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ABSTRACT

Intuitionistic propositional logic with 2nd order propositional quantifiers (IPL2) was introduced
by Gabbay in 1974. Since then, a substantial body of work has been written about its semantics.
However, there has not been any work thoroughly exploring the proof theory of IPL2, or even
defining a Gentzen style sequent calculus. We define two fragments of IPL2 that will be the
focus of our efforts. First, the fragment corresponding to the absence of quantifier rule appli-
cations to formulas that are later used as cut formulas. Second, the fragment corresponding
to the application of at most quantifier free substitutions in quantifier rules that are applied
to formulas that are later used as cut formulas. In this work, we will define such a sequent
calculus, and prove that these two fragments have the property of cut elimination.

In order to prove this, we will make use of n-ary multicut rules and hydra games. Our proof of
cut elimination will make use of cut rewrite operations, as with the usual proof. However these
will be applied to the tree structure within an application of a multicut rule, rather than to the
proof trees themselves. We will use the cut rewrite operations as moves within a Biichholz
hydra game. These will show that, despite the blowup in the proof size and the length of
the multicut, the hydra game on its tree must terminate. Then we show that this termination
property on the multicut rewrite hydra game corresponds to cut elimination for the fragment
of IPL2 in question. Because of the explicit measure assigned to the multicut trees within the
hydra game, we immediately obtain an upper bound for an ordinal analysis of both of the
fragments from the cut elimination proof. This ordinal is w®. Finally, we discuss the failure of
this method for the full IPL2 calculus.
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1 INTRODUCTION

1.1 IPL2

Intuitionistic logic with 2nd order propositional quantifiers (IPL2), introduced by Gabbay in
[Gab74] and Sobolev in [Sob77], is a well known logic obtained by adding the 2nd order propo-
sitional quantifiers V, 3 to intuitionistic propositional logic. To date it has been approached
exclusively from the perspective of semantics, with a number of different semantics having
been proposed, for example in [[Gab74], [Po198]], [FFF04], [TT19], and [KF19]]. A major result in
the study of IPL2 so far has been the unidirectionally conservative interpretation of IPL2 into
IPL in [Pit92], which was expanded on by [GZ95]]. It has also been shown in [Pol98]] that the
interpretation of the quantifiers changes depending on the chosen semantics.

DEeFINITION 1.1 The formulas of intuitionistic propositional logic (IPL) are defined as the set
containing a countably infinite set P of propositional atoms 7, s, a falsum symbol L, and any
formulas built up from existing formulas ¢, / using the connectives ¢ Vi, ¢ A, ¢ = .

DEFINITION 1.2 The formulas of intuitionistic logic with 2nd order propositional quantifiers
(IPL2) are defined as the set obtained by adding to the IPL formulas a countably infinite set
PV of propositional variables p, g as base symbols and any formulas built up from an existing
formula of IPL2 ¢(p), with free variable p using 2nd order propositional quantifiers Vp.¢(p)
and 3p.¢(p) binding these variables. a

1.2 CUT ELIMINATION

DEFINITION 1.3 A multiset is a generalisation of a set that allows multiple instances of the
same object to all be members of one multiset. This means that extensionality changes from the
statement: Any two sets containing the same objects as members are identical. to the statement:
Any two multisets containing the same objects with the same multiplicities associated to them
are identical. a

DEFINITION 1.4 Given multisets T, A, their sequent is the object ' = A. Given such an object,
we call T the left side of the sequent and A the right side of the sequent. If |A| = 1, i.e. when
there is only one formula on the right side of the sequent, we call the sequent intuitionistic. _

The intended interpretation of a sequent is that the conjunction of the formulas on the left side
implies the disjunction of the formulas on the right. A sequent calculus is a proof system that
acts on sequents in order to create a proof of some sequent I' = A.



1 Introduction

DEFINITION 1.5 A proof in a sequent calculus S is a tree composed entirely of valid rule
applications in S, with an initial rule (ax) or (LL) at each leaf. J

Most sequent calculus proof systems contain a structural rule (not associated to any logical
connective) called Cut, and of the form:

I'=>A TI,A=1B

t
(cut) I = B

Cut elimination for some sequent calculus proof system S is the result that if a sequent T’ = A
is provable in S with the cut rule, then it is provable in S without the cut rule.

None of these previous research into IPL2 cited so far ventures particularly far into the proof
theory of IPL2. Neither do any of them adopt a proof system in the well studied tradition
of Gentzen-style sequent calculus, as in [[Gen35]. Given the Curry-Howard correspondence
between IPL2 and polymorphic lambda calculus (System F) ([Wad07]]), and the notorious diffi-
culty of proving syntactic results such as normalisation for System F, it is perhaps not surpris-
ing to see such little exploration of the proof theory of IPL2. In this thesis, we shall define a
Gentzen-style sequent calculus for IPL2, and show that it has various desirable proof theoretic
properties.

Later on, we will define two fragments of IPL2 based on restrictions on the rule applications
that are allowed to be applied to a formula that is later used as the cut formula in a cut rule
application. We will then prove cut elimination for these two fragments of IPL2. In order to do
so, we will make use of multicut rules, as have been used before in [FS13]. These rules group
together multiple cuts as one n-ary rule, and in the process, give us a structure on which we
can perform hydra games.

1.3 Hypra GAMES

Hydra games were fist introduced by Kirby and Paris in [KP82]. In their original formulation,
a single player attempts to reduce the number of edges in a tree H down to 0. As a move, the
player is allowed to remove one leaf from the tree. Call the unique vertex below this leaf v,
and denote the unique node below v as w. But after this move, the hydra may duplicate any
number n € w of copies of the subtree H* above v onto w via an edge.

By assigning an ordinal measure in an appropriate manner to these hydra trees, it is possible
to show not only that the player can win, but that any strategy the player employs will be a
winning strategy.

To each leaf, of a hydra tree H we assign the ordinal 0. If a vertex v in the hydra tree has sub-
hydras Hy, ..., H, growing upwards from it, with ordinals a; > ... > @, in descending order,
then we assign to it the ordinal @™ + ...+ %"



1.3 Hydra Games

Then, by removing a head, we strictly decrease the ordinal. This is because chopping off a head
results in the measure for v strictly decreasing by at least one power of w, and then going one
step down and duplicating this reduced measure must still be strictly smaller than the previous
measure, by the definition of ordinal exponentiation.

The hydra trees we will create from the multicut trees will be the more general Biichholz hy-
dras, as in [Buc87]]. These allow the vertices and edges to carry additional information in the
form of labels. By adding in these labels, we offer ourselves a greater range of ordinal mea-
sures that will be reduced by the moves of the hydra game. This can result in a decrease in the
supremum of the ordinals required to carry out the hydra game termination argument.

In this thesis, we will show that, when playing a hydra game on these modified multicut trees
using as moves some rewrite operations on a multicut, since all of these operations will reduce
the measure assigned to the multicut for the two fragments of IPL2, the hydra game must
terminate. We will also show that this termination result on the multicut tree hydra game can
very directly be converted into a cut elimination process that works for these 2 fragments of
IPL2.

Hydra games have been used for cut elimination arguments before, for example in [HO98|| and
[HO98]]. However, these do not deal with IPL2, and do not use multicut trees as the tree objects
on which the hydra game is performed, whereas we do both of these.

In section 2, we will define the sequent calculus for IPL2 and prove that the structural rules
of weakening, contraction, and substitution are height preserving admissible within this proof
system. In section 3 we will define the multicut rule for IPL2, show that it is a valid inference
rule, and present local rewrite operations for derivations with multicuts. In section 4, we will
define some hydra trees for each fragment of IPL2 as well as full IPL2, on which we will later
play a hydra game. We will also present the effect of the rewrite operations on these hydra trees.
In section 5, we will show that a hydra game played on this tree using the rewrite operations
must always terminate, and show that this results in cut elimination for two fragments of IPL2,
but not the full IPL2 calculus.






2 SEQUENT CALCULUS FOR IPL2

2.1 BASIC PROPERTIES

We will now define a sequent calculus proof system for IPL2. In order to simplify the proofs,
we work within the language {L,V, —}, along with a countable set P of propositional vari-
ables, usually denoted by letters p, g, .. .. This is expressively adequate with respect to the full
language, {1, ,V,3, =, V, A}

DEFINITION 2.1 The rules for the sequent calculus IPL2 are:

I'=
(ax) ———— (with p not free in T') (RY)
ATl= A I' = VpB(p)
T, ; =C LA =
(LY) R—)
I,VpB(p) = C [[= A — A
I = ., = B I'=>A TI,A=1B I' =238
L—) (cut) (WK)——————
A > AT = B I'=8B I’A=1B
IAAA=B
(ctr) —————
I’ A=1B

The formulas marked in blue are defined as the principal formulas of the conclusion of their
respective rules. The formulas marked in green are defined as the principal formulas of the
premises of their respective rules The formula marked in red in (cut) is defined as the cut
formula of the cut rule. J

REMARK 2.2 Even though weakening and contraction will be height preserving admissible
within this calculus, we will require explicit instances of these rules in order to carry out the
cut elimination process. This is why they are included within the rules for our calculus. 2

REMARK 2.3 These rules are all intuitionistic. This means that throughout a proof, there will
only ever be one formula on the right side of = in any given sequent. Therefore, any proof
that is produced by this system is an intuitionistic proof. J

DEFINITION 2.4 A formula A being hereditarily principal for an application of a rule applica-
tion (1) is defined inductively as: If A is principal in the conclusion of (), then it is hereditarily
principal for (). If A is hereditarily principal for (1) and involved in the premises of some



2 Sequent calculus for IPL2

application of a structural rule, except as a cut formula, (®), then it is also hereditarily princi-
pal for (7) in the conclusion of (®). If A is hereditarily principal for (}) and also principal in
the premises of some application of a logical rule (x), then the unique principal formula in the
conclusion of (x) is also hereditarily principal for (7) g

Here, (1) and (x) represent arbitrary rule applications. This notion corresponds to the intuitive
notion of tracing the descendents of a principal formula from some rule application arbitrarily
far down the proof tree to another rule application. When this definition is used, the second
rule application will usually be one that makes use of a descendent of the formula being traced.

2.1.1 EXPRESSIBILITY OF ALL OTHER CONNECTIVES

Usually IPL2 would include explicit rules for a few more symbols, L, 3, v, A. We call this cal-
culus IPL2+ and define it as follows:

DEFINITION 2.5 The rules added to IPL2 to obtain IPL2+ are:

r=>A I'=>B ABT=C
)——— RA) (LA)
1.T=>A I'=AAB AANBT =C
r= A4 I'=8B AT=C BI=C
RVY)—————— RVY)—/————— Lv)
I'=AVB I'=AVB AVBT =C
IB(p)=>C I' = B(C)
(with p not free in T or C) (L3) (R3)
I,3ApB(p) = C I' = 3pB(p)

Within IPL2, we define L:= Vp.p, AANB = Vp (A - B — p) - p,AV B :=Vp.(A —
p) — (B — p) — p, Ip.A(p) = Vq.(Vp.A(p) — q) — q. Using these, we can simulate
the added derivation rules from IPL2+ in IPL2. Here, the subderivations II;, IT; correspond to
subderivations of the premises of the derivation rules that are being simulated.

(L)
T.Vpp,C= C (ix)
LLVpp=C =)
(R3):
_om
I = A(C)

[,Vp(A(p) — q),A(C) > qg=q

LYGAR) 0= )
[=0pAlp) 2 9) 2q gy

I' = Vq((Vp(A(p) — q)) — q)



2.1 Basic properties

(L3)
11,
(Wl T,A(p) = C
(R—) L,Vq(Yp(A(p) — q)) — q.Vp(A(p) - C) - C,A(p) > C
RY) L,Vq(Yp(A(p) — q)) — q.Vp(A(p) - C) - C = A(p) » C

I,Vq(¥p(A(p) — q)) — q,Yp(A(p) — C) — C = Vp(A(p) — O) T,Vq(Vp(A(p) > @) = ¢.C=>C o

LL¥q(Yp(A(p) = @) 2 ¢ ¥p(A(p) 2 C) - C=C

T Vq(p(Ap) — ) — g = C )
Rvy)
L
I'= A
(wh) NMA—-pB—op=>A ILp=p (ix>
INA—pB—>p=p L—)
R—)
[L(A—=p)=(B—p) —p Res
I=A->p) > (B-op) —p ( (R\)f)

I'=Vp((A—p)— (B—p) —p)

Similarly for (RV3), except with IT; producing T = B.

(LV):
1T,
m ILB=C W)
(wk) TA=C ®>) TWp(A—=p—(B—-p)—p),(B>C)—CB=>C
®>) TVp(A—-p—(B—-p) —p,(A->C) —>(B-C)—-CA=C T,Vp(A—»p—->(B—p) —p,(B-C) ->C=>B->C IVp(A—p—(B—p) —p).C=C
IWVWp(A—-p—->B—-p)—p.(A>C) > (B—-C)—-C=>A->C TWVp(A—=p—->(B—-p) —p,(B-C)—-C=C

TVPA—>poBop) op (A0 > Bo0) 5C=C =)

IVp((A—p) = (B—p)—p)=C

(LY)

(RA):
I,
I, I'=>B
I Ir=A (wk) I'B—p=a23B Lp=p (ix)

NA—-B—-sp=p =)

' (A—>B—-p) —p
I = Vp((A— B—p)—p)

(R—)
(RY)

(LA):

(ax)
L—)
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11,
(wk) IAAB=C
(R—) ILVp((A—>B—-p) —»p(A->B—->C) - CAB=C

ILVp((A-»B—-p)—p,(A>B—>C)—>CA=B->C

LVp((A-B—-p)—>p,(A-B—>C)->C=>A—>B->C [LVp((A—>B—p)—p),C=C

LVp((A—>B—-p)—>p,(A>B—>C)—-C=C
ILVp((A—>B—p)—p) =C

(R—) (ax)

L—)

(L)

We also define two subsystems of this proof system, corresponding to restrictions on the per-
mitted instances of quantifier rules interacting with formulas that are later used in a cut rule.

DEFINITION 2.6 Define the almost quantifier free fragment for the sequent calculi for IPL2
and IPL2+ as the fragment for which, if an instance of a quantifier rule (ffl) has been applied
to a sequent, then the principal formula A in its conclusion and any formulas for which A is
hereditarily principal for (ffl) cannot be used as the cut formula in a valid application of (cut)._

This means that any cut formula must have its quantifiers generated by axioms and not by
quantifier rules.

DEFINITION 2.7 Define the quantifier free substitution fragment for IPL2 and IPL2+ as the
fragment for which, if an instance (ffl) of (LV) or (R3) is applied to a sequent I', B(C) = A, and
C contains a quantifier, then the principal formula A in its conclusion and any formulas for
which A is hereditarily principal for (ffl) cannot be used as the cut formula in a valid application
of (cut). J

This means that any instances of (LV) or (R3) in the proof of the cut formula in any premise of
a cut rule must contain only quantifier free substitutions, when read from the bottom upwards.

REMARK 2.8 Both the almost quantifier free and the quantifier free substitution fragments of
IPL2+ contain IPL as a subsystem. However, this might not be the case for IPL2. This is because
of how the quantifier rules within these simulations are interfered with by the restrictions we
impose upon IPL2. For example, if A A B in the conclusion A A B,T = C of a (LA) rule is
later used as a cut formula, our simulation of the rule in IPL2 would require a substitution of
C in a (LV) rule applied to the translation of A A B. Therefore, the proof would not be valid
in the almost quantifier free fragment of IPL2, and so it might not contain IPL as a subsystem.
Similar restrictions might also occur for the quantifier free substitution fragment. Therefore,
when working with these fragments, we will often explicitly include some of the connectives
from IPL2+ in order to be certain that the result applies not only to IPL2+, but to IPL. 2

2.2 ADMISSIBILITY RESULTS FOR STRUCTURAL RULES IN [PL2

The term "structural” used here when describing weakening, contraction, and substitution de-
notes the fact that their purpose is to expand or restrict the information contained in a proof.
This makes them tricky to deal with later on when we present rewrite operations on IPL2
proofs with cuts. In order to circumvent this, we now present height preserving weakening,
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contraction, and substitution admissibility results for IPL2. These will be used later so that our
rewrites don’t need to include cases for weakening, contraction, and substitution. The proofs
presented here are generally similar to their counterparts in [NVRO1].

2.2.1 HEIGHT PRESERVING WEAKENING ADMISSIBILITY FOR [PL2

THEOREM 2.9 If IPL2|7, I' = C without using (wk), then, for any formula D, IPLZIT DT =C
without using (wk) 3

This means that the weakening rule

I'=~C
DT =c WK

is height preserving admissible in the sequent calculus for IPL2.

Proor We proceed by induction on derivation height n. Then the final rule application in the
derivation of I' = C must be (ax). In this case, D,I' = C is also a valid application of (ax). Now,
given height preserving weakening admissibility for derivation heights < n, let lﬁ I =C,
with the final rule application being a rule (x) (that is not (wk)). By assumption, the height of
each subderivation II; deriving a premise I; = C; of () has height < n, so we can apply height
preserving weakening admissibility to each of these to get IT’ deriving I}, D = C; with height
< n. Then, if we replace each of the subderivations II; going into (x) with II}, the formula D
is not affected by the final rule application (*). Hence, applying (+) with the same principal
formula as before gives us a proof of D,I" = C with height < n + 1. n

2.2.2 HEIGHT PRESERVING CONTRACTION ADMISSIBILITY FOR IPL2

THEOREM 2.10 If IPL27 D,D,T = C, then IPL27 D,T = C 5

This means that the contraction rule

D,D,T = C

Dr=c

is height preserving admissible in the sequent calculus for IPL2.

Proor Induct on the height n of the derivation II.

If n = 0, then D, D,T = C follows from the (ax) rule, so either C = D or C € I'. In both cases,
this means that D,T = C is also follows from a valid application of (ax).

If n # 0, then either D is principal in the last rule of IT or it is not.

If D is not principal, then, if the last inference is unary, the final rule application of IT the
derivation has the form:
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D,D,T" = C’
D,D,T =C (1)

The subderivation of D, D,I” = C’ has derivation height < n, so by the induction hypothesis,
|7 D,T" = (’. Then reapply the last rule (1) to get lﬁ D,T' = C. Similarly for 2 premise
rules, including (context sharing) cut.

If D is principal, then there are 2 cases LV, and L —.

D = A — B: The last rule application is L —

A—>BA—->BI=A BI=C (L—)
A— BA—->BI=C

By the induction hypothesis on the first premise, lT A — B,T = A. Hence, by applying (L—),

we get A—-> BT =C

n+1
D = VpB(p): The last rule application is LV

VpB(p),VpB(p), B(p),I = C
VpB(p),VpB(p),I = C

(LY)

By the induction hypothesis on the first premise, |7 VpB(p), B(p),I = C. Hence, by applying
(LY), we get|— VpB(p),T = C

2.2.3 HEIGHT PRESERVING SUBSTITUTION FOR [PL2

DEFINITION 2.11 For a formula C of IPL2, set of formulas I' with free variable p in some of
its formulas, C being free for p in ' means that no variables that are free in C become bound
in the substitution T'(C). J

THEOREM 2.12 If |7 I'(p) = B(p) with p a free variable, then, for any formula C of IPL2 with
C free for p in T, B, we have |7 I'(C) = B(C). J

ProoF Proceed by induction on the height n of the proof II. Define the set BV (S) as the set
of all bound propositional variables in a sequent S, and FV(S) as the set of free variables in
S. Without loss of generality, assume that the variables are such that BV (S) N FV(S) = 0 i.e.
BV (S), FV(S) are disjoint. If n = 0, I'(p) = B(p) results from an application of (ax). Then
I'(C) = B(C) is also the result of a valid application of (ax).

Otherwise, n > 0. Consider the last rule application in II. If the last rule application (x) in II
is not a quantifier rule, then, for a set of premise sequents Q of (x), |J FV(S) = FV(T'(p) =
SeQ

B(p)). Similarly for bound variables. Then, by the induction hypothesis, substituting C for p
in each premise, then reapplying the rule (x), we can derive I'(C) = B(C).

10



2.2 Admissibility results for structural rules in IPL2

If the last rule application in II is (LV), then we can assume p is not the quantified variable,
else the substitution would be vacuous. Then, the premise in the (LV) is I, VqA(q), A(C") = B,
with p free in the premise and g # p. This premise has derivation height < n. Since the sets of
free and bound variables are assumed disjoint, if C is free for p in VqA(q), then C is free for p in
A(C’). Therefore, by the induction hypothesis, we can derive % I'(0), (YqA(9))(C), A(C")(C)
B(C). p # g, so by definition of substitution (YqA(q))(C) = VqA(g, C). We can write both sub-
stitutions in A(C")(C) equivalently as one simultaneous substitution A(C’(C),C). Since C is
free for p in YqA(q), we have g ¢ FV(C) U BV(C). Therefore A(C’(C),C) is equivalent to
A(C)(C'(C)), so we have lﬁ I'(C),VqA(q,C),A(C)(C’(C)) = B(C). Then, reapplying (LV),
we get [z T(C), ¥gA(g, C) = B(C)

If the last rule is (RY), then its premise is T = B(q), with p free and q # p, with derivation
height < n. Then by the induction hypothesis, we have lﬁ I'(C) = (B(g))(C), and since, by
assumption, C is free for p in YgB(q), ¢ ¢ FV(C) U BV(C). Therefore (B(q))(C) = (B(C))(q),
and hence we can switch the order of substitution to get Iﬁ I'(C) = (B(0))(q), with g still
not free in T'(C). Hence, applying (RV) and switching the order of substitution again, we get

b T(C) = (YgB(g))(O). =

11






3 MULTICUTS

3.1 MuLrTICcUTS FOR IPL2

In order to facilitate the later assignment of measures to sequences of cut rule applications,
we introduce a new rule, multicut (mcut), to be used together with the sequent calculus for
IPL2. This is a natural extension of the n-ary cut rule used in [FS13]. As in [[FS13]], the multicut
rule is there only to be used during the cut elimination process. Informally, a multicut is a
way of representing m — 1 cut rule applications as one m-ary rule application. The left side
of each sequent I;;, A, = ¢, in the mcut is informally thought of as having a multiset of cut
formulas A, that are cut together with corresponding right formulas within the mcut, and a
multiset of context formulas T}, that are not. Such a structure comes naturally equipped with
a tree indicating which sequents are being cut together with which other sequents. Since the
sequents here are intuitionistic, the cut formula will always be the unique right formula of the
left cut sequent. This tree is a natural extension of the linear multicut from [FS13]. It has been
used before in other work, such as [BDS16]. This is a natural candidate for a structure on which
we can both perform rewrite operations within a proof (as a rule), and play a hydra game (as
a tree) using these operations. It will be used as such later.

In this section, we will formally define such a multicut rule, and show that it is a derivable rule
within the calculus. Then, we will present the rewrite operations to be used on instances of
multicut within a proof, for both the base connectives and the definable connectives.

DEFINITION 3.1 A pre-multicut (pre-mcut) tree is defined as a directed tree T, with vertex set
Vr, vertices v € Vr, edge relation Er C Vr X Vr and, directed from v; € Vr to v, € Vr. Edges
(v1,02) € Er are directed from the vertex v; closer to the root, to the vertex v, further away
from the root. If (vq,0;) € E7, then (vs,v1) ¢ E7. Each vertex v has a unique vertex v* such
that v*Ero, thereby making T a tree. We define E. to be the transitive closure of the relation
Er. The vertices v € V7 have distance from the root d, € N. J

DEFINITION 3.2 A multicut (mcut) is defined, for m < o, as an m-ary inference rule with
premises corresponding to a pre-multicut tree T. Vertices v € Vr are labelled with both a
sequent [,A, = ¢,, for I}, A, multisets, and ¢, a single formula of IPL2. Directed edges
(v1,v2) € Er are labelled by formulas ¢, ,, = ¢y, with ¢,, € A,,. We call this last condition
the cut condition. For each vertex v, A, = {vErw|¢,,}. Its conclusion is defined inductively.
The conclusion for each leaf v; is defined as its sequent label I';, = ¢,,. Given a vertex v with
sequent label T}, A, = ¢,, and connected vertices {v;|0ETv;} above it, each with conclusion

szi = ¢y, we define the conclusion at v as I3, |J I, = ¢,. Then the conclusion at the root
vETw
vy is the conclusion of the mcut rule. We call this label T'r = ¢. J

13



3 Multicuts

The final label It = ¢ does not contain any formulas from any A;, since by definition, these
have all been cut away by the multicut rule.
Here are a few examples of mcut rule applications within proofs, along with their associated

pre-mcut trees:

01

ExampLE 3.3 11 = $1 L, 1 = ¢2 I3 = ¢; Iy, P2, 3 = ¢ (meut) ¥3 0o

[0, 15,1 = ¢y \ /

04
This is equivalent to the tree of cut rules:
h=¢ L, 91 = ¢ I3 = ¢3 Iy, o, o3 = ¢4
(cut) (cut)
LI = ¢, I3, T4, ¢2 = ¢y (cut)
[0, 15,1 = ¢y
03 U1 02

ExamMPLE 3.4 L= I = ¢ I3 = ¢5 Ly, ¢, 2, 3 = ¢4 \
I, I, 15,1 = ¢y

Y

The next theorem further helps to ilustrate the internal structure of a multicut, and justify why
it is a valid inference rule within IPL2.

U4

THEOREM 3.5 By replacing each edge with a formula and every vertex with a cut rule we can
obtain from any mcut a valid derivation II, composed entirely of cut rules. Furthermore, when
the derivations IT; ;. of the leaves of the mcut are added to the appropriate premises of cut rules,
I1. becomes a valid proof of I'r = ¢.

Proor We proceed inductively on the number of premises n within an mcut tree T.

Base case: n = 2, the mcut has two vertices (premises) with sequent labels Iy = ¢;, and
I, o1 = ¢, for the root. We apply height preserving weakening to these to obtain I, ¢1, I} =
¢ and I, I, = ¢;. With these as premises, by the cut condition in the definition of multicut,
we can form a valid cut rule:

LI, = ¢ Lo, T = ¢
rl; 1—‘r = ¢r

(cut)

14



3.2 Rewrite procedures on derivations with mcut

In this case, this tree comprises the entirety of II,.

Induction Step: Given the root v, of T, there is at least one vertex v; such that v,E7v;. These
have sequent labels I, Ay = ¢, and I, A, = ¢,. We apply height preserving weakening
to their derivations to obtain T}, A,, I}, A; = ¢, and I, A, T, A \{¢p1} = @;. With these as
premises, by the cut condition in the definition of multicut, we can form a valid cut rule:

rlaAlarra Ar\{¢1} = ¢1 rr’ArarlaAl = ¢r
F1> A1> rﬁ Ar\{¢1} = ¢r

(cut)

Then, we add this rule to II.. Now, define the tree T; as the multicut of vertices v; and
v € Vr such that v;E70, and T, as the multicut T\T;. These correspond to the parts of T
containing v; and not containing v;. Each of T,,T; is a valid multicut, since the cut con-

dition still applies to the edges in these subtrees. Their conclusions are Iy, |J TI,, = ¢
vET, w
and I, U T, ¢ = ¢, respectively. Then, by applying height preserving Weaklening to the
vET, w
derivations II; of the label sequents on the vertices of each tree T,, T;, we obtain trees T,, T/
with conclusions I, |J Ty,I1,¢1 = ¢ and I}, U T, I, = ¢; respectively. Since these
vET, w vET,w
two trees partition the vertices of T, T, U ( U TI,) U1 U ( U T,,) = Ir. By the induction
vET, w vEle
hypothesis, each of these trees corresponds to a multicut with nq,n, < n premises, so they
can be converted into equivalent derivations ITy, I, of their conclusions. The right side of the
conclusion sequent for II; is ¢;, and the left side of the conclusion sequent for II, contains

¢1. Hence, we can make a valid cut rule application with premisesl;,, |J Iy, I, ¢1 = ¢,

vET, w
and Ty, U T,,I, = ¢, and conclusion I' = ¢,. Adding in IT; and II, as subproofs for the
vET1 w
premises of this cut rule application gives us exactly the derivation II. that we require. m

Henceforth, we will sometimes refer to the edges within a multicut as "cuts". The previous
theorem justifies why we do this.

We use a context splitting multicut rule because it is a bit easier to present. As a consequence,
we cannot guarantee height preserving weakening or contraction admissibility with the mul-
ticut rule. However, the need for these can be circumvented during the cut elimination process
by applying the height preserving admissibility results in between each hydra game.

3.2 REWRITE PROCEDURES ON DERIVATIONS WITH MCUT

Given a proof IT containing at least one cut rule, and hence at least one multicut tree T, there
are rewrite operations that we can perform on II. These operations can be sorted into the same
groupings as in the cut elimination process for IPL (shown in [NVRO1])). Indeed, for the IPL
fragment of IPL2+, the operations are often identical apart from the fact that they are being
performed on a multicut rather than a single cut. The intention with these operations is that
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3 Multicuts

by assigning some ordinal measure to the multicut trees within them, the valid application of
any rewrite operation to a multicut will reduce this measure. This would make them a good
candidate on which to perform a hydra game.

DEFINITION 3.6 Let T;" be the subtree containing v € V7 such that v;E}v i.e. the subtree above
0;inT. J

Note that the enumeration of the vertices, and consequently that of the formulas and multisets,
does not necessarily indicate a linear ordering with a corresponding linear enumeration in
the omitted parts of the multicut, apart from the root. Similarly, the presence of T does not
indicate that the mcut tree does not branch. We denote any potential branches implicitly for
each sequent, each branch corresponding to a formula in A;.

3.2.1 REWRITES FOR THE BASE SYMBOLS OF IPL2

The ellipses ... at either end of a presentation of an mcut rule application here indicate seg-
ments of the multicut tree either above or below the ones shown that are not relevant to the
rewrite operation.

a) Eliminate initial rules

Both options in each subcase are required in order to deal with arriving at an axiom at either a
leaf of T or the root of T. If this is not the case, then it does not matter which subcase is chosen.

Cut formula is principal on both sides:

I, () T
...T;,,A; = B; B;,T.,A. = B; Bi, Tiv1, Air1 = By ... (meut)
rl,...,rn,rc = Bn
is rewritten as either
IT] II,
N ri’ Aia AC = Bi Bi’ Fi+1, Ai+1 = Bi+1 L (mCut)
I,....,I, =@ B, (wk)
Fl,...,rn,rc = Bn
or
I, I
...II, Ay = B; Bi, Ac, Tiv1, Aiv1 = Biya - .. (mcut)
rl,...,rn:Bn (Wk)
Fl,...,rn,rc = Bn
Cut formula is principal only on the right:
I, (@) 2
. T.A, = B B, A, T., B, = B, B¢, Tiy1, Aiy1 = Biyy ...
(mcut)

Ii,....Ih I, Bc = B,
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3.2 Rewrite procedures on derivations with mcut

is rewritten as either

11} I,
.. ri: Aia AC = Bi Bi: BCa ri+1a Al‘+1 = Bi+1 s (mcut)
T.....0,,B. = B, wio
Ih,....,Ih I, B = By
or
I, I
.. ria Ai = Bi Bis BC: ACs Fi+1’ Al‘+1 = Bi+1 s (mcut)

Ii,....I,, B. = B,
Ii,....Ih I, B = By

(wk)

In these cases, height preserving weakening is applied to II; to make IT’, for j € {1,2}. This
adds production of A, in both cases, and in the non principal case B, on the left side of the
sequent corresponding to the lower vertex in the tree T, when it exists. These are not inter-
acted with by any rule applications in II;, and therefore the rule applications in IT; are only
trivially altered by them. We use this instead of explicit weakening so that there are fewer rule
applications in the subproof. This makes it easier to find ordinal measures for cut elimination
later on.

b) Merge cuts down into the multicut.

IT; I,
I3, Bi—1, Ai = Bc I, Ai, Bc = B; (cut)
Ti* Tl* I;,A;,Bi_.1 = B; ... ;
I,....T, = B, (meut)
is rewritten as
I 0,
I T I, A, Bi-y = B I;,A;,Bc = B;... ‘
Ty,....Tn, U I,T; = B, (meut)
JeTy
(ctr)
I“l,...,I“n = Bn
The double line inference here indicates multiple contractions.
c) Reductions where the principal formula is not a cut formula.
Case (LV):
IT;
(LV) Fi, Ai, VPA, A(C) = Bi 11,
T I, A, VpPA = B; Liv1, A1, Bi = Biyg ... (meut)

I,....,T,VpA = B,

is rewritten as
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3 Multicuts

11, I,
T I3, A, VpA, A(C) = B; [it1, Aiy1, Bi = Bigr - .

1
t
FL.“,RquAWA(C)::IL,(LV) (meut)
Ii,...., T, VpA = B,
Case (L—):
H1 HZ
(L—) Ay — A T Ay = Ay Ay Ti, A\j = B; I3
T A1 — Ay T, A = B; Tis1, Ajy1, Bi = Bigq ... (meut)
T,....TnA — A, = B, et
is rewritten as
IT,
T;* A > AT A = Ay ¢
A1 — Ag, U FU = A1 (mcu ) H2 H3
eTy (wk) T Az T, A = B; Liv1, Air1, Bi = Biyg ... (meut)
A > AT, T, = A ATy, ..., T, = B, (L—))
I,....ILL,AL = A, = B,

This is sufficient because any subtree of an mcut, retaining the labels, is also an mcut but that
has a different conclusion. In the reduction process, defined in section 5.2, to deal with this
case, we will proceed along the right side mcut, and leave the left side mcut to be rewritten
later.

Case (RY): Only applies to the root of the mcut tree. Otherwise, since the sequents are intu-
itionistic, it falls under case d).

IT,
Hl rn: Ana Bn—l = Bn (p) (RV)
T, Ih-1,An—1,Bn-2 = Bn—1 L, A Bu-1 = VpBp . .. (mcut)
Fl,...,F,,ﬁVan ’
is rewritten as
1, I
T: 1, An-1,By—2 = By T, A Bu-1 = Bu(p) ... (mcut)

I,....T, = By(p)
I,....I,, = VpB,

(RV)

Case (R—): Only applies to the root of the mcut tree. Otherwise, since the sequents are intu-
itionistic, it falls under case d).

I,
IT; Lo, An, Bpo1, A1 = A (R—)
T:_l -1, An_1,Bu_2 = Bp_1 T, Ay Bt = AL — A,
. T = A — A, (meut)
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3.2 Rewrite procedures on derivations with mcut

is rewritten as

IT, I,
T:_l 1—‘n—l: An—h Bn—Z = Bn—l rns Ana Bn—l’ Al = AZ
. . TnA = A, (meut)
s
R—
I,....I, ® A; - A, ( )

d) Reductions where the principal formula is a cut formula.
Case V:

H1 HZ

.‘.l"i,Ai,Bl-, = B; l"l- ,Al‘ VY Bi,BiC = Bjyi...
. ®Y) S 1 z(P) +1 : +1 A p ( ) : i+1 (V)
Ti rz’ Ala Bl—l = val I‘1+1a A1+l’ VPBI = Bz+1 e (m t)
L,....I, = B, o
is rewritten as
I} I,
(mcut) Ti* L AiBio1 = BL(C) I, A, Bioy = Bl(p) (RV) II,
U I =B, T I;, Ai, Bi-1 = VpB; Tis1, A1, VpBi, Bi(C) = By . ..
jeT;
T,....I, U T, = B, (meut)
jeT;
(ctr)
I,....,T, = B,

With the existence of IT] following from an application of the substitution lemma to IT;, sub-
stituting in C. The double line inference here indicates multiple contractions.

Case —:
Hl HZ H3
i1, N1, Bi = A = A = B,
. (R—) 'Fz 1 : i la?l 2, A1 Az Ap — Ay T A 41 : Az-, I, A B; (L—)
T, [i-1,Ai-1, Bia > A1 — Ay Ay — A T, Ay = B;. ..
(mcut)
I,....,I,, = B,
is rewritten as
I,
R—) Li-1,Ai-1, Bi-2, A1 = Ay I,
(meut) ) Lio1,Ai1, Bioa = Ay — Ay AL - AT A = Ay I, 11,
U Ii=A T, Bi—2, A, Ti-1, A1 = Az Az Ti, A = Biyg ...
JET,
t
Ty U I, = B, fmentt)
JeTt,
(ctr)
I....0,= B,

The double line inference here indicates multiple contractions.
In these two cases with branching, we lift part of the multicut into a separate multicut in order

to perform the simplification in two stages. The aim is to first have the upper multicut decrease
the subproof size component of the measure being used, then apply the hydra game to eliminate
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3 Multicuts

this multicut, leaving behind a cut free subproof with unknown size blowup. The size increase
of this subproof will then be dominated within the measure by the reduction in cut formula
complexity in the lower multicut. Hence, the measure will be reduced again, and the hydra
game can be applied. This will be made clearer when we use the reductions for cut elimination
proofs.

Because of how the cut elimination process will be defined later on, we will also not require
the cut merge case, b), in order to achieve cut elimination. Because of this, it will henceforth
be omitted from our developments on these rewrite rules.

3.2.2 REWRITES FOR DEFINABLE SYMBOLS WITHIN [PL2

In order for us to be able to deal with fragments of IPL2 where some of the connectives from
IPL2+ are no longer definable in certain situations, we add some more cases to the previous
ones that correspond to the missing connective rules. We omit 3 since this will always be
simulated by the relevant fragment of IPL2. This is because the restrictions in these fragments
on the quantifier V are the same as those on other quantifier 3.

a) Eliminate initial rules

Ll:
Cut formula is principal on both sides:

I,
Bi, Tis1, Aiy1 = Biy1 ...

LA oL LhASE &Y
rl,...,rn,rc = Bn
is rewritten as

(mcut)

H/
2
... I, A = B; Bi, Ac, Tiv1, Aiy1 = Big . ..

I....I, = B,
I....T,.L = B, (wk)

(mcut)

In this case, since the only way to produce a cut formula L on the right hand side of a formula
in this logic is to produce it on both sides via an application of (ax) or (LL), we can rewrite it
using either a different application of (ax), or (LL). For this, we proceed by induction on the
consecutive cut formula instances of L in the subtree above I';, A; = L.

Base case: If L is the cut formula on only the right side of the sequent I';, A;, L= 1, then replace
the (ax) rule application in II; that introduces L on both sides, which outputs the sequent
Lax, Agx, L= 1 with a (L1) application introducing the sequent I}y, Agx, L= B;.

Induction step: If L is a cut formula on both sides of the sequent I';, A;, L=>_1 within the mcut,

replace the (ax) or (L_L) rule application in IT; that introduces L on both sides, which outputs the
sequent Iy, Agy, L= 1, with an (ax) rule application that is identical apart from the fact that it
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3.2 Rewrite procedures on derivations with mcut

introduces B; on both sides of the sequent instead of L, introducing the sequent Iy, Ayy, Bi =
B;. Then continue the rewrites on the previous sequent I';_;, Aj_;, L= 1 in the multicut.

This replaces a chain of cuts on L with a chain of cuts on B;, leaving an instance of L in the
non-cut formulas I';. This is effectively a cascade of rewrites backwards across the cut formula
instances of L in a branch of the subtree, until an edge where L is no longer the cut formula
is reached.

In this case, height preserving weakening is applied to II; to make IT}. This adds production
of A in both cases, and in the non principal case L, on the left side of the sequent. These are
not interacted with by any rule applications in II,, and therefore the rule applications in I, are
only trivially altered by them. We use this instead of explicit weakening so that the number
of rule applications in the subproof is not increased. This ensures that progress is made with
respect to the measure.

Cut formula is principal only on the right:

11, (LL) 11,
... I, A = B; B, Ac, I, L= B B¢, Tiv1, Aiy1 = Biyg ... (meut)
Ii,...,T,,I.,, L= B,
is rewritten as
I T 1= B, Y
This is a valid application of (L.L). This eliminates the multicut completely.
¢) Reductions where the principal formula is not a cut formula.
Case LA:
I,
Hl ria Ai: Bi—l:AlaAZ = Bl (L/\)
LT, A1 = Biog I;,A;,Bi_1,Ai1 NAy = B; ... (mcut)
I,....I,, At AN Ay, = B,
is rewritten as
I, I,
W Tio, Aoy = B I;,A;, Bi_1,A1, Ay = B; ... (meut)
rls‘--arnsAlsAz ﬂBn (L/\)
Fl,...,Fn,Al /\Az = B,
Case LV:
I, I13
I [, Ai, Bi—1, A1 = B; I3, Ay, Bi—1,A2 = B; (LV)
T, A1 = Big I, Ai, Bi-1,A1 VA; = B; ... (meut)

Ii,....I,, At VA, = B,
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3 Multicuts
is rewritten as

Hl Hz 1_Il H3
T, Ay = Big I, Ai,Bi-1,A1 = B; ... T, Ai1 = Big I, Ai, Bi-1,A2 = B; ..
Fl,.A.,l"n,A1:>Bn rl,-A-:rn)A2$Bn (LV)
rl;---;rmAl VAZ = Bn

(mcut) — ~ (mcut)

The rewritten proof has two mcuts.

Case RA: Only applies to the root of the mcut tree. Otherwise, since the sequents are intuition-
istic, it falls under case d).

I, 115
Hl Bn—la rfla An = Al Bn—1> rna An = A2 (R/\)
T:_l rn—l: An—l = Bn—l Bn—l, rfla An = Al A A2 ( t)
mcu
Fl,...,Fn :>A1 /\Ag
is rewritten as
I I, 11, 115
( t) T,:;,l 1—‘n—l,An—l = Bn—l Bn—brnaAn = Al T:,l 1—‘n—l’An—l = Bn—l Bn—l,rm Arl = AZ ( t)
e L. . I, = A . L= 4 e
(RA)

I,...Ihn=>A NA

Case RV: Only applies to the root of the mcut tree. Otherwise, since the sequents are intuition-
istic, it falls under case d).

I,
11, Ly Any Bp-1 = Ay (RV4)
o1, A1 = By L, A, Bpo1 = A1 V Ay (mClllt)
I,....I, = A VA,
is rewritten as
I 1L
oo Tho1, Apm1 = By Lo, An, Bn1 = Ay (mcut)
Fl,...,Fnﬁz‘h (RV)
Fl,...,Fn=>A1VA2 !
and
I,
Hl Fn, An, Bn—l = AZ (R\/ )
T, A1 = B In, Ap, Bun1 = A1 V Ay (mctzlt)
Fl,...,Fn :Al VA2
is rewritten as
I 1T
...rn—la An—l = Bn—l F"l’ An’ Bn—l = Az
r — (mcut)
1s--+51pn 2 (sz)

Fl,...,Fn = A VA,
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3.2 Rewrite procedures on derivations with mcut

d) Reductions where the principal formula is a cut formula.

Case V: Derivation is either

H1 HZ H3
AL Biog = Ay Lis1, Aig1, Ag = Bivg Tiv1, Aiv1, A1 = Bing
RV i» O, Dj i i ! ! d L LV
(Rvy) LI, AL By > A1 VA [iv1, Aiy1, A1 VA, = Biyg ... (mcut) )
I,....T, > B,
rewritten as
H1 HZ
I AL B = Ay T, Ajy1, A1 = Big
Fb e I‘n = Bn (mcut)
or
H1 HZ H3
I;),A;,Bi-1 => A I, Ais1, A1 = B; Ty, Ajy1, Ay = B;
RV ir» R, Di—1 2 i+1> Bi+1, 411 i+1 i+1s Bi+1, 412 i+1 LV
( 2) e Fi, Ai, Bi—l = Al \Y Az I‘i+1, Ai+1,141 \% AZ = Bi+1 s (rncut) ( )
I,....I, > B,
rewritten as
Hl H3
I AL B = Ay T, Ajy1, Ay = Biyg (meut)
I,....I, = B,
Case A:
11, I, 115
RA) I;,A;, Bi-1 = A4 I;, A;, Bi_1 = Ay A1, A2, Ti1, A1 = Bigg (LA)
T T, A;, Bioi = A1 A Ay A1 AN Az, Ti1, Air1 = Biy - - (meut)
rl,---;rn:>Bn !
is rewritten as
11,
(meut) T I, A, Biog = Ay I, 115
Tl>< U Fj = A I;,A;, Bi-1 = Ay A1, Az T, Ay = Biyr ..
JET}
t
... 0.0, U I = B, meuy)
JeT,
(ctr)
rl,.--,rn = Bn

The double line inference here indicates multiple contractions.
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4 HyprA GAMES

4.1 HYDRA TREE REPRESENTATIONS OF MULTICUTS

A hydra game is a single player game in which the player attempts to reduce the size of a hydra
tree down to zero using some set of operations. These operations will reduce complexity in
one direction but might increase it in others. By assigning an ordinal measure to the trees, and
showing that each operation reduces the measure of the hydra, we can show that the hydra
game always terminates, no matter what strategy it is played with. As a general heuristic,
this measure should prioritise the direction in which complexity is always reduced over the
directions where the measure might increase in terms of their impact on the measure size (along
the ordering <). The termination argument for the usual cut elimination proofs for Gentzen
style sequent calculi such as in [NVRO1|] resembles the argument for termination of a hydra
game. The rewrites each reduce some measures on a well ordered set, and as long as the proof
has some property, they can always be applied. Then, since the measure is on a well ordered
set, there must be some point beyond which it cannot be reduced. At this point, no rewrites
can be applied, and hence the proof no longer has the property. The order in which these
rewrites are applied does not matter within this process. In the case of [NVRO01], the rewrites
each reduce one of two different measures, hence the need for a nested induction. However, it
is not quite clear to what structure within the proof we can assign a single measure that will
always reduce, in order to explicitly apply a hydra game termination argument to the rewrites
in [NVRO1]]. It can get quite tricky to tease out such a structure from within the information
available within a proof.

This hydra game presentation is what we believe to be the most natural way to present cut
elimination by rewrites. It lays bare the underlying structure of what the rewrites contribute
to the reduction process, as well as making explicit the ordinals that are required in order to
carry out the cut elimination proof. Such hydra game arguments for cut elimination have been
applied before, for example in [HO98] for IT} — CA + BI,, and in [HO98] and [Jer85] for Peano
Arithmetic. However, none of them performed the hydra game on a tree structure given by a
multicut.

Given the similarity of our rewrite operations to those of [NVRO01]], we would expect these
reduction strategies to result in a proof of cut elimination for the quantifier free cut fragment
of IPL2, given an appropriate measure to be reduced. In this chapter we present the hydras
and the measures on them that will be reduced by the rewrites, and in the next chapter we will
show that the rewrites reduce this measure for the two fragments of IPL2+, thereby showing
that we can play a terminating hydra game on these hydras, and then we will show that the
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4 Hydra Games

termination of this hydra game corresponds to elimination of (multi)cuts from the proof. As
we will see later, this will not work for full IPL2 because not all of the rewrite cases reduce the
measure, but it will work for the two fragments of IPL2/IPL2+.

The approach we will take assigns labels to pre-mcut trees to make hydra trees, to which we
will assign some measure on which a hydra game, similar to [Buc87]], can be played using the
rewrite operations in order to ensure termination. These labels represent the information that
will be used to assign an ordinal measure to the trees.

4.2 HYDRA TREES FOR THE ALMOST QUANTIFIER FREE FRAGMENT

We now define such hydra trees for fragments of IPL2 and IPL2+.

DEFINITION 4.1 Define the almost quantifier free complexity y4 of a formula ¢ of IPL2 in-
ductively. For ¢ = p a propositional variable or atom, define y; := 1. For ¢ = ¢; — 1, define
Xo = max{xy,, Xy,} + 1. For ¢ = Vpy(p), define y4 = yy +1. a
REMARK 4.2 In the case of almost quantifier free substitution, the only instances where a V
quantifier appears in a cut formula is when it is introduced by an application of (ax). In this
fragment, there is no rule that substitutes in a formula for a quantified variable. Therefore, even
if the value assigned to V is finite, it will always be reduced. This is no longer the case when
we move to the quantifier free substitution fragment, so we will require a different definition. s

In order to deal with cases where we cannot used the IPL2 definitions of connectives from
IPL2+, we will now extend the definition of formula complexity.

DEFINITION 4.3 Define the complexity x4 of a formula ¢ of IPL2+ inductively. For ¢ = p a
propositional variable or atom, or ¢ =1, define y4 := 1. For ¢ = 1 ® ¢, with ® € {—,V, A},
define yy := max{xy,, xy,} + 1. For ¢ = Qpy/(p), with Q € {V.3}, define y4 := y, + 1. a
DEFINITION 4.4 For a multicut with associated tree T, enumerate the (finitely many) vertices

in V1 as vy,...,0pv;|, each with k; rule applications in their corresponding subderivations of
[Vr|

Iy, Ay, = ¢o,. Define the subproof magnitude pr of a multicut rule application T as ; k;.
i=1

DEFINITION 4.5 Given an application of the multicut rule with corresponding premise tree
T, we define its corresponding restricted IPL2 pre-hydra, H’, as the tree obtained by removing
all labels from the vertices and edges of T. We define the vertex set Vi, of the restricted IPL2
hydra Hr, associated to T, as the tree obtained by labelling the vertices v € Vi with the size
k, of the derivation II, of the corresponding sequent label I, = ¢, for v € V. To each edge
e=(v1,0y) € EH/T we assign as a label y,, the formula complexity of the cut formula ¢, = ¢,
corresponding to e. g

As we previously indicated, each rewrite operation has a corresponding presentation as a
rewrite of (restricted or unrestricted) IPL2 hydras. These are shown below, alongside their
previous presentations as proof trees. Since the cut merge case b) will not be needed in any of
the cut elimination procedures, we will henceforth omit it from the rewrites.
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4.2 Hydra Trees for the almost quantifier free fragment

4.2.1 HYDRA REWRITES FOR THE ALMOST QUANTIFIER FREE FRAGMENT OF IPL2

a) Eliminate identities in the multicut. This includes the base cases of the induction, which are
all the subcases of this case such that the multicut only has 2 premises.

Cut formula is principal on both sides:

I, (ax) I,
I, Ay = B; Bi,Ie,Ac = B; Bi, Tiv1, Aiy1 = By ... (meut)
Ii,....,I,,,I. = B,
is rewritten as either of
IT I,
T, A, Ae = B Bi, Tit1, Aiy1 = By - .. (meut)
Ii,....I, = B, (wk)
Ii,....II, I, = B,
or
I IT;
I, Aj = B; Bi, Ae, Tip1, Aiy1 = Biyg ... (meut)
Ii,...,I,, = B, (Wk)

Ty,....TnI. = B,

Represented as hydras, the tree:

XB; XB;
(250
N
is rewritten as
Cut formula is principal only on the right:
I1; (ax) I,
I, Aj = B; Bi, Ac, I, B. = B Be, Li1, Aiv1 = Big - - - (meut)

I,....IL I, B. = B,

is rewritten as either
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4 Hydra Games

I} IL,
I AL A = B; Bi, Be, Tiz1, Ajy1 = Biyq - ..
Ii,....I,,,B. = B,
I .T.LB =B, "0
or
I, IT,
I, A = B; Bi,Be, Ac, Tip1, Ajy1 = Biyq - ..
Ii,....I,, B, = B,
L. .T.LB =B, "0

()
XB, <><_@

! @

ky

)

is rewritten as

) (®)

()
(2

¢) Reductions where the principal formula is not a cut formula.

(mcut)

(mcut)

Case (LV):
I,
(LV) I, A;, VPA,A(C) = B; II,
T I, A, VpPA = B; Liv1, Aiv1, Bi = Biyy - - (meut)
T.,....L, YpA = B, b
is rewritten as
IT; IL,
’Tl‘* Fia Al', VPA,A(C) = Bi 1—‘i+13 Al'+ls Bi = Bi+1 ...
(mcut)

I, ...,

I, VpA,A(C) = B,

...,

I, VpA = B, (Lv)

i is rewritten as 0
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4.2 Hydra Trees for the almost quantifier free fragment

I1; 11,
(L—>) A — AT, Ai = A Ay TG, Ai = B; I3
T Ay — Az 1A = B; [it1, Aiy1, Bi = Bigy - ..
T.....TnA — A, = B, (meut)
is rewritten as
I
Ti* AL > AT A= Ay
A oA, UL, =4, 11, 11
el T Az i, A = B; [iv1, Aiy1, Bi = Biyy - ..
(wk) l (mcut)

Ay —>A2,F1,...Fn = A
I,....IL,AL = A, = B,

Ag,l"l,...,l“n,:an

(L—)

(= (-0
is rewritten as T,: % and Tj: ;, I

Case (RV): Only applies to the root of the mcut tree. Otherwise, since the sequents are intu-
itionistic, it falls under case d).

I,
H1 Fna Ans Bn—l = Bn (P) (RV)
T, Th-1,An—1,Bn-2 = By_1 I, Ap,Byo1 = VpB, . ..
Th,....L, = VpB, (meut)
is rewritten as
H] HZ
T:_l rn—l: An—l; Bn—z = Bn—l rn: An, Bn—l = Bn(p) s
(mcut)

I, ....,I, = By(p)
Iy,....,T, = VpB,

; . ) @
1s rewritten as

(RV)
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4 Hydra Games

Case (R—): Only applies to the root of the mcut tree. Otherwise, since the sequents are intu-
itionistic, it falls under case d).
I,
I—Il rn: An: Bn—l, Al = A2
Ih-1,An—1,Bn—2 = By L Ap, Bt = A1 = Ay
1“1,...,1",, = A 0> A
is rewritten as
Hl HZ
T:_l 1—‘n—la An—la Bn—2 = Bn—l Fna An, Bn—lg Al = A2
I,....T AL = A
I,....T, = A - A

0 ' is rewritten as I. ;.

d) Reductions where the principal formula is a cut formula.

(R—)
(mcut)

T*

n-1

(mcut)

(R—)

Case —:
Hl HZ H3
) [i-1,Ai-1,Bi—2, A1 = A A & Ay T, A = Ay Ay T, A = B;
I“i,l,A,-,l,Bi,z :>A1 —)Az A1 —>Az,l",-, Ai :>B,
I,....,I, = B,
is rewritten as

(L—)

— (mcut)

I
) Lio, Ai1, Bioz, A1 = A I,
Lo, Aio1, Bioz = Ap — Ay A; — AT, A = Ay 1%} 113

U L= A T Bi—2, A, Tio1, A1 = Ap A, T, Ai = By ...
JeTiy

@ :.
1
ki+1 ky+ks+1
is rewritten as g ; nd I

) a )
2

) 1 1 2

« R—

i—1

(mcut)

(mcut)

(ctr)
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4.2 Hydra Trees for the almost quantifier free fragment
We now add in the missing connectives from IPL, for which our IPL2 representations do not
work here, since some V instances in those might not fit within this restriction.

It suffices to add some more cases to the previous ones corresponding to the missing connective
rules. We omit 3 rules since any instance of a principal 3 is not allowed to be a cut formula
here, by definition. Hence, the replacement 3p.A(p) = Vq.(Vp.A(p) — q) — ¢ can be used in
place of any instance of 3 here, and dealt with by the existing rewrites.

a)LL:

Cut formula is principal on both sides:

I,
Bi, Tiv1, Aiv1 = Biy1 ...

LA =L m (LJ_)

I,....ILI. = B,

(mcut)

is rewritten as

IT,
...I;, A; = B; Bi, Ae, Tiv1, Ajy1 = By ...

I....[, = B,
... ..T,.L = B, (wk)

(mcut)

In this case, since the only way to produce a cut formula L on the right hand side of a formula
in this logic is to produce it on both sides via an application of (ax) or (LL), we can rewrite it
using either a different application of (ax), or (L.L). This is done the same as in the presentation
of case in section 3.2.2.

In this case, height preserving weakening is applied to I, to make IT}. This adds production
of A, in both cases, and in the non principal case L, on the left side of the sequent. These are
not interacted with by any rule applications in II, and therefore the rule applications in I, are
only trivially altered by them. We use this instead of explicit weakening so that the number
of rule applications in the subproof is not increased. This ensures that progress is made with
respect to the measure.

Represented as hydras, the tree:

© O ®

is rewritten as
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4 Hydra Games

© ®E

Cut formula is principal only on the right:

Hl (LJ_) HZ
I, Aj = B; B, Ac, I, L= B B¢, Ti41, Aiv1 = Biyg ... (meut)
I,....I,,I;, L= B,
is rewritten as
L. T.Li=B, Y
This is a valid application of (L.L). This eliminates the multicut completely.
c)
Case LA:
I,
IT, I;,A;, Bi_1,A1,A; = B; ... (LA)
o, Aoy = By I;,A;, Bi_1,Ai NAy = B; ... (meut)
I,....I,At NAy, = B,
is rewritten as
Hl HZ
i, Ay = B I;,A;, Bi_1,A1,A; = B; ...
Lo TuAnAe =By (meut)
I,....T,, At ANAy = B,

' ;. is rewritten as I. ;
(e (i)
Case LV:

I, I1;
IT; I;, A;, Bi_1,A1 = B; I;, A;, Bi—1,A2 = B; L)
T, Aii1 = Biog I;, A, Bi_1,A1 VA, = B; ... (meut)

1“1,...,1",1,A1 V A, ﬁBn

is rewritten as
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4.2 Hydra Trees for the almost quantifier free fragment

L I, L g
T, Ay = Big I;,A, Bi-1, Ay = B;.... Lo, Ay = By I;, A, Bi-1,A; = B; ..
I,....,T,, AT = B, I,....,T,, A, = B, (L\/)
I,....,T,,Ai VA, = B,

— (mcut)

(mcut) =

() ) (@)

and Tp: ) g

I I
DEE-D DO

Case RA: Only applies to the root of the mcut tree. Otherwise, since the sequents are intuition-
istic, it falls under case d).

is rewritten as T:

II, 15
Hl Bn—larm An = Al Bn—l:rnaAn = A2 (R/\)
Cn—l I‘n—la An—l = Bn—l Bn—l: rn: An = Al A AZ (rncut)
I,....I. @ A; A A,
is rewritten as
I; I, I, 3
(mcut) Cnfl anl’ Anfl = anl anls rn) An = Al Cnfl rnfl’ Anfl = anl anl) rn; An = AZ (mcut)
In,..., I, = A I,..., I, = A (R/\)

IL.... T, = A A A,

a XBn7]

is rewritten as Ty: lI ;. and Tj: . ;
()

Case RV: Only applies to the root of the mcut tree. Otherwise, since the sequents are intuition-
istic, it falls under case d).
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4 Hydra Games

I,
Hl rn, An’ Bn—l i Al (va)
Lo, A1 = Bug T, Au Bt = A1 VA, (meut)
I,....I, > A1 VA,
is rewritten as
H1 Hz
L1, A1 = B,y I, A Bao1 = A (meut)
I,....IL, > A (va)
I,....I, @ A; VA,
and
I,
II; I, Ay, Bho1 = A (RV3)
oL, Aoy = By L, AL Ba1 > A VA,
.. .T,= A VA, (meut)
is rewritten as
I1; 1L,
. Fn_l, An—l = Bn_1 Fn, An, Bn—l = Az (mcut)
I,....I, @ A, (RVy)

I,....I, > A1 VA,

1 . . @
1s rewritten as ) )

d) Case V: Derivation is either

IT; I, I1;
I;,Bi.1 = A Iy, A1 = B; T, Ay = B;
Lv eee iy Di—1 1 i+1, 411 i+1 i+1, 412 i+1 Rv
( 1) ... 13, B = A; VA, i1, At VA, = Bjyq ... ( )
I,....I, = B,
rewritten as
I 11,
.1 Biog = Ag [i11,A1 = By
T.....T, = B, (meut)
or
IT; I, I3
I;,Bi-1 = A Ii41, A1 = Bip li41, Ay = Biy
V
(LVZ) LI, By = A1 V A2 ri+1,A1 \Y A2 = Bjy1... (mCUt;R )
Ii,...,.I,, = B,

rewritten as
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4.2 Hydra Trees for the almost quantifier free fragment

I, I3
.1, Biog = A [i11, A2 = By
T.....T, =B, (meut)
ki+1 ky+ks+1
is rewritten as
with (j,1) € {(1,2),(2,3)}.
Case A:
IT, I, 115
I,Bio1 = Ay I;,Bio1 = Ay A1, Ay, T = Bing
LA
T ®n) I;,Bio1 = A1 A Ay AL ANA T = Bigg ... ( )t
I.,....,I, = B, (meut)
is rewritten as
L
T; L, Bi-1 = Ax II, I1;
. (mcut)
T; U= A [,Bi-1 = A A1, A Tiy1 = Biyp ...
jeT;
I (mcut)

Ii,....I,,I; = B,
L...T,=B,

1
1
max{ya, Xxa,}+1
ki+ky+1 k3
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4 Hydra Games

@
is rewritten as T,: % and Tp: ‘

4.3 HYDRA TREES FOR QUANTIFIER FREE SUBSTITUTION

As was previously remarked, the previous definition of cut formula complexity is not equipped
to deal with any rule that induces substitution for a quantified variable. Because of this we
need a slightly revised definition. This definition preserves our representations of hydra trees
for the previous cases, so those can just be carried over into this case without any changes.
Therefore we will not repeat those here, and just add in the required principal V reduction
subcase on top of those. We omit 3 rules again, since any instance of a principal 3 must involve
at most quantifier free substitutions, and our V quantifier rules can handle these. Hence, the
replacement Ip.A(p) := Vq.(Vp.A(p) — q) — q can be used in place of any instance of 3 here,
and dealt with by the existing rewrites.

DEFINITION 4.6 Define the quantifier free substitution complexity y,4 of a formula ¢ of IPL2
inductively. For ¢ = p a propositional variable or atom, define y; := 1. For ¢ = ¢/; — 1/, define

Xo = max{yy,, xy,} + 1. For ¢ = Vpy(p), define yy := max{yy + 1, 0}. 3

The definition used here for the V case is made to fit quantifier free substitution, wherein
VpB(p) has a higher complexity than any of its substitution instances B(C). The quantifier
can be thought of as having complexity superior to that of any formula within its scope i.e.
any of its substitution instances. This is why the complexity of the — case doesn’t work as an
addition and has to be a maximum. This will be useful later for the proof of cut elimination
for the quantifier free substitution fragment of IPL2. This is because it is defined such that
it must decrease with quantifier free substitution in the principal V case. When we deal with
termination and cut elimination later on, this revised definition of cut formula complexity will
cause the upper ordinal bound given by the rewrite procedure to increase.

In order to deal with cases where we cannot used the IPL2 definitions of connectives from
IPL2+, we will now extend the definition of formula complexity.

DEFINITION 4.7 Define the complexity y of a formula ¢ of IPL2+ inductively. For ¢ = p a

propositional variable or atom, or ¢ =1, define y4 := 1. For ¢ = 1 ® ¢, with ® € {—,V, A},
define x4 := max{xy,, xy,} +1. For ¢ = Qpy(p), with Q € {V.3}, define yy4 := max{y, +1, w}.o
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4.4 Hydra Trees for Unrestricted IPL2

4.3.1 HYDRA REWRITES FOR QUANTIFIER FREE SUBSTITUTION

To the rewrites for the almost-quantifier-free case we add the case.

d)Vv:
I, I,
®Y) ...T;, Ay, Bioy = Bi(p) Tis1, Ais1, VPBi, Bi(C) = Biyq ... )
T; I, A, Bio1 = VpB; Tit1, Air1, VPB; = Biyq ... (meut)
T.,....T, = B, “
is rewritten as
11} 0,
(mCut) Ti* ri, Ais Bi—l = Bl(C) Fi, Ai,Bi,1 = B,(p) (RV) Hz
U TI; = Bi(C) T I, As, Bi-y = VpB; Tis1, Air1, VpBi, Bi(C) = Biyy . ..
jet;
t
..., UT =B, (meut)
JeT;
L. .L=B W

max{yp, +1 w}
ki+1 ky+1

)

is rewritten as T,: %

4.4 HYDRA TREES FOR UNRESTRICTED IPL2

However, with the previous definitions of cut formula complexity, we will only obtain the
properties we desire for at most the quantifier free substitution fragment of IPL2. In fact, for
full IPL2, we will see that, given the structure of the rewrite in the principal V case d) V, we
can always substitute in a more complex formula as C, that contains more V instances. This,
alongside the other cases, will break our ordering, specifically its assignment of priority to cut
formula complexity. Because of this, we cannot make use of cut formula complexity in this
case. Hence, the definition of the hydras for full IPL2 will just be the same as before but with
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4 Hydra Games

the edge labels removed. Because there is so little difference between them, we will not restate
them again here, and instead refer to the cases above.
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5 TERMINATION

Now that we have defined the hydra objects (trees) and moves (rewrites) on which we will play
the hydra game, all that remains is to define the measure on each object that will be reduced
by the operations. We then show that this reduction results in a cut elimination proof for the
fragments of IPL2 and IPL2+ where it holds.

Given the curry howard correspondence between system F and IPL2 ([Wad07])), the fact that
system F is strongly normalisable (JGLT89]]), and the relationship between normalisation for
natural deduction systems and cut elimination for sequent calculi, we should expect the cut
elimination argument to terminate. However, the ordinal bound required for this has no known
representation. This would seem to indicate that hydra tree methods with ordinals bounded
above by ¢, are insufficient to prove cut elimination. However, if we restrict to the Hindley-
Milner equivalent fragment, that is to say, the quantifier free substitution fragment of IPL2
([Wado7]), restricting quantifiers in a similar manner to Hindley-Milner’s quantifiers, we ex-
pect the cut elimination process to work for this fragment. These expectations are what we
find so far to be the case. As we will show in this section, we can achieve cut elimination for
the quantifier free substitution fragment of IPL2+, but we have not yet found a measure that
will always be reduced by full IPL2 rewrites. This means we have not yet found a means by
which to produce a proof of cut elimination for IPL2.

We now present these results, first showing that the hydra measure is always reduced for the
fragments of IPL2 where this holds. Then we show that this fails for full IPL2. Finally we show
that when the measure always reduces, we have a cut elimination process that results in a proof
of cut elimination for the fragment in question.

5.1 TERMINATION OF THE REWRITES

For the measures, we use ordinals less than ;. These have the nice property of having a unique
canonical representation for each ordinal, from which a commutative addition operation # can
be defined. This operation will be used when we define the ordinal measures.

THEOREM 5.1 (CANTOR NORMAL ForM THEOREM) Every ordinal ¢ < ¢ has a unique rep-
Ny
resentation of the form o = }, 0% withif i > jthena > a; > a; g

i=1

The proof for this can be found in [[Can95].
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5 Termination

Ng ng
DEFINITION 5.2 For two ordinals @, f < & with cantor normal forms @ = Y 0% = 3 0P,
i=1 i=1

na+nﬁ
we define the natural sum a#f := 3 @", with (y1,...,¥n,+n,) listing the ordinals from
i=1
(at1,...,an,) and (P, ..., ﬂ,,ﬂ) in descending order. _I
REMARK 5.3 By definition this is a cantor normal form. 3

DEFINITION 5.4 For a multicut with associated tree T, enumerate the (finitely many) edges in

Er asey, ..., e, |, each with cut formula complexity yi, ..., x|g;| corresponding to the formula
labels ¢, of the edges. Define its quantifier free cut measure as o7 := (0X'#... #MP1) + pr.
This is in cantor normal form. 4

For the duration of this section we shall refer to o7 simply as the measure. This measure is de-
fined such that the reduction incurred by reducing a cut formula complexity always outweighs
any increase in pr, which can increase due to size blowup from the cut elimination procedure.
If the number of cuts of the highest complexity does not increase, no cuts increase their for-
mula complexity, and there is either at least one instance of a cut of some complexity being
replaced by a lower complexity cut, or a decrease in pr, then the measure decreases.

5.1.1 TERMINATION FOR THE ALMOST QUANTIFIER FREE FRAGMENT

a) Eliminate identities in the multicut. This includes the base cases of the induction, which are
all the subcases of this case such that the multicut only has 2 premises.

Cut formula is principal on both sides:

1

OAC)
@ ()

is rewritten as

) ()

The measure reduces from o = (wXBi#wABi# .. )+ ki +1+ky+...to o = (w*Bi#...) + ki +
kz +...<or

()
Q

Cut formula is principal only on the right:



5.1 Termination of the rewrites

XB. %

()

1

=)

is rewritten as

()
Q

) (®)

The measure reduces from o7 = (wXBi#wXBe# .. )+ ki +1+ks+...t0 op = (wXBi#...) + ki +
kz +...<or

These all reduce the subproof magnitude pr by 1 without increasing any cut formula complex-
ities. The number of cuts in T is also always decreased. Hence, they reduce ot by at least w +1.
This includes the base cases where either the k; or k; vertex is not present.

c) Reductions where the principal formula is not a cut formula.

Case (LVY):

© ®

is rewritten as g g
Oa® O OS®
The measure reduces from o = (wBi#...)+ki+1+ky+...toop = (w¥Bi#..)+ki+ky+...

This reduces the subproof magnitude yr by 1 without increasing any cut formula complexities
or the number of cuts. Hence, it reduces ot by 1.

Case (L—):
(p=0-C
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5 Termination

is rewritten as T,: ‘.‘ and Tj: ;. I.
() (=)

The measure reduces from or = (w*Bi#...)+ki+ky+1+ks+. .. toboth oy, = O'Ti*#(wXBi—U #. . B )¢
ki with B;_11,...,Bi_1,a,|+1 listing the members of A; U {B;_1}, and o3, = (0*%i) +ky + ks + ...

The rewritten proof has two mcuts. Neither of these increase any cut formula complexities,
and both contain at most the same number of cuts as before. Since neither of them contain all
of Iy, II; and II3, each of their or,, o7, must be strictly less than or before the rewrite. After
this rewrite, we continue the procedure on the right side mcut, leaving the left side one for a
subsequent application of the cut elimination process. This works because the cut elimination
process starts with the highest cut, and because there are at most finitely many applications of
the rule L—. Note that both T, T;, contain as most as many cuts as T, whose complexities are
at most the same as before.

Case (RV): Only applies to the root of the mcut tree. Otherwise, since the sequents are intu-
itionistic, it falls under case d).

5 @ oG
()

is rewritten as A

I
(k)= @ ()=

The measure reduces from o7 = (wABn-1#...)+ki+ko+1+...t0o op = (W Bn-1#) + ki +ko +. ..

This reduces the subproof magnitude p7 by 1 without increasing any cut formula complexities
or the number of cuts. Hence, it reduces or by 1.

Case (R—): Only applies to the root of the mcut tree. Otherwise, since the sequents are intu-
itionistic, it falls under case d).

1 . . @ @
) 1s rewritten as

The measure reduces from o7 = (wXBn-1#.. ) +ki+ko+1+...to o = (W Br-1#)+ ki +ko +. ..

This reduces the subproof magnitude pr by 1 without increasing any cut formula complexities
or the number of cuts. Hence, it reduces ot by 1.

d) Reductions where the principal formula is a cut formula.
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5.1 Termination of the rewrites

Case —:

1
C max{ya, xa,} +1

k1+1 ko +ks+1

99

is rewritten as i ) A

an
max{ya, xa,}+1 XA XA

The measure reduces from o7 = (wm“X{XAl Xf‘z}”) +ki+1+ky+ks+1+...tobothwr, =
(wmex{xar XaMlg )4k +1+ky+...and or, = or, # (XM #oX 2 )+ +ks+ ...

In this case, the upper multicut T, after the rewrite application has a list of cut free complexities
that is, at worst, identical to before the rewrite in both the number of cuts and their formula
complexities. It also decreases pr by at least 1, and must contain only cut free subderivations
of its premises, by assumption. Hence, o7, < or — 1. So we can continue the reduction process

on the upper multicut. If this terminates, then it transforms the subproof of (J I; = A; into
jeTi*_l
a cut free proof IT*, with the same conclusion. Then, substituting II* in for the subproof of
U I} = A, we obtain this multicut.

jelz,
T I, 115
U Ii=A T", Bi2, AL Ti—1, Aj-1 = Az Az T, Ai = Biyg ...
JeT,
t
T.....I. U I;= B, (meut)
JET,
o, =>B W
with hydra tree

WanCanOn®

This reduces the measure to o7, = (W 1#wX%24#...) + ki + ks + k™ + ..., with k* the number of
rule applications in IT*.

It has only cut free subderivations of its premises, and the two cuts that are added are on
formulas of lower complexity than the cut formula they replace. The subproof magnitude
increase incurred by substituting in IT* can be at most finite, since our proofs are finite. Hence,
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5 Termination

the increase to p7+ can be at most finite. But the decrease in o7+ that results from the decreases
in cut formula complexity must be at least w, since for each edge e, y. > 1, and hence its
contribution to the measure is at least w. This outweighs the contribution from the increase
of pr/, which is at most finite. Therefore, o7- < o7, this rewrite decreases the measure on the

mcut tree.

We then continue the mcut rewrite process on this tree.

REMARK 5.5 This measure uses ordinals up to w®. This makes our proof more complex than
the one in [NVRO1[], which is a nested induction on finite quantities i.e. proof theoretic strength
at most w?. 3

For the connectives of IPL that are not defined explicitly in our calculus for IPL2, note that the
rewrite operations for them from [NVRO1]] all reduce the subproof magnitude of the cut rule
application. Adding these in gives us a proof of cut elimination for IPL.

THEOREM 5.6 If IPL2+ + I’ = ¢ and the proof contains no quantifier rule applications to cut

formulas, then I' = ¢ also has a cut free proof in IPL2+. 2

It suffices to add some more cases to the previous proof corresponding to the missing connec-
tive rules.

)

Ll:

o

Cut formula is principal on both sides:

@

Ordinal reduces from o7 = (w'#wBi# .. )+ki+1+ky+. .. to op = (0XBi# .. ) +ki+ko+... < or

1

OAC)
-

is rewritten as

988
6

This reduces the subproof magnitude pr by 1 without increasing any cut formula complexities.
The number of cuts in T is also decreased. Hence, this reduces o7 by 1.

Cut formula is principal only on the right:



5.1 Termination of the rewrites

This is a valid application of (L.L). This eliminates the multicut completely, and thus the mea-
sure is reduced to 0.

; is rewritten as I ;

I
=)= ()= )=

The measure reduces from o7 = (w*Bi#...) + ki +1+ky+...to op = (w*Bi#) + ki + ko . ..

c) Case LA:

This reduces the subproof magnitude p7 by 1 without increasing any cut formula complexities
or the number of cuts. Hence, it reduces ot by 1.

D
GOS0

The measure reduces from o = (w*Bi-1#...)+ki+ky+ ks +1+...toboth o, = (w*Bi-1#...) +
ki+ko+...andop = (0XBi-1#.. )+ ki +ks+...

is rewritten as T:

The rewritten proof has two mcuts. Neither of these increase any cut formula complexities,
and both contain at most the same number of cuts as before. Since neither of them contain all
of IT;, II; and IIs, each of their o7, o7, must be strictly less than or before the rewrite. After
this rewrite, we continue the procedure on the right side mcut, leaving the left side one for a
subsequent application of the cut elimination process. This works because the cut elimination
process starts with the highest cut, and because there are at most finitely many applications of
the rule L—. Note that both T, T;, contain as most as many cuts as T, whose complexities are
at most the same as before.

Case RA: Only applies to the root of the mcut tree. Otherwise, since the sequents are intuition-
istic, it falls under case d).
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5 Termination

is rewritten as Tg: and Tj:

@@
@@

G XBn_l @ XBn_l

The measure reduces from o = (w*Bn-1#...)+k;+ky+ks+1+...toboth o, = (0XBr-1#...) +
ki+ky+...and op = (wXBn-1#.. )+ ki +ks+...

This reduces the subproof magnitude pr by 1 without increasing any cut formula complexities
or the number of cuts. Hence, it reduces o7 by 1.

Case RV: Only applies to the root of the mcut tree. Otherwise, since the sequents are intuition-
istic, it falls under case d).

@ 1 . . @
8 is rewritten as A A
a XBo1 a

The measure reduces from o = (wXBn-1#.. ) +ki+ko+1+... toop = (0¥Br-1#) +ki+ko +. ..

This reduces the subproof magnitude pr by 1 without increasing any cut formula complexities
or the number of cuts. Hence, it reduces o7 by 1.

d) Case V: Derivation is either

I
2 +ks+1

max{xa, xa,}+1
kl +1 k.
is rewritten as
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5.1 Termination of the rewrites

with (j,1) € {(1,2),(2,3)}.

The measure reduces from or = (wm“X{XAl Xaghtly J+ki+1+ky+ks+1+...toor =
(Xt )+ ki +kj+...

Both of these rewrites keep the number of cuts the same, with the only changed cut formula
complexity being a decrease. Hence, this rewrite decreases or.

Case A:

G max{ya, xa,}+1 O@
ki +ko+1 ks

®
is rewritten as T,;: 4 and Tj: ‘
)

The measure reduces from op = (0™ Xty ) 4k +ky+ 1+ ks + ... to or, =
O'Ti*#(a)XBi-l,l# R 72 G o )+ky with B;_11,. .., Bi_1a,+1 listing the members of A; U{B;_1},
and op = o # (W M #X 24 .. )+ ky+ ks + ...

In this case, after the rewrite, the upper multicut T, application has a list of cut free complexities
that, at worst, removes one cut and keeps all other cut formula complexities the same. It also
decreases pr by at least 1, and must contain only cut free subderivations of its premises, by
assumption. Hence, o7, < or. So we can continue the reduction process on the upper multicut.

If this terminates, then it transforms the subproof of |J I’; = A; into a cut free proof IT*, with
JET;
the same conclusion. Then, substituting IT* in for the subproof of |J I; = A;, we obtain this
jeT;
multicut.
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5 Termination

IT* I, 115

UTi=A4A [,Bi-1 = Az Ay, Az, Ty = Biyg ...
JET;

T+ (mcut)

1

I,....T,I; = B, (mcut)

L...L,=B

On®

A

I
()=

The measure becomes (wXA1#wX42# .. ) +ky + ks + k™ + ...

This multicut T’ replaces one cut in the original multicut with two cuts of a lower formula
complexity. The decrease in o7+ that results from the decreases in cut formula complexity
must be at least w, since for each edge e, y. > 1, and hence its contribution to the measure is
at least w. This outweighs the contribution of the size blowup of II* to p7/, which is at most
finite. Therefore, o < or, this rewrite decreases the measure on the mcut tree.

Then continue the mcut rewrite process on this tree.

5.1.2 TERMINATION FOR QUANTIFIER FREE SUBSTITUTION

The previous definition of the measure no longer works for the principal V rewrite case, even if
we use the quantifier free substitution complexity for formulas instead of the almost quantifier
free complexity. This is because the lower tree Tj, retains an edge e with the same cut formula
complexity as the one it replaces, and does not have a guaranteed reduction in the overall
subproof magnitude. However, the subproof magnitude along the branch leading to the edge e
is reduced by the rewrite. We will make use of this fact to define a new measure that is reduced
in all cases.

DEFINITION 5.7 For a given edge e = (v,,05) € Er, define its branch subproof magnitude as
e = > ky J

VEL.vq

This adds together the subproof heights k, of vertices v that are related to v,, the lower vertex
of the edge. These happen to be the vertices on the (straight line) branch from the lower vertex
vq to the root v,. This is because each v, in the tree only has one possible choice of vertex v
such that vE7v,, corresponding to the unique edge going into v;. When there is no ambiguity,
we will sometimes notate . as p4,, representing the edge e by the corresponding cut formula
along it, ¢.
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5.1 Termination of the rewrites

DEFINITION 5.8 For a multicut with associated tree T, enumerate the (finitely many) edges

e = (Ve,a;Vep) € Er as ey, ..., g, |, each with cut formula complexity yi, ..., y|g;| correspond-
ing to the formula labels ¢, of the edges, and branch subproof magnitudes y, . .., pig,|. Define
its quantifier free cut measure as or := X' - py# .. #ONET! - g #pr J

This measure is reduced in all of the rewrite cases (except the redundant cut merge case (b)).

a) Eliminate identities in the multicut. This includes the base cases of the induction, which are
all the subcases of this case such that the multicut only has 2 premises.

Cut formula is principal on both sides:

ky

)
@ ()

is rewritten as

()
®)

) (®)

The measure reduces from o7 = w*Bi - (1+ ko +.. )#wXBi - (ko +.. )#.. . #(ki+1+ky+...) 1o
o = wXBi + (ky+..)#. . #(ki+ko+...)

Cut formula is principal only on the right:

ki

O
O
D)

is rewritten as

()
Q

) (®)

The measure reduces from o = wABi - (1+ky +...)#wXBe - (ko+..)#.. . #(ki+1+ky+...) to
o = w¥Bi + (ky+..)#. . . #(ki+ky+...)
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5 Termination

These all reduce the subproof magnitude of the first yp, by 1 without increasing any cut formula
complexities. The number of cuts in T is also always decreased. Hence, they reduce o7 by at
least w. This includes the base cases where either the k; or k; vertex is not present.

c) Reductions where the principal formula is not a cut formula.

Case (LV):

O @

is rewritten as 8 g

I
On® ()0

The measure reduces from oy = w*8i - (kg +..)#.. . #(ki +1+ky+...) toop = w¥Bi - (ky +
k2+...)#...#(k1+k2+...)

This reduces the subproof magnitude yr by 1 without increasing any cut formula complexities
or the number of cuts. Hence, it reduces o7.

Case (L—):

S Oa®

is rewritten as T,: “ and Tj: ;. I
(D20

This reduces the ordinal from o7 = w*Bi - (ks+...)# ... #(ki+ko+1+ks+...), toor, = oTi*#a)XBiflyl .
(Hi—1,|a41)# .. #oo BimLlngl (pi-1,1)#(ky) with B;_y 1, ..., Bi_1|a,|+1 listing the members of A; U
{Bi—l}, and op = wABi - (k3 +.. .)# . #(kz +ks+.. )

The rewritten proof has two mcuts. Neither of these increase any cut formula complexities,
and both contain at most the same number of cuts as before. Since neither of them contain
all of kq, kz and k3, each of their o7, o7, must be strictly less than o7 before the rewrite. After
this rewrite, we continue the procedure on the right side mcut, leaving the left side one for a
subsequent application of the cut elimination process. This works because the cut elimination
process starts with the highest cut, and because there are at most finitely many applications of
the rule L—.
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5.1 Termination of the rewrites

Case (RY): Only applies to the root of the mcut tree. Otherwise, since the sequents are intu-
itionistic, it falls under case d).

&) © NG
(&)

is rewritten as

1 1
XBn_1

The measure reduces from oy = wABn-1 - (kg + 1)#... #(ki + ko + 1+ ...) to oy = wXBn-1 -
(kz)#...#((kl + ky +)

This reduces the subproof magnitude yg, , by 1 without increasing any cut formula complex-
ities or the number of cuts. Hence, it reduces o7.

Case (R—): Only applies to the root of the mcut tree. Otherwise, since the sequents are intu-
itionistic, it falls under case d).

) @ (=) ()
) 1s rewritten as ) )

The measure reduces from oy = wABn-1 - (kg + 1)#... #(ki + ko + 1+ ...) to oy = wXBn-1 -
(kz)#...#(kl +kz+...)

This reduces the subproof magnitude yg, , by 1 without increasing any cut formula complex-
ities or the number of cuts. Hence, it reduces o7.

d) Reductions where the principal formula is a cut formula.

Case —:

D ®

1
I
max{ya, xa,} +1
k1+1 ko +ks+1

is rewritten as 0 ;. and I. ;.
XA] XAZ

max{ya, xa,}+1

ki+1
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5 Termination

The measure reduces from oy = ™A1 X4 (kb kg +1+. . )# .. #(ki+1+ky+ks+1+...)
toboth wr, = omaxixa;  Xxa i+l #(ky+1+ko+..)#. .. and og, = op #oX - (ki +ks+. . )#wXe -
(ks+..)#... #(ur, + ki +ka+..0)

In this case, the upper multicut T, after the rewrite application has a list of cut free complexities
that is, at worst, identical to before the rewrite in both the number of cuts and their formula
complexities. It also decreases 14,4, by at least 1, and must contain only cut free subderiva-
tions of its premises, by assumption. Hence, o7, < or — 1, so by the induction hypothesis, the
subproof of |J I} = A; can be transformed into a cut free proof IT*, with the same conclu-

JeT,
sion. Then, substituting IT* in for the subproof of (J TI; = A;, we obtain this multicut.
JeT,
IT* IT, 115
U I = A T", Bi 2, A, Tio1,Ajoy = Ay Ay Ti, Aj = Biyq ...
JeT,
t
I...Tm, U I; = B, (meut)
jETi*_l
o .T,=B, W
with hydra tree

This reduces the measure to o7, = w41 - (kg + ks)#wX2 - (ks +..)#.. . #(k" + ki + ks +...),
with k* the number of rule applications in IT*

It has only cut free subderivations of its premises, and the two cuts that are added are on
formulas of lower complexity than the cut formula they replace. The subproof magnitude
increase incurred by substituting in II* can be at most finite, since our proofs are finite. Hence,
the increase to 14, can be at most finite. But the decrease in o7, that results from the decreases
in cut formula complexity must be at least w, since for each edge e, y. > 1, and hence its

contribution to the measure is at least . This outweighs the contribution from the increase
of p7s, which is at most finite. Therefore, os < o7, this rewrite decreases the measure on the

mcut tree.

max{yp, +1 o}
ki+1 ko +1

Case V:

)



5.1 Termination of the rewrites

I
@ max{yp, +1 w}
. . k1 +1
is rewritten as T,: 4 and Tj:

This reduces the ordinal from oy = @™ B*1 O} (ko4 1+, )4, #(ki+1+ky+1+...), to
oT, = O'Tl_*#wXBi‘l’l . (lli—l,IA,-|+1)# ... #Q)XB’-’L‘A”+1 . (,Ui—l,l)#(kl) with Bi—l,l’ cey Bi—l,lAi|+1 listing
the members of A; U {B;_1}, and o3, = o™ WBH10} (k) 4 Y Bi© - (ky+ .. ). . #(ky +
1+ky+..)

After the rewrite, the upper multicut application T, has a list of cut free complexities that, re-
moves at least one cut from the multicut and keeps all other cut formula complexities the same.
It also decreases ur by at least 1, and by assumption, must contain only cut free subderivations
of its premises. Hence o7, < or. So we can continue the reduction process on the upper multi-
cut. If this terminates, then it transforms the subproof of |J I} = B;(C) into a cut free proof

jeTy
IT*, with the same conclusion. Then substituting in IT* for the sub proof of |J I} = B;(C),
JeT;
we obtain this multicut.
1T I,
(mcut) Tl* riyAi)Bifl = Bl(c) . ri, Ai, Bi—l = B,(p) (RV) Hg
U Tj = Bi(0) T; T, A;, Bioy = VpB; Tis1, Aig1, VpBi, Bi(C) = Biyy ...

jeT;

(mcut)

Then the hydra tree becomes:

max{yp, +1 o}

k1+1

This reduces the ordinal to o7, = omax{xst1o}, (ko+.. )8 Bi© - (ko+.. ) # .. #(K™+k +1+ks+
...). For the edge e with cut formula complexity identical to before the rewrite, max{ ys, + 1w},
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5 Termination

e is reduced. In addition, the larger derivation size k* only occurs in the measure alongside a
reduced cut formula complexity yg, (). Hence, the measure is reduced in this case.

Then we proceed with the mcut rewrite process using this tree.
As before, in order to extend this to IPL2+, we add more cases corresponding to its connectives.

Again, this does not include 3 since we previously established that we can rewrite it in IPL and
use the quantifier free substitution reductions on it.

)
LL:

o

Cut formula is principal on both sides:

Q

1

(=)
@ ()
()

is rewritten as

()
Q

) (®)

Ordinal reduces from or = w! - (1 + ky + .. )#wXB1 - (ko + .. )#.. . #(ky + 1 + ky) to o =
XBi (kg +..)#.. . #(ki+ky+..) <or

This reduces the subproof magnitude pr by 1 without increasing any cut formula complexities.
The number of cuts in T is also decreased. Hence, this reduces or by 1.

Cut formula is principal only on the right:

This is a valid application of (L_L). This eliminates the multicut completely, and thus the mea-
sure is reduced to 0.

c) Case LA:
' A is rewritten as A A
=k ) ()= )~



5.1 Termination of the rewrites

The measure reduces from o7 = w"Bi-1 - (ky+..)#.. . #(ki+1+k; +...) to op = wBi-1 .
(ko+..0)#. . . #(ki+ko+..))

This reduces the subproof magnitude pr by 1 without increasing any cut formula complexities
or the number of cuts. Hence, it reduces o7 by 1.

is rewritten as Tj: ; ;, and T: l I
()0

The measure reduces from o7 = w*Bi-1 - (kg + ks +1+...)#... #(ki+ ks + ks + 1+...) to both
O'a:a)XBi—l '(k2+...)#...#(k1+k2+...) al’ldO'b:a)XBi—l '(k3+...)#...#(k1+k3+...)

The rewritten proof has two mcuts. Neither of these increase any cut formula complexities,
and both contain at most the same number of cuts as before. Since neither of them contain all
of IT;, II; and IIs, each of their o7, o7, must be strictly less than or before the rewrite. After
this rewrite, we continue the procedure on the right side mcut, leaving the left side one for a
subsequent application of the cut elimination process. This works because the cut elimination
process starts with the highest cut, and because there are at most finitely many applications of
the rule L—. Note that both T, T;, contain as most as many cuts as T, whose complexities are
at most the same as before.

Case RA: Only applies to the root of the mcut tree. Otherwise, since the sequents are intuition-
istic, it falls under case d).
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5 Termination

@ and Tp:

@ XBn_l @ G XBn_l

The measure reduces from or = w*Bn-1 - (kg + ks +1+..)#... #(k; +ky + k3 +1+...) to both
g = wBn-1 - (ko+..)#.. . #(k1+ka+...)and 0p = w*Bn-1 - (ks +..)#.. . #(k; +ks+...)

is rewritten as Tj:

©
@@

This reduces the subproof magnitude p7 by 1 without increasing any cut formula complexities
or the number of cuts. Hence, it reduces or by 1.

Case RV: Only applies to the root of the mcut tree. Otherwise, since the sequents are intuition-
istic, it falls under case d).

® ONG

is rewritten as A A

XBn71 G XBn_l @

The measure reduces from oy = wABn-1 - (kg + 1)#... #(ky + ko + 1+ ...) to oy = wXBn-1 -
(kg)#...#(kl +k2+...)

This reduces the subproof magnitude pr by 1 without increasing any cut formula complexities
or the number of cuts. Hence, it reduces o7 by 1.

d) Case V: Derivation is either

1
max{ya, Xxa,}+1
ki+1 ky+ks+1

is rewritten as
1 1
()0 ()

with (j,1) € {(1,2),(2,3)}.

@ (e

The measure reduces from o7 = ™ {xa;  xXa,}+1. (ko+ks+1+.. )#.. . #(ki+1+ky+ks+1+...)
to o (Xt - (kjy. )#.. #(ki+kj+...)



5.1 Termination of the rewrites

Both of these rewrites keep the number of cuts the same, with the only changed cut formula
complexity being a decrease. Hence, this rewrite decreases or.

Case A:

G max{xa, Xxa,}+1 O(_@
ki+ky+1 ks

@
is rewritten as T,: % and Tp: @ @ ‘
()

The measure reduces from o7 = ™3 {xa;  xa}+1. (ks+1+..)#.. . #(ki+ko+1+ks+1+...) to
or, = O"]"i*#C())(Bi‘l’1 . (ll,‘_l,|Ai|+1)# e #Q)XBFL‘A”H . (,ui—l,l)#(kl) with Bi—l,l’ e, Bi—1,|Ai|+1 hstlng
the members of A; U {B;_1}, and 0, = w*41 - (ks +...)#wX% - (ks+..)#.. . #(ka+ks+...)

In this case, after the rewrite, the upper multicut T, application has a list of cut free complexities
that, at worst, removes one cut and keeps all other cut formula complexities the same. It also
decreases pr by at least 1, and must contain only cut free subderivations of its premises, by
assumption. Hence, o7, < or. So we can continue the reduction process on the upper multicut.
If this terminates, then it transforms the subproof of J I; = A; into a cut free proof IT*, with

JeT;
the same conclusion. Then, substituting IT* in for the subproof of (J I'; = A;, we obtain this
jeTy
multicut.
IT* IL, 115
(mcut)
T; UTLi=4 [,Bi-1 = A Ay, Az, i1 = Biyg ...
JET;

I,....,I,T; = B, (mcut)

L...T,=B,
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5 Termination

The measure becomes w*41 - (ks +...)#.. . #wX% - (ks+..)#.. . # (ko +ks+k*+...)

This multicut T’ replaces one cut in the original multicut with two cuts of a lower formula
complexity. The decrease in o7 that results from the decreases in cut formula complexity
must be at least w, since for each edge e, y. > 1, and hence its contribution to the measure is
at least w. This outweighs the contribution of the size blowup of II* to y7-, which is at most
finite. Therefore, o < or, this rewrite decreases the measure on the mcut tree.

Then, we continue the mcut rewrite process on this tree.

5.1.3 FAILURE OF TERMINATION FOR THE UNRESTRICTED CASE

The cut formula complexity measure does not work in case d) V since in the unrestricted case
we can substitute in a formula of a greater complexity. This would result in an edge increasing
its cut formula complexity after the rewrite. Hence the previous measure would not decrease
after the rewrite. In fact, any measure of cut formula complexity can strictly increase after the
principal case d) V of the rewrites. Without any restrictions on substitution, we are allowed to
substitute in the entire V formula we started with as the substitution value C. Therefore, we
cannot make use of cut formula complexity in the unrestricted IPL2 measure.

DEFINITION 5.9 For «, f ordinals and n € w, define a,(f) inductively by a,(f) := f and
tns1 (B) = a®n P, 4

This corresponds to a tower of tetrations of the ordinal « tetrated n times on top of itself, with
an ordinal exponent f at the top of this tower.

DEFINITION 5.10 To a leaf [ of an mcut tree T with subderivation height k; we assign the
ordinal measure wg,(0). To a vertex v of T with subderivation height k, and edges directed
from it to the vertices wy, ..., w,, whose ordinals are f; > ... > f,, in descending order, we
recursively assign the ordinal measure a, := wk, (f1#. .. #Pp,). We define the unrestricted IPL2
measure ar of the mcut tree T to be the ar := a,,, the measure of the root v, of T J

a) Eliminate identities in the multicut.

Cut formula is principal on both sides:
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5.1 Termination of the rewrites

Q

@ ©
D)

ki

=)

is rewritten as

2) ()

i» Ti+1, Tc correspond to the natural sum of the subtreesin T;", T}%, |, T respectively. (... wg, (i1 #01 (te#wr, (ti#...))) .. )
is rewritten as (... w, (Ti1 #7400k, (T#...)) ...)

O
&

e}
-
Q

Cut formula is principal only on the right:

()
XB. %

k

OAC)
OF®
226)

is rewritten as

) (®)

(... 0k, (Tis1#o1 (Tt (Ti# .. .))) . ..) is rewritten as (... wk, (Tis#Tc#wk, (T#...)) ...)

()
Q

¢) Reductions where the principal formula is not a cut formula.

e D @

1s rewritten as ) )

@ @0 OLYO%e

o Ok, (Tig# g 41 (Ti# .. .)) .. .) is rewritten as (. .. wk, (Ti#owg, (T#...)) ...)

Case (LV):
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5 Termination

Case (L—):

XB;

is rewritten as Tj: and Tp: ;. I
oo%e

(- .. Oky (Tir1#OK 41 (Ti# .. L)) . . ) is Tewritten as wy, (7;) and (. .. wg, (T # o, (Ti#...)) ...)

Case (RV): Only applies to the root of the mcut tree. Otherwise, since the sequents are intu-
itionistic, it falls under case d).

is rewritten as

XBn—l Xanl

GRG)

@)
O
G20

Wkyt1 (Tn# 0k, (Ty—1# . ..)) is rewritten as wg, (T,#wk, (Th—1#%...))

Case (R—): Only applies to the root of the mcut tree. Otherwise, since the sequents are intu-
itionistic, it falls under case d).

A
! . .
1s rewritten as )
XB,,_ a XB_1

Wkyt1 (Tn# 0k, (Ty—1# . ..)) is rewritten as wg, (T, #wk, (Th—1#...))

a8
G20

d) Reductions where the principal formula is a cut formula.

Case —:



5.1 Termination of the rewrites
A I
ki+1 ko +ks+1

is rewritten as g ;. and
®

&) @

max{yxa, Xxa,}+1

ki+1

In this case, the upper multicut T, after the rewrite application has a list of cut free complexities
that is, at worst, identical to before the rewrite in both the number of cuts and their formula
complexities. It also decreases 14,4, by at least 1, and must contain only cut free subderiva-
tions of its premises, by assumption. Hence, o7, < or — 1, so by the induction hypothesis, the
subproof of |J I} = A; can be transformed into a cut free proof IT*, with the same conclu-

JeT,
sion. Then, substituting IT* in for the subproof of |J I; = Aj;, we obtain this multicut.
JeT,
H—* I_Il H3
U I = A T*, Bi 2, A, Ti-1, Aj-1 = A A Ti, Ay = Biyp ...
JeT,
t
T,...T, U I, = B, (meut)
jeTy,
hT,=B, W
with hydra tree

This reduces the measure to (... wg, (Ti#wk, (Ti—1#7°#...)) ...)

It has only cut free subderivations of its premises, and the two cuts that are added are on
formulas of lower complexity than the cut formula they replace. The subproof magnitude
increase incurred by substituting in IT* can be at most finite, since our proofs are finite. Hence,
the increase to ji4, can be at most finite. But the decrease in o7, that results from the decreases
in cut formula complexity must be at least w, since for each edge e, y. > 1, and hence its
contribution to the measure is at least w. This outweighs the contribution from the increase
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)



5 Termination

of pr, which is at most finite. Therefore, ov < or, this rewrite decreases the measure on the
mcut tree.

Case V:

@

max{yp, +1 o}
ki+1 ko +1

is rewritten as T,;:

@ max{yp, +1 w}
and Tp: kit 1

(... Okys1 (Tis1#0p 41 (Ti# .. ) .. .) isrewritten as 7, = wy, (7;) and 7, = (. .. Wk, (Ti—1#T# Ok 41 (Tic1#...)) ..

This case does not reduce the measure, since we cannot use cut formula complexity as part of
the measure (), and we have a strict increase in .

5.2 RELATIONSHIP TO CUT ELIMINATION

Using the rewrite operations, we can formulate a reduction process for proofs II in IPL2 con-
taining at least one cut rule. This is formulated as a repeated hydra game played on the hydra
trees.

DEFINITION 5.11 Given a proof IT with cuts, and an appropriate measure on multicuts in II,
define the cut elimination process for IPL2 via a hydra game as:

First, we select the furthest cut rule application from the root of II (if it is not unique, choose the
rightmost one) and, since any cut rule application is also a valid mcut rule application, rename
it to an mcut. This means that all subproofs II; are cut free. By height preserving admissibility
of weakening and contraction, we may also assume that all subproofs II; are weakening free
and contraction free. Then, repeatedly apply valid rewrite operations from cases a), c) and d).
The cut merge case b) is not necessary here since all subproofs of premises of the multicut are
assumed to be cut free.
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5.2 Relationship to cut elimination

Either one of cases a) and c) can be applied to some subderivation of a premise of the multicut,
or it cannot. If one of them can be applied, then there is at least one rule that allows us to
continue applying reduction rules.

If cases a) and c) cannot be applied to any subderivations, then we have n + 1 subderivations
with a cut formula principal in the final rule application, and at most n different cut formulas.
So, since we must hit a left rule on the right and a right rule on the left, by the pigeonhole
principle, the mcut must contain at least one pair of sequents for which the principal formulas
in their conclusions are the same, and are derived in one by a left rule and in the other by its
corresponding right rule. Such a pair can be internally reduced using case d), since the principal
formulas are the same but on opposite sides of their respective sequents, by the definition of
left and right rules. Therefore, even in this situation, the rewrite process will still progress.

Thus, we can repeat this process until the measure is reduced to 0. This will happen if and only
if every rewrite operation reduces the measure. When this happens, all the subderivations
going into the multicut rule application are empty i.e. the mcut rule becomes 0-ary. This
means the mcut rule application has no effect on the proof. It is redundant and therefore it can
be removed without any effect on the resulting proof. Therefore, we now remove it.

Then, repeat this process for the next highest cut or multicut rule application in the proof.
There are finitely many of those so this process must terminate. 2

REMARK 5.12 As long as every rewrite operation reduces the measure on its hydra trees,
this process terminates. This is the case for both the almost quantifier free fragment and the
quantifier free substitution fragments of IPL2. This includes the cut formula principal cases d)
—,V, and A, since after rewriting the upper multicut in these cases, the lower multicut has a
decreased measure when compared to the original pre-rewrite mcut. However it is not the case
for the full IPL2 calculus. _|

This allows us to apply the cut elimination process to these to obtain cut elimination results.
In addition, the upper bound on the ordinals used as the measures in these proofs constitute an
upper bound for the proof theoretic ordinals of each subsystem. Therefore, we have an upper
bound on the ordinals required to be representable in order to prove the consistency of these
subsystems, and hence which systems prove their consistency.

THEOREM 5.13 Ifaproof Il of ' = ¢ contains no quantifier rule applications to cut formulas,
then I' = ¢ also has a cut free proof in IPL2. J

REMARK 5.14 Since we have generalised axioms, it is possible for a quantifier to be introduced
in a cut formula at a leaf, hence the statement in terms of quantifier rule applications. J

ProoF Since the rewrite operations all reduce the almost quantifier free measure, the cut elim-
ination process will terminate when applied to the almost quantifier free hydra trees. There-
fore, applying the cut elimination process to II gives us a cut free proof I’ of T = ¢. m
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5 Termination
Since the measure in this proof is bounded above by v, we obtain from this proof an upper
bound for ordinal analysis of this system.

CoROLLARY 5.15 The proof theoretic ordinal of the almost quantifier free fragment of IPL2
is bounded above by w®. a

We now do the same thing for the quantifier free substitution fragment, using its measure.

ProoF Since the rewrite operations all reduce the quantifier free substitution measure, the cut
elimination process will terminate when applied to the quantifier free substitution hydra trees.
Therefore, applying the cut elimination process to II gives us a cut free proof II' of ' = ¢. m

Since the measure in this proofis also bounded above by v we obtain from this proof an upper
bound for ordinal analysis of this system.

COROLLARY 5.16 The proof theoretic ordinal of the almost quantifier free fragment of IPL2
is bounded above by w®. J
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6 CONCLUSION

In this thesis, we have defined a sequent calculus for IPL2, as well as two notable fragments of
IPL2 corresponding to the restrictions on this proof system. We then defined the multicut rule
for IPL2, equipped with an internal tree structure, and showed that it is a derivable rule in IPL2.
Then we added some additional information to this tree structure to make it into a variant of a
Biichholz hydra tree. After this, we assigned ordinal measures to these trees, and proved that
the measures for the two fragments are reduced by all of the non-redundant rewrite cases, but
not the measure for IPL2. Using these, we played a hydra game on these trees using the rewrite
operations as moves, and using the previously mentioned result, proved that if all the rewrites
reduce the measure, then it must terminate no matter what strategy the player employs. This
hydra game termination result, when applied repeatedly, leads naturally to cut elimination for
the two fragments to which it applies. The methods for these proofs used ordinal measures
bounded above by »®. Hence, as an immediate corollary, we deduced that w® is an upper
bound for ordinal analysis of the two fragments of IPL2 in question.

The method we have used is an extremely natural adaptation of the basic method used for
proofs of cut elimination on Gentzen style calculi. It also serves to make the upper bound for
ordinal analysis that is usually contained in such proofs more explicit.

6.1 FURTHER WORK

We still have not proved soundness and completeness for this sequent calculus. Such results
would help to motivate our work and the sequent calculus defined in this thesis.

Beyond this thesis, we could continue investigating the proof theory of IPL2. We could adopt a
different proof system with w-rules for IPL2. The more explicit nature of these rules (no need
to guess the substitution) might lead to nicer proof theoretic properties. By applying a similar
hydra game cut elimination process as we did here, we might obtain a better ordinal upper
bound than w®.

We could also try to apply our cut elimination method to non-well-founded proofs. There is
a precedent ([FS13]) for the use of multicuts to achieve cut elimination for non well founded
systems, and it is possible to define non well founded calculi for IPL2, using w-rules, as well as
many other subsystems of 2nd order arithmetic. The usual cut elimination method for these,
Schiitte’s deduction chains ([Sch68])), contains structures that strongly resemble a non-well-
founded proof. However, there is currently no general throughline when applying these meth-
ods to different logics. Thus, it might be fruitful to apply the techniques we have developed
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6 Conclusion

here in a non well founded context where parts of them have already been used in order to
provide a general framework within the theory of non-well-founded proofs for the method of
deduction chains.

Our hydra game argument is a natural adaptation of conventional arguments for cut elimina-
tion. Therefore, we might expect to be able to apply it in a greater range of contexts beyond
IPL2. Perhaps if we use more advanced techniques to invoke ordinals bveyond ¢, as a part of
the measure to be reduced, possibly involving the use of Biichholz’s i. These could be larger
fragments of IPL2, such as Hi substitution, or other, unrelated logics.

We could also try to extend the existing work on hydra games for cut elimination from [HO98|
and [HO97| to include multicuts as a structure. Playing hydra games in their style but on a
different structure might lead to fruitful new applications to some logics which have so far
eluded cut elimination. More specifically, their work dealt with (II}-CA)+BL a subsystem of
2nd order arithmetic which restricts the comprehension schema to II} formulas. It might be
possible to use their techniques to extend our results to the II} substitution fragment of IPL2.
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