𝑛(𝜏𝑥⃗𝑦⃗↓
∧ ∀𝑢(𝑥⃗ == 𝑦⃗ ∧ 𝐹(𝑥⃗)↓ → 𝜏𝑥⃗𝑦⃗𝑢↓ ∧ 𝐹(𝑥⃗) == 𝐹(𝑦⃗))))))

for all fresh 𝑢 and 𝜏 without 𝑥⃗ and 𝑦⃗, whence the canonical choice
to obtain the desired result is 𝜏 = 𝜆𝑥⃗𝑦⃗𝑢.0, by LPT18.

19: Let (∀𝑥⃗𝑦⃗(𝑅(𝑥⃗) ∧ 𝑥⃗ == 𝑦⃗ → 𝑅(𝑦⃗))) = 𝜑. Like above we have

𝜏 r∀𝑥⃗𝑦⃗(𝑅(𝑥⃗) ∧ 𝑥⃗ == 𝑦⃗ → 𝑅(𝑦⃗))
= ∀𝑥0(𝜏𝑥0↓ ∧ ∀⋯∀𝑥𝑛(𝜏𝑥⃗↓ ∧ ∀𝑦0(𝜏𝑥⃗𝑦0↓ ∧ ∀⋯∀𝑦𝑛(𝜏𝑥⃗𝑦⃗↓
∧ ∀𝑢(𝑢 r(𝑅(𝑥⃗) ∧ 𝑥⃗ == 𝑦⃗) → 𝜏𝑥⃗𝑦⃗𝑢↓ r𝑅(𝑦⃗))))))

= ∀𝑥0(𝜏𝑥0↓ ∧ ∀⋯∀𝑥𝑛(𝜏𝑥⃗↓ ∧ ∀𝑦0(𝜏𝑥⃗𝑦0↓ ∧ ∀⋯∀𝑦𝑛(𝜏𝑥⃗𝑦⃗↓
∧ ∀𝑢((r𝑅)(𝑥⃗,pl𝑢) ∧ 𝑥⃗ == 𝑦⃗ → 𝜏𝑥⃗𝑦⃗𝑢↓ ∧ (r𝑅)(𝑦⃗, 𝜏𝑥⃗𝑦⃗𝑢))))))

for fresh 𝑢 and 𝜏 without 𝑥⃗ or 𝑦⃗. Thus let 𝜏 = 𝜆𝑥⃗𝑦⃗𝑢.pl𝑢. Then
HAP(ℒ) ⊢ 𝜏𝑥⃗𝑦⃗𝑢 ≃ pl𝑢, and hence HAP(ℒ) ⊢ 𝜏𝑥⃗𝑦⃗𝑢 == pl𝑢 by
HAP6. Now since r𝑅 ∈ ℒ by definition, LPT19 yields

HAP(ℒ) ⊢ ∀𝑥⃗𝑦⃗𝑢((r𝑅)(𝑥⃗,pl𝑢) ∧ 𝑥⃗ == 𝑦⃗ ∧ pl𝑢 == 𝜏𝑥⃗𝑦⃗𝑢
→ (r𝑅)(𝑦⃗, 𝜏𝑥⃗𝑦⃗𝑢)),

which together with the above yields

HAP(ℒ) ⊢ 𝜏 r∀𝑥⃗𝑦⃗(𝑅(𝑥⃗) ∧ 𝑥⃗ == 𝑦⃗ → 𝑅(𝑦⃗)),

as desired.
20: Let (𝐶↓) = 𝜑. Clearly HAP(ℒ) ⊢ 0 r(𝐶 == 𝐶) by this very axiom.
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21: Let (𝐹(𝜎⃗↓) → 𝜎𝑖↓) = 𝜑. By HAP7, HAP(ℒ) ⊢ succ𝑢↓ for every
(thus in particular fresh) variable 𝑢. Since

succ r(𝐹(𝜎⃗)↓ → 𝜎𝑖↓) = ∀𝑢(𝐹(𝜎⃗)↓ → succ𝑢↓ ∧ 𝜎𝑖↓),

HAP(ℒ) ⊢ succ r(𝐹(𝜎⃗)↓ → 𝜎𝑖↓) by LPT21.
22: Let (𝑅(𝜎⃗) → 𝜎𝑖↓) = 𝜑. Similarly to the previous item

HAP(ℒ) ⊢ ∀𝑢(r𝑅(𝜎⃗, 𝑢) → succ𝑢↓ ∧ 𝜎𝑖↓)

by LPT22 (recall r𝑅 ∈ ℒ). Since

succ r(𝑅(𝜎⃗) → 𝜎𝑖↓) = ∀𝑢(r𝑅(𝜎⃗, 𝑢) → succ𝑢↓ ∧ 𝜎𝑖)

for fresh 𝑢, this means HAP(ℒ) ⊢ succ r(𝑅(𝜎⃗) → 𝜎𝑖↓).
23: Let (𝑥↓) = 𝜑. Again HAP(ℒ) ⊢ 0 r(𝑥 == 𝑥) by the axiom under

consideration.

• Suppose Γ ⊢ 𝜑 using a rule of inference. We consider cases as to which was
the last rule of the derivation. (The numbers below refer to the numbering
of the rules of LPT in 2.3.1.)

2: In this case Γ ⊢E 𝜗 and Γ ⊢F 𝜗 → 𝜑 for some subderivations/initial
segments E and F of D. By induction hypothesis there are terms 𝜏𝛲
and 𝜏𝛭 with free variables among those of 𝜗 and 𝜗 → 𝜑, respectively,
so that Δ ⊢ 𝜏𝛲↓ ∧ 𝜏𝛲 r 𝜗 and Δ ⊢ 𝜏𝛭↓ ∧ 𝜏𝛭 r(𝜗 → 𝜑). The latter
means that

Δ ⊢ ∀𝑢(𝑢 r 𝜗 → 𝜏𝛭𝑢↓ ∧ 𝜏𝛭𝑢 r𝜑)

where 𝑢 is a fresh variable. Since Δ ⊢ 𝜏𝛲↓ we get

Δ ⊢ 𝜏𝛭𝜏𝛲↓ ∧ 𝜏𝛭𝜏𝛲 r𝜑.

Now let 𝑥⃗ be the sequence of variables (in increasing order without
repetitions) which are free in 𝜗 but not in 𝜑. By using universal
generalisation and instantiation and Corollary 2.4.8, this yields

Δ ⊢ (𝜏𝛭𝜏𝛲)[𝑥⃗/0⃗]↓ ∧ (𝜏𝛭𝜏𝛲)[𝑥⃗/0⃗] r𝜑.

where the free variables of (𝜏𝛭𝜏𝛲)[𝑥⃗/0⃗] are among those of 𝜑.
3: Let (𝜗 → 𝜒) = 𝜑. Here Γ ⊢E 𝜗 → 𝜓 and Γ ⊢F 𝜓 → 𝜒 for

some subderivations/initial segments E and F ofD and some 𝜓. By
induction hypothesis there are terms 𝜏𝑔 and 𝜏𝑓 with free variables
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among those of 𝜗 → 𝜓 and 𝜓 → 𝜒, respectively, so that Δ ⊢
𝜏𝑔↓ ∧ 𝜏𝑔 r(𝜗 → 𝜓) and Δ ⊢ 𝜏𝑓↓ ∧ 𝜏𝑓 r(𝜓 → 𝜒). That is

Δ ⊢ ∀𝑢(𝑢 r 𝜗 → 𝜏𝑔𝑢↓ ∧ 𝜏𝑔𝑢 r𝜓)
Δ ⊢ ∀𝑣(𝑣 r𝜓 → 𝜏𝑓𝑣↓ ∧ 𝜏𝑓𝑣 r 𝜒)

for 𝑢 and 𝑣 fresh. Hence

Δ ⊢ 𝑢 r 𝜗 → 𝜏𝑓(𝜏𝑔𝑢)↓ ∧ 𝜏𝑓(𝜏𝑔𝑢) r 𝜒
using, among other things, LPT3. Since HAP(ℒ) ⊢ 𝜆𝑣.𝜏𝑓(𝜏𝑔𝑤)↓ ∧
(𝜆𝑤.𝜏𝑓(𝜏𝑔𝑤))𝑢 ≃ 𝜏𝑓(𝜏𝑔𝑢) for a fresh 𝑤 we get

Δ ⊢ 𝜆𝑤.𝜏𝑓(𝜏𝑔𝑤)↓ ∧ 𝜆𝑤.𝜏𝑓(𝜏𝑔𝑤) r(𝜗 → 𝜒).
Using the same trick as above, let 𝑥⃗ be the sequence of variables
which are free in 𝜗 → 𝜓 or 𝜓 → 𝜒 but not in 𝜗 → 𝜒. Then the
free variables of (𝜆𝑣.𝜏𝑓(𝜏𝑔𝑣))[𝑥⃗/0⃗] are among those of 𝜗 → 𝜒 and

Δ ⊢ (𝜆𝑣.𝜏𝑓(𝜏𝑔𝑣))[𝑥⃗/0⃗]↓ ∧ (𝜆𝑣.𝜏𝑓(𝜏𝑔𝑣))[𝑥⃗/0⃗] r(𝜗 → 𝜒).

5: Let (𝜗 → 𝜓 ∧ 𝜒) = 𝜑. We have Γ ⊢E 𝜗 → 𝜓 and Γ ⊢F 𝜗 → 𝜒 for
some subderivations/initial segments E and F of D. By induction
hypothesis there are terms 𝜏l and 𝜏r with free variables among those
of 𝜗 → 𝜓 and 𝜗 → 𝜒, respectively, so that Δ ⊢ 𝜏l↓ r(𝜗 → 𝜓) and
Δ ⊢ 𝜏r↓ r(𝜗 → 𝜒). That is

Δ ⊢ ∀𝑢(𝑢 r 𝜗 → 𝜏l𝑢↓ r𝜓)
Δ ⊢ ∀𝑣(𝑣 r 𝜗 → 𝜏r𝑣↓ r 𝜒)

for 𝑢 and 𝑣 fresh. Hence

Δ ⊢ 𝑢 r 𝜗 → 𝜏l𝑢↓ r𝜓 ∧ 𝜏r𝑢↓ r 𝜒
by LPT5. Consider 𝜆𝑣.p(𝜏l𝑣)(𝜏r𝑣), which has free variables among
those of 𝜗 → 𝜓 ∧ 𝜒. Since

HAP(ℒ) ⊢ (𝜆𝑣.p(𝜏l𝑣)(𝜏r𝑣))𝑢 ≃ p(𝜏l𝑣)(𝜏r𝑣)
∧ 𝜏r𝑢↓ → pl((𝜆𝑣.p(𝜏l𝑣)(𝜏r𝑣))𝑢) ≃ 𝜏l𝑢
∧ 𝜏l𝑢↓ → pr((𝜆𝑣.p(𝜏l𝑣)(𝜏r𝑣))𝑢) ≃ 𝜏r𝑢

we get

Δ ⊢ ∀𝑢(𝑢 r 𝜗 → (𝜆𝑣.p(𝜏l𝑣)(𝜏r𝑣))𝑢↓
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∧ pl((𝜆𝑣.p(𝜏l𝑣)(𝜏r𝑣))𝑢) r𝜓
∧ pr((𝜆𝑣.p(𝜏l𝑣)(𝜏r𝑣))𝑢) r 𝜒)

by HAP6, i.e.

Δ ⊢ 𝜆𝑣.p(𝜏l𝑣)(𝜏r𝑣)↓ r(𝜗 → 𝜓 ∧ 𝜒)

as desired.
7: Let (𝜗 ∨ 𝜓 → 𝜒) = 𝜑. As above, the induction hypothesis give

us Δ ⊢ 𝜏l↓ r(𝜗 → 𝜒) and Δ ⊢ 𝜏r↓ r(𝜓 → 𝜒) for some terms
𝜏l and 𝜏r with free variables among those of 𝜗 → 𝜒 and 𝜓 → 𝜒
respectively. Let 𝜏 = 𝜆𝑣.d(pl𝑣)0𝜏l𝜏r(pr𝑣) where 𝑣 is fresh; clearly its
free variables are among those of 𝜗 ∨ 𝜓 → 𝜒 and HAP(ℒ) ⊢ 𝜏↓ by
Propositions 2.3.14 and 2.3.18. Moreover, by Corollary 2.3.11 we
know HAP(ℒ) ⊢ ∀𝑥(𝑥 == 0 ∨ 𝑥 =≠ 0), whence HAP(ℒ) ⊢ pl𝑢 == 0 ∨
pl𝑢 =≠ 0 for a fresh 𝑢. Now

Δ ⊢ pl𝑢 == 0 → ((pl𝑢 == 0 → pr𝑢 r 𝜗) ∧ (pl𝑢 =≠ 0 → pr𝑢 r𝜓)
→ 𝜏𝑢 ≃ d(pl𝑢)0𝜏l𝜏r(pr𝑢) ≃ 𝜏l(pr𝑢)↓ r 𝜒)

Δ ⊢ pl𝑢 =≠ 0 → ((pl𝑢 == 0 → pr𝑢 r 𝜗) ∧ (pl𝑢 =≠ 0 → pr𝑢 r𝜓)
→ 𝜏𝑢 ≃ d(pl𝑢)0𝜏l𝜏r(pr𝑢) ≃ 𝜏r(pr𝑢)↓ r 𝜒),

that is

Δ ⊢ pl𝑢 == 0 → ((pl𝑢 == 0 → pr𝑢 r 𝜗) ∧ (pl𝑢 =≠ 0 → pr𝑢 r𝜓)
→ 𝜏𝑢↓ r 𝜒)

and

Δ ⊢ pl𝑢 =≠ 0 → ((pl𝑢 == 0 → pr𝑢 r 𝜗) ∧ (pl𝑢 =≠ 0 → pr𝑢 r𝜓)
→ 𝜏𝑢↓ r 𝜒)

whereby

Δ ⊢ (pl𝑢 == 0 ∨ pl𝑢 =≠ 0)
→ ((pl𝑢 == 0 → pr𝑢 r 𝜗) ∧ (pl𝑢 =≠ 0 → pr𝑢 r𝜓)
→ 𝜏𝑢↓ r 𝜒)

by LPT7. Consequently

Δ ⊢ (pl𝑢 == 0 → pr𝑢 r 𝜗) ∧ (pl𝑢 =≠ 0 → pr𝑢 r𝜓) → 𝜏𝑢↓ r 𝜒
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by above. Hence

Δ ⊢ ∀𝑢((pl𝑢 == 0 → pr𝑢 r 𝜗) ∧ (pl𝑢 =≠ 0 → pr𝑢 r𝜓) → 𝜏𝑢↓ r 𝜒)

that is Δ ⊢ 𝜏 r(𝜗 ∨ 𝜓 → 𝜒).
8: Let (𝜗 → (𝜓 → 𝜒)) = 𝜑. By the induction hypothesis Δ ⊢

𝜎↓ r(𝜗 ∧ 𝜓 → 𝜒), i.e.

Δ ⊢ 𝜎↓ ∧ ∀𝑤(pl𝑤 r 𝜗 ∧ pr𝑤 r𝜓 → 𝜎𝑤↓ r 𝜒),

for some 𝜎 with free variables among those of 𝜗 ∧ 𝜓 → 𝜒. Let
𝜏 = 𝜆𝑢𝑣.𝜎(p𝑢𝑣) for fresh variables 𝑢 and 𝑣, so that 𝜏 has the same
free variables as 𝜎 and thus among those of 𝜗 → (𝜓 → 𝜒), and
Δ ⊢ 𝜏↓. Additionally

Δ ⊢ 𝑢 r 𝜗 ∧ 𝑣 r𝜓 → 𝜏𝑢𝑣 ≃ 𝜎(p𝑢𝑣)↓ r 𝜒

so that

Δ ⊢ 𝑢 r 𝜗 ∧ 𝑣 r𝜓 → 𝜏𝑢𝑣↓ r 𝜒

Thus

Δ ⊢ 𝑢 r 𝜗 → (𝑣 r𝜓 → 𝜏𝑢𝑣↓ r 𝜒)

and

Δ ⊢ 𝑢 r 𝜗 → ∀𝑣(𝑣 r𝜓 → 𝜏𝑢𝑣↓ r 𝜒)

since 𝑣 fresh. Moreover

Δ ⊢ 𝑢 r 𝜗 → 𝜏𝑢 ≃ 𝜆𝑣.𝜎(p𝑢𝑣)↓

whence

Δ ⊢ ∀𝑢(𝑢 r 𝜗 → 𝜏𝑢↓ ∧ ∀𝑣(𝑣 r𝜓 → 𝜏𝑢𝑣↓ r 𝜒))

as desired.
9: Let (𝜗 ∧ 𝜓 → 𝜒) = 𝜑 and 𝜏 = 𝜆𝑢.𝜎(pl𝑢)(pr𝑢), where 𝜎 is the term

given by the induction hypothesis with free variables among those
of 𝜗 → (𝜓 → 𝜒) and Δ ⊢ 𝜎↓ r(𝜗 → (𝜓 → 𝜒)), and 𝑢 is fresh.
Then Δ ⊢ 𝜏↓, the free variables of 𝜏 are among those of 𝜗 ∧ 𝜓 → 𝜒
and

Δ ⊢ 𝑢 r(𝜗 ∧ 𝜓) → 𝜏𝑢 ≃ 𝜎(pl𝑢)(pr𝑢)↓ r 𝜒
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so that as before

Δ ⊢ 𝜏 r(𝜗 ∧ 𝜓 → 𝜒)
as desired.

11: Let (𝜗 → ∀𝑥𝜓) = 𝜑, 𝜎 have free variables among those of 𝜗 → 𝜓
and Δ ⊢ 𝜎↓ r(𝜗 → 𝜓), as in the induction hypothesis, where 𝑥 is
not free in 𝜗. Then Δ ⊢ ∀𝑢(𝑢 r 𝜗 → 𝜎𝑢↓ r𝜓), Δ ⊢ 𝜆𝑢𝑣.𝜎𝑢↓, Δ ⊢
(𝜆𝑢𝑣.𝜎𝑢)𝑢𝑥 ≃ 𝜎𝑢 and FV(𝜆𝑢𝑣.𝜎𝑢) ⊆ FV(𝜗 → 𝜓) ⊆ FV(𝜗 → ∀𝑥𝜓)
for fresh variables 𝑢 and 𝑣. Consequently

Δ ⊢ 𝑢 r 𝜗 → (𝜆𝑢𝑣.𝜎𝑢)𝑢𝑥↓ r𝜓
and

Δ ⊢ 𝑢 r 𝜗 → (𝜆𝑢𝑣.𝜎𝑢)𝑢↓
whence LPT11 and LPT5 give

Δ ⊢ 𝑢 r 𝜗 → ∀𝑥((𝜆𝑢𝑣.𝜎𝑢)𝑢𝑥↓ r𝜓)
Δ ⊢ ∀𝑢(𝑢 r 𝜗 → (𝜆𝑢𝑣.𝜎𝑢)𝑢↓ r(∀𝑥𝜓))
Δ ⊢ 𝜆𝑢𝑣.𝜎𝑢↓ r(𝜗 → ∀𝑥𝜓)

as desired, since 𝑥 is not free in 𝑢 r 𝜗.
13: Let (∃𝑥𝜗 → 𝜓) = 𝜑, 𝜎 have free variables among those of 𝜗 → 𝜓

and Δ ⊢ 𝜎↓ r(𝜗 → 𝜓), as in the induction hypothesis, where 𝑥 is
not free in 𝜓. Then Δ ⊢ 𝜎[𝑥/pl𝑢] r(𝜗(𝑥/pl𝑢) → 𝜓), i.e.

Δ ⊢ ∀𝑣(𝑣 r 𝜗(𝑥/pl𝑢) → (𝜎[𝑥/pl𝑢])𝑣↓ r𝜓),
by Corollary 2.4.8, for fresh 𝑢 and 𝑣. Since

𝑢 r(∃𝑥𝜗) = pr𝑢 r 𝜗(𝑥/pl𝑢)
and

Δ ⊢ (𝜆𝑢.(𝜎[𝑥/pl𝑢])(pr𝑢))𝑢 ≃ (𝜎[𝑥/pl𝑢])(pr𝑢)
we get

Δ ⊢ 𝑢 r(∃𝑥𝜗) → (𝜆𝑢.𝜎[𝑥/pl𝑢](pr𝑢))𝑢↓ r𝜓
Δ ⊢ ∀𝑢(𝑢 r(∃𝑥𝜗) → (𝜆𝑢.𝜎[𝑥/pl𝑢](pr𝑢))𝑢↓ r𝜓)
Δ ⊢ 𝜆𝑢.(𝜎[𝑥/pl𝑢])(pr𝑢)↓ r(∃𝑥𝜗 → 𝜓)

as desired. NB: we do not use LPT13 in the above derivation.
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Having spent a considerable amount of paper to spell out the workings of
realizability in HAP, the reader might wonder why HA-realizability would not
suffice. The problem is that for realizability in HA, only almost negative for-
mulae can be shown to be self-realizing in general, which would allow us to
conclude conservativity of for almost negative sentences, but no more. The final
pages of this section will therefore be devoted to verifying equivalence of our
HAP-realizability to that of van den Berg and van Slooten (2018) to give us ac-
cess to their theorem (our Proposition 2.4.13) that realizability in HAP plus the
schema of self-realizability for arithmetic formulae is conservative over HA. As
already observed our definitions of realizability are not literally the same, since
for van den Berg and van Slooten disjunction is a defined predicate (𝜑 ∨ 𝜓 is
∃𝑛((𝑛 == 0 → 𝜑) ∧ (𝑛 =≠ 0 → 𝜓))). The next lemma shows that the difference is
immaterial.

Lemma 2.4.12. The above notion of realizability (r) is equivalent to the one in
(van den Berg and van Slooten, 2018) (r′ in this lemma) in the following sense: for
every formula 𝜑 ∈ ℒHAP there are combinators 𝜇 and 𝜈 such that HAP ⊢ 𝑥 r𝜑 →
𝜇 ⋅ 𝑥↓ r′ 𝜑 and HAP ⊢ 𝑥 r′ 𝜑 → 𝜈 ⋅ 𝑥↓ r𝜑. Consequently HAP ⊢ ∃𝑥 r𝜑 ↔
∃𝑥 r′ 𝜑.

Proof. Induction on 𝜑.
• Consider the formula 𝜎 == 𝜏. Let 𝜇𝜎 == 𝜏 and 𝜈𝜎 == 𝜏 both be id. Then

HAP ⊢ (𝑥 r 𝜎 == 𝜏) ↔ 𝜎 == 𝜏
↔ (𝜇𝜎 == 𝜏𝑥 r′ 𝜎 == 𝜏)

and similarly for 𝜈𝜎 == 𝜏. That HAP ⊢ 𝜇𝜎 == 𝜏𝑥↓ and HAP ⊢ 𝜈𝜎 == 𝜏𝑥↓ is
immediate.

• Consider ⊥. Again let 𝜇⊥ = 𝜈⊥ = id. Then

HAP ⊢ (𝑥 r ⊥) ↔ ⊥
↔ (𝜇⊥𝑥 r′ ⊥)

and similarly for 𝜈⊥.
• Suppose the statement holds for 𝜓 and 𝜗 and let 𝜇𝜓∧𝜗 be

𝜆𝑥.p(𝜇𝜓(pl𝑥))(𝜇𝜗(pr𝑥))
and 𝜈𝜓∧𝜗 be

𝜆𝑥.p(𝜈𝜓(pl𝑥))(𝜈𝜗(pr𝑥)).
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Then

HAP ⊢ 𝜇𝜓∧𝜗𝑥 ≃ p(𝜇𝜓(pl𝑥))(𝜇𝜗(pr𝑥))
and both sides denote if pl𝑥 and pr𝑥 are realizers of 𝜓 and 𝜗, respectively,
by induction hypothesis and HAP6. Hence

𝑥 r (𝜓 ∧ 𝜗) = pl𝑥 r𝜓 ∧ pr𝑥 r 𝜗
⇒ 𝜇𝜓(pl𝑥)↓ r′ 𝜓 ∧ 𝜇𝜗(pr𝑥)↓ r′ 𝜗
⇒ p(𝜇𝜓(pl𝑥))(𝜇𝜗(pr𝑥))↓ r′(𝜓 ∧ 𝜗)
⇒ 𝜇𝜓∧𝜗𝑥↓ r′(𝜓 ∧ 𝜗)

where ⇒ denotes provable implication in HAP. The argument for 𝜈𝜓∧𝜗 is
symmetric.

• Suppose the statement holds for 𝜓 and 𝜗 and let 𝜇𝜓∨𝜗 be

𝜆𝑥.p(pl𝑥)(p(𝜆𝑦.𝜇𝜓(pr𝑥))(𝜆𝑦.𝜇𝜗(pr𝑥)))
and 𝜈𝜓∨𝜗 be

𝜆𝑥.p(pl𝑥)(d(pl𝑥)0(𝜆𝑦.𝜈𝜓(pl(pr𝑥)𝑦))(𝜆𝑦.𝜈𝜗(pr(pr𝑥)𝑦))0).
Then

𝑥 r (𝜓 ∨ 𝜗)
= (pl𝑥 == 0 → pr𝑥 r𝜓) ∧ (pl𝑥 =≠ 0 → pr𝑥 r 𝜗)
⇒ (pl𝑥 == 0 → 𝜇𝜓(pr𝑥)↓ r′ 𝜓) ∧ (pl𝑥 =≠ 0 → 𝜇𝜗(pr𝑥)↓ r 𝜗)
⇒ (pl(𝜇𝜓∨𝜗𝑥) == 0 → pl(pr(𝜇𝜓∨𝜗𝑥))𝑣↓ r′ 𝜓)

∧ (pl(𝜇𝜓∨𝜗𝑥) =≠ 0 → pr(pr(𝜇𝜓∨𝜗𝑥))𝑣↓ r′ 𝜗)
⇒ (pl(𝜇𝜓∨𝜗𝑥) == 0 → pl(pr(𝜇𝜓∨𝜗𝑥))𝑣↓ r′ 𝜓)

∧ (𝑣 r′ pl(𝜇𝜓∨𝜗𝑥) =≠ 0 → pl(pr(𝜇𝜓∨𝜗𝑥))𝑣↓ r′ 𝜗)
⇒ ∀𝑣(𝑣 r′ pl(𝜇𝜓∨𝜗𝑥) == 0 → pl(pr(𝜇𝜓∨𝜗𝑥))𝑣↓ r′ 𝜓)

∧ ∀𝑣(𝑣 r′ pl(𝜇𝜓∨𝜗𝑥) =≠ 0 → pl(pr(𝜇𝜓∨𝜗𝑥))𝑣↓ r′ 𝜗)
⇒ pl(pr(𝜇𝜓∨𝜗𝑥))↓ r′(pl(𝜇𝜓∨𝜗𝑥) == 0 → 𝜓)

∧ pl(pr(𝜇𝜓∨𝜗𝑥))↓ r′(pl(𝜇𝜓∨𝜗𝑥) =≠ 0 → 𝜗)
⇒ pr(𝜇𝜓∨𝜗𝑥)↓ r′((pl(𝜇𝜓∨𝜗𝑥) == 0 → 𝜓) ∧ (pl(𝜇𝜓∨𝜗𝑥) =≠ 0 → 𝜗))
⇒ 𝜇𝜓∨𝜗𝑥↓ r′ ∃𝑢((𝑢 == 0 → 𝜓) ∧ (𝑢 =≠ 0 → 𝜗))
= 𝜇𝜓∨𝜗𝑥↓ r′(𝜓 ∨ 𝜗)
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where 𝑢 and 𝑣 are fresh variables and as before ⇒ denotes provable im-
plication in HAP.
The other direction is more cumbersome and we once again reason in-
formally within HAP. Assume 𝑥 r′(𝜓 ∨ 𝜗), that is

∀𝑣(pl𝑥 == 0 → pl(pr𝑥)𝑣↓ r′ 𝜓) ∧ ∀𝑣(𝑣 r′ pl𝑥 =≠ 0 → pr(pr𝑥)𝑣↓ r′ 𝜗)

for 𝑣 fresh. We want to show that 𝜈𝜓∨𝜗𝑥↓ r(𝜓 ∨ 𝜗), that is

𝜈𝜓∨𝜗𝑥↓ ∧ (pl(𝜈𝜓∨𝜗𝑥) == 0 → pr(𝜈𝜓∨𝜗𝑥) r𝜓)
∧ (pl(𝜈𝜓∨𝜗𝑥) =≠ 0 → pr(𝜈𝜓∨𝜗𝑥) r 𝜗).

We know pl𝑥 == 0 ∨ pl𝑥 =≠ 0. In the former case

pl(pr𝑥)0↓ r′ 𝜓

whence

𝜈𝜓(pl(pr𝑥)0)↓ r𝜓

whence in particular

d(pl𝑥)0(𝜆𝑦.𝜈𝜓(pl(pr𝑥)𝑦))(𝜆𝑦.𝜈𝜗(pr(pr𝑥)𝑦))0 ≃ (𝜆𝑦.𝜈𝜓(pl(pr𝑥)𝑦))0
≃ 𝜈𝜓(pl(pr𝑥)0)↓,

and in the latter

pr(pr𝑥)0↓ r′ 𝜗

whence

𝜈𝜗(pr(pr𝑥)0)↓ r𝜓

and

d(pl𝑥)0(𝜆𝑦.𝜈𝜓(pl(pr𝑥)𝑦))(𝜆𝑦.𝜈𝜗(pr(pr𝑥)𝑦))0 ≃ (𝜆𝑦.𝜈𝜗(pr(pr𝑥)𝑦))0
≃ 𝜈𝜗(pr(pr𝑥)0)↓.

In either case

𝜈𝜓∨𝜗𝑥 ≃ p(pl𝑥)(d(pl𝑥)0(𝜆𝑦.𝜈𝜓(pl(pr𝑥)𝑦))(𝜆𝑦.𝜈𝜗(pr(pr𝑥)𝑦))0)↓

by HAP6. Now if 0 == pl(𝜈𝜓∨𝜗𝑥) == pl𝑥 then

𝜈𝜓(pl(pr𝑥)0)↓ r𝜓
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as above, and if 0 =≠ pl(𝜈𝜓∨𝜗𝑥) == pl𝑥 then

𝜈𝜗(pr(pr𝑥)0)↓ r 𝜗.
This is what we wanted to show.24

• Let 𝜇𝜓→𝜗 be 𝜆𝑥𝑦.𝜇𝜗(𝑥(𝜈𝜓𝑦)) and 𝜈𝜓→𝜗 be 𝜆𝑥𝑦.𝜈𝜗(𝑥(𝜇𝜓𝑦)). By Proposition
2.3.14 these clearly are unary total. Assuming the statement holds for 𝜓
and 𝜗 we then get

𝑥 r (𝜓 → 𝜗) = ∀𝑣(𝑣 r𝜓 → 𝑥𝑣↓ r 𝜗)
⇒ ∀𝑣(𝑣 r′ 𝜓 → 𝑥(𝜈𝜓𝑣)↓ r 𝜗) (∵𝜈𝜓𝑣↓ r𝜓)

⇒ ∀𝑣(𝑣 r′ 𝜓 → 𝜇𝜓→𝜗𝑥𝑣↓ r′ 𝜗)
⇒ 𝜇𝜓→𝜗𝑥 r′(𝜓 → 𝜗)

and

𝑥 r′(𝜓 → 𝜗) = ∀𝑣(𝑣 r′ 𝜓 → 𝑥𝑣↓ r′ 𝜗)
⇒ ∀𝑣(𝑣 r𝜓 → 𝑥(𝜇𝜓𝑣)↓ r′ 𝜗) (∵𝜇𝜓𝑣↓ r′ 𝜓)

⇒ ∀𝑣(𝑣 r𝜓 → 𝜈𝜓→𝜗𝑥𝑣↓ r 𝜗)
⇒ 𝜈𝜓→𝜗𝑥 r (𝜓 → 𝜗)

where again 𝑣 is fresh and ⇒ denotes provable implication in HAP.
• 𝜇∀𝑦𝜗 is 𝜆𝑥𝑦.𝜇𝜗(𝑥𝑦) and 𝜈∀𝑦𝜗 is 𝜆𝑥𝑦.𝜈𝜗(𝑥𝑦). Verification is straightforward.
• 𝜇∃𝑦𝜗 is 𝜆𝑥.p(pl𝑥)(𝜇𝜗(pr𝑥)) and 𝜈∃𝑦𝜗 is 𝜆𝑥.p(pl𝑥)(𝜈𝜗(pr𝑥)). Verification is

again straightforward.

Since we can thus identify the two notions of realizability we immediately
get the following:

Proposition 2.4.13 (Corollary 3.6 of (van den Berg and van Slooten, 2018)).
HAP plus the schema 𝜑 ↔ ∃𝑥(𝑥 r𝜑) for 𝜑 ∈ ℒHA is conservative over HA. In
particular, HAP ⊢ ∃𝑥(𝑥 r𝜑) ⇒ HA ⊢I 𝜑 for such 𝜑.

In this result it is important that ℒHA (as a subset of ℒHAP) does not contain
any pure combinators or the application function. Hence the separate inclusion
into ℒHAP of ℒHA in Definition 2.3.9 and ℒPRA in Proposition 2.3.16.

24 We had to go this roundabout way since pl(𝜈𝜓∨𝜗𝑥) =≠ 0 does not imply pl(𝜈𝜓∨𝜗𝑥)↓.



3 Satisfaction for almost negative formulae

What I tell you three times is true.

Lewis Carroll (Charles Lutwidge Dodgson),
The Hunting of the Snark

In classical arithmetic, the arithmetic (quantifier) hierarchy classifies formulae of
the language according by quantifier complexity (that is, quantifier alternations).
This hinges finally on the existence of a prenex normal form, and in particular
on De Morgan’s laws and the possibility to define → in terms of ∨ and ¬. For
intuitionistic arithmetic this is no longer a possibility and the situation is not
as simple. A few hierarchies for intuitionistic arithmetic have been proposed;
for example, Burr (2000, 2004) consider hierarchies closely related to the one
herein.

The aim of this chapter is to introduce a hierarchy of arithmetic formulae for
which partial satisfaction predicates can be arithmetically defined even in intu-
itionistic logic. As we will show, such a hierarchy exists for the class of almost
negative formulae (recall from 2.4.1 a formula is almost negative if it contains
no disjunctions and all matrices of existential quantifiers are equations; we de-
note the class of almost negative formulae byΛ). Since almost negative formulae
crops up as a ‘target’ class for the realizability interpretations we use, this is a de-
sirable feature (though we cannot rule out the possibility of better results). This
construction for HAP, Heyting arithmetic with partial terms, was carried out
in (Granberg Olsson and Leigh, 2024), and we will present the same construc-
tion here (since we also want to use the these results to prove conservativity in
Chapter 4). A corresponding construction is possible in HAPRA.

We introduce the hierarchy, and establish some of its basic properties, in
Section 3.1. Section 3.2 contains the construction of the satisfaction predicates.
In the next chapter we will apply these results to prove conservativity of various
fixpoint theories.

3.1 An almost negative formula-hierarchy
We will now introduce a hierarchy (Λ𝑛)𝑛 of almost negative formulae which
is telescoping (Lemma 3.1.2), exhausts the almost negative formulae (Lemma
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3.1.4) and has a satisfaction predicate 𝔖𝔞𝔱𝑛 ∈ Λ𝑛 for formulae in Λ𝑛 (Theorem
3.2.3). Thus, (Λ𝑛) (relative to Λ) is in many ways similar to the usual arithmetic
hierarchy in classical arithmetic (relative to the entire language).

We will start with elementary properties of Λ𝑛, such as the Diagonal Lemma
(Lemma 3.1.7) and the closure of Λ𝑛 under substitution into strictly positive
positions (Proposition 3.1.6). We will have need of these in the next chapter.

Definition 3.1.1 (Λ𝑛). Σe, the set of Σ-equations, are the formula-variants of
the form ∃𝑥𝜎 == 𝜏, where 𝜎 and 𝜏 are terms. Λ0 is the smallest set containing Σe
and the atomic formula-variants which is closed under conjunction. Λ𝑛+1 is the
smallest set that contains Σe and atomic formula-variants which is closed under
conjunction, universal quantification, and implications by Λ𝑛-formula-variants
as antecedents; that is if 𝜙 ∈ Λ𝑛+1 and 𝜃 ∈ Λ𝑛 then 𝜃 → 𝜙 ∈ Λ𝑛+1.

Their normal form hierarchy (Λnf
𝑛 )𝑛 is defined as follows: Λnf

0 is the set of
formula-variants of the form ⋀𝑘

𝑖=0 𝜙𝑖, where 𝜙0 ∈ Σe, 𝑘 ≥ 0 and each 𝜙𝑖 for 1 ≤
𝑖 ≤ 𝑘 is atomic but not ⊥ or an equation (whenceΛnf

0 is Σe for the languagesℒHA,
ℒPRA and ℒHAP). Λnf

𝑛+1 are the formula-variants of the form ∀𝑥⋀𝑘
𝑖=0(𝜙𝑖 → 𝜃𝑖)

where {𝜙0, … , 𝜙𝑘} ⊆ Λnf
𝑛 and {𝜃0, … , 𝜃𝑘} ⊆ Λnf

0 . We write Λnf = ⋃𝑛∈ℕΛnf
𝑛 .

The Λ𝑛 form a strictly telescoping hierarchy, as witnessed by the following
lemma.

Lemma 3.1.2. For every 𝑛 ∈ ℕ, Λ𝑛 ⊂ Λ𝑛+1.

Proof. By induction on 𝑛 ∈ ℕ:
• Since every base-case and closure condition of Λ0 is included in the gen-

eration of Λ1, Λ0 ⊆ Λ1. However, since e.g. ⊥ → ⊥ is in Λ1 ∖ Λ0, they
are not equal.

• Suppose Λ𝑘 ⊂ Λ𝑘+1. We show by structural induction that Λ𝑘+1 ⊆ Λ𝑘+2.

– First all atoms and Σ-equations are in Λ𝑘+2.
– Suppose 𝜙, 𝜃 ∈ Λ𝑘+1 are such that 𝜙, 𝜃 ∈ Λ𝑘+2 as well. Then we have
(𝜙 ∧ 𝜃), (∀𝑣𝜙) ∈ Λ𝑘+2.

– Suppose 𝜙 ∈ Λ𝑘+1 is also in Λ𝑘+2 and let 𝜃 ∈ Λ𝑘. Then 𝜃 ∈ Λ𝑘+1 by
the outer induction hypothesis, whence (𝜃 → 𝜙) ∈ Λ𝑘+2.

This concludes the inner induction. Now since Λ𝑘+1 ∖ Λ𝑘 ≠ ∅ by induc-
tion hypothesis, let 𝜓 witness this. Then ¬𝜓 = 𝜓 → ⊥ ∈ Λ𝑘+2 ∖ Λ𝑘+1.

This concludes the induction.
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The hierarchy (Λnf
𝑛 )𝑛 represents normal forms for formula-variants of (Λ𝑛)𝑛

in the sense that Λnf
𝑛 ⊆ Λ𝑛 for every 𝑛, and every formula in Λ𝑛 is provably equi-

valent to a formula-variant in Λnf
𝑛 over the theory HAPRA or HAP as appropriate.

This latter result is strengthened with the help of Definition 3.1.5.
It should be clear that this stratification of Λ respects 𝛼-equivalence and thus

forming formulae from formula-variants: if 𝜙 ∈ Λ𝑛 then every 𝛼-equivalent
formula-variant is in Λ𝑛 as well. The same holds for the normal forms Λnf

𝑛 . The
above definition and lemma, as well as subsequent results, can thus be read also
applying to formulae. We will consequently use the same notations for these sets
both for formulae and formula-variants.

Remark 3.1.3. We want the hierarchy to exhaust the almost negative formulae,
which is why we allow Σe as ‘atoms’, much as we allow Δ0-formulae as ‘atoms’
in the arithmetical hierarchy. In the latter case, however, we have generous clos-
ure conditions on this set of ‘atoms’, even though this makes no real difference
further on in the arithmetic hierarchy, while for Λ𝑛 we are requiring the ‘atoms’
to have a very concrete form. We could, at least for the purposes of constructing
Λ𝑛 and the satisfaction predicates, have used a variant of Σe closed under con-
junctions, disjunctions and existential quantification and subsequently used the
corresponding definition of Λ = ⋃𝑛∈ℕΛ𝑛 in place of the almost negative for-
mulae (thus thereby essentially allowing general Σ1-formula-variants as ‘atoms’)
without much extra work. In HAPRA we could even have used a variant of Σe
closed under bounded quantification, since such bounds are primitive recursive.
Since the almost negative formulae seem to be the established standard in the
context of realizability interpretations, which will be our main application, we
will not try to generalise in this direction. This will have the added advantage of
making the definitions of the satisfaction predicates slightly ‘cleaner’, since no
connectives or quantifiers are in the scope of an existential quantifier.

In the other direction, as opposed to Heyting arithmetic in the language of
PRA, every (partial) recursive function is represented by a term in HAP. Thus,
adding an existential quantifier to an atom to form a Σ-equation does not yield
increased expressibility. So we could have simplified the definition of Λnf in this
setting by leaving out the existential quantifiers altogether. However, we gain
little by doing so, and thus prefer to have Λnf formulated as a template for a
larger class of languages.

TheΛ-hierarchies are very close to theΦ′-hierarchy of Burr (2000); the essen-
tial difference between Φ′

𝑛 and Λ𝑛 is that the latter is closed under conjunction
(which is needed to exhaust the almost negative formulae) while the former is not.
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Both can be seen as mirroring the arithmetic hierarchy, in that they are classic-
ally equivalent to the Π-hierarchy. Other hierarchies of intuitionistic arithmetic
will be discussed in Chapter 6.

In the following lemma, let PAP denote the result of adding the law of ex-
cluded middle to HAP.25 Given a set Γ of formula-variants (resp. formulae) and
a theory T, Γ(T) denotes the set of formula-variants (formulae) that are provably
in T equivalent to some formula in Γ.

Lemma 3.1.4. Λ𝑛 relates to almost negative formula-variants and the usual arith-
metic hierarchy in the following way:

1. The Λ𝑛 exhaust the almost negative formula-variants, that is Λ = ⋃𝑛∈ℕΛ𝑛.
2. In the arithmetical languages ℒPRA and ℒHAP: Let HA∗ be HAPRA or HAP.

Then Λnf
0 (HA∗) = Σe(HA∗) = Σ1(HA∗).

3. In the arithmetical languages ℒPRA and ℒHAP: Let PA∗ be PAPRA or PAP.
For 𝑛 > 0, Λnf

𝑛 (PA∗) = Π𝑛+1(PA∗). Moreover, Λnf
0 (PA∗) = Σe(PA∗) =

Σ1(PA∗).

Proof. Observe that Λ𝑛 ⊆ Λ for all 𝑛 ∈ ℕ. We show that Λ ⊆ ⋃𝑛Λ𝑛 by
induction on the complexity of almost negative formula-variants:

• If 𝜙 is an atom or a Σ-equation, then 𝜙 ∈ Λ0.
• The induction steps for ∧ and ∀ are straightforward.
• If 𝜙 = (𝜃 → 𝜓) for 𝜃, 𝜓 ∈ (⋃𝑘∈ℕΛ𝑘) ∩ Λ, let 𝑛 be such that 𝜃, 𝜓 ∈ Λ𝑛

(since (Λ𝑛)𝑛 is telescoping). Then 𝜙 ∈ Λ𝑛+1.
This concludes the proof of the first statement.

For the remaining statements, as already observed Σe = Λnf
0 ⊆ Σ1 by defini-

tion. We show by induction on 𝑛 > 0 that Λnf
𝑛 ⊆ Π𝑛+1(PA∗).

• Let 𝜙 = ∀𝑥⋀𝑖(𝜃𝑖 → 𝜓𝑖), where 𝜃𝑖, 𝜓𝑖 ∈ Λnf
0 ⊆ Σ1. Then by classical logic

𝜙 ∈ Π2(PA∗).
• Let 𝑘 ≥ 1 and 𝜙 = ∀𝑥⋀𝑖(𝜃𝑖 → 𝜓𝑖), where 𝜃𝑖 ∈ Λnf

𝑘 ⊆ Π𝑘+1(PA∗) and
𝜓𝑖 ∈ Λnf

0 ⊆ Σ1. Then by classical logic 𝜙 ∈ Π𝑘+2(PA∗).
Conversely, sinceΔ0-formula-variants inℒPRA andℒHAP are equivalent to atoms
in HA∗, Σ1 ⊆ Σe(HA∗) = Λnf

0 (HA∗) ⊆ Λnf
0 (PA∗) by structural induction.

Hence Σ1(HA∗) = Λnf
0 (HA∗) and the corresponding for PA∗. We show that

Π𝑛+1(PA∗) = Λnf
𝑛 (PA∗) by induction on 𝑛 > 0.

25 To the best of my knowledge the theory PAP has not been studied. We thus make no
claims on suitability for any particular purpose, but merely use it as a name for adding
LEM to HAP.



satisfaction for almost negative formulae • 79

• Suppose 𝜙 = ∀𝑥𝜃, where 𝜃 ∈ Σ1 ⊆ Λnf
0 (PA∗). Then 𝜙 ∈ Λnf

1 (PA∗). Thus
Π2 ⊆ Λnf

1 (PA∗), whence Π2(PA∗) = Λnf
1 (PA∗) by above.

• Suppose 𝜙 = ∀𝑥𝜃, where 𝜃 ∈ Σ𝑘+1. Let ¬̃𝜒 be 𝜒 → ∃𝑥(0 == S(0)) for
formula-variants 𝜒. Then ¬̃𝜃 ∈ Π𝑘+1(PA∗) = Λnf

𝑘 (PA∗) by induction
hypothesis. Let 𝜓 ∈ Λnf

𝑘 be equivalent. Then PA∗ ⊢ 𝜙 ↔ ∀𝑥¬̃𝜓, where
∀𝑥¬̃𝜓 ∈ Λnf

𝑘+1. (Note that this would not work with ¬, since ⊥ is not
a Λnf

0 -formula.) So Π𝑘+2 ⊆ Λnf
𝑘+1(PA∗) and consequently Π𝑘+2(PA∗) =

Λnf
𝑘+1(PA∗).

In particular, Σe(HAPRA) and Σe(HAP) are closed under conjunction, dis-
junction, existential quantification and bounded universal quantification.

It should thus be clear that Λ0 is HAP/HAPRA-equivalent to Λnf
0 ; it can be

shown that the corresponding holds for all 𝑛. In order to construct our satisfac-
tion predicates, however, we need to have access to an explicit transformation
from Λ𝑛 to its HAP-provably equivalent normal form Λnf

𝑛 (corresponding trans-
formations can be defined for HAPRA, as well as other languages). Since it is
clear that Λnf

𝑛 ⊆ Λ𝑛, these transformations yields the inclusions Λnf
𝑛 ⊆ Λ𝑛 ⊆

Λnf
𝑛 (HAP) ⊆ Λnf

𝑛 (PAP) for all 𝑛.
For the rest of this chapter, let ℒ ⊇ ℒHAP. Since the purpose of the trans-

formations mentioned above are to be used in proofs, we will not optimise them
to yield the simplest possible expressions of a canonical form (and indeed the
resulting formulae will contain many redundancies, as will clearly be seen in the
following definition). The definition is chosen so that the functions will have rel-
atively simple presentations, in order to facilitate these future proofs. Specifically,
at level 0 every arithmetic Λ0-‘atom’ which is not a Σ-equation is (redundantly)
made a such, and conjunctions of such are merged. At successor levels every
‘atom’ as above is (excessively redundantly) made into a Λnf

𝑘 -formula (𝑘 depend-
ing on its implicational nesting depth), whereupon conjunctions, quantifiers and
implications are incorporated. This yields

Definition 3.1.5. Define the primitive recursive 𝜆0 ∶ Λ0 ⟶Λnf
0 by:

𝜆0(⊥) = ∃𝑣(0 == S(0)),
𝜆0(𝜏 == 𝜌) = ∃𝑣(𝜏 == 𝜌),
𝜆0(𝑅(𝜏⃗)) = ∃𝑣(0 == 0) ∧ 𝑅(𝜏⃗)
𝜆0(∃𝑥(𝜏 == 𝜌)) = ∃𝑥(𝜏 == 𝜌)

and

𝜆0(𝜙 ∧ 𝜃) = conj(𝜆0(𝜙), 𝜆0(𝜃)),
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where

conj(∃𝑥(𝜎 == 𝜏), ∃𝑦(𝜌 == 𝜐)) =
∃𝑣((diff𝜎𝜏)[𝑥/pl𝑣] + (diff𝜌𝜐)[𝑦/pr𝑣] == 0),

conj(⋀𝑘
𝑖=0 𝜙𝑖, 𝜃) = conj(𝜙0, 𝜃)&⋀𝑘

𝑖=1 𝜙𝑖
conj(𝜙,⋀𝑚

𝑗=0 𝜃𝑗) = conj(𝜙, 𝜃0)&⋀𝑚
𝑗=1 𝜃𝑗

conj(⋀𝑘
𝑖=0 𝜙𝑖,⋀

𝑚
𝑗=0 𝜃𝑗) =

(conj(𝜙0, 𝜃0)&⋀𝑘
𝑖=1 𝜙𝑖)&⋀𝑚

𝑗=1 𝜃𝑗
conj(∀𝑥⋀𝑘

𝑖=0(𝜓𝑖 → 𝜙𝑖), ∀𝑦⋀
𝑚
𝑗=0(𝜉𝑗 → 𝜃𝑗)) =

∀𝑣((⋀𝑘
𝑖=0(𝜓𝑖 → 𝜙𝑖))[𝑥/𝑣]&(⋀

𝑚
𝑗=0(𝜉𝑗 → 𝜃𝑗))[𝑦/𝑣]),

𝜙& 𝜃 = 𝜙 ∧ 𝜃

if 𝜃 is not a conjunction, and

𝜙&(𝜃 ∧ 𝜃′) = (𝜙& 𝜃) ∧ 𝜃′,

where diff is the combinator for the primitive recursive function

diff(𝑛, 𝑚) = 𝑛 ∸ 𝑚 + 𝑚 ∸ 𝑛,

and in each case 𝑣 is a primitive recursively chosen fresh (in relation to the argu-
ments) variable. Define further for each 𝑛 ∈ ℕ the primitive recursive functions
𝜆𝑛+1 ∶ Λ𝑛+1 ⟶Λnf

𝑛+1:

𝜆𝑛+1(𝜓) = ∀𝑣(𝜆𝑛(0 == 0) → 𝜆0(𝜓))

if 𝜓 is atomic or a Σ-equation, and

𝜆𝑛+1(𝜙 ∧ 𝜃) = conj(𝜆𝑛+1(𝜙), 𝜆𝑛+1(𝜃)),
𝜆𝑛+1(∀𝑥𝜙) = all(𝑥, 𝜆𝑛+1(𝜙)),

𝜆𝑛+1(𝜙 → 𝜃) = imp𝑛(𝜆𝑛(𝜙), 𝜆𝑛+1(𝜃)),

where

all(𝑥, ∀𝑦⋀𝑘
𝑖=0(𝜃𝑖 → 𝜙𝑖)) = ∀𝑣(⋀𝑘

𝑖=0(𝜃𝑖 → 𝜙𝑖))[𝑦/pl ⋅ 𝑣][𝑥/pr ⋅ 𝑣]

and

imp𝑛(𝜓, ∀𝑦⋀
𝑘
𝑖=0(𝜃𝑖 → 𝜙𝑖)) = ∀𝑣(⋀𝑘

𝑖=0(conj(𝜓, 𝜃𝑖[𝑦/𝑣]) → 𝜙𝑖[𝑦/𝑣])).
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Again, the new variable 𝑣 is always chosen fresh in relation to the arguments
of the function where it is introduced; this can be done in a (in fact several)
primitive recursive way.

It should be clear that these functions preserve HAP-equivalence.
Recall the standard coding we use of ℒ in HA, and thus in HAP. Therefore,

since the above functions are primitive recursive in the structure of formula-
variants, there are combinators λ𝑛 (etc., see Definition 3.2.1) representing them
in HAP. Moreover, by Σ1-completeness of HAPRA and thus of HAP (see Pro-
position 2.3.17), HAP proves all of the above recurrence relations for these com-
binators.

We conclude this section with two key properties of the hierarchy. They will
also be useful further on.

Proposition 3.1.6. If 𝜙 ∈ Λ𝑛 has only strictly positive occurrences of the 𝑘-ary
relation symbol 𝑅 and 𝜃 ∈ Λ𝑚 then 𝜙[𝑅/𝜃] ∈ Λmax(𝑛,𝑚).

Proof. Let 𝛭 = max(𝑛, 𝑚). The proof is by induction on 𝜙.
• Let 𝜎 and 𝜏 be terms. Then (𝜎 == 𝜏)[𝑅/𝜃] = (𝜎 == 𝜏) ∈ Λ𝛭.
• We have ⊥[𝑅/𝜃] = ⊥ ∈ Λ𝛭.
• We have (𝑅(𝜏⃗))[𝑅/𝜃] = 𝜃[v⃗<𝑘/𝜏⃗] ∈ Λ𝑚 ⊆ Λ𝛭.
• We have (𝑄(𝜏⃗))[𝑅/𝜃] = 𝑄(𝜏⃗) ∈ Λ𝛭.
• Let 𝜎 and 𝜏 be terms. Then (∃𝑥𝜎 == 𝜏)[𝑅/𝜃] = (∃𝑥𝜎 == 𝜏) ∈ Λ𝛭.
• Let 𝜒, 𝜓 ∈ Λ𝑛 have only strictly positive occurrences of 𝑅 and be such that
𝜒[𝑅/𝜃], 𝜓[𝑅/𝜃] ∈ Λ𝛭. Then (𝜒 ∧ 𝜓)[𝑅/𝜃] = (𝜒[𝑅/𝜃] ∧ 𝜓[𝑅/𝜃]) ∈ Λ𝛭.

• In case 𝑛 ≥ 1, let 𝜓 ∈ Λ𝑛 have only strictly positive occurrences of 𝑅 and
be such that 𝜓[𝑅/𝜃] ∈ Λ𝛭. Then (∀𝑥𝜓)[𝑅/𝜃] = ∀𝑥(𝜓[𝑅/𝜃]) ∈ Λ𝛭.

• In case 𝑛 ≥ 1, let 𝜓 ∈ Λ𝑛 have only strictly positive occurrences of 𝑅
and be such that 𝜓[𝑅/𝜃] ∈ Λ𝛭, and 𝜒 ∈ Λ𝑛−1 be such that 𝜒 → 𝜓 has
only strictly positive occurrences of 𝑅. Then (𝜒 → 𝜓)[𝑅/𝜃] = (𝜒 →
𝜓[𝑅/𝜃]) ∈ Λ𝛭 since 𝑅 does not occur in 𝜒.

Lemma 3.1.7 (Diagonal Lemma). Λ𝑛 and Λnf
𝑛 are closed under diagonalisation

in HAP: for 𝑘 ∈ ℕ and 𝜙 ∈ Λ𝑛 (resp. ∈ Λnf
𝑛 ) a formula-variant there is a formula-

variant 𝜓 ∈ Λ𝑛 (ditto) with FV(𝜓) = FV(𝜙) ∖ {v𝑘}, BV(𝜓) = BV(𝜙) and
HAP ⊢ 𝜓[𝜏⃗𝑘] ↔ 𝜙[v⃗≤𝑘/𝜏⃗𝑘, ⌜𝜓⌝]

for all sequences 𝜏⃗𝑘 of terms whose variables are not bound in 𝜙.
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Proof. This is essentially the standard diagonal argument. Let sub be the ℒHAP-
combinator for the (primitive recursive) substitution function on the language
ℒ under consideration (under adequate coding; see also 3.2.1), and num the
combinator for the (primitive recursive) function 𝑚 ↦ 𝑚. Let 𝜃 be 𝜙[v𝑘/sub ⋅
v𝑘 ⋅ ⌜v𝑘⌝ ⋅ (num ⋅ v𝑘)] ∈ Λ𝑛 (∈ Λnf

𝑛 ) and 𝜓 be 𝜃[v𝑘/⌜𝜃⌝] ∈ Λ𝑛 (∈ Λnf
𝑛 ). Then

𝜓[𝜏⃗𝑘] = 𝜃[v𝑘/⌜𝜃⌝][v⃗<𝑘/𝜏⃗𝑘]
= 𝜙[v𝑘/sub ⋅ ⌜𝜃⌝ ⋅ ⌜v𝑘⌝ ⋅ (num ⋅ ⌜𝜃⌝)][v⃗<𝑘/𝜏⃗𝑘]

HAP ⊢ ↔ 𝜙[v𝑘/⌜𝜃[v𝑘/⌜𝜃⌝]⌝][v⃗<𝑘/𝜏⃗𝑘]
= 𝜙[v𝑘/⌜𝜓⌝][v⃗<𝑘/𝜏⃗𝑘]
= 𝜙[v⃗≤𝑘/𝜏⃗𝑘, ⌜𝜓⌝]

since

HAP ⊢ sub ⋅ ⌜𝜃⌝ ⋅ ⌜v𝑘⌝ ⋅ (num ⋅ ⌜𝜃⌝) == ⌜𝜃[v𝑘/⌜𝜃⌝]⌝
by Σ1-completeness of HAPRA and Proposition 2.3.17.

Recall the convention that the notation ⌜𝛼⌝ in the object language means ⌜𝛼⌝
for expressions 𝛼.

3.2 Partial satisfaction for almost negative formulae in HAP
We are now in a position to construct the partial satisfaction predicates. For each
𝑛 we will construct𝔖𝔞𝔱𝑛 ∈ Λnf

𝑛 which provably in HAP is a satisfaction predicate
for Λ𝑛. This section thus concerns HAP, although similar constructions could
be performed (more cumbersomely) in HAPRA.

We start by using that partial combinatory algebras are Turing complete (see
Proposition 2.3.18 and (Beeson, 1985, VI. 2.8.1)) to define a valuation function
of partial terms.

Definition 3.2.1 (Valuation functions in HAP). Using Proposition 2.3.16 and
the notational conventions of Section 2.1 we have equations and combinators
corresponding to the following primitive recursive relations and functions on
codes of expressions inℒHAP: Seq, lh, ⟨⋅⟩−, Var, FV, BV (the second argument
is a (code of a) free/bound variable of the first), Term, Fmla (the argument is
(code of a) a formula variant), Sent, sub, Λnf

𝑛 , λ𝑛, conj, imp, all (from
Definition 3.1.5) and num (the formal numeral function).

Let val be a combinator in HAP such that
• HAP ⊢ val ⋅ 𝑒 ⋅ ⌜𝐶⌝ == 𝐶 for every constant symbol 𝐶 of ℒHAP,
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• HAP ⊢ Var(𝑣) → val ⋅ 𝑒 ⋅ 𝑣 ≃ 𝑒 ⋅ 𝑣, and
• HAP ⊢ val ⋅ 𝑒 ⋅ ⌜𝐹⌝(𝑎⃗) ≃ 𝐹(⃑⃗val ⋅ 𝑒 ⋅ 𝑎) for every function symbol 𝐹 of
ℒHAP.

Note that since we work in HAP, an arithmetic with partial terms, every
object is a (partial) mapping from (codes of ) variables to values (but not always
defined, of course). Thus there is no need to include that 𝑒 in val ⋅ 𝑒 ⋅ 𝑡 above
is an evaluation of the variables of (the term coded by the variable) 𝑡.

Given terms 𝜂, 𝜏 and 𝜈we write 𝜂𝜏𝜈 for the term 𝜆𝑢.d𝑢𝜈(𝜆𝑣.𝜏)(𝜆𝑣.𝜂⋅𝑣)𝑢, where
𝑢 and 𝑣 are fresh. (Recalld is the ‘decision by case’ term from Proposition 2.3.18.)
This term is such that HAP ⊢ 𝜂𝜏𝜈 ↓ and

HAP ⊢ ∀𝑥𝑦(𝜂𝜏𝑥 ⋅ 𝑥 ≃ 𝜏 ∧ (𝑥 =≠ 𝑦 → 𝜂𝜏𝑥 ⋅ 𝑦 ≃ 𝜂 ⋅ 𝑦)),26

corresponding to the ‘update’ of the function 𝜂 with the new value 𝜏 for input
𝑥. Note, there is no assumption that 𝜏 or 𝜂 denotes. For sequences 𝜏⃗ and 𝜈⃗ of
terms (of equal length) we define 𝜂𝜏⃗𝜈⃗ by iterating the above construction.

Lemma 3.2.2. The valuation function val acts as a partial valuation function for
partial terms of ℒHAP. In particular:

1. HAP ⊢ ∀𝑒, 𝑓, 𝑡(Term(𝑡)∧∀𝑣 < 𝑡(FV(𝑡, 𝑣) → 𝑒⋅𝑣 ≃ 𝑓⋅𝑣) → val ⋅ 𝑒 ⋅ 𝑡 ≃
val ⋅ 𝑓 ⋅ 𝑡).

2. HAP ⊢ ∀𝑒, 𝑡, 𝑣, 𝑥(Term(𝑡) ∧ ¬FV(𝑡, 𝑣) → val ⋅ 𝑒𝑥𝑣 ⋅ 𝑡 ≃ val ⋅ 𝑒 ⋅ 𝑡).
3. HAP ⊢ ∀𝑒, 𝑠, 𝑡, 𝑣(Var(𝑣)∧Term(𝑡)∧Term(𝑠) → val⋅𝑒⋅(sub⋅𝑡⋅𝑣⋅𝑠) ≃

val ⋅ 𝑒val⋅𝑒⋅𝑠𝑣 ⋅ 𝑡).
4. HAP ⊢ ∀𝑒(val ⋅ 𝑒 ⋅ ⌜𝜏⌝ ≃ 𝜏(𝑒 ⋅ ⌜v0⌝, … , 𝑒 ⋅ ⌜v𝑛⌝)) for every partial term 𝜏

with free variables among v0, … , v𝑛.
Proof. 1. By induction on 𝑡 in HAP.

2. Follows from 1.
3. By induction on 𝑡 in HAP.
4. By straightforward induction on the construction of 𝜏.
While we have postponed using them as long as possible, we can no longer

do without explicit mentions of complex coded expressions of the formal object
language. Recall, to every logical, relation, function and constant symbol corres-
ponds a primitive recursive function of the same arity, so to speak the ‘construct-
ors’ (e.g. a quantifier constructor is binary, returning a quantified expression
26 Again, the definition of 𝜂𝜏𝜈 was incorrect in (Granberg Olsson and Leigh, 2024), since all

arguments of d must denote for this to be true.
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when given a variable an an expression); the HAP-combinators corresponding
to these will be denoted by the original symbol in boldface (such as ∃∃∃ being
the combinator corresponding to ∃). In the interest of readability, we will al-
ways omit the application symbol for applications involving these combinators,
letting juxtaposition abbreviate application in these cases. Moreover, symbols
ordinarily written as infix operators will be so written in the formal object lan-
guage as well. Finally, if an application of some other partial term is involved
in an expression, we use the convention that explicit mentions of ⋅ binds tighter
than the ones omitted by the above conventions. So for instance an expression
like ∃∃∃𝑣(𝑡 ====== num ⋅ S(0)) is the code ⌜∃v0(v1 == 2)⌝ with the codes 𝑣 and 𝑡 formally
substituted for ⌜v0⌝ and ⌜v1⌝ respectively.

In the following theorem and proof we will deviate slightly from the estab-
lished notational conventions, in that 𝐹 and 𝐺 will be used as extra metavariable
names for variables (intended for codes) of formula-variants. This is to enhance
readability.

Theorem 3.2.3 (Partial Satisfaction Predicates in HAP). For every 𝑛 there is an
ℒHAP-formula-variant 𝔖𝔞𝔱𝑛(𝑒, 𝐹) ∈ Λnf

𝑛
27 which HAP proves is a compositional

satisfaction predicate for formula-variants of Λ𝑛.

Proof. The proof is cumbersome but straightforward. Essentially we mimic
standard constructions of Σ𝑛-satisfaction predicates in PA, as for example in
(Hájek and Pudlák, 1993) or (Kaye, 1991).

First is the construction of an intermediate satisfaction predicate for Λnf
𝑛 -

formula-variants in ℒHAP by recursion on 𝑛.
• First 𝔖𝔞𝔱′′0(𝑒, 𝐹) is

∃𝑥, 𝑣, 𝑠, 𝑡(Term(𝑠) ∧ Term(𝑡) ∧ Var(𝑣) ∧ 𝐹 == (∃∃∃𝑣(𝑠 ====== 𝑡))
∧ val ⋅ 𝑒𝑥𝑣 ⋅ 𝑠 == val ⋅ 𝑒𝑥𝑣 ⋅ 𝑡).

This is straightforwardly HAP-equivalent to a Σ-equation. The predicate
𝔖𝔞𝔱′0 is thus the Λnf

0 normal form of 𝔖𝔞𝔱′′0 , which is HAP-equivalent to it,
as observed in conjunction with Definition 3.1.5.

27 Throughout this proof, 𝐹 and𝐺will denote variables whose values are regarded as formula-
variants. This unfortunately deviates from standard practice in this dissertation, but is
deemed to be clearer than the alternative.
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• Having defined 𝔖𝔞𝔱′𝑛 ∈ Λnf
𝑛 we define 𝔖𝔞𝔱′′𝑛+1(𝑒, 𝐹) as

Λnf
𝑛+1(𝐹) ∧ ∀𝑥∀𝑣, 𝐺, 𝑠(Var(𝑣) ∧ 𝐹 == (∀∀∀𝑣𝐺)

∧ Seq(𝑠) ∧ lh ⋅ 𝑠 > 0 ∧ 𝐺 == conjs ⋅ 𝑠
→ ∀𝑖 < lh ⋅ 𝑠∀𝑓, 𝑔 < ⟨𝑠⟩𝑖
(⟨𝑠⟩𝑖 == (𝑔→→→𝑓) ∧ Λnf

𝑛 (𝑔) ∧ Λnf
0 (𝑓)

→ (𝔖𝔞𝔱′𝑛(𝑒𝑥𝑣 , 𝑔) → 𝔖𝔞𝔱′0(𝑒𝑥𝑣 , 𝑓))))
whereconjs is the HAP-combinator for the primitive recursive function

conjs(⟨𝑒⟩) == 𝑒
conjs(⟨ℎ, 𝑡1, … , 𝑡𝑘⟩) == conjs(⟨𝑡1, … , 𝑡𝑘⟩) ∧ ℎ.

This is in Λ𝑛+1, whence 𝔖𝔞𝔱′𝑛+1 is the Λnf
𝑛+1 normal form 𝜆𝑛+1(𝔖𝔞𝔱′′𝑛+1).

We now define 𝔖𝔞𝔱𝑛(𝑒, 𝐹) as 𝔖𝔞𝔱′𝑛(𝑒,λ𝑛 ⋅ 𝐹), which is compositional on Λ𝑛-
formula-variants. This, together with the intermediate facts that

HAP ⊢ ∀𝐹, 𝐺, 𝑒(Λnf
𝑛 (𝐹) ∧ Λnf

𝑛 (𝐺)
→ (𝔖𝔞𝔱′𝑛(𝑒,conj ⋅ 𝐹 ⋅ 𝐺) ↔ 𝔖𝔞𝔱′𝑛(𝑒, 𝐹) ∧ 𝔖𝔞𝔱′𝑛(𝑒, 𝐺))),

HAP ⊢ ∀𝐹, 𝑒, 𝑓(Λnf
𝑛 (𝐹) ∧ ∀𝑣 < 𝐹(FV(𝐹, 𝑣) → 𝑒 ⋅ 𝑣 ≃ 𝑓 ⋅ 𝑣)

→ (𝔖𝔞𝔱′𝑛(𝑒, 𝐹) ↔ 𝔖𝔞𝔱′𝑛(𝑓, 𝐹)))
and

HAP ⊢ ∀𝐹, 𝑣, 𝑡, 𝑒(Λnf
𝑛 (𝐹) ∧ Var(𝑣) ∧ Term(𝑡)

∧ ∀𝑤 < 𝐹¬(BV(𝐹, 𝑤) ∧ FV(𝑡, 𝑤))
→ (𝔖𝔞𝔱′𝑛(𝑒,sub ⋅ 𝐹 ⋅ 𝑣 ⋅ 𝑡) ↔ 𝔖𝔞𝔱′𝑛(𝑒val⋅𝑒⋅𝑡𝑣 , 𝐹))),

will be shown by induction on 𝑛 as before.

• We reason informally in HAP. First observe that

𝔖𝔞𝔱′0(𝑒, (∃∃∃𝑤(𝑎 ====== 𝑏))) ↔ 𝔖𝔞𝔱′′0(𝑒, (∃∃∃𝑤(𝑎 ====== 𝑏)))
↔ ∃𝑥, 𝑣, 𝑠, 𝑡(Term(𝑠)

∧ Term(𝑡) ∧ Var(𝑣)
∧ (∃∃∃𝑤(𝑎 ====== 𝑏)) == (∃∃∃𝑣(𝑠 ====== 𝑡))
∧ val ⋅ 𝑒𝑥𝑣 ⋅ 𝑠 == val ⋅ 𝑒𝑥𝑣 ⋅ 𝑡)

↔ ∃𝑥(val ⋅ 𝑒𝑥𝑤 ⋅ 𝑎 == val ⋅ 𝑒𝑥𝑤 ⋅ 𝑏)

(3.1)

for variables 𝑤 and terms 𝑎 and 𝑏. Thus the claim about dependence only
on free variables follows from the corresponding property (1) for terms in
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Lemma 3.2.2. Furthermore, assuming 𝑣, 𝑤 are variables and 𝑎, 𝑏, 𝑡 are
terms with ¬FV(𝑡, 𝑤) we have

sub ⋅ (∃∃∃𝑤(𝑎 ====== 𝑏)) ⋅ 𝑣 ⋅ 𝑡

== {(∃∃∃𝑤(𝑎 ====== 𝑏)) if 𝑣 == 𝑤
(∃∃∃𝑤(sub ⋅ 𝑎 ⋅ 𝑣 ⋅ 𝑡 ====== sub ⋅ 𝑏 ⋅ 𝑣 ⋅ 𝑡)) if 𝑣 =≠ 𝑤

whence

𝔖𝔞𝔱′0(𝑒,sub ⋅ (∃∃∃𝑤(𝑎 ====== 𝑏)) ⋅ 𝑣 ⋅ 𝑡)
↔ 𝔖𝔞𝔱′0(𝑒, (∃∃∃𝑤(𝑎 ====== 𝑏)))
↔ ∃𝑥(val ⋅ 𝑒𝑥𝑤 ⋅ 𝑎 == val ⋅ 𝑒𝑥𝑤 ⋅ 𝑏)
↔ ∃𝑥(val ⋅ 𝑒val⋅𝑒⋅𝑡𝑣

𝑥
𝑤 ⋅ 𝑎 == val ⋅ 𝑒val⋅𝑒⋅𝑡𝑣

𝑥
𝑤 ⋅ 𝑏)

↔ 𝔖𝔞𝔱′0(𝑒val⋅𝑒⋅𝑡𝑣 , (∃∃∃𝑤(𝑎 ====== 𝑏)))
by item 1 of Lemma 3.2.2 if 𝑣 == 𝑤, and

𝔖𝔞𝔱′0(𝑒,sub ⋅ (∃∃∃𝑤(𝑎 ====== 𝑏)) ⋅ 𝑣 ⋅ 𝑡)
↔ 𝔖𝔞𝔱′0(𝑒, (∃∃∃𝑤(sub ⋅ 𝑎 ⋅ 𝑣 ⋅ 𝑡 ====== sub ⋅ 𝑏 ⋅ 𝑣 ⋅ 𝑡)))
↔ ∃𝑥(val ⋅ 𝑒𝑥𝑤 ⋅ (sub ⋅ 𝑎 ⋅ 𝑣 ⋅ 𝑡) == val ⋅ 𝑒𝑥𝑤 ⋅ (sub ⋅ 𝑏 ⋅ 𝑣 ⋅ 𝑡))
↔ ∃𝑥(val ⋅ 𝑒𝑥𝑤

val⋅𝑒𝑥𝑤⋅𝑡
𝑣 ⋅ 𝑎 == val ⋅ 𝑒𝑥𝑤

val⋅𝑒𝑥𝑤⋅𝑡
𝑣 ⋅ 𝑏)

↔ ∃𝑥(val ⋅ 𝑒𝑥𝑤val⋅𝑒⋅𝑡𝑣 ⋅ 𝑎 == val ⋅ 𝑒𝑥𝑤val⋅𝑒⋅𝑡𝑣 ⋅ 𝑏)
↔ ∃𝑥(val ⋅ 𝑒val⋅𝑒⋅𝑡𝑣

𝑥
𝑤 ⋅ 𝑎 == val ⋅ 𝑒val⋅𝑒⋅𝑡𝑣

𝑥
𝑤 ⋅ 𝑏)

↔ 𝔖𝔞𝔱′0(𝑒val⋅𝑒⋅𝑡𝑣 , (∃∃∃𝑤(𝑎 ====== 𝑏)))
by Lemma 3.2.2, since val ⋅ 𝑒𝑥𝑤 ⋅ 𝑡 ≃ val ⋅ 𝑒 ⋅ 𝑡 (as ¬FV(𝑡, 𝑤)), if 𝑣 =≠ 𝑤.
For the main claim (compositionality) we consider cases for 𝐹 ∈ Λ0: 𝐹 is
an equation, a Σ-equation or a conjunction of Λ0-formula-variants.

– Let 𝑎 and 𝑏 be terms and 𝑤 be the fresh variable with

λ0 ⋅ (𝑎 ====== 𝑏) == ∃∃∃𝑤(𝑎 ====== 𝑏).
Then

𝔖𝔞𝔱0(𝑒, (𝑎 ====== 𝑏))
↔ 𝔖𝔞𝔱′0(𝑒,λ0 ⋅ (𝑎 ====== 𝑏))
↔ 𝔖𝔞𝔱′0(𝑒, (∃∃∃𝑤(𝑎 ====== 𝑏)))
↔ ∃𝑥(val ⋅ 𝑒𝑥𝑤 ⋅ 𝑎 == val ⋅ 𝑒𝑥𝑤 ⋅ 𝑏)
↔ ∃𝑥(val ⋅ 𝑒 ⋅ 𝑎 == val ⋅ 𝑒 ⋅ 𝑏)
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↔ val ⋅ 𝑒 ⋅ 𝑎 == val ⋅ 𝑒 ⋅ 𝑏

by Lemma 3.2.2 since 𝑤 does not occur in 𝑎 or 𝑏.
– Let 𝑎 and 𝑏 be terms and 𝑤 a variable. Then

𝔖𝔞𝔱0(𝑒, (∃∃∃𝑤(𝑎 ====== 𝑏)))
↔ 𝔖𝔞𝔱′0(𝑒,λ0 ⋅ (∃∃∃𝑤(𝑎 ====== 𝑏)))
↔ 𝔖𝔞𝔱′0(𝑒, (∃∃∃𝑤(𝑎 ====== 𝑏)))
↔ ∃𝑥(val ⋅ 𝑒𝑥𝑤 ⋅ 𝑎 == val ⋅ 𝑒𝑥𝑤 ⋅ 𝑏).

– Let 𝑓 and 𝑔 be Λ0-formulae, λ0 ⋅𝑓 == (∃∃∃𝑢(𝑎 ====== 𝑏)), λ0 ⋅𝑔 == (∃∃∃𝑞(𝑐 ====== 𝑑))
and 𝑤 the fresh variable so that

conj ⋅ (∃∃∃𝑢(𝑎 ====== 𝑏)) ⋅ (∃∃∃𝑞(𝑐 ====== 𝑑))
== (∃∃∃𝑤(sub ⋅ (diff • 𝑎 • 𝑏) ⋅ 𝑢 ⋅ (pl • 𝑤)
+++ sub ⋅ (diff • 𝑐 • 𝑑) ⋅ 𝑞 ⋅ (pr • 𝑤) ====== 0)).

Then

𝔖𝔞𝔱0(𝑒, (𝑓∧∧∧ 𝑔))
↔ 𝔖𝔞𝔱′0(𝑒,λ0 ⋅ (𝑓∧∧∧ 𝑔))
↔ 𝔖𝔞𝔱′0(𝑒,conj ⋅ (λ0 ⋅ 𝑓) ⋅ (λ0 ⋅ 𝑔))
↔ 𝔖𝔞𝔱′0(𝑒, (∃∃∃𝑤(sub ⋅ (diff • 𝑎 • 𝑏) ⋅ 𝑢 ⋅ (pl • 𝑤)

+ sub ⋅ (diff • 𝑐 • 𝑑) ⋅ 𝑞 ⋅ (pr • 𝑤) ====== 0)))
↔ ∃𝑥(val ⋅ 𝑒𝑥𝑤 ⋅ (sub ⋅ (diff • 𝑎 • 𝑏) ⋅ 𝑢 ⋅ (pl • 𝑤)

+ sub ⋅ (diff • 𝑐 • 𝑑) ⋅ 𝑞 ⋅ (pr • 𝑤))
== val ⋅ 𝑒𝑥𝑤 ⋅ 0)

↔ ∃𝑥(val ⋅ 𝑒𝑥𝑤 ⋅ (sub ⋅ (diff • 𝑎 • 𝑏) ⋅ 𝑢 ⋅ (pl • 𝑤))
+ val ⋅ 𝑒𝑥𝑤 ⋅ (sub ⋅ (diff • 𝑐 • 𝑑) ⋅ 𝑞 ⋅ (pr • 𝑤)) == 0)

↔ ∃𝑥(val ⋅ 𝑒𝑥𝑤
val⋅𝑒𝑥𝑤⋅(pl•𝑤)
𝑢 ⋅ (diff • 𝑎 • 𝑏)

+ val ⋅ 𝑒𝑥𝑤
val⋅𝑒𝑥𝑤⋅(pr•𝑤)
𝑞 ⋅ (diff • 𝑐 • 𝑑) == 0)

↔ ∃𝑥(val ⋅ 𝑒pl⋅𝑥𝑢 ⋅ (diff • 𝑎 • 𝑏)
+ val ⋅ 𝑒pr⋅𝑥

𝑞 ⋅ (diff • 𝑐 • 𝑑) == 0)
↔ ∃𝑥(diff ⋅ (val ⋅ 𝑒pl⋅𝑥𝑢 ⋅ 𝑎) ⋅ (val ⋅ 𝑒pl⋅𝑥𝑢 ⋅ 𝑏)

+ diff ⋅ (val ⋅ 𝑒pr⋅𝑥
𝑞 ⋅ 𝑐) ⋅ (val ⋅ 𝑒pr⋅𝑥

𝑞 ⋅ 𝑑) == 0)
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↔ ∃𝑥(((val ⋅ 𝑒pl⋅𝑥𝑢 ⋅ 𝑎 ∸ val ⋅ 𝑒pl⋅𝑥𝑢 ⋅ 𝑏)
+ (val ⋅ 𝑒pl⋅𝑥𝑢 ⋅ 𝑏 ∸ val ⋅ 𝑒pl⋅𝑥𝑢 ⋅ 𝑎))
+ ((val ⋅ 𝑒pr⋅𝑥

𝑞 ⋅ 𝑐 ∸ val ⋅ 𝑒pr⋅𝑥
𝑞 ⋅ 𝑑)

+ (val ⋅ 𝑒pr⋅𝑥
𝑞 ⋅ 𝑑 ∸ val ⋅ 𝑒pr⋅𝑥

𝑞 ⋅ 𝑐)) == 0)
↔ ∃𝑥(val ⋅ 𝑒pl⋅𝑥𝑢 ⋅ 𝑎 == val ⋅ 𝑒pl⋅𝑥𝑢 ⋅ 𝑏

∧ val ⋅ 𝑒pr⋅𝑥
𝑞 ⋅ 𝑐 == val ⋅ 𝑒pr⋅𝑥

𝑞 ⋅ 𝑑)
↔ ∃𝑦(val ⋅ 𝑒𝑦𝑢 ⋅ 𝑎 == val ⋅ 𝑒𝑦𝑢 ⋅ 𝑏) ∧ ∃𝑧(val ⋅ 𝑒𝑧𝑞 ⋅ 𝑐 == val ⋅ 𝑒𝑧𝑞 ⋅ 𝑑)
↔ 𝔖𝔞𝔱′0(𝑒, (∃∃∃𝑢(𝑎 ====== 𝑏))) ∧ 𝔖𝔞𝔱′0(𝑒, (∃∃∃𝑞(𝑐 ====== 𝑑)))
↔ 𝔖𝔞𝔱′0(𝑒,λ0 ⋅ 𝑓) ∧ 𝔖𝔞𝔱′0(𝑒,λ0 ⋅ 𝑔)
↔ 𝔖𝔞𝔱0(𝑒, 𝑓) ∧ 𝔖𝔞𝔱0(𝑒, 𝑔),

where we used (3.1) for the fourth and third-to-last equivalence.
The same argument shows that𝔖𝔞𝔱′0(𝑒,conj⋅𝐹⋅𝐺) ↔ 𝔖𝔞𝔱′0(𝑒, 𝐹)∧
𝔖𝔞𝔱′0(𝑒, 𝐺) for Λnf

0 𝐹 and 𝐺.

This concludes the base case of the induction.

• Suppose 𝔖𝔞𝔱𝑛 is a compositional satisfaction predicate for Λ𝑛-formulae
and that

HAP ⊢ ∀𝐹, 𝐺, 𝑒(Λnf
𝑛 (𝐹) ∧ Λnf

𝑛 (𝐺)
→ (𝔖𝔞𝔱′𝑛(𝑒,conj ⋅ 𝐹 ⋅ 𝐺) ↔ 𝔖𝔞𝔱′𝑛(𝑒, 𝐹) ∧ 𝔖𝔞𝔱′𝑛(𝑒, 𝐺))),

HAP ⊢ ∀𝐹, 𝑒, 𝑓(Λnf
𝑛 (𝐹) ∧ ∀𝑣 < 𝐹(FV(𝐹, 𝑣) → 𝑒 ⋅ 𝑣 ≃ 𝑓 ⋅ 𝑣)

→ (𝔖𝔞𝔱′𝑛(𝑒, 𝐹) ↔ 𝔖𝔞𝔱′𝑛(𝑓, 𝐹)))

and

HAP ⊢ ∀𝐹, 𝑣, 𝑡, 𝑒(Λnf
𝑛 (𝐹) ∧ Var(𝑣) ∧ Term(𝑡)

∧ ∀𝑤 < 𝐹¬(BV(𝐹, 𝑤) ∧ FV(𝑡, 𝑤))
→ (𝔖𝔞𝔱′𝑛(𝑒,sub ⋅ 𝐹 ⋅ 𝑣 ⋅ 𝑡) ↔ 𝔖𝔞𝔱′𝑛(𝑒val⋅𝑒⋅𝑡𝑣 , 𝐹))).

Reasoning in HAP, we first observe that if 𝑞 is a sequence of Λnf
𝑛 formula-

variants and 𝑝 a sequence of Λnf
0 formula-variants, both of length 𝑙 > 0,

then

𝔖𝔞𝔱′𝑛+1(𝑒, (∀∀∀𝑤(conjs ⋅ ⟨⟨𝑞⟩𝑗→→→⟨𝑝⟩𝑗⟩𝑗<𝑙)))
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↔ Λnf
𝑛+1(∀∀∀𝑤(conjs ⋅ ⟨⟨𝑞⟩𝑗→→→⟨𝑝⟩𝑗⟩𝑗<𝑙))

∧ ∀𝑥∀𝑣, 𝐺, 𝑠(Var(𝑣) ∧ (∀∀∀𝑤(conjs ⋅ ⟨⟨𝑞⟩𝑗→→→⟨𝑝⟩𝑗⟩𝑗<𝑙)) == (∀∀∀𝑣𝐺)
∧ Seq(𝑠) ∧ lh ⋅ 𝑠 > 0 ∧ 𝐺 == conjs ⋅ 𝑠

→ ∀𝑖 < lh ⋅ 𝑠∀𝑓, 𝑔 < ⟨𝑠⟩𝑖(⟨𝑠⟩𝑖 == (𝑔→→→𝑓) ∧ Λnf
𝑛 (𝑔) ∧ Λnf

0 (𝑓)
→ (𝔖𝔞𝔱′𝑛(𝑒𝑥𝑣 , 𝑔) → 𝔖𝔞𝔱′0(𝑒𝑥𝑣 , 𝑓))))

↔ ∀𝑥, 𝑠(Seq(𝑠) ∧ lh ⋅ 𝑠 > 0 ∧ conjs ⋅ ⟨⟨𝑞⟩𝑗→→→⟨𝑝⟩𝑗⟩𝑗<𝑙 == conjs ⋅ 𝑠
→ ∀𝑖 < lh ⋅ 𝑠∀𝑓, 𝑔 < ⟨𝑠⟩𝑖(⟨𝑠⟩𝑖 == (𝑔→→→𝑓) ∧ Λnf

𝑛 (𝑔) ∧ Λnf
0 (𝑓)

→ (𝔖𝔞𝔱′𝑛(𝑒𝑥𝑤, 𝑔) → 𝔖𝔞𝔱′0(𝑒𝑥𝑤, 𝑓))))
↔ ∀𝑥∀𝑖 < 𝑙∀𝑓, 𝑔 < (⟨𝑞⟩𝑖→→→⟨𝑝⟩𝑖)(

(⟨𝑞⟩𝑖→→→⟨𝑝⟩𝑖) == (𝑔→→→𝑓) ∧ Λnf
𝑛 (𝑔) ∧ Λnf

0 (𝑓)
→ (𝔖𝔞𝔱′𝑛(𝑒𝑥𝑤, 𝑔) → 𝔖𝔞𝔱′0(𝑒𝑥𝑤, 𝑓)))

↔ ∀𝑥∀𝑖 < 𝑙(𝔖𝔞𝔱′𝑛(𝑒𝑥𝑤, ⟨𝑞⟩𝑖) → 𝔖𝔞𝔱′0(𝑒𝑥𝑤, ⟨𝑝⟩𝑖)),

and if additionally 𝑓 ⋅ 𝑣 ≃ 𝑒 ⋅ 𝑣 for all free variables 𝑣 of ∀∀∀𝑤(conjs ⋅
⟨⟨𝑞⟩𝑗→→→⟨𝑝⟩𝑗⟩𝑗<𝑙), then

𝔖𝔞𝔱′𝑛+1(𝑒, (∀∀∀𝑤(conjs ⋅ ⟨⟨𝑞⟩𝑗→→→⟨𝑝⟩𝑗⟩𝑗<𝑙)))
↔ ∀𝑥∀𝑖 < 𝑙(𝔖𝔞𝔱′𝑛(𝑒𝑥𝑤, ⟨𝑞⟩𝑖) → 𝔖𝔞𝔱′0(𝑒𝑥𝑤, ⟨𝑝⟩𝑖))
↔ ∀𝑥∀𝑖 < 𝑙(𝔖𝔞𝔱′𝑛(𝑓𝑥𝑤 , ⟨𝑞⟩𝑖) → 𝔖𝔞𝔱′0(𝑓𝑥𝑤 , ⟨𝑝⟩𝑖))
𝔖𝔞𝔱′𝑛+1(𝑓, (∀∀∀𝑤(conjs ⋅ ⟨⟨𝑞⟩𝑗→→→⟨𝑝⟩𝑗⟩𝑗<𝑙)))

(3.2)

by induction hypothesis, since 𝑓𝑥𝑤 ⋅ 𝑣 ≃ 𝑒𝑥𝑤 ⋅ 𝑣 for all 𝑥 and 𝑖 < 𝑙 and all free
variables 𝑣 of ⟨𝑞⟩𝑖 and ⟨𝑝⟩𝑖, respectively. Moreover, if 𝑢 is a variable and 𝑡 is
a term whose free variables are not bound in∀∀∀𝑤(conjs ⋅ ⟨⟨𝑞⟩𝑖→→→⟨𝑝⟩𝑖⟩𝑖<𝑙)
(so in particular distinct from 𝑤) then

𝔖𝔞𝔱′𝑛+1(𝑒,sub ⋅ (∀∀∀𝑤(conjs ⋅ ⟨⟨𝑞⟩𝑖→→→⟨𝑝⟩𝑖⟩𝑖<𝑙)) ⋅ 𝑢 ⋅ 𝑡)
↔ 𝔖𝔞𝔱′𝑛+1(𝑒, ∀𝑤(conjs ⋅ ⟨sub ⋅ ⟨𝑞⟩𝑖 ⋅ 𝑡→→→sub ⋅ ⟨𝑝⟩𝑖 ⋅ 𝑡⟩𝑖<𝑙))
↔ ∀𝑥∀𝑖 < 𝑙(𝔖𝔞𝔱′𝑛(𝑒𝑥𝑤,sub ⋅ ⟨𝑞⟩𝑖 ⋅ 𝑢 ⋅ 𝑡) → 𝔖𝔞𝔱′0(𝑒𝑥𝑤,sub ⋅ ⟨𝑝⟩𝑖 ⋅ 𝑢 ⋅ 𝑡))
↔ ∀𝑥∀𝑖 < 𝑙(𝔖𝔞𝔱′𝑛(𝑒𝑥𝑤val⋅𝑒

𝑥
𝑤⋅𝑡

𝑢 , ⟨𝑞⟩𝑖) → 𝔖𝔞𝔱′0(𝑒𝑥𝑤
val⋅𝑒𝑥𝑤⋅𝑡
𝑢 , ⟨𝑝⟩𝑖))

↔ ∀𝑥∀𝑖 < 𝑙(𝔖𝔞𝔱′𝑛(𝑒𝑥𝑤val⋅𝑒⋅𝑡𝑢 , ⟨𝑞⟩𝑖) → 𝔖𝔞𝔱′0(𝑒𝑥𝑤val⋅𝑒⋅𝑡𝑢 , ⟨𝑝⟩𝑖))
↔ ∀𝑥∀𝑖 < 𝑙(𝔖𝔞𝔱′𝑛(𝑒val⋅𝑒⋅𝑡𝑢

𝑥
𝑤, ⟨𝑞⟩𝑖) → 𝔖𝔞𝔱′0(𝑒val⋅𝑒⋅𝑡𝑢

𝑥
𝑤, ⟨𝑝⟩𝑖))

↔ 𝔖𝔞𝔱′𝑛+1(𝑒val⋅𝑒⋅𝑡𝑢 ,∀∀∀𝑤(conjs ⋅ ⟨⟨𝑞⟩𝑖→→→⟨𝑝⟩𝑖⟩𝑖<𝑙))

by induction hypothesis, the base case and part 2 of Lemma 3.2.2 if 𝑢 =≠ 𝑤,
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and

𝔖𝔞𝔱′𝑛+1(𝑒,sub ⋅ (∀∀∀𝑤(conjs ⋅ ⟨⟨𝑞⟩𝑖→→→⟨𝑝⟩𝑖⟩𝑖<𝑙)) ⋅ 𝑢 ⋅ 𝑠)
↔ 𝔖𝔞𝔱′𝑛+1(𝑒, (∀∀∀𝑤(conjs ⋅ ⟨⟨𝑞⟩𝑖→→→⟨𝑝⟩𝑖⟩𝑖<𝑙)))
↔ 𝔖𝔞𝔱′𝑛+1(𝑒val⋅𝑒⋅𝑠𝑢 , (∀∀∀𝑤(conjs ⋅ ⟨⟨𝑞⟩𝑖→→→⟨𝑝⟩𝑖⟩𝑖<𝑙)))

if 𝑢 == 𝑤, 𝔖𝔞𝔱′𝑛+1’s dependence only on free variables (3.2).
To prove the main claim of compositionality, we again proceed by reas-
oning in HAP by case distinction on 𝐹.

– Let 𝐹 be an equation or Σ-equation and 𝑤 the fresh variable such
that in λ𝑛+1 ⋅ 𝐹 == ∀𝑤(λ𝑛 ⋅ (0 ====== 0)→→→λ0 ⋅ 𝐹). Then

𝔖𝔞𝔱𝑛+1(𝑒, 𝐹)
↔ 𝔖𝔞𝔱′𝑛+1(𝑒,λ𝑛+1 ⋅ 𝐹)
↔ 𝔖𝔞𝔱′𝑛+1(𝑒, (∀∀∀𝑤(λ𝑛 ⋅ (0 ====== 0)→→→λ0 ⋅ 𝐹)))
↔ ∀𝑥(𝔖𝔞𝔱′𝑛(𝑒𝑥𝑤,λ𝑛 ⋅ (0 ====== 0)) → 𝔖𝔞𝔱′0(𝑒𝑥𝑤,λ0 ⋅ 𝐹))
↔ 𝔖𝔞𝔱′𝑛(𝑒,λ𝑛 ⋅ (0 ====== 0)) → 𝔖𝔞𝔱′0(𝑒,λ0 ⋅ 𝐹)
↔ 𝔖𝔞𝔱𝑛(𝑒,(0 ====== 0)) → 𝔖𝔞𝔱0(𝑒, 𝐹)
↔ (0 == 0) → 𝔖𝔞𝔱0(𝑒, 𝐹)
↔ 𝔖𝔞𝔱0(𝑒, 𝐹)

by dependence only on free variables for 𝔖𝔞𝔱′0 and induction hypo-
thesis for 𝔖𝔞𝔱𝑛. Thus the base case of the outer induction applies to
yield the desired result.

– Let 𝑎 and 𝑏 be Λ𝑛+1-formulae,

λ𝑛+1 ⋅ 𝑎 == ∀∀∀𝑢conjs ⋅ ⟨⟨𝑎⟩2𝑖→→→⟨𝑎⟩2𝑖+1⟩𝑖<𝑙,
λ𝑛+1 ⋅ 𝑏 == ∀∀∀𝑞conjs ⋅ ⟨⟨𝑏⟩2𝑗→→→⟨𝑏⟩2𝑗+1⟩𝑗<𝑚

and

conjs ⋅ ⟨⟨ℎ⟩2𝑘→→→⟨ℎ⟩2𝑘+1⟩𝑘<𝑙+𝑚

== (sub ⋅ (conjs ⋅ ⟨⟨𝑎⟩2𝑖 → ⟨𝑎⟩2𝑖+1⟩𝑖<𝑙) ⋅ 𝑢 ⋅ 𝑤)
& (sub ⋅ (conjs ⋅ ⟨⟨𝑏⟩2𝑗 → ⟨𝑏⟩2𝑗+1⟩𝑗<𝑚) ⋅ 𝑞 ⋅ 𝑤),

where 𝑤 is the fresh variable with

conj ⋅ (λ𝑛+1 ⋅ 𝑎) ⋅ (λ𝑛+1 ⋅ 𝑏)
== ∀𝑤((sub ⋅ (conjs ⋅ ⟨⟨𝑎⟩2𝑖 → ⟨𝑎⟩2𝑖+1⟩𝑖<𝑙) ⋅ 𝑢 ⋅ 𝑤)
& (sub ⋅ (conjs ⋅ ⟨⟨𝑏⟩2𝑗 → ⟨𝑏⟩2𝑗+1⟩𝑗<𝑚) ⋅ 𝑞 ⋅ 𝑤)).
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Then

𝔖𝔞𝔱𝑛+1(𝑒, (𝑎∧∧∧ 𝑏))
↔ 𝔖𝔞𝔱′𝑛+1(𝑒,λ𝑛+1 ⋅ (𝑎∧∧∧ 𝑏))
↔ 𝔖𝔞𝔱′𝑛+1(𝑒,conj ⋅ (λ𝑛+1 ⋅ 𝑎) ⋅ (λ𝑛+1 ⋅ 𝑏))
↔ 𝔖𝔞𝔱′𝑛+1(𝑒, (∀∀∀𝑤(sub ⋅ (conjs ⋅ ⟨⟨𝑎⟩2𝑖 → ⟨𝑎⟩2𝑖+1⟩𝑖<𝑙) ⋅ 𝑢 ⋅ 𝑤)

⋅ & ⋅ (sub ⋅ (conjs ⋅ ⟨⟨𝑏⟩2𝑗 → ⟨𝑏⟩2𝑗+1⟩𝑗<𝑚) ⋅ 𝑞 ⋅ 𝑤)))
↔ 𝔖𝔞𝔱′𝑛+1(𝑒, (∀∀∀𝑤conjs ⋅ ⟨⟨ℎ⟩2𝑘→→→⟨ℎ⟩2𝑘+1⟩𝑘<𝑙+𝑚))
↔ ∀𝑥∀𝑘 < 𝑙 + 𝑚(𝔖𝔞𝔱′𝑛(𝑒𝑥𝑤, ⟨ℎ⟩2𝑘) → 𝔖𝔞𝔱′0(𝑒𝑥𝑤, ⟨ℎ⟩2𝑘+1))
↔ ∀𝑥(∀𝑖 < 𝑙(𝔖𝔞𝔱′𝑛(𝑒𝑥𝑤, ⟨ℎ⟩2𝑖) → 𝔖𝔞𝔱′0(𝑒𝑥𝑤, ⟨ℎ⟩2𝑖+1))

∧ ∀𝑗 < 𝑚(𝔖𝔞𝔱′𝑛(𝑒𝑥𝑤, ⟨ℎ⟩2(𝑙+𝑗)) → 𝔖𝔞𝔱′0(𝑒𝑥𝑤, ⟨ℎ⟩2(𝑙+𝑗)+1)))
↔ ∀𝑥(∀𝑖 < 𝑙(𝔖𝔞𝔱′𝑛(𝑒𝑥𝑤,sub ⋅ ⟨𝑎⟩2𝑖 ⋅ 𝑢 ⋅ 𝑤)

→ 𝔖𝔞𝔱′0(𝑒𝑥𝑤,sub ⋅ ⟨𝑎⟩2𝑖+1 ⋅ 𝑢 ⋅ 𝑤))
∧ ∀𝑗 < 𝑚(𝔖𝔞𝔱′𝑛(𝑒𝑥𝑤,sub ⋅ ⟨𝑏⟩2𝑗 ⋅ 𝑞 ⋅ 𝑤)
→ 𝔖𝔞𝔱′0(𝑒𝑥𝑤,sub ⋅ ⟨𝑏⟩2𝑗+1 ⋅ 𝑞 ⋅ 𝑤)))

↔ ∀𝑥(∀𝑖 < 𝑙(𝔖𝔞𝔱′𝑛(𝑒𝑥𝑤
val⋅𝑒𝑥𝑤⋅𝑤
𝑢 , ⟨𝑎⟩2𝑖)

→ 𝔖𝔞𝔱′0(𝑒𝑥𝑤
val⋅𝑒𝑥𝑤⋅𝑤
𝑢 , ⟨𝑎⟩2𝑖+1))

∧ ∀𝑗 < 𝑚(𝔖𝔞𝔱′𝑛(𝑒𝑥𝑤
val⋅𝑒𝑥𝑤⋅𝑤
𝑞 , ⟨𝑏⟩2𝑗)

→ 𝔖𝔞𝔱′0(𝑒𝑥𝑤
val⋅𝑒𝑥𝑤⋅𝑤
𝑞 , ⟨𝑏⟩2𝑗+1)))

↔ ∀𝑥∀𝑖 < 𝑙(𝔖𝔞𝔱′𝑛(𝑒𝑥𝑢 , ⟨𝑎⟩2𝑖) → 𝔖𝔞𝔱′0(𝑒𝑥𝑢 , ⟨𝑎⟩2𝑖+1))
∧ ∀𝑥∀𝑗 < 𝑚(𝔖𝔞𝔱′𝑛(𝑒𝑥𝑞 , ⟨𝑏⟩2𝑗) → 𝔖𝔞𝔱′0(𝑒𝑥𝑞 , ⟨𝑏⟩2𝑗+1))

↔ 𝔖𝔞𝔱′𝑛+1(𝑒, (∀∀∀𝑢conjs ⋅ ⟨⟨𝑎⟩2𝑖→→→⟨𝑎⟩2𝑖+1⟩𝑖<𝑙))
∧ 𝔖𝔞𝔱′𝑛+1(𝑒, (∀∀∀𝑞conjs ⋅ ⟨⟨𝑏⟩2𝑗→→→⟨𝑏⟩2𝑗+1⟩𝑗<𝑚))

↔ 𝔖𝔞𝔱′𝑛+1(𝑒,λ𝑛+1 ⋅ 𝑎) ∧ 𝔖𝔞𝔱′𝑛+1(𝑒,λ𝑛+1 ⋅ 𝑏)
↔ 𝔖𝔞𝔱𝑛+1(𝑒, 𝑎) ∧ 𝔖𝔞𝔱𝑛+1(𝑒, 𝑏).

This also shows that

𝔖𝔞𝔱′𝑛+1(𝑒,conj ⋅ 𝐹 ⋅ 𝐺) ↔ 𝔖𝔞𝔱′𝑛+1(𝑒, 𝐹) ∧ 𝔖𝔞𝔱′𝑛+1(𝑒, 𝐺)

for Λnf
𝑛+1 𝐹 and 𝐺.

– Let 𝑎 be a Λ𝑛+1-formula, λ𝑛+1 ⋅ 𝑎 == ∀∀∀𝑢conjs ⋅ ⟨⟨𝑎⟩2𝑖→→→⟨𝑎⟩2𝑖+1⟩𝑖<𝑙
and 𝑤 be the fresh variable with

all ⋅ 𝑞 ⋅ (λ𝑛+1 ⋅ 𝑎)
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== ∀∀∀𝑤(sub ⋅ (sub ⋅ (conjs ⋅ ⟨⟨𝑎⟩2𝑖 → ⟨𝑎⟩2𝑖+1⟩𝑖<𝑙) ⋅ 𝑢 ⋅ (pl • 𝑤))
⋅ 𝑞 ⋅ (pr • 𝑤))

(and thus in particular distinct from 𝑢 and 𝑞). Then

𝔖𝔞𝔱𝑛+1(𝑒, (∀∀∀𝑞𝑎))
↔ 𝔖𝔞𝔱′𝑛+1(𝑒,λ𝑛+1 ⋅ (∀∀∀𝑞𝑎))
↔ 𝔖𝔞𝔱′𝑛+1(𝑒,all ⋅ 𝑞 ⋅ (∀∀∀𝑢conjs ⋅ ⟨⟨𝑎⟩2𝑖→→→⟨𝑎⟩2𝑖+1⟩𝑖<𝑙))
↔ 𝔖𝔞𝔱′𝑛+1(𝑒, (∀∀∀𝑤sub ⋅ (sub ⋅ (conjs ⋅ ⟨⟨𝑎⟩2𝑖→→→⟨𝑎⟩2𝑖+1⟩𝑖<𝑙)

⋅ 𝑢 ⋅ (pr • 𝑤)) ⋅ 𝑞 ⋅ (pl • 𝑤)))
↔ 𝔖𝔞𝔱′𝑛+1(𝑒, (∀∀∀𝑤conjs ⋅ ⟨sub ⋅ (sub ⋅ (⟨𝑎⟩2𝑖→→→⟨𝑎⟩2𝑖+1)

⋅ 𝑢 ⋅ (pr • 𝑤)) ⋅ 𝑞 ⋅ (pl • 𝑤)⟩𝑖<𝑙))
↔ 𝔖𝔞𝔱′𝑛+1(𝑒, (∀∀∀𝑤(conjs ⋅ ⟨sub

⋅ (sub ⋅ ⟨𝑎⟩2𝑖 ⋅ 𝑢 ⋅ (pr • 𝑤)) ⋅ 𝑞 ⋅ (pl • 𝑤)
→→→sub ⋅ (sub ⋅ ⟨𝑎⟩2𝑖+1 ⋅ 𝑢 ⋅ (pr • 𝑤))
⋅ 𝑞 ⋅ (pl • 𝑤)⟩𝑖<𝑙)))

↔ ∀𝑥∀𝑖 < 𝑙(𝔖𝔞𝔱′𝑛(𝑒𝑥𝑤,sub
⋅ (sub ⋅ ⟨𝑎⟩2𝑖 ⋅ 𝑢 ⋅ (pr • 𝑤)) ⋅ 𝑞 ⋅ (pl • 𝑤))

→ 𝔖𝔞𝔱′0(𝑒𝑥𝑤,sub
⋅ (sub ⋅ ⟨𝑎⟩2𝑖+1 ⋅ 𝑢 ⋅ (pr • 𝑤)) ⋅ 𝑞 ⋅ (pl • 𝑤)))

↔ ∀𝑥∀𝑖 < 𝑙(𝔖𝔞𝔱′𝑛(𝑒𝑥𝑤val⋅𝑒
𝑥
𝑤⋅(pl•𝑤)

𝑞
val⋅𝑒𝑥𝑤

val⋅𝑒𝑥𝑤⋅(pl•𝑤)
𝑞 ⋅(pr•𝑤)

𝑢 , ⟨𝑎⟩2𝑖)

→ 𝔖𝔞𝔱′0(𝑒𝑥𝑤
val⋅𝑒𝑥𝑤⋅(pl•𝑤)
𝑞

val⋅𝑒𝑥𝑤
val⋅𝑒𝑥𝑤⋅(pl•𝑤)
𝑞 ⋅(pr•𝑤)

𝑢 , ⟨𝑎⟩2𝑖+1))
↔ ∀𝑥∀𝑖 < 𝑙(𝔖𝔞𝔱′𝑛(𝑒𝑥𝑤pl⋅𝑥

𝑞
pr⋅𝑥𝑢 , ⟨𝑎⟩2𝑖) → 𝔖𝔞𝔱′0(𝑒𝑥𝑤

pl⋅𝑥
𝑞

pr⋅𝑥𝑢 , ⟨𝑎⟩2𝑖+1))
↔ ∀𝑦, 𝑧∀𝑖 < 𝑙(𝔖𝔞𝔱′𝑛(𝑒

𝑦
𝑞
𝑧
𝑢, ⟨𝑎⟩2𝑖) → 𝔖𝔞𝔱′0(𝑒

𝑦
𝑞
𝑧
𝑢, ⟨𝑎⟩2𝑖+1))

↔ ∀𝑦𝔖𝔞𝔱′𝑛+1(𝑒
𝑦
𝑞 , (∀∀∀𝑢(conjs ⋅ ⟨⟨𝑎⟩2𝑖→→→⟨𝑎⟩2𝑖+1⟩𝑖<𝑙)))

↔ ∀𝑦𝔖𝔞𝔱′𝑛+1(𝑒
𝑦
𝑞 ,λ𝑛+1 ⋅ 𝑎)

↔ ∀𝑦𝔖𝔞𝔱𝑛+1(𝑒
𝑦
𝑞 , 𝑎)

by induction hypothesis and base.

– Finally, let 𝑎 be a Λ𝑛+1-formula and 𝑏 be a Λ𝑛-formula. Moreover let
λ𝑛+1 ⋅𝑎 == ∀∀∀𝑢conjs ⋅ ⟨⟨𝑎⟩2𝑖→→→⟨𝑎⟩2𝑖+1⟩𝑖<𝑙 and 𝑤 be the fresh variable
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with

imp𝑛 ⋅ (λ𝑛 ⋅ 𝑏) ⋅ (λ𝑛+1 ⋅ 𝑎)
== ∀∀∀𝑤(conjs ⋅ ⟨conj ⋅ (λ𝑛 ⋅ 𝑏) ⋅ (sub ⋅ ⟨𝑎⟩2𝑖 ⋅ 𝑢 ⋅ 𝑤)

→→→sub ⋅ ⟨𝑎⟩2𝑖+1 ⋅ 𝑢 ⋅ 𝑤⟩𝑖<𝑙).
Then

𝔖𝔞𝔱𝑛+1(𝑒, (𝑏→→→𝑎))
↔ 𝔖𝔞𝔱′𝑛+1(𝑒,λ𝑛+1 ⋅ (𝑏→→→𝑎))
↔ 𝔖𝔞𝔱′𝑛+1(𝑒,imp𝑛 ⋅ (λ𝑛 ⋅ 𝑏) ⋅ (λ𝑛+1 ⋅ 𝑎))
↔ 𝔖𝔞𝔱′𝑛+1(𝑒, (∀∀∀𝑤(conjs ⋅ ⟨conj ⋅ (λ𝑛 ⋅ 𝑏) ⋅ (sub ⋅ ⟨𝑎⟩2𝑖 ⋅ 𝑢 ⋅ 𝑤)

→→→sub ⋅ ⟨𝑎⟩2𝑖+1 ⋅ 𝑢 ⋅ 𝑤⟩𝑖<𝑙)))
↔ ∀𝑥∀𝑖 < 𝑙(𝔖𝔞𝔱′𝑛(𝑒𝑥𝑤,conj ⋅ (λ𝑛 ⋅ 𝑏) ⋅ (sub ⋅ ⟨𝑎⟩2𝑖 ⋅ 𝑢 ⋅ 𝑤))

→ 𝔖𝔞𝔱′0(𝑒𝑥𝑤,sub ⋅ ⟨𝑎⟩2𝑖+1 ⋅ 𝑢 ⋅ 𝑤))
↔ ∀𝑥∀𝑖 < 𝑙(𝔖𝔞𝔱′𝑛(𝑒𝑥𝑤,λ𝑛 ⋅ 𝑏) ∧ 𝔖𝔞𝔱′𝑛(𝑒𝑥𝑤,sub ⋅ ⟨𝑎⟩2𝑖 ⋅ 𝑢 ⋅ 𝑤)

→ 𝔖𝔞𝔱′0(𝑒𝑥𝑤,sub ⋅ ⟨𝑎⟩2𝑖+1 ⋅ 𝑢 ⋅ 𝑤))
(⋆)

↔ ∀𝑥∀𝑖 < 𝑙(𝔖𝔞𝔱′𝑛(𝑒𝑥𝑤,λ𝑛 ⋅ 𝑏) ∧ 𝔖𝔞𝔱′𝑛(𝑒𝑥𝑤
val⋅𝑒𝑥𝑤⋅𝑤
𝑢 , ⟨𝑎⟩2𝑖)

→ 𝔖𝔞𝔱′0(𝑒𝑥𝑤
val⋅𝑒𝑥𝑤⋅𝑤
𝑢 , ⟨𝑎⟩2𝑖+1))

↔ ∀𝑥∀𝑖 < 𝑙(𝔖𝔞𝔱′𝑛(𝑒,λ𝑛 ⋅ 𝑏) ∧ 𝔖𝔞𝔱′𝑛(𝑒𝑥𝑢 , ⟨𝑎⟩2𝑖)
→ 𝔖𝔞𝔱′0(𝑒𝑥𝑢 , ⟨𝑎⟩2𝑖+1))

↔ 𝔖𝔞𝔱′𝑛(𝑒,λ𝑛 ⋅ 𝑏) → ∀𝑥∀𝑖 < 𝑙(𝔖𝔞𝔱′𝑛(𝑒𝑥𝑢 , ⟨𝑎⟩2𝑖)
→ 𝔖𝔞𝔱′0(𝑒𝑥𝑢 , ⟨𝑎⟩2𝑖+1))

↔ 𝔖𝔞𝔱𝑛(𝑒, 𝑏) → 𝔖𝔞𝔱′𝑛+1(𝑒, (∀∀∀𝑢(conjs ⋅ ⟨⟨𝑎⟩2𝑖→→→⟨𝑎⟩2𝑖+1⟩𝑖<𝑙)))
↔ 𝔖𝔞𝔱𝑛(𝑒, 𝑏) → 𝔖𝔞𝔱′𝑛+1(𝑒,λ𝑛+1 ⋅ 𝑎)
↔ 𝔖𝔞𝔱𝑛(𝑒, 𝑏) → 𝔖𝔞𝔱𝑛+1(𝑒, 𝑎)

using the induction hypothesis about conj in (⋆).
This concludes the proof.

Of course we will not be interested in the precise formula-variant 𝔖𝔞𝔱𝑛 but
its 𝛼-equivalence class. We will therefore misuse notation slightly and use 𝔖𝔞𝔱𝑛
as a name for this entire class (i.e. the formula) as well as any of its members
(though in the name of clarity I will try to point out which is meant, and what
constraints we put on the bound variables of any particular variant). The same
will apply for all defined functions and predicates in this dissertation.
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Corollary 3.2.4 (Snow is White). Let 𝜙 be a Λ𝑛 formula-variant with free vari-
ables among v0, … , v𝑘. Then

HAP ⊢ 𝔖𝔞𝔱𝑛(𝑒, ⌜𝜙⌝) ↔ 𝜙[val ⋅ 𝑒 ⋅ ⌜v0⌝, … ,val ⋅ 𝑒 ⋅ ⌜v𝑘⌝],
where 𝑒 is a fresh variable.

Proof. Induction on 𝜙.



4 Conservativity of ÎDi
𝑛 over HA

I fyra timmar hötte dom och skrek från varsin gränd
och sen så vände dom på klacken och gick hem!

Olle Adolphson,
Balladen om det stora slagsmålet på Tegelbacken
mellan Stockholms samtliga busar en januarikväll år 1903

An occurrence of a symbol in a formula (formula-variant) 𝜑 is strictly positive if
the occurrence is not inside an antecedent of an implication in 𝜑.

Let P = {𝛲𝑛}𝑛∈ℕ be a sequence of new predicate symbols such that each
has the arity specified by the index (i.e. 𝛲2 is binary etc.) and for each 𝑛 ∈ ℕ,
ℒ(𝛲𝑛) be the language ℒ with 𝛲𝑛 added and ℒP that of ℒ with all 𝛲𝑛 added. We
will by POS𝑘𝛲𝑛(ℒ) denote the set of 𝑘-ary formulae with free variables v0, … , v𝑘−1
in ℒ(𝛲𝑛) where 𝛲𝑛 occurs at least once and only strictly positively, that is in no
antecedent of an implication. By POSP(ℒ)we will mean⋃𝑛∈ℕ POS𝑛𝛲𝑛(ℒ). Note
that this definition ensures that POSP(ℒ) is a union of disjoint classes, whence
exactly one of the 𝛲𝑛s occur in any formula of POSP(ℒ); the requirement that
𝛲𝑛 actually occur is no real restriction on the POS𝛲𝑛(ℒ). Formulae of POSP(ℒ)
will be used as operators with 𝛲𝑛 as parameters to generate (axioms for) strictly
positive fixpoints, whence we will call them strictly positive operator forms (in ℒ).
Since HA and HAP can code sequences of numbers as single numbers, however,
we sometimes focus on the unary case from which the others follow. Now we
can formally define ÎDi

𝑘(ℒ) as follows:

Definition 4.0.1 (ÎDi
𝑘). For each Φ ∈ POS𝑛𝛲𝑛(ℒ) we introduce a new 𝑛-ary

predicate IΦ and the axiom

∀v⃗(IΦ(v⃗<𝑛) ↔ Φ(IΦ; v⃗<𝑛)). (AxΦ)

Similarly to above, we will by ℒ(IΦ) denote the language ℒ extended with the
(specific) symbol IΦ and byℒID1 that ofℒwith IΦ added for everyΦ ∈ POSP(ℒ);
ℒID1(Γ) is ℒ with IΦ added for every Φ ∈ POSP(ℒ) ∩ Γ, where Γ is some set of
formulae. Then ÎDi

1(ℒ; Γ) is HA(ℒID1) plus all such (AxΦ) forΦ ∈ POSP(ℒ)∩Γ
. ÎD1(ℒ; Γ) is ÎDi

1(ℒ; Γ) + LEM (or equivalently, PA(ℒID1) + {AxΦ | Φ ∈
POSP(ℒ) ∩ Γ}).

Having defined ÎDi
𝑘(ℒ; Γ) in ℒID𝑘, define



96 • fixed ids about truth

• the language ℒID𝑘+1 as ℒID𝑘 extended with a new 𝑛-ary relation symbol IΦ
for every Φ ∈ POS𝑛𝛲𝑛(ℒ

ID𝑘) (that is, we perform the construction of ℒID1

with ℒID𝑘 for ℒ, so that ℒID𝑘+1 = (ℒID𝑘)ID1),
• in the same way, ℒID𝑘+1(Γ) as (ℒID𝑘(Γ))ID1(Γ),
• the theory ÎDi

𝑘+1(ℒ; Γ) as ÎDi
𝑘(ℒ; Γ) plus HA(ℒID𝑘+1) plus all (AxΦ) for

Φ ∈ POSP(ℒID𝑘) ∩ Γ, and
• ÎD𝑘+1(ℒ; Γ) as ÎDi

𝑘+1(ℒ; Γ) + LEM.
In keeping with the above definitions, ℒID0 is ℒ, ÎDi

0(ℒ; Γ) is HA(ℒ) and
ÎD0(ℒ; Γ) is PA(ℒ).

Often we will use this notation for classes Γ whose exact definition depends
on the ambient language ℒ (like ÎD1(Σ1) in Chapter 1), whence it is tacitly un-
derstood that the definition used for Γ is the one appropriate for ℒP (i.e. Σ1 here
means all Σ1-formulae in the language ℒP); if there is cause to avoid confusion
we will write Γ(ℒP) for this set. In case Γ is all of ℒ we will drop it from the
notation; the corresponding holds if ℒ is ℒHA (which will be the case for the
rest of this chapter; fixpoints over ℒHAP has a definition of their own in the next
section).

The goal of this chapter is to prove Arai’s theorem that ÎDi
𝑛 are conservative

over HA for all 𝑛. We do this by lifting the problem to LPT and apply the tools
of the previous chapters. The proof for 𝑛 = 1 appeared in (Granberg Olsson and
Leigh, 2024).

4.1 Fixpoint theories ÎDi
𝑘P in LPT

One particular example of the above theories is ÎDi
𝑘(Λ), and as a first application

of Chapter 3, we can now use Aczel’s trick to show that the theories correspond-
ing to ÎDi

𝑘(Λ) over Beeson’s logic of partial terms are conservative over HAP.

Definition 4.1.1. ÎDi
0P is another name for HAP. The theory ÎDi

𝑛+1P is the
ℒID𝑛+1

HAP -theory axiomatised by

• the axioms of HAP(ℒID𝑛+1
HAP ),

• the axioms of ÎDi
𝑛P, and

• the schema ∀v⃗(IΦ(v⃗) ↔ Φ(IΦ; v⃗)) for all Φ ∈ POSP(ℒ
ID𝑛
HAP).

The theory ÎDi
𝑛+1P(Γ), where Γ is a set of formulae, is axiomatised by the first

clause above, and additionally
• the axioms of ÎDi

𝑛P(Γ),
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• the schema ∀v⃗(IΦ(v⃗) ↔ Φ(IΦ; v⃗)) for all Φ ∈ POSP(ℒ
ID𝑛
HAP) ∩ Γ.

This definition mimics the definition of ÎDi
1 over HA given above (but only

over the fixed language ℒHAP), and we use the same conventions regarding Γ.
In particular, when Γ is e.g the set of almost negative formulae (of the union
of the languages under consideration), the last clause would apply for Φ ∈
POSP(ℒ

ID𝑛
HAP) ∩ Λ((ℒID𝑛

HAP)
P), but we call the resulting theory simply ÎDi

𝑛(Λ).
Note also that even if Γ is a restrictive set, we still add all fixpoint-predicates and
the induction schema for them, and allow these predicates to occur in the forms
for which we do add the fixpoint axioms; since there are no axioms saying any-
thing particular about them they do not add anything substantial to the theory.
Given Corollary 2.3.11, it should not be surprising that ÎDi

1P is an extension of
ÎDi

1.

Lemma 4.1.2. The language of ÎDi
𝑛 is contained in that of ÎDi

𝑛P; ℒ
ID𝑛
HA ⊂ ℒID𝑛

HAP.
In addition, ÎDi

𝑛P ⊢ ÎDi
𝑛.

Proof. Induction on 𝑛.
For the base case, the language ℒHA has as non-logical symbols 0, S, + and ×,

all of which are included in ℒHAP. That HAP ⊢ HA is Corollary 2.3.11.
Assuming ℒID𝑛

HA ⊂ ℒID𝑛
HAP and ÎDi

𝑛P ⊢ ÎDi
𝑛, since formation of strictly positive

operator forms is merely a syntactic matter, POS𝑖𝛲𝑖(ℒ
ID𝑛
HA ) ⊂ POS𝑖𝛲𝑖(ℒ

ID𝑛
HAP) for

every 𝑖 ∈ ℕ. Hence (literally) IΦ is a symbol ofℒID𝑛+1
HAP for everyΦ ∈ POSP(ℒ

ID𝑛
HA ),

whenceℒID𝑛+1
HA ⊂ ℒID𝑛+1

HAP . By Lemma 2.3.10 it only remains to check that ÎDi
𝑛+1 ⊢

𝜏↓ for HA-terms 𝜏, which follows from the base case, and that ÎDi
𝑛+1P proves

all axioms of ÎDi
𝑛+1. By induction hypothesis, ÎDi

𝑛+1P proves the axioms of ÎDi
𝑛,

so we only need to check the induction and fixpoint axioms involving the top-
tier fixpoint predicates of ÎDi

𝑛+1. The former are included in HAP(ℒID
HAP) since

ℒID
HA ⊂ ℒID

HAP, so let ∀v⃗(IΦ(v⃗) ↔ Φ(IΦ; v⃗)) be an axiom of the latter kind. Since
this is literally an axiom of ÎDi

𝑛+1P we are done.

The corresponding lemma holds for ÎDi
𝑛(Γ) and ÎDi

𝑛P(Γ) if Γ is a concrete
set, or more generally if POSP(ℒ

ID𝑘
HA)∩Γ((ℒ

ID𝑘
HA)

P) ⊆ POSP(ℒ
ID𝑘
HAP)∩Γ((ℒ

ID𝑘
HAP)

P)
for all 𝑘 ∈ ℕ.

We are now ready to prove the main results of this section.

Theorem 4.1.3. ÎDi
1P(Λ) is syntactically embedable in HAP.
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Proof. We define a compositional interpretation ℱ ∶ ℒID1
HAP ⟶ ℒHAP which

fixes ℒHAP. To that extent let, for 𝑘 ∈ ℕ, 𝛵𝑘 be the ℒHAP-term idv⃗<𝑘
⃑⃗⌜v⌝<𝑘

(the
identity combinator modified so that ⌜v𝑗⌝ is mapped to (the value of ) v𝑗 ), so
that 𝛵𝑘 has exactly v0, … , v𝑘−1 free, HAP ⊢ 𝛵𝑘↓ and HAP ⊢ 𝛵𝑘 ⋅ ⌜v𝑗⌝ == v𝑗 for all
𝑗 < 𝑘. Take 𝑘 ∈ ℕ and an almost negative Φ ∈ POS𝑘𝛲𝑘(ℒHAP) and let 𝑛 be the
smallest index for which Φ ∈ Λ𝑛, by Lemma 3.1.2. Use Theorem 3.2.3 and its
succeeding comment to get a variant 𝔖𝔞𝔱𝑛 which does not have v⃗≤𝑘 bound. Let
Φ′ be a (primitively recursively chosen) variant of Φ which does not bind v𝑘 and
then set 𝜙 = Φ′[𝜆v⃗<𝑘.𝔖𝔞𝔱𝑛(𝛵𝑘, v𝑘)] ∧⋀𝑖<𝑘 v𝑖↓ ∈ ℒHAP ∩Λ𝑛 by Proposition 3.1.6.
By Gödel’s diagonal lemma 3.1.7, there is a 𝜓 ∈ ℒHAP∩Λ𝑛 with the same bound
variables as 𝜙, free variables v0, … , v𝑘−1 and

HAP ⊢ 𝜓[𝜏⃗] ↔ 𝜙[𝜏⃗, ⌜𝜓⌝]
for all sequences 𝜏⃗ of terms whose variables are not bound in 𝜙. In particular, v𝑘
is not bound in 𝜓. Defining ℱ(IΦ) = 𝜓 we thus see

HAP ⊢ ℱ(IΦ(𝑥⃗)) ↔ 𝜓[𝑥⃗]
↔ 𝜙[𝑥⃗, ⌜𝜓⌝]
↔ Φ′[𝑥⃗][𝜆v⃗<𝑘.𝔖𝔞𝔱𝑛(𝛵𝑘, ⌜𝜓⌝)] ∧⋀𝑖<𝑘 𝑥↓
↔ Φ′[𝑥⃗][𝜆v⃗<𝑘.𝜓[v⃗<𝑘]]
↔ Φ[𝑥⃗][𝜆v⃗<𝑘.ℱ(IΦ(v⃗<𝑘))]
↔ ℱ(Φ[𝑥⃗][IΦ])

by Corollary 3.2.4, where 𝑥⃗ is a sequence of fresh variables. Similarly, if 𝜏⃗ is a
sequence of terms then

HAP ⊢ ℱ(IΦ(𝜏⃗)) ↔ Φ′[𝜏⃗][𝜆v⃗<𝑘.𝔖𝔞𝔱𝑛(𝛵𝑘, ⌜𝜓⌝)] ∧⋀𝑖<𝑘 𝜏↓
→ 𝜏𝑗↓

for all 𝑗 < 𝑘. Setting ℱ(IΨ(𝜏⃗)) = ⋀𝑖 𝜏𝑖↓ for Ψ ∈ POSP(ℒHAP) ∖ Λ (since
these need not satisfy the fixpoint axioms), the other axioms of ÎDi

1P(Λ) are
immediate. Consequently HAP ⊢ ℱ[ÎDi

1P(Λ)].

Using this theorem, given a fixpoint predicate in ℒID2
HAP we can remove the

‘bottom-tier’ fixpoint predicates from its operator form in (ℒID1
HAP)

P to yield an
operator form in ℒP

HAP. Applying this iteratively is the idea behind the following
corollary.

Theorem 4.1.4. For every 𝑛 ∈ ℕ, ÎDi
𝑛P(Λ) is syntactically embedable in HAP.
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Proof. The case 0 is trivial. We prove by induction on 𝑛 > 0 that there is a
compositional ℱ𝑛 ∶ ℒ

ID𝑛
HAP ⟶ ℒHAP which fixes ℒHAP such that ℱ𝑛[Λ] ⊆ Λ and

HAP ⊢ ℱ𝑛[ÎDi
𝑛P(Λ)], the previous Theorem constituting the base case ℱ1.

Given ℱ𝑛 as above, let ℱ̃𝑛 ∶ (ℒID𝑛
HAP)

P ⟶ ℒP
HAP be defined by ℱ̃𝑛(𝛲𝑖(𝜏⃗)) =

𝛲𝑖(𝜏⃗) and ℱ𝑛 otherwise. Then ℱ̃𝑛 preserves Λ, and if Φ ∈ POS𝑖𝛲𝑖(ℒ
ID𝑛
HAP) (∩Λ)

then ℱ̃𝑛(Φ) ∈ POS𝑖𝛲𝑖(ℒHAP) (∩Λ) whence Iℱ̃𝑛(Φ) is a fixpoint symbol of ℒID1
HAP

(ℒID1(Λ)
HAP ). Now defineℱ𝑛+1 ∶ ℒ

ID𝑛+1
HAP ⟶ ℒHAP asℱ𝑛 on ℒID𝑛

HAP andℱ𝑛+1(IΦ(𝜏⃗)) =
ℱ1(Iℱ̃𝑛(Φ)(𝜏⃗)) for Φ ∈ POSP(ℒ

ID𝑛
HAP). We thus need to show that HAP proves

the ℱ𝑛+1-image of the ÎDi
𝑛+1P-axioms. However, the axioms of ÎDi

𝑛P(Λ) are
covered by the induction hypothesis, and since ℱ1 is a syntactical embedding of
ÎDi

1P(Λ) the remaining HAP-axioms (including full induction and strictness)
are immediate. Thus what remains to verify is that ifΦ ∈ POS𝑖𝛲𝑖(ℒ

ID𝑛
HAP)∩Λ then

the ℱ𝑛+1-image of the fixpoint axiom for Φ is derivable in HAP. Since

ℱ𝑛+1(Φ[𝛲𝑖/ IΦ]) = ℱ̃𝑛(Φ)[𝛲𝑖/ℱ𝑛+1(IΦ)]
= ℱ̃𝑛(Φ)[𝛲𝑖/ℱ1(Iℱ̃𝑛(Φ))]
= ℱ1(ℱ̃𝑛(Φ)[𝛲𝑖/ Iℱ̃𝑛(Φ)])

and

HAP ⊢ ℱ1(Iℱ̃𝑛(Φ)(v⃗)) ↔ ℱ1(ℱ̃𝑛(Φ)[𝛲𝑖/ Iℱ̃𝑛(Φ)])

as ℱ̃𝑛(Φ) ∈ POS𝑖𝛲𝑖(ℒHAP) ∩ Λ and ℱ1 is a syntactical embedding, HAP ⊢
ℱ𝑛+1(IΦ(v⃗)) ↔ ℱ𝑛+1(Φ[𝛲𝑖/ IΦ]).

Corollary 4.1.5. For every 𝑛, ÎDi
𝑛P(Λ) is conservative over HAP.

4.2 Partial realizability interpretation of ÎDi
𝑛P

The notion of realizability we are employing, introduced in Section 2.4.3, syn-
tactically transforms a formula into a related almost negative formula, in many
important instances preserving strictly positive occurrences of symbols and sub-
formulae. In particular, by Lemma 4.2.2 the ‘realization’ v𝑘 rΦ of a strictly
positive operator form Φ ∈ POS𝑘𝛲𝑚 will only have strictly positive occurrences
of r𝛲𝑚. Thus each such will in itself be a member of POS𝑘+1r𝛲𝑚 , a strictly positive
operator form in the (𝑚 + 1)-ary predicate r𝛲𝑚. Since a fixpoint axiom of ÎDi

1P
is realized if we can find combinators transforming a realizer of the fixpoint pre-
dicate into a realizer of the corresponding operator applied to that predicate
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and vice versa, if we postulate these combinators to be the identity we get that
IΦ(v0, … , v𝑘−1) ↔ Φ(IΦ; v0, … , v𝑘−1) has a realizer provided that

v𝑘 r IΦ(v0, … , v𝑘−1) ↔ v𝑘 rΦ(IΦ; v0, … , v𝑘−1) (4.1)

holds. By the above reasoning, this is itself (equivalent to) a fixpoint axiom, of an
almost negative operator form at that; (4.1) is actually (equivalent to) an axiom
of ÎDi

1P(Λ). So in this sense ÎDi
1P is partially interpretable in ÎDi

1P(Λ). The
aim of this section is to carry out these constructions, culminating in the main
Theorem 4.2.5.

First, we augment the realizability transformation with a clause for the ‘fix-
point placeholders’ 𝛲𝑚, and subsequently for all fixpoint predicates IΦ, that is,
we specify what relation r𝛲𝑚 should be.

Definition 4.2.1. For the language (ℒID𝑛
HAP)

P, we stipulate r𝛲𝑚 = 𝛲𝑚+1, that is

𝜏 r𝛲𝑚(𝜎⃗) is 𝛲𝑚+1(𝜎⃗, 𝜏)
is the final clause in the definition of realizability.

Lemma 4.2.2. If 𝜑 ∈ ℒ has only strictly positive occurrences of 𝑅 and r𝑅 is not the
same as r𝑄 for another relation𝑄, then v𝑘 r𝜑 is almost negative and has only strictly
positive occurrences of r𝑅, the number of which equals the number of occurrences of
𝑅 in 𝜑. Additionally, if 𝜑 contains 𝑅, then FV(v𝑘 r𝜑) = FV(𝜑) ∪ {v𝑘}
Proof. We show by induction on complexity that for any formula-variant 𝜙 of ℒ
where 𝑅 occurs only strictly positively (if at all) and any term 𝜏 with no variables
bound in 𝜙, 𝜏 r 𝜙 has only strictly positive occurrences of r𝑅, the number of
which equals the number of occurrences of 𝑅 in 𝜙, and FV(𝜏 r 𝜙) = FV(𝜙) ∪
FV(𝜏) if 𝑅 occurs in 𝜙. The result then follows with Lemma 2.4.5.

• First consider the case where 𝜙 is 𝜎1 == 𝜎2 and let 𝜏 be a term. Then
𝜏 r (𝜎1 == 𝜎2) = (𝜎1 == 𝜎2) has no, hence only strictly positive, occurrences
of r𝑅.

• Consider the case when 𝜙 is ⊥. Let 𝜏 be a term. Then 𝜏 r ⊥ = ⊥ which has
no occurrences of r𝑅.

• Consider the case where 𝜙 is 𝑅(𝜎⃗) and let 𝜏 be a term. Then 𝜏 r (𝑅(𝜎⃗)) =
(r𝑅)(𝜎⃗, 𝜏) clearly has exactly one occurrence of r𝑅, which is strictly pos-
itive. The free variables are those of 𝑅(𝜎⃗) and 𝜏.

• Consider the remaining atomic cases when 𝜙 is 𝑄(𝜎⃗) for some relation
symbol 𝑄 distinct from 𝑅. Let 𝜏 be a term. Then 𝜏 r(𝑄(𝜎⃗)) = (r𝑄)(𝜎⃗, 𝜏)
which has no occurrences of r𝑅.
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• Next consider the case when 𝜙 is a conjunction 𝜓∧𝜃, where for any term
𝜎, 𝜎 r𝜓 is strictly positive in r𝑅 with as many occurrences of r𝑅 as of 𝑅
in 𝜓, and where FV(𝜎 r𝜓) = FV(𝜓) ∪ FV(𝜎) in case 𝑅 occurs in 𝜓, and
similarly for 𝜃.
Let 𝜏 be a term with no variables bound in 𝜓 ∧ 𝜃. Then 𝜏 r (𝜓 ∧ 𝜃) =
pl ⋅ 𝜏 r𝜓 ∧ pr ⋅ 𝜏 r 𝜃 is negative and strictly positive in r𝑅. The number of
occurrences of r𝑅 in 𝜏 r(𝜓 ∧ 𝜃) is the sum of the number of occurrences
in pl ⋅ 𝜏 r𝜓 and pr ⋅ 𝜏 r 𝜃, that is (by induction hypothesis) the number of
occurrences of 𝑅 in 𝜓 ∧ 𝜃. Moreover, if 𝑅 has at least one occurrence in
𝜓 ∧ 𝜃 then it w.l.o.g. has at least one in 𝜓, whence

FV(𝜏 r(𝜓 ∧ 𝜃)) = FV(pl ⋅ 𝜏 r𝜓) ∪ FV(pr ⋅ 𝜏 r 𝜃)
= FV(𝜓) ∪ FV(pl ⋅ 𝜏) ∪ FV(pr ⋅ 𝜏 r 𝜃)
= FV(𝜓) ∪ FV(𝜏) ∪ FV(𝜃)
= FV(𝜓 ∧ 𝜃) ∪ FV(𝜏).

by induction hypothesis and Lemma 2.4.5.
• Consider the case when 𝜙 is a disjunction 𝜓 ∨ 𝜃 where for any term 𝜎 the

formula-variant 𝜎 r𝜓 is strictly positive in r𝑅with as many occurrences of
this symbol as the number of occurrences of 𝑅 in 𝜓, and with FV(𝜎 r𝜓) =
FV(𝜓) ∪ FV(𝜎) in case 𝑅 occurs in 𝜓, and similarly for 𝜃.
Let 𝜏 be a term with no variables bound in 𝜓 ∨ 𝜃. Then 𝜏 r (𝜓 ∨ 𝜃) =
(pl ⋅ 𝜏 == 0 → pr ⋅ 𝜏 r𝜓) ∧ (pl ⋅ 𝜏 =≠ 0 → pr ⋅ 𝜏 r 𝜃) has only strictly
positive occurrences of r𝑅. The number of such occurrences equals the
total number in pr ⋅ 𝜏 r𝜓 and pr ⋅ 𝜏 r 𝜃, that is, by induction hypothesis,
the number of occurrences of 𝑅 in 𝜓∨𝜃. Regarding free variables we have

FV(𝜏 r(𝜓 ∨ 𝜃))
= FV(pl ⋅ 𝜏 == 0 → pr ⋅ 𝜏 r𝜓) ∪ FV(pl ⋅ 𝜏 =≠ 0 → pr ⋅ 𝜏 r 𝜃)
= FV(𝜓) ∪ FV(pl ⋅ 𝜏) ∪ FV(𝜃) ∪ FV(pl ⋅ 𝜏)
= FV(𝜓 ∨ 𝜃) ∪ FV(𝜏),

by Lemma 2.4.5, whether 𝑅 occurs in 𝜓 ∨ 𝜃 or not.
• Now consider the case when 𝜙 is an implication 𝜓 → 𝜃, where 𝜓 does not

contain 𝑅, 𝜃 has only strictly positive occurrences of 𝑅 and for all terms 𝜎1
and 𝜎2 without variables bound in 𝜓 and 𝜃, respectively, do we have that
𝜎1 r𝜓 has no occurrence of r𝑅, in 𝜎2 r 𝜃 the number of occurrences of r𝑅
in 𝜎 r 𝜃 is the same as the number of occurrences of 𝑅 in 𝜃 and if 𝜃 has at
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least one occurrence of 𝑅 then the free variables of 𝜎 r 𝜃 are those of 𝜃 and
𝜎.
Let 𝜏 be a term whose variables are not bound in 𝜓 → 𝜃. Then

𝜏 r (𝜓 → 𝜃) = ∀𝑥(𝑥 r𝜓 → 𝜏 ⋅ 𝑥↓ ∧ 𝜏 ⋅ 𝑥 r 𝜃)

has only strictly positive occurrences of r𝑅 by induction hypothesis, since
all of these are in 𝜏 ⋅𝑥 r 𝜃. Thus the number of such occurrences equals the
number of such occurrences in 𝜏 ⋅ 𝑥 r 𝜃, which by induction hypothesis is
the number of occurrences of 𝑅 in 𝜃, i.e. in 𝜓 → 𝜃. Finally

FV(𝜏 r(𝜓 → 𝜃)) = FV(∀𝑥(𝑥 r𝜓 → 𝜏 ⋅ 𝑥↓ ∧ 𝜏 ⋅ 𝑥 r 𝜃))
= (FV(𝜓) ∪ FV(𝜃) ∪ FV(𝜏) ∪ {𝑥}) ∖ {𝑥}
= FV(𝜓) ∪ FV(𝜃) ∪ FV(𝜏)
= FV(𝜓 → 𝜃) ∪ FV(𝜏)

by Lemma 2.4.5, since 𝑥 does not occur in 𝜓, 𝜃 and 𝜏.
• Consider the case when 𝜙 starts with a universal quantifier, 𝜙 = ∀𝑥𝜓,

where 𝜓 has only strictly positive occurrences of 𝑅 and for any term 𝜎
without variables bound in 𝜓 the formula-variant 𝜎 r𝜓 only has strictly
positive occurrences of r𝑅, the number of which equals the number of
occurrences of 𝑅 in 𝜓, and if 𝑅 occurs in 𝜓 then FV(𝜎 r𝜓) = FV(𝜓) ∪
FV(𝜎).
Let 𝜏 be a term whose variables are not bound in ∀𝑥𝜓. Then

𝜏 r (∀𝑥𝜓) = ∀𝑥(𝜏 ⋅ 𝑥↓ ∧ 𝜏 ⋅ 𝑥 r𝜓)

has only strictly positive occurrences of r𝑅, as in the previous case. The
number of such occurrences equals the number of 𝑅 in 𝜓 by induction
hypothesis, that is the number of 𝑅 in ∀𝑥𝜓. Concerning free variables,

FV(𝜏 r(∀𝑥𝜓)) = FV(∀𝑥(𝜏 ⋅ 𝑥↓ ∧ 𝜏 ⋅ 𝑥 r𝜓))
= (FV(𝜓) ∪ {𝑥} ∪ FV(𝜏)) ∖ {𝑥}
= (FV(𝜓) ∖ {𝑥}) ∪ FV(𝜏)
= FV(∀𝑥𝜓) ∪ FV(𝜏)

by Lemma 2.4.5 and the fact that 𝑥 is not in 𝜏.
• Finally consider the case when 𝜙 starts with an existential quantifier, 𝜙 =
∃𝑥𝜓, where 𝜓 only has strictly positive occurrences of 𝑅 and for any
formula-variant 𝜃with only strictly positive occurrences of𝑅 and the same
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𝑛 over HA • 103

complexity as 𝜓 and term 𝜎 without variables bound in 𝜃, 𝜎 r 𝜃 is strictly
positive in r𝑅, has as many occurrences of r𝑅 as 𝜃 has of 𝑅 and satisfies
FV(𝜎 r 𝜃) = FV(𝜃) ∪ FV(𝜎) if 𝑅 occurs in 𝜃.
Let 𝜏 be a term whose variables are not bound in ∃𝑥𝜓. Then

𝜏 r (∃𝑥𝜓) = pr ⋅ 𝜏 r (𝜓[𝑥/pl ⋅ 𝜏]).
Since 𝜓[𝑥/pl ⋅ 𝜏] has the same complexity as 𝜓 and no variable of pr ⋅ 𝜏
is bound in 𝜓[𝑥/pl ⋅ 𝜏] the induction hypothesis applies, whence pr ⋅
𝜏 r (𝜓[𝑥/pl ⋅ 𝜏]) has only strictly positive occurrences of r𝑅 and has as
many occurrences of r𝑅 as 𝜓[𝑥/pl ⋅ 𝜏], that is 𝜓, has of 𝑅. Also, if 𝑅
occurs in ∃𝑥𝜓 then it occurs in 𝜓[𝑥/pl ⋅ 𝜏] whence

FV(𝜏 r ∃𝑥𝜓) = FV(pr ⋅ 𝜏 r(𝜓[𝑥/pl ⋅ 𝜏]))
= FV(𝜓[𝑥/pl ⋅ 𝜏]) ∪ FV(pr ⋅ 𝜏)
= FV(𝜓) ∖ {𝑥} ∪ FV(𝜏)
= FV(∃𝑥𝜓) ∪ FV(𝜏)

by induction hypothesis.

A consequence of the above is that 𝑥 rΦ(IΦ; 𝑦⃗) is strictly positive in r IΦ, the
particular choice of which we can now specify.

Definition 4.2.3. For the languages ℒID𝑛
HAP, for Φ ∈ POS𝑘𝛲𝑘(ℒ

ID𝑛
HAP) we stipulate

r IΦ = Iv𝑘 rΦ since Lemma 4.2.2 and Definition 4.2.1 guarantees that v𝑘 rΦ is an
almost negative and strictly positive operator form in POS𝑘+1𝛲𝑘+1(ℒ

ID𝑛
HAP) (see also

the next corollary). Thus

𝜏 r IΦ(𝜎⃗) is Iv𝑘 rΦ(𝜎⃗, 𝜏)
is the final clause in the definition of realizability for these languages.

Lemma 4.2.2 together with Definitions 4.2.1 and 4.2.3 iteratively (on 𝑛)
yields:

Corollary 4.2.4. v𝑘 rΦ ∈ POS𝑘+1𝛲𝑘+1(ℒ
ID𝑛(Λ)
HAP ) ∩ Λ for Φ ∈ POS𝑘𝛲𝑘(ℒ

ID𝑛
HAP).

This leads to the main result concerning this interpretation.

Theorem 4.2.5. With this augmented notion of realizability,

ÎDi
𝑛P ⊢ 𝜑 ⇒ ÎDi

𝑛P(Λ) ⊢ ∃𝑥(𝑥 r𝜑)

for 𝜑 ∈ ℒID𝑛
HAP and 𝑥 which are not free in 𝜑.
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Proof. By Lemma 2.4.11 it is enough to show that there are combinators 𝜏Ax
so that ÎDi

𝑛P(Λ) ⊢ 𝜏Ax↓ r Ax for every non-logical axiom Ax of ÎDi
𝑛P. Since

every axiom except the induction schema, the fixpoint schema, HAP2 and the
third part of HAP5 is an equation which is already true in HAP(ℒID𝑛

HAP), these
are all realised by 0. For similar reasons, the implications in HAP2 and HAP5
are realised by id. As for the induction axiom Ind𝜗,

HAP(ℒID𝑚+1
HAP ) ⊢ r r Ind𝜗

(or indeed in any language). For the fixpoint axioms the following is true: Given
𝑚 < 𝑛, by Corollary 4.2.4 realizability is a transformation of the language ℒID𝑚+1

HAP
into the fragment defined by the almost negative strictly positive operator forms
only. Thus given the axiom ∀v⃗(IΦ(v⃗) ↔ Φ(IΦ; v⃗)) for Φ ∈ POS𝑘𝛲𝑘(ℒ

ID𝑚
HAP) we

know v𝑘 rΦ ∈ POS𝑘+1𝛲𝑘+1(ℒ
ID𝑚(Λ)
HAP ) ∩ Λ. For clarity of notation let Ψ = v𝑘 rΦ so

that r IΦ = IΨ. Then

ÎDi
𝑚+1P(Λ) ⊢ 𝑥 r(IΦ(𝑦⃗)) ↔ IΨ(𝑦⃗, 𝑥) def

↔ Ψ(IΨ; 𝑦⃗, 𝑥) (AxΨ)
↔ (v𝑘 rΦ)(𝑦⃗, 𝑥)(IΨ) def
↔ (𝑥 rΦ(𝑦⃗))(IΨ) 2.4.8
↔ (𝑥 rΦ(𝑦⃗))(r IΦ) def

for all variables 𝑥 and 𝑦⃗. In addition, the following chain of equivalences and
equalities holds (where ⇔ denotes provable equivalence in HAP(ℒID𝑚+1

HAP ) and 𝑧
is a fresh variable)

(p ⋅ id ⋅ id) r (IΦ(𝑦⃗) ↔ Φ(IΦ; 𝑦⃗))
= pl ⋅ (p ⋅ id ⋅ id) r(IΦ(𝑦⃗) → Φ(IΦ; 𝑦⃗))

∧ pr ⋅ (p ⋅ id ⋅ id) r (Φ(IΦ; 𝑦⃗) → IΦ(𝑦⃗))
⇔ id r(IΦ(𝑦⃗) → Φ(IΦ; 𝑦⃗)) ∧ id r (Φ(IΦ; 𝑦⃗) → IΦ(𝑦⃗))
= ∀𝑥(𝑥 r IΦ(𝑦⃗) → id ⋅ 𝑥↓ ∧id ⋅ 𝑥 r (Φ(IΦ; 𝑦⃗)))

∧ ∀𝑢(𝑢 r (Φ(IΦ; 𝑦⃗)) → id ⋅ 𝑢↓ ∧id ⋅ 𝑢 r IΦ(𝑦⃗))
= ∀𝑥(IΨ(𝑦⃗, 𝑥) → id ⋅ 𝑥↓ ∧id ⋅ 𝑥 r (Φ(IΦ; 𝑦⃗)))

∧ ∀𝑢(𝑢 r (Φ(IΦ; 𝑦⃗)) → id ⋅ 𝑢↓ ∧ IΨ(𝑦⃗,id ⋅ 𝑢))
= ∀𝑥(IΨ(𝑦⃗, 𝑥) → id ⋅ 𝑥↓ ∧ (id ⋅ 𝑥 r Φ(𝑦⃗))(𝜆v⃗≤𝑘.v𝑘 r IΦ(v⃗<𝑘))) 2.4.10

∧ ∀𝑢((𝑢 r Φ(𝑦⃗))(𝜆v⃗≤𝑘.v𝑘 r IΦ(v⃗<𝑘)) → id ⋅ 𝑢↓ ∧ IΨ(𝑦⃗,id ⋅ 𝑢)) 2.4.10
= ∀𝑥(IΨ(𝑦⃗, 𝑥) → id ⋅ 𝑥↓ ∧ (id ⋅ 𝑥 r Φ(𝑦⃗))(IΨ))

∧ ∀𝑢((𝑢 r Φ(𝑦⃗))(IΨ) → id ⋅ 𝑢↓ ∧ IΨ(𝑦⃗,id ⋅ 𝑢))
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⇔ ∀𝑥(IΨ(𝑦⃗, 𝑥) → (𝑥 r Φ(𝑦⃗))(IΨ)) ∧ ∀𝑢((𝑢 r Φ(𝑦⃗))(IΨ) → IΨ(𝑦⃗, 𝑢))
⇔ ∀𝑧(IΨ(𝑦⃗, 𝑧) ↔ (𝑧 r Φ(𝑦⃗))(IΨ))
= ∀𝑧(𝑧 r IΦ(𝑦⃗) ↔ (𝑧 r Φ(𝑦⃗))(r IΦ)),

the final line of which is provable in ÎDi
𝑚+1P(Λ) by above. Therefore, p ⋅id ⋅id

is a realizer of the equivalence IΦ(𝑦⃗) ↔ Φ(IΦ; 𝑦⃗) in ÎDi
𝑚+1P(Λ), whence

ÎDi
𝑚+1P(Λ) ⊢ 𝜆v⃗.(p ⋅ id ⋅ id) r∀v⃗(IΦ(v⃗) ↔ Φ(IΦ; v⃗)).

This concludes the proof, since ÎDi
𝑛P(Λ) ⊢ ÎDi

𝑚+1P(Λ) for all 𝑚 < 𝑛.

4.3 Arai’s Theorem revisited
We now bring together the results of the preceding sections to prove

Theorem 4.3.1 (Arai’s Theorem). ÎDi
𝑛 is conservative over HA.

Proof. Let 𝜑 be a sentence of ℒHA. Then we have the following chain of implic-
ations:

ÎDi
𝑛 ⊢ 𝜑 ⇒ ÎDi

𝑛P ⊢ 𝜑 Lma 4.1.2

⇒ ÎDi
𝑛P(Λ) ⊢ ∃𝑥(𝑥 r𝜑) Thm 4.2.5

⇒ HAP ⊢ ∃𝑥(𝑥 r𝜑) Crly 4.1.5
⇒ HA ⊢ 𝜑 Prpn 2.4.13.

While there was a substantial body of technical work getting here, from a con-
ceptual perspective it could be argued that this proof is in essence more straight-
forward than Arai’s original one, in that the basic idea centres on the actual
construction of fixpoint predicates in an arithmetic theory.





5 Tri-interpretation

On the fifth day of Christmas my true love gave to me
Five golden rings […] and a partridge in a pear tree

The Twelve Days of Christmas

The final part of this dissertation is concerned with transfinite iterations of fix-
points and truth over HAPRA, i.e. arithmetic with total terms. Classical the-
ories of these kinds have been studied in Jäger et al. (1999), where their proof-
theoretic ordinals were established, and Fujimoto (2011), who generalised the tri-
interpretation-results of Cantini (1989), Feferman (1991) and Halbach (2009)
to the transfinite. This chapter investigates similar interpretability-results in in-
tuitionistic logic. While generalising the interpretation of ÎD1 in PUTB to the
intuitionistic case is straightforward by simply dropping the classical axioms, this
does not necessarily carry over to the transfinite case, and merely dropping LEM
from KF would not in any case yield a reasonable axiomatisation of intuitionistic
truth, wherefore a more refined study is needed.

Like in the above works, we will consider binary truth- and fixpoint-predi-
cates, where the intended reading is that the first argument is the code of the
ordinal ‘level’ of the predicate in question. We will therefore fix a primitive
recursive ordinal notation system with the associated relation symbol ≺ and use
its associated symbol in ℒPRA to code the ordinal levels. Since this thesis is not
concerned with (optimal) ordinal bounds, we will not specify this system. The
notation ⌈𝛼⌉ refers to the closed term representing the ordinal 𝛼 in the chosen
notation system, so to speak the numeral of the numeric code of 𝛼 (I also use it
for the numeric code itself, just as ⌜𝜑⌝ is both the code of 𝜑 and its numeral).28

All the extensions of HAPRA we will consider in this chapter will contain the
transfinite induction schema. Recall that this schema on ℒ, TI(⌈𝛼⌉, ℒ), is the
following:

∀𝑎(∀𝑏 ≺ 𝑎𝜑(𝑏) → 𝜑(𝑎)) → ∀v0 ≺ ⌈𝛼⌉𝜑
for all formulae 𝜑 ∈ ℒ. The theory HAPRA(ℒ) + TI(⌈𝛼⌉, ℒ) will be denoted
TI𝛼(ℒ), and if ℒ = ℒPRA we will drop it from the latter notation. Thus, all
28 For finite 𝛼 this is not to be confused with 𝛼, which is the numeral of 𝛼 itself.
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theories we consider here are extensions of some TI𝛼.
The theories considered take inspiration from those traditionally studied,

with the general aim of capturing the behaviour of intuitionistic implication
in a reasonable way. To this end a notion of guarded positivity, partly inspired by
the Λ-hierarchy and its satisfaction predicates, is introduced, together with the
corresponding fixpoint theories ÎDI

𝛼 (Definition 5.1.1). The subsequent sections
introduce in turn the theories of disquotational and compositional truth for this
notion of positivity, GPUTBI

𝛼 (Definition 5.2.1) and SG𝛼 (Definition 5.3.1) re-
spectively. They will be compared to more traditional theories, ÎDi

𝛼 as studied by
Rüede and Strahm (2002) (and shown to be conservative over ACA−

𝛼 for negative
and Π2-sentences of arithmetic, see Section 1.5), PUTBi

𝛼 and KF𝛼. As opposed
to the latter, SG𝛼 contains clauses for distributing truth over implication in a
way that keeps track of the nesting depth (again inspired by the Λ hierarchy and
its satisfaction predicates). Since GPUTBI

𝛼 axiomatises the behaviour of SG𝛼
on Gödel numbers of sentences (Theorem 5.4.1), it similarly captures a reas-
onable behaviour of implication. However, it remains to verify to what extent
ÎDI

𝛼 accomplishes this (on its own merits; since it will be shown to interpret SG𝛼
(Theorem 5.3.2) while being interpretable in GPUTBI by Aczel’s trick (Theorem
5.2.3), it of course does so ‘indirectly’), and in what sense it can be seen as a gen-
eralisation of the finite ÎDi

𝑛. For instance, the levels will not match at the finite
iterations, since ÎDi

𝑛+1 allows fixpoints from ÎDi
𝑛 to occur with arbitrarily deep

negative nestings, while ÎDI
𝑛+1 only allows e.g. fixpoints ‘from’ ÎDI

𝑛 at depth 1.
In fact, even at the transfinite levels I have only been able to verify that every
finite fragment of ÎDi

𝑛 is interpretable, see Proposition 5.1.7. Consequently,
the relationship between ÎDi

𝛼 and ÎDI
𝛼 is also not completely settled, in that it

remains to verify that ÎDi
𝛼 is (syntactically) embedable in ÎDI

𝛼. The converse dir-
ection is nevertheless true, see Lemma 5.1.5, and this in the end is enough to
use the tri-interpretation result (Theorem 5.4.2) to draw conclusions about the
conservativity of ÎDi

𝛼 (Corollary 5.5.5) which will conclude this chapter.
Another way to view ÎDI

𝛼 is as an intuitionistic generalisation of ÎD𝛼 (or ÎD𝑛).
This is more plausible, since the classical version of ÎDI

𝛼 is syntactically embedable
in ÎD𝛼 (Proposition 5.1.4) which in particular means that ÎDI

𝛼 and ÎDi
𝛼 have the

same classical consequences.
Since we are in this chapter once again working in a logic with total terms, in

that all theories considered will have the form HAPRA(ℒ)+R for some extension
by new relations ℒ of ℒPRA and set of axioms R for these relations, henceforth
the symbol ⊢ will refer to provability in ordinary (i.e. total-term) intuitionistic
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logic. We will also need to reinstantiate the notion of evaluation, since the evalu-
ation function does not correspond to a term in HAPRA. Therefore let 𝔳𝔞𝔩(𝑒, 𝑡, 𝑥)
be a Σe-formula which provably in PAPRA, and thus in HAPRA, is a composi-
tional evaluation of the term coded by 𝑡 under the variable assignment coded
by 𝑒 with result 𝑥. Since it is a shorthand for a Σe-formula which is provably a
function but not a proper function symbol, we will use a function-like notation
enclosed in brackets, dropping the 𝑥, so that e.g. [𝔳𝔞𝔩(𝑒, 𝑡) == 𝔳𝔞𝔩(𝑓, 𝑠)] means
∃𝑥(𝔳𝔞𝔩(𝑒, 𝑡, 𝑥) ∧ 𝔳𝔞𝔩(𝑓, 𝑠, 𝑥)) and [𝛲(𝔳𝔞𝔩(𝑒, 𝑡))] is ∃𝑥(𝔳𝔞𝔩(𝑒, 𝑡, 𝑥) ∧ 𝛲(𝑥)). In case
𝑒 is the trivial evaluation (where we will not technically specify ‘trivial’) and 𝑡
codes a closed term we will drop the 𝑒 as well for reasons of space and clarity.
Thus, given the symbols Eval for the primitive recursive predicate stating that
the first argument is a (finite) variable assignment with respect to the second (i.e.
has a value for every variable of it), and val for the primitive recursive function
looking up the value of a variable in a (finite) variable assignment, the properties
we assume of 𝔳𝔞𝔩 are

• HAPRA ⊢ ∀𝑒, 𝑣(Var(𝑣) ∧ Eval(𝑒, 𝑣) → [𝔳𝔞𝔩(𝑒, 𝑣) == val(𝑒, 𝑣)])
• HAPRA ⊢ ∀𝑒[𝔳𝔞𝔩(𝑒, 0) == 0]
• HAPRA ⊢ ∀𝑒, 𝑡⃗𝑘(⋀

𝑖<𝑘
Term(𝑡𝑖) ∧ Eval(𝑒, 𝑡𝑖) → [𝔳𝔞𝔩(𝑒,𝐹𝐹𝐹(𝑡⃗)) == 𝐹(⃑⃗𝔳𝔞𝔩(𝑒, 𝑡))])

for all 𝑘-ary function symbols 𝐹 of ℒPRA, and consequently
• HAPRA ⊢ ∀𝑒, 𝑥⃗[𝔳𝔞𝔩(𝑒, sub𝑘(⌜𝜏⌝), ⃑⃗⌜𝑣⌝, 𝑥⃗) == 𝜏[𝑣⃗/⃑⃗val(𝑒, ⌜𝑣⌝)]].

Just as has been done above, in this chapter it will often be tacitly understood
exactly what language a predicate or formula depending on the coding actually
refers to; i.e. Term above refers to Termℒ, where ℒ is the language under consid-
eration.

5.1 A transfinitely iterated intuitionistic fixpoint theory
In order to formulate a compositional theory of self-applicable truth over intu-
itionistic arithmetic, such as SG𝛼 below, we need a way to keep track of the
nestings of implications. The motivating thought is a finite hierarchy of truth
predicates where each level 𝑛 can handle 𝑛 negative nestings of implication by
appealing to the previous predicate in the antecedent. This is the same idea as
was used to construct the satisfaction predicates of Chapter 3 — which it can
be noted are also self-applicable. We will therefore use a definition of positivity
where the ‘ordinal’-level is also used to bound implications. The below is one
way to do this — one could plausibly think of others.

As stated in the chapter outline, we will start by introducing the notion of
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positivity and the fixpoint theory relevant to this setting. As we will show (Pro-
position 5.1.4), the latter is a plausible generalisation of ÎD𝛼 to intuitionistic
logic, and has at least some reasonable properties relative to ÎDi

𝑛 (Proposition
5.1.7). The full reason for our choice of notion of positivity will not be visible
until we discuss SG𝛼 in Section 5.3, however.

Definition 5.1.1 (Guardedly positive formulae and ÎDI
𝛼). Given a predicate 𝛲

of ℒ, GPos𝛲(ℒ), the class of formula variants of ℒ which are guardedly posit-
ive in 𝛲, is the class of formula variants with a built in ordinal stratification of
the nesting depth and ‘𝛲-level’ which are positive in the ‘topmost’ 𝛲; free oc-
currences of the variable v0 is to be interpreted as coding the ordinal level. All
arithmetic atoms (including ⊥) are in GPos𝛲(ℒ), and it is closed under con-
junction, disjunction and quantification on variables distinct from v0. Given
terms 𝜏 and 𝜎 where the latter is not the variable v0 (a technical restriction to
simplify proofs), 𝛲(v0, 𝜏), 𝜎 ≺ v0 ∧ 𝛲(𝜎, 𝜏) ∈ GPos𝛲(ℒ); GPos𝛲(ℒ) contains
no other ‘𝛲-atoms’. Finally, implications are guarded: if 𝜙, 𝜃 ∈ GPos𝛲(ℒ) then
𝜎 ≺ v0 ∧ (𝜙[𝜎] → 𝜃) ∈ GPos𝛲(ℒ) for any term 𝜎 distinct from v0 (again to
simplify proofs; 𝜎 might contain v0, however) and without variables bound in 𝜙.
Hence atoms of the form 𝛲(⋅, ⋅) occur either strictly positively or are ‘guarded’.
We will use the same name and notation for formulae with a variant in GPos𝛲(ℒ).
Furthermore, GPos𝑛𝛲(ℒ) is the subset of GPos𝛲(ℒ) whose free variables are ex-
actly v⃗<𝑛. Additionally, GPos<𝑛𝛲 (ℒ) = ⋃𝑘<𝑛 GPos𝑘𝛲(ℒ) and the corresponding
for ≤.29 In case ℒ is the language ℒPRA(𝛲) for a 𝛲 not in ℒPRA which is also the
predicate with positive occurrences, we will drop it from the notation and write
e.g. GPos𝑘𝛲.

Thus, in the language ℒPRA(𝛲) and for ordinals 𝛼, let GPos𝛲(𝛼) be the set of
𝜙[𝜏] for 𝜙 ∈ GPos𝛲 and closed terms 𝜏 with value ⪯ 𝛼 (in ℕ); GPos𝑛𝛲(𝛼) is the
straightforward combination with GPos𝑛𝛲. GPos(ℒ) = GPos𝛲(ℒ) ∩ ℒ, which is
independent of 𝛲, being the ℒ-formulae which have guarded implications.

Now let P be as in Chapter 4; then GPOSP(ℒ) = ⋃GPos𝑛+1𝛲𝑛+1(ℒ(𝛲𝑛+1)) is the
set of guardedly positive operator forms over ℒ. The language ℒID is ℒ together
with, for every 𝑛 and Φ ∈ GPos𝑛+1𝛲𝑛+1(ℒ(𝛲𝑛+1)), a new 𝑛 + 1-ary relation symbol
IΦ. ÎDI

𝛼 is subsequently the fixpoint theory in ℒID
PRA defined by the axioms of

29 Note that GPos𝑛𝛲 has exactly 𝑛 − 1 ‘real’ free variables, in addition to the free ordinal
variable v0 (we would not need v0 to actually occur, but requiring it makes for an easier
definition and it is harmless to do so).
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HAPRA(ℒID
PRA), transfinite induction up to 𝛼 (i.e. TI𝛼(ℒID

PRA)) and the schema

∀𝑎 ≺ ⌈𝛼⌉∀𝑥⃗(IΦ(𝑎, 𝑥⃗) ↔ Φ(IΦ; 𝑎, 𝑥⃗)) (Ax𝛼Φ)

for all Φ ∈ GPOSP (where 𝑥⃗ is i each case of the requisite length). ÎDC
𝛼 is the

corresponding classical theory.

The pun in ‘guardedly positive’ is intentional; while these formulae are not
strictly speaking positive in the pure syntactic sense (extrovertly), true guardedly
positive sentences are positive ‘at heart’. (In a sense, such sentences state about
themselves that they are ‘positive’.)

When it comes to 𝛼-equivalence, we will call the equivalence class of a guard-
edly positive formula-variant a guardedly positive formula. Differently put, a
formula is guardedly positive if any one of its variants is. Note that this means
that a guardedly positive formula can have a variant which is not in itself strictly
speaking guardedly positive, for instance∀v0(v0 == v0) is guardedly positive when
regarded as a formula, but not as a -variant. All sets of formula-variants intro-
duced in the above definition will have the same names as sets of formulae, that
is the sets of equivalence classes some members of which belong to the sets of
variants in question. For convenience we will always pick guardedly positive
variants of ditto formulae when working with them via their representatives.

When the language and coding thereof is fixed (which we will assume), the
notion of a formula-variant being guardedly positive in the symbol 𝛲 is clearly
primitive recursive, whence there is a predicate GPos𝛲 in ℒPRA representing it.
Thus the property ‘𝜙 ∈ GPos𝛲(𝛽)’ can be represented by 𝔊𝔓𝔬𝔰𝛲(𝑏, 𝑓) defined
as ∃𝑔, 𝑡(GPos𝛲(𝑔) ∧ CTerm(𝑡) ∧ [𝔳𝔞𝔩(𝑡) ⪯ 𝑏] ∧ 𝑓 == sub(𝑔, ⌜v0⌝, 𝑡)).
Remark 5.1.2. Up to HAPRA(ℒPRA(𝛲))-provable equivalence, GPos𝛲 is, in ad-
dition, closed under implications with equational (decidable) or Σe antecedents,
as well as conjunctions of such: If 𝜙 is decidable, then 𝜙 → 𝜃 is equivalent to
¬𝜙 ∨ 𝜃, and if 𝜙 is a conjunction of equations ¬𝜙 is equivalent to an equation.
Moreover, if 𝑥 is not free in 𝜃 then (∃𝑥𝜙) → 𝜃 is equivalent to ∀𝑥(𝜙 → 𝜃), and
up to HAPRA-equivalence Σe is closed under conjunction.

The diagonal lemma preserves guarded positivity, at least as long as we do not
diagonalise on v0.

Lemma 5.1.3 (Diagonal Lemma for guardedly positive formulae). Let 𝑅 be a
predicate symbol of ℒ. The set GPos𝑅(ℒ) is closed under diagonalisation: for 𝑘 ∈ ℕ
and 𝜙 ∈ GPos𝑘+2𝑅 (ℒ) there is a formula-variant 𝜓 ∈ GPos𝑘+1𝑅 (ℒ) with FV(𝜓) =
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FV(𝜙) ∖ {v𝑘+1}, BV(𝜓) = BV(𝜙) and
HAPRA(ℒ) ⊢ 𝜓 ↔ 𝜙[v𝑘+1/⌜𝜓⌝].

Proof. Again standard. Let

𝜃 = 𝜙[v𝑘+1/sub(v𝑘+1, ⌜v𝑘+1⌝, num(v𝑘+1))] ∈ GPos𝑘+2𝑅 (ℒ)
and

𝜓 = 𝜃[v𝑘+1/⌜𝜃⌝] ∈ GPos𝑘+1𝑅 (ℒ).
Then

𝜓 = 𝜃[v𝑘+1/⌜𝜃⌝]
= 𝜙[v𝑘+1/sub(⌜𝜃⌝, ⌜v𝑘+1⌝, num(⌜𝜃⌝))]

HAPRA(ℒ) ⊢ ↔ 𝜙[v𝑘+1/⌜𝜃[v𝑘+1/⌜𝜃⌝]⌝]
= 𝜙[v𝑘+1/⌜𝜓⌝]

since

HAPRA ⊢ sub(⌜𝜃⌝, ⌜v𝑘+1⌝, num(⌜𝜃⌝)) == ⌜𝜃[v𝑘+1/⌜𝜃⌝]⌝
by Σ1-completeness of HAPRA.

It has already been remarked that ÎDI
𝛼 differs from ÎDi

𝛼 used by e.g. Rüede
and Strahm (2002) in its treatment of implication (though it remains to estab-
lish whether they are equivalent). In addition to other minor differences (issues
of arity, order of variables and coding): in ÎDI

𝛼 the ordinal measures both the
negative nesting depth and the iterations of the fixpoint predicates, while in ÎDi

𝛼
only the latter. Differently put, in ÎDI

𝛼 high iterates of the fixpoint predicate can
not occur to deeply negatively nested, while in ÎDi

𝛼 the only concern is that the
highest iterate only occurs at negative nesting depth zero. Consequently there is
an operator form Φ so that e.g.

IΦ(⟨⌈1⌉, 𝑥⟩) ↔ ¬¬ IΦ(⟨⌈0⌉, 𝑥⟩)

is a direct (using only arithmetic) consequence of a fixpoint axiom in ÎDi
2; this

is not so in ÎDI
2, though we have

IΘ(⌈2⌉, 𝑥) ↔ ¬¬ IΘ(⌈0⌉, 𝑥)

is provable in ÎDI
3 for a formΘ in the corresponding manner. Our main goal for

this section is now to show that this difference evaporates under classical logic
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so that the corresponding classical theories are the same, whence they can both
be seen as intuitionistic variants of the classical theory ÎD𝛼.30

Proposition 5.1.4. ÎDC
𝛼 and ÎD𝛼 are mutually syntactically embedable.

We will split the proof on the two cases into separate lemmata, wherein the
arguments are given at the level of formula-variants. For convenience the unary
predicates used to construct ÎD𝛼 will therein be called 𝑅 and 𝑄. We will also
assume that ÎDi

𝛼 is axiomatised over HAPRA and that the axioms in the respective
theories have the variables in the same order, i.e. that the axioms of ÎDi

𝛼 have the
form

∀𝑎 ≺ ⌈𝛼⌉∀𝑥 (IΦ(⟨𝑎, 𝑥⟩) ↔ Φ(
𝜆v0. IΦ(⟨𝑎, v0⟩),
𝜆v0.v0 == ⟨pl(v0), pr(v0)⟩
∧ pl(v0) ≺ 𝑎 ∧ IΦ(v0);

𝑎, 𝑥
)) (AXΦ)

for Φ ∈ POS≤2𝑅 (ℒPRA(𝑄)). The language ℒfix of ÎD𝛼 is thus ℒPRA extended by
all IΦ for such Φ.

The direction from ÎDI
𝛼 to ÎDi

𝛼 is the easier one, in that it also holds in intu-
itionistic logic; thus ÎDi

𝛼 is at least as strong as ÎDI
𝛼. We will exploit this fact at

the end of this chapter.

Lemma 5.1.5. ÎDI
𝛼 is syntactically embedable in ÎDi

𝛼.

Proof. For simplicity of exposition we will only embed the fragment of ÎDI
𝛼 given

by Φ ∈ GPos2𝛲2, i.e. which have one ordinal (v0) and one other (v1) free vari-
able. The remainder can be taken care of by coding, but including the coding
in this proof would only be unenlighteningly cumbersome. We will provide
the embedding at the level of formula-variants. Let ℒ2 be the fragment of
ℒID

PRA with IΦ only for Φ ∈ GPos2𝛲2. We first construct a pair of functions
ℱ+, ℱ− ∶ GPos𝛲2 ⟶ POS𝑅(ℒPRA(𝑄)) (as defied in Chapter 4) by the clauses
below.

ℱ+(𝛲2(𝜌, 𝜎)) = {𝑅(𝜎) if 𝜌 = v0
𝑄(⟨𝜌, 𝜎⟩) if 𝜌 ≠ v0

ℱ−(𝛲2(𝜏, 𝜎)) = 𝑄(⟨𝜏, 𝜎⟩)
ℱ+(𝜙 → 𝜃) = ℱ−(𝜙) → ℱ+(𝜃)

30 As mentioned in the introduction to this chapter, however, the exact (intuitionistic) rela-
tionship between these theories remains to be verified.



114 • fixed ids about truth

ℱ−(𝜙 → 𝜃) = ℱ−(𝜙) → ℱ−(𝜃)

Other connectives and quantifiers are treated fully compositionally, and equa-
tions are mapped to themselves. Note that ℱ− preserves and ℱ+ does not add
free variables, so if 𝜃 ∈ GPos2𝛲2, then e.g. ℱ+(𝜃) ∈ POS≤2𝑅 (ℒPRA(𝑄)).

In order to notationally simplify the arguments, given Θ ∈ GPos2𝛲2 let Θ𝑎
1

and Θ𝑎
2 be Iℱ+(Θ)(⟨𝑎, v0⟩) and v0 == ⟨pl(v0), pr(v0)⟩ ∧ pl(v0) ≺ 𝑎 ∧ Iℱ+(Θ)(v0), re-

spectively. Then 𝒢 ∶ ℒ2 ⟶ ℒfix is defined as the compositional function for
which 𝒢(IΘ(𝜏, 𝜎)) = Iℱ+(Θ)(⟨𝜏, 𝜎⟩). Then

HAPRA(ℒfix) ⊢ 𝒢(Φ[𝑎, 𝑥][IΘ]) ↔ ℱ+(Φ)[𝑎, 𝑥][𝜆v0.Θ𝑎
1 , 𝜆v0.Θ𝑎

2 ] (5.1)

and

HAPRA(ℒfix) ⊢ 𝜌[𝑎, 𝑥] ≺ 𝑎 → (
𝒢(Φ[𝜌][𝑎, 𝑥][IΘ])

↔
ℱ−(Φ[𝜌])[𝑎, 𝑥][𝜆v0.Θ𝑎

1 , 𝜆v0.Θ𝑎
2 ]

) (5.2)

for allΦ ∈ GPos𝛲2,Θ ∈ GPos2𝛲2 and terms 𝜌 distinct from v0 such that no variable
of 𝜌 is bound in Φ, which will be shown by induction on Φ. In the following
⇔𝜓 denotes provable equivalence in HAPRA(ℒfix) under the assumption 𝜓, i.e.

𝜙 ⇔𝜓 𝜃 means HAPRA(ℒfix) ⊢ 𝜙 → (𝜙 ↔ 𝜃) (where we drop 𝜓 if it is ⊤).

• ⊥: We have 𝒢(⊥[𝑎, 𝑥]) = ⊥ = ℱ+(⊥)[𝑎, 𝑥] and similarly for the statement
about ℱ−.

• 𝜎1 == 𝜎2: We have

𝒢((𝜎1 == 𝜎2)[𝑎, 𝑥]) = (𝜎1[𝑎, 𝑥] == 𝜎2[𝑎, 𝑥]) = ℱ+((𝜎1 == 𝜎2))[𝑎, 𝑥]

and similarly for the statement about ℱ−.
• 𝛲2(v0, 𝜎): We have

𝒢(IΘ(𝑎, 𝜎[𝑎, 𝑥])) = Iℱ+(Θ)(⟨𝑎, 𝜎[𝑎, 𝑥]⟩)
= ℱ+(𝛲2(v0, 𝜎))[𝑎, 𝑥][𝜆v0.Θ𝑎

1 , 𝜆v0.Θ𝑎
2 ]

and

𝒢(IΘ(𝜌[𝑎, 𝑥], 𝜎[𝜌[𝑎, 𝑥], 𝑥]))
⇔

𝜌[𝑎,𝑥]≺𝑎
𝜌[𝑎, 𝑥] ≺ 𝑎 ∧ Iℱ+(Θ)(⟨𝜌[𝑎, 𝑥], 𝜎[𝜌[𝑎, 𝑥], 𝑥]⟩)

⇔
𝜌[𝑎,𝑥]≺𝑎

ℱ−(𝛲2(𝜌, 𝜎[𝜌]))[𝑎, 𝑥][𝜆v0.Θ𝑎
1 , 𝜆v0.Θ𝑎

2 ]
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respectively, since

𝒢(IΘ(𝜌[𝑎, 𝑥], 𝜎[𝜌[𝑎, 𝑥], 𝑥])) = Iℱ+(Θ)(⟨𝜌[𝑎, 𝑥], 𝜎[𝜌[𝑎, 𝑥], 𝑥]⟩).

• 𝜏 ≺ v0 ∧ 𝛲2(𝜏, 𝜎) where 𝜏 ≠ v0: Then

𝒢((𝜏 ≺ v0 ∧ 𝛲(𝜏, 𝜎))[𝑎, 𝑥][IΘ])
= 𝜏[𝑎, 𝑥] ≺ 𝑎 ∧ Iℱ+(Θ)(⟨𝜏[𝑎, 𝑥], 𝜎[𝑎, 𝑥]⟩)
⇔ ⟨𝜏[𝑎, 𝑥], 𝜎[𝑎, 𝑥]⟩ == ⟨pl(⟨𝜏[𝑎, 𝑥], 𝜎[𝑎, 𝑥]⟩), pr(⟨𝜏[𝑎, 𝑥], 𝜎[𝑎, 𝑥]⟩)⟩

∧ pl(⟨𝜏[𝑎, 𝑥], 𝜎[𝑎, 𝑥]⟩) ≺ 𝑎 ∧ Iℱ+(Θ)(⟨𝜏[𝑎, 𝑥], 𝜎[𝑎, 𝑥]⟩)
⇔ ℱ+(𝜏 ≺ v0 ∧ 𝛲2(𝜏, 𝜎))[𝑎, 𝑥][𝜆v0.Θ𝑎

1 , 𝜆v0.Θ𝑎
2 ]

as well as

𝒢((𝜏 ≺ v0 ∧ 𝛲(𝜏, 𝜎))[𝜌][𝑎, 𝑥][IΘ])
= 𝜏[𝜌[𝑎, 𝑥], 𝑥] ≺ 𝜌[𝑎, 𝑥] ∧ Iℱ+(Θ)(⟨𝜏[𝜌[𝑎, 𝑥], 𝑥], 𝜎[𝜌[𝑎, 𝑥], 𝑥]⟩)

whence

𝒢((𝜏 ≺ v0 ∧ 𝛲(𝜏, 𝜎))[𝜌][𝑎, 𝑥][IΘ])
⇔

𝜌[𝑎,𝑥]≺𝑎
𝜏[𝜌[𝑎, 𝑥], 𝑥] ≺ 𝜌[𝑎, 𝑥] ∧ 𝜏[𝜌[𝑎, 𝑥], 𝑥] ≺ 𝑎

∧ Iℱ+(Θ)(⟨𝜏[𝜌[𝑎, 𝑥], 𝑥], 𝜎[𝜌[𝑎, 𝑥], 𝑥]⟩)
⇔

𝜌[𝑎,𝑥]≺𝑎
⟨𝜏[𝜌[𝑎, 𝑥], 𝑥], 𝜎[𝜌[𝑎, 𝑥], 𝑥]⟩

== ⟨pl(⟨𝜏[𝜌[𝑎, 𝑥], 𝑥], 𝜎[𝜌[𝑎, 𝑥], 𝑥]⟩),
pr(⟨𝜏[𝜌[𝑎, 𝑥], 𝑥], 𝜎[𝜌[𝑎, 𝑥], 𝑥]⟩)⟩

∧ pl(⟨𝜏[𝜌[𝑎, 𝑥], 𝑥], 𝜎[𝜌[𝑎, 𝑥], 𝑥]⟩) ≺ 𝑎
∧ Iℱ+(Θ)(⟨𝜏[𝜌[𝑎, 𝑥], 𝑥], 𝜎[𝜌[𝑎, 𝑥], 𝑥]⟩)
∧ 𝜏[𝜌[𝑎, 𝑥], 𝑥] ≺ 𝜌[𝑎, 𝑥]

⇔
𝜌[𝑎,𝑥]≺𝑎

(𝜏[𝜌[𝑎, 𝑥], 𝑥] ≺ 𝜌[𝑎, 𝑥]

∧ 𝑄(⟨𝜏[𝜌[𝑎, 𝑥], 𝑥], 𝜎[𝜌[𝑎, 𝑥], 𝑥]⟩))[𝑄/𝜆v0.Θ𝑎
2 ]

= ℱ−((𝜏 ≺ v0 ∧ 𝛲2(𝜏, 𝜎))[𝜌])[𝑎, 𝑥][𝜆v0.Θ𝑎
1 , 𝜆v0.Θ𝑎

2 ]

• Ψ∧∨Ξ: We have

𝒢((Ψ∧∨Ξ)[𝑎, 𝑥][IΘ])
= 𝒢(Ψ[𝑎, 𝑥][IΘ]) ∧∨𝒢(Ξ[𝑎, 𝑥][IΘ])
⇔ ℱ+(Ψ)[𝑎, 𝑥][𝜆v0.Θ𝑎

1 , 𝜆v0.Θ𝑎
2 ] ∧∨ℱ+(Ξ)[𝑎, 𝑥][𝜆v0.Θ𝑎

1 , 𝜆v0.Θ𝑎
2 ]
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= ℱ+(Ψ∧∨Ξ)[𝑎, 𝑥][𝜆v0.Θ𝑎
1 , 𝜆v0.Θ𝑎

2 ]
by induction hypothesis. Moreover

𝒢((Ψ∧∨Ξ)[𝜌][𝑎, 𝑥][IΘ]) = 𝒢(Ψ[𝜌][𝑎, 𝑥][IΘ]) ∧∨𝒢(Ξ[𝜌][𝑎, 𝑥][IΘ])
whence

𝒢((Ψ∧∨Ξ)[𝜌][𝑎, 𝑥][IΘ])
⇔

𝜌[𝑎,𝑥]≺𝑎
ℱ−(Ψ[𝜌])[𝑎, 𝑥][𝜆v0.Θ𝑎

1 , 𝜆v0.Θ𝑎
2 ]

∧∨ℱ−(Ξ[𝜌])[𝑎, 𝑥][𝜆v0.Θ𝑎
1 , 𝜆v0.Θ𝑎

2 ]
= ℱ−((Ψ∧∨Ξ)[𝜌])[𝑎, 𝑥][𝜆v0.Θ𝑎

1 , 𝜆v0.Θ𝑎
2 ]

for the corresponding reason.
• ∃∀𝑣Ψ: We consider two cases as to whether 𝑣 = v1 or not (by construction
𝑣 ≠ v0). First suppose 𝑣 ≠ v1. Recall we assume 𝜌 has no variables bound
in ∃∀𝑣Ψ. Then

𝒢((∃∀𝑣Ψ)[𝑎, 𝑥][IΘ]) = ∃∀𝑣𝒢(Ψ[𝑎, 𝑥][IΘ])
⇔ ∃∀𝑣(ℱ+(Ψ)[𝑎, 𝑥][𝜆v0.Θ𝑎

1 , 𝜆v0.Θ𝑎
2 ])

= ℱ+(∃∀𝑣Ψ)[𝑎, 𝑥][𝜆v0.Θ𝑎
1 , 𝜆v0.Θ𝑎

2 ]
and

𝒢((∃∀𝑣Ψ)[𝜌][𝑎, 𝑥][IΘ]) = ∃∀𝑣𝒢(Ψ[𝜌][𝑎, 𝑥][IΘ])
whence

𝒢((∃∀𝑣Ψ)[𝜌][𝑎, 𝑥][IΘ])
⇔

𝜌[𝑎,𝑥]≺𝑎
∃∀𝑣(ℱ−(Ψ[𝜌])[𝑎, 𝑥][𝜆v0.Θ𝑎

1 , 𝜆v0.Θ𝑎
2 ])

= ℱ−((∃∀𝑣Ψ)[𝜌])[𝑎, 𝑥][𝜆v0.Θ𝑎
1 , 𝜆v0.Θ𝑎

2 ]
by induction hypothesis. Thus consider the case when 𝑣 = v1. In particu-
lar this means that v1 is not free in 𝜌, wherefore 𝜌[𝑎, 𝑥] = 𝜌[𝑎] = 𝜌[𝑎, 𝑣].
Hence HAPRA(ℒfix) ⊢ 𝜌[𝑎, 𝑥] ≺ 𝑎 ↔ 𝜌[𝑎, 𝑣] ≺ 𝑎. Now

𝒢((∃∀𝑣Ψ)[𝑎, 𝑥][IΘ]) = ∃∀𝑣𝒢(Ψ[𝑎, 𝑣][IΘ])
⇔ ∃∀𝑣(ℱ+(Ψ)[𝑎, 𝑣][𝜆v0.Θ𝑎

1 , 𝜆v0.Θ𝑎
2 ])

= ℱ+(∃∀𝑣Ψ)[𝑎, 𝑥][𝜆v0.Θ𝑎
1 , 𝜆v0.Θ𝑎

2 ]
and

𝒢((∃∀𝑣Ψ)[𝜌][𝑎, 𝑥][IΘ]) = ∃∀𝑣𝒢(Ψ[𝜌][𝑎, 𝑣][IΘ])
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whence

𝒢((∃∀𝑣Ψ)[𝜌][𝑎, 𝑥][IΘ])
⇔

𝜌[𝑎,𝑥]≺𝑎
∃∀𝑣(ℱ−(Ψ[𝜌])[𝑎, 𝑣][𝜆v0.Θ𝑎

1 , 𝜆v0.Θ𝑎
2 ])

= ℱ−((∃∀𝑣Ψ)[𝜌])[𝑎, 𝑥][𝜆v0.Θ𝑎
1 , 𝜆v0.Θ𝑎

2 ]
by induction hypothesis.

• 𝜏 ≺ v0 ∧ (Ψ[𝜏] → Ξ), where 𝜏 is not v0 and contain no bound variables
of Ψ: In this case

𝒢((𝜏 ≺ v0 ∧ (Ψ[𝜏] → Ξ))[𝑎, 𝑥][IΘ])
= 𝜏[𝑎, 𝑥] ≺ 𝑎 ∧ (𝒢(Ψ[𝜏][𝑎, 𝑥][IΘ]) → 𝒢(Ξ[𝑎, 𝑥][IΘ]))
⇔ 𝜏[𝑎, 𝑥] ≺ 𝑎 ∧ (ℱ−(Ψ[𝜏])[𝑎, 𝑥][𝜆v0.Θ𝑎

1 , 𝜆v0.Θ𝑎
2 ]

→ ℱ+(Ξ)[𝑎, 𝑥][𝜆v0.Θ𝑎
1 , 𝜆v0.Θ𝑎

2 ])
= ℱ+(𝜏 ≺ v0 ∧ (Ψ[𝜏] → Ξ))[𝑎, 𝑥][𝜆v0.Θ𝑎

1 , 𝜆v0.Θ𝑎
2 ]

and

𝒢((𝜏 ≺ v0 ∧ (Ψ[𝜏] → Ξ))[𝜌][𝑎, 𝑥][IΘ])
= 𝜏[𝜌[𝑎, 𝑥], 𝑥] ≺ 𝜌[𝑎, 𝑥] ∧ (𝒢(Ψ[𝜏[𝜌]][𝑎, 𝑥][IΘ]) → 𝒢(Ξ[𝜌][𝑎, 𝑥][IΘ]))

whence

𝒢((𝜏 ≺ v0 ∧ (Ψ[𝜏] → Ξ))[𝜌][𝑎, 𝑥][IΘ])
⇔

𝜌[𝑎,𝑥]≺𝑎
𝜏[𝜌[𝑎, 𝑥], 𝑥] ≺ 𝜌[𝑎, 𝑥]

∧ (ℱ−(Ψ[𝜏[𝜌]])[𝑎, 𝑥][𝜆v0.Θ𝑎
1 , 𝜆v0.Θ𝑎

2 ]
→ ℱ−(Ξ[𝜌])[𝑎, 𝑥][𝜆v0.Θ𝑎

1 , 𝜆v0.Θ𝑎
2 ])

= ℱ−((𝜏 ≺ v0 ∧ (Ψ[𝜏] → Ξ))[𝜌])[𝑎, 𝑥][𝜆v0.Θ𝑎
1 , 𝜆v0.Θ𝑎

2 ]
by induction hypotheses.

This concludes the induction. Now (5.1) gives

𝒢(Ax𝛼Φ) = ∀𝑎 ≺ ⌈𝛼⌉∀𝑥(𝒢(IΦ(𝑎, 𝑥) ↔ Φ[𝑎, 𝑥][IΦ]))
⇔ ∀𝑎 ≺ ⌈𝛼⌉∀𝑥(Iℱ+(Φ)(⟨𝑎, 𝑥⟩) ↔ ℱ+(Φ)[𝑎, 𝑥][𝜆v0.Θ𝑎

1 , 𝜆v0.Θ𝑎
2 ])

which is an axiom of ÎD𝛼, sinceℱ+ clearly does not alter bound variables, whence
𝑎 and 𝑥 are not bound in ℱ+(Φ) which has no nested bindings, given that the
corresponding is assumed of Φ.

The converse direction relies on De Morgans laws and double negation elim-
ination, whence the below proof will not go through intuitionistically.
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Lemma 5.1.6. ÎD𝛼 is syntactically embedable in ÎDC
𝛼 .

Proof. Let ℱ ∶ POS𝑅(ℒPRA(𝑄))⟶ GPos𝛲2 by

ℱ(¬⊥) = (v0 == v0) ∧ (v1 == v1)
ℱ(⊥) = ⊥ ∧ (v0 == v0) ∧ (v1 == v1)

ℱ(¬(𝜎1 == 𝜎2)) = (𝜎1 ⋈ 𝜎2) ∧ (v0 == v0) ∧ (v1 == v1)
ℱ(𝜎1 == 𝜎2) = (𝜎1 == 𝜎2) ∧ (v0 == v0) ∧ (v1 == v1)
ℱ(𝑅(𝜎)) = 𝛲2(v0, 𝜎) ∧ (v1 == v1)

ℱ(¬𝑄(𝜎)) = (v0 ⪯ pl(𝜎) ∨ (pl(𝜎) ≺ v0 ∧ ¬𝛲2(pl(𝜎), pr(𝜎)))) ∧ (v1 == v1)
ℱ(𝑄(𝜎)) = (pl(𝜎) ≺ v0 ∧ 𝛲2(pl(𝜎), pr(𝜎))) ∧ (v1 == v1)

ℱ(¬(𝜙 ∧ 𝜃)) = (ℱ(¬𝜙) ∨ ℱ(¬𝜃))
ℱ(¬(𝜙 ∨ 𝜃)) = (ℱ(¬𝜙) ∧ ℱ(¬𝜃))
ℱ(¬∀𝑥𝜙) = (∃𝑥ℱ(¬𝜙))
ℱ(¬∃𝑥𝜙) = (∀𝑥ℱ(¬𝜙))

ℱ(¬(𝜙 → 𝜃)) = (ℱ(𝜙) ∧ ℱ(¬𝜃))
ℱ(𝜙 → 𝜓) = (ℱ(¬𝜙) ∨ ℱ(𝜓)) for 𝜓 ≠ ⊥,

and compositional in the other cases. Note that the construction ensures that
if Θ ∈ POS≤2𝑅 (ℒPRA(𝑄)) then ℱ(Θ) ∈ GPos2𝛲2. We will use the shorthands Θ𝑎

1
and Θ𝑎

2 for IΘ(⟨𝑎, v0⟩) and v0 == ⟨pl(v0), pr(v0)⟩ ∧ pl(v0) ≺ 𝑎 ∧ IΘ(v0), respectively,
for such Θ. Let 𝒢 ∶ ℒfix ⟶ ℒID

PRA be the compositional embedding given by
𝒢(IΘ(𝜏)) = Iℱ(Θ)(pl(𝜏), pr(𝜏)). Then

PA(ℒID
PRA) ⊢ 𝒢(Φ[𝑎, 𝑥][𝜆v0.Θ𝑎

1 , 𝜆v0.Θ𝑎
2 ]) ↔ ℱ(Φ)[𝑎, 𝑥][Iℱ(Θ)] (5.3)

for all Φ ∈ POS𝑅(ℒPRA(𝑄)) and Θ ∈ POS≤2𝑅 (ℒPRA(𝑄)), which will be shown
by induction on Φ. Below ⇔ is provable equivalence in PAPRA(ℒID

PRA).
• ⊥: We have

𝒢(⊥) = ⊥ ⇔ ⊥ ∧ (𝑎 == 𝑎) ∧ (𝑥 == 𝑥) = ℱ(⊥)[𝑎, 𝑥].

• 𝜎1 == 𝜎2: We have

𝒢((𝜎1 == 𝜎2)[𝑎, 𝑥]) = (𝜎1[𝑎, 𝑥] == 𝜎2[𝑎, 𝑥])
⇔ ℱ((𝜎1 == 𝜎2)[𝑎, 𝑥]).

• 𝑅(𝜎): We have

𝒢(IΘ(⟨𝑎, 𝜎[𝑎, 𝑥]⟩)) = Iℱ(Θ)(pl(⟨𝑎, 𝜎[𝑎, 𝑥]⟩), pr(⟨𝑎, 𝜎[𝑎, 𝑥]⟩))
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⇔ Iℱ(Θ)(𝑎, 𝜎[𝑎, 𝑥])
⇔ ℱ(𝑅(𝜎))[𝑎, 𝑥][Iℱ(Θ)].

• 𝑄(𝜎): We have

𝒢(𝜎[𝑎, 𝑥] == ⟨pl(𝜎[𝑎, 𝑥]), pr(𝜎[𝑎, 𝑥])⟩ ∧ pl(𝜎[𝑎, 𝑥]) ≺ 𝑎 ∧ IΘ(𝜎[𝑎, 𝑥]))
= (𝜎[𝑎, 𝑥] == ⟨pl(𝜎[𝑎, 𝑥]), pr(𝜎[𝑎, 𝑥])⟩ ∧ pl(𝜎[𝑎, 𝑥]) ≺ 𝑎
∧ Iℱ(Θ)(pl(𝜎[𝑎, 𝑥]), pr(𝜎[𝑎, 𝑥])))

⇔ (pl(𝜎[𝑎, 𝑥]) ≺ 𝑎 ∧ Iℱ(Θ)(pl(𝜎[𝑎, 𝑥]), pr(𝜎[𝑎, 𝑥]))) ∧ (𝑥 == 𝑥)
= ℱ(𝑄(𝜎))[𝑎, 𝑥][Iℱ(Θ)].

• Ψ∧∨Ξ: We have

𝒢((Ψ∧∨Ξ)[𝑎, 𝑥][𝜆v0.Θ𝑎
1 , 𝜆v0.Θ𝑎

2 ])
= 𝒢(Ψ[𝑎, 𝑥][𝜆v0.Θ𝑎

1 , 𝜆v0.Θ𝑎
2 ]) ∧∨𝒢(Ξ[𝑎, 𝑥][𝜆v0.Θ𝑎

1 , 𝜆v0.Θ𝑎
2 ])

⇔ ℱ(Ψ)[𝑎, 𝑥][Iℱ(Θ)] ∧∨ℱ(Ξ)[𝑎, 𝑥][Iℱ(Θ)]
= ℱ(Ψ∧∨Ξ)[𝑎, 𝑥][Iℱ(Θ)]

by induction hypothesis.
• ∃∀𝑣Ψ: We have

𝒢((∃∀𝑣Ψ)[𝑎, 𝑥][𝜆v0.Θ𝑎
1 , 𝜆v0.Θ𝑎

2 ]) = ∃∀𝑣𝒢(Ψ[𝑎, 𝑥][𝜆v0.Θ𝑎
1 , 𝜆v0.Θ𝑎

2 ])
⇔ ∃∀𝑣(ℱ(Ψ)[𝑎, 𝑥][Iℱ(Θ)])
= ℱ(∃∀𝑣Ψ)[𝑎, 𝑥][Iℱ(Θ)]

by induction hypothesis, if 𝑣 is not v0 or v1. If 𝑣 = v0 then

𝒢((∃∀𝑣Ψ)[𝑎, 𝑥][𝜆v0.Θ𝑎
1 , 𝜆v0.Θ𝑎

2 ]) = ∃∀𝑣𝒢(Ψ[𝑣, 𝑥][𝜆v0.Θ𝑎
1 , 𝜆v0.Θ𝑎

2 ])
⇔ ∃∀𝑣(ℱ(Ψ)[𝑣, 𝑥][Iℱ(Θ)])
= ℱ(∃∀𝑣Ψ)[𝑎, 𝑥][Iℱ(Θ)]

by induction hypothesis. If 𝑣 = v1 then

𝒢((∃∀𝑣Ψ)[𝑎, 𝑥][𝜆v0.Θ𝑎
1 , 𝜆v0.Θ𝑎

2 ]) = ∃∀𝑣𝒢(Ψ[𝑎, 𝑣][𝜆v0.Θ𝑎
1 , 𝜆v0.Θ𝑎

2 ])
⇔ ∃∀𝑣(ℱ(Ψ)[𝑎, 𝑣][Iℱ(Θ)])
= ℱ(∃∀𝑣Ψ)[𝑎, 𝑥][Iℱ(Θ)]

by induction hypothesis. NB: all these hold even if 𝑣 is 𝑎 or 𝑥.
• Ξ → Ψ where Ξ ∈ ℒ(𝑄): We consider the following cases
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– Ψ ≠ ⊥:

𝒢((Ξ → Ψ)[𝑎, 𝑥][𝜆v0.Θ𝑎
1 , 𝜆v0.Θ𝑎

2 ])
= 𝒢(Ξ[𝑎, 𝑥][𝜆v0.Θ𝑎

1 , 𝜆v0.Θ𝑎
2 ]) → 𝒢(Ψ[𝑎, 𝑥][𝜆v0.Θ𝑎

1 , 𝜆v0.Θ𝑎
2 ])

⇔ ¬𝒢(Ξ[𝑎, 𝑥][𝜆v0.Θ𝑎
1 , 𝜆v0.Θ𝑎

2 ]) ∨ 𝒢(Ψ[𝑎, 𝑥][𝜆v0.Θ𝑎
1 , 𝜆v0.Θ𝑎

2 ])
= 𝒢((¬Ξ)[𝑎, 𝑥][𝜆v0.Θ𝑎

1 , 𝜆v0.Θ𝑎
2 ]) ∨ 𝒢(Ψ[𝑎, 𝑥][𝜆v0.Θ𝑎

1 , 𝜆v0.Θ𝑎
2 ])

⇔ ℱ(¬Ξ)[𝑎, 𝑥][Iℱ(Θ)] ∨ ℱ(Ψ)[𝑎, 𝑥][Iℱ(Θ)]
= ℱ(Ξ → Ψ)[𝑎, 𝑥][Iℱ(Θ)]

by induction hypotheses.
– ¬⊥: We have

𝒢((¬⊥)[𝑎, 𝑥]) = ¬⊥ ⇔ (𝑎 == 𝑎) ∧ (𝑥 == 𝑥) = ℱ(¬⊥)[𝑎, 𝑥].

– ¬(𝜎1 == 𝜎2): We have

𝒢((¬(𝜎1 == 𝜎2))[𝑎, 𝑥]) = ¬(𝜎1[𝑎, 𝑥] == 𝜎2[𝑎, 𝑥])
⇔ (𝜎1[𝑎, 𝑥] ⋈ 𝜎2[𝑎, 𝑥]) ∧ (𝑎 == 𝑎) ∧ (𝑥 == 𝑥)
= ℱ(¬(𝜎1 == 𝜎2))[𝑎, 𝑥].

– ¬𝑄(𝜎): We have

𝒢(¬(𝜎[𝑎, 𝑥] == ⟨pl(𝜎[𝑎, 𝑥]), pr(𝜎[𝑎, 𝑥])⟩
∧ pl(𝜎[𝑎, 𝑥]) ≺ 𝑎 ∧ IΘ(𝜎[𝑎, 𝑥])))

= ¬(𝜎[𝑎, 𝑥] == ⟨pl(𝜎[𝑎, 𝑥]), pr(𝜎[𝑎, 𝑥])⟩ ∧ pl(𝜎[𝑎, 𝑥]) ≺ 𝑎
∧ Iℱ(Θ)(pl(𝜎[𝑎, 𝑥]), pr(𝜎[𝑎, 𝑥])))

⇔ (𝑎 ⪯ pl(𝜎[𝑎, 𝑥]) ∨ (pl(𝜎[𝑎, 𝑥]) ≺ 𝑎
∧ ¬ Iℱ(Θ)(pl(𝜎[𝑎, 𝑥]), pr(𝜎[𝑎, 𝑥])))) ∧ (𝑥 == 𝑥)

= ℱ(¬𝑄(𝜎))[𝑎, 𝑥][Iℱ(Θ)].

– ¬(Ψ∧∨Ξ): We have

𝒢(¬(Ψ∧∨Ξ)[𝑎, 𝑥][𝜆v0.Θ𝑎
1 , 𝜆v0.Θ𝑎

2 ])
= ¬(𝒢(Ψ[𝑎, 𝑥][𝜆v0.Θ𝑎

1 , 𝜆v0.Θ𝑎
2 ]) ∧∨𝒢(Ξ[𝑎, 𝑥][𝜆v0.Θ𝑎

1 , 𝜆v0.Θ𝑎
2 ]))

⇔ ¬𝒢(Ψ[𝑎, 𝑥][𝜆v0.Θ𝑎
1 , 𝜆v0.Θ𝑎

2 ]) ∧∨¬𝒢(Ξ[𝑎, 𝑥][𝜆v0.Θ𝑎
1 , 𝜆v0.Θ𝑎

2 ])
= 𝒢(¬Ψ[𝑎, 𝑥][𝜆v0.Θ𝑎

1 , 𝜆v0.Θ𝑎
2 ]) ∧∨𝒢(¬Ξ[𝑎, 𝑥][𝜆v0.Θ𝑎

1 , 𝜆v0.Θ𝑎
2 ])

↔ ℱ(¬Ψ)[𝑎, 𝑥][Iℱ(Θ)] ∧∨ℱ(¬Ξ)[𝑎, 𝑥][Iℱ(Θ)]
= ℱ(¬(Ψ∧∨Ξ))[𝑎, 𝑥][Iℱ(Θ)]
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by induction hypotheses for ¬Ψ and ¬Ξ (where ∧∨ is the dual con-
nective to ∧∨).

– ¬∃∀𝑣Ψ: We have

𝒢((¬∃∀𝑣Ψ)[𝑎, 𝑥][𝜆v0.Θ𝑎
1 , 𝜆v0.Θ𝑎

2 ])
= ¬∃∀𝑣𝒢(Ψ[𝑎, 𝑥][𝜆v0.Θ𝑎

1 , 𝜆v0.Θ𝑎
2 ])

⇔ ∃∀𝑣¬𝒢(Ψ[𝑎, 𝑥][𝜆v0.Θ𝑎
1 , 𝜆v0.Θ𝑎

2 ])
= ∃∀𝑣𝒢(¬Ψ[𝑎, 𝑥][𝜆v0.Θ𝑎

1 , 𝜆v0.Θ𝑎
2 ])

⇔ ∃∀𝑣(ℱ(¬Ψ)[𝑎, 𝑥][Iℱ(Θ)])
= ℱ(¬∃∀𝑣Ψ)[𝑎, 𝑥][Iℱ(Θ)]

by induction hypothesis for ¬Ψ (where ∃∀ is the dual quantifier to
∃∀), if 𝑣 is not v0 or v1. If 𝑣 = v0 then

𝒢((¬∃∀𝑣Ψ)[𝑎, 𝑥][𝜆v0.Θ𝑎
1 , 𝜆v0.Θ𝑎

2 ])
⇔ ∃∀𝑣𝒢(¬Ψ[𝑣, 𝑥][𝜆v0.Θ𝑎

1 , 𝜆v0.Θ𝑎
2 ])

⇔ ∃∀𝑣(ℱ(¬Ψ)[𝑣, 𝑥][Iℱ(Θ)])
= ℱ(¬∃∀𝑣Ψ)[𝑎, 𝑥][Iℱ(Θ)]

by induction hypothesis for ¬Ψ. If 𝑣 = v1 then

𝒢((¬∃∀𝑣Ψ)[𝑎, 𝑥][𝜆v0.Θ𝑎
1 , 𝜆v0.Θ𝑎

2 ])
⇔ ∃∀𝑣𝒢(¬Ψ[𝑎, 𝑣][𝜆v0.Θ𝑎

1 , 𝜆v0.Θ𝑎
2 ])

⇔ ∃∀𝑣(ℱ(¬Ψ)[𝑎, 𝑣][Iℱ(Θ)])
= ℱ(¬∃∀𝑣Ψ)[𝑎, 𝑥][Iℱ(Θ)]

by induction hypothesis for ¬Ψ. NB: all these hold even if 𝑣 is 𝑎 or
𝑥.

– ¬(Ξ → Ψ):
𝒢(¬(Ξ → Ψ)[𝑎, 𝑥][𝜆v0.Θ𝑎

1 , 𝜆v0.Θ𝑎
2 ])

= ¬(𝒢[𝑎, 𝑥][𝜆v0.Θ𝑎
1 , 𝜆v0.Θ𝑎

2 ]) → 𝒢(Ψ[𝑎, 𝑥][𝜆v0.Θ𝑎
1 , 𝜆v0.Θ𝑎

2 ]))
⇔ 𝒢(Ξ[𝑎, 𝑥][𝜆v0.Θ𝑎

1 , 𝜆v0.Θ𝑎
2 ]) ∧ ¬𝒢(Ψ[𝑎, 𝑥][𝜆v0.Θ𝑎

1 , 𝜆v0.Θ𝑎
2 ])

= 𝒢(Ξ[𝑎, 𝑥][𝜆v0.Θ𝑎
1 , 𝜆v0.Θ𝑎

2 ]) ∧ 𝒢(¬Ψ[𝑎, 𝑥][𝜆v0.Θ𝑎
1 , 𝜆v0.Θ𝑎

2 ])
⇔ ℱ(Ξ)[𝑎, 𝑥][Iℱ(Θ)] ∧ ℱ(¬Ψ)[𝑎, 𝑥][Iℱ(Θ)]
= ℱ(¬(Ξ → Ψ))[𝑎, 𝑥][Iℱ(Θ)]

by induction hypotheses for Ξ and ¬Ψ.
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This concludes the induction. Now (5.3) gives

𝒢(AXΦ)
= ∀𝑎 ≺ ⌈𝛼⌉∀𝑥(𝒢(IΦ(⟨𝑎, 𝑥⟩)) ↔ 𝒢(Φ[𝑎, 𝑥][𝜆v0.Φ𝑎

1 , 𝜆v0.Φ𝑎
2 ]))

⇔ ∀𝑎 ≺ ⌈𝛼⌉∀𝑥(Iℱ(Φ)(pl(⟨𝑎, 𝑥⟩), pr(⟨𝑎, 𝑥⟩)) ↔ ℱ(Φ)[𝑎, 𝑥][Iℱ(Φ)])
⇔ ∀𝑎 ≺ ⌈𝛼⌉∀𝑥(Iℱ(Φ)(𝑎, 𝑥) ↔ ℱ(Φ)[𝑎, 𝑥][Iℱ(Φ)])

which is an axiom of ÎDC
𝛼 , since as in the previous proof ℱ(Φ) has no

nested bindings and does not bind 𝑎 or 𝑥.

This shows that ÎDI
𝛼 is a reasonable intuitionistic generalisation of ÎD𝛼, and

also that ÎDI
𝛼 is consistent.

The final result of this section will be that ÎDI
𝜔 (and beyond) is also not com-

pletely unreasonable as a transfinite generalisation of ÎDi
𝑛.

Proposition 5.1.7. Every finite fragment of ÎDi
<𝜔 is syntactically embedable in ÎDI

𝜔.

Proof sketch. Let hn ∶ ℒID<𝜔
PRA ⟶ ℕ be the hereditary negative nesting depth of

ℒID<𝜔-formula-variants, defined in the following way:

hn(⊥) = hn(𝜎1 == 𝜎2) = 0
hn(IΦ) = hn(Φ) + 1

hn(𝜙 → 𝜃) = max(hn(𝜙) + 1, hn(𝜃))
hn(𝜙 ∧∨ 𝜃) = max(hn(𝜙), hn(𝜃))
hn(∃∀𝑥𝜙) = hn(𝜙)

Then define ℱ ∶ ℒID<𝜔
PRA ⟶ℒID

PRA.

ℱ(𝐶) = 𝐶
ℱ(v𝑖) = v𝑖+2

ℱ(𝐹(𝜏⃗)) = 𝐹( ⃑⃗ℱ(𝜏))
ℱ(⊥) = ⊥

ℱ(𝜎1 == 𝜎2) = (ℱ(𝜎1) == ℱ(𝜎2))
ℱ(𝛲(𝜎⃗)) = 𝛲3(v0, v1, ⟨⃑⃗ℱ(𝜎)⟩)
ℱ(IΘ(𝜎⃗)) = ⌈hn(Θ)⌉ ≺ v0 ∧ 𝛲3(⌈hn(Θ)⌉, ⌜Θ⌝, ⟨⃑⃗ℱ(𝜎)⟩)
ℱ(𝜙 → 𝜃) = ⌈hn(𝜙)⌉ ≺ v0 ∧ (ℱ(𝜙)[⌈hn(𝜙)⌉] → ℱ(𝜃))
ℱ(𝜙 ∧∨ 𝜃) = ℱ(𝜙) ∧∨ℱ(𝜃)
ℱ(∃∀v𝑖𝜙) = ∃∀v𝑖+2ℱ(𝜙)
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Let 𝑆 be the (finite) set of strictly positive operator forms (in any ℒID𝑛) occurring
in the finite fragment in question. Let Φ be the following guardedly positive
operator form

⋁
Ψ∈𝑆

v0 == ⌈hn(Ψ)⌉ ∧ v1 == ⌜Ψ⌝ ∧ ℱ(Ψ)

Let𝒢 ∶ ℒID
PRA ↾ 𝑆⟶ ℒID

PRA be the compositional interpretation s.t.𝒢(𝜏) = ℱ(𝜏)
and 𝒢(IΨ(𝜎⃗)) = IΦ(⌈hn(Ψ)⌉, ⌜Ψ⌝, ⟨ ⃑⃗𝒢(𝜎)⟩) for Ψ ∈ 𝑆. The claim now follows
from

ÎDI
𝜔 ⊢ 𝒢(𝜑(𝜏)(IΘ)) ↔ ℱ(𝜑)(⌈hn(Θ)⌉, ⌜Θ⌝, ⃑⃗ℱ(𝜏))

shown by induction on 𝜑.

5.2 Biconditionals for guardedly truth-positive formulae
Our next theory in the circle will be the universal Tarski-biconditionals for
guardedly positive formulae, GPUTBI

𝛼. As in the previous section we will com-
pare these theories with the more literal variants PUTBi

𝛼 and show that classically
these two are essentially the same theories. We then apply Aczel’s trick to show
that GPUTBI

𝛼 embeds ÎDI
𝛼. Let 𝑅 and 𝑄 be predicates, 𝑅 unary and 𝑄 binary.

Recall that sub𝑘 is the formal function symbol for simultaneous substitution of
𝑘 variables for 𝑘 terms. subR𝑘 are the symbols for simultaneous substitution of 𝑘
relation symbols for formula-variants. As an argument to the latter, 𝜆𝜆𝜆 is used to
mark (codes for) the variables in the substitutes which are to be replaced by the
(codes for the) argument if the substituted predicates (i.e. it has the same role as
𝜆 has at the meta-level).

Definition 5.2.1. The axioms of GPUTBI
𝛼 are those of TI𝛼(ℒPRA(T)) plus the

schema

∀𝑏 ⪯ 𝑎 ≺ ⌈𝛼⌉∀𝑥⃗𝑘(T(𝑎, sub𝑘+1(⌜𝜑⌝, ⃑⃗⌜v⌝≤𝑘, num(𝑏), ⃑⃗num(𝑥))) ↔ 𝜑(𝑏, 𝑥⃗))

for all GPos𝑘+1T -formulae 𝜑, for all 𝑘.

This could be compared to the more cumbersome ‘literally remove excluded
middle from the classical axiomatisation’ definition of PUTBi

𝛼:

∀𝑏 ⪯ 𝑎 ≺ ⌈𝛼⌉∀𝑥⃗𝑘(T(𝑎, subR2(sub𝑘+1(⌜𝜑⌝, ⃑⃗⌜v⌝≤𝑘, num(𝑏), ⃑⃗num(𝑥)
𝑘
),

𝑅, 𝑄,𝜆𝜆𝜆⌜v0⌝.T(num(𝑏), ⌜v0⌝),
𝜆𝜆𝜆⌜v0⌝, ⌜v1⌝.⌜v0⌝ ≺ num(𝑏)∧∧∧T(⌜v0⌝, ⌜v1⌝)))
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↔ 𝜑(𝜆v0.T(𝑏, v0), 𝜆v0, v1.v0 ≺ 𝑏 ∧ T(v0, v1); 𝑏, 𝑥⃗𝑘))

for all POS𝑘+1𝑅 (ℒPRA(𝑄))-formulae 𝜑, for all 𝑘.
In order to prove Theorem 5.2.3, that GPUTBI

𝛼 syntactically embeds ÎDI
𝛼,

we need the following notational convention and lemma. For each 𝑘 ∈ ℕ, let
V𝑘(𝜏⃗≤𝑘) be sub𝑘(𝜏𝑘, ⃗⌜v⌝<𝑘, ⃑⃗num(𝜏)<𝑘).

Lemma 5.2.2. For all formula-variants 𝜃 ∈ ℒPRA(𝛲𝑘) and 𝜓 ∈ GPos𝑘T

GPUTBI
𝛼 ⊢ ∀𝑎 ≺ ⌈𝛼⌉∀𝑥⃗ (

𝜃[𝑎, 𝑥⃗][𝜆v⃗<𝑘.T(v0,V𝑘(v⃗<𝑘, ⌜𝜓⌝))]
↔

𝜃[𝑎, 𝑥⃗][𝜆v⃗<𝑘.𝜓(v⃗<𝑘)]
)

Proof. Induction on 𝜃.

We can now use the same kind of argument by Aczel’s trick as before.

Theorem 5.2.3. There is a syntactical embedding of ÎDI
𝛼 in GPUTBI

𝛼.

Proof. Again we give the proof at the level of variants. Given Φ ∈ GPos𝑘+1𝛲𝑘+1 let
Φ′ be a (primitively recursively chosen) variant of Φ without v⃗≤𝑘+1 bound, and
consequently

𝜙 = Φ′[𝜆v⃗≤𝑘.T(v0,V𝑘+1(v⃗≤𝑘+1))] ∈ GPos𝑘+2T

From the Diagonal Lemma 5.1.3 we get 𝜓 ∈ GPos𝑘+1T such that

HAPRA(ℒPRA(T)) ⊢ 𝜓 ↔ 𝜙[v𝑘+1/⌜𝜓⌝].

Let ℱ be the compositional embedding with ℱ(IΦ(𝜏⃗𝑘+1)) = 𝜓[𝜏⃗𝑘+1] (and the
corresponding for other Ψ ∈ GPOSP) and identity on ℒPRA, whence

GPUTBI
𝛼 ⊢ 𝑎 ≺ ⌈𝛼⌉ →

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜

⎝

ℱ(IΦ(𝑎, 𝑥⃗))
↔ 𝜓[𝑎, 𝑥⃗]
↔ 𝜙[𝑎, 𝑥⃗, ⌜𝜓⌝]
↔ Φ′[𝑎, 𝑥⃗][𝜆v⃗≤𝑘.T(v0,V𝑘+1(v⃗≤𝑘, ⌜𝜓⌝))]
↔ Φ[𝑎, 𝑥⃗][𝜆v⃗≤𝑘.𝜓(v⃗≤𝑘)]
↔ Φ[𝑎, 𝑥⃗][𝜆v⃗≤𝑘.ℱ(IΦ(v⃗≤𝑘))]
↔ ℱ(Φ[𝑎, 𝑥⃗][𝜆v⃗≤𝑘. IΦ(v⃗≤𝑘)])

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟

⎠

by Lemma 5.2.2 since 𝜓 ∈ GPos𝑘+1T .
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5.3 A family of theories of self-applicable truth
We now introduce the final component of our circle of interpretations, the com-
positional truth-theories SG𝛼 of Self-applicable Guardedly positive truth. Un-
like Fujimoto’s axiomatisation of KF𝛼, this axiomatisation is chosen with the
aim to allow as many axioms as possible to be ‘as compositional as possible’, so
that e.g. truth always distributes over the conjunction in a sentence, regardless
of whether the conjuncts have the intended lower level in the hierarchy than
the truth predicate under evaluation or not. The greater part of the section will
contain the proof that SG𝛼 can indeed be interpreted by a fixpoint predicate.

Definition 5.3.1 (SG𝛼). The theory SG𝛼 is axiomatised by TI𝛼(ℒPRA(T)) plus
the following axioms:

SG𝛼1. ∀𝑎 ≺ ⌈𝛼⌉(T(𝑎,⊥⊥⊥) ↔ ⊥)
SG𝛼2. ∀𝑎 ≺ ⌈𝛼⌉∀𝑠, 𝑡(SentℒPRA(T)(𝑠 ====== 𝑡)

→ (T(𝑎, (𝑠 ====== 𝑡)) ↔ [𝔳𝔞𝔩(𝑠) == 𝔳𝔞𝔩(𝑡)]))
SG𝛼3. ∀𝑎 ≺ ⌈𝛼⌉∀𝑠, 𝑡(SentℒPRA(T)(T(𝑠, 𝑡)) ∧ [𝔳𝔞𝔩(𝑠) ⪯ 𝑎]

→ (T(𝑎, (T(𝑠, 𝑡))) ↔ [T(𝔳𝔞𝔩(𝑠), 𝔳𝔞𝔩(𝑡))]))
SG𝛼4. ∀𝑎 ≺ ⌈𝛼⌉∀𝑓, 𝑔(SentℒPRA(T)(𝑓∧∧∧ 𝑔)

→ (T(𝑎, (𝑓∧∧∧ 𝑔)) ↔ T(𝑎, 𝑓) ∧ T(𝑎, 𝑔)))
SG𝛼5. ∀𝑎 ≺ ⌈𝛼⌉∀𝑓, 𝑔(SentℒPRA(T)(𝑓∨∨∨ 𝑔)

→ (T(𝑎, (𝑓∨∨∨ 𝑔)) ↔ T(𝑎, 𝑓) ∨ T(𝑎, 𝑔)))
SG𝛼6. ∀𝑎 ≺ ⌈𝛼⌉∀𝑓, 𝑣(SentℒPRA(T)(∀∀∀𝑣𝑓)

→ (T(𝑎, (∀∀∀𝑣𝑓)) ↔ ∀𝑥T(𝑎, sub(𝑓, 𝑣, num(𝑥)))))
SG𝛼7. ∀𝑎 ≺ ⌈𝛼⌉∀𝑓, 𝑣(SentℒPRA(T)(∃∃∃𝑣𝑓)

→ (T(𝑎, (∃∃∃𝑣𝑓)) ↔ ∃𝑥T(𝑎, sub(𝑓, 𝑣, num(𝑥)))))
SG𝛼8. ⌈0⌉ ≺ ⌈𝛼⌉ → ∀𝑠, 𝑡, 𝑔(SentℒPRA(T)(𝑠 ====== 𝑡→→→𝑔)

→ (T(⌈0⌉, (𝑠 ====== 𝑡→→→𝑔)) ↔ ([𝔳𝔞𝔩(𝑠) == 𝔳𝔞𝔩(𝑡)] → T(⌈0⌉, 𝑔))))
SG𝛼9. ∀𝑏 ≺ 𝑎 ≺ ⌈𝛼⌉∀𝑓, 𝑔(SentℒPRA(T)(𝑓→→→𝑔) ∧ 𝔊𝔓𝔬𝔰T(𝑏, 𝑓)

→ (T(𝑎, (𝑓→→→𝑔)) ↔ (T(𝑏, 𝑓) → T(𝑎, 𝑔))))
SG𝛼10. ∀𝑏 ≺ 𝑎 ≺ ⌈𝛼⌉∀𝑓(SentℒPRA(T)(𝑓) ∧ 𝔊𝔓𝔬𝔰T(𝑏, 𝑓)

→ (T(𝑎, 𝑓) ↔ T(𝑏, 𝑓)))

The main idea of this axiomatisation is expressed by the last three axioms. Dis-
regarding these, the others characterise a truth predicate in a language without
negation which, like truth in KF, is compositional and both hierarchical and self-
applicable. On top of this, Axiom SG𝛼9 is meant to capture the idea that the
ordinal level of T is not only a hierarchical feature, but it is also a measure of how
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deeply nested implications T can handle, as well as the interplay between these
two. This is captured by the notion of guarded positivity, which is required of the
antecedent when distributing T over implication in this way; the ordinal level of
the guard bounds the level of T which can occur in the antecedent, thereby allow-
ing us to distribute T over → with a lower level in the antecedent, consequently
blocking e.g. the liar paradox. Axiom SG𝛼8 is a slightly technical generalisation
of SG𝛼9, essentially formalising part of Remark 5.1.2 that decidable antecedents
do not contribute to the notion of ‘nesting depth’ that is relevant here. Axiom
SG𝛼10 expresses that the measure by guarded positivity is exactly the one we care
about: as long as the level of T is large enough to handle a sentence, this level
itself contributes nothing.

Theorem 5.3.2. There is a syntactical embedding of SG𝛼 in ÎDI
𝛼.

Proof. We define the intermediate theory SG∗
𝛼 in ℒPRA(T) and show that

1. SG∗
𝛼 is syntactically embedable in ÎDI

𝛼, and
2. SG∗

𝛼 ⊢ SG𝛼.
SG∗

𝛼 has the same axioms as SG𝛼 except for SG𝛼9, which is replaced by
SG∗

𝛼9. ∀𝑎(⌈0⌉ ≺ 𝑎 ≺ ⌈𝛼⌉ → ∀𝑓, 𝑔(Sent(𝑓→→→𝑔)
→ (T(𝑎, (𝑓→→→𝑔)) ↔ ∀𝑏 ≺ 𝑎(𝔊𝔓𝔬𝔰T(𝑏, 𝑓)

→ (T(𝑏, 𝑓) → T(𝑎, 𝑔))))))
We first show 2, that is that SG∗

𝛼 ⊢ SG𝛼9. We thus reason in the former
and let 𝑏 ≺ 𝑎 ≺ ⌈𝛼⌉ and Sent(𝑔→→→ℎ) be such that 𝔊𝔓𝔬𝔰T(𝑏, 𝑔). Since ⌈0⌉ ≺ 𝑎,
from SG∗

𝛼9 we immediately have that T(𝑎, (𝑔→→→ℎ)) → (T(𝑏, 𝑔) → T(𝑎, ℎ)),
so assume for the converse that T(𝑏, 𝑔) → T(𝑎, ℎ). Let 𝑐 ≺ 𝑎 be such that
𝔊𝔓𝔬𝔰T(𝑐, 𝑔) and T(𝑐, 𝑔). Then T(𝑏, 𝑔) by SG𝛼10 (since 𝑐 ≺ 𝑏, 𝑐 == 𝑏 or 𝑏 ≺ 𝑐),
whence T(𝑎, ℎ) by assumption. Hence T(𝑎, (𝑔→→→ℎ)) by SG∗

𝛼9 again.
This concludes the proof of 2 and we thus turn to 1.
We define (the interpretation of ) T as the GPosT-fixpoint which is equivalent

in HAPRA(ℒPRA(T)) (see Remark 5.1.2) to the following fixpoint:

∀𝑎 ≺ ⌈𝛼⌉∀𝑓(T(𝑎, 𝑓)
↔
Sent(𝑓) ∧ ∀𝑏 ≺ 𝑎(𝔊𝔓𝔬𝔰T(𝑏, 𝑓) → 𝑏 ≺ 𝑎 ∧ T(𝑏, 𝑓))

∧
(𝑓 == ⊥⊥⊥ → ⊥)
∧



tri-interpretation • 127

∀𝑠, 𝑡(CTerm(𝑠) ∧ CTerm(𝑡) ∧ 𝑓 == (𝑠 = 𝑡)
→ [𝔳𝔞𝔩(𝑠) == 𝔳𝔞𝔩(𝑡)])

∧
∀𝑠, 𝑡(CTerm(𝑠) ∧ CTerm(𝑡) ∧ 𝑓 == (T(𝑠, 𝑡))

→ ∀𝑏, 𝑦([𝔳𝔞𝔩(𝑠) == 𝑏] ∧ [𝔳𝔞𝔩(𝑡) == 𝑦] ∧ 𝑏 ≺ 𝑎
→ 𝑏 ≺ 𝑎 ∧ T(𝑏, 𝑦)))

∧
∀𝑠, 𝑡(CTerm(𝑠) ∧ CTerm(𝑡) ∧ 𝑓 == (T(𝑠, 𝑡))

→ ∀𝑦([𝔳𝔞𝔩(𝑠) == 𝑎] ∧ [𝔳𝔞𝔩(𝑡) == 𝑦] → T(𝑎, 𝑦)))
∧
∀𝑔, ℎ(Sent(𝑔) ∧ Sent(ℎ) ∧ 𝑓 == (𝑔∧∧∧ ℎ)

→ T(𝑎, 𝑔) ∧ T(𝑎, ℎ))
∧
∀𝑔, ℎ(Sent(𝑔) ∧ Sent(ℎ) ∧ 𝑓 == (𝑔∨∨∨ ℎ)

→ T(𝑎, 𝑔) ∨ T(𝑎, ℎ))
∧
∀𝑔, 𝑣(Var(𝑣) ∧ 𝑓 == (∀∀∀𝑣𝑔)

→ ∀𝑥T(𝑎, sub(𝑔, 𝑣, num(𝑥))))
∧
∀𝑔, 𝑣(Var(𝑣) ∧ 𝑓 == (∃∃∃𝑣𝑔)

→ ∃𝑥T(𝑎, sub(𝑔, 𝑣, num(𝑥))))
∧
∀𝑠, 𝑡, ℎ(𝑎 == ⌈0⌉ ∧ 𝑓 == (𝑠 ====== 𝑡→→→ℎ)

→ ([𝔳𝔞𝔩(𝑠) == 𝔳𝔞𝔩(𝑡)] → T(𝑎, ℎ)))
∧
∀𝑏, 𝑔, ℎ(𝑏 ≺ 𝑎 ∧ 𝔊𝔓𝔬𝔰T(𝑏, 𝑔) ∧ 𝑓 == (𝑔→→→ℎ)

→ 𝑏 ≺ 𝑎 ∧ (T(𝑏, 𝑔) → T(𝑎, ℎ)))).

We show that TI𝛼(ℒPRA(T)) plus the above fixpoint axiom proves all axioms
of SG𝛼, by reasoning in the former theory.
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Axiom SG𝛼1: By uniqueness of the construction of ⊥ we get

T(𝑎,⊥⊥⊥) ↔ ∀𝑏 ≺ 𝑎T(𝑏,⊥⊥⊥)
∧ (⊥⊥⊥ == ⊥⊥⊥ → ⊥)

↔ ⊥
for all 𝑎 ≺ ⌈𝛼⌉.

Axiom SG𝛼2: Consider a closed term equation (𝑠 ====== 𝑡). We want to show that
T(𝑎, (𝑠 ====== 𝑡)) ↔ [𝔳𝔞𝔩(𝑠) == 𝔳𝔞𝔩(𝑡)] for all 𝑎 ≺ ⌈𝛼⌉. By uniqueness of the construc-
tion of (𝑠 ====== 𝑡) we get

T(𝑎, (𝑠 ====== 𝑡)) ↔ ∀𝑏 ≺ 𝑎T(𝑏, (𝑠 ====== 𝑡))
∧ ∀𝑠′, 𝑡′(CTerm(𝑠′) ∧ CTerm(𝑡′) ∧ (𝑠 ====== 𝑡) == (𝑠′ ====== 𝑡′)
→ [𝔳𝔞𝔩(𝑠′) == 𝔳𝔞𝔩(𝑡′)])

↔ ∀𝑏 ≺ 𝑎T(𝑏, (𝑠 ====== 𝑡)) ∧ [𝔳𝔞𝔩(𝑠) == 𝔳𝔞𝔩(𝑡)]
for all 𝑎 ≺ ⌈𝛼⌉. We proceed by transfinite induction for 𝑎 ≺ ⌈𝛼⌉.

Suppose T(𝑏, (𝑠 ====== 𝑡)) ↔ [𝔳𝔞𝔩(𝑠) == 𝔳𝔞𝔩(𝑡)] for all 𝑏 ≺ 𝑎. Then

T(𝑎, (𝑠 ====== 𝑡)) ↔ ∀𝑏 ≺ 𝑎T(𝑏, (𝑠 ====== 𝑡)) ∧ [𝔳𝔞𝔩(𝑠) == 𝔳𝔞𝔩(𝑡)]
↔ [𝔳𝔞𝔩(𝑠) == 𝔳𝔞𝔩(𝑡)]

by induction hypothesis.
Thus T(𝑎, (𝑠 ====== 𝑡)) ↔ [𝔳𝔞𝔩(𝑠) == 𝔳𝔞𝔩(𝑡)] for all 𝑎 ≺ ⌈𝛼⌉, as desired.

Axiom SG𝛼3: Suppose 𝑠 and 𝑡 are closed terms. We want to show that if
[𝔳𝔞𝔩(𝑠) ⪯ 𝑎] then T(𝑎, (T(𝑠, 𝑡))) ↔ [T(𝔳𝔞𝔩(𝑠), 𝔳𝔞𝔩(𝑡))], for all 𝑎 ≺ ⌈𝛼⌉. By
uniqueness of construction of T(𝑠, 𝑡) we have

T(𝑎,T(𝑠, 𝑡)) ↔ ∀𝑏 ≺ 𝑎(𝔊𝔓𝔬𝔰T(𝑏,T(𝑠, 𝑡)) → 𝑏 ≺ 𝑎 ∧ T(𝑏,T(𝑠, 𝑡)))
∧
∀𝑠′, 𝑡′(CTerm(𝑠′) ∧ CTerm(𝑡′) ∧T(𝑠, 𝑡) == T(𝑠′, 𝑡′)

→ ∀𝑏, 𝑦([𝔳𝔞𝔩(𝑠′) == 𝑏] ∧ [𝔳𝔞𝔩(𝑡′) == 𝑦] ∧ 𝑏 ≺ 𝑎
→ 𝑏 ≺ 𝑎 ∧ T(𝑏, 𝑦)))

∧
∀𝑠′, 𝑡′(CTerm(𝑠′) ∧ CTerm(𝑡′) ∧T(𝑠, 𝑡) == T(𝑠′, 𝑡′)

→ ∀𝑦([𝔳𝔞𝔩(𝑠′) == 𝑎] ∧ [𝔳𝔞𝔩(𝑡′) == 𝑦] → T(𝑎, 𝑦)))
↔ ∀𝑏 ≺ 𝑎([𝔳𝔞𝔩(𝑠) ⪯ 𝑏] → T(𝑏,T(𝑠, 𝑡)))
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∧
∀𝑏, 𝑦([𝔳𝔞𝔩(𝑠) == 𝑏] ∧ [𝔳𝔞𝔩(𝑡) == 𝑦] ∧ 𝑏 ⪯ 𝑎 → T(𝑏, 𝑦))

↔ ∀𝑏 ≺ 𝑎([𝔳𝔞𝔩(𝑠) ⪯ 𝑏] → T(𝑏,T(𝑠, 𝑡))) ∧ [T(𝔳𝔞𝔩(𝑠), 𝔳𝔞𝔩(𝑡))]

for all 𝑎 ≺ ⌈𝛼⌉ for which [𝔳𝔞𝔩(𝑠) ⪯ 𝑎]. We show that T(𝑎, (T(𝑠, 𝑡))) ↔
[T(𝔳𝔞𝔩(𝑠), 𝔳𝔞𝔩(𝑡))] for all 𝑎 as above, by transfinite induction on 𝑎 ≺ ⌈𝛼⌉.

Assume T(𝑏, (T(𝑠, 𝑡))) ↔ [T(𝔳𝔞𝔩(𝑠), 𝔳𝔞𝔩(𝑡))] for all 𝑏 ≺ 𝑎 with [𝔳𝔞𝔩(𝑠) ⪯ 𝑏].
That T(𝑎, (T(𝑠, 𝑡))) → [T(𝔳𝔞𝔩(𝑠), 𝔳𝔞𝔩(𝑡))] is immediate from above, so assume
[T(𝔳𝔞𝔩(𝑠), 𝔳𝔞𝔩(𝑡))]. Then the second of the right conjuncts above is true, and
if in addition [𝔳𝔞𝔩(𝑠) ⪯ 𝑏] for some 𝑏 ≺ 𝑎 then T(𝑏, (T(𝑠, 𝑡))) by induction
hypothesis. Thus T(𝑎, (T(𝑠, 𝑡))).

Consequently

∀𝑎 ≺ ⌈𝛼⌉∀𝑠, 𝑡(Sent(T(𝑠, 𝑡)) ∧ [𝔳𝔞𝔩(𝑠) ⪯ 𝑎]
→ (T(𝑎, (T(𝑠, 𝑡))) ↔ [T(𝔳𝔞𝔩(𝑠), 𝔳𝔞𝔩(𝑡))])),

as desired.

Axiom SG𝛼5: Consider the sentence (𝑔∨∨∨ ℎ). We want to show that if 𝑎 ≺ ⌈𝛼⌉
then T(𝑎, (𝑔∨∨∨ ℎ)) ↔ T(𝑎, 𝑔) ∨ T(𝑎, ℎ). Again by uniqueness of construction

T(𝑎, (𝑔∨∨∨ ℎ)) ↔ ∀𝑏 ≺ 𝑎(𝔊𝔓𝔬𝔰T(𝑏, (𝑔∨∨∨ ℎ)) → 𝑏 ≺ 𝑎 ∧ T(𝑏, (𝑔∨∨∨ ℎ)))
∧
∀𝑔′, ℎ′(Sent(𝑔′) ∧ Sent(ℎ′) ∧ (𝑔∨∨∨ ℎ) == (𝑔′∨∨∨ ℎ′)

→ T(𝑎, 𝑔′) ∨ T(𝑎, ℎ′))
↔ ∀𝑏 ≺ 𝑎(𝔊𝔓𝔬𝔰T(𝑏, (𝑔∨∨∨ ℎ)) → T(𝑏, (𝑔∨∨∨ ℎ)))

∧ (T(𝑎, 𝑔) ∨ T(𝑎, ℎ))

for all 𝑎 ≺ ⌈𝛼⌉. We show that T(𝑎, (𝑔∨∨∨ ℎ)) ↔ T(𝑎, 𝑔) ∨ T(𝑎, ℎ) by transfinite
induction on 𝑎 ≺ ⌈𝛼⌉.

Assume T(𝑏, (𝑔∨∨∨ ℎ)) ↔ T(𝑏, 𝑔) ∨ T(𝑏, ℎ) for all 𝑏 ≺ 𝑎. We immediately
have T(𝑎, (𝑔∨∨∨ ℎ)) → T(𝑎, 𝑔) ∨ T(𝑎, ℎ), so suppose T(𝑎, 𝑔) ∨ T(𝑎, ℎ) for the
converse direction. Let 𝑏 ≺ 𝑎 and suppose 𝔊𝔓𝔬𝔰T(𝑏, (𝑔∨∨∨ ℎ)); it follows that
𝔊𝔓𝔬𝔰T(𝑏, 𝑔) and 𝔊𝔓𝔬𝔰T(𝑏, ℎ). Then T(𝑏, 𝑔) ∨ T(𝑏, ℎ) by construction of T,
whence T(𝑏, (𝑔∨∨∨ ℎ)) by induction hypothesis. Since 𝑏 ≺ 𝑎 was arbitrary, the
above chain of equivalences yields T(𝑎, (𝑔∨∨∨ ℎ)).

Consequently T(𝑎, (𝑔∨∨∨ ℎ)) ↔ T(𝑎, 𝑔) ∨ T(𝑎, ℎ) for all 𝑎 ≺ ⌈𝛼⌉, as desired.
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Axiom SG𝛼6: Consider the sentence (∀∀∀𝑣𝑔). We want to show that if 𝑎 ≺ ⌈𝛼⌉
then T(𝑎, (∀∀∀𝑣𝑔)) ↔ ∀𝑥T(𝑎, sub(𝑔, 𝑣, num(𝑥))). Uniqueness of construction
yields

T(𝑎, (∀∀∀𝑣𝑔)) ↔ ∀𝑏 ≺ 𝑎(𝔊𝔓𝔬𝔰T(𝑏, (∀∀∀𝑣𝑔)) → 𝑏 ≺ 𝑎 ∧ T(𝑏, (∀∀∀𝑣𝑔)))
∧
∀𝑔′, 𝑣′(Var(𝑣′) ∧ (∀∀∀𝑣𝑔) == (∀∀∀𝑣′𝑔′)

→ ∀𝑥T(𝑎, sub(𝑔′, 𝑣′, num(𝑥))))
↔ ∀𝑏 ≺ 𝑎(𝔊𝔓𝔬𝔰T(𝑏, (∀∀∀𝑣𝑔)) → T(𝑏, (∀∀∀𝑣𝑔)))

∧ ∀𝑥T(𝑎, sub(𝑔, 𝑣, num(𝑥)))
for all 𝑎 ≺ ⌈𝛼⌉. We show that T(𝑎, (∀∀∀𝑣𝑔)) ↔ ∀𝑥T(𝑎, sub(𝑔, 𝑣, num(𝑥))) for all
such 𝑎 by transfinite induction.

Assume T(𝑏, (∀∀∀𝑣𝑔)) ↔ ∀𝑥T(𝑏, sub(𝑔, 𝑣, num(𝑥))) for all 𝑏 ≺ 𝑎. It is imme-
diate that T(𝑎, (∀∀∀𝑣𝑔)) → ∀𝑥T(𝑎, sub(𝑔, 𝑣, num(𝑥))), so for the converse assume
∀𝑥T(𝑎, sub(𝑔, 𝑣, num(𝑥))). Suppose 𝑏 ≺ 𝑎 is such that𝔊𝔓𝔬𝔰T(𝑏, (∀∀∀𝑣𝑔))whence
𝔊𝔓𝔬𝔰T(𝑏, 𝑔) as well and 𝑣 ⋈ v0. Thus, given 𝑥, sub(𝑔, 𝑣, num(𝑥)) is a sentence
and 𝔊𝔓𝔬𝔰T(𝑏, sub(𝑔, 𝑣, num(𝑥))), whence T(𝑏, sub(𝑔, 𝑣, num(𝑥))) by construc-
tion of T. Since 𝑥 was arbitrary we get T(𝑏, (∀∀∀𝑣𝑔)) by induction hypothesis.
Again 𝑏 ≺ 𝑎 was arbitrary, whence T(𝑎, (∀∀∀𝑣𝑔)) by the above equivalence.

Consequently T(𝑎, (∀∀∀𝑣𝑔)) ↔ ∀𝑥T(𝑎, sub(𝑔, 𝑣, num(𝑥))) for all 𝑎 ≺ ⌈𝛼⌉ by
transfinite induction.

Axiom SG𝛼7: Consider the sentence (∃∃∃𝑣𝑔). We want to show that if 𝑎 ≺
⌈𝛼⌉ then T(𝑎, (∃∃∃𝑣𝑔)) ↔ ∃𝑥T(𝑎, sub(𝑔, 𝑣, num(𝑥))) and have, by uniqueness of
construction,

T(𝑎, (∃∃∃𝑣𝑔)) ↔ ∀𝑏 ≺ 𝑎(𝔊𝔓𝔬𝔰T(𝑏, (∃∃∃𝑣𝑔)) → 𝑏 ≺ 𝑎 ∧ T(𝑏, (∃∃∃𝑣𝑔)))
∧
∀𝑔′, 𝑣′(Var(𝑣′) ∧ (∃∃∃𝑣𝑔) == (∃∃∃𝑣′𝑔′)

→ ∃𝑥T(𝑎, sub(𝑔′, 𝑣′, num(𝑥))))
↔ ∀𝑏 ≺ 𝑎(𝔊𝔓𝔬𝔰T(𝑏, (∃∃∃𝑣𝑔)) → T(𝑏, (∃∃∃𝑣𝑔)))

∧ ∃𝑥T(𝑎, sub(𝑔, 𝑣, num(𝑥)))
for such 𝑎. We show that T(𝑎, (∃∃∃𝑣𝑔)) ↔ ∃𝑥T(𝑎, sub(𝑔, 𝑣, num(𝑥))) for all 𝑎 as
above by transfinite induction.

Assume T(𝑏, (∃∃∃𝑣𝑔)) ↔ ∃𝑥T(𝑏, sub(𝑔, 𝑣, num(𝑥))) for all 𝑏 ≺ 𝑎. It is im-
mediate that T(𝑎, (∃∃∃𝑣𝑔)) → ∃𝑥T(𝑎, sub(𝑔, 𝑣, num(𝑥))), so conversely assume
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∃𝑥T(𝑎, sub(𝑔, 𝑣, num(𝑥))). Suppose 𝑏 ≺ 𝑎 is such that 𝔊𝔓𝔬𝔰T(𝑏, (∃∃∃𝑣𝑔)), i.e.
𝔊𝔓𝔬𝔰T(𝑏, 𝑔) and 𝑣 ⋈ v0. As in the previous case, by construction it follows that
∃𝑥T(𝑏, sub(𝑔, 𝑣, num(𝑥))), whence T(𝑏, (∃∃∃𝑣𝑔)) by induction hypothesis. Thus
T(𝑎, (∃∃∃𝑣𝑔)) by the above equivalence.

Consequently T(𝑎, (∃∃∃𝑣𝑔)) ↔ ∃𝑥T(𝑎, sub(𝑔, 𝑣, num(𝑥))) for all 𝑎 ≺ ⌈𝛼⌉ by
transfinite induction.

Axiom SG∗
𝛼9: Consider the sentence (𝑔→→→ℎ). We want to show that if ⌈0⌉ ≺

𝑎 ≺ ⌈𝛼⌉ then T(𝑎, (𝑔→→→ℎ)) ↔ ∀𝑏 ≺ 𝑎(𝔊𝔓𝔬𝔰T(𝑏, 𝑔) → (T(𝑏, 𝑔) → T(𝑎, ℎ)))
and have

T(𝑎, (𝑔→→→ℎ)) ↔ ∀𝑏 ≺ 𝑎(𝔊𝔓𝔬𝔰T(𝑏, (𝑔→→→ℎ)) → 𝑏 ≺ 𝑎 ∧ T(𝑏, (𝑔→→→ℎ)))
∧
∀𝑔′, ℎ′, 𝑏(𝑏 ≺ 𝑎 ∧ 𝔊𝔓𝔬𝔰T(𝑏, 𝑔′) ∧ (𝑔→→→ℎ) == (𝑔′→→→ℎ′)

→ 𝑏 ≺ 𝑎 ∧ (T(𝑏, 𝑔′) → T(𝑎, ℎ′)))
∧
∀𝑠′, 𝑡′, ℎ′(𝑎 == ⌈0⌉ ∧ (𝑔→→→ℎ) == (𝑠′ ====== 𝑡′→→→ℎ′)

→ ([𝔳𝔞𝔩(𝑠′) == 𝔳𝔞𝔩(𝑡′)] → T(𝑎, ℎ′)))
↔ ∀𝑏 ≺ 𝑎(𝔊𝔓𝔬𝔰T(𝑏, (𝑔→→→ℎ)) → T(𝑏, (𝑔→→→ℎ)))

∧ ∀𝑏 ≺ 𝑎(𝔊𝔓𝔬𝔰T(𝑏, 𝑔) → (T(𝑏, 𝑔) → T(𝑎, ℎ)))
for all ⌈0⌉ ≺ 𝑎 ≺ ⌈𝛼⌉, by uniqueness of construction.31 Thus in particular
T(𝑎, (𝑔→→→ℎ)) → ∀𝑏 ≺ 𝑎(𝔊𝔓𝔬𝔰T(𝑏, 𝑔) → (T(𝑏, 𝑔) → T(𝑎, ℎ))) for such 𝑎.

We show by transfinite induction for 𝑎 ≺ ⌈𝛼⌉ that if T(𝑏, 𝑔) → T(𝑎, ℎ) for
all 𝑏 ≺ 𝑎 for which 𝔊𝔓𝔬𝔰T(𝑏, 𝑔) then T(𝑎, (𝑔→→→ℎ)).

Assume as induction hypothesis that

∀𝑏 ≺ 𝑎(∀𝑐 ≺ 𝑏(𝔊𝔓𝔬𝔰T(𝑐, 𝑔) → (T(𝑐, 𝑔) → T(𝑏, ℎ))) → T(𝑏, (𝑔→→→ℎ))).
Also assume ∀𝑏 ≺ 𝑎(𝔊𝔓𝔬𝔰T(𝑏, 𝑔) → (T(𝑏, 𝑔) → T(𝑎, ℎ))). We want to show
T(𝑎, (𝑔→→→ℎ)). Let 𝑏 ≺ 𝑎 be such that 𝔊𝔓𝔬𝔰T(𝑏, (𝑔→→→ℎ)). By the definition of
𝔊𝔓𝔬𝔰T this is an impossibility, whence T(𝑏, (𝑔→→→ℎ)). Since 𝑏 ≺ 𝑎 was arbitrary
we have verified the first conjunct above, whence T(𝑎, (𝑔→→→ℎ)) by the above
chain of equivalences.

Axiom SG𝛼8: Consider the sentence 𝑠 ====== 𝑡→→→ℎ. We want to show that given
⌈0⌉ ≺ ⌈𝛼⌉ we have T(⌈0⌉, (𝑠 ====== 𝑡→→→ℎ)) ↔ ([𝔳𝔞𝔩(𝑠) == 𝔳𝔞𝔩(𝑡)] → T(⌈0⌉, ℎ)). For-
31 NB: If 𝑔 is not an equation then the first of these conjuncts is vacuously true.
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tunately

T(⌈0⌉, (𝑠 ====== 𝑡→→→ℎ))
↔ ∀𝑏 ≺ ⌈0⌉(𝔊𝔓𝔬𝔰T(𝑏, (𝑠 ====== 𝑡→→→ℎ))

→ 𝑏 ≺ ⌈0⌉ ∧ T(𝑏, (𝑠 ====== 𝑡→→→ℎ)))
∧
∀𝑔′, ℎ′, 𝑏(𝑏 ≺ ⌈0⌉ ∧ 𝔊𝔓𝔬𝔰T(𝑏, 𝑔′) ∧ (𝑠 ====== 𝑡→→→ℎ) == (𝑔′→→→ℎ′)

→ 𝑏 ≺ ⌈0⌉ ∧ (T(𝑏, 𝑔′) → T(⌈0⌉, ℎ′)))
∧
∀𝑠′, 𝑡′, ℎ′(⌈0⌉ == ⌈0⌉ ∧ (𝑠 ====== 𝑡→→→ℎ) == (𝑠′ ====== 𝑡′→→→ℎ′)

→ ([𝔳𝔞𝔩(𝑠′) == 𝔳𝔞𝔩(𝑡′)] → T(⌈0⌉, ℎ′)))
↔ ([𝔳𝔞𝔩(𝑠) == 𝔳𝔞𝔩(𝑡)] → T(⌈0⌉, ℎ))

as desired.

Axiom SG𝛼4: Consider the sentence (𝑔∧∧∧ ℎ). We want to show that if 𝑎 ≺ ⌈𝛼⌉
then T(𝑎, (𝑓∧∧∧ 𝑔)) ↔ T(𝑎, 𝑓) ∧ T(𝑎, 𝑔) and have

T(𝑎, (𝑔∧∧∧ ℎ)) ↔ ∀𝑏 ≺ 𝑎(𝔊𝔓𝔬𝔰T(𝑏, (𝑔∧∧∧ ℎ)) → 𝑏 ≺ 𝑎 ∧ T(𝑏, (𝑔∧∧∧ ℎ)))
∧
∀𝑔′, ℎ′(Sent(𝑔′) ∧ Sent(ℎ′) ∧ (𝑔∧∧∧ ℎ) == (𝑔′∧∧∧ ℎ′)

→ T(𝑎, 𝑔′) ∧ T(𝑎, ℎ′))
↔ ∀𝑏 ≺ 𝑎(𝔊𝔓𝔬𝔰T(𝑏, (𝑔∧∧∧ ℎ)) → T(𝑏, (𝑔∧∧∧ ℎ)))

∧ T(𝑎, 𝑔) ∧ T(𝑎, ℎ)

for all 𝑎 ≺ ⌈𝛼⌉ by uniqueness of construction. Thus in particular T(𝑎, (𝑔∧∧∧ ℎ)) →
T(𝑎, 𝑔) ∧ T(𝑎, ℎ) for such 𝑎.

We show by transfinite induction for 𝑎 ≺ ⌈𝛼⌉ that if T(𝑎, 𝑔) and T(𝑎, ℎ) then
T(𝑎, (𝑔∧∧∧ ℎ)).

Thus assume the induction hypothesis for 𝑏 ≺ 𝑎 and suppose T(𝑎, 𝑔) and
T(𝑎, ℎ). Let 𝑏 ≺ 𝑎 be such that 𝔊𝔓𝔬𝔰T(𝑏, (𝑔∧∧∧ ℎ)). Then there are three cases to
consider:

• 𝔊𝔓𝔬𝔰T(𝑏, 𝑔) and 𝔊𝔓𝔬𝔰T(𝑏, ℎ). Then T(𝑏, 𝑔) and T(𝑏, ℎ) by construc-
tion.

• 𝑔 == (𝑠≺≺≺ 𝑟) and ℎ == T(𝑠, 𝑡) for some closed terms 𝑟, 𝑠 and 𝑡 with [𝔳𝔞𝔩(𝑟) ⪯
𝑏] by definition of 𝔊𝔓𝔬𝔰T. By SG𝛼2 (already verified) [𝔳𝔞𝔩(𝑠) ≺ 𝔳𝔞𝔩(𝑟) ⪯
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𝑏], whence again 𝔊𝔓𝔬𝔰T(𝑏, 𝑔) and 𝔊𝔓𝔬𝔰T(𝑏, ℎ). So T(𝑏, 𝑔) ∧T(𝑏, ℎ) by
construction.

• 𝑔 == (𝑡≺≺≺ 𝑠) and ℎ == (sub(𝑓, ⌜v0⌝, 𝑡)→→→𝑘) for some closed terms 𝑠, 𝑡 and sen-
tences 𝑘 and sub(𝑓, ⌜v0⌝, 𝑡) which satisfy

[𝔊𝔓𝔬𝔰T(𝔳𝔞𝔩(𝑡), sub(𝑓, ⌜v0⌝, 𝑡))],
𝔊𝔓𝔬𝔰T(𝑏, 𝑘)

and

[𝔳𝔞𝔩(𝑠) ⪯ 𝑏].
Then as above [𝔳𝔞𝔩(𝑡) ≺ 𝔳𝔞𝔩(𝑠)], and T(𝑐, sub(𝑓, ⌜v0⌝, 𝑡)) → T(𝑎, 𝑘) for
all 𝑐 ≺ 𝑎with𝔊𝔓𝔬𝔰T(𝑐, sub(𝑓, ⌜v0⌝, 𝑡)) by SG∗

𝛼9, whence in particular the
same holds for all such 𝑐 ≺ 𝑏. Since T(𝑎, 𝑘) → T(𝑏, 𝑘) by construction
we get T(𝑏, (sub(𝑓, ⌜v0⌝, 𝑡)→→→𝑘)) and T(𝑏, (𝑠≺≺≺ 𝑡)) as well by SG∗

𝛼9 and
SG𝛼2.

In either case T(𝑏, 𝑔) ∧ T(𝑏, ℎ). By induction hypothesis T(𝑏, (𝑔∧∧∧ ℎ)). Hence
T(𝑎, (𝑔∧∧∧ ℎ)), by the equivalences above. Thus

T(𝑎, 𝑔) ∧ T(𝑎, ℎ) → T(𝑎, (𝑔∧∧∧ ℎ))
for all 𝑎 ≺ ⌈𝛼⌉ as desired.

Axiom SG𝛼10: If T(𝑎, 𝑓) for 𝑏 ≺ 𝑎 ≺ ⌈𝛼⌉ with Sent(𝑓) and 𝔊𝔓𝔬𝔰T(𝑏, 𝑓) then
by construction T(𝑏, 𝑓). We show that if 𝑏 ≺ 𝑎, Sent(𝑓), 𝔊𝔓𝔬𝔰T(𝑏, 𝑓) and
T(𝑏, 𝑓) then T(𝑎, 𝑓) using complete induction on the complexity of 𝑓. Thus
assume that ∀𝑎 ≺ ⌈𝛼⌉∀𝑏 ≺ 𝑎(Sent(𝑔) ∧ 𝔊𝔓𝔬𝔰T(𝑏, 𝑔) ∧ T(𝑏, 𝑔) → T(𝑎, 𝑔)) for
all 𝑔 whose complexity is smaller than 𝑓’s, and consider cases according to the
construction of 𝑓.

• If T(𝑏,⊥⊥⊥) then T(𝑎,⊥⊥⊥) (ex falso quodlibet) by SG𝛼1.
• If T(𝑏, (𝑠 ====== 𝑡)) then [𝔳𝔞𝔩(𝑠) == 𝔳𝔞𝔩(𝑡)]. Thus T(𝑎, (𝑠 ====== 𝑡)) by SG𝛼2.
• Suppose 𝔊𝔓𝔬𝔰T(𝑏, (T(𝑠, 𝑡))), that is [𝔳𝔞𝔩(𝑠) ⪯ 𝑏 ≺ 𝑎]. Then

T(𝑏, (T(𝑠, 𝑡))) → [T(𝔳𝔞𝔩(𝑠), 𝔳𝔞𝔩(𝑡))]
→ T(𝑎, (T(𝑠, 𝑡)))

by SG𝛼3.
• Suppose 𝔊𝔓𝔬𝔰T(𝑏, 𝑡≺≺≺ 𝑟∧∧∧T(𝑡, 𝑠)) for closed terms 𝑟, 𝑠 and 𝑡 such that
[𝔳𝔞𝔩(𝑟) ⪯ 𝑏], whence [𝔳𝔞𝔩(𝑟) ≺ 𝑎]. Then

T(𝑏, 𝑡≺≺≺ 𝑟∧∧∧T(𝑡, 𝑠)) → [𝔳𝔞𝔩(𝑡) ≺ 𝔳𝔞𝔩(𝑟)] ∧ [T(𝔳𝔞𝔩(𝑡), 𝔳𝔞𝔩(𝑠))]
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→ T(𝑎, 𝑡≺≺≺ 𝑟) ∧ T(𝑎,T(𝑡, 𝑠))
→ T(𝑎, 𝑡≺≺≺ 𝑟∧∧∧T(𝑡, 𝑠))

by SG𝛼2 – SG𝛼4.
• Suppose 𝔊𝔓𝔬𝔰T(𝑏, (𝑔∧∧∧ ℎ)), where 𝔊𝔓𝔬𝔰T(𝑏, 𝑔) and 𝔊𝔓𝔬𝔰T(𝑏, ℎ). Then

T(𝑏, (𝑔∧∧∧ ℎ)) ↔ T(𝑏, 𝑔) ∧ T(𝑏, ℎ)
→ T(𝑎, 𝑔) ∧ T(𝑎, ℎ)
↔ T(𝑎, (𝑔∧∧∧ ℎ))

by SG𝛼4 and induction hypothesis.
• Suppose 𝔊𝔓𝔬𝔰T(𝑏, (𝑔∨∨∨ ℎ)), where 𝔊𝔓𝔬𝔰T(𝑏, 𝑔) and 𝔊𝔓𝔬𝔰T(𝑏, ℎ). Then

T(𝑏, (𝑔∨∨∨ ℎ)) ↔ T(𝑏, 𝑔) ∨ T(𝑏, ℎ)
→ T(𝑎, 𝑔) ∨ T(𝑎, ℎ)
↔ T(𝑎, (𝑔∨∨∨ ℎ))

by SG𝛼5 and induction hypothesis.
• Suppose 𝔊𝔓𝔬𝔰T(𝑏, (∀∀∀𝑣𝑔)) for 𝔊𝔓𝔬𝔰T(𝑏, 𝑔) and 𝑣 ⋈⌜v0⌝. Then

T(𝑏, (∀∀∀𝑣𝑔)) ↔ ∀𝑥T(𝑏, sub(𝑔, 𝑣, num(𝑥)))
→ ∀𝑥T(𝑎, sub(𝑔, 𝑣, num(𝑥)))
↔ T(𝑎, (∀∀∀𝑣𝑔))

by SG𝛼6 and induction hypothesis for sub(𝑔, 𝑣, num(𝑥)).
• Suppose 𝔊𝔓𝔬𝔰T(𝑏, (∃∃∃𝑣𝑔)) for 𝔊𝔓𝔬𝔰T(𝑏, 𝑔) and 𝑣 ⋈⌜v0⌝. Then

T(𝑏, (∃∃∃𝑣𝑔)) ↔ ∃𝑥T(𝑏, sub(𝑔, 𝑣, num(𝑥)))
→ ∃𝑥T(𝑎, sub(𝑔, 𝑣, num(𝑥)))
↔ T(𝑎, (∃∃∃𝑣𝑔))

by SG𝛼7 and induction hypothesis for sub(𝑔, 𝑣, num(𝑥)).
• Suppose that 𝔊𝔓𝔬𝔰T(𝑏, (𝑡≺≺≺ 𝑠∧∧∧(sub(𝑔, ⌜v0⌝, 𝑡)→→→ℎ))), where [𝔳𝔞𝔩(𝑠) ⪯
𝑏], 𝔊𝔓𝔬𝔰T(𝑏, ℎ) and [𝔊𝔓𝔬𝔰T(𝔳𝔞𝔩(𝑡), sub(𝑔, ⌜v0⌝, 𝑡))]. Further assume
T(𝑏, (𝑡≺≺≺ 𝑠∧∧∧(𝑔(𝑡)→→→ℎ))), whence [𝔳𝔞𝔩(𝑡) ≺ 𝔳𝔞𝔩(𝑠)] and T(𝑏, (𝑔(𝑡)→→→ℎ))
by SG𝛼4. Then ∀𝑑 ≺ 𝑏(𝔊𝔓𝔬𝔰T(𝑑, 𝑔(𝑡)) → (T(𝑑, 𝑔(𝑡)) → T(𝑏, ℎ))) by
SG∗

𝛼9.
Now let 𝑐 ≺ 𝑎 and assume 𝔊𝔓𝔬𝔰T(𝑐, 𝑔(𝑡)). If 𝑐 ≺ 𝑏 then

T(𝑐, 𝑔(𝑡)) → T(𝑏, ℎ)
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by instantiating the above universal quantifier with 𝑐. If 𝑏 ⪯ 𝑐 then

T(𝑐, 𝑔(𝑡)) → [T(𝔳𝔞𝔩(𝑡), 𝑔(𝑡))]
→ T(𝑏, ℎ)

by construction and instantiation of the above universal quantifier with
𝔳𝔞𝔩(𝑡). In either case we get T(𝑐, 𝑔(𝑡)) → T(𝑎, ℎ) by induction hypothesis
for ℎ.
Since 𝑐 ≺ 𝑎 with𝔊𝔓𝔬𝔰T(𝑐, 𝑔(𝑡)) was arbitrary we get T(𝑎, (𝑔(𝑡)→→→ℎ)) by
SG∗

𝛼9. Hence T(𝑎, (𝑡≺≺≺ 𝑠∧∧∧(𝑔(𝑡)→→→ℎ))) as desired.
This concludes the proof of 1.

5.4 Compositional truth proves positive disquotation
We complete the circle by showing that the compositional axioms indeed prove
the disquotational ones. Since truth distributes over all connectives except →,
the proof is reasonably straightforward.

Theorem 5.4.1. SG𝛼 proves all axioms of GPUTBI
𝛼.

Proof. To facilitate readability in the present proof, let ⃑⃗n𝑥 be a shorthand for
⃑⃗num(𝑥).

HAPRA(ℒPRA(T)) and TI(⌈𝛼⌉, ℒPRA(T)) hold by definition. By induction on
𝜑 ∈ GPosT we show that

SG𝛼 ⊢ ∀𝑎 ≺ ⌈𝛼⌉∀𝑥⃗𝑘(𝜏[𝑥⃗] ⪯ 𝑎
→ (T(𝑎, sub𝑘(⌜𝜑(𝜏)⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥)) ↔ 𝜑(𝜏)(𝑥⃗)))

for all terms 𝜏 and 𝑘 ∈ ℕ such that the free variables of 𝜑(𝜏) are among v⃗<𝑘,
whence the desired result follows with 𝜏 = v0 and 𝜑 ∈ GPos𝑘T.

• Straightforwardly

SG𝛼 ⊢ ∀𝑎 ≺ ⌈𝛼⌉∀𝑥⃗𝑘(𝜏[𝑥⃗] ⪯ 𝑎
→ (T(𝑎, sub𝑘(⌜⊥(𝜏)⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥)) ↔ ⊥(𝜏)(𝑥⃗)))

for all 𝑘 and terms 𝜏.
• Consider an equation 𝜎1 == 𝜎2. Let 𝑘 ∈ ℕ and 𝜏 be a term with free vari-

ables among v⃗<𝑘. Reasoning in SG𝛼

T(𝑎, sub𝑘(⌜(𝜎1 == 𝜎2)(𝜏)⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥))
↔ T(𝑎, sub𝑘(⌜(𝜎1)[𝜏]⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥)
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====== sub𝑘(⌜(𝜎2)[𝜏]⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥))
↔ [𝔳𝔞𝔩(sub𝑘(⌜(𝜎1)[𝜏]⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥))

== 𝔳𝔞𝔩(sub𝑘(⌜(𝜎2)[𝜏]⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥))]
↔ 𝜎1[𝜏][𝑥⃗] == 𝜎2[𝜏][𝑥⃗]
↔ (𝜎1 == 𝜎2)(𝜏)(𝑥⃗)

for all 𝑥⃗𝑘.
• Consider T(v0, 𝜎) for a term 𝜎. Let 𝜏 be a term and note T(v0, 𝜎)(𝜏) =

T(𝜏, 𝜎[𝜏]). Take 𝑘 ∈ ℕ so that the free variables of T(𝜏, 𝜎[𝜏]) are among
v⃗<𝑘. Reasoning in SG𝛼, take 𝑥⃗𝑘 and suppose 𝜏[𝑥⃗] ⪯ 𝑎 ≺ ⌈𝛼⌉. Then

T(𝑎, sub𝑘(⌜T(𝜏, 𝜎[𝜏])⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥))
↔ T(𝑎,T(sub𝑘(⌜𝜏⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥), sub𝑘(⌜𝜎[𝜏]⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥)))
↔ [T(𝔳𝔞𝔩(sub𝑘(⌜𝜏⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥)), 𝔳𝔞𝔩(sub𝑘(⌜𝜎[𝜏]⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥)))]
↔ T(𝜏[𝑥⃗], 𝜎[𝜏][𝑥⃗])
↔ T(𝜏, 𝜎[𝜏])(𝑥⃗).

• Consider 𝜎 ≺ v0 ∧T(𝜎, 𝜌) for terms 𝜎, 𝜌 with 𝜎 ≠ v0. Let 𝜏 be a term and
let 𝑘 be such that the free variables of 𝜎[𝜏] ≺ 𝜏 ∧T(𝜎[𝜏], 𝜌[𝜏]) are among
v⃗<𝑘. Reasoning in SG𝛼, take 𝑥⃗𝑘 and suppose 𝜏[𝑥⃗] ⪯ 𝑎 ≺ ⌈𝛼⌉. Then

T(𝑎, sub𝑘(⌜𝜎[𝜏] ≺ 𝜏 ∧ T(𝜎[𝜏], 𝜌[𝜏])⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥))
↔ T(𝑎, sub𝑘(⌜𝜎[𝜏]⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥)≺≺≺ sub𝑘(𝜏, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥)

∧∧∧T(sub𝑘(⌜𝜎[𝜏]⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥), sub𝑘(⌜𝜌[𝜏]⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥)))
↔ T(𝑎, sub𝑘(⌜𝜎[𝜏]⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥)≺≺≺ sub𝑘(𝜏, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥))
∧ T(𝑎,T(sub𝑘(⌜𝜎[𝜏]⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥), sub𝑘(⌜𝜌[𝜏]⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥)))

↔ 𝜎[𝜏][𝑥⃗] ≺ 𝜏[𝑥]
∧ [T(𝔳𝔞𝔩(sub𝑘(⌜𝜎[𝜏]⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥)),

𝔳𝔞𝔩(sub𝑘(⌜𝜌[𝜏]⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥)))]
↔ 𝜎[𝜏][𝑥⃗] ≺ 𝜏[𝑥⃗] ∧ T(𝜎[𝜏][𝑥⃗], 𝜌[𝜏][𝑥⃗])
↔ (𝜎 ≺ v0 ∧ T(𝜎, 𝜌))(𝜏)(𝑥⃗).

• Consider 𝜓 and 𝜗 in GPosT. Suppose

SG𝛼 ⊢ ∀𝑎 ≺ ⌈𝛼⌉∀𝑥⃗𝑘(𝜏[𝑥⃗] ⪯ 𝑎
→ (T(𝑎, sub𝑘(⌜𝜗(𝜏)⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥)) ↔ 𝜗(𝜏)(𝑥⃗)))
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for all terms 𝜏 and all 𝑘 such that the free variables of 𝜗(𝜏) are among
⃗⌜v⌝<𝑘, and similarly for 𝜓. Then, given a term 𝜏 and 𝑘 ∈ ℕ such that the

free variables of (𝜓 ∧ 𝜗)(𝜏) are among ⃗⌜v⌝<𝑘, reasoning in SG𝛼

T(𝑎, sub𝑘(⌜(𝜓 ∧ 𝜗)(𝜏)⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥))
↔ T(𝑎, sub𝑘(⌜𝜓(𝜏)⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥)∧∧∧ sub𝑘(⌜𝜗(𝜏)⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥))
↔ T(𝑎, sub𝑘(⌜𝜓(𝜏)⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥))
∧ T(𝑎, sub𝑘(⌜𝜗(𝜏)⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥))

↔ 𝜓(𝜏)(𝑥⃗) ∧ 𝜗(𝜏)(𝑥⃗)
for all 𝑎 ≺ ⌈𝛼⌉ and 𝑥⃗𝑘 such that 𝜏[𝑥⃗] ⪯ 𝑎.

• Consider 𝜓 and 𝜗 in GPosT. Suppose

SG𝛼 ⊢ ∀𝑎 ≺ ⌈𝛼⌉∀𝑥⃗𝑘(𝜏[𝑥⃗] ⪯ 𝑎
→ (T(𝑎, sub𝑘(⌜𝜗(𝜏)⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥)) ↔ 𝜗(𝜏)(𝑥⃗)))

for all terms 𝜏 and all 𝑘 such that the free variables of 𝜗(𝜏) are among
⃗⌜v⌝<𝑘, and similarly for 𝜓. Then, given a term 𝜏 and 𝑘 ∈ ℕ such that the

free variables of (𝜓 ∧ 𝜗)(𝜏) are among ⃗⌜v⌝<𝑘, reasoning in SG𝛼,

T(𝑎, sub𝑘(⌜(𝜓 ∨ 𝜗)(𝜏)⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥))
↔ T(𝑎, sub𝑘(⌜𝜓(𝜏)⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥)∨∨∨ sub𝑘(⌜𝜗(𝜏)⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥))
↔ T(𝑎, sub𝑘(⌜𝜓(𝜏)⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥))
∨ T(𝑎, sub𝑘(⌜𝜗(𝜏)⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥))

↔ 𝜓(𝜏)(𝑥⃗) ∨ 𝜗(𝜏)(𝑥⃗)
for all 𝑎 ≺ ⌈𝛼⌉ and 𝑥⃗ such that 𝜏[𝑥⃗] ⪯ 𝑎.

• Consider ∀v𝑖𝜗 ∈ GPosT, where 𝑖 > 0 and

SG𝛼 ⊢ ∀𝑎 ≺ ⌈𝛼⌉∀𝑥⃗𝑙(𝜏[𝑥⃗] ⪯ 𝑎
→ (T(𝑎, sub𝑙(⌜𝜓(𝜏)⌝, ⃗⌜v⌝<𝑙, ⃑⃗n𝑥)) ↔ 𝜓(𝜏)(𝑥⃗)))

for all 𝜓 ∈ GPosT of the same complexity as 𝜗, all terms 𝜏 and all 𝑙 ∈ ℕ so
that the free variables of 𝜓(𝜏) are among v⃗<𝑙. Let 𝜏 be a term and 𝑘 ∈ ℕ be
such that the free variables of (∀v𝑖𝜗)(𝜏) are among v⃗<𝑘. Then (∀v𝑖𝜗)(𝜏) =
∀v𝑚(𝜗(v𝑖/v𝑚)(𝜏)) where v𝑚 is not free in 𝜏 and is the variable used in the
variant yielding ⌜(∀v𝑖𝜗)(𝜏)⌝. Hence the free variables of 𝜗(v𝑖/v𝑚)(𝜏) are
among v⃗<𝑘 if 𝑚 < 𝑘, and among v⃗≤𝑚 otherwise. Thus, reasoning in SG𝛼

T(𝑎, sub𝑘(⌜(∀v𝑖𝜗)(𝜏)⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥))
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↔ T(𝑎, sub𝑘(⌜∀v𝑚(𝜗(v𝑖/v𝑚)(𝜏))⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥))
↔ T(𝑎,∀∀∀⌜v𝑚⌝sub𝑘(⌜𝜗(v𝑖/v𝑚)(𝜏)⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥))
↔ ∀𝑦T(𝑎, sub(sub𝑘(⌜𝜗(v𝑖/v𝑚)(𝜏)⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥), ⌜v𝑚⌝, num(𝑦)))

↔ ∀𝑦T(𝑎, sub𝑚+1(⌜𝜗(v𝑖/v𝑚)(𝜏)⌝, ⃗⌜v⌝≤𝑚, ⃑⃗n𝑥
𝑘, ⃑⃗num(0)

𝑚−𝑘
, num(𝑦)))

↔ ∀𝑦(𝜗(v𝑖/v𝑚)(𝜏)(𝑥⃗, 0⃗, 𝑦))
↔ ∀𝑦(𝜗(v𝑖/𝑦)(𝜏)(𝑥⃗))
↔ (∀v𝑖𝜗)(𝜏)(𝑥⃗)

for all 𝑎 ≺ ⌈𝛼⌉ and 𝑥⃗𝑘 such that 𝜏[𝑥⃗] ⪯ 𝑎, if 𝑘 ≤ 𝑚. If 𝑚 < 𝑘 then similar
reasoning yields

T(𝑎, sub𝑘(⌜(∀v𝑖𝜗)(𝜏)⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥))
↔ T(𝑎, sub𝑘(⌜∀v𝑚(𝜗(v𝑖/v𝑚)(𝜏))⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥))
↔ T(𝑎,∀∀∀⌜v𝑚⌝sub𝑘−1(⌜𝜗(v𝑖/v𝑚)(𝜏)⌝,

⌜v0⌝, … , ⌜v𝑚−1⌝, ⌜v𝑚+1⌝, … , ⌜v𝑘−1⌝,
num(𝑥0), … , num(𝑥𝑚−1), num(𝑥𝑚+1), … , num(𝑥𝑘−1)))

↔ ∀𝑦T(𝑎, sub(sub𝑘−1(⌜𝜗(v𝑖/v𝑚)(𝜏)⌝,
⌜v0⌝, … , ⌜v𝑚−1⌝, ⌜v𝑚+1⌝, … , ⌜v𝑘−1⌝,
num(𝑥0), … , num(𝑥𝑚−1), num(𝑥𝑚+1), … , num(𝑥𝑘−1)),

⌜v𝑚⌝, num(𝑦)))
↔ ∀𝑦T(𝑎, sub𝑘(⌜𝜗(v𝑖/v𝑚)(𝜏)⌝, ⃗⌜v⌝<𝑘,

num(𝑥0), … , num(𝑥𝑚−1), num(𝑦), num(𝑥𝑚+1), … , num(𝑥𝑘−1)))
↔ ∀𝑦(𝜗(v𝑖/v𝑚)(𝜏)(𝑥0, … , 𝑥𝑚−1, 𝑦, 𝑥𝑚+1, … , 𝑥𝑘−1))
↔ ∀𝑦(𝜗(v𝑖/𝑦)(𝜏)(𝑥⃗))
↔ (∀v𝑖𝜗)(𝜏)(𝑥⃗)

for all 𝑎 ≺ ⌈𝛼⌉ and 𝑥⃗𝑘 such that 𝜏[𝑥⃗] ≺ 𝑎.
• Consider ∃v𝑖𝜗 ∈ GPosT, where 𝑖 > 0 and

SG𝛼 ⊢ ∀𝑎 ≺ ⌈𝛼⌉∀𝑥⃗𝑙(𝜏[𝑥⃗] ⪯ 𝑎
→ (T(𝑎, sub𝑙(⌜𝜓(𝜏)⌝, ⃗⌜v⌝<𝑙, ⃑⃗n𝑥)) ↔ 𝜓(𝜏)(𝑥⃗)))

for all 𝜓 ∈ GPosT of the same complexity as 𝜗, all terms 𝜏 and all 𝑙 ∈ ℕ so
that the free variables of 𝜓(𝜏) are among v⃗<𝑙. Let 𝜏 be a term and 𝑘 ∈ ℕ be
such that the free variables of (∃v𝑖𝜗)(𝜏) are among v⃗<𝑘. Then (∃v𝑖𝜗)(𝜏) =
∃v𝑚(𝜗(v𝑖/v𝑚)(𝜏)) where v𝑚 is not free in 𝜏 and is the variable used in the
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variant yielding ⌜(∃v𝑖𝜗)(𝜏)⌝. Hence the free variables of 𝜗(v𝑖/v𝑚)(𝜏) are
among v⃗<𝑘 if 𝑚 < 𝑘, and among v⃗≤𝑚 otherwise. Thus, reasoning in SG𝛼

T(𝑎, sub𝑘(⌜(∃v𝑖𝜗)(𝜏)⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥))
↔ T(𝑎, sub𝑘(⌜∃v𝑚(𝜗(v𝑖/v𝑚)(𝜏))⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥))
↔ T(𝑎, ∃∃∃⌜v𝑚⌝sub𝑘(⌜𝜗(v𝑖/v𝑚)(𝜏)⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥))
↔ ∃𝑦T(𝑎, sub(sub𝑘(⌜𝜗(v𝑖/v𝑚)(𝜏)⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥), ⌜v𝑚⌝, num(𝑦)))

↔ ∃𝑦T(𝑎, sub𝑚+1(⌜𝜗(v𝑖/v𝑚)(𝜏)⌝, ⃗⌜v⌝≤𝑚, ⃑⃗n𝑥
𝑘, ⃑⃗num(0)

𝑚−𝑘
, num(𝑦)))

↔ ∃𝑦(𝜗(v𝑖/v𝑚)(𝜏)(𝑥⃗, 0⃗, 𝑦))
↔ ∃𝑦(𝜗(v𝑖/𝑦)(𝜏)(𝑥⃗))
↔ (∃v𝑖𝜗)(𝜏)(𝑥⃗)

for all 𝑎 ≺ ⌈𝛼⌉ and 𝑥⃗𝑘 such that 𝜏[𝑥⃗] ≺ 𝑎, if 𝑘 ≤ 𝑚. If 𝑚 < 𝑘 then similar
reasoning yields

T(𝑎, sub𝑘(⌜(∃v𝑖𝜗)(𝜏)⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥))
↔ T(𝑎, sub𝑘(⌜∃v𝑚(𝜗(v𝑖/v𝑚)(𝜏))⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥))
↔ T(𝑎, ∃∃∃⌜v𝑚⌝sub𝑘−1(⌜𝜗(v𝑖/v𝑚)(𝜏)⌝, ⌜v0⌝, … , ⌜v𝑚−1⌝, ⌜v𝑚+1⌝, … , ⌜v𝑘−1⌝,

num(𝑥0), … , num(𝑥𝑚−1), num(𝑥𝑚+1), … , num(𝑥𝑘−1)))
↔ ∃𝑦T(𝑎, sub(sub𝑘−1(⌜𝜗(v𝑖/v𝑚)(𝜏)⌝, ⌜v0⌝, … , ⌜v𝑚−1⌝, ⌜v𝑚+1⌝, … , ⌜v𝑘−1⌝,

num(𝑥0), … , num(𝑥𝑚−1), num(𝑥𝑚+1), … , num(𝑥𝑘−1)),
⌜v𝑚⌝, num(𝑦)))

↔ ∃𝑦T(𝑎, sub𝑘(⌜𝜗(v𝑖/v𝑚)(𝜏)⌝, ⃗⌜v⌝<𝑘, num(𝑥0), … , num(𝑥𝑚−1), num(𝑦),
num(𝑥𝑚+1), … , num(𝑥𝑘−1)))

↔ ∃𝑦(𝜗(v𝑖/v𝑚)(𝜏)(𝑥0, … , 𝑥𝑚−1, 𝑦, 𝑥𝑚+1, … , 𝑥𝑘−1))
↔ ∃𝑦(𝜗(v𝑖/𝑦)(𝜏)(𝑥⃗))
↔ (∃v𝑖𝜗)(𝜏)(𝑥⃗)

for all 𝑎 ≺ ⌈𝛼⌉ and 𝑥⃗𝑘 such that 𝜏[𝑥⃗] ≺ 𝑎.
• Consider 𝜎 ≺ v0 ∧ (𝜗(𝜎) → 𝜓) ∈ GPosT, where

SG𝛼 ⊢ ∀𝑎 ≺ ⌈𝛼⌉∀𝑥⃗(𝜏[𝑥⃗] ⪯ 𝑎
→ (T(𝑎, sub𝑘(⌜𝜗(𝜏)⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥)) ↔ 𝜗(𝜏)(𝑥⃗)))

for all terms 𝜏 such that the free variables of 𝜗(𝜏) are among v⃗<𝑘, and the
corresponding for 𝜓. Letting 𝜏 be a term such that the free variables of



140 • fixed ids about truth

(𝜎 ≺ v0 ∧ (𝜗(𝜎) → 𝜓))(𝜏) we reason in SG𝛼. Let 𝑥⃗𝑘 be arbitrary and
assume 𝜏[𝑥⃗] ⪯ 𝑎 ≺ ⌈𝛼⌉. Then

𝔊𝔓𝔬𝔰T(𝜎[𝜏][𝑥⃗], sub𝑘(⌜𝜓(𝜎[𝜏])⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥)).

Hence

T(𝑎, sub𝑘(⌜(𝜎 ≺ v0 ∧ (𝜓(𝜎) → 𝜗))(𝜏)⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥))
↔ T(𝑎, sub𝑘(⌜𝜎(𝜏) ≺ 𝜏⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥))
∧ T(𝑎, sub𝑘(⌜𝜓(𝜎)(𝜏) → 𝜗(𝜏)⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥))

↔ 𝜎[𝜏][𝑥⃗] ≺ 𝜏[𝑥⃗] ∧ T(𝑎, sub𝑘(⌜𝜓(𝜎(𝜏))⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥)
→→→ sub𝑘(⌜𝜗(𝜏)⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥))

↔ 𝜎[𝜏][𝑥⃗] ≺ 𝜏[𝑥⃗] ∧ (T(𝜎[𝜏][𝑥⃗], sub𝑘(⌜𝜓(𝜎[𝜏])⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥))
→ T(𝑎, sub𝑘(⌜𝜗⌝, ⃗⌜v⌝<𝑘, ⃑⃗n𝑥)))

↔ 𝜎[𝜏][𝑥⃗] ≺ 𝜏[𝑥⃗] ∧ (𝜓(𝜎[𝜏])(𝑥⃗) → 𝜗(𝜏)(𝑥⃗))

Note that the third (and following) line(s) is trivially false (as desired) if
⌈0⌉ == 𝑎, since 𝜏[𝑥⃗] ⪯ 𝑎 was assumed.

This concludes the proof.

Theorems 5.2.3, 5.3.2 and 5.4.1 together constitute the full circle of inter-
pretations.

Theorem 5.4.2. Each of ÎDI
𝛼, GPUTBI

𝛼 and SG𝛼 can be syntactically embedded
in one another.

Consequently, having the level of the theories also keep track of the negative
nesting depth of implication we can generalise the classical tri-interpretability
result to intuitionistic logic.

5.5 Nonconservativity results
This chapter closes by drawing some conclusions about the question of conser-
vativity of ÎDI

𝛼 and ÎDi
𝛼. The key observation is that after the 𝜔th level, the three

theories provide a defined truth-predicate for arithmetic which is fully composi-
tional. This truth-predicate is constructed in terms of the non-logical predicates
provided by these respective theories, as usual using guarded positivity of these
predicates as the measure of complexity. Since arithmetic sentences do not con-
tain any of these predicates, this measure merely bounds their nesting depth,
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which of course is finite. This is the basic idea behind the proof of the following
theorem.

Theorem 5.5.1. ÎDI
𝜔+1 defines a compositional truth predicate for arithmetic sen-

tences.

Proof. We prove that SG𝜔+1 defines such a truth predicate and apply the inter-
pretation theorem above. Let grd ∶ ℕ × ℕ × ℕ × ℒPRA ⟶ GPos(ℒPRA) be the
function satisfying

grd(𝑛, 𝑖,𝛭, ⊥) = (v0 ⋈ v0)
grd(𝑛, 𝑖,𝛭, (𝜎 == 𝜏)) = (𝜎 == 𝜏)[v0/v𝑖+𝛭] ∧ v0 == v0

grd(𝑛, 𝑖,𝛭, 𝜙 → 𝜃) = ⌈Pre(𝑛)⌉ ≺ v0 ∧ (
grd(Pre(𝑛), 𝑖,𝛭, 𝜙)[⌈Pre(𝑛)⌉]
→ grd(𝑛, 𝑖,𝛭, 𝜃) ) ,

grd(𝑛, 𝑖,𝛭, ∃∀𝑥𝜙) = ∃∀v𝛭 grd(𝑛, 𝑖,𝛭 + 1, 𝜙[𝑥/v𝛭])
for all 𝑛, 𝑖,𝛭,32 𝜎, 𝜏, 𝜙 and 𝜃, and which is compositional except as noted above,
where Pre is the predecessor function onℕ. Let isub be the iterated substitution
function, i.e. defined by

isub(𝜙, ⟨⟩, ⟨⟩) = 𝜙
and

isub(𝜙, 𝑤⊛⟨𝑥⟩, 𝑠 ⊛⟨𝜏⟩) = isub(𝜙, 𝑤, 𝑠)[𝑥/𝜏],
where ⊛ is sequence concatenation (and also the symbol of a reasonable prim-
itive recursive definition of this function), for formula-variants 𝜙, sequences 𝑤
of variables and equally long sequences 𝑠 of terms, and isub be a symbol for a
reasonable primitive recursive definition thereof. Let isgs be the symbol for a
reasonable primitive recursive definition of the function

(𝜙, 𝑐, 𝑖,𝛭, 𝑤, 𝑢, 𝑠, 𝑙)
↦
isub(sub(grd(𝑐, 𝑖, isub(𝜙, 𝑢, ⟨𝑠⟩<𝑙0 ⊛⟨𝑤⟩<lh(𝑠)

𝑙 )), v0, ⌈𝑐⌉), ⟨𝑤⟩<lh(𝑠)
𝑙 , ⟨𝑠⟩<lh(𝑠)

𝑙 )
where 𝜙 is a formula-variant, 𝑐, 𝑖 ∈ ℕ, 𝑢 is a sequence of variables without repe-
titions containing all free variables of 𝜙, 𝑠 is a sequence of closed terms, 𝑤 is a
32 Throughout this proof, 𝛭 and 𝛮 will either denote natural numbers or variables whose

values are regarded simply as natural numbers (which of these will be clear from the con-
text). This unfortunately deviates from standard practice in this dissertation, but is deemed
to be clearer than the alternative.
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sequence of variables strictly ordered by index, 𝑙 < lh(𝑠), ⟨𝑠⟩<𝑘𝑗 is the subsequence
of 𝑠 of the elements with indices ≥ 𝑗 and < 𝑘. Finally let 𝔗(𝑓) be

T(⌈𝜔⌉, isgs(𝑓, hn(𝑓), 𝑓, 𝑓, ⟨⟩, ⟨⟩, ⟨⟩, 0))

where hn is the symbol of a reasonable primitive recursive definition of hn, the
hereditary nesting depth function from the proof of 5.1.7 (restricted to ℒPRA).
We will also need the function symbols rmv and idx for (reasonable definitions
of ) the functions which given a sequence and an index-number, or a sequence
and an element respectively, returns the sequence with that element removed, or
the index of that element in the sequence (or its length, if the element is not in
the sequence), respectively, i.e.

(⟨𝑥0, … , 𝑥𝑚−1, 𝑥𝑚, 𝑥𝑚+1, … , 𝑥𝑘⟩, 𝑚) ↦ ⟨𝑥0, … , 𝑥𝑚−1, 𝑥𝑚+1, … , 𝑥𝑘⟩

and

(⟨𝑥0, … , 𝑥𝑚−1, 𝑥𝑚, 𝑥𝑚+1, … , 𝑥𝑘⟩, 𝑥𝑚) ↦ 𝑚

respectively. We first show by complete induction on the complexity of 𝜙 that

grd(𝑛, 𝑖,𝛭, 𝜙) ∈ GPos(ℒPRA) (5.4)

and

HAPRA ⊢ grd(𝑛, 𝑖,𝛭, 𝜙)[v0, v𝛭+𝑖/⌈𝑛⌉, v0] ↔ 𝜙 (5.5)

if hn(𝜙) ≤ 𝑛, 𝛭, 𝑖 > 0 and 𝛭 is larger than all indices of variables that occur
in 𝜙 ∈ ℒPRA. Thus assume these properties hold for ℒPRA-formula variants of
lesser complexity than 𝜙, and consider cases on the outermost logical symbol in
𝜙. Below let ⇔ denote provable equivalence in HAPRA.

• Suppose 𝜙 is ⊥. Straightforwardly

grd(𝑛, 𝑖,𝛭, ⊥) = (v0 ⋈ v0) ∈ GPos

whence

grd(𝑛, 𝑖,𝛭, ⊥)[v0, v𝛭+𝑖/⌈𝑛⌉, v0] = (⌈𝑛⌉ ⋈⌈𝑛⌉)
⇔ ⊥

as desired.
• Suppose 𝜙 is an equation (𝜎 == 𝜏). Then

grd(𝑛, 𝑖,𝛭, (𝜎 == 𝜏)) = (𝜎 == 𝜏)[v0/v𝛭+𝑖] ∧ (v0 == v0) ∈ GPos
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and consequently

grd(𝑛, 𝑖, (𝜎 == 𝜏))[v0, v𝛭+𝑖/⌈𝑛⌉, v0] = (𝜎 == 𝜏)[v𝛭+𝑖/v0] ∧ (⌈𝑛⌉ == ⌈𝑛⌉)
⇔ (𝜎 == 𝜏)

if v𝛭+𝑖 does not occur in 𝜎 or 𝜏.
• Suppose 𝜙 is a con/disjunction 𝜓∧∨ 𝜃. Then

grd(𝑛, 𝑖,𝛭, 𝜓∧∨ 𝜃) = grd(𝑛, 𝑖,𝛭, 𝜓) ∧∨ grd(𝑛, 𝑖,𝛭, 𝜃) ∈ GPos

whence

grd(𝑛, 𝑖,𝛭, 𝜓∧∨ 𝜃)[v0, v𝛭+𝑖/⌈𝑛⌉, v0]
= grd(𝑛, 𝑖,𝛭, 𝜓)[v0, v𝛭+𝑖/⌈𝑛⌉, v0] ∧∨ grd(𝑛, 𝑖, 𝜃)[v0, v𝛭+𝑖/⌈𝑛⌉, v0]
⇔ 𝜓∧∨ 𝜃

by induction hypothesis.
• Suppose 𝜙 is a quantified formula-variant ∃∀𝑥𝜃. Then

grd(𝑛, 𝑖,𝛭, ∃∀𝑥𝜃) = ∃∀v𝛭 grd(𝑛, 𝑖,𝛭 + 1, 𝜃[𝑥/𝑦]) ∈ GPos

since v𝛭 ≠ v0, and

grd(𝑛, 𝑖,𝛭, ∃∀𝑥𝜃)[v0, v𝛭+𝑖/⌈𝑛⌉, v0]
= (∃∀v𝛭 grd(𝑛, 𝑖,𝛭 + 1, 𝜃[𝑥/v𝛭]))[v0, v𝛭+𝑖/⌈𝑛⌉, v0]
⇔ ∃∀v𝛭(grd(𝑛, 𝑖,𝛭 + 1, 𝜃[𝑥/v𝛭])[v0, v𝛭+𝑖/⌈𝑛⌉, v0])
⇔ ∃∀v𝛭𝜃[𝑥/v𝛭]
⇔ ∃∀𝑥𝜃

by induction hypothesis, since v𝛭 does not occur in 𝜃.
• Finally suppose 𝜙 is an implication 𝜓 → 𝜃. We see that

grd(𝑛, 𝑖,𝛭, 𝜓 → 𝜃)
= ⌈Pre(𝑛)⌉ ≺ v0 ∧ (grd(Pre(𝑛), 𝑖,𝛭, 𝜓)[⌈Pre(𝑛)⌉] → grd(𝑛, 𝑖,𝛭, 𝜃))
∈ GPos

and

grd(𝑛, 𝑖,𝛭, 𝜓 → 𝜃)[v0, v𝛭+𝑖/⌈𝑛⌉, v0]
= ⌈Pre(𝑛)⌉ ≺ ⌈𝑛⌉ ∧ (grd(Pre(𝑛), 𝑖,𝛭, 𝜓)[v0/⌈Pre(𝑛)⌉]

→ grd(𝑛, 𝑖,𝛭, 𝜃))[v0, v𝛭+𝑖/⌈𝑛⌉, v0]
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= ⌈Pre(𝑛)⌉ ≺ ⌈𝑛⌉ ∧ (grd(Pre(𝑛), 𝑖,𝛭, 𝜓)[v0/⌈Pre(𝑛)⌉][v0, v𝛭+𝑖/⌈𝑛⌉, v0]
→ grd(𝑛, 𝑖,𝛭, 𝜃)[v0, v𝛭+𝑖/⌈𝑛⌉, v0])

= ⌈Pre(𝑛)⌉ ≺ ⌈𝑛⌉ ∧ (grd(Pre(𝑛), 𝑖,𝛭, 𝜓)[v0/⌈Pre(𝑛)⌉][v𝛭+𝑖/v0]
→ grd(𝑛, 𝑖,𝛭, 𝜃)[v0, v𝛭+𝑖/⌈𝑛⌉, v0])

⇔ ⌈Pre(𝑛)⌉ ≺ ⌈𝑛⌉ ∧ (grd(Pre(𝑛), 𝑖,𝛭, 𝜓)[v0, v𝛭+𝑖/⌈Pre(𝑛)⌉, v0]
→ grd(𝑛, 𝑖,𝛭, 𝜃)[v0, v𝛭+𝑖/⌈𝑛⌉, v0])

⇔ grd(Pre(𝑛), 𝑖,𝛭, 𝜓)[v0, v𝛭+𝑖/⌈Pre(𝑛)⌉, v0]
→ grd(𝑛, 𝑖,𝛭, 𝜃)[v0, v𝛭+𝑖/⌈𝑛⌉, v0]

= 𝜓 → 𝜃
by induction hypothesis, since by assumption hn(𝜓) < hn(𝜓 → 𝜃) ≤ 𝑛.

By construction of the coding, HAPRA ⊢ 𝑓 ≤ 𝑥 → 𝑓 < v𝑥, whence

HAPRA ⊢ ∀𝑥(FV(𝑓, v𝑥) ∨ BV(𝑓, v𝑥) → 𝑥 < 𝑓).
Therefore

HAPRA ⊢ 𝔊𝔓𝔬𝔰(ord(hn(𝑓)), sub(grd(hn(𝑓), 𝑓, 𝑓, 𝑓), ⌜v0⌝, num(ord(hn(𝑓)))))
by Σ1-completeness. We prove by complete induction within HAPRA on the
construction of 𝑓 that if we want to substitute closed terms for the free variables
of 𝑓 and transform it into a guardedly positive formula and evaluate the result
with T, then we can either rename the free variables to fresh ones before guard-
ing and the substituting the terms for these, or we can first substitute the terms
and then guard, or any combination thereof. This way, we see that the auxili-
ary arguments of grd does not matter, as long as they are large enough. More
technically, the statement to prove is consequently that

T(𝑎, isgs(𝑓, 𝑐, 𝑖,𝛭, 𝑤, 𝑢, 𝑠, 𝑙)) ↔ T(𝑎, isgs(𝑓, 𝑑, 𝑗,𝛮, 𝑣, 𝑢, 𝑠, 𝑘))
for all 𝑎 ⪯ ⌈𝜔⌉, FmlaℒPRA

(𝑓), Seq(𝑢)without repetitions of variables among which
are all free variables of 𝑓, Seq(𝑠) of closed terms of same length as 𝑢, Seq(𝑤)
and Seq(𝑣) of variables strictly ordered by index of the same length as 𝑢 and 𝑠,
𝑙, 𝑘 ≤ lh(𝑠), 𝑖, 𝑗,𝛭,𝛮 ≥ 𝑓 + lh(𝑢) such that if v𝑥 is in 𝑢 (in 𝑣) then 𝑓 ≤ 𝑥 < 𝛭
(𝑓 ≤ 𝑥 < 𝛮) and 𝑐, 𝑑 ≥ hn(𝑓) with ord(𝑐) ⪯ 𝑎 and ord(𝑑) ⪯ 𝑎. Suppose the
above holds for all 𝑔 < 𝑓. We consider cases on the outermost logical symbol in
𝑓.

• Suppose 𝑓 is ⊥⊥⊥. Consider 𝑎 ⪯ ⌈𝜔⌉. Let 𝑢 be any nonrepeating sequence
of variables (𝑓 having no free variables), 𝑠 be a sequence of closed terms of
same length as 𝑢, let𝑤, 𝑣 be sequences of variables strictly ordered by index
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and of the same length as 𝑢 and 𝑠, 𝑙, 𝑘 ≤ lh(𝑠), let 𝑖, 𝑗,𝛭,𝛮 ≥ 𝑓+lh(𝑢) > 0

such that if v𝑥 is in𝑤 (in 𝑣) then 𝑓 ≤ 𝑥 < 𝛭 (< 𝛮) and let 𝑐, 𝑑 ≥ hn(𝑓) == 0

with ord(𝑐) ⪯ 𝑎 and ord(𝑑) ⪯ 𝑎. Then isub(𝑓, 𝑢, ⟨𝑠⟩<𝑙0 ⊛⟨𝑤⟩<lh(𝑠)𝑙 ) is 𝑓 and
consequently

grd(𝑐, 𝑖,𝛭, isub(𝑓, 𝑢, ⟨𝑠⟩<𝑙0 ⊛⟨𝑤⟩<lh(𝑠)𝑙 )) == (v0 ⋈⋈⋈ v0).

Thus

T(𝑎, isgs(𝑓, 𝑐, 𝑖,𝛭, 𝑤, 𝑢, 𝑠, 𝑙))
↔ T (𝑎, isub (sub (grd(𝑐, 𝑖,𝛭, isub(𝑓, 𝑢, ⟨𝑠⟩<𝑙0 ⊛⟨𝑤⟩<lh(𝑠)𝑙 )),

⌜v0⌝, num(ord(𝑐))) , ⟨𝑤⟩<lh(𝑠)𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 ))
↔ T(𝑎, isub(sub(v0 ⋈⋈⋈ v0, ⌜v0⌝, num(ord(𝑐))), ⟨𝑤⟩<lh(𝑠)𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 ))
↔ T(𝑎, isub(num(ord(𝑐))⋈⋈⋈ num(ord(𝑐)), ⟨𝑤⟩<lh(𝑠)𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 ))
↔ T(𝑎, num(ord(𝑐))⋈⋈⋈ num(ord(𝑐)))
↔ ⊥.

Since this is independent of 𝑐, 𝑖, 𝛭, 𝑤 and 𝑙, the claim follows.

• Suppose 𝑓 is an equation. Consider 𝑎 ⪯ ⌈𝜔⌉. Let 𝑢 be a sequence of
variables without repetitions, containing all free variables of 𝑓, 𝑠 be a
sequence of closed terms of same length as 𝑢, 𝑤, 𝑣 be sequences of vari-
ables strictly ordered by index of the same length as 𝑢 and 𝑠, 𝑙, 𝑘 ≤ lh(𝑠),
𝑖, 𝑗,𝛭,𝛮 ≥ 𝑓 + lh(𝑢) > 0 be such that if v𝑥 is in 𝑤 (𝑣) then 𝑓 ≤ 𝑥 < 𝛭
(< 𝛮), and 𝑐, 𝑑 ≥ hn(𝑓) == 0 satisfy ord(𝑐) ⪯ 𝑎 and ord(𝑑) ⪯ 𝑎. Then
isub(𝑓, 𝑢, ⟨𝑠⟩<𝑙0 ⊛⟨𝑤⟩<lh(𝑠)𝑙 ) is still an equation and

grd(𝑐, 𝑖,𝛭, isub(𝑓, 𝑢, ⟨𝑠⟩<𝑙0 ⊛⟨𝑤⟩<lh(𝑠)𝑙 ))
== sub(isub(𝑓, 𝑢, ⟨𝑠⟩<𝑙0 ⊛⟨𝑤⟩<lh(𝑠)𝑙 ), ⌜v0⌝, v𝛭+𝑖)∧∧∧(v0 ====== v0),

whence

T(𝑎, isgs(𝑓, 𝑐, 𝑖,𝛭, 𝑤, 𝑢, 𝑠, 𝑙))
↔ T(𝑎, isub(sub(grd(𝑐, 𝑖,𝛭, isub(𝑓, 𝑢, ⟨𝑠⟩<𝑙0 ⊛⟨𝑤⟩<lh(𝑠)𝑙 )),

⌜v0⌝, num(ord(𝑐))), ⟨𝑤⟩<lh(𝑠)𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 ))
↔ T(𝑎, isub(sub(sub(isub(𝑓, 𝑢, ⟨𝑠⟩<𝑙0 ⊛⟨𝑤⟩<lh(𝑠)𝑙 ), ⌜v0⌝, v𝛭+𝑖)

∧∧∧(v0 ====== v0), ⌜v0⌝, num(ord(𝑐))), ⟨𝑤⟩<lh(𝑠)𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 ))
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↔ T(𝑎, isub(sub(isub(𝑓, 𝑢, ⟨𝑠⟩<𝑙0 ⊛⟨𝑤⟩<lh(𝑠)𝑙 ), ⌜v0⌝, v𝛭+𝑖),
⟨𝑤⟩<lh(𝑠)𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 )∧∧∧(num(ord(𝑐)) ====== num(ord(𝑐))))

↔ T(𝑎, isub(sub(isub(𝑓, 𝑢, ⟨𝑠⟩<𝑙0 ⊛⟨𝑤⟩<lh(𝑠)𝑙 ), ⌜v0⌝, v𝛭+𝑖),
⟨𝑤⟩<lh(𝑠)𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 )) ∧ T(𝑎, num(ord(𝑐)) ====== num(ord(𝑐)))

↔ T(𝑎, isub(sub(isub(𝑓, 𝑢, ⟨𝑤⟩<lh(𝑠)𝑙 ⊛⟨𝑤⟩<lh(𝑠)𝑙 ), ⌜v0⌝, v𝛭+𝑖),
⟨𝑤⟩<lh(𝑠)𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 )) ∧ ord(𝑐) == ord(𝑐)

↔ T(𝑎, isub(sub(isub(𝑓, 𝑢, ⟨𝑠⟩<𝑙0 ⊛⟨𝑤⟩<lh(𝑠)𝑙 ), ⌜v0⌝, v𝛭+𝑖),
⟨𝑤⟩<lh(𝑠)𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 ))

↔ T(𝑎, isub(isub(𝑓, 𝑢, ⟨𝑠⟩<𝑙0 ⊛⟨𝑤⟩<lh(𝑠)𝑙 ), ⟨𝑤⟩<lh(𝑠)𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 )) (⋆)
↔ T(𝑎, isub(𝑓, 𝑢, 𝑠)),

where (⋆) is equivalent to the line above it both if FV(𝑓, ⌜v0⌝) and if
¬FV(𝑓, ⌜v0⌝) (but for different reasons). This is again independent of 𝑐, 𝑖,
𝛭, 𝑤 and 𝑙.

• Suppose 𝑓 is a con/disjunction ℎ∧∨∧∨∧∨ 𝑔. Consider 𝑎 ⪯ ⌈𝜔⌉. Let 𝑢 be a
sequence of variables without repetitions containing all free variables of
ℎ∧∨∧∨∧∨ 𝑔, 𝑠 a sequence of closed terms of same length as 𝑢, 𝑤, 𝑣 sequences of
variables strictly ordered by index of the same length as 𝑢 and 𝑠, 𝑙, 𝑘 ≤ lh(𝑠),
𝑖, 𝑗,𝛭,𝛮 ≥ 𝑓+ lh(𝑢) > ℎ+ lh(𝑢), 𝑔+ lh(𝑢) such that if v𝑥 is in 𝑤 (𝑣) then
ℎ, 𝑔 < 𝑓 ≤ 𝑥 < 𝛭 (< 𝛮) and 𝑐, 𝑑 ≥ hn(𝑓) ≥ hn(ℎ), hn(𝑔) with ord(𝑐) ⪯ 𝑎
and ord(𝑑) ⪯ 𝑎. Then

T(𝑎, isgs(𝑓, 𝑐, 𝑖,𝛭, 𝑤, 𝑢, 𝑠, 𝑙))
↔ T(𝑎, isub(sub(grd(𝑐, 𝑖,𝛭, isub((ℎ∧∨∧∨∧∨ 𝑔), 𝑢, ⟨𝑠⟩<𝑙0 ⊛⟨𝑤⟩<lh(𝑠)𝑙 )),

⌜v0⌝, num(ord(𝑐))), ⟨𝑤⟩<lh(𝑠)𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 ))
↔ T(𝑎, isub(sub(grd(𝑐, 𝑖,𝛭, isub(ℎ, 𝑢, ⟨𝑠⟩<𝑙0 ⊛⟨𝑤⟩<lh(𝑠)𝑙 )),

⌜v0⌝, num(ord(𝑐))), ⟨𝑤⟩<lh(𝑠)𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 ))
∧∨T(𝑎, isub(sub(grd(𝑐, 𝑖,𝛭, isub(𝑔, 𝑢, ⟨𝑠⟩<𝑙0 ⊛⟨𝑤⟩<lh(𝑠)𝑙 )),

⌜v0⌝, num(ord(𝑐))), ⟨𝑤⟩<lh(𝑠)𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 ))
↔ T(𝑎, isgs(ℎ, 𝑐, 𝑖,𝛭, 𝑤, 𝑢, 𝑠, 𝑙)) ∧∨T(𝑎, isgs(𝑔, 𝑐, 𝑖,𝛭, 𝑤, 𝑢, 𝑠, 𝑙))
↔ T(𝑎, isgs(ℎ, 𝑑, 𝑗,𝛮, 𝑣, 𝑢, 𝑠, 𝑘)) ∧∨T(𝑎, isgs(𝑔, 𝑑, 𝑗,𝛮, 𝑣, 𝑢, 𝑠, 𝑘))
↔ T(𝑎, isub(sub(grd(𝑑, 𝑗,𝛮, isub(ℎ, 𝑢, ⟨𝑠⟩<𝑘0 ⊛⟨𝑣⟩<lh(𝑠)𝑘 )),

⌜v0⌝, num(ord(𝑑))), ⟨𝑣⟩<lh(𝑠)𝑘 , ⟨𝑠⟩<lh(𝑠)𝑘 ))
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∧∨T(𝑎, isub(sub(grd(𝑑, 𝑗,𝛮, isub(𝑔, 𝑢, ⟨𝑠⟩<𝑘0 ⊛⟨𝑣⟩<lh(𝑠)𝑘 )),
⌜v0⌝, num(ord(𝑑))), ⟨𝑣⟩<lh(𝑠)𝑘 , ⟨𝑠⟩<lh(𝑠)𝑘 ))

↔ T(𝑎, isub(sub(grd(𝑑, 𝑗,𝛮, isub((ℎ∧∨∧∨∧∨ 𝑔), 𝑢, ⟨𝑠⟩<𝑘0 ⊛⟨𝑣⟩<lh(𝑠)𝑘 )),
⌜v0⌝, num(ord(𝑑))), ⟨𝑣⟩<lh(𝑠)𝑘 , ⟨𝑠⟩lh(𝑠)𝑘 ))

↔ T(𝑎, isgs(ℎ∧∨∧∨∧∨ 𝑔, 𝑑, 𝑗,𝛮, 𝑣, 𝑢, 𝑠, 𝑘))

by induction hypothesis.

• Suppose 𝑓 is a quantified formula-variant ∃∀∃∀∃∀v𝑚𝑔. Consider 𝑎 ⪯ ⌈𝜔⌉. Let
𝑢 be a sequence of variables without repetitions and containing all free
variables of ∃∀∃∀∃∀v𝑚𝑔, 𝑠 be a sequence of closed terms of same length as 𝑢,
𝑤, 𝑣 sequences of variables strictly ordered by index and of the same length
as 𝑢 and 𝑠, 𝑙, 𝑘 ≤ lh(𝑠), 𝑖, 𝑗,𝛭,𝛮 ≥ (∃∀∃∀∃∀v𝑚𝑔) + lh(𝑠) such that if v𝑥 is
in 𝑤 (𝑣) then (∃∀∃∀∃∀v𝑚𝑔) ≤ 𝑥 < 𝛭 (< 𝛮), and 𝑐, 𝑑 ≥ hn(∃∀∃∀∃∀v𝑚𝑔) with
ord(𝑐) ⪯ 𝑎 and ord(𝑑) ⪯ 𝑎. Then we have in particular S(𝛭), S(𝛮) ≥
𝑔 + lh(𝑢⊛⟨v𝑚⟩), 𝑔 + lh(rmv(𝑢, idx(𝑢, v𝑚)) ⊛⟨v𝑚⟩) and if v𝑥 is in 𝑤⊛⟨v𝛭⟩
or rmv(𝑤, idx(𝑢, v𝑚)) ⊛⟨v𝛭⟩ (𝑣⊛⟨v𝛮⟩ or rmv(𝑣, idx(𝑢, v𝑚)) ⊛⟨v𝛮⟩) then
𝑔 ≤ 𝑥 < S(𝛭) (𝑔 ≤ 𝑥 < S(𝛮)). We consider cases on whether v𝑚 is in 𝑢
or not.

In case v𝑚 is not in 𝑢, then

T(𝑎, isgs(∃∀∃∀∃∀v𝑚𝑔, 𝑐, 𝑖,𝛭, 𝑤, 𝑢, 𝑠, 𝑙))
↔ T(𝑎, isub(sub(grd(𝑐, 𝑖,𝛭, isub(∃∀∃∀∃∀v𝑚𝑔, 𝑢, ⟨𝑠⟩<𝑙0 ⊛𝑤<lh(𝑠)

𝑙 )),
⌜v0⌝, num(ord(𝑐))), 𝑤<lh(𝑠)

𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 ))
↔ T(𝑎, isub(sub(grd(𝑐, 𝑖,𝛭,∃∀∃∀∃∀v𝑚isub(𝑔, 𝑢, ⟨𝑠⟩<𝑙0 ⊛𝑤<lh(𝑠)

𝑙 )),
⌜v0⌝, num(ord(𝑐))), 𝑤<lh(𝑠)

𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 ))
↔ T(𝑎, isub(sub(∃∀∃∀∃∀v𝛭grd(𝑐, 𝑖, S(𝛭), sub(isub(𝑔, 𝑢, ⟨𝑠⟩<𝑙0 ⊛𝑤<lh(𝑠)

𝑙 ),
v𝑚, v𝛭)), ⌜v0⌝, num(ord(𝑐))), 𝑤<lh(𝑠)

𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 ))
↔ T(𝑎, ∃∀∃∀∃∀v𝛭isub(sub(grd(𝑐, 𝑖, S(𝛭), sub(isub(𝑔, 𝑢, ⟨𝑠⟩<𝑙0 ⊛𝑤<lh(𝑠)

𝑙 ),
v𝑚, v𝛭)), ⌜v0⌝, num(ord(𝑐))), 𝑤<lh(𝑠)

𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 ))
↔ ∃∀𝑥T(𝑎, sub(isub(sub(grd(𝑐, 𝑖, S(𝛭), sub(isub(𝑔, 𝑢, ⟨𝑠⟩<𝑙0 ⊛𝑤<lh(𝑠)

𝑙 ),
v𝑚, v𝛭)), ⌜v0⌝, num(ord(𝑐))), 𝑤<lh(𝑠)

𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 ),
v𝛭, num(𝑥)))
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↔ ∃∀𝑥T(𝑎, isub(sub(grd(𝑐, 𝑖, S(𝛭), isub(𝑔, 𝑢⊛⟨v𝑚⟩,
⟨𝑠⟩<𝑙0 ⊛𝑤<lh(𝑠)

𝑙 ⊛⟨v𝛭⟩)), ⌜v0⌝, num(ord(𝑐))),
𝑤<lh(𝑠)
𝑙 ⊛⟨v𝛭⟩, ⟨𝑠⟩<lh(𝑠)𝑙 ⊛⟨num(𝑥)⟩))

↔ ∃∀𝑥T(𝑎, isub(sub(grd(𝑐, 𝑖, S(𝛭), isub(𝑔, 𝑢⊛⟨v𝑚⟩,
⟨(𝑠 ⊛⟨num(𝑥)⟩)⟩<𝑙0 ⊛(𝑤⊛⟨v𝛭⟩)<lh(𝑠 ⊛⟨num(𝑥)⟩)𝑙 )),

⌜v0⌝, num(ord(𝑐))), (𝑤⊛⟨v𝛭⟩)<lh(𝑠 ⊛⟨num(𝑥)⟩)𝑙 ,
(𝑠 ⊛⟨num(𝑥)⟩)<lh(𝑠 ⊛⟨num(𝑥)⟩)𝑙 ))

↔ ∃∀𝑥T(𝑎, isgs(𝑔, 𝑐, 𝑖, S(𝛭), 𝑤⊛⟨v𝛭⟩, 𝑢 ⊛⟨v𝑚⟩, 𝑠 ⊛⟨num(𝑥)⟩, 𝑙))
↔ ∃∀𝑥T(𝑎, isgs(𝑔, 𝑑, 𝑗, S(𝛮), 𝑣 ⊛⟨v𝛮⟩, 𝑢 ⊛⟨v𝑚⟩, 𝑠 ⊛⟨num(𝑥)⟩, 𝑘))
↔ ∃∀𝑥T(𝑎, isub(sub(grd(𝑑, 𝑗, S(𝛮), isub(𝑔, 𝑢⊛⟨v𝑚⟩,

⟨(𝑠 ⊛⟨num(𝑥)⟩)⟩<𝑘0 ⊛(𝑣⊛⟨v𝛮⟩)<lh(𝑠 ⊛⟨num(𝑥)⟩)𝑘 )),
⌜v0⌝, num(ord(𝑐))), (𝑣 ⊛⟨v𝛮⟩)<lh(𝑠 ⊛⟨num(𝑥)⟩)𝑘 ,

(𝑠 ⊛⟨num(𝑥)⟩)<lh(𝑠 ⊛⟨num(𝑥)⟩)𝑘 ))
↔ T(𝑎, isgs(∃∀∃∀∃∀v𝑚𝑔, 𝑑, 𝑗,𝛮, 𝑣, 𝑢, 𝑠, 𝑘))

by induction hypothesis.

In case v𝑚 does occur in 𝑢 we consider the cases when idx(𝑢, v𝑚) < 𝑙 and
idx(𝑢, v𝑚) ≥ 𝑙, respectively. In the former case

T(𝑎, isgs(∃∀∃∀∃∀v𝑚𝑔, 𝑐, 𝑖,𝛭, 𝑤, 𝑢, 𝑠, 𝑙))
↔ T(𝑎, isub(sub(grd(𝑐, 𝑖,𝛭, isub(∃∀∃∀∃∀v𝑚𝑔, 𝑢, ⟨𝑠⟩<𝑙0 ⊛𝑤<lh(𝑠)

𝑙 )),
⌜v0⌝, num(ord(𝑐))), 𝑤<lh(𝑠)

𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 ))
↔ T(𝑎, isub(sub(grd(𝑐, 𝑖,𝛭,∃∀∃∀∃∀v𝑚isub(𝑔, rmv(𝑢, idx(𝑢, v𝑚)),

⟨rmv(𝑠, idx(𝑢, v𝑚))⟩<Pre(𝑙)0 ⊛𝑤<lh(𝑠)
𝑙 )),

⌜v0⌝, num(ord(𝑐))), 𝑤<lh(𝑠)
𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 ))

↔ T(𝑎, isub(sub(∃∀∃∀∃∀v𝛭grd(𝑐, 𝑖, S(𝛭), sub(isub(𝑔, rmv(𝑢, idx(𝑢, v𝑚)),
⟨rmv(𝑠, idx(𝑢, v𝑚))⟩<Pre(𝑙)0 ⊛𝑤<lh(𝑠)

𝑙 ), v𝑚, v𝛭)),
⌜v0⌝, num(ord(𝑐))), 𝑤<lh(𝑠)

𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 ))
↔ T(𝑎, ∃∀∃∀∃∀v𝛭isub(sub(grd(𝑐, 𝑖, S(𝛭), sub(isub(𝑔, rmv(𝑢, idx(𝑢, v𝑚)),

⟨rmv(𝑠, idx(𝑢, v𝑚))⟩<Pre(𝑙)0 ⊛𝑤<lh(𝑠)
𝑙 ), v𝑚, v𝛭)),

⌜v0⌝, num(ord(𝑐))), 𝑤<lh(𝑠)
𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 ))
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↔ ∃∀𝑥T(𝑎, sub(isub(sub(grd(𝑐, 𝑖, S(𝛭), sub(isub(𝑔, rmv(𝑢, idx(𝑢, v𝑚)),
⟨rmv(𝑠, idx(𝑢, v𝑚))⟩<Pre(𝑙)0 ⊛𝑤<lh(𝑠)

𝑙 ), v𝑚, v𝛭)),
⌜v0⌝, num(ord(𝑐))), 𝑤<lh(𝑠)

𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 ), v𝛭, num(𝑥)))
↔ ∃∀𝑥T(𝑎, isub(sub(grd(𝑐, 𝑖, S(𝛭), isub(𝑔, rmv(𝑢, idx(𝑢, v𝑚)) ⊛⟨v𝑚⟩,

⟨rmv(𝑠, idx(𝑢, v𝑚))⟩<Pre(𝑙)
0 ⊛𝑤<lh(𝑠)

𝑙 ⊛⟨v𝛭⟩)),
⌜v0⌝, num(ord(𝑐))), 𝑤<lh(𝑠)

𝑙 ⊛⟨v𝛭⟩, ⟨𝑠⟩<lh(𝑠)𝑙 ⊛⟨num(𝑥)⟩))
↔ ∃∀𝑥T(𝑎, isub(sub(grd(𝑐, 𝑖, S(𝛭), isub(𝑔, rmv(𝑢, idx(𝑢, v𝑚)) ⊛⟨v𝑚⟩,

⟨(rmv(𝑠, idx(𝑢, v𝑚)) ⊛⟨num(𝑥)⟩)⟩<Pre(𝑙)0

⊛(rmv(𝑤, idx(𝑢, v𝑚)) ⊛⟨v𝛭⟩)
<lh(rmv(𝑠,idx(𝑢,v𝑚)) ⊛⟨num(𝑥)⟩)
Pre(𝑙) )),

⌜v0⌝, num(ord(𝑐))),
(rmv(𝑤, idx(𝑢, v𝑚)) ⊛⟨v𝛭⟩)

<lh(rmv(𝑠,idx(𝑢,v𝑚)) ⊛⟨num(𝑥)⟩)
Pre(𝑙) ,

(rmv(𝑠, idx(𝑢, v𝑚)) ⊛⟨num(𝑥)⟩)
<lh(rmv(𝑠,idx(𝑢,v𝑚)) ⊛⟨num(𝑥)⟩)
Pre(𝑙) ))

↔ ∃∀𝑥T(𝑎, isgs(𝑔, 𝑐, 𝑖, S(𝛭), rmv(𝑤, idx(𝑢, v𝑚)) ⊛⟨v𝛭⟩,
rmv(𝑢, idx(𝑢, v𝑚)) ⊛⟨v𝑚⟩, rmv(𝑠, idx(𝑢, v𝑚)) ⊛⟨num(𝑥)⟩, Pre(𝑙))),

while in the latter case

T(𝑎, isgs(∃∀∃∀∃∀v𝑚𝑔, 𝑐, 𝑖,𝛭, 𝑤, 𝑢, 𝑠, 𝑙))
↔ T(𝑎, isub(sub(grd(𝑐, 𝑖,𝛭, isub(∃∀∃∀∃∀v𝑚𝑔, 𝑢, ⟨𝑠⟩<𝑙0 ⊛𝑤<lh(𝑠)

𝑙 )),
⌜v0⌝, num(ord(𝑐))), 𝑤<lh(𝑠)

𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 ))
↔ T(𝑎, isub(sub(grd(𝑐, 𝑖,𝛭,∃∀∃∀∃∀v𝑚isub(𝑔, rmv(𝑢, idx(𝑢, v𝑚)),

⟨𝑠⟩<𝑙0 ⊛ rmv(𝑤<lh(𝑠)
𝑙 , idx(𝑢, v𝑚) ∸ 𝑙))),

⌜v0⌝, num(ord(𝑐))), 𝑤<lh(𝑠)
𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 ))

↔ T(𝑎, isub(sub(∃∀∃∀∃∀v𝛭grd(𝑐, 𝑖, S(𝛭), sub(isub(𝑔, rmv(𝑢, idx(𝑢, v𝑚)),
⟨𝑠⟩<𝑙0 ⊛ rmv(𝑤<lh(𝑠)

𝑙 , idx(𝑢, v𝑚) ∸ 𝑙)), v𝑚, v𝛭)),
⌜v0⌝, num(ord(𝑐))), 𝑤<lh(𝑠)

𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 ))
↔ T(𝑎, ∃∀∃∀∃∀v𝛭isub(sub(grd(𝑐, 𝑖, S(𝛭), sub(isub(𝑔, rmv(𝑢, idx(𝑢, v𝑚)),

⟨𝑠⟩<𝑙0 ⊛ rmv(𝑤<lh(𝑠)
𝑙 , idx(𝑢, v𝑚) ∸ 𝑙)), v𝑚, v𝛭)),

⌜v0⌝, num(ord(𝑐))), 𝑤<lh(𝑠)
𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 ))
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↔ ∃∀𝑥T(𝑎, sub(isub(sub(grd(𝑐, 𝑖, S(𝛭), sub(isub(𝑔, rmv(𝑢, idx(𝑢, v𝑚)),
⟨𝑠⟩<𝑙0 ⊛ rmv(𝑤<lh(𝑠)

𝑙 , idx(𝑢, v𝑚) ∸ 𝑙)), v𝑚, v𝛭)),
⌜v0⌝, num(ord(𝑐))), 𝑤<lh(𝑠)

𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 ), v𝛭, num(𝑥)))
↔ ∃∀𝑥T(𝑎, isub(sub(grd(𝑐, 𝑖, S(𝛭), isub(𝑔, rmv(𝑢, idx(𝑢, v𝑚)) ⊛⟨v𝑚⟩,

⟨𝑠⟩<𝑙0 ⊛ rmv(𝑤<lh(𝑠)
𝑙 , idx(𝑢, v𝑚) ∸ 𝑙) ⊛⟨v𝛭⟩)),

⌜v0⌝, num(ord(𝑐))), 𝑤<lh(𝑠)
𝑙 ⊛⟨v𝛭⟩, ⟨𝑠⟩<lh(𝑠)𝑙 ⊛⟨num(𝑥)⟩))

↔ ∃∀𝑥T(𝑎, isub(sub(grd(𝑐, 𝑖, S(𝛭), isub(𝑔, rmv(𝑢, idx(𝑢, v𝑚)) ⊛⟨v𝑚⟩,
⟨𝑠⟩<𝑙0 ⊛ rmv(𝑤, idx(𝑢, v𝑚))

<lh(rmv(𝑠,idx(𝑢,v𝑚)))
𝑙 ⊛⟨v𝛭⟩)),

⌜v0⌝, num(ord(𝑐))), rmv(𝑤, idx(𝑢, v𝑚))
<lh(rmv(𝑠,idx(𝑢,v𝑚)))
𝑙 ⊛⟨v𝛭⟩,

⟨rmv(𝑠, idx(𝑢, v𝑚))⟩
<lh(rmv(𝑠,idx(𝑢,v𝑚)))
𝑙 ⊛⟨num(𝑥)⟩))

↔ ∃∀𝑥T(𝑎, isub(sub(grd(𝑐, 𝑖, S(𝛭), isub(𝑔, rmv(𝑢, idx(𝑢, v𝑚)) ⊛⟨v𝑚⟩,
⟨(rmv(𝑠, idx(𝑢, v𝑚)) ⊛⟨num(𝑥)⟩)⟩<𝑙0
⊛(rmv(𝑤, idx(𝑢, v𝑚)) ⊛⟨v𝛭⟩)

<lh(rmv(𝑠,idx(𝑢,v𝑚)) ⊛⟨num(𝑥)⟩)
𝑙 )),

⌜v0⌝, num(ord(𝑐))),
(rmv(𝑤, idx(𝑢, v𝑚)) ⊛⟨v𝛭⟩)

<lh(rmv(𝑠,idx(𝑢,v𝑚)) ⊛⟨num(𝑥)⟩)
𝑙 ,

(rmv(𝑠, idx(𝑢, v𝑚)) ⊛⟨num(𝑥)⟩)
<lh(rmv(𝑠,idx(𝑢,v𝑚)) ⊛⟨num(𝑥)⟩)
𝑙 ))

↔ ∃∀𝑥T(𝑎, isgs(𝑔, 𝑐, 𝑖, S(𝛭), rmv(𝑤, idx(𝑢, v𝑚)) ⊛⟨v𝛭⟩,
rmv(𝑢, idx(𝑢, v𝑚)) ⊛⟨v𝑚⟩, rmv(𝑠, idx(𝑢, v𝑚)) ⊛⟨num(𝑥)⟩, 𝑙)).

The same holds for 𝑘, 𝑣, 𝛮, 𝑗 and 𝑑 (in both cases). Consequently

T(𝑎, isgs(∃∀∃∀∃∀v𝑚𝑔, 𝑐, 𝑖,𝛭, 𝑤, 𝑢, 𝑠, 𝑙))
↔ ∃∀𝑥T(𝑎, isgs(𝑔, 𝑐, 𝑖, S(𝛭), rmv(𝑤, idx(𝑢, v𝑚)) ⊛⟨v𝛭⟩,

rmv(𝑢, idx(𝑢, v𝑚)) ⊛⟨v𝑚⟩, rmv(𝑠, idx(𝑢, v𝑚)) ⊛⟨num(𝑥)⟩, Pre(𝑙)))
↔ ∃∀𝑥T(𝑎, isgs(𝑔, 𝑑, 𝑗, S(𝛮), rmv(𝑣, idx(𝑢, v𝑚)) ⊛⟨v𝛮⟩,

rmv(𝑢, idx(𝑢, v𝑚)) ⊛⟨v𝑚⟩, rmv(𝑠, idx(𝑢, v𝑚)) ⊛⟨num(𝑥)⟩, Pre(𝑘)))
↔ T(𝑎, isgs(∃∀∃∀∃∀v𝑚𝑔, 𝑑, 𝑗,𝛮, 𝑣, 𝑢, 𝑠, 𝑘))

if idx(𝑢, v𝑚) < 𝑙, 𝑘,
T(𝑎, isgs(∃∀∃∀∃∀v𝑚𝑔, 𝑐, 𝑖,𝛭, 𝑤, 𝑢, 𝑠, 𝑙))
↔ ∃∀𝑥T(𝑎, isgs(𝑔, 𝑐, 𝑖, S(𝛭), rmv(𝑤, idx(𝑢, v𝑚)) ⊛⟨v𝛭⟩,

rmv(𝑢, idx(𝑢, v𝑚)) ⊛⟨v𝑚⟩, rmv(𝑠, idx(𝑢, v𝑚)) ⊛⟨num(𝑥)⟩, 𝑙))
↔ ∃∀𝑥T(𝑎, isgs(𝑔, 𝑑, 𝑗, S(𝛮), rmv(𝑣, idx(𝑢, v𝑚)) ⊛⟨v𝛮⟩,
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rmv(𝑢, idx(𝑢, v𝑚)) ⊛⟨v𝑚⟩, rmv(𝑠, idx(𝑢, v𝑚)) ⊛⟨num(𝑥)⟩, 𝑘))
↔ T(𝑎, isgs(∃∀∃∀∃∀v𝑚𝑔, 𝑑, 𝑗,𝛮, 𝑣, 𝑢, 𝑠, 𝑘))

if 𝑙, 𝑘 ≤ idx(𝑢, v𝑚), and

T(𝑎, isgs(∃∀∃∀∃∀v𝑚𝑔, 𝑐, 𝑖,𝛭, 𝑤, 𝑢, 𝑠, 𝑙))
↔ ∃∀𝑥T(𝑎, isgs(𝑔, 𝑐, 𝑖, S(𝛭), rmv(𝑤, idx(𝑢, v𝑚)) ⊛⟨v𝛭⟩,

rmv(𝑢, idx(𝑢, v𝑚)) ⊛⟨v𝑚⟩, rmv(𝑠, idx(𝑢, v𝑚)) ⊛⟨num(𝑥)⟩, Pre(𝑙)))
↔ ∃∀𝑥T(𝑎, isgs(𝑔, 𝑑, 𝑗, S(𝛮), (rmv(𝑣, idx(𝑢, v𝑚)) ⊛⟨v𝛮⟩),

rmv(𝑢, idx(𝑢, v𝑚)) ⊛⟨v𝑚⟩, rmv(𝑠, idx(𝑢, v𝑚)) ⊛⟨num(𝑥)⟩, 𝑘))
↔ T(𝑎, isgs(∃∀∃∀∃∀v𝑚𝑔, 𝑑, 𝑗,𝛮, 𝑣, 𝑢, 𝑠, 𝑘))

if 𝑘 ≤ idx(𝑢, v𝑚) < 𝑙, and symmetrically in the remaining case, in all cases
by induction hypothesis.

• Finally suppose 𝑓 is an implication ℎ→→→𝑔. Then if 𝑢 is a sequence of
variables without repetitions containing all free variables of ℎ→→→𝑔, 𝑠 is
a sequence of closed terms of the same length as 𝑢, 𝑤, 𝑣 are sequences of
variables strictly ordered by index of the same length as 𝑢 and 𝑠, 𝑙, 𝑘 ≤ lh(𝑠),
𝑖, 𝑗,𝛭,𝛮 ≥ (ℎ→→→𝑔) + lh(𝑢) such that if v𝑥 is in 𝑤 (𝑣), then (ℎ→→→𝑔) ≤
𝑥 < 𝛭 (< 𝛮), 𝑐, 𝑑 ≥ hn(ℎ→→→𝑔), 𝑎 ⪯ ⌈𝜔⌉ with ord(𝑐) ⪯ 𝑎 and ord(𝑑) ⪯ 𝑎,
and 𝑏 ≺ 𝑎 is such that ord(Pre(𝑐)) ⪯ 𝑏 and ord(Pre(𝑑)) ⪯ 𝑏:

T(𝑎, isgs(𝑓, 𝑐, 𝑖,𝛭, 𝑤, 𝑢, 𝑠, 𝑙))
↔ T(𝑎, isub(sub(grd(𝑐, 𝑖,𝛭, isub(ℎ→→→𝑔, 𝑢, ⟨𝑠⟩<𝑙0 ⊛𝑤<lh(𝑠)

𝑙 )),
⌜v0⌝, num(ord(𝑐))), 𝑤<lh(𝑠)

𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 ))
↔ T(𝑎, isub(sub(grd(𝑐, 𝑖,𝛭, isub(ℎ, 𝑢, ⟨𝑠⟩<𝑙0 ⊛𝑤<lh(𝑠)

𝑙 )
→→→ isub(ℎ, 𝑢, ⟨𝑠⟩<𝑙0 ⊛𝑤<lh(𝑠)

𝑙 )),
⌜v0⌝, num(ord(𝑐))), 𝑤<lh(𝑠)

𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 ))
↔ T(𝑎, isub(sub(num(ord(Pre(𝑐)))≺≺≺⌜v0⌝

∧∧∧(sub(grd(Pre(𝑐), 𝑖,𝛭, isub(ℎ, 𝑢, ⟨𝑠⟩<𝑙0 ⊛𝑤<lh(𝑠)
𝑙 )),

⌜v0⌝, num(ord(Pre(𝑐))))
→→→ grd(𝑐, 𝑖,𝛭, isub(ℎ, 𝑢, ⟨𝑠⟩<𝑙0 ⊛𝑤<lh(𝑠)

𝑙 ))),
⌜v0⌝, num(ord(𝑐))), 𝑤<lh(𝑠)

𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 ))
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↔ T(𝑎, isub(num(ord(Pre(𝑐)))≺≺≺ num(ord(𝑐))
∧∧∧ sub(sub(grd(Pre(𝑐), 𝑖,𝛭, isub(ℎ, 𝑢, ⟨𝑠⟩<𝑙0 ⊛𝑤<lh(𝑠)

𝑙 )),
⌜v0⌝, num(ord(Pre(𝑐))))

→→→ grd(𝑐, 𝑖,𝛭, isub(ℎ, 𝑢, ⟨𝑠⟩<𝑙0 ⊛𝑤<lh(𝑠)
𝑙 )),

⌜v0⌝, num(ord(𝑐))), 𝑤<lh(𝑠)
𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 ))

↔ T(𝑎, num(ord(Pre(𝑐)))≺≺≺ num(ord(𝑐))
∧∧∧ isub(sub(sub(grd(Pre(𝑐), 𝑖,𝛭, isub(ℎ, 𝑢, ⟨𝑠⟩<𝑙0 ⊛𝑤<lh(𝑠)

𝑙 )),
⌜v0⌝, num(ord(Pre(𝑐)))), ⌜v0⌝, num(ord(𝑐)))

→→→ sub(grd(𝑐, 𝑖,𝛭, isub(ℎ, 𝑢, ⟨𝑠⟩<𝑙0 ⊛𝑤<lh(𝑠)
𝑙 )),

⌜v0⌝, num(ord(𝑐))), 𝑤<lh(𝑠)
𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 ))

↔ T(𝑎, num(ord(Pre(𝑐)))≺≺≺ num(ord(𝑐))
∧∧∧(isub(sub(grd(Pre(𝑐), 𝑖,𝛭, isub(ℎ, 𝑢, ⟨𝑠⟩<𝑙0 ⊛𝑤<lh(𝑠)

𝑙 )),
⌜v0⌝, num(ord(Pre(𝑐)))), 𝑤<lh(𝑠)

𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 )
→→→ isub(sub(grd(𝑐, 𝑖,𝛭, isub(ℎ, 𝑢, ⟨𝑠⟩<𝑙0 ⊛𝑤<lh(𝑠)

𝑙 )),
⌜v0⌝, num(ord(𝑐))), 𝑤<lh(𝑠)

𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 )))
↔ T(𝑎, num(ord(Pre(𝑐)))≺≺≺ num(ord(𝑐)))
∧ T(𝑎, isub(sub(grd(Pre(𝑐), 𝑖,𝛭, isub(ℎ, 𝑢, ⟨𝑠⟩<𝑙0 ⊛𝑤<lh(𝑠)

𝑙 )),
⌜v0⌝, num(ord(Pre(𝑐)))), 𝑤<lh(𝑠)

𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 )
→→→ isub(sub(grd(𝑐, 𝑖,𝛭, isub(ℎ, 𝑢, ⟨𝑠⟩<𝑙0 ⊛𝑤<lh(𝑠)

𝑙 )),
⌜v0⌝, num(ord(𝑐))), 𝑤<lh(𝑠)

𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 ))
↔ T(𝑎, isub(sub(grd(Pre(𝑐), 𝑖,𝛭, isub(ℎ, 𝑢, ⟨𝑠⟩<𝑙0 ⊛𝑤<lh(𝑠)

𝑙 )),
⌜v0⌝, num(ord(Pre(𝑐)))), 𝑤<lh(𝑠)

𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 )
→→→ isub(sub(grd(𝑐, 𝑖,𝛭, isub(ℎ, 𝑢, ⟨𝑠⟩<𝑙0 ⊛𝑤<lh(𝑠)

𝑙 )),
⌜v0⌝, num(ord(𝑐))), 𝑤<lh(𝑠)

𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 ))
↔ T(𝑏, isub(sub(grd(Pre(𝑐), 𝑖,𝛭, isub(ℎ, 𝑢, ⟨𝑠⟩<𝑙0 ⊛𝑤<lh(𝑠)

𝑙 )),
⌜v0⌝, num(ord(Pre(𝑐)))), 𝑤<lh(𝑠)

𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 ))
→ T(𝑎, isub(sub(grd(𝑐, 𝑖,𝛭, isub(ℎ, 𝑢, ⟨𝑠⟩<𝑙0 ⊛𝑤<lh(𝑠)

𝑙 )),
⌜v0⌝, num(ord(𝑐))), 𝑤<lh(𝑠)

𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 ))
↔ T(𝑏, isgs(ℎ, Pre(𝑐), 𝑖,𝛭, 𝑤, 𝑢, 𝑠, 𝑙)) → T(𝑎, isgs(𝑔, 𝑐, 𝑖,𝛭, 𝑤, 𝑢, 𝑠, 𝑙))



tri-interpretation • 153

↔ T(𝑏, isgs(ℎ, Pre(𝑑), 𝑗,𝛮, 𝑣, 𝑢, 𝑠, 𝑙)) → T(𝑎, isgs(𝑔, 𝑑, 𝑗,𝛮, 𝑣, 𝑢, 𝑠, 𝑙))
↔ T(𝑎, isgs(𝑓, 𝑑, 𝑗,𝛮, 𝑣, 𝑢, 𝑠, 𝑙))

by induction hypothesis, since

𝔊𝔓𝔬𝔰(𝑏, isub(sub(grd(Pre(𝑐), 𝑖, isub(ℎ, 𝑢, ⟨𝑠⟩<𝑙0 ⊛⟨𝑤⟩<lh(𝑠)𝑙 )),
⌜v0⌝, num(ord(Pre(𝑐)))), ⟨𝑤⟩<lh(𝑠)𝑙 , ⟨𝑠⟩<lh(𝑠)𝑙 )).

In particular

T(𝑎, isgs(𝑓, 𝑐, 𝑖,𝛭, ⟨⟩, ⟨⟩, ⟨⟩, 0))
↔

T(𝑎, isgs(𝑓, 𝑑, 𝑗,𝛮, ⟨⟩, ⟨⟩, ⟨⟩, 0))
(5.6)

if 𝑓 is a sentence.
We can now show that 𝔗 is a compositional truth predicate by considering

all relevant cases, again reasoning within HAPRA.
• Consider ⊥⊥⊥. Then

𝔗(⊥⊥⊥) ↔ T(⌈𝜔⌉, isgs(⊥⊥⊥, hn(⊥⊥⊥),⊥⊥⊥,⊥⊥⊥, ⟨⟩, ⟨⟩, ⟨⟩, 0))
↔ ⊥

by the reasoning in the corresponding case of the above induction.
• Let𝑓 be a closed arithmetic equation. Then by the reasoning in the atomic

cases of the induction above

𝔗(𝑓) ↔ T(⌈𝜔⌉, isgs(𝑓, hn(𝑓), 𝑓, 𝑓, ⟨⟩, ⟨⟩, ⟨⟩, 0))
↔ T(⌈𝜔⌉, isub(𝑓, ⟨⟩, ⟨⟩))

whence the claim follows by disquotationality of T for atoms.
• Let 𝑓 and 𝑔 be arithmetic sentences. Then

𝔗(𝑓∧∨∧∨∧∨ 𝑔) ↔ T(⌈𝜔⌉, isgs(𝑓∧∨∧∨∧∨ 𝑔, hn(𝑓∧∨∧∨∧∨ 𝑔), 𝑓∧∨∧∨∧∨ 𝑔, 𝑓∧∨∧∨∧∨ 𝑔, ⟨⟩, ⟨⟩, ⟨⟩, 0))
↔ T(⌈𝜔⌉, sub(grd(hn(𝑓∧∨∧∨∧∨ 𝑔), (𝑓∧∨∧∨∧∨ 𝑔), (𝑓∧∨∧∨∧∨ 𝑔), (𝑓∧∨∧∨∧∨ 𝑔)),

⌜v0⌝, num(ord(hn(𝑓∧∨∧∨∧∨ 𝑔)))))
↔ T(⌈𝜔⌉, sub(grd(hn(𝑓∧∨∧∨∧∨ 𝑔), (𝑓∧∨∧∨∧∨ 𝑔), (𝑓∧∨∧∨∧∨ 𝑔), 𝑓),

⌜v0⌝, num(ord(hn(𝑓∧∨∧∨∧∨ 𝑔))))
∧∨∧∨∧∨ sub(grd(hn(𝑓∧∨∧∨∧∨ 𝑔), (𝑓∧∨∧∨∧∨ 𝑔), (𝑓∧∨∧∨∧∨ 𝑔), 𝑔),
⌜v0⌝, num(ord(hn(𝑓∧∨∧∨∧∨ 𝑔)))))

↔ T(⌈𝜔⌉, sub(grd(hn(𝑓∧∨∧∨∧∨ 𝑔)), (𝑓∧∨∧∨∧∨ 𝑔), (𝑓∧∨∧∨∧∨ 𝑔), 𝑓),
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⌜v0⌝, num(ord(hn(𝑓∧∨∧∨∧∨ 𝑔))))
∧∨T(⌈𝜔⌉, sub(grd(hn(𝑓∧∨∧∨∧∨ 𝑔)), (𝑓∧∨∧∨∧∨ 𝑔), (𝑓∧∨∧∨∧∨ 𝑔), 𝑔),
⌜v0⌝, num(ord(hn(𝑓∧∨∧∨∧∨ 𝑔))))

↔ T(⌈𝜔⌉, isgs(𝑓, hn(𝑓∧∨∧∨∧∨ 𝑔), 𝑓∧∨∧∨∧∨ 𝑔, 𝑓∧∨∧∨∧∨ 𝑔, ⟨⟩, ⟨⟩, ⟨⟩, 0))
∧∨T(⌈𝜔⌉, isgs(𝑔, hn(𝑓∧∨∧∨∧∨ 𝑔), 𝑓∧∨∧∨∧∨ 𝑔, 𝑓∧∨∧∨∧∨ 𝑔, ⟨⟩, ⟨⟩, ⟨⟩, 0))

↔ T(⌈𝜔⌉, isgs(𝑓, hn(𝑓), 𝑓, 𝑓, ⟨⟩, ⟨⟩, ⟨⟩, 0))
∧∨T(⌈𝜔⌉, isgs(𝑔, hn(𝑔), 𝑔, 𝑔, ⟨⟩, ⟨⟩, ⟨⟩, 0))

↔ 𝔗(𝑓) ∧∨𝔗(𝑔)

by (5.6).
• Let ∃∀∃∀∃∀𝑣𝑓 be an arithmetic sentence and let 𝑓𝑥 be a shorthand for the term

sub(𝑓, 𝑣, num(𝑥)), given 𝑥. As in the above induction

𝔗(∃∀∃∀∃∀𝑣𝑓)
↔ T(⌈𝜔⌉, isgs(∃∀∃∀∃∀𝑣𝑓, hn(∃∀∃∀∃∀𝑣𝑓), ∃∀∃∀∃∀𝑣𝑓,∃∀∃∀∃∀𝑣𝑓, ⟨⟩, ⟨⟩, ⟨⟩, 0))
↔ T(⌈𝜔⌉, sub(grd(hn(∃∀∃∀∃∀𝑣𝑓), (∃∀∃∀∃∀𝑣𝑓), (∃∀∃∀∃∀𝑣𝑓), (∃∀∃∀∃∀𝑣𝑓)),

⌜v0⌝, num(ord(hn(∃∀∃∀∃∀𝑣𝑓)))))
↔ T(⌈𝜔⌉, sub((∃∀∃∀∃∀v(∃∀∃∀∃∀𝑣𝑓)grd(hn(∃∀∃∀∃∀𝑣𝑓), (∃∀∃∀∃∀𝑣𝑓), S(∃∀∃∀∃∀𝑣𝑓),

sub(𝑓, 𝑣, v(∃∀∃∀∃∀𝑣𝑓)))), ⌜v0⌝, num(ord(hn(∃∀∃∀∃∀𝑣𝑓)))))
↔ ∃∀∃∀∃∀𝑥T(⌈𝜔⌉, sub(sub(grd(hn(∃∀∃∀∃∀𝑣𝑓), (∃∀∃∀∃∀𝑣𝑓), S(∃∀∃∀∃∀𝑣𝑓),

sub(𝑓, 𝑣, v(∃∀∃∀∃∀𝑣𝑓))), ⌜v0⌝, num(ord(hn(∃∀∃∀∃∀𝑣𝑓)))),
v(∃∀∃∀∃∀𝑣𝑓), num(𝑥)))

↔ ∃∀∃∀∃∀𝑥T(⌈𝜔⌉, isgs(𝑓, hn(∃∀∃∀∃∀𝑣𝑓), (∃∀∃∀∃∀𝑣𝑓), S(∃∀∃∀∃∀𝑣𝑓),
⟨𝑣⟩, ⟨v(∃∀∃∀∃∀𝑣𝑓)⟩, ⟨num(𝑥)⟩, 0))

↔ {

∃∀∃∀∃∀𝑥T(⌈𝜔⌉, isgs(𝑓, hn(𝑓𝑥), S(𝑓), S(𝑓),
⟨𝑣⟩, ⟨v(∃∀∃∀∃∀𝑣𝑓)⟩, ⟨num(𝑥)⟩, S(0)))

if S(𝑓) > 𝑓𝑥
∃∀∃∀∃∀𝑥T(⌈𝜔⌉, isgs(𝑓, hn(𝑓𝑥), 𝑓𝑥, 𝑓𝑥,

⟨𝑣⟩, ⟨v(∃∀∃∀∃∀𝑣𝑓)⟩, ⟨num(𝑥)⟩, S(0)))
if S(𝑓) ≤ 𝑓𝑥

↔ {
∃∀∃∀∃∀𝑥T(⌈𝜔⌉, sub(grd(hn(𝑓𝑥), S(𝑓), S(𝑓), 𝑓𝑥),

⌜v0⌝, num(ord(hn(𝑓𝑥)))))
if S(𝑓) > 𝑓𝑥

∃∀∃∀∃∀𝑥T(⌈𝜔⌉, sub(grd(hn(𝑓𝑥), 𝑓𝑥, 𝑓𝑥, 𝑓𝑥),
⌜v0⌝, num(ord(hn(𝑓𝑥)))))

if S(𝑓) ≤ 𝑓𝑥

↔ {∃∀∃∀∃∀𝑥T(⌈𝜔⌉, isgs(𝑓𝑥, hn(𝑓𝑥), S(𝑓), S(𝑓), ⟨⟩, ⟨⟩, ⟨⟩)) if S(𝑓) > 𝑓𝑥
∃∀∃∀∃∀𝑥T(⌈𝜔⌉, isgs(𝑓𝑥, hn(𝑓𝑥), 𝑓𝑥, 𝑓𝑥, ⟨⟩, ⟨⟩, ⟨⟩)) if S(𝑓) ≤ 𝑓𝑥
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↔ {∃∀∃∀∃∀𝑥T(⌈𝜔⌉, isgs(𝑓𝑥, hn(𝑓𝑥), 𝑓𝑥, 𝑓𝑥, ⟨⟩, ⟨⟩, ⟨⟩)) if S(𝑓) > 𝑓𝑥
∃∀∃∀∃∀𝑥T(⌈𝜔⌉, isgs(𝑓𝑥, hn(𝑓𝑥), 𝑓𝑥, 𝑓𝑥, ⟨⟩, ⟨⟩, ⟨⟩)) if S(𝑓) ≤ 𝑓𝑥

↔ ∃∀𝑥𝔗(𝑓𝑥)

by (5.6) applied several times.

• Let 𝑓 and 𝑔 be arithmetic sentences and consider 𝑏 ≺ ⌈𝜔⌉ such that
ord(Pre(hn(𝑓→→→𝑔))) ⪯ 𝑏. Then

𝔗(𝑓→→→𝑔)
↔ T(⌈𝜔⌉, isgs(𝑓→→→𝑔, hn(𝑓→→→𝑔), 𝑓→→→𝑔, 𝑓→→→𝑔, ⟨⟩, ⟨⟩, ⟨⟩, 0))
↔ T(⌈𝜔⌉, sub(grd(hn(𝑓→→→𝑔), (𝑓→→→𝑔), (𝑓→→→𝑔), (𝑓→→→𝑔)),

⌜v0⌝, num(ord(hn(𝑓→→→𝑔)))))
↔ T(⌈𝜔⌉, sub(num(ord(Pre(hn(𝑓→→→𝑔))))≺≺≺ v0

∧∧∧(sub(grd(Pre(hn(𝑓→→→𝑔)), (𝑓→→→𝑔), (𝑓→→→𝑔), 𝑓),
v0, num(ord(Pre(hn(𝑓→→→𝑔)))))

→→→ grd(hn(𝑓→→→𝑔), (𝑓→→→𝑔), (𝑓→→→𝑔), 𝑔)),
⌜v0⌝, num(ord(hn(𝑓→→→𝑔)))))

↔ T(⌈𝜔⌉, num(ord(Pre(hn(𝑓→→→𝑔))))≺≺≺ num(ord(hn(𝑓→→→𝑔)))
∧∧∧(sub(grd(Pre(hn(𝑓→→→𝑔)), (𝑓→→→𝑔), (𝑓→→→𝑔), 𝑓),

v0, num(ord(Pre(hn(𝑓→→→𝑔)))))
→→→ sub(grd(hn(𝑓→→→𝑔), (𝑓→→→𝑔), (𝑓→→→𝑔), 𝑔),
⌜v0⌝, num(ord(hn(𝑓→→→𝑔))))))

↔ Pre(hn(𝑓→→→𝑔)) ≺ hn(𝑓→→→𝑔)
∧ (T(𝑏, sub(grd(Pre(hn(𝑓→→→𝑔)), (𝑓→→→𝑔), (𝑓→→→𝑔), 𝑓),

⌜v0⌝, ord(Pre(hn(𝑓→→→𝑔)))))
→ T(⌈𝜔⌉, sub(grd(hn(𝑓→→→𝑔), (𝑓→→→𝑔), (𝑓→→→𝑔), 𝑔),
⌜v0⌝, ord(hn(𝑓→→→𝑔)))))

↔ T(⌈𝜔⌉, sub(grd(Pre(hn(𝑓→→→𝑔)), (𝑓→→→𝑔), (𝑓→→→𝑔), 𝑓),
⌜v0⌝, ord(Pre(hn(𝑓→→→𝑔)))))

→ T(⌈𝜔⌉, sub(grd(hn(𝑓→→→𝑔), (𝑓→→→𝑔), (𝑓→→→𝑔), 𝑔),
⌜v0⌝, ord(hn(𝑓→→→𝑔))))

↔ T(⌈𝜔⌉, isgs(𝑓, hn(𝑓→→→𝑔), 𝑓→→→𝑔, 𝑓→→→𝑔, ⟨⟩, ⟨⟩, ⟨⟩, 0))
→ T(⌈𝜔⌉, isgs(𝑔, hn(𝑓→→→𝑔), 𝑓→→→𝑔, 𝑓→→→𝑔, ⟨⟩, ⟨⟩, ⟨⟩, 0))
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↔ T(⌈𝜔⌉, isgs(𝑓, hn(𝑓), 𝑓, 𝑓, ⟨⟩, ⟨⟩, ⟨⟩, 0))
→ T(⌈𝜔⌉, isgs(𝑔, hn(𝑔), 𝑔, 𝑔, ⟨⟩, ⟨⟩, ⟨⟩, 0))

↔ 𝔗(𝑓) → 𝔗(𝑔)
since

𝔊𝔓𝔬𝔰(𝑏, sub(grd(Pre(hn(𝑓→→→𝑔)), (𝑓→→→𝑔), (𝑓→→→𝑔), 𝑓),
⌜v0⌝, num(ord(Pre(𝑓→→→𝑔)))))

and using (5.6).

Being a compositional truth-predicate, 𝔗 admits the

Corollary 5.5.2 (Global reflection priciple).

ÎDI
𝜔+1 ⊢ SentℒPRA

(𝑓) → (𝔅𝔢𝔴HAPRA
(𝑓) → 𝔗(𝑓)).

Proof sketch. Let uc be a symbol for (a reasonable definition of ) the primitive
recursive function which maps a formula variant to the universal closure thereof
(with the variables bound in increasing index-order, say). Reasoning in ÎDI

𝜔+1
we prove ∀𝑝∀𝑓(Fmla(𝑓)∧PrfHAPRA

(𝑝, 𝑓) → 𝔗(uc(𝑓))) by induction on 𝑝, from
which the claim follows. Thus assume the induction hypothesis for 𝑥 < 𝑝.

• If 𝑝 ends by stating an axiom 𝑎, then 𝔗(𝑎) by compositionality.
• If 𝑝 ends with the application of LPT2 (Modus Ponens) then there are

derivations 𝑎, 𝑏 < 𝑝 with conclusions 𝑓 and 𝑓→→→𝑔, respectively, for some
𝑓, 𝑔. By induction hypothesis 𝔗(uc(𝑓)) and 𝔗(uc(𝑓→→→𝑔)), whence also
𝔗(uc(𝑔)) by compositionality.

• If 𝑝 ends with the application of LPT3 (Transitivity) then there are de-
rivations 𝑎, 𝑏 < 𝑝 with conclusions 𝑓 → 𝑔 and 𝑔→→→ℎ, respectively, for
some 𝑓, 𝑔, ℎ. By induction hypothesis 𝔗(uc(𝑓→→→𝑔)) and 𝔗(uc(𝑔→→→ℎ)),
whence 𝔗(uc(𝑓→→→ℎ)) by compositionality.

• If 𝑝 ends with the application of LPT5 then there are derivations 𝑎, 𝑏 < 𝑝
with conclusions 𝑓→→→𝑔 and 𝑓→→→ℎ, respectively, for some 𝑓, 𝑔, ℎ. By in-
duction hypothesis 𝔗(uc(𝑓→→→𝑔)) and 𝔗(uc(𝑓→→→ℎ)), whence the conclu-
sion 𝔗(uc(𝑓→→→𝑔∧∧∧ ℎ)) follows by compositionality.

• LPT7 is similar.
• If 𝑝 ends with the application of LPT8 then there is a derivation 𝑞 <
𝑝 with conclusion 𝑓∧∧∧ 𝑔→→→ℎ for some 𝑓, 𝑔, ℎ. By induction hypothesis
𝔗(uc(𝑓∧∧∧ 𝑔→→→ℎ)), whence 𝔗(uc(𝑓→→→(𝑔→→→ℎ))) by compositionality.

• LPT9 is similar.



tri-interpretation • 157

• If 𝑝 ends with the application of LPT11 then there is a derivation 𝑞 < 𝑝
with conclusion 𝑓→→→𝑔 for some 𝑓, 𝑔, and a 𝑣 such that ¬ FV(𝑓, 𝑣) and
the conclusion of 𝑝 is 𝑓 → ∀∀∀𝑣𝑔. By induction hypothesis 𝔗(uc(𝑓→→→𝑔)),
whence 𝔗(uc(𝑓→→→∀∀∀𝑣𝑔)) by compositionality.

• LPT13 is similar.

As an immediate consequence, we get the following

Corollary 5.5.3. ÎDI
𝜔+1 proves ConHAPRA

.

Proof. ÎDI
𝜔+1 proves 𝔅𝔢𝔴HAPRA

(⌜⊥⌝) → 𝔗(⌜⊥⌝) → ⊥.

Since HAPRA proves transfinite induction well beyond 𝜔+1, TI𝜔+1 = HAPRA.
Consequently TI𝜔+1 does not prove ConHAPRA

and

Corollary 5.5.4. ÎDI
𝛼 is not in general conservative over TI𝛼.

Using 5.1.5 we thus conclude the corresponding for ÎDi
𝛼 (the theory studied

by Rüede and Strahm (2002)).

Corollary 5.5.5. ÎDi
𝜔+1 ⊢ ConHAPRA

and thus ÎDi
𝛼 is not in general conservative

over TI𝛼.





6 Concluding remarks

För sjätte dörren väjer han
vid sjunde dörren säger han:

Owe Thörnqvist, Diverse Julboogie

This dissertation has centred on two key investigations. The first, presented in
Chapters 3 and 4, was a novel proof, based on Aczel’s trick and a hierarchy of al-
most negative formulae with associated satisfaction predicates, of Arai’s Theorem
on the conservativity of ÎDi

𝑛 over HA. The second, presented in Chapter 5, was a
generalisation to intuitionistic logic of the result of Cantini, Feferman, Halbach,
and Fujimoto on the tri-interpretation of the 𝛼-iterates of (strictly) positive dis-
quotational type-free truth, (strictly) positive compositional type-free truth and
(strictly) positive fixpoints, yielding as a corollary the non-conservativity of (the
traditional definition of ) ÎDi

𝛼 over TI𝛼.
This final chapter will put the concepts and methods used into context. This

includes a discussion why the conservativity proof for ÎDi
𝑛 might not generalise

to ÎDI
𝛼 (Section 6.1), a defence against an objection that could be raised against

𝔖𝔞𝔱𝑛 (Section 6.2), other intuitionistic hierarchies (Section 6.3), uses of truth-
like predicates in earlier fixpoint arguments (Section 6.4) and a reflection on the
different ‘velocities’ of the classical and intuitionistic iterations of fixpoints (Sec-
tion 6.5). The arguments of this chapter will be less meticulous than those of
previous ones and should be considered sketches or conjectures. Therefore, in
this chapter the symbol ⊢ will refer to provability in some system more generally
than the specific meanings of the previous chapters.

6.1 The failure of Aczel’s trick in the transfinite case
One might wonder why an argument employing Aczel’s trick similar to the one
concluding Chapter 4, along the lines of

ÎDI
𝛼 ⊢ 𝜑 ⇒ ÎDI

𝛼P ⊢ 𝜑 (6.1)

⇒ ÎDI
𝛼P(Λ) ⊢ ∃𝑥(𝑥 r𝜑) (6.2)

⇒ TI𝛼P ⊢ ∃𝑥(𝑥 r𝜑) (6.3)
⇒ TI𝛼 ⊢ 𝜑 (6.4)
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is not applicable in the transfinite case. After all, (6.1) is merely reinterpreting
a total term theory into a partial term calculus, something we have seen is in
general unproblematic by Lemma 2.3.10, while the realizability interpretation
required for (6.2) does not at the face of it seem to differ enough from the one
of Theorem 4.2.5 as to warrant one being true but not the other. Therefore,
my conjectures would be that (6.1) generalises as before, and that (6.2) can be
obtained along similar lines.

To ascertain whether (6.4) is true, one would have to attempt to generalise
the proof of the corresponding property by van den Berg and van Slooten (2018),
something I am not presently in a position to do. This could go either way, but
I would find it surprising if this were the (only) reason for the general failure of
conservativity.

Consequently, my belief is that (6.3), this particular instance of Aczel’s trick,
would not go through. Indeed, my earlier attempts at defining a satisfaction
predicate for almost negative formulae to carry through this argument failed; I
tried to define one predicate with an argument for the (code of the) ordinal level
(similar to the ones axiomatised by SG𝛼 for the entire language in Chapter 5),
but did not manage to keep track of the nesting-depth and level of the evaluated
formula-variant at the same time. Given that the argument (6.1)–(6.4) cannot
go through since that would violate Corollary 5.5.4, I therefore find it plausible
that such a satisfaction predicate in fact does not exist.

6.2 Existence of satisfaction predicates
De Jongh (1973, Thm. 5.1) showed:

Theorem 6.2.1 (De Jongh’s Theorem). If 𝜑 ∈ ℒPRA is a sentence such that, for pro-
positional formulae33 Φ(𝛲0), HAPRA ⊢ Φ(𝛲0/𝜑) if and only if Φ is a propositional
tautology, then there is no 𝜗(𝑥) ∈ ℒPRA with HAPRA ⊢ 𝛮2𝑛(𝜑) ↔ 𝜗(𝑛), where 𝛮
is the Nishimura (1960) lattice:34

𝛮0 = ⊥, 𝛮1 = 𝛲0, 𝛮2 = 𝛲0 → ⊥,
𝛮2𝑘+3 = 𝛮2𝑘+2 ∨ 𝛮2𝑘+1,
𝛮2𝑘+4 = 𝛮2𝑘+3 →𝛮2𝑘+1.

33 i.e. without terms
34 I will use the definition from (Leivant, 1981), to avoid having to introduce two different

notations for essentially the same thing. De Jongh (1973) uses a different but equivalent
definition.
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Consequently, there can be no defined satisfaction predicate for a class con-
taining all propositional combinations of 𝜑 as above in HAPRA, for if 𝔖𝔞𝔱 were
such a predicate then 𝜗 = 𝔖𝔞𝔱(N(2 × v0, ⌜𝜑⌝)) would contradict de Jongh’s The-
orem.

Improving on this result, Leivant (1981) studied the relation between negat-
ive nesting depths of classes of formulae and their possible truth definitions (i.e.
satisfaction predicates)in HAPRA. One of his results would, as stated, contradict
the possibility of a Λ0-satisfaction predicate for Λ0-formulae in HAPRA. The fol-
lowing is a part of his §3, p.244, where ‘t.d.’ means truth definition, that is a
predicate satisfying Tarski’s bi-conditionals for a class of formulae, 𝛪(𝑉) is the
negative nesting depth of (the formula etc.) 𝑉, Σ∗𝑛 is the propositional combina-
tions of Σ𝑛-formulae, and Σ(𝑘)𝑛 is the propositional combinations of Σ𝑛-formulae
with negative nesting depth at most 𝑘:

The role of implication in intuitionistic theories may now be enunciated in
yet another manner by the following immediate consequence of Theorems I
and II.
Theorem V. Let 𝛢 be an r.e. theory as above, and let 𝑘 ≥ 0.

[...]
(b) There is no t.d. 𝑉 in 𝛢 for Σ(𝑘)

1 with 𝛪(𝑉) ≤ 𝑘 + 1. Hence:
(c) (D.H.J. de Jongh) There is no t.d. in 𝛢 for Σ∗

1.
[...]

The Theorems I and II referred to are given in §1, p.242:

Let 𝛢 be IA augmented with transfinite induction over certain recursive well-
orderings {𝑅𝑖}𝑖. Clearly, when {𝑅𝑖}𝑖, is an r.e. set (under some canonical
indexing) then so is the theory 𝛢. When {𝑅𝑖}𝑖 consists of all recursive wellor-
derings, then 𝛢, denoted by IA∗ (or HA∗), is a rather strong theory;[...]
Theorem I (Implicational complexity for ≤𝛢). For each 𝑘 ≥ 1 there
is a frame Φ𝑘 with 𝛪(Φ𝑘) = 𝑘, s.t. Φ𝑘 ≰𝛢 Ψ for any frame Ψ with 𝛪(Ψ) < 𝑘
(regardless of the quantificational complexity of Ψ). Explicitly, we may take Φ𝑘 =
𝛮2𝑘[∃𝑥∀𝑦𝛲(𝑥, 𝑦)] for an r.e. theory 𝛢, and Φ𝑘 = 𝛮2𝑘[∀𝑥∃𝑦∀𝑧𝛲(𝑥, 𝑦, 𝑧)] for
𝛢 = IA∗.
Theorem II (2-step hierarchy for Σ∗

1). Let 𝛢 be r.e. For each 𝑘 > 1 there
is a Σ(𝑘+1)

1 frame Φ𝑘 s.t. Φ𝑘 ≰𝛢 Ψ for any frame Ψ with 𝛪(Ψ) < 𝑘.

A frame can here be seen as a set of formulae with certain properties (which we
will not go into), and Φ ≤𝛢 Ψ means

𝔸𝜑 ∈ Φ 𝔼𝜓 ∈ Ψ ∶ 𝛢 ⊢ 𝜑 ↔ 𝜓 (note that
𝛢 is a theory), and thus would follow from the existence of a truth definition
for Φ in Ψ. 𝛪𝛢 is the theory herein called HAPRA and 𝛮 is again the Nishimura
lattice.
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Claim (b) of Leivant’s Theorem V for 𝑘 = 0 (henceforth Vb and Vb0 for
the theorem’s item (b) and its case for 𝑘 = 0, respectively) prohibits a Λ0-
satisfaction predicate for Λ0, since the latter can be closed under disjunction
without trouble. However, to repeat an observation from Granberg Olsson and
Leigh (2024): Chapter 3 contains the construction of Λ𝑛-satisfaction predic-
ates for Λ𝑛-formulae in HAP; even if this construction was simplified by the
presence of partial terms these were by no means necessary, and indeed a par-
tial result presented at the Logic Colloquium 2019 (which did not make it into
this dissertation), reproving the result of Buchholz (1997) by the methods of
Chapter 4, utilised the possibility of defining such satisfaction predicates already
in HAPRA (that is, with total terms). Therefore, Leivant’s Vb0 claims that this
result is incorrect, and vice versa. But note that this clash only appears for Σ(0)1
and Λ0, since Λ𝑛 can no longer be closed under disjunction. Hence, if Leivant’s
Vb restated for 𝑘 > 0 there would be no conflict. This would also resolve an-
other problem, namely that Vb0 prohibits the usage of the ordinary (classical)
Σ1-satisfaction predicate for Σ1-formulae (Hájek and Pudlák, 1993) in Heyting
arithmetic, which should be acceptable. That being said, I want to point to the
possibility of a different indexing mistake in Vb0 as resolution. Namely, it is
not obvious to me how statement (b) is an immediate consequence of Leivant’s
Theorems I and II. The corresponding statement with the indices shifted slightly
is, however, trivially a consequence of Theorem II and would not contradict the
existence/usage of 𝔖𝔞𝔱0 or 𝔖𝔞𝔱Σ1 as above, whence there seem to be reasons to
believe that the relevant cases of Theorem V should have been stated in the fol-
lowing way:

Theorem (V). Let 𝛢 be an r.e. theory as above, and let 𝑘 ≥ 0
[...]
(b) There is no t.d. 𝑉 in 𝛢 for Σ(𝑘+2)1 with I(𝑉) ≤ 𝑘. Hence:
(c) (D.H.J. de Jongh) There is no t.d. 𝑉 in 𝛢 for Σ∗1.

[...]

It is worth noting that (c) follows immediately from (b) even with this shift,
i.e. there are no conflicts between the techniques of Chapter 3 and de Jongh’s
Theorem. It is of course also possible that there is some mistake in the statement
of Theorems I or II, but since Theorem I and its proof clearly deal with Π1 and
Σ2 and do not seem to contribute to the proof of (b), and the statements (a) and
(d), for which Theorem I is more directly applicable seem to suffer from the same
mismatch of indices as (b) does relative to Theorem II. Therefore, I feel justified
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in assuming that the indexing in Vb0 is erroneous and thus that the apparent
conflict with the results of Chapter 3 is in fact no such.

Regardless of the above discussion, the results of (Leivant, 1981) do give
some restrictions on the existence of satisfaction predicates for classes allowing ∨
and/or ∃ in the construction, and I will therefore reference it in the discussions of
the hierarchies in the next section. The related question, however, as to whether
there are stratifications of entire languages which admits partial satisfaction pre-
dicates in intuitionistic arithmetic is to the best of my knowledge unknown. One
conclusion which can be drawn from the interpretation method by Aczel’s trick
utilised in Chapter 3 (again repeated from (Granberg Olsson and Leigh, 2024))
is that there can be no stratification of the entire arithmetic language admitting
satisfaction predicates at each level with the properties given in Chapter 3, i.e.
closure under substitution into strictly positive positions and admitting diagon-
alisation at each level, since such predicates would allow a direct interpretation
of ÎDi

1 in HA, which would work regardless of the presence of LEM and thus be
able to prove that ÎD1 is conservative over PA, which is not true. Nevertheless, in
a similar way we may conclude that ÎD1(Λ) is conservative over PA. Differently
put, requiring the operator forms both to only have strictly positive occurrences
of the predicate and be almost negative yields a classical fixpoint theory which is
conservative over PA, whereas the merely positive almost negative ones and the
simply strictly positive ones are stronger (the latter is ÎD1, to which the former
is also equivalent). That is, if we take any positive almost negative operator form
Φ, there is a classically equivalent strictly positive one (i.e. its negation normal
form) Ψ and conversely given a strictly positive operator form Ψ there is a clas-
sically equivalent positive operator formΦ without ∨ or ∃, simply by utilising De
Morgans laws. The latter Φ will in general not be strictly positive, and therefore
trying to generalise the line of argument from Chapter 4 in an attempt to show
that Φ has an interpretation in PA would fail on the correspondent of Proposi-
tion 3.1.6, since the levels Λ𝑛 of the hierarchy are not closed under substitution
into merely positive positions, which would be required to utilise the satisfac-
tion predicate of Λ𝑛 (i.e. to conclude the correspondent of (6.3) in Section 6.1
above).

As was shown in the introduction ÎD1(Π1) is conservative over PA. As is
also stated in the introduction, ÎD1(Π2), however, is not (Feferman, 1991). The
problem of finding the threshold of conservativity of ÎD1(Γ), pointed to at the
end of (Granberg Olsson and Leigh, 2024), remains, to the best of my know-
ledge, unexplored.
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6.3 Other Hierarchies
There are a number of other hierarchies having been proposed for intuitionistic
logic and arithmetic. In this section I will list the ones I have encountered with
a brief description and a comparison to the usage of the Λ hierarchy in Chapters
3 and 4, in that I comment on the properties required for those arguments to
go through. Thus the treatment does not cover the general motives, properties
and actual usages of these hierarchies, which would constitute an essay in its
own right. As can be seen from this exposition, even though some themes recur
there seem to be no consensus as to what the reasonable correspondent of Σ𝑛/Π𝑛
would be. Plausibly there is no such thing, but to the best of my knowledge
we still seem to be lacking a systematic treatise on the various ways hierarchies
can be intuitionistic correspondents of Σ𝑛/Π𝑛 and which properties thereof they
retain.

Also to the best of my knowledge, the existence of satisfaction predicates for
the hierarchies of this section is open, except where noted that their nonexistence
immediately follows from something known.

6.3.1 Mints’ hierarchy

The Mints’ hierarchy is defined as follows (we write M to distinguish these from
the classical arithmetical hierarchy.)

• ΣM
0 = ΠM

0 is the set of quantifier free formulae,
• ΣM

𝑛+1 is the smallest set containing ΠM
𝑛 and the atomic formulae which is

closed under implications with ΠM
𝑛+1 antecedents, and

• ΠM
𝑛+1 is the smallest set containing ΣM

𝑛 and the atomic formulae closed
under implications with ΣM

𝑛+1 antecedents and universal quantification.
• Finally, ΔM

𝑛 = ΣM
𝑛 ∩ ΠM

𝑛 .
These definitions are taken from (Schubert et al., 2016), since I have not been
able to find a primary reference for this hierarchy, even though it seems to be
relatively well-known.

Formulae of the Mints’ hierarchy contains no ∃, ∨ or ∧, and are stratified
by the negative nesting depth of the universal quantifiers. As such it does not
contain even (the formulae intuitionistically equivalent to) Σ1 and in particular
does not exhaust the language.

6.3.2 Burr’s hierarchies

Burr (2000) introduces three different hierarchies for intuitionistic arithmetic,
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called Φ, Φ′ and Θ, and studies restrictions of induction to each.
• Φ0 = Δ0,
• Φ1 = Σ1,
• Φ2 = Π2, and
• Φ𝑛+3 is the smallest set containing Φ𝑛+2 and all formulae of the form ∃𝑥𝜑

where 𝜑 ∈ Φ𝑛+1, which is closed under ∧, ∨, universal quantification and
implications with Φ𝑛+2 antecedents.

This hierarchy exhausts the language, but already at level 2 it is no longer closed
under substitutions into strictly positive positions (as in the classical Σ2/Π2 case).
It is constructed so that Φ𝑛 is classically equivalent to Π𝑛 for 𝑛 ≥ 2. Moreover,
since Φ𝑛+3 canonically embeds Σ(𝑛+1)1 (in the terminology of Section 6.2 above),
Theorem V of Leivant (1981) applies to give a bound on the negative nesting
depth of possible satisfaction predicates for this hierarchy.

The hierarchy Φ′ is closely related:
• Φ′

0 = Δ0,
• Φ′

1 = Σ1,
• Φ′

2 = Π2, and
• Φ′

𝑛+3 is the smallest set containing Φ′
𝑛+2 closed under universal quantifica-

tion and implications with Φ′
𝑛+2 antecedents.

This no longer exhausts the language (and is still not closed under strictly positive
substitutions), while remaining classically equivalent to Π𝑛 for 𝑛 ≥ 2. Also, the
above straightforward argument to apply Theorem V of Leivant (1981) no longer
applies, since the levels are not closed under ∧ and ∨. This hierarchy is very close
to Λ𝑛 of Chapter 3, the main difference being that the latter is also closed under
conjunction.

The Θ hierarchy, finally, is defined as
• Θ0 = Δ0,
• Θ1 = Σ1, and
• Θ𝑛+2 is the smallest set containing Θ𝑛+1 closed under ∧, ∨, universal and

existential quantification and implications with Θ𝑛+1 antecedents.
This hierarchy clearly exhausts the language; it is very close to stratifying simply
on negative nesting depth. Hence Theorem V of Leivant (1981) again applies.
Furthermore, since the levels are straightforwardly closed under diagonalisation
(in HAPRA) and substitution of formulae for relation symbols in strictly positive
positions, if each level contained its own satisfaction predicate, ÎD1 would be a
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definitional extension of PA by Aczel’s trick (as discussed in Section 6.2), which
is impossible.

6.3.3 Akama, Berardi, Hayashi & Kohlenbach’s hierarchy

Akama et al. (2004) stratify formulae of HAPRA in terms of maximum alternation
depth of quantifiers, and gives a prenex normal form theorem for the ‘universal’
and ‘existential’ levels, respectively. This definition is slightly less straightforward
than the others in this section. First, each quantifier occurrence is associated one
of the signs + or −: ∃ in positive positions and ∀ in negative positions are +, ∃
in negative and ∀ in positive are − (i.e. multiply the sign of the quantifier by the
sign of the position). Then consider all branches of the syntax-tree of the formula
and write down the sequence of signs thereupon encountered. Finally contract
like signs occurring next to each other. The degree of the formula is the length of
the longest sequence thus obtained, with 𝐹𝑛 being the set of degree 𝑛 formulae.
Subsequently, the sets 𝛦0 and𝑈0 are defined to be 𝐹0, i.e. the set of quantifier-free
formulae, and for each 𝑛 > 0, 𝛦𝑛 is the set of degree 𝑛 formulae in which every
sequence as above of length 𝑛 starts with +, and 𝑈𝑛 is the corresponding with −.

Since Σ(𝑘)1 ⊆ 𝐹1 for all 𝑘 ∈ ℕ, by de Jongh’s Theorem (de Jongh, 1973) there
can be no satisfaction predicate at all for the hierarchy 𝐹𝑛. Since 𝛦𝑛 and 𝑈𝑛 are,
in a sense, orthogonal to Σ(𝑘)1 , in that it merely counts parities of nesting depths,
and furthermore are neither closed under positive positions nor exhausts the
language, the discussion in the previous section gives no information on their
possible satisfaction predicates.

6.3.4 Fleischmann’s hierarchies

Fleischmann (2010) defines several hierarchies based on universal and existential
closures of formula classes:

• ℰ0 is the smallest set containing the atoms and closed under ∧ and ∨,
• 𝒰0 is the smallest set containing the atoms and closed under ∧, ∨ and

implications with atomic antecedents,
• ℰ𝑛+1 is the smallest set containing 𝒰𝑛 closed under ∧, ∨ and existential

quantification, and
• 𝒰𝑛+1 is the smallest set containing ℰ𝑛 closed under ∧, ∨, universal quan-

tification and implications with ℰ𝑛 antecedents.
These are also designed to be equivalent to the usual formula hierarchy in classical
logic, that is ℰ𝑛+1 is equivalent to Σ𝑛+1 (in HAPRA this also holds for ℰ0 and Σ0)
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and 𝒰𝑛 is equivalent to Π𝑛. Both branches of the hierarchy are telescoping,
and individually exhaust the language. Since they measure quantifier nestings as
well as implication nestings, they are not closed under substitutions into strictly
positive positions. Furthermore, since over HAPRA there is a straightforward
embedding of Σ(0)1 in ℰ1 and of Σ(𝑛+1)1 into 𝒰2𝑛+2, Theorem V of Leivant (1981)
applies again.

A slight variant is also considered
• ℰ∗0 is ℰ0,
• 𝒰∗

0 is ℰ0,
• ℰ∗𝑛+1 is the smallest set containing 𝒰∗

𝑛 closed under ∧, ∨ and existential
quantification, and

• 𝒰∗
𝑛+1 is the smallest set containing ℰ∗𝑛+1 closed under ∧, ∨, universal quan-

tification and implications with ℰ∗𝑛 antecedents.
These are also telescoping and exhaust the language without being stable un-
der strictly positive substitution, but the inclusions of Σ(𝑛)1 over HAPRA are now
slightly simpler, since Σ(𝑛)1 is embedded into 𝒰∗

𝑛+1 for all 𝑛 ∈ ℕ.
These are compared by Fleischmann to a variant of Burr’s Φ hierarchy
• Φ∗

0 is the quantifier-free formulae,
• Φ∗

1 = Π1,
• Φ∗

2 = Π2 and
• Φ∗

𝑛+3 is the smallest set containingΦ𝑛+2 closed under ∧, ∨, universal quan-
tification and implications with antecedents from the union of Φ𝑛+2 and
the closure of Φ∗

𝑛+1 under ∧, ∨ and existential quantification.
In Heyting arithmetic with a symbol for the order relation, the above is equival-
ent to the 𝒰∗

𝑛 hierarchy (Fleischmann, 2010). Σ(𝑛)1 is embedded in Φ∗
𝑛+2, so the

complexity of possible satisfaction predicates is in any case once again bounded
from below by Theorem V of Leivant (1981).

Finally there is a hierarchy exhausting the semi-positive formulae:
• ℰ𝒮0 is ℰ0,
• 𝒰𝒮

0 is 𝒰0,
• ℰ𝒮𝑛+1 is the smallest set containing 𝒰𝒮

𝑛 closed under ∧, ∨ and existential
quantification, and

• 𝒰𝒮
𝑛+1 is the smallest set containing the atomic formulae closed under ∧,

∨, universal quantification and implications with ℰ𝒮𝑛 antecedents.
Here, the𝒰𝒮

𝑛 formulae are indeed closed under substitution into strictly positive
positions, but only exhausts the semi-positive formulae. In classical logic ℰ𝒮𝑛+1
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and 𝒰𝒮
𝑛 are equivalent to Σ𝑛+1 and Π𝑛, respectively. Σ(0)1 is straightforwardly

embedded into ℰ𝒮1 but Σ(1)1 is not, on the face of it, embedded anywhere in this
hierarchy.

6.3.5 Arai’s hierarchy

Arai (2011) also considers a family of formula hierarchies. Given any set Φ of
arithmetic formulae containing the atoms and closed under term-substitution:

• ℳ1(Φ) = Φ
• ℳ𝑛+1(Φ) is the smallest set containing ℳ𝑛(Φ) which is closed under

conjunction, disjunction, existential and universal quantification and im-
plications with ℳ𝑛(Φ) antecedents.

This construction exhausts the language independently of Φ, and ℳ𝑛(Σ1) is
Burr’s Θ𝑛 (Arai, 2011). Unsurprisingly then, the ℳ𝑛(Φ) are straightforwardly
closed under diagonalisation and relation-substitution into strictly positive po-
sitions and thus cannot contain their own satisfaction predicates, and Leivant’s
(1981) Theorem V bound the negative nesting-depth of possible such predicates.

6.3.6 Brock-Nannestad & Ilik’s hierarchy

Brock-Nannestad and Ilik (2019), finally, defines a non-telescoping hierarchy as
follows (we use corresponding conventions as for Mints’ above):

• ΣBNI
0 is the atomic formulae,

• ΠBNI
0 is the formulae of the form (⊤ → at) ∧ ⊤ for atomic at,

• ΣBNI
𝑛+1 is the formulae of the forms ∃𝑥𝜗 for 𝜗 ∈ ΠBNI

𝑛 as well as ⋁𝑚+2
𝑖=1 𝜗𝑖

where 𝑚 ∈ ℕ, 𝜗𝑖 ∈ ΠBNI
≤𝑛 and at least one 𝜗𝑗 ∈ ΠBNI

𝑛 .
• ΠBNI

𝑛+1 is the formulae of the form ⋀𝑚
𝑖=1 ∀𝑥𝑖(𝜗𝑖 → 𝜑𝑖) where 𝑚 ∈ ℕ,

𝜗𝑖 ∈ ⋃
∞
𝑘 ΠBNI

𝑘 , 𝜑𝑖 ∈ ΣBNI
≤𝑛 and at least one 𝜑𝑗 ∈ ΣBNI

𝑛 .
This is a hierarchy of normal forms; it is extended to a wider class of formulae
through a normalisation function. Unlike most other hierarchies, this is not
recursively defined on its levels, since in the Π successor case, the place in the
hierarchy of the antecedents is inconsequential. Differently put, this hierarchy
is not based on negative nestings of implications. Though non-telescoping and
non-exhausting, each formula on level 𝑛 is represented at level 𝑛+1, and each for-
mula of the language is classically equivalent to some formula in the hierarchy; in
fact, if 𝜑 is classically equivalent to a Σ𝑛-formula (Π𝑛-formula), then it is also clas-
sically equivalent to a ΣBNI

𝑛 - (ΠBNI
𝑛 -)formula (Brock-Nannestad and Ilik, 2019).

Since it is based on strictly positive nestings of quantifiers, it is not closed under
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substitutions into strictly positive positions, though there might be some kind of
closure under substitution into negative positions in certain circumstances. Note
also that all Σ(𝑘)𝑛 are embedded into ΠBNI

2 , so by de Jongh’s Theorem (de Jongh,
1973) there can be no arithmetic satisfaction predicates for this hierarchy.

6.4 Uses of satisfaction in earlier fixpoint arguments
To the best of my knowledge no other hierarchies with self-applicable partial
satisfaction predicates (i.e. hierarchies each level of which contains its own sat-
isfaction predicate) have yet been considered in intuitionistic arithmetic. The
plain usages of satisfaction/truth that I have encountered are all for formulae of
a fixed complexity (for some fixed notion of complexity), where the complexity
of the satisfaction predicate itself is inconsequential. That being said, certain
other arguments can be viewed through the lens of truth. In the below discus-
sion we will exemplify both by looking at truth-like definitions as applied in the
context of the conservativity of (intuitionistic) fixpoint theories.

For example, Buchholz (1997), in his proof that each strongly positive fix-
point can be interpreted in HA augmented by (arithmetical) Church’s Thesis,
formalises infinitary derivation systems of natural deduction (without → but
with the 𝜔-rule) with all the true atomic sentences as axioms. Consequently,
these systems are disquotational on atoms and satisfy the compositional rules
for the remaining logical constants, and could thus be viewed as compositional
truth predicates. Since there is one such system per strongly positive operator
form, under this reading we in fact have a host of truth predicates here alone. It
should be added that it is built into this notion of truth that the predicate 𝛲 is
interpreted as the fixpoint of the form in question, so it does perhaps not have
very natural properties on the whole.

Later in the same argument, Buchholz also uses a truth predicate as in the
first paragraph, based on complexity in terms of rank (i.e. nesting depth of the
logical constants) to show a kind of reflection principle: that it is provable in
the intuitionistic theory of strongly positive fixpoints with enough transfinite
induction that, if an arithmetic sentence is derivable in a certain infinitary system
(not one of the ones above), then its Gödel-Gentzen-translation holds.

Arai (1998) makes the first use of Aczel’s trick in these contexts, by formal-
ising the enumeration theorem for Σ01-formulae in elementary analysis, similar
to a disquotational truth predicate. To utilise this he also, via a choice axiom,
proves a property similar to our closure of Λ𝑛 under strictly positive substitution
(Proposition 3.1.6), thereby predating the argument in Chapters 3 and 4.
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Rüede and Strahm (2002) of course utilise Aczel’s trick with universal predic-
ates for Π𝑛-formulae in PA, as explained in the introduction (Chapter 1).

Arai (2011) uses several instances of potentially truth-like arguments, two of
which are relevant to this discussion. The first is a formalisation of a partial truth
definition based on complexity (number of symbols) and a reflection principle
from the infinitary derivation system used, as explained in the introduction. This
infinitary system, in turn, and unlike the systems formalised in (Buchholz, 1997)
discussed above, is a Gentzen-style system with atomic self-entailments as initial
sequents, whence it does not have as reasonable properties when viewed as a
truth predicate (if indeed it can be viewed in that regard at all).35

6.5 The strength of transfinite iterations of fixpoints
We have seen that while the classical non-conservativity of fixpoint-theories oc-
cur already in ÎD1, in the intuitionistic case we must pass 𝜔 iterations of the
fixpoint construction to observe the corresponding phenomenon. As we saw
in Section 6.2 above, the possibility of removing implicational complexity from
an operator form while remaining within the same class of forms participates
in this difference in strength between classical and intuitionistic logic. This is
strengthened by observing that if we use a double negation translation we should
reasonably be able to embed the classical fixpoint-theory of merely positive fix-
points into the intuitionistic theory of such fixpoints, whence it seems reasonable
to conjecture that the latter is not conservative over HA. If this is correct then
disregarding negative nesting depth (or rather, considering it up to parity) gives
a stronger theory. From this perspective, the strength of ÎD1 would arise out of
the ability to create and destroy implications out of ‘thin air’.

Turning to the transfinite, we can (with the nomenclature of Chapter 5) fur-
thermore observe that ÎDI

𝜔+1 allows any finite nesting depth of the fixpoints.
With this in mind I conjectured, but failed to prove, that this 𝜔-pattern is more
general, in the sense that SG(𝜔+1)𝛼 should syntactically embed PUTBi

𝛼 by using
the ‘extra space’ to handle the nestings of →, since these are always finite in
number.36 A question related to this discussion would be to ask whether ÎDI

𝛼+1
35 The remaining, more overt usages of truth are a truth definition for Θ𝑛-formulae, used

to prove the uniform reflection principle for induction restricted to Θ𝑛 (the construction
and other properties of which are not spelled out), the definition of truth for strongly
positive formulae (i.e. without →) in ÎDi

1 restricted to strongly positive operator forms,
and a truth definition for ℳ𝑘(Π0

𝑛) formulae (again not spelled out).
36 The problems this attempted proof faced were severe enough to make me doubt my con-

jecture, or at least the line of argument I was attempting in the proof.
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is always conservative over ÎDI
𝛼 while ÎDI

𝛼+𝜔+1 is not, and similarly for ÎDi
𝛼 and

ÎDi
𝛼+𝜔+1.
The general question this discussion points to is that of the proof-theoretic

strengths of ÎDI
𝛼 and ÎDi

𝛼. Recall that ÎDi
𝛼 has the exact same axioms as ÎD𝛼

except LEM, while ÎDI
𝛼 is an intuitionistic version of ÎD𝛼 based on guarded

positivity; the theories are thus classically the same (see Chapter 5).
Guarded positivity is introduced in an attempt to unify the measure of nest-

ing depth and iterations of fixpoints/truth. From this perspective, ÎDI
𝛼 (like

GPUTBI
𝛼 and SG𝛼 for truth) is an attempt at a fixpoint theory which handles

implications in a way more true to intuitionistic logic but, unlike GPUTBI
𝛼 or

SG𝛼, this is not as immediate from its workings. It is, for instance, presently not
clear to me whether ÎDi

𝛼 is syntactically embedable in ÎDI
𝛼 or not.

Rüede and Strahm (2002) proved that ÎDi
𝛼 is conservative over ACA−i

𝛼 for
negative andΠ2-sentences ofℒPRA, but left open whether this can be generalised
to full conservativity. On the other hand, the result of Section 5.5 above show
that neither ÎDI

𝛼 or ÎDi
𝛼 are in general conservative over TI𝛼; since ACA−i

𝛼 is itself
in general not conservative over TI𝛼 (Rüede and Strahm, 2002), this is consistent
with both possible answers to the question of conservativity of ÎDi

𝛼 over ACA−i
𝛼 ,

which thus, to the best of my knowledge, remains open.
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Sammanfattning
Och skall du läsa, gör det kort

Anna Maria Lenngren,
Några ord till min k. Dotter, i fall jag hade någon.

Föreliggande avhandling behandlar första ordningens teorier som utvidgar in-
tuitionistisk aritmetik med sannings- respektive fixpunktspredikat. Sådana ut-
vidgningar erhålls genom att lägga nya predikatsymboler (exempelvis T för ett
sanningspredikat eller IΦ för en fixpunkt till operatorformenΦ) till det underlig-
gande aritmetiska språket och med hjälp av nya axiom beskriva dessa predikats
egenskaper.

Avhandlingen tar följande tidigare resultat som huvudsakliga utgångspunk-
ter:

(a) Arais resultat om att ändliga iterationer av dessa fixpunktskonstruktioner
för strikt positiva operatorformer (teorierna ÎDi

𝑛) utgör en konservativ ut-
vidgning av Heytingaritmetik (HA) – det vill säga att dessa teorier bevisar
samma påståenden i det underliggande aritmetiska språket som HA gör
– samt de tidigare liknande partiella resultaten av Buchholz, Arai samt
Rüede och Strahm.

(b) Cantinis, Halbachs och Fefermans resultat om att över klassisk aritme-
tik (Peanoaritmetik, PA) så är den första fixpunktsteorin för positiva ope-
ratorformer (ÎD1), den avciterande sanningsteorin för T-positiva form-
ler (PUTB, för ”Positive Uniform Tarski-Biconditionals”) och Kripke–
Feferman-teorin för kompositionell självapplicerbar sanning (KF) ömse-
sidigt inbäddbara med bevarande av den underliggande aritmetiska teorin
– vilket då KF bevisar PA:s konsistens speciellt innebär att alla tre teorier
går bortom PA – samt Fujimotos utvidgning av detta inbäddningsresultat
till transfinita iterationer av teorierna i fråga.

En noggrannare beskrivning av bakgrundsresultaten ges i kapitel 1.
Avhandlingen har således även två huvudsakliga delar. Den första utgörs av

ett nytt bevis av Arais resultat via Aczels trick, en diagonaliseringsprocess där fix-
punktspredikat konstrueras i ett aritmetiskt språk med hjälp av partiella sannings-
predikat. För att kunna tillämpa detta tolkas HA in i HAP – en intuitionistisk
aritmetisk teori över Beesons partiella termkalkyl (LPT) som därmed tillåter par-
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tiell funktionsapplikation – där en realiserbarhetstolkning används för att redu-
cera problemet till motsvarande problem för nästan negativa aritmetiska formler
i fixpunktsteorier formulerade över HAP. Att detta fungerar bygger på ett resul-
tat av van den Berg och van Slooten vars konsekvens är att de aritmetiska formler
som är bevisbart realiserbara i HAP kan bevisas i HA. Dessa tolkningar beskrivs
i kapitel 2 som en del av den tekniska bakgrunden. Därefter följer det tekniska
bidraget i avhandlingens första del, vilket består i konstruktionen av en formel-
hierarki Λ𝑛 för de nästan negativa formlerna och partiella sanningspredikat för
varje nivå av denna hierarki (dessa predikat är alltså självapplicerbara). Dessa
konstruktioner utgör avhandlingens kapitel 3, och kapitel 4 tillämpar dem för
att erhålla själva konservativitetsbeviset.

Avhandlingens senare del, kapitel 5, generaliserar Fujimotos resultat till teo-
rier över intuitionistisk aritmetik. En ny generalisering av positivitet, garderad
positivitet, föreslås, med avsikt att på bättre sätt kunna hantera den intuition-
istiska implikationen och dess samspel med transfinita iterationer av fixpunkts-
och sanningspredikaten. En fixpunktsteori ÎDI

𝛼 för denna typ av positivitet de-
finieras och visas vara ekvivalent med den klassiska teorin ÎD𝛼 över PA. Vidare
definieras en avciterande sanningsteori GPUTBI

𝛼 för garderat T-positiva form-
ler samt en motsvarande teori SG𝛼 för en typ av kompositionell självapplicerbar
sanning. Som i det klassiska fallet visas dessa tre vara ömsesidigt inbäddbara med
bevarande av den aritmetiska teorin, och därmed ha samma aritmetiska konse-
kvenser. Slutligen visas att en av dessa teorier kan bevisa att HA är konsistent,
vilket innebär att de generellt sett är starkare än HA självt.

Kapitel 6, som avslutar avhandlingen, innehåller den avslutande diskussionen
om resultaten och de verktyg som använts för att nå dem, samt en jämförelse med
liknande verktyg och resultat i tidigare forskning. Detta innefattar diskussioner
rörande varför resonemanget från avhandlingens första del inte generaliserar till
det transfinita, under vilka förutsättningar partiella sanningspredikat är omöjli-
ga, tidigare formelhierarkier i intuitionistisk logik, dito användningar av partiella
sanningspredikat i fixpunktsresonemang samt hur de transfinita teorierna förhål-
ler sig till varandra, och till de ändliga, utöver vad som tidigare utretts.
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