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Abstract

Intuitionistic propositional logicwith 2nd order propositional quantifiers (IPL2)was introduced
by Gabbay in 1974. Since then, a substantial body of work has been written about its semantics.
However, there has not been any work thoroughly exploring the proof theory of IPL2, or even
defining a Gentzen style sequent calculus. We define two fragments of IPL2 that will be the
focus of our efforts. First, the fragment corresponding to the absence of quantifier rule appli-
cations to formulas that are later used as cut formulas. Second, the fragment corresponding
to the application of at most quantifier free substitutions in quantifier rules that are applied
to formulas that are later used as cut formulas. In this work, we will define such a sequent
calculus, and prove that these two fragments have the property of cut elimination.

In order to prove this, we will make use of 𝑛-ary multicut rules and hydra games. Our proof of
cut elimination will make use of cut rewrite operations, as with the usual proof. However these
will be applied to the tree structure within an application of a multicut rule, rather than to the
proof trees themselves. We will use the cut rewrite operations as moves within a Büchholz
hydra game. These will show that, despite the blowup in the proof size and the length of
the multicut, the hydra game on its tree must terminate. Then we show that this termination
property on the multicut rewrite hydra game corresponds to cut elimination for the fragment
of IPL2 in question. Because of the explicit measure assigned to the multicut trees within the
hydra game, we immediately obtain an upper bound for an ordinal analysis of both of the
fragments from the cut elimination proof. This ordinal is 𝜔𝜔 . Finally, we discuss the failure of
this method for the full IPL2 calculus.
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1 Introduction

1.1 IPL2
Intuitionistic logic with 2nd order propositional quantifiers (IPL2), introduced by Gabbay in
[Gab74] and Sobolev in [Sob77], is a well known logic obtained by adding the 2nd order propo-
sitional quantifiers ∀, ∃ to intuitionistic propositional logic. To date it has been approached
exclusively from the perspective of semantics, with a number of different semantics having
been proposed, for example in [Gab74], [Poł98], [FFF04], [TT19], and [KF19]. A major result in
the study of IPL2 so far has been the unidirectionally conservative interpretation of IPL2 into
IPL in [Pit92], which was expanded on by [GZ95]. It has also been shown in [Poł98] that the
interpretation of the quantifiers changes depending on the chosen semantics.

Definition 1.1 The formulas of intuitionistic propositional logic (IPL) are defined as the set
containing a countably infinite set 𝑃 of propositional atoms 𝑟, 𝑠 , a falsum symbol ⊥, and any
formulas built up from existing formulas 𝜙,𝜓 using the connectives 𝜙 ∨𝜓, 𝜙 ∧𝜓, 𝜙 → 𝜓 . ⌟

Definition 1.2 The formulas of intuitionistic logic with 2nd order propositional quantifiers
(IPL2) are defined as the set obtained by adding to the IPL formulas a countably infinite set
𝑃𝑉 of propositional variables 𝑝, 𝑞 as base symbols and any formulas built up from an existing
formula of IPL2 𝜙 (𝑝), with free variable 𝑝 using 2nd order propositional quantifiers ∀𝑝.𝜙 (𝑝)
and ∃𝑝.𝜙 (𝑝) binding these variables. ⌟

1.2 Cut elimination
Definition 1.3 A multiset is a generalisation of a set that allows multiple instances of the
same object to all be members of onemultiset. This means that extensionality changes from the
statement: Any two sets containing the same objects asmembers are identical. to the statement:
Any two multisets containing the same objects with the same multiplicities associated to them
are identical. ⌟

Definition 1.4 Givenmultisets Γ,Δ, their sequent is the object Γ ⇒ Δ. Given such an object,
we call Γ the left side of the sequent and Δ the right side of the sequent. If |Δ| = 1, i.e. when
there is only one formula on the right side of the sequent, we call the sequent intuitionistic. ⌟

The intended interpretation of a sequent is that the conjunction of the formulas on the left side
implies the disjunction of the formulas on the right. A sequent calculus is a proof system that
acts on sequents in order to create a proof of some sequent Γ ⇒ Δ.
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1 Introduction

Definition 1.5 A proof in a sequent calculus 𝑆 is a tree composed entirely of valid rule
applications in 𝑆 , with an initial rule (ax) or (L⊥) at each leaf. ⌟

Most sequent calculus proof systems contain a structural rule (not associated to any logical
connective) called Cut, and of the form:

(cut)
Γ ⇒ 𝐴 Γ, 𝐴 ⇒ 𝐵

Γ ⇒ 𝐵

Cut elimination for some sequent calculus proof system 𝑆 is the result that if a sequent Γ ⇒ Δ
is provable in 𝑆 with the cut rule, then it is provable in 𝑆 without the cut rule.

None of these previous research into IPL2 cited so far ventures particularly far into the proof
theory of IPL2. Neither do any of them adopt a proof system in the well studied tradition
of Gentzen-style sequent calculus, as in [Gen35]. Given the Curry-Howard correspondence
between IPL2 and polymorphic lambda calculus (System F) ([Wad07]), and the notorious diffi-
culty of proving syntactic results such as normalisation for System F, it is perhaps not surpris-
ing to see such little exploration of the proof theory of IPL2. In this thesis, we shall define a
Gentzen-style sequent calculus for IPL2, and show that it has various desirable proof theoretic
properties.

Later on, we will define two fragments of IPL2 based on restrictions on the rule applications
that are allowed to be applied to a formula that is later used as the cut formula in a cut rule
application. We will then prove cut elimination for these two fragments of IPL2. In order to do
so, we will make use of multicut rules, as have been used before in [FS13]. These rules group
together multiple cuts as one 𝑛-ary rule, and in the process, give us a structure on which we
can perform hydra games.

1.3 Hydra Games
Hydra games were fist introduced by Kirby and Paris in [KP82]. In their original formulation,
a single player attempts to reduce the number of edges in a tree 𝐻 down to 0. As a move, the
player is allowed to remove one leaf from the tree. Call the unique vertex below this leaf 𝑣 ,
and denote the unique node below 𝑣 as 𝑤 . But after this move, the hydra may duplicate any
number 𝑛 ∈ 𝜔 of copies of the subtree 𝐻 ∗ above 𝑣 onto𝑤 via an edge.

By assigning an ordinal measure in an appropriate manner to these hydra trees, it is possible
to show not only that the player can win, but that any strategy the player employs will be a
winning strategy.

To each leaf, of a hydra tree 𝐻 we assign the ordinal 0. If a vertex 𝑣 in the hydra tree has sub-
hydras 𝐻1, . . . , 𝐻𝑛 growing upwards from it, with ordinals 𝛼1 ≥ . . . ≥ 𝛼𝑛 in descending order,
then we assign to it the ordinal 𝜔𝛼1 + . . . + 𝜔𝛼𝑛 .
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1.3 Hydra Games

Then, by removing a head, we strictly decrease the ordinal. This is because chopping off a head
results in the measure for 𝑣 strictly decreasing by at least one power of 𝜔 , and then going one
step down and duplicating this reduced measure must still be strictly smaller than the previous
measure, by the definition of ordinal exponentiation.

The hydra trees we will create from the multicut trees will be the more general Büchholz hy-
dras, as in [Buc87]. These allow the vertices and edges to carry additional information in the
form of labels. By adding in these labels, we offer ourselves a greater range of ordinal mea-
sures that will be reduced by the moves of the hydra game. This can result in a decrease in the
supremum of the ordinals required to carry out the hydra game termination argument.

In this thesis, we will show that, when playing a hydra game on these modified multicut trees
using as moves some rewrite operations on a multicut, since all of these operations will reduce
the measure assigned to the multicut for the two fragments of IPL2, the hydra game must
terminate. We will also show that this termination result on the multicut tree hydra game can
very directly be converted into a cut elimination process that works for these 2 fragments of
IPL2.

Hydra games have been used for cut elimination arguments before, for example in [HO98] and
[HO98]. However, these do not deal with IPL2, and do not use multicut trees as the tree objects
on which the hydra game is performed, whereas we do both of these.

In section 2, we will define the sequent calculus for IPL2 and prove that the structural rules
of weakening, contraction, and substitution are height preserving admissible within this proof
system. In section 3 we will define the multicut rule for IPL2, show that it is a valid inference
rule, and present local rewrite operations for derivations with multicuts. In section 4, we will
define some hydra trees for each fragment of IPL2 as well as full IPL2, on which we will later
play a hydra game. Wewill also present the effect of the rewrite operations on these hydra trees.
In section 5, we will show that a hydra game played on this tree using the rewrite operations
must always terminate, and show that this results in cut elimination for two fragments of IPL2,
but not the full IPL2 calculus.
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2 Seqent calculus for IPL2

2.1 Basic properties
We will now define a sequent calculus proof system for IPL2. In order to simplify the proofs,
we work within the language {⊥,∀,→}, along with a countable set 𝑃 of propositional vari-
ables, usually denoted by letters 𝑝, 𝑞, . . .. This is expressively adequate with respect to the full
language, {⊥,¬,∀, ∃,→,∨,∧}.

Definition 2.1 The rules for the sequent calculus IPL2 are:

(ax)
𝐴, Γ ⇒ 𝐴

(with 𝑝 not free in Γ) (R∀)
Γ ⇒ 𝐵(𝑝)

Γ ⇒ ∀𝑝𝐵(𝑝)

(L∀)
Γ,∀𝑝𝐵(𝑝), 𝐵(𝐴) ⇒ 𝐶

Γ,∀𝑝𝐵(𝑝) ⇒ 𝐶
(R→)

Γ, 𝐴1 ⇒ 𝐴2

Γ,⇒ 𝐴1 → 𝐴2

(L→)
𝐴1 → 𝐴2, Γ ⇒ 𝐴1 𝐴2, Γ ⇒ 𝐵

𝐴1 → 𝐴2, Γ ⇒ 𝐵
(cut)

Γ ⇒ 𝐴 Γ, 𝐴 ⇒ 𝐵

Γ ⇒ 𝐵
(wk)

Γ ⇒ 𝐵

Γ, 𝐴 ⇒ 𝐵

(ctr)
Γ, 𝐴,𝐴 ⇒ 𝐵

Γ, 𝐴 ⇒ 𝐵

The formulas marked in blue are defined as the principal formulas of the conclusion of their
respective rules. The formulas marked in green are defined as the principal formulas of the
premises of their respective rules The formula marked in red in (cut) is defined as the cut
formula of the cut rule. ⌟

Remark 2.2 Even though weakening and contraction will be height preserving admissible
within this calculus, we will require explicit instances of these rules in order to carry out the
cut elimination process. This is why they are included within the rules for our calculus. ⌟

Remark 2.3 These rules are all intuitionistic. This means that throughout a proof, there will
only ever be one formula on the right side of ⇒ in any given sequent. Therefore, any proof
that is produced by this system is an intuitionistic proof. ⌟

Definition 2.4 A formula𝐴 being hereditarily principal for an application of a rule applica-
tion (†) is defined inductively as: If𝐴 is principal in the conclusion of (†), then it is hereditarily
principal for (†). If 𝐴 is hereditarily principal for (†) and involved in the premises of some
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2 Sequent calculus for IPL2

application of a structural rule, except as a cut formula, (⊛), then it is also hereditarily princi-
pal for (†) in the conclusion of (⊛). If 𝐴 is hereditarily principal for (†) and also principal in
the premises of some application of a logical rule (∗), then the unique principal formula in the
conclusion of (∗) is also hereditarily principal for (†) ⌟

Here, (†) and (∗) represent arbitrary rule applications. This notion corresponds to the intuitive
notion of tracing the descendents of a principal formula from some rule application arbitrarily
far down the proof tree to another rule application. When this definition is used, the second
rule application will usually be one that makes use of a descendent of the formula being traced.

2.1.1 Expressibility of all other connectives
Usually IPL2 would include explicit rules for a few more symbols, ⊥, ∃,∨,∧. We call this cal-
culus IPL2+ and define it as follows:

Definition 2.5 The rules added to IPL2 to obtain IPL2+ are:

(L⊥)
⊥, Γ ⇒ 𝐴

(R∧) Γ ⇒ 𝐴 Γ ⇒ 𝐵

Γ ⇒ 𝐴 ∧ 𝐵
(L∧)

𝐴, 𝐵, Γ ⇒ 𝐶

𝐴 ∧ 𝐵, Γ ⇒ 𝐶

(R∨1)
Γ ⇒ 𝐴

Γ ⇒ 𝐴 ∨ 𝐵
(R∨2)

Γ ⇒ 𝐵

Γ ⇒ 𝐴 ∨ 𝐵
(L∨)

𝐴, Γ ⇒ 𝐶 𝐵, Γ ⇒ 𝐶

𝐴 ∨ 𝐵, Γ ⇒ 𝐶

(with 𝑝 not free in Γ or 𝐶) (L∃)
Γ, 𝐵(𝑝) ⇒ 𝐶

Γ, ∃𝑝𝐵(𝑝) ⇒ 𝐶
(R∃)

Γ ⇒ 𝐵(𝐶)
Γ ⇒ ∃𝑝𝐵(𝑝)

Within IPL2, we define ⊥:= ∀𝑝.𝑝 , 𝐴 ∧ 𝐵 := ∀𝑝.(𝐴 → 𝐵 → 𝑝) → 𝑝 , 𝐴 ∨ 𝐵 := ∀𝑝.(𝐴 →
𝑝) → (𝐵 → 𝑝) → 𝑝 , ∃𝑝.𝐴(𝑝) := ∀𝑞.(∀𝑝.𝐴(𝑝) → 𝑞) → 𝑞. Using these, we can simulate
the added derivation rules from IPL2+ in IPL2. Here, the subderivations Π1,Π2 correspond to
subderivations of the premises of the derivation rules that are being simulated.

(L⊥)
(ax)

Γ,∀𝑝.𝑝,𝐶 ⇒ 𝐶 (L→)
Γ,∀𝑝.𝑝 ⇒ 𝐶

(R∃):

Π1
Γ ⇒ 𝐴(𝐶)(wk)

Γ,∀𝑝 (𝐴(𝑝) → 𝑞), 𝐴(𝐶) → 𝑞 ⇒ 𝐴(𝐶) (ax)
Γ,∀𝑝 (𝐴(𝑝) → 𝑞), 𝑞 ⇒ 𝑞 (L→)

Γ,∀𝑝 (𝐴(𝑝) → 𝑞), 𝐴(𝐶) → 𝑞 ⇒ 𝑞 (L∀)
Γ,∀𝑝 (𝐴(𝑝) → 𝑞) ⇒ 𝑞 (R→)

Γ ⇒ (∀𝑝 (𝐴(𝑝) → 𝑞)) → 𝑞 (R∀)
Γ ⇒ ∀𝑞((∀𝑝 (𝐴(𝑝) → 𝑞)) → 𝑞)
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2.1 Basic properties

(L∃):

Π1
Γ, 𝐴(𝑝) ⇒ 𝐶(wk)

Γ,∀𝑞(∀𝑝 (𝐴(𝑝) → 𝑞)) → 𝑞,∀𝑝 (𝐴(𝑝) → 𝐶) → 𝐶,𝐴(𝑝) ⇒ 𝐶(R→)
Γ,∀𝑞(∀𝑝 (𝐴(𝑝) → 𝑞)) → 𝑞,∀𝑝 (𝐴(𝑝) → 𝐶) → 𝐶 ⇒ 𝐴(𝑝) → 𝐶(R∀)

Γ,∀𝑞(∀𝑝 (𝐴(𝑝) → 𝑞)) → 𝑞,∀𝑝 (𝐴(𝑝) → 𝐶) → 𝐶 ⇒ ∀𝑝 (𝐴(𝑝) → 𝐶) (ax)
Γ,∀𝑞(∀𝑝 (𝐴(𝑝) → 𝑞)) → 𝑞,𝐶 ⇒ 𝐶 (L→)

Γ,∀𝑞(∀𝑝 (𝐴(𝑝) → 𝑞)) → 𝑞,∀𝑝 (𝐴(𝑝) → 𝐶) → 𝐶 ⇒ 𝐶 (L∀)
Γ,∀𝑞(∀𝑝 (𝐴(𝑝) → 𝑞)) → 𝑞 ⇒ 𝐶

(R∨1):

Π1
Γ ⇒ 𝐴(wk)

Γ, 𝐴 → 𝑝, 𝐵 → 𝑝 ⇒ 𝐴
(ax)

Γ, 𝑝 ⇒ 𝑝 (L→)
Γ, 𝐴 → 𝑝, 𝐵 → 𝑝 ⇒ 𝑝 (R→)

Γ, (𝐴 → 𝑝) ⇒ (𝐵 → 𝑝) → 𝑝 (R→)
Γ ⇒ (𝐴 → 𝑝) → (𝐵 → 𝑝) → 𝑝 (R∀)

Γ ⇒ ∀𝑝 ((𝐴 → 𝑝) → (𝐵 → 𝑝) → 𝑝)

Similarly for (R∨2), except with Π1 producing Γ ⇒ 𝐵.

(L∨):

Π1
Γ, 𝐴 ⇒ 𝐶(wk)

Γ,∀𝑝 (𝐴 → 𝑝 → (𝐵 → 𝑝) → 𝑝), (𝐴 → 𝐶) → (𝐵 → 𝐶) → 𝐶,𝐴 ⇒ 𝐶(R→)
Γ,∀𝑝 (𝐴 → 𝑝 → (𝐵 → 𝑝) → 𝑝), (𝐴 → 𝐶) → (𝐵 → 𝐶) → 𝐶 ⇒ 𝐴 → 𝐶

Π2
Γ, 𝐵 ⇒ 𝐶 (wk)

Γ,∀𝑝 (𝐴 → 𝑝 → (𝐵 → 𝑝) → 𝑝), (𝐵 → 𝐶) → 𝐶, 𝐵 ⇒ 𝐶(R→)
Γ,∀𝑝 (𝐴 → 𝑝 → (𝐵 → 𝑝) → 𝑝), (𝐵 → 𝐶) → 𝐶 ⇒ 𝐵 → 𝐶

(ax)
Γ,∀𝑝 (𝐴 → 𝑝 → (𝐵 → 𝑝) → 𝑝),𝐶 ⇒ 𝐶 (L→)

Γ,∀𝑝 (𝐴 → 𝑝 → (𝐵 → 𝑝) → 𝑝), (𝐵 → 𝐶) → 𝐶 ⇒ 𝐶 (L→)
Γ,∀𝑝 (𝐴 → 𝑝 → (𝐵 → 𝑝) → 𝑝), (𝐴 → 𝐶) → (𝐵 → 𝐶) → 𝐶 ⇒ 𝐶 (L∀)

Γ,∀𝑝 ((𝐴 → 𝑝) → (𝐵 → 𝑝) → 𝑝) ⇒ 𝐶

(R∧):

Π1
Γ ⇒ 𝐴(wk)

Γ, 𝐴 → 𝐵 → 𝑝 ⇒ 𝐴

Π2
Γ ⇒ 𝐵(wk)

Γ, 𝐵 → 𝑝 ⇒ 𝐵
(ax)

Γ, 𝑝 ⇒ 𝑝 (L→)
Γ, 𝐵 → 𝑝 ⇒ 𝑝 (L→)

Γ, 𝐴 → 𝐵 → 𝑝 ⇒ 𝑝 (R→)
Γ ⇒ (𝐴 → 𝐵 → 𝑝) → 𝑝 (R∀)

Γ ⇒ ∀𝑝 ((𝐴 → 𝐵 → 𝑝) → 𝑝)

(L∧):
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2 Sequent calculus for IPL2

Π1
Γ, 𝐴, 𝐵 ⇒ 𝐶(wk)

Γ,∀𝑝 ((𝐴 → 𝐵 → 𝑝) → 𝑝), (𝐴 → 𝐵 → 𝐶) → 𝐶,𝐴, 𝐵 ⇒ 𝐶(R→)
Γ,∀𝑝 ((𝐴 → 𝐵 → 𝑝) → 𝑝), (𝐴 → 𝐵 → 𝐶) → 𝐶,𝐴 ⇒ 𝐵 → 𝐶(R→)

Γ,∀𝑝 ((𝐴 → 𝐵 → 𝑝) → 𝑝), (𝐴 → 𝐵 → 𝐶) → 𝐶 ⇒ 𝐴 → 𝐵 → 𝐶
(ax)

Γ,∀𝑝 ((𝐴 → 𝐵 → 𝑝) → 𝑝),𝐶 ⇒ 𝐶 (L→)
Γ,∀𝑝 ((𝐴 → 𝐵 → 𝑝) → 𝑝), (𝐴 → 𝐵 → 𝐶) → 𝐶 ⇒ 𝐶 (L∀)

Γ,∀𝑝 ((𝐴 → 𝐵 → 𝑝) → 𝑝) ⇒ 𝐶

We also define two subsystems of this proof system, corresponding to restrictions on the per-
mitted instances of quantifier rules interacting with formulas that are later used in a cut rule.

Definition 2.6 Define the almost quantifier free fragment for the sequent calculi for IPL2
and IPL2+ as the fragment for which, if an instance of a quantifier rule (ffl) has been applied
to a sequent, then the principal formula 𝐴 in its conclusion and any formulas for which 𝐴 is
hereditarily principal for (ffl) cannot be used as the cut formula in a valid application of (cut).⌟

This means that any cut formula must have its quantifiers generated by axioms and not by
quantifier rules.

Definition 2.7 Define the quantifier free substitution fragment for IPL2 and IPL2+ as the
fragment for which, if an instance (ffl) of (L∀) or (R∃) is applied to a sequent Γ, 𝐵(𝐶) ⇒ 𝐴, and
𝐶 contains a quantifier, then the principal formula 𝐴 in its conclusion and any formulas for
which𝐴 is hereditarily principal for (ffl) cannot be used as the cut formula in a valid application
of (cut). ⌟

This means that any instances of (L∀) or (R∃) in the proof of the cut formula in any premise of
a cut rule must contain only quantifier free substitutions, when read from the bottom upwards.

Remark 2.8 Both the almost quantifier free and the quantifier free substitution fragments of
IPL2+ contain IPL as a subsystem. However, this might not be the case for IPL2. This is because
of how the quantifier rules within these simulations are interfered with by the restrictions we
impose upon IPL2. For example, if 𝐴 ∧ 𝐵 in the conclusion 𝐴 ∧ 𝐵, Γ ⇒ 𝐶 of a (L∧) rule is
later used as a cut formula, our simulation of the rule in IPL2 would require a substitution of
𝐶 in a (L∀) rule applied to the translation of 𝐴 ∧ 𝐵. Therefore, the proof would not be valid
in the almost quantifier free fragment of IPL2, and so it might not contain IPL as a subsystem.
Similar restrictions might also occur for the quantifier free substitution fragment. Therefore,
when working with these fragments, we will often explicitly include some of the connectives
from IPL2+ in order to be certain that the result applies not only to IPL2+, but to IPL. ⌟

2.2 Admissibility results for structural rules in IPL2
The term "structural" used here when describing weakening, contraction, and substitution de-
notes the fact that their purpose is to expand or restrict the information contained in a proof.
This makes them tricky to deal with later on when we present rewrite operations on IPL2
proofs with cuts. In order to circumvent this, we now present height preserving weakening,
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contraction, and substitution admissibility results for IPL2. These will be used later so that our
rewrites don’t need to include cases for weakening, contraction, and substitution. The proofs
presented here are generally similar to their counterparts in [NVR01].

2.2.1 Height preserving weakening admissibility for IPL2

Theorem 2.9 If IPL2 𝑛 , Γ ⇒ 𝐶 without using (wk), then, for any formula𝐷 , IPL2 𝑛 𝐷, Γ ⇒ 𝐶

without using (wk) ⌟

This means that the weakening rule

Γ ⇒ 𝐶 (wk)
𝐷, Γ ⇒ 𝐶

is height preserving admissible in the sequent calculus for IPL2.

Proof We proceed by induction on derivation height 𝑛. Then the final rule application in the
derivation of Γ ⇒ 𝐶 must be (ax). In this case, 𝐷, Γ ⇒ 𝐶 is also a valid application of (ax). Now,
given height preserving weakening admissibility for derivation heights ≤ 𝑛, let 𝑛+1 Γ ⇒ 𝐶 ,
with the final rule application being a rule (∗) (that is not (wk)). By assumption, the height of
each subderivation Π𝑖 deriving a premise Γ𝑖 ⇒ 𝐶𝑖 of (∗) has height ≤ 𝑛, so we can apply height
preserving weakening admissibility to each of these to get Π′

𝑖 deriving Γ𝑖 , 𝐷 ⇒ 𝐶𝑖 with height
≤ 𝑛. Then, if we replace each of the subderivations Π𝑖 going into (∗) with Π′

𝑖 , the formula 𝐷
is not affected by the final rule application (∗). Hence, applying (∗) with the same principal
formula as before gives us a proof of 𝐷, Γ ⇒ 𝐶 with height ≤ 𝑛 + 1. ■

2.2.2 Height preserving contraction admissibility for IPL2

Theorem 2.10 If IPL2 𝑛 𝐷,𝐷, Γ ⇒ 𝐶 , then IPL2 𝑛 𝐷, Γ ⇒ 𝐶 ⌟

This means that the contraction rule
𝐷,𝐷, Γ ⇒ 𝐶 (ctr)
𝐷, Γ ⇒ 𝐶

is height preserving admissible in the sequent calculus for IPL2.

Proof Induct on the height 𝑛 of the derivation Π.

If 𝑛 = 0, then 𝐷, 𝐷, Γ ⇒ 𝐶 follows from the (ax) rule, so either 𝐶 = 𝐷 or 𝐶 ∈ Γ. In both cases,
this means that 𝐷, Γ ⇒ 𝐶 is also follows from a valid application of (ax).

If 𝑛 ≠ 0, then either 𝐷 is principal in the last rule of Π or it is not.

If 𝐷 is not principal, then, if the last inference is unary, the final rule application of Π the
derivation has the form:
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𝐷, 𝐷, Γ′ ⇒ 𝐶′
(†)

𝐷,𝐷, Γ ⇒ 𝐶

The subderivation of 𝐷,𝐷, Γ′ ⇒ 𝐶′ has derivation height ≤ 𝑛, so by the induction hypothesis,
𝑛 𝐷, Γ′ ⇒ 𝐶′. Then reapply the last rule (†) to get 𝑛+1 𝐷, Γ ⇒ 𝐶 . Similarly for 2 premise
rules, including (context sharing) cut.

If 𝐷 is principal, then there are 2 cases 𝐿∀, and 𝐿 →.

𝐷 = 𝐴 → 𝐵: The last rule application is 𝐿 →

𝐴 → 𝐵,𝐴 → 𝐵, Γ ⇒ 𝐴 𝐵, Γ ⇒ 𝐶 (L→)
𝐴 → 𝐵,𝐴 → 𝐵, Γ ⇒ 𝐶

By the induction hypothesis on the first premise, 𝑛 𝐴 → 𝐵, Γ ⇒ 𝐴. Hence, by applying (L→),
we get 𝑛+1 𝐴 → 𝐵, Γ ⇒ 𝐶

𝐷 = ∀𝑝𝐵(𝑝): The last rule application is 𝐿∀

∀𝑝𝐵(𝑝),∀𝑝𝐵(𝑝), 𝐵(𝑝), Γ ⇒ 𝐶 (L∀)∀𝑝𝐵(𝑝),∀𝑝𝐵(𝑝), Γ ⇒ 𝐶

By the induction hypothesis on the first premise, 𝑛 ∀𝑝𝐵(𝑝), 𝐵(𝑝), Γ ⇒ 𝐶 . Hence, by applying
(L∀), we get 𝑛+1 ∀𝑝𝐵(𝑝), Γ ⇒ 𝐶

2.2.3 Height preserving substitution for IPL2

Definition 2.11 For a formula 𝐶 of IPL2, set of formulas Γ with free variable 𝑝 in some of
its formulas, 𝐶 being free for 𝑝 in Γ means that no variables that are free in 𝐶 become bound
in the substitution Γ(𝐶). ⌟

Theorem 2.12 If 𝑛 Γ(𝑝) ⇒ 𝐵(𝑝) with 𝑝 a free variable, then, for any formula𝐶 of IPL2 with
𝐶 free for 𝑝 in Γ, 𝐵, we have 𝑛 Γ(𝐶) ⇒ 𝐵(𝐶). ⌟

Proof Proceed by induction on the height 𝑛 of the proof Π. Define the set 𝐵𝑉 (𝑆) as the set
of all bound propositional variables in a sequent 𝑆 , and 𝐹𝑉 (𝑆) as the set of free variables in
𝑆 . Without loss of generality, assume that the variables are such that 𝐵𝑉 (𝑆) ∩ 𝐹𝑉 (𝑆) = ∅ i.e.
𝐵𝑉 (𝑆), 𝐹𝑉 (𝑆) are disjoint. If 𝑛 = 0, Γ(𝑝) ⇒ 𝐵(𝑝) results from an application of (ax). Then
Γ(𝐶) ⇒ 𝐵(𝐶) is also the result of a valid application of (ax).

Otherwise, 𝑛 > 0. Consider the last rule application in Π. If the last rule application (∗) in Π
is not a quantifier rule, then, for a set of premise sequents 𝑄 of (∗), ⋃

𝑆∈𝑄
𝐹𝑉 (𝑆) = 𝐹𝑉 (Γ(𝑝) ⇒

𝐵(𝑝)). Similarly for bound variables. Then, by the induction hypothesis, substituting 𝐶 for 𝑝
in each premise, then reapplying the rule (∗), we can derive Γ(𝐶) ⇒ 𝐵(𝐶).

10



2.2 Admissibility results for structural rules in IPL2

If the last rule application in Π is (L∀), then we can assume 𝑝 is not the quantified variable,
else the substitution would be vacuous. Then, the premise in the (L∀) is Γ,∀𝑞𝐴(𝑞), 𝐴(𝐶′) ⇒ 𝐵,
with 𝑝 free in the premise and 𝑞 ≠ 𝑝 . This premise has derivation height < 𝑛. Since the sets of
free and bound variables are assumed disjoint, if𝐶 is free for 𝑝 in ∀𝑞𝐴(𝑞), then𝐶 is free for 𝑝 in
𝐴(𝐶′). Therefore, by the induction hypothesis, we can derive 𝑛−1 Γ(𝐶), (∀𝑞𝐴(𝑞)) (𝐶), 𝐴(𝐶′) (𝐶) ⇒
𝐵(𝐶). 𝑝 ≠ 𝑞, so by definition of substitution (∀𝑞𝐴(𝑞)) (𝐶) = ∀𝑞𝐴(𝑞,𝐶). We can write both sub-
stitutions in 𝐴(𝐶′) (𝐶) equivalently as one simultaneous substitution 𝐴(𝐶′(𝐶),𝐶). Since 𝐶 is
free for 𝑝 in ∀𝑞𝐴(𝑞), we have 𝑞 ∉ 𝐹𝑉 (𝐶) ∪ 𝐵𝑉 (𝐶). Therefore 𝐴(𝐶′(𝐶),𝐶) is equivalent to
𝐴(𝐶) (𝐶′(𝐶)), so we have 𝑛−1 Γ(𝐶),∀𝑞𝐴(𝑞,𝐶), 𝐴(𝐶) (𝐶′(𝐶)) ⇒ 𝐵(𝐶). Then, reapplying (L∀),
we get 𝑛 Γ(𝐶),∀𝑞𝐴(𝑞,𝐶) ⇒ 𝐵(𝐶)

If the last rule is (R∀), then its premise is Γ ⇒ 𝐵(𝑞), with 𝑝 free and 𝑞 ≠ 𝑝 , with derivation
height < 𝑛. Then by the induction hypothesis, we have 𝑛−1 Γ(𝐶) ⇒ (𝐵(𝑞)) (𝐶), and since, by
assumption, 𝐶 is free for 𝑝 in ∀𝑞𝐵(𝑞), 𝑞 ∉ 𝐹𝑉 (𝐶) ∪ 𝐵𝑉 (𝐶). Therefore (𝐵(𝑞)) (𝐶) = (𝐵(𝐶)) (𝑞),
and hence we can switch the order of substitution to get 𝑛−1 Γ(𝐶) ⇒ (𝐵(𝐶)) (𝑞), with 𝑞 still
not free in Γ(𝐶). Hence, applying (R∀) and switching the order of substitution again, we get
𝑛 Γ(𝐶) ⇒ (∀𝑞𝐵(𝑞)) (𝐶). ■
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3 Multicuts

3.1 Multicuts for IPL2
In order to facilitate the later assignment of measures to sequences of cut rule applications,
we introduce a new rule, multicut (mcut), to be used together with the sequent calculus for
IPL2. This is a natural extension of the 𝑛-ary cut rule used in [FS13]. As in [FS13], the multicut
rule is there only to be used during the cut elimination process. Informally, a multicut is a
way of representing 𝑚 − 1 cut rule applications as one 𝑚-ary rule application. The left side
of each sequent Γ𝑣,Δ𝑣 ⇒ 𝜙𝑣 in the mcut is informally thought of as having a multiset of cut
formulas Δ𝑣 that are cut together with corresponding right formulas within the mcut, and a
multiset of context formulas Γ𝑣 that are not. Such a structure comes naturally equipped with
a tree indicating which sequents are being cut together with which other sequents. Since the
sequents here are intuitionistic, the cut formula will always be the unique right formula of the
left cut sequent. This tree is a natural extension of the linear multicut from [FS13]. It has been
used before in other work, such as [BDS16]. This is a natural candidate for a structure on which
we can both perform rewrite operations within a proof (as a rule), and play a hydra game (as
a tree) using these operations. It will be used as such later.

In this section, we will formally define such a multicut rule, and show that it is a derivable rule
within the calculus. Then, we will present the rewrite operations to be used on instances of
multicut within a proof, for both the base connectives and the definable connectives.

Definition 3.1 A pre-multicut (pre-mcut) tree is defined as a directed tree𝑇 , with vertex set
𝑉𝑇 , vertices 𝑣 ∈ 𝑉𝑇 , edge relation 𝐸𝑇 ⊆ 𝑉𝑇 × 𝑉𝑇 and, directed from 𝑣1 ∈ 𝑉𝑇 to 𝑣2 ∈ 𝑉𝑇 . Edges
(𝑣1, 𝑣2) ∈ 𝐸𝑇 are directed from the vertex 𝑣1 closer to the root, to the vertex 𝑣2 further away
from the root. If (𝑣1, 𝑣2) ∈ 𝐸𝑇 , then (𝑣2, 𝑣1) ∉ 𝐸𝑇 . Each vertex 𝑣 has a unique vertex 𝑣∗ such
that 𝑣∗𝐸𝑇 𝑣 , thereby making 𝑇 a tree. We define 𝐸∗

𝑇
to be the transitive closure of the relation

𝐸𝑇 . The vertices 𝑣 ∈ 𝑉𝑇 have distance from the root 𝑑𝑣 ∈ N. ⌟

Definition 3.2 A multicut (mcut) is defined, for 𝑚 < 𝜔 , as an 𝑚-ary inference rule with
premises corresponding to a pre-multicut tree 𝑇 . Vertices 𝑣 ∈ 𝑉𝑇 are labelled with both a
sequent Γ𝑣Δ𝑣 ⇒ 𝜙𝑣 , for Γ𝑣,Δ𝑣 multisets, and 𝜙𝑣 a single formula of IPL2. Directed edges
(𝑣1, 𝑣2) ∈ 𝐸𝑇 are labelled by formulas 𝜙𝑣1,𝑣2 := 𝜙𝑣1 , with 𝜙𝑣1 ∈ Δ𝑣2 . We call this last condition
the cut condition. For each vertex 𝑣 , Δ𝑣 = {𝑣𝐸𝑇𝑤 |𝜙𝑤}. Its conclusion is defined inductively.
The conclusion for each leaf 𝑣𝑙 is defined as its sequent label Γ𝑣𝑙 ⇒ 𝜙𝑣𝑙 . Given a vertex 𝑣 with
sequent label Γ𝑣,Δ𝑣 ⇒ 𝜙𝑣 , and connected vertices {𝑣𝑖 |𝑣𝐸𝑇 𝑣𝑖} above it, each with conclusion
Γ′𝑣𝑖 ⇒ 𝜙𝑣𝑖 , we define the conclusion at 𝑣 as Γ𝑣,

⋃
𝑣𝐸𝑇𝑤

Γ′𝑤 ⇒ 𝜙𝑣 . Then the conclusion at the root

𝑣𝑟 is the conclusion of the mcut rule. We call this label Γ𝑇 ⇒ 𝜙 . ⌟
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The final label Γ𝑇 ⇒ 𝜙 does not contain any formulas from any Δ𝑖 , since by definition, these
have all been cut away by the multicut rule.

Here are a few examples of mcut rule applications within proofs, along with their associated
pre-mcut trees:

Example 3.3
Γ1 ⇒ 𝜙1 Γ2, 𝜙1 ⇒ 𝜙2 Γ3 ⇒ 𝜙3 Γ4, 𝜙2, 𝜙3 ⇒ 𝜙4 (mcut)

Γ1, Γ2, Γ3, Γ4 ⇒ 𝜙4

𝑣4

𝑣2

𝑣1

𝑣3

This is equivalent to the tree of cut rules:

Γ1 ⇒ 𝜙1 Γ2, 𝜙1 ⇒ 𝜙2(cut)
Γ1, Γ2 ⇒ 𝜙2

Γ3 ⇒ 𝜙3 Γ4, 𝜙2, 𝜙3 ⇒ 𝜙4 (cut)
Γ3, Γ4, 𝜙2 ⇒ 𝜙4 (cut)

Γ1, Γ2, Γ3, Γ4 ⇒ 𝜙4

Example 3.4
Γ1 ⇒ 𝜙1 Γ2 ⇒ 𝜙2 Γ3 ⇒ 𝜙3 Γ4, 𝜙1, 𝜙2, 𝜙3 ⇒ 𝜙4

Γ1, Γ2, Γ3, Γ4 ⇒ 𝜙4
𝑣4

𝑣2𝑣1𝑣3

⌟

The next theorem further helps to ilustrate the internal structure of a multicut, and justify why
it is a valid inference rule within IPL2.

Theorem 3.5 By replacing each edge with a formula and every vertex with a cut rule we can
obtain from any mcut a valid derivation Π𝑐 composed entirely of cut rules. Furthermore, when
the derivations Π 𝑗,𝑘 of the leaves of the mcut are added to the appropriate premises of cut rules,
Π𝑐 becomes a valid proof of Γ𝑇 ⇒ 𝜙 .

Proof We proceed inductively on the number of premises 𝑛 within an mcut tree 𝑇 .

Base case: 𝑛 = 2, the mcut has two vertices (premises) with sequent labels Γ1 ⇒ 𝜙1, and
Γ𝑟 , 𝜙1 ⇒ 𝜙𝑟 for the root. We apply height preserving weakening to these to obtain Γ𝑟 , 𝜙1, Γ1 ⇒
𝜙𝑟 and Γ1, Γ𝑟 ⇒ 𝜙1. With these as premises, by the cut condition in the definition of multicut,
we can form a valid cut rule:

Γ1, Γ𝑟 ⇒ 𝜙1 Γ𝑟 , 𝜙1, Γ1 ⇒ 𝜙𝑟 (cut)
Γ1, Γ𝑟 ⇒ 𝜙𝑟
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In this case, this tree comprises the entirety of Π𝑐 .

Induction Step: Given the root 𝑣𝑟 of 𝑇 , there is at least one vertex 𝑣1 such that 𝑣𝑟𝐸𝑇 𝑣1. These
have sequent labels Γ1,Δ1 ⇒ 𝜙1 and Γ𝑟 ,Δ𝑟 ⇒ 𝜙𝑟 . We apply height preserving weakening
to their derivations to obtain Γ𝑟 ,Δ𝑟 , Γ1,Δ1 ⇒ 𝜙𝑟 and Γ1,Δ1, Γ𝑟 ,Δ𝑟\{𝜙1} ⇒ 𝜙1. With these as
premises, by the cut condition in the definition of multicut, we can form a valid cut rule:

Γ1,Δ1, Γ𝑟 ,Δ𝑟\{𝜙1} ⇒ 𝜙1 Γ𝑟 ,Δ𝑟 , Γ1,Δ1 ⇒ 𝜙𝑟 (cut)
Γ1,Δ1, Γ𝑟 ,Δ𝑟\{𝜙1} ⇒ 𝜙𝑟

Then, we add this rule to Π𝑐 . Now, define the tree 𝑇1 as the multicut of vertices 𝑣1 and
𝑣 ∈ 𝑉𝑇 such that 𝑣1𝐸∗𝑇 𝑣 , and 𝑇𝑟 as the multicut 𝑇 \𝑇1. These correspond to the parts of 𝑇
containing 𝑣1 and not containing 𝑣1. Each of 𝑇𝑟 ,𝑇1 is a valid multicut, since the cut con-
dition still applies to the edges in these subtrees. Their conclusions are Γ1,

⋃
𝑣𝐸𝑇1𝑤

Γ𝑤 ⇒ 𝜙1

and Γ𝑟 ,
⋃

𝑣𝐸𝑇𝑟 𝑤

Γ𝑤, 𝜙1 ⇒ 𝜙𝑟 respectively. Then, by applying height preserving weakening to the

derivations Π 𝑗 of the label sequents on the vertices of each tree 𝑇𝑟 ,𝑇1, we obtain trees 𝑇 ′
𝑟 ,𝑇

′
1

with conclusions Γ𝑟 ,
⋃

𝑣𝐸𝑇𝑟 𝑤

Γ𝑤, Γ1, 𝜙1 ⇒ 𝜙𝑟 and Γ1,
⋃

𝑣𝐸𝑇1𝑤
Γ𝑤, Γ𝑟 ⇒ 𝜙1 respectively. Since these

two trees partition the vertices of 𝑇 , Γ𝑟 ∪ ( ⋃
𝑣𝐸𝑇𝑟 𝑤

Γ𝑤) ∪ Γ1 ∪ ( ⋃
𝑣𝐸𝑇1𝑤

Γ𝑤) = Γ𝑇 . By the induction

hypothesis, each of these trees corresponds to a multicut with 𝑛1, 𝑛𝑟 < 𝑛 premises, so they
can be converted into equivalent derivations Π1,Π𝑟 of their conclusions. The right side of the
conclusion sequent for Π1 is 𝜙1, and the left side of the conclusion sequent for Π𝑟 contains
𝜙1. Hence, we can make a valid cut rule application with premisesΓ𝑟 ,

⋃
𝑣𝐸𝑇𝑟 𝑤

Γ𝑤, Γ1, 𝜙1 ⇒ 𝜙𝑟

and Γ1,
⋃

𝑣𝐸𝑇1𝑤
Γ𝑤, Γ𝑟 ⇒ 𝜙1, and conclusion Γ𝑇 ⇒ 𝜙𝑟 . Adding in Π1 and Π𝑟 as subproofs for the

premises of this cut rule application gives us exactly the derivation Π𝑐 that we require. ■

Henceforth, we will sometimes refer to the edges within a multicut as "cuts". The previous
theorem justifies why we do this.

We use a context splitting multicut rule because it is a bit easier to present. As a consequence,
we cannot guarantee height preserving weakening or contraction admissibility with the mul-
ticut rule. However, the need for these can be circumvented during the cut elimination process
by applying the height preserving admissibility results in between each hydra game.

3.2 Rewrite procedures on derivations with mcut
Given a proof Π containing at least one cut rule, and hence at least one multicut tree 𝑇 , there
are rewrite operations that we can perform on Π. These operations can be sorted into the same
groupings as in the cut elimination process for IPL (shown in [NVR01]). Indeed, for the IPL
fragment of IPL2+, the operations are often identical apart from the fact that they are being
performed on a multicut rather than a single cut. The intention with these operations is that
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3 Multicuts

by assigning some ordinal measure to the multicut trees within them, the valid application of
any rewrite operation to a multicut will reduce this measure. This would make them a good
candidate on which to perform a hydra game.

Definition 3.6 Let𝑇 ∗
𝑖 be the subtree containing 𝑣 ∈ 𝑉𝑇 such that 𝑣𝑖𝐸∗𝑇 𝑣 i.e. the subtree above

𝑣𝑖 in 𝑇 . ⌟

Note that the enumeration of the vertices, and consequently that of the formulas and multisets,
does not necessarily indicate a linear ordering with a corresponding linear enumeration in
the omitted parts of the multicut, apart from the root. Similarly, the presence of 𝑇 ∗

𝑖 does not
indicate that the mcut tree does not branch. We denote any potential branches implicitly for
each sequent, each branch corresponding to a formula in Δ𝑖 .

3.2.1 Rewrites for the base symbols of IPL2
The ellipses . . . at either end of a presentation of an mcut rule application here indicate seg-
ments of the multicut tree either above or below the ones shown that are not relevant to the
rewrite operation.

a) Eliminate initial rules

Both options in each subcase are required in order to deal with arriving at an axiom at either a
leaf of𝑇 or the root of𝑇 . If this is not the case, then it does not matter which subcase is chosen.

Cut formula is principal on both sides:

Π1
. . . Γ𝑖 ,Δ𝑖 ⇒ 𝐵𝑖

(ax)
𝐵𝑖 , Γ𝑐 ,Δ𝑐 ⇒ 𝐵𝑖

Π2
𝐵𝑖 , Γ𝑖+1,Δ𝑖+1 ⇒ 𝐵𝑖+1 . . . (mcut)

Γ1, . . . , Γ𝑛, Γ𝑐 ⇒ 𝐵𝑛
is rewritten as either

Π′
1

. . . Γ𝑖 ,Δ𝑖 ,Δ𝑐 ⇒ 𝐵𝑖

Π2
𝐵𝑖 , Γ𝑖+1,Δ𝑖+1 ⇒ 𝐵𝑖+1 . . . (mcut)

Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛 (wk)
Γ1, . . . , Γ𝑛, Γ𝑐 ⇒ 𝐵𝑛

or

Π1
. . . Γ𝑖 ,Δ𝑖 ⇒ 𝐵𝑖

Π′
2

𝐵𝑖 ,Δ𝑐 , Γ𝑖+1,Δ𝑖+1 ⇒ 𝐵𝑖+1 . . . (mcut)
Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛 (wk)

Γ1, . . . , Γ𝑛, Γ𝑐 ⇒ 𝐵𝑛

Cut formula is principal only on the right:

Π1
. . . Γ𝑖 ,Δ𝑖 ⇒ 𝐵𝑖

(ax)
𝐵𝑖 ,Δ𝑐 , Γ𝑐 , 𝐵𝑐 ⇒ 𝐵𝑐

Π2
𝐵𝑐 , Γ𝑖+1,Δ𝑖+1 ⇒ 𝐵𝑖+1 . . . (mcut)

Γ1, . . . , Γ𝑛, Γ𝑐 , 𝐵𝑐 ⇒ 𝐵𝑛
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is rewritten as either

Π′
1

. . . Γ𝑖 ,Δ𝑖 ,Δ𝑐 ⇒ 𝐵𝑖

Π2
𝐵𝑖 , 𝐵𝑐 , Γ𝑖+1,Δ𝑖+1 ⇒ 𝐵𝑖+1 . . . (mcut)

Γ1, . . . , Γ𝑛, 𝐵𝑐 ⇒ 𝐵𝑛 (wk)
Γ1, . . . , Γ𝑛, Γ𝑐 , 𝐵𝑐 ⇒ 𝐵𝑛

or

Π1
. . . Γ𝑖 ,Δ𝑖 ⇒ 𝐵𝑖

Π′
2

𝐵𝑖 , 𝐵𝑐 ,Δ𝑐 , Γ𝑖+1,Δ𝑖+1 ⇒ 𝐵𝑖+1 . . . (mcut)
Γ1, . . . , Γ𝑛, 𝐵𝑐 ⇒ 𝐵𝑛 (wk)

Γ1, . . . , Γ𝑛, Γ𝑐 , 𝐵𝑐 ⇒ 𝐵𝑛

In these cases, height preserving weakening is applied to Π 𝑗 to make Π′
𝑗 , for 𝑗 ∈ {1, 2}. This

adds production of Δ𝑐 in both cases, and in the non principal case 𝐵𝑐 , on the left side of the
sequent corresponding to the lower vertex in the tree 𝑇 , when it exists. These are not inter-
acted with by any rule applications in Π 𝑗 , and therefore the rule applications in Π 𝑗 are only
trivially altered by them. We use this instead of explicit weakening so that there are fewer rule
applications in the subproof. This makes it easier to find ordinal measures for cut elimination
later on.

b) Merge cuts down into the multicut.

𝑇 ∗
𝑖 𝑇 ∗

𝑖

Π1
Γ𝑖 , 𝐵𝑖−1,Δ𝑖 ⇒ 𝐵𝑐

Π2
Γ𝑖 ,Δ𝑖 , 𝐵𝑐 ⇒ 𝐵𝑖 (cut)

Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1 ⇒ 𝐵𝑖 . . . (mcut)
Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛

is rewritten as

𝑇 ∗
𝑖 𝑇 ∗

𝑖

Π1
Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1 ⇒ 𝐵𝑐

Π2
Γ𝑖 ,Δ𝑖 , 𝐵𝑐 ⇒ 𝐵𝑖 . . . (mcut)

Γ1, . . . , Γ𝑛,
⋃
𝑗∈𝑇 ∗

𝑖

Γ𝑗 , Γ𝑖 ⇒ 𝐵𝑛

(ctr)
Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛

The double line inference here indicates multiple contractions.

c) Reductions where the principal formula is not a cut formula.

Case (L∀):

𝑇 ∗
𝑖

Π1
Γ𝑖 ,Δ𝑖 ,∀𝑝𝐴,𝐴(𝐶) ⇒ 𝐵𝑖(L∀)

Γ𝑖 ,Δ𝑖 ,∀𝑝𝐴 ⇒ 𝐵𝑖

Π2
Γ𝑖+1,Δ𝑖+1, 𝐵𝑖 ⇒ 𝐵𝑖+1 . . . (mcut)

Γ1, . . . , Γ𝑛,∀𝑝𝐴 ⇒ 𝐵𝑛

is rewritten as
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𝑇 ∗
𝑖

Π1
Γ𝑖 ,Δ𝑖 ,∀𝑝𝐴,𝐴(𝐶) ⇒ 𝐵𝑖

Π2
Γ𝑖+1,Δ𝑖+1, 𝐵𝑖 ⇒ 𝐵𝑖+1 . . . (mcut)

Γ1, . . . , Γ𝑛,∀𝑝𝐴,𝐴(𝐶) ⇒ 𝐵𝑛 (L∀)
Γ1, . . . , Γ𝑛,∀𝑝𝐴 ⇒ 𝐵𝑛

Case (L→):

𝑇 ∗
𝑖

Π1
𝐴1 → 𝐴2, Γ𝑖 ,Δ𝑖 ⇒ 𝐴1

Π2
𝐴2, Γ𝑖 ,Δ𝑖 ⇒ 𝐵𝑖(L→)

𝐴1 → 𝐴2, Γ𝑖 ,Δ𝑖 ⇒ 𝐵𝑖

Π3
Γ𝑖+1,Δ𝑖+1, 𝐵𝑖 ⇒ 𝐵𝑖+1 . . . (mcut)

Γ1, . . . , Γ𝑛, 𝐴1 → 𝐴2 ⇒ 𝐵𝑛

is rewritten as

𝑇 ∗
𝑖

Π1
𝐴1 → 𝐴2, Γ𝑖 ,Δ𝑖 ⇒ 𝐴1 (mcut)

𝐴1 → 𝐴2,
⋃

𝑣∈𝑇 ∗
𝑖

Γ𝑣 ⇒ 𝐴1

(wk)
𝐴1 → 𝐴2, Γ1, . . . Γ𝑛 ⇒ 𝐴1

𝑇 ∗
𝑖

Π2
𝐴2, Γ𝑖 ,Δ𝑖 ⇒ 𝐵𝑖

Π3
Γ𝑖+1,Δ𝑖+1, 𝐵𝑖 ⇒ 𝐵𝑖+1 . . . (mcut)

𝐴2, Γ1, . . . , Γ𝑛,⇒ 𝐵𝑛 (L→)
Γ1, . . . , Γ𝑛, 𝐴1 → 𝐴2 ⇒ 𝐵𝑛

This is sufficient because any subtree of an mcut, retaining the labels, is also an mcut but that
has a different conclusion. In the reduction process, defined in section 5.2, to deal with this
case, we will proceed along the right side mcut, and leave the left side mcut to be rewritten
later.

Case (R∀): Only applies to the root of the mcut tree. Otherwise, since the sequents are intu-
itionistic, it falls under case d).

𝑇 ∗
𝑛−1

Π1
Γ𝑛−1,Δ𝑛−1, 𝐵𝑛−2 ⇒ 𝐵𝑛−1

Π2
Γ𝑛,Δ𝑛, 𝐵𝑛−1 ⇒ 𝐵𝑛 (𝑝) (R∀)
Γ𝑛,Δ𝑛, 𝐵𝑛−1 ⇒ ∀𝑝𝐵𝑛 . . . (mcut)

Γ1, . . . , Γ𝑛 ⇒ ∀𝑝𝐵𝑛
is rewritten as

𝑇 ∗
𝑛−1

Π1
Γ𝑛−1,Δ𝑛−1, 𝐵𝑛−2 ⇒ 𝐵𝑛−1

Π2
Γ𝑛,Δ𝑛, 𝐵𝑛−1 ⇒ 𝐵𝑛 (𝑝) . . . (mcut)

Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛 (𝑝) (R∀)
Γ1, . . . , Γ𝑛 ⇒ ∀𝑝𝐵𝑛

Case (R→): Only applies to the root of the mcut tree. Otherwise, since the sequents are intu-
itionistic, it falls under case d).

𝑇 ∗
𝑛−1

Π1
Γ𝑛−1,Δ𝑛−1, 𝐵𝑛−2 ⇒ 𝐵𝑛−1

Π2
Γ𝑛,Δ𝑛, 𝐵𝑛−1, 𝐴1 ⇒ 𝐴2 (R→)

Γ𝑛,Δ𝑛, 𝐵𝑛−1 ⇒ 𝐴1 → 𝐴2 . . . (mcut)
Γ1, . . . , Γ𝑛 ⇒ 𝐴1 → 𝐴2
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is rewritten as

𝑇 ∗
𝑛−1

Π1
Γ𝑛−1,Δ𝑛−1, 𝐵𝑛−2 ⇒ 𝐵𝑛−1

Π2
Γ𝑛,Δ𝑛, 𝐵𝑛−1, 𝐴1 ⇒ 𝐴2 (mcut)

Γ1, . . . , Γ𝑛, 𝐴1 ⇒ 𝐴2 (R→)
Γ1, . . . , Γ𝑛 ⇒ 𝐴1 → 𝐴2

d) Reductions where the principal formula is a cut formula.

Case ∀:

𝑇 ∗
𝑖

Π1
. . . Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1 ⇒ 𝐵𝑖 (𝑝)(R∀)
Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1 ⇒ ∀𝑝𝐵𝑖

Π2
Γ𝑖+1,Δ𝑖+1,∀𝑝𝐵𝑖 , 𝐵𝑖 (𝐶) ⇒ 𝐵𝑖+1 . . . (L∀)

Γ𝑖+1,Δ𝑖+1,∀𝑝𝐵𝑖 ⇒ 𝐵𝑖+1 . . . (mcut)
Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛

is rewritten as

𝑇 ∗
𝑖

Π′
1

Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1 ⇒ 𝐵𝑖 (𝐶)(mcut) ⋃
𝑗∈𝑇 ∗

𝑖

Γ𝑗 ⇒ 𝐵𝑛 𝑇 ∗
𝑖

Π1
Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1 ⇒ 𝐵𝑖 (𝑝) (R∀)
Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1 ⇒ ∀𝑝𝐵𝑖

Π2
Γ𝑖+1,Δ𝑖+1,∀𝑝𝐵𝑖 , 𝐵𝑖 (𝐶) ⇒ 𝐵𝑖+1 . . .

(mcut)
Γ1, . . . , Γ𝑛,

⋃
𝑗∈𝑇 ∗

𝑖

Γ𝑗 ⇒ 𝐵𝑛

(ctr)
Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛

With the existence of Π′
1 following from an application of the substitution lemma to Π1, sub-

stituting in 𝐶 . The double line inference here indicates multiple contractions.

Case→:

𝑇 ∗
𝑖−1

Π1
Γ𝑖−1,Δ𝑖−1, 𝐵𝑖−2, 𝐴1 ⇒ 𝐴2(R→)

Γ𝑖−1,Δ𝑖−1, 𝐵𝑖−2 ⇒ 𝐴1 → 𝐴2

Π2
𝐴1 → 𝐴2, Γ𝑖 ,Δ𝑖 ⇒ 𝐴1

Π3
𝐴2, Γ𝑖 ,Δ𝑖 ⇒ 𝐵𝑖 (L→)

𝐴1 → 𝐴2, Γ𝑖 ,Δ𝑖 ⇒ 𝐵𝑖 . . . (mcut)
Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛

is rewritten as

𝑇 ∗
𝑖−1

Π1
Γ𝑖−1,Δ𝑖−1, 𝐵𝑖−2, 𝐴1 ⇒ 𝐴2(R→)

Γ𝑖−1,Δ𝑖−1, 𝐵𝑖−2 ⇒ 𝐴1 → 𝐴2

Π2
𝐴1 → 𝐴2, Γ𝑖 ,Δ𝑖 ⇒ 𝐴1(𝑚𝑐𝑢𝑡) ⋃

𝑗∈𝑇 ∗
𝑖−1

Γ𝑗 ⇒ 𝐴1 𝑇 ∗
𝑖−1

Π1
𝐵𝑖−2, 𝐴1, Γ𝑖−1,Δ𝑖−1 ⇒ 𝐴2

Π3
𝐴2, Γ𝑖 ,Δ𝑖 ⇒ 𝐵𝑖+1 . . .

(mcut)
Γ1, . . . , Γ𝑛,

⋃
𝑗∈𝑇 ∗

𝑖−1

Γ𝑗 ⇒ 𝐵𝑛

(ctr)
Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛

The double line inference here indicates multiple contractions.

In these two cases with branching, we lift part of the multicut into a separate multicut in order
to perform the simplification in two stages. The aim is to first have the upper multicut decrease
the subproof size component of themeasure being used, then apply the hydra game to eliminate
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this multicut, leaving behind a cut free subproof with unknown size blowup. The size increase
of this subproof will then be dominated within the measure by the reduction in cut formula
complexity in the lower multicut. Hence, the measure will be reduced again, and the hydra
game can be applied. This will be made clearer when we use the reductions for cut elimination
proofs.

Because of how the cut elimination process will be defined later on, we will also not require
the cut merge case, b), in order to achieve cut elimination. Because of this, it will henceforth
be omitted from our developments on these rewrite rules.

3.2.2 Rewrites for definable symbols within IPL2
In order for us to be able to deal with fragments of IPL2 where some of the connectives from
IPL2+ are no longer definable in certain situations, we add some more cases to the previous
ones that correspond to the missing connective rules. We omit ∃ since this will always be
simulated by the relevant fragment of IPL2. This is because the restrictions in these fragments
on the quantifier ∀ are the same as those on other quantifier ∃.

a) Eliminate initial rules

L⊥:

Cut formula is principal on both sides:

. . . Γ𝑖 ,Δ𝑖 ⇒⊥ (L⊥)⊥, Γ𝑐 ,Δ𝑐 ⇒ 𝐵𝑖

Π2
𝐵𝑖 , Γ𝑖+1,Δ𝑖+1 ⇒ 𝐵𝑖+1 . . . (mcut)

Γ1, . . . , Γ𝑛, Γ𝑐 ⇒ 𝐵𝑛

is rewritten as

. . . Γ𝑖 ,Δ𝑖 ⇒ 𝐵𝑖

Π′
2

𝐵𝑖 ,Δ𝑐 , Γ𝑖+1,Δ𝑖+1 ⇒ 𝐵𝑖+1 . . . (mcut)
Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛 (wk)

Γ1, . . . , Γ𝑛, Γ𝑐 ⇒ 𝐵𝑛

In this case, since the only way to produce a cut formula ⊥ on the right hand side of a formula
in this logic is to produce it on both sides via an application of (ax) or (L⊥), we can rewrite it
using either a different application of (ax), or (L⊥). For this, we proceed by induction on the
consecutive cut formula instances of ⊥ in the subtree above Γ1,Δ𝑖 ⇒⊥.

Base case: If⊥ is the cut formula on only the right side of the sequent Γ𝑗 ,Δ 𝑗 ,⊥⇒⊥, then replace
the (ax) rule application in Π1 that introduces ⊥ on both sides, which outputs the sequent
Γ𝑎𝑥 ,Δ𝑎𝑥 ,⊥⇒⊥ with a (L⊥) application introducing the sequent Γ𝑎𝑥 ,Δ𝑎𝑥 ,⊥⇒ 𝐵𝑖 .

Induction step: If ⊥ is a cut formula on both sides of the sequent Γ𝑗 ,Δ 𝑗 ,⊥⇒⊥ within the mcut,
replace the (ax) or (L⊥) rule application inΠ1 that introduces⊥ on both sides, which outputs the
sequent Γ𝑎𝑥 ,Δ𝑎𝑥 ,⊥⇒⊥, with an (ax) rule application that is identical apart from the fact that it
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introduces 𝐵𝑖 on both sides of the sequent instead of ⊥, introducing the sequent Γ𝑎𝑥 ,Δ𝑎𝑥 , 𝐵𝑖 ⇒
𝐵𝑖 . Then continue the rewrites on the previous sequent Γ𝑗−1,Δ 𝑗−1,⊥⇒⊥ in the multicut.

This replaces a chain of cuts on ⊥ with a chain of cuts on 𝐵𝑖 , leaving an instance of ⊥ in the
non-cut formulas Γ𝑗 . This is effectively a cascade of rewrites backwards across the cut formula
instances of ⊥ in a branch of the subtree, until an edge where ⊥ is no longer the cut formula
is reached.

In this case, height preserving weakening is applied to Π2 to make Π′
2. This adds production

of Δ𝑐 in both cases, and in the non principal case ⊥, on the left side of the sequent. These are
not interacted with by any rule applications in Π2, and therefore the rule applications in Π2 are
only trivially altered by them. We use this instead of explicit weakening so that the number
of rule applications in the subproof is not increased. This ensures that progress is made with
respect to the measure.

Cut formula is principal only on the right:

Π1
. . . Γ𝑖 ,Δ𝑖 ⇒ 𝐵𝑖

(L⊥)
𝐵𝑖 ,Δ𝑐 , Γ𝑐 ,⊥⇒ 𝐵𝑐

Π2
𝐵𝑐 , Γ𝑖+1,Δ𝑖+1 ⇒ 𝐵𝑖+1 . . . (mcut)

Γ1, . . . , Γ𝑛, Γ𝑐 ,⊥⇒ 𝐵𝑛
is rewritten as

(L⊥)
Γ1, . . . , Γ𝑛, Γ𝑐 ,⊥⇒ 𝐵𝑛

This is a valid application of (L⊥). This eliminates the multicut completely.

c) Reductions where the principal formula is not a cut formula.

Case L∧:

Π1
. . . Γ𝑖−1,Δ𝑖−1 ⇒ 𝐵𝑖−1

Π2
Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1, 𝐴1, 𝐴2 ⇒ 𝐵𝑖 . . . (L∧)
Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1, 𝐴1 ∧𝐴2 ⇒ 𝐵𝑖 . . . (mcut)

Γ1, . . . , Γ𝑛, 𝐴1 ∧𝐴2 ⇒ 𝐵𝑛

is rewritten as
Π1

. . . Γ𝑖−1,Δ𝑖−1 ⇒ 𝐵𝑖−1

Π2
Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1, 𝐴1, 𝐴2 ⇒ 𝐵𝑖 . . . (mcut)

Γ1, . . . , Γ𝑛, 𝐴1, 𝐴2 ⇒ 𝐵𝑛 (L∧)
Γ1, . . . , Γ𝑛, 𝐴1 ∧𝐴2 ⇒ 𝐵𝑛

Case L∨:

Π1
. . . Γ𝑖−1,Δ𝑖−1 ⇒ 𝐵𝑖−1

Π2
Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1, 𝐴1 ⇒ 𝐵𝑖

Π3
Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1, 𝐴2 ⇒ 𝐵𝑖 (L∨)

Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1, 𝐴1 ∨𝐴2 ⇒ 𝐵𝑖 . . . (mcut)
Γ1, . . . , Γ𝑛, 𝐴1 ∨𝐴2 ⇒ 𝐵𝑛
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is rewritten as

Π1
. . . Γ𝑖−1,Δ𝑖−1 ⇒ 𝐵𝑖−1

Π2
Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1, 𝐴1 ⇒ 𝐵𝑖 . . .(mcut)

Γ1, . . . , Γ𝑛, 𝐴1 ⇒ 𝐵𝑛

Π1
. . . Γ𝑖−1,Δ𝑖−1 ⇒ 𝐵𝑖−1

Π3
Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1, 𝐴2 ⇒ 𝐵𝑖 . . . (mcut)

Γ1, . . . , Γ𝑛, 𝐴2 ⇒ 𝐵𝑛 (L∨)
Γ1, . . . , Γ𝑛, 𝐴1 ∨𝐴2 ⇒ 𝐵𝑛

The rewritten proof has two mcuts.

Case R∧: Only applies to the root of the mcut tree. Otherwise, since the sequents are intuition-
istic, it falls under case d).

𝑇 ∗
𝑛−1

Π1
Γ𝑛−1,Δ𝑛−1 ⇒ 𝐵𝑛−1

Π2
𝐵𝑛−1, Γ𝑛,Δ𝑛 ⇒ 𝐴1

Π3
𝐵𝑛−1, Γ𝑛,Δ𝑛 ⇒ 𝐴2 (R∧)

𝐵𝑛−1, Γ𝑛,Δ𝑛 ⇒ 𝐴1 ∧𝐴2 (mcut)
Γ1, . . . , Γ𝑛 ⇒ 𝐴1 ∧𝐴2

is rewritten as

𝑇 ∗
𝑛−1

Π1
Γ𝑛−1,Δ𝑛−1 ⇒ 𝐵𝑛−1

Π2
𝐵𝑛−1, Γ𝑛,Δ𝑛 ⇒ 𝐴1(mcut)

Γ1, . . . , Γ𝑛 ⇒ 𝐴1

𝑇 ∗
𝑛−1

Π1
Γ𝑛−1,Δ𝑛−1 ⇒ 𝐵𝑛−1

Π3
𝐵𝑛−1, Γ𝑛,Δ𝑛 ⇒ 𝐴2 (mcut)

Γ1, . . . , Γ𝑛 ⇒ 𝐴2 (R∧)
Γ1, . . . , Γ𝑛 ⇒ 𝐴1 ∧𝐴2

Case R∨: Only applies to the root of the mcut tree. Otherwise, since the sequents are intuition-
istic, it falls under case d).

Π1
. . . Γ𝑛−1,Δ𝑛−1 ⇒ 𝐵𝑛−1

Π2
Γ𝑛,Δ𝑛, 𝐵𝑛−1 ⇒ 𝐴1 (R∨1)Γ𝑛,Δ𝑛, 𝐵𝑛−1 ⇒ 𝐴1 ∨𝐴2 (mcut)

Γ1, . . . , Γ𝑛 ⇒ 𝐴1 ∨𝐴2

is rewritten as
Π1

. . . Γ𝑛−1,Δ𝑛−1 ⇒ 𝐵𝑛−1

Π2
Γ𝑛,Δ𝑛, 𝐵𝑛−1 ⇒ 𝐴1 (mcut)

Γ1, . . . , Γ𝑛 ⇒ 𝐴1 (R∨1)Γ1, . . . , Γ𝑛 ⇒ 𝐴1 ∨𝐴2

and

Π1
. . . Γ𝑛−1,Δ𝑛−1 ⇒ 𝐵𝑛−1

Π2
Γ𝑛,Δ𝑛, 𝐵𝑛−1 ⇒ 𝐴2 (R∨2)Γ𝑛,Δ𝑛, 𝐵𝑛−1 ⇒ 𝐴1 ∨𝐴2 (mcut)

Γ1, . . . , Γ𝑛 ⇒ 𝐴1 ∨𝐴2

is rewritten as
Π1

. . . Γ𝑛−1,Δ𝑛−1 ⇒ 𝐵𝑛−1

Π2
Γ𝑛,Δ𝑛, 𝐵𝑛−1 ⇒ 𝐴2 (mcut)

Γ1, . . . , Γ𝑛 ⇒ 𝐴2 (R∨2)Γ1, . . . , Γ𝑛 ⇒ 𝐴1 ∨𝐴2
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3.2 Rewrite procedures on derivations with mcut

d) Reductions where the principal formula is a cut formula.

Case ∨: Derivation is either
Π1

. . . Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1 ⇒ 𝐴1(R∨1)
. . . Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1 ⇒ 𝐴1 ∨𝐴2

Π2
Γ𝑖+1,Δ𝑖+1, 𝐴2 ⇒ 𝐵𝑖+1

Π3
Γ𝑖+1,Δ𝑖+1, 𝐴1 ⇒ 𝐵𝑖+1 (L∨)

Γ𝑖+1,Δ𝑖+1, 𝐴1 ∨𝐴2 ⇒ 𝐵𝑖+1 . . . (mcut)
Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛

rewritten as
Π1

. . . Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1 ⇒ 𝐴1

Π2
Γ𝑖+1,Δ𝑖+1, 𝐴1 ⇒ 𝐵𝑖+1 (mcut)

Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛

or
Π1

Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1 ⇒ 𝐴2(R∨2)
. . . Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1 ⇒ 𝐴1 ∨𝐴2

Π2
Γ𝑖+1,Δ𝑖+1, 𝐴1 ⇒ 𝐵𝑖+1

Π3
Γ𝑖+1,Δ𝑖+1, 𝐴2 ⇒ 𝐵𝑖+1 (L∨)

Γ𝑖+1,Δ𝑖+1, 𝐴1 ∨𝐴2 ⇒ 𝐵𝑖+1 . . . (mcut)
Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛

rewritten as
Π1

. . . Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1 ⇒ 𝐴2

Π3
Γ𝑖+1,Δ𝑖+1, 𝐴2 ⇒ 𝐵𝑖+1 (mcut)

Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛

Case ∧:

𝑇 ∗
𝑖

Π1
Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1 ⇒ 𝐴1

Π2
Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1 ⇒ 𝐴2(R∧)

Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1 ⇒ 𝐴1 ∧𝐴2

Π3
𝐴1, 𝐴2, Γ𝑖+1,Δ𝑖+1 ⇒ 𝐵𝑖+1 (L∧)

𝐴1 ∧𝐴2, Γ𝑖+1,Δ𝑖+1 ⇒ 𝐵𝑖+1 . . . (mcut)
Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛

is rewritten as

𝑇 ∗
𝑖

𝑇 ∗
𝑖

Π1
Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1 ⇒ 𝐴1(mcut) ⋃

𝑗∈𝑇 ∗
𝑖

Γ𝑗 ⇒ 𝐴1

Π2
Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1 ⇒ 𝐴2

Π3
𝐴1, 𝐴2, Γ𝑖+1,Δ𝑖+1 ⇒ 𝐵𝑖+1 . . .

(mcut)
Γ1, . . . , Γ𝑛, Γ𝑖 ,

⋃
𝑗∈𝑇 ∗

𝑖−1

Γ𝑗 ⇒ 𝐵𝑛

(ctr)
Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛

The double line inference here indicates multiple contractions.

23





4 Hydra Games

4.1 Hydra tree representations of multicuts

A hydra game is a single player game in which the player attempts to reduce the size of a hydra
tree down to zero using some set of operations. These operations will reduce complexity in
one direction but might increase it in others. By assigning an ordinal measure to the trees, and
showing that each operation reduces the measure of the hydra, we can show that the hydra
game always terminates, no matter what strategy it is played with. As a general heuristic,
this measure should prioritise the direction in which complexity is always reduced over the
directionswhere themeasuremight increase in terms of their impact on themeasure size (along
the ordering <). The termination argument for the usual cut elimination proofs for Gentzen
style sequent calculi such as in [NVR01] resembles the argument for termination of a hydra
game. The rewrites each reduce some measures on a well ordered set, and as long as the proof
has some property, they can always be applied. Then, since the measure is on a well ordered
set, there must be some point beyond which it cannot be reduced. At this point, no rewrites
can be applied, and hence the proof no longer has the property. The order in which these
rewrites are applied does not matter within this process. In the case of [NVR01], the rewrites
each reduce one of two different measures, hence the need for a nested induction. However, it
is not quite clear to what structure within the proof we can assign a single measure that will
always reduce, in order to explicitly apply a hydra game termination argument to the rewrites
in [NVR01]. It can get quite tricky to tease out such a structure from within the information
available within a proof.

This hydra game presentation is what we believe to be the most natural way to present cut
elimination by rewrites. It lays bare the underlying structure of what the rewrites contribute
to the reduction process, as well as making explicit the ordinals that are required in order to
carry out the cut elimination proof. Such hydra game arguments for cut elimination have been
applied before, for example in [HO98] for Π1

1 −𝐶𝐴 + 𝐵𝐼,, and in [HO98] and [Jer85] for Peano
Arithmetic. However, none of them performed the hydra game on a tree structure given by a
multicut.

Given the similarity of our rewrite operations to those of [NVR01], we would expect these
reduction strategies to result in a proof of cut elimination for the quantifier free cut fragment
of IPL2, given an appropriate measure to be reduced. In this chapter we present the hydras
and the measures on them that will be reduced by the rewrites, and in the next chapter we will
show that the rewrites reduce this measure for the two fragments of IPL2+, thereby showing
that we can play a terminating hydra game on these hydras, and then we will show that the
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4 Hydra Games

termination of this hydra game corresponds to elimination of (multi)cuts from the proof. As
we will see later, this will not work for full IPL2 because not all of the rewrite cases reduce the
measure, but it will work for the two fragments of IPL2/IPL2+.

The approach we will take assigns labels to pre-mcut trees to make hydra trees, to which we
will assign some measure on which a hydra game, similar to [Buc87], can be played using the
rewrite operations in order to ensure termination. These labels represent the information that
will be used to assign an ordinal measure to the trees.

4.2 Hydra Trees for the almost qantifier free fragment
We now define such hydra trees for fragments of IPL2 and IPL2+.
Definition 4.1 Define the almost quantifier free complexity 𝜒𝜙 of a formula 𝜙 of IPL2 in-
ductively. For 𝜙 = 𝑝 a propositional variable or atom, define 𝜒𝜙 := 1. For 𝜙 = 𝜓1 → 𝜓2, define
𝜒𝜙 :=𝑚𝑎𝑥{𝜒𝜓1, 𝜒𝜓2} + 1. For 𝜙 = ∀𝑝𝜓 (𝑝), define 𝜒𝜙 := 𝜒𝜓 + 1. ⌟

Remark 4.2 In the case of almost quantifier free substitution, the only instances where a ∀
quantifier appears in a cut formula is when it is introduced by an application of (ax). In this
fragment, there is no rule that substitutes in a formula for a quantified variable. Therefore, even
if the value assigned to ∀ is finite, it will always be reduced. This is no longer the case when
we move to the quantifier free substitution fragment, so we will require a different definition.⌟

In order to deal with cases where we cannot used the IPL2 definitions of connectives from
IPL2+, we will now extend the definition of formula complexity.
Definition 4.3 Define the complexity 𝜒𝜙 of a formula 𝜙 of IPL2+ inductively. For 𝜙 = 𝑝 a
propositional variable or atom, or 𝜙 =⊥, define 𝜒𝜙 := 1. For 𝜙 = 𝜓1 ⊛𝜓2, with ⊛ ∈ {→,∨,∧},
define 𝜒𝜙 :=𝑚𝑎𝑥{𝜒𝜓1, 𝜒𝜓2} + 1. For 𝜙 = 𝑄𝑝𝜓 (𝑝), with 𝑄 ∈ {∀.∃}, define 𝜒𝜙 := 𝜒𝜓 + 1. ⌟

Definition 4.4 For a multicut with associated tree𝑇 , enumerate the (finitely many) vertices
in 𝑉𝑇 as 𝑣1, . . . , 𝑣 |𝑉𝑇 | , each with 𝑘𝑖 rule applications in their corresponding subderivations of

Γ𝑣𝑖 ,Δ𝑣𝑖 ⇒ 𝜙𝑣𝑖 . Define the subproof magnitude 𝜇𝑇 of a multicut rule application 𝑇 as
|𝑉𝑇 |∑
𝑖=1

𝑘𝑖 . ⌟

Definition 4.5 Given an application of the multicut rule with corresponding premise tree
𝑇 , we define its corresponding restricted IPL2 pre-hydra, 𝐻 ′

𝑇
, as the tree obtained by removing

all labels from the vertices and edges of 𝑇 . We define the vertex set 𝑉𝐻 ′
𝑇
of the restricted IPL2

hydra 𝐻𝑇 , associated to 𝑇 , as the tree obtained by labelling the vertices 𝑣 ∈ 𝑉𝐻 ′
𝑇
with the size

𝑘𝑣 of the derivation Π𝑣 of the corresponding sequent label Γ𝑣 ⇒ 𝜙𝑣 for 𝑣 ∈ 𝑉𝑇 . To each edge
𝑒 = (𝑣1, 𝑣2) ∈ 𝐸𝐻 ′

𝑇
we assign as a label 𝜒𝜙𝑒

, the formula complexity of the cut formula 𝜙𝑒 = 𝜙𝑣1

corresponding to 𝑒 . ⌟

As we previously indicated, each rewrite operation has a corresponding presentation as a
rewrite of (restricted or unrestricted) IPL2 hydras. These are shown below, alongside their
previous presentations as proof trees. Since the cut merge case b) will not be needed in any of
the cut elimination procedures, we will henceforth omit it from the rewrites.
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4.2 Hydra Trees for the almost quantifier free fragment

4.2.1 Hydra rewrites for the almost qantifier free fragment of IPL2

a) Eliminate identities in the multicut. This includes the base cases of the induction, which are
all the subcases of this case such that the multicut only has 2 premises.

Cut formula is principal on both sides:

Π1
. . . Γ𝑖 ,Δ𝑖 ⇒ 𝐵𝑖

(ax)
𝐵𝑖 , Γ𝑐 ,Δ𝑐 ⇒ 𝐵𝑖

Π2
𝐵𝑖 , Γ𝑖+1,Δ𝑖+1 ⇒ 𝐵𝑖+1 . . . (mcut)

Γ1, . . . , Γ𝑛, Γ𝑐 ⇒ 𝐵𝑛

is rewritten as either of

Π′
1

. . . Γ𝑖 ,Δ𝑖 ,Δ𝑐 ⇒ 𝐵𝑖

Π2
𝐵𝑖 , Γ𝑖+1,Δ𝑖+1 ⇒ 𝐵𝑖+1 . . . (mcut)

Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛 (wk)
Γ1, . . . , Γ𝑛, Γ𝑐 ⇒ 𝐵𝑛

or

Π1
. . . Γ𝑖 ,Δ𝑖 ⇒ 𝐵𝑖

Π′
2

𝐵𝑖 ,Δ𝑐 , Γ𝑖+1,Δ𝑖+1 ⇒ 𝐵𝑖+1 . . . (mcut)
Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛 (wk)

Γ1, . . . , Γ𝑛, Γ𝑐 ⇒ 𝐵𝑛

Represented as hydras, the tree:

𝑇 ∗
𝑖

𝑘1 1 𝑘2 . . .

𝑇 ∗
𝑐

𝑇 ∗
𝑖+1

𝜒𝐵𝑖
𝜒𝐵𝑖

is rewritten as

𝑇 ∗
𝑖

𝑘1 𝑘2 . . .

𝑇 ∗
𝑖+1 𝑇 ∗

𝑐

𝜒𝐵𝑖

Cut formula is principal only on the right:

Π1
. . . Γ𝑖 ,Δ𝑖 ⇒ 𝐵𝑖

(ax)
𝐵𝑖 ,Δ𝑐 , Γ𝑐 , 𝐵𝑐 ⇒ 𝐵𝑐

Π2
𝐵𝑐 , Γ𝑖+1,Δ𝑖+1 ⇒ 𝐵𝑖+1 . . . (mcut)

Γ1, . . . , Γ𝑛, Γ𝑐 , 𝐵𝑐 ⇒ 𝐵𝑛

is rewritten as either
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4 Hydra Games

Π′
1

. . . Γ𝑖 ,Δ𝑖 ,Δ𝑐 ⇒ 𝐵𝑖

Π2
𝐵𝑖 , 𝐵𝑐 , Γ𝑖+1,Δ𝑖+1 ⇒ 𝐵𝑖+1 . . . (mcut)

Γ1, . . . , Γ𝑛, 𝐵𝑐 ⇒ 𝐵𝑛 (wk)
Γ1, . . . , Γ𝑛, Γ𝑐 , 𝐵𝑐 ⇒ 𝐵𝑛

or

Π1
. . . Γ𝑖 ,Δ𝑖 ⇒ 𝐵𝑖

Π′
2

𝐵𝑖 , 𝐵𝑐 ,Δ𝑐 , Γ𝑖+1,Δ𝑖+1 ⇒ 𝐵𝑖+1 . . . (mcut)
Γ1, . . . , Γ𝑛, 𝐵𝑐 ⇒ 𝐵𝑛 (wk)

Γ1, . . . , Γ𝑛, Γ𝑐 , 𝐵𝑐 ⇒ 𝐵𝑛

𝑇 ∗
𝑖

𝑘1 1 𝑘2 . . .

𝑇 ∗
𝑐

𝑇 ∗
𝑖+1

𝜒𝐵𝑖
𝜒𝐵𝑐

is rewritten as

𝑇 ∗
𝑖

𝑘1 𝑘2 . . .

𝑇 ∗
𝑖+1 𝑇 ∗

𝑐

𝜒𝐵𝑖

c) Reductions where the principal formula is not a cut formula.

Case (L∀):

𝑇 ∗
𝑖

Π1
Γ𝑖 ,Δ𝑖 ,∀𝑝𝐴,𝐴(𝐶) ⇒ 𝐵𝑖(L∀)

Γ𝑖 ,Δ𝑖 ,∀𝑝𝐴 ⇒ 𝐵𝑖

Π2
Γ𝑖+1,Δ𝑖+1, 𝐵𝑖 ⇒ 𝐵𝑖+1 . . . (mcut)

Γ1, . . . , Γ𝑛,∀𝑝𝐴 ⇒ 𝐵𝑛

is rewritten as

𝑇 ∗
𝑖

Π1
Γ𝑖 ,Δ𝑖 ,∀𝑝𝐴,𝐴(𝐶) ⇒ 𝐵𝑖

Π2
Γ𝑖+1,Δ𝑖+1, 𝐵𝑖 ⇒ 𝐵𝑖+1 . . . (mcut)

Γ1, . . . , Γ𝑛,∀𝑝𝐴,𝐴(𝐶) ⇒ 𝐵𝑛 (L∀)
Γ1, . . . , Γ𝑛,∀𝑝𝐴 ⇒ 𝐵𝑛

𝑇 ∗
𝑖

𝑘1 + 1 𝑘2 . . .

𝑇 ∗
𝑖+1

𝜒𝐵𝑖

is rewritten as
𝑇 ∗
𝑖

𝑘1 𝑘2 . . .

𝑇 ∗
𝑖+1

𝜒𝐵𝑖

Case (L→):
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4.2 Hydra Trees for the almost quantifier free fragment

𝑇 ∗
𝑖

Π1
𝐴1 → 𝐴2, Γ𝑖 ,Δ𝑖 ⇒ 𝐴1

Π2
𝐴2, Γ𝑖 ,Δ𝑖 ⇒ 𝐵𝑖(L→)

𝐴1 → 𝐴2, Γ𝑖 ,Δ𝑖 ⇒ 𝐵𝑖

Π3
Γ𝑖+1,Δ𝑖+1, 𝐵𝑖 ⇒ 𝐵𝑖+1 . . . (mcut)

Γ1, . . . , Γ𝑛, 𝐴1 → 𝐴2 ⇒ 𝐵𝑛

is rewritten as

𝑇 ∗
𝑖

Π1
𝐴1 → 𝐴2, Γ𝑖 ,Δ𝑖 ⇒ 𝐴1 (mcut)

𝐴1 → 𝐴2,
⋃

𝑣∈𝑇 ∗
𝑖

Γ𝑣 ⇒ 𝐴1

(wk)
𝐴1 → 𝐴2, Γ1, . . . Γ𝑛 ⇒ 𝐴1

𝑇 ∗
𝑖

Π2
𝐴2, Γ𝑖 ,Δ𝑖 ⇒ 𝐵𝑖

Π3
Γ𝑖+1,Δ𝑖+1, 𝐵𝑖 ⇒ 𝐵𝑖+1 . . . (mcut)

𝐴2, Γ1, . . . , Γ𝑛,⇒ 𝐵𝑛 (L→)
Γ1, . . . , Γ𝑛, 𝐴1 → 𝐴2 ⇒ 𝐵𝑛

𝑇 ∗
𝑖 :

𝑘1 + 𝑘2 + 1 𝑘3 . . .

𝑇 ∗
𝑖+1

𝜒𝐵𝑖

is rewritten as 𝑇𝑎 :

𝑇 ∗
𝑖

𝑘1

and 𝑇𝑏 :
𝑇 ∗
𝑖

𝑘2 𝑘3 . . .

𝑇 ∗
𝑖+1

𝜒𝐵𝑖

Case (R∀): Only applies to the root of the mcut tree. Otherwise, since the sequents are intu-
itionistic, it falls under case d).

𝑇 ∗
𝑛−1

Π1
Γ𝑛−1,Δ𝑛−1, 𝐵𝑛−2 ⇒ 𝐵𝑛−1

Π2
Γ𝑛,Δ𝑛, 𝐵𝑛−1 ⇒ 𝐵𝑛 (𝑝) (R∀)

Γ𝑛,Δ𝑛, 𝐵𝑛−1 ⇒ ∀𝑝𝐵𝑛 . . . (mcut)
Γ1, . . . , Γ𝑛 ⇒ ∀𝑝𝐵𝑛

is rewritten as

𝑇 ∗
𝑛−1

Π1
Γ𝑛−1,Δ𝑛−1, 𝐵𝑛−2 ⇒ 𝐵𝑛−1

Π2
Γ𝑛,Δ𝑛, 𝐵𝑛−1 ⇒ 𝐵𝑛 (𝑝) . . . (mcut)

Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛 (𝑝) (R∀)
Γ1, . . . , Γ𝑛 ⇒ ∀𝑝𝐵𝑛

𝑇 ∗
𝑛−1

𝑘1 𝑘2 + 1

𝑇 ∗
𝑛

𝜒𝐵𝑛−1

is rewritten as

𝑇 ∗
𝑛−1

𝑘1 𝑘2

𝑇 ∗
𝑛

𝜒𝐵𝑛−1
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4 Hydra Games

Case (R→): Only applies to the root of the mcut tree. Otherwise, since the sequents are intu-
itionistic, it falls under case d).

𝑇 ∗
𝑛−1

Π1
Γ𝑛−1,Δ𝑛−1, 𝐵𝑛−2 ⇒ 𝐵𝑛−1

Π2
Γ𝑛,Δ𝑛, 𝐵𝑛−1, 𝐴1 ⇒ 𝐴2 (R→)

Γ𝑛,Δ𝑛, 𝐵𝑛−1 ⇒ 𝐴1 → 𝐴2 . . . (mcut)
Γ1, . . . , Γ𝑛 ⇒ 𝐴1 → 𝐴2

is rewritten as

𝑇 ∗
𝑛−1

Π1
Γ𝑛−1,Δ𝑛−1, 𝐵𝑛−2 ⇒ 𝐵𝑛−1

Π2
Γ𝑛,Δ𝑛, 𝐵𝑛−1, 𝐴1 ⇒ 𝐴2 (mcut)

Γ1, . . . , Γ𝑛, 𝐴1 ⇒ 𝐴2 (R→)
Γ1, . . . , Γ𝑛 ⇒ 𝐴1 → 𝐴2

𝑇 ∗
𝑛−1

𝑘1 𝑘2 + 1

𝑇 ∗
𝑛

𝜒𝐵𝑛−1

is rewritten as

𝑇 ∗
𝑛−1

𝑘1 𝑘2

𝑇 ∗
𝑛

𝜒𝐵𝑛−1

d) Reductions where the principal formula is a cut formula.

Case →:

𝑇 ∗
𝑖−1

Π1
Γ𝑖−1,Δ𝑖−1, 𝐵𝑖−2, 𝐴1 ⇒ 𝐴2(R→)

Γ𝑖−1,Δ𝑖−1, 𝐵𝑖−2 ⇒ 𝐴1 → 𝐴2

Π2
𝐴1 → 𝐴2, Γ𝑖 ,Δ𝑖 ⇒ 𝐴1

Π3
𝐴2, Γ𝑖 ,Δ𝑖 ⇒ 𝐵𝑖 (L→)

𝐴1 → 𝐴2, Γ𝑖 ,Δ𝑖 ⇒ 𝐵𝑖 . . . (mcut)
Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛

is rewritten as

𝑇 ∗
𝑖−1

Π1
Γ𝑖−1,Δ𝑖−1, 𝐵𝑖−2, 𝐴1 ⇒ 𝐴2(R→)

Γ𝑖−1,Δ𝑖−1, 𝐵𝑖−2 ⇒ 𝐴1 → 𝐴2

Π2
𝐴1 → 𝐴2, Γ𝑖 ,Δ𝑖 ⇒ 𝐴1(𝑚𝑐𝑢𝑡) ⋃

𝑗∈𝑇 ∗
𝑖−1

Γ𝑗 ⇒ 𝐴1 𝑇 ∗
𝑖−1

Π1
𝐵𝑖−2, 𝐴1, Γ𝑖−1,Δ𝑖−1 ⇒ 𝐴2

Π3
𝐴2, Γ𝑖 ,Δ𝑖 ⇒ 𝐵𝑖+1 . . .

(mcut)
Γ1, . . . , Γ𝑛,

⋃
𝑗∈𝑇 ∗

𝑖−1

Γ𝑗 ⇒ 𝐵𝑛

(ctr)
Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛

𝑇 ∗
𝑖−1

𝑘1 + 1 𝑘2 + 𝑘3 + 1 . . .

𝑇 ∗
𝑖

𝑚𝑎𝑥{𝜒𝐴1 𝜒𝐴2 } + 1

is rewritten as

𝑇 ∗
𝑖−1

𝑘1 + 1 𝑘2

𝑇 ∗
𝑖

𝑚𝑎𝑥{𝜒𝐴1 𝜒𝐴2 } + 1
and

𝑇𝑎 𝑘1

𝑇 ∗
𝑖−1

𝑘3 . . .

𝑇 ∗
𝑖

𝜒𝐴2𝜒𝐴1
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4.2 Hydra Trees for the almost quantifier free fragment

We now add in the missing connectives from 𝐼𝑃𝐿, for which our 𝐼𝑃𝐿2 representations do not
work here, since some ∀ instances in those might not fit within this restriction.

It suffices to add somemore cases to the previous ones corresponding to the missing connective
rules. We omit ∃ rules since any instance of a principal ∃ is not allowed to be a cut formula
here, by definition. Hence, the replacement ∃𝑝.𝐴(𝑝) := ∀𝑞.(∀𝑝.𝐴(𝑝) → 𝑞) → 𝑞 can be used in
place of any instance of ∃ here, and dealt with by the existing rewrites.

a) L⊥:

Cut formula is principal on both sides:

. . . Γ𝑖 ,Δ𝑖 ⇒⊥ (L⊥)⊥, Γ𝑐 ,Δ𝑐 ⇒ 𝐵𝑖

Π2
𝐵𝑖 , Γ𝑖+1,Δ𝑖+1 ⇒ 𝐵𝑖+1 . . . (mcut)

Γ1, . . . , Γ𝑛, Γ𝑐 ⇒ 𝐵𝑛

is rewritten as

. . . Γ𝑖 ,Δ𝑖 ⇒ 𝐵𝑖

Π′
2

𝐵𝑖 ,Δ𝑐 , Γ𝑖+1,Δ𝑖+1 ⇒ 𝐵𝑖+1 . . . (mcut)
Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛 (wk)

Γ1, . . . , Γ𝑛, Γ𝑐 ⇒ 𝐵𝑛

In this case, since the only way to produce a cut formula ⊥ on the right hand side of a formula
in this logic is to produce it on both sides via an application of (ax) or (L⊥), we can rewrite it
using either a different application of (ax), or (L⊥). This is done the same as in the presentation
of case in section 3.2.2.

In this case, height preserving weakening is applied to Π2 to make Π′
2. This adds production

of Δ𝑐 in both cases, and in the non principal case ⊥, on the left side of the sequent. These are
not interacted with by any rule applications in Π2, and therefore the rule applications in Π2 are
only trivially altered by them. We use this instead of explicit weakening so that the number
of rule applications in the subproof is not increased. This ensures that progress is made with
respect to the measure.

Represented as hydras, the tree:

𝑇 ∗
𝑖

𝑘1 1 𝑘2 . . .

𝑇 ∗
𝑐

𝑇 ∗
𝑖+1

1 𝜒𝐵𝑖

is rewritten as
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4 Hydra Games

𝑇 ∗
𝑖

𝑘1 𝑘2 . . .

𝑇 ∗
𝑖+1 𝑇 ∗

𝑐

𝜒𝐵𝑖

Cut formula is principal only on the right:

Π1
. . . Γ𝑖 ,Δ𝑖 ⇒ 𝐵𝑖

(L⊥)
𝐵𝑖 ,Δ𝑐 , Γ𝑐 ,⊥⇒ 𝐵𝑐

Π2
𝐵𝑐 , Γ𝑖+1,Δ𝑖+1 ⇒ 𝐵𝑖+1 . . . (mcut)

Γ1, . . . , Γ𝑛, Γ𝑐 ,⊥⇒ 𝐵𝑛

is rewritten as

(L⊥)
Γ1, . . . , Γ𝑛, Γ𝑐 ,⊥⇒ 𝐵𝑛

This is a valid application of (L⊥). This eliminates the multicut completely.

c)

Case L∧:

Π1
. . . Γ𝑖−1,Δ𝑖−1 ⇒ 𝐵𝑖−1

Π2
Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1, 𝐴1, 𝐴2 ⇒ 𝐵𝑖 . . . (L∧)
Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1, 𝐴1 ∧𝐴2 ⇒ 𝐵𝑖 . . . (mcut)

Γ1, . . . , Γ𝑛, 𝐴1 ∧𝐴2 ⇒ 𝐵𝑛

is rewritten as

Π1
. . . Γ𝑖−1,Δ𝑖−1 ⇒ 𝐵𝑖−1

Π2
Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1, 𝐴1, 𝐴2 ⇒ 𝐵𝑖 . . . (mcut)

Γ1, . . . , Γ𝑛, 𝐴1, 𝐴2 ⇒ 𝐵𝑛 (L∧)
Γ1, . . . , Γ𝑛, 𝐴1 ∧𝐴2 ⇒ 𝐵𝑛

𝑇 ∗
𝑖−1

𝑘1 + 1 𝑘2 . . .

𝑇 ∗
𝑖

𝜒𝐵𝑖−1

is rewritten as

𝑇 ∗
𝑖−1

𝑘1 𝑘2 . . .

𝑇 ∗
𝑖

𝜒𝐵𝑖−1

Case L∨:

Π1
. . . Γ𝑖−1,Δ𝑖−1 ⇒ 𝐵𝑖−1

Π2
Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1, 𝐴1 ⇒ 𝐵𝑖

Π3
Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1, 𝐴2 ⇒ 𝐵𝑖 (L∨)

Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1, 𝐴1 ∨𝐴2 ⇒ 𝐵𝑖 . . . (mcut)
Γ1, . . . , Γ𝑛, 𝐴1 ∨𝐴2 ⇒ 𝐵𝑛

is rewritten as
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4.2 Hydra Trees for the almost quantifier free fragment

Π1
. . . Γ𝑖−1,Δ𝑖−1 ⇒ 𝐵𝑖−1

Π2
Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1, 𝐴1 ⇒ 𝐵𝑖 . . .(mcut)

Γ1, . . . , Γ𝑛, 𝐴1 ⇒ 𝐵𝑛

Π1
. . . Γ𝑖−1,Δ𝑖−1 ⇒ 𝐵𝑖−1

Π3
Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1, 𝐴2 ⇒ 𝐵𝑖 . . . (mcut)

Γ1, . . . , Γ𝑛, 𝐴2 ⇒ 𝐵𝑛 (L∨)
Γ1, . . . , Γ𝑛, 𝐴1 ∨𝐴2 ⇒ 𝐵𝑛

𝑇 ∗
𝑖−1:

𝑘1 𝑘2 + 𝑘3 + 1 . . .

𝑇 ∗
𝑖

𝜒𝐵𝑖−1

is rewritten as 𝑇𝑎 :

𝑇 ∗
𝑖−1:

𝑘1 𝑘2 . . .

𝑇 ∗
𝑖

𝜒𝐵𝑖−1

and 𝑇𝑏 :
𝑇 ∗
𝑖 :

𝑘1 𝑘3 . . .

𝑇 ∗
𝑖+1

𝜒𝐵𝑖−1

Case R∧: Only applies to the root of the mcut tree. Otherwise, since the sequents are intuition-
istic, it falls under case d).

𝐶𝑛−1

Π1
Γ𝑛−1,Δ𝑛−1 ⇒ 𝐵𝑛−1

Π2
𝐵𝑛−1, Γ𝑛,Δ𝑛 ⇒ 𝐴1

Π3
𝐵𝑛−1, Γ𝑛,Δ𝑛 ⇒ 𝐴2 (R∧)

𝐵𝑛−1, Γ𝑛,Δ𝑛 ⇒ 𝐴1 ∧𝐴2 (mcut)
Γ1, . . . , Γ𝑛 ⇒ 𝐴1 ∧𝐴2

is rewritten as

𝐶𝑛−1

Π1
Γ𝑛−1,Δ𝑛−1 ⇒ 𝐵𝑛−1

Π2
𝐵𝑛−1, Γ𝑛,Δ𝑛 ⇒ 𝐴1(mcut)

Γ1, . . . , Γ𝑛 ⇒ 𝐴1

𝐶𝑛−1

Π1
Γ𝑛−1,Δ𝑛−1 ⇒ 𝐵𝑛−1

Π3
𝐵𝑛−1, Γ𝑛,Δ𝑛 ⇒ 𝐴2 (mcut)

Γ1, . . . , Γ𝑛 ⇒ 𝐴2 (R∧)
Γ1, . . . , Γ𝑛 ⇒ 𝐴1 ∧𝐴2

𝑇 ∗
𝑛−1:

𝑘1 𝑘2 + 𝑘3 + 1

𝑇 ∗
𝑛

𝜒𝐵𝑛−1

is rewritten as 𝑇𝑎 :

𝑇 ∗
𝑛−1:

𝑘1 𝑘2

𝑇 ∗
𝑛

𝜒𝐵𝑛−1

and 𝑇𝑏 :

𝑇 ∗
𝑛−1:

𝑘1 𝑘3

𝑇 ∗
𝑛

𝜒𝐵𝑛−1

Case R∨: Only applies to the root of the mcut tree. Otherwise, since the sequents are intuition-
istic, it falls under case d).

33



4 Hydra Games

Π1
. . . Γ𝑛−1,Δ𝑛−1 ⇒ 𝐵𝑛−1

Π2
Γ𝑛,Δ𝑛, 𝐵𝑛−1 ⇒ 𝐴1 (R∨1)Γ𝑛,Δ𝑛, 𝐵𝑛−1 ⇒ 𝐴1 ∨𝐴2 (mcut)

Γ1, . . . , Γ𝑛 ⇒ 𝐴1 ∨𝐴2
is rewritten as

Π1
. . . Γ𝑛−1,Δ𝑛−1 ⇒ 𝐵𝑛−1

Π2
Γ𝑛,Δ𝑛, 𝐵𝑛−1 ⇒ 𝐴1 (mcut)

Γ1, . . . , Γ𝑛 ⇒ 𝐴1 (R∨1)Γ1, . . . , Γ𝑛 ⇒ 𝐴1 ∨𝐴2
and

Π1
. . . Γ𝑛−1,Δ𝑛−1 ⇒ 𝐵𝑛−1

Π2
Γ𝑛,Δ𝑛, 𝐵𝑛−1 ⇒ 𝐴2 (R∨2)Γ𝑛,Δ𝑛, 𝐵𝑛−1 ⇒ 𝐴1 ∨𝐴2 (mcut)

Γ1, . . . , Γ𝑛 ⇒ 𝐴1 ∨𝐴2
is rewritten as

Π1
. . . Γ𝑛−1,Δ𝑛−1 ⇒ 𝐵𝑛−1

Π2
Γ𝑛,Δ𝑛, 𝐵𝑛−1 ⇒ 𝐴2 (mcut)

Γ1, . . . , Γ𝑛 ⇒ 𝐴2 (R∨2)Γ1, . . . , Γ𝑛 ⇒ 𝐴1 ∨𝐴2

𝑇 ∗
𝑛−1

𝑘1 𝑘2 + 1

𝑇 ∗
𝑛

𝜒𝐵𝑛−1

is rewritten as

𝑇 ∗
𝑛−1

𝑘1 𝑘2

𝑇 ∗
𝑛

𝜒𝐵𝑛−1

d) Case ∨: Derivation is either

Π1
. . . Γ𝑖 , 𝐵𝑖−1 ⇒ 𝐴1(L∨1)

. . . Γ𝑖 , 𝐵𝑖−1 ⇒ 𝐴1 ∨𝐴2

Π2
Γ𝑖+1, 𝐴1 ⇒ 𝐵𝑖+1

Π3
Γ𝑖+1, 𝐴2 ⇒ 𝐵𝑖+1 (R∨)

Γ𝑖+1, 𝐴1 ∨𝐴2 ⇒ 𝐵𝑖+1 . . .
Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛

rewritten as

Π1
. . . Γ𝑖 , 𝐵𝑖−1 ⇒ 𝐴1

Π2
Γ𝑖+1, 𝐴1 ⇒ 𝐵𝑖+1 (mcut)

Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛
or

Π1
Γ𝑖 , 𝐵𝑖−1 ⇒ 𝐴2(L∨2)

. . . Γ𝑖 , 𝐵𝑖−1 ⇒ 𝐴1 ∨𝐴2

Π2
Γ𝑖+1, 𝐴1 ⇒ 𝐵𝑖+1

Π3
Γ𝑖+1, 𝐴2 ⇒ 𝐵𝑖+1 (R∨)

Γ𝑖+1, 𝐴1 ∨𝐴2 ⇒ 𝐵𝑖+1 . . . (mcut)
Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛

rewritten as
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4.2 Hydra Trees for the almost quantifier free fragment

Π1
. . . Γ𝑖 , 𝐵𝑖−1 ⇒ 𝐴2

Π3
Γ𝑖+1, 𝐴2 ⇒ 𝐵𝑖+1 (mcut)

Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛

𝑇 ∗
𝑖

𝑘1 + 1 𝑘2 + 𝑘3 + 1 . . .

𝑇 ∗
𝑖+1

𝑚𝑎𝑥{𝜒𝐴1 𝜒𝐴2 } + 1

is rewritten as

𝑇 ∗
𝑖

𝑘1 𝑘 𝑗 . . .

𝑇 ∗
𝑖+1

𝜒𝐴𝑙

with ( 𝑗, 𝑙) ∈ {(1, 2), (2, 3)}.

Case ∧:

𝑇 ∗
𝑖

Π1
Γ𝑖 , 𝐵𝑖−1 ⇒ 𝐴1

Π2
Γ𝑖 , 𝐵𝑖−1 ⇒ 𝐴2(R∧)

Γ𝑖 , 𝐵𝑖−1 ⇒ 𝐴1 ∧𝐴2

Π3
𝐴1, 𝐴2, Γ𝑖+1 ⇒ 𝐵𝑖+1 (L∧)

𝐴1 ∧𝐴2, Γ𝑖+1 ⇒ 𝐵𝑖+1 . . . (mcut)
Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛

is rewritten as

𝑇 ∗
𝑖

𝑇 ∗
𝑖

Π1
Γ𝑖 , 𝐵𝑖−1 ⇒ 𝐴1(mcut) ⋃

𝑗∈𝑇 ∗
𝑖

Γ𝑗 ⇒ 𝐴1

Π2
Γ𝑖 , 𝐵𝑖−1 ⇒ 𝐴2

Π3
𝐴1, 𝐴2, Γ𝑖+1 ⇒ 𝐵𝑖+1 . . .

(mcut)
Γ1, . . . , Γ𝑛, Γ𝑖 ⇒ 𝐵𝑛 (ctr)
Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛

𝑇 ∗
𝑖 :

𝑘1 + 𝑘2 + 1 𝑘3 . . .

𝑇 ∗
𝑖+1

𝑚𝑎𝑥{𝜒𝐴1 𝜒𝐴2 } + 1
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4 Hydra Games

is rewritten as 𝑇𝑎 :

𝑇 ∗
𝑖

𝑘1

and 𝑇𝑏 : 𝑘2

𝑇 ∗
𝑖

𝑘3

𝑇𝑎

. . .

𝑇 ∗
𝑖+1

𝜒 𝐴
1

𝜒𝐴2

4.3 Hydra trees for qantifier free substitution

As was previously remarked, the previous definition of cut formula complexity is not equipped
to deal with any rule that induces substitution for a quantified variable. Because of this we
need a slightly revised definition. This definition preserves our representations of hydra trees
for the previous cases, so those can just be carried over into this case without any changes.
Therefore we will not repeat those here, and just add in the required principal ∀ reduction
subcase on top of those. We omit ∃ rules again, since any instance of a principal ∃must involve
at most quantifier free substitutions, and our ∀ quantifier rules can handle these. Hence, the
replacement ∃𝑝.𝐴(𝑝) := ∀𝑞.(∀𝑝.𝐴(𝑝) → 𝑞) → 𝑞 can be used in place of any instance of ∃ here,
and dealt with by the existing rewrites.

Definition 4.6 Define the quantifier free substitution complexity 𝜒𝜙 of a formula 𝜙 of IPL2
inductively. For 𝜙 = 𝑝 a propositional variable or atom, define 𝜒𝜙 := 1. For 𝜙 = 𝜓1 → 𝜓2, define
𝜒𝜙 :=𝑚𝑎𝑥{𝜒𝜓1, 𝜒𝜓2} + 1. For 𝜙 = ∀𝑝𝜓 (𝑝), define 𝜒𝜙 :=𝑚𝑎𝑥{𝜒𝜓 + 1, 𝜔}. ⌟

The definition used here for the ∀ case is made to fit quantifier free substitution, wherein
∀𝑝𝐵(𝑝) has a higher complexity than any of its substitution instances 𝐵(𝐶). The quantifier
can be thought of as having complexity superior to that of any formula within its scope i.e.
any of its substitution instances. This is why the complexity of the→ case doesn’t work as an
addition and has to be a maximum. This will be useful later for the proof of cut elimination
for the quantifier free substitution fragment of IPL2. This is because it is defined such that
it must decrease with quantifier free substitution in the principal ∀ case. When we deal with
termination and cut elimination later on, this revised definition of cut formula complexity will
cause the upper ordinal bound given by the rewrite procedure to increase.

In order to deal with cases where we cannot used the IPL2 definitions of connectives from
IPL2+, we will now extend the definition of formula complexity.

Definition 4.7 Define the complexity 𝜒𝜙 of a formula 𝜙 of IPL2+ inductively. For 𝜙 = 𝑝 a
propositional variable or atom, or 𝜙 =⊥, define 𝜒𝜙 := 1. For 𝜙 = 𝜓1 ⊛𝜓2, with ⊛ ∈ {→,∨,∧},
define 𝜒𝜙 :=𝑚𝑎𝑥{𝜒𝜓1, 𝜒𝜓2}+1. For 𝜙 = 𝑄𝑝𝜓 (𝑝), with𝑄 ∈ {∀.∃}, define 𝜒𝜙 :=𝑚𝑎𝑥{𝜒𝜓 +1, 𝜔}.⌟
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4.4 Hydra Trees for Unrestricted IPL2

4.3.1 Hydra rewrites for qantifier free substitution

To the rewrites for the almost-quantifier-free case we add the case.

d) ∀:

𝑇 ∗
𝑖

Π1
. . . Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1 ⇒ 𝐵𝑖 (𝑝)(R∀)
Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1 ⇒ ∀𝑝𝐵𝑖

Π2
Γ𝑖+1,Δ𝑖+1,∀𝑝𝐵𝑖 , 𝐵𝑖 (𝐶) ⇒ 𝐵𝑖+1 . . . (L∀)

Γ𝑖+1,Δ𝑖+1,∀𝑝𝐵𝑖 ⇒ 𝐵𝑖+1 . . . (mcut)
Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛

is rewritten as

𝑇 ∗
𝑖

Π′
1

Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1 ⇒ 𝐵𝑖 (𝐶)(mcut) ⋃
𝑗∈𝑇 ∗

𝑖

Γ𝑗 ⇒ 𝐵𝑖 (𝐶) 𝑇 ∗
𝑖

Π1
Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1 ⇒ 𝐵𝑖 (𝑝) (R∀)
Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1 ⇒ ∀𝑝𝐵𝑖

Π2
Γ𝑖+1,Δ𝑖+1,∀𝑝𝐵𝑖 , 𝐵𝑖 (𝐶) ⇒ 𝐵𝑖+1 . . .

(mcut)
Γ1, . . . , Γ𝑛,

⋃
𝑗∈𝑇 ∗

𝑖

Γ𝑗 ⇒ 𝐵𝑛

(ctr)
Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛

𝑇 ∗
𝑖 :

𝑘1 + 1 𝑘2 + 1 . . .

𝑇 ∗
𝑖+1

𝑚𝑎𝑥{𝜒𝐵𝑖
+ 1 𝜔}

is rewritten as 𝑇𝑎 :

𝑇 ∗
𝑖

𝑘1

and 𝑇𝑏 :
𝑘1 + 1

𝑇 ∗
𝑖

𝑘2

𝑇𝑎

. . .

𝑇 ∗
𝑖+1

𝜒𝐵 𝑖
(𝐶 )

𝑚𝑎𝑥{𝜒𝐵𝑖
+ 1𝜔}

4.4 Hydra Trees for Unrestricted IPL2
However, with the previous definitions of cut formula complexity, we will only obtain the
properties we desire for at most the quantifier free substitution fragment of IPL2. In fact, for
full IPL2, we will see that, given the structure of the rewrite in the principal ∀ case d) ∀, we
can always substitute in a more complex formula as 𝐶 , that contains more ∀ instances. This,
alongside the other cases, will break our ordering, specifically its assignment of priority to cut
formula complexity. Because of this, we cannot make use of cut formula complexity in this
case. Hence, the definition of the hydras for full IPL2 will just be the same as before but with
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4 Hydra Games

the edge labels removed. Because there is so little difference between them, we will not restate
them again here, and instead refer to the cases above.
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5 Termination

Now that we have defined the hydra objects (trees) and moves (rewrites) on which we will play
the hydra game, all that remains is to define the measure on each object that will be reduced
by the operations. We then show that this reduction results in a cut elimination proof for the
fragments of IPL2 and IPL2+ where it holds.

Given the curry howard correspondence between system F and IPL2 ([Wad07]), the fact that
system F is strongly normalisable ([GLT89]), and the relationship between normalisation for
natural deduction systems and cut elimination for sequent calculi, we should expect the cut
elimination argument to terminate. However, the ordinal bound required for this has no known
representation. This would seem to indicate that hydra tree methods with ordinals bounded
above by 𝜀0 are insufficient to prove cut elimination. However, if we restrict to the Hindley-
Milner equivalent fragment, that is to say, the quantifier free substitution fragment of IPL2
([Wad07]), restricting quantifiers in a similar manner to Hindley-Milner’s quantifiers, we ex-
pect the cut elimination process to work for this fragment. These expectations are what we
find so far to be the case. As we will show in this section, we can achieve cut elimination for
the quantifier free substitution fragment of IPL2+, but we have not yet found a measure that
will always be reduced by full IPL2 rewrites. This means we have not yet found a means by
which to produce a proof of cut elimination for IPL2.

We now present these results, first showing that the hydra measure is always reduced for the
fragments of IPL2 where this holds. Then we show that this fails for full IPL2. Finally we show
that when the measure always reduces, we have a cut elimination process that results in a proof
of cut elimination for the fragment in question.

5.1 Termination of the rewrites
For the measures, we use ordinals less than 𝜀0. These have the nice property of having a unique
canonical representation for each ordinal, from which a commutative addition operation # can
be defined. This operation will be used when we define the ordinal measures.

Theorem 5.1 (Cantor Normal Form Theorem) Every ordinal 𝛼 < 𝜀0 has a unique rep-
resentation of the form 𝛼 =

𝑛𝛼∑
𝑖=1

𝜔𝛼𝑖 with if 𝑖 > 𝑗 then 𝛼 > 𝛼1 ≥ 𝛼 𝑗 ⌟

The proof for this can be found in [𝐶𝑎𝑛95].
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5 Termination

Definition 5.2 For two ordinals 𝛼, 𝛽 < 𝜀0 with cantor normal forms 𝛼 =
𝑛𝛼∑
𝑖=1

𝜔𝛼𝑖 𝛽 =
𝑛𝛽∑
𝑖=1

𝜔𝛽𝑖 ,

we define the natural sum 𝛼#𝛽 :=
𝑛𝛼+𝑛𝛽∑
𝑖=1

𝜔𝛾𝑖 , with (𝛾1, . . . , 𝛾𝑛𝛼+𝑛𝛽
) listing the ordinals from

(𝛼1, . . . , 𝛼𝑛𝛼 ) and (𝛽1, . . . , 𝛽𝑛𝛽
) in descending order. ⌟

Remark 5.3 By definition this is a cantor normal form. ⌟

Definition 5.4 For a multicut with associated tree𝑇 , enumerate the (finitely many) edges in
𝐸𝑇 as 𝑒1, . . . , 𝑒 |𝐸𝑇 | , each with cut formula complexity 𝜒1, . . . , 𝜒 |𝐸𝑇 | corresponding to the formula
labels 𝜙𝑒𝑖 of the edges. Define its quantifier free cut measure as 𝜎𝑇 := (𝜔 𝜒1# . . . #𝜔 𝜒 |𝐸𝑇 | ) + 𝜇𝑇 .
This is in cantor normal form. ⌟

For the duration of this section we shall refer to 𝜎𝑇 simply as the measure. This measure is de-
fined such that the reduction incurred by reducing a cut formula complexity always outweighs
any increase in 𝜇𝑇 , which can increase due to size blowup from the cut elimination procedure.
If the number of cuts of the highest complexity does not increase, no cuts increase their for-
mula complexity, and there is either at least one instance of a cut of some complexity being
replaced by a lower complexity cut, or a decrease in 𝜇𝑇 , then the measure decreases.

5.1.1 Termination for the almost qantifier free fragment

a) Eliminate identities in the multicut. This includes the base cases of the induction, which are
all the subcases of this case such that the multicut only has 2 premises.

Cut formula is principal on both sides:

𝑇 ∗
𝑖

𝑘1 1 𝑘2 . . .

𝑇 ∗
𝑐

𝑇 ∗
𝑖+1

𝜒𝐵𝑖
𝜒𝐵𝑖

is rewritten as

𝑇 ∗
𝑖

𝑘1 𝑘2 . . .

𝑇 ∗
𝑖+1 𝑇 ∗

𝑐

𝜒𝐵𝑖

The measure reduces from 𝜎𝑇 = (𝜔 𝜒𝐵𝑖 #𝜔 𝜒𝐵𝑖 # . . .) + 𝑘1 + 1 + 𝑘2 + . . . to 𝜎𝑇 ′ = (𝜔 𝜒𝐵𝑖 # . . .) + 𝑘1 +
𝑘2 + . . . < 𝜎𝑇

Cut formula is principal only on the right:
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5.1 Termination of the rewrites

𝑇 ∗
𝑖

𝑘1 1 𝑘2 . . .

𝑇 ∗
𝑐

𝑇 ∗
𝑖+1

𝜒𝐵𝑖
𝜒𝐵𝑐

is rewritten as

𝑇 ∗
𝑖

𝑘1 𝑘2 . . .

𝑇 ∗
𝑖+1 𝑇 ∗

𝑐

𝜒𝐵𝑖

The measure reduces from 𝜎𝑇 = (𝜔 𝜒𝐵𝑖 #𝜔 𝜒𝐵𝑐 # . . .) + 𝑘1 + 1 + 𝑘2 + . . . to 𝜎𝑇 ′ = (𝜔 𝜒𝐵𝑖 # . . .) + 𝑘1 +
𝑘2 + . . . < 𝜎𝑇

These all reduce the subproof magnitude 𝜇𝑇 by 1 without increasing any cut formula complex-
ities. The number of cuts in𝑇 is also always decreased. Hence, they reduce 𝜎𝑇 by at least𝜔 +1.
This includes the base cases where either the 𝑘1 or 𝑘2 vertex is not present.

c) Reductions where the principal formula is not a cut formula.

Case (L∀):

𝑇 ∗
𝑖

𝑘1 + 1 𝑘2 . . .

𝑇 ∗
𝑖+1

𝜒𝐵𝑖

is rewritten as
𝑇 ∗
𝑖

𝑘1 𝑘2 . . .

𝑇 ∗
𝑖+1

𝜒𝐵𝑖

The measure reduces from 𝜎𝑇 = (𝜔 𝜒𝐵𝑖 # . . .) +𝑘1 + 1 +𝑘2 + . . . to 𝜎𝑇 ′ = (𝜔 𝜒𝐵𝑖 # . . .) +𝑘1 +𝑘2 + . . .

This reduces the subproof magnitude 𝜇𝑇 by 1 without increasing any cut formula complexities
or the number of cuts. Hence, it reduces 𝜎𝑇 by 1.

Case (L→):

𝑇 ∗
𝑖 :

𝑘1 + 𝑘2 + 1 𝑘3 . . .

𝑇 ∗
𝑖+1

𝜒𝐵𝑖
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5 Termination

is rewritten as 𝑇𝑎 :

𝑇 ∗
𝑖

𝑘1

and 𝑇𝑏 :
𝑇 ∗
𝑖

𝑘2 𝑘3 . . .

𝑇 ∗
𝑖+1

𝜒𝐵𝑖

Themeasure reduces from𝜎𝑇 = (𝜔 𝜒𝐵𝑖 # . . .)+𝑘1+𝑘2+1+𝑘3+. . . to both𝜎𝑇𝑎 = 𝜎𝑇 ∗
𝑖
#(𝜔 𝜒𝐵𝑖−1,1# . . . #𝜔 𝜒𝐵𝑖−1,|Δ𝑖 |+1 )+

𝑘1 with 𝐵𝑖−1,1, . . . , 𝐵𝑖−1, |Δ𝑖 |+1 listing the members of Δ𝑖 ∪ {𝐵𝑖−1}, and 𝜎𝑏 = (𝜔 𝜒𝐵𝑖 ) + 𝑘2 + 𝑘3 + . . .

The rewritten proof has two mcuts. Neither of these increase any cut formula complexities,
and both contain at most the same number of cuts as before. Since neither of them contain all
of Π1,Π2 and Π3, each of their 𝜎𝑇𝑎 , 𝜎𝑇𝑏 must be strictly less than 𝜎𝑇 before the rewrite. After
this rewrite, we continue the procedure on the right side mcut, leaving the left side one for a
subsequent application of the cut elimination process. This works because the cut elimination
process starts with the highest cut, and because there are at most finitely many applications of
the rule L→. Note that both 𝑇𝑎,𝑇𝑏 contain as most as many cuts as 𝑇 , whose complexities are
at most the same as before.

Case (R∀): Only applies to the root of the mcut tree. Otherwise, since the sequents are intu-
itionistic, it falls under case d).

𝑇 ∗
𝑛−1

𝑘1 𝑘2 + 1

𝑇 ∗
𝑛

𝜒𝐵𝑛−1

is rewritten as

𝑇 ∗
𝑛−1

𝑘1 𝑘2

𝑇 ∗
𝑛

𝜒𝐵𝑛−1

The measure reduces from 𝜎𝑇 = (𝜔 𝜒𝐵𝑛−1# . . .) +𝑘1 +𝑘2 + 1+ . . . to 𝜎𝑇 ′ = (𝜔 𝜒𝐵𝑛−1#) +𝑘1 +𝑘2 + . . .

This reduces the subproof magnitude 𝜇𝑇 by 1 without increasing any cut formula complexities
or the number of cuts. Hence, it reduces 𝜎𝑇 by 1.

Case (R→): Only applies to the root of the mcut tree. Otherwise, since the sequents are intu-
itionistic, it falls under case d).

𝑇 ∗
𝑛−1

𝑘1 𝑘2 + 1

𝑇 ∗
𝑛

𝜒𝐵𝑛−1

is rewritten as

𝑇 ∗
𝑛−1

𝑘1 𝑘2

𝑇 ∗
𝑛

𝜒𝐵𝑛−1

The measure reduces from 𝜎𝑇 = (𝜔 𝜒𝐵𝑛−1# . . .) +𝑘1 +𝑘2 + 1+ . . . to 𝜎𝑇 ′ = (𝜔 𝜒𝐵𝑛−1#) +𝑘1 +𝑘2 + . . .

This reduces the subproof magnitude 𝜇𝑇 by 1 without increasing any cut formula complexities
or the number of cuts. Hence, it reduces 𝜎𝑇 by 1.

d) Reductions where the principal formula is a cut formula.
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5.1 Termination of the rewrites

Case→:

𝑇 ∗
𝑖−1

𝑘1 + 1 𝑘2 + 𝑘3 + 1 . . .

𝑇 ∗
𝑖

𝑚𝑎𝑥{𝜒𝐴1 𝜒𝐴2 } + 1

is rewritten as

𝑇 ∗
𝑖−1

𝑘1 + 1 𝑘2

𝑇 ∗
𝑖

𝑚𝑎𝑥{𝜒𝐴1 𝜒𝐴2 } + 1
and

𝑇𝑎 𝑘1

𝑇 ∗
𝑖−1

𝑘3 . . .

𝑇 ∗
𝑖

𝜒𝐴2𝜒𝐴1

The measure reduces from 𝜎𝑇 = (𝜔𝑚𝑎𝑥 {𝜒𝐴1 𝜒𝐴2 }+1) + 𝑘1 + 1 + 𝑘2 + 𝑘3 + 1 + . . . to both 𝜔𝑇𝑎 =

(𝜔𝑚𝑎𝑥 {𝜒𝐴1 𝜒𝐴2 }+1# . . .) + 𝑘1 + 1 + 𝑘2 + . . . and 𝜎𝑇𝑏 = 𝜎𝑇𝑎#(𝜔 𝜒𝐴1#𝜔 𝜒𝐴2# . . .) + 𝑘1 + 𝑘3 + . . .

In this case, the upper multicut𝑇𝑎 after the rewrite application has a list of cut free complexities
that is, at worst, identical to before the rewrite in both the number of cuts and their formula
complexities. It also decreases 𝜇𝑇 by at least 1, and must contain only cut free subderivations
of its premises, by assumption. Hence, 𝜎𝑇𝑎 ≤ 𝜎𝑇 − 1. So we can continue the reduction process
on the upper multicut. If this terminates, then it transforms the subproof of

⋃
𝑗∈𝑇 ∗

𝑖−1

Γ𝑗 ⇒ 𝐴1 into

a cut free proof Π∗, with the same conclusion. Then, substituting Π∗ in for the subproof of⋃
𝑗∈𝑇 ∗

𝑖−1

Γ𝑗 ⇒ 𝐴1, we obtain this multicut.

Π∗⋃
𝑗∈𝑇 ∗

𝑖−1

Γ𝑗 ⇒ 𝐴1 𝑇 ∗
𝑖−1

Π1
𝐵𝑖−2, 𝐴1, Γ𝑖−1,Δ𝑖−1 ⇒ 𝐴2

Π3
𝐴2, Γ𝑖 ,Δ𝑖 ⇒ 𝐵𝑖+1 . . .

(mcut)
Γ1, . . . , Γ𝑛,

⋃
𝑗∈𝑇 ∗

𝑖−1

Γ𝑗 ⇒ 𝐵𝑛

(ctr)
Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛

with hydra tree

|Π∗ | 𝑘1

𝑇 ∗
𝑖−1

𝑘3 . . .

𝑇 ∗
𝑖

𝜒𝐴2𝜒𝐴1

This reduces the measure to 𝜎𝑇𝑏 = (𝜔 𝜒𝐴1#𝜔 𝜒𝐴2# . . .) + 𝑘1 + 𝑘3 + 𝑘∗ + . . ., with 𝑘∗ the number of
rule applications in Π∗.

It has only cut free subderivations of its premises, and the two cuts that are added are on
formulas of lower complexity than the cut formula they replace. The subproof magnitude
increase incurred by substituting in Π∗ can be at most finite, since our proofs are finite. Hence,
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the increase to 𝜇𝑇 ′ can be at most finite. But the decrease in 𝜎𝑇 ′ that results from the decreases
in cut formula complexity must be at least 𝜔 , since for each edge 𝑒 , 𝜒𝑒 ≥ 1, and hence its
contribution to the measure is at least 𝜔 . This outweighs the contribution from the increase
of 𝜇𝑇 ′ , which is at most finite. Therefore, 𝜎𝑇 ′ < 𝜎𝑇 , this rewrite decreases the measure on the
mcut tree.

We then continue the mcut rewrite process on this tree.

Remark 5.5 This measure uses ordinals up to 𝜔𝜔 . This makes our proof more complex than
the one in [NVR01], which is a nested induction on finite quantities i.e. proof theoretic strength
at most 𝜔2. ⌟

For the connectives of IPL that are not defined explicitly in our calculus for IPL2, note that the
rewrite operations for them from [NVR01] all reduce the subproof magnitude of the cut rule
application. Adding these in gives us a proof of cut elimination for IPL.

Theorem 5.6 If 𝐼𝑃𝐿2+ ⊢ Γ ⇒ 𝜙 and the proof contains no quantifier rule applications to cut
formulas, then Γ ⇒ 𝜙 also has a cut free proof in 𝐼𝑃𝐿2+. ⌟

It suffices to add some more cases to the previous proof corresponding to the missing connec-
tive rules.

a)

L⊥:

Cut formula is principal on both sides:

𝑇 ∗
𝑖

𝑘1 1 𝑘2 . . .

𝑇 ∗
𝑐

𝑇 ∗
𝑖+1

1 𝜒𝐵𝑖

is rewritten as

𝑇 ∗
𝑖

𝑘1 𝑘2 . . .

𝑇 ∗
𝑖+1 𝑇 ∗

𝑐

𝜒𝐵𝑖

Ordinal reduces from 𝜎𝑇 = (𝜔1#𝜔 𝜒𝐵𝑖 # . . .)+𝑘1+1+𝑘2+ . . . to 𝜎𝑇 ′ = (𝜔 𝜒𝐵𝑖 # . . .)+𝑘1+𝑘2+ . . . < 𝜎𝑇

This reduces the subproof magnitude 𝜇𝑇 by 1 without increasing any cut formula complexities.
The number of cuts in 𝑇 is also decreased. Hence, this reduces 𝜎𝑇 by 1.

Cut formula is principal only on the right:
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5.1 Termination of the rewrites

This is a valid application of (L⊥). This eliminates the multicut completely, and thus the mea-
sure is reduced to 0.

c) Case L∧:

𝑇 ∗
𝑖−1

𝑘1 + 1 𝑘2 . . .

𝑇 ∗
𝑖

𝜒𝐵𝑖−1

is rewritten as

𝑇 ∗
𝑖−1

𝑘1 𝑘2 . . .

𝑇 ∗
𝑖

𝜒𝐵𝑖−1

The measure reduces from 𝜎𝑇 = (𝜔 𝜒𝐵𝑖 # . . .) + 𝑘1 + 1 + 𝑘2 + . . . to 𝜎𝑇 ′ = (𝜔 𝜒𝐵𝑖 #) + 𝑘1 + 𝑘2 . . .

This reduces the subproof magnitude 𝜇𝑇 by 1 without increasing any cut formula complexities
or the number of cuts. Hence, it reduces 𝜎𝑇 by 1.

Case L∨:

𝑇 ∗
𝑖−1:

𝑘1 𝑘2 + 𝑘3 + 1 . . .

𝑇 ∗
𝑖

𝜒𝐵𝑖−1

is rewritten as 𝑇𝑎 :

𝑇 ∗
𝑖−1:

𝑘1 𝑘2 . . .

𝑇 ∗
𝑖

𝜒𝐵𝑖−1

and 𝑇𝑏 :
𝑇 ∗
𝑖 :

𝑘1 𝑘3 . . .

𝑇 ∗
𝑖+1

𝜒𝐵𝑖−1

The measure reduces from 𝜎𝑇 = (𝜔 𝜒𝐵𝑖−1# . . .) +𝑘1 +𝑘2 +𝑘3 + 1 + . . . to both 𝜎𝑎 = (𝜔 𝜒𝐵𝑖−1# . . .) +
𝑘1 + 𝑘2 + . . . and 𝜎𝑏 = (𝜔 𝜒𝐵𝑖−1# . . .) + 𝑘1 + 𝑘3 + . . .

The rewritten proof has two mcuts. Neither of these increase any cut formula complexities,
and both contain at most the same number of cuts as before. Since neither of them contain all
of Π1,Π2 and Π3, each of their 𝜎𝑇𝑎 , 𝜎𝑇𝑏 must be strictly less than 𝜎𝑇 before the rewrite. After
this rewrite, we continue the procedure on the right side mcut, leaving the left side one for a
subsequent application of the cut elimination process. This works because the cut elimination
process starts with the highest cut, and because there are at most finitely many applications of
the rule L→. Note that both 𝑇𝑎,𝑇𝑏 contain as most as many cuts as 𝑇 , whose complexities are
at most the same as before.

Case R∧: Only applies to the root of the mcut tree. Otherwise, since the sequents are intuition-
istic, it falls under case d).
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𝑇 ∗
𝑛−1:

𝑘1 𝑘2 + 𝑘3 + 1

𝑇 ∗
𝑛

𝜒𝐵𝑛−1

is rewritten as 𝑇𝑎 :

𝑇 ∗
𝑛−1:

𝑘1 𝑘2

𝑇 ∗
𝑛

𝜒𝐵𝑛−1

and 𝑇𝑏 :

𝑇 ∗
𝑛−1:

𝑘1 𝑘3

𝑇 ∗
𝑛

𝜒𝐵𝑛−1

The measure reduces from 𝜎𝑇 = (𝜔 𝜒𝐵𝑛−1# . . .) +𝑘1 +𝑘2 +𝑘3 + 1+ . . . to both 𝜎𝑎 = (𝜔 𝜒𝐵𝑛−1# . . .) +
𝑘1 + 𝑘2 + . . . and 𝜎𝑏 = (𝜔 𝜒𝐵𝑛−1# . . .) + 𝑘1 + 𝑘3 + . . .

This reduces the subproof magnitude 𝜇𝑇 by 1 without increasing any cut formula complexities
or the number of cuts. Hence, it reduces 𝜎𝑇 by 1.

Case R∨: Only applies to the root of the mcut tree. Otherwise, since the sequents are intuition-
istic, it falls under case d).

𝑇 ∗
𝑛−1

𝑘1 𝑘2 + 1

𝑇 ∗
𝑛

𝜒𝐵𝑛−1

is rewritten as

𝑇 ∗
𝑛−1

𝑘1 𝑘2

𝑇 ∗
𝑛

𝜒𝐵𝑛−1

The measure reduces from 𝜎𝑇 = (𝜔 𝜒𝐵𝑛−1# . . .) +𝑘1 +𝑘2 + 1+ . . . to 𝜎𝑇 ′ = (𝜔 𝜒𝐵𝑛−1#) +𝑘1 +𝑘2 + . . .

This reduces the subproof magnitude 𝜇𝑇 by 1 without increasing any cut formula complexities
or the number of cuts. Hence, it reduces 𝜎𝑇 by 1.

d) Case ∨: Derivation is either

𝑇 ∗
𝑖

𝑘1 + 1 𝑘2 + 𝑘3 + 1 . . .

𝑇 ∗
𝑖+1

𝑚𝑎𝑥{𝜒𝐴1 𝜒𝐴2 } + 1

is rewritten as
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5.1 Termination of the rewrites

𝑇 ∗
𝑖

𝑘1 𝑘 𝑗 . . .

𝑇 ∗
𝑖+1

𝜒𝐴𝑙

with ( 𝑗, 𝑙) ∈ {(1, 2), (2, 3)}.

The measure reduces from 𝜎𝑇 = (𝜔𝑚𝑎𝑥 {𝜒𝐴1 𝜒𝐴2 }+1# . . .) + 𝑘1 + 1 + 𝑘2 + 𝑘3 + 1 + . . . to 𝜎𝑇 =

(𝜔 𝜒𝐴𝑙 # . . .) + 𝑘1 + 𝑘 𝑗 + . . .

Both of these rewrites keep the number of cuts the same, with the only changed cut formula
complexity being a decrease. Hence, this rewrite decreases 𝜎𝑇 .

Case ∧:

𝑇 ∗
𝑖 :

𝑘1 + 𝑘2 + 1 𝑘3 . . .

𝑇 ∗
𝑖+1

𝑚𝑎𝑥{𝜒𝐴1 𝜒𝐴2 } + 1

is rewritten as 𝑇𝑎 :

𝑇 ∗
𝑖

𝑘1

and 𝑇𝑏 : 𝑘2

𝑇 ∗
𝑖

𝑘3

𝑇𝑎

. . .

𝑇 ∗
𝑖+1

𝜒 𝐴
1

𝜒𝐴2

The measure reduces from 𝜎𝑇 = (𝜔𝑚𝑎𝑥 {𝜒𝐴1 𝜒𝐴2 }+1# . . .) + 𝑘1 + 𝑘2 + 1 + 𝑘3 + . . . to 𝜎𝑇𝑎 =

𝜎𝑇 ∗
𝑖
#(𝜔 𝜒𝐵𝑖−1,1# . . . #𝜔 𝜒𝐵𝑖−1,|Δ𝑖 |+1 ) +𝑘1 with 𝐵𝑖−1,1, . . . , 𝐵𝑖−1, |Δ𝑖 |+1 listing the members of Δ𝑖 ∪{𝐵𝑖−1},

and 𝜎𝑏 = 𝜎𝑇𝑎#(𝜔 𝜒𝐴1#𝜔 𝜒𝐴2# . . .) + 𝑘2 + 𝑘3 + . . .

In this case, after the rewrite, the uppermulticut𝑇𝑎 application has a list of cut free complexities
that, at worst, removes one cut and keeps all other cut formula complexities the same. It also
decreases 𝜇𝑇 by at least 1, and must contain only cut free subderivations of its premises, by
assumption. Hence, 𝜎𝑇𝑎 < 𝜎𝑇 . So we can continue the reduction process on the upper multicut.
If this terminates, then it transforms the subproof of

⋃
𝑗∈𝑇 ∗

𝑖

Γ𝑗 ⇒ 𝐴1 into a cut free proof Π∗, with

the same conclusion. Then, substituting Π∗ in for the subproof of
⋃
𝑗∈𝑇 ∗

𝑖

Γ𝑗 ⇒ 𝐴1, we obtain this

multicut.
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𝑇 ∗
𝑖

Π∗
(mcut) ⋃

𝑗∈𝑇 ∗
𝑖

Γ𝑗 ⇒ 𝐴1

Π2
Γ𝑖 , 𝐵𝑖−1 ⇒ 𝐴2

Π3
𝐴1, 𝐴2, Γ𝑖+1 ⇒ 𝐵𝑖+1 . . .

(mcut)
Γ1, . . . , Γ𝑛, Γ𝑖 ⇒ 𝐵𝑛 (ctr)
Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛

𝑘2

𝑇 ∗
𝑖

𝑘3

|Π∗ |

. . .

𝑇 ∗
𝑖+1

𝜒 𝐴
1

𝜒𝐴2

The measure becomes (𝜔 𝜒𝐴1#𝜔 𝜒𝐴2# . . .) + 𝑘2 + 𝑘3 + 𝑘∗ + . . .

This multicut 𝑇 ′ replaces one cut in the original multicut with two cuts of a lower formula
complexity. The decrease in 𝜎𝑇 ′ that results from the decreases in cut formula complexity
must be at least 𝜔 , since for each edge 𝑒 , 𝜒𝑒 ≥ 1, and hence its contribution to the measure is
at least 𝜔 . This outweighs the contribution of the size blowup of Π∗ to 𝜇𝑇 ′ , which is at most
finite. Therefore, 𝜎𝑇 ′ < 𝜎𝑇 , this rewrite decreases the measure on the mcut tree.

Then continue the mcut rewrite process on this tree.

5.1.2 Termination for qantifier free substitution

The previous definition of the measure no longer works for the principal ∀ rewrite case, even if
we use the quantifier free substitution complexity for formulas instead of the almost quantifier
free complexity. This is because the lower tree 𝑇𝑏 retains an edge 𝑒 with the same cut formula
complexity as the one it replaces, and does not have a guaranteed reduction in the overall
subproof magnitude. However, the subproof magnitude along the branch leading to the edge 𝑒
is reduced by the rewrite. We will make use of this fact to define a newmeasure that is reduced
in all cases.

Definition 5.7 For a given edge 𝑒 = (𝑣𝑎, 𝑣𝑏) ∈ 𝐸𝑇 , define its branch subproof magnitude as
𝜇𝑒 :=

∑
𝑣𝐸∗

𝑇
𝑣𝑎

𝑘𝑣 ⌟

This adds together the subproof heights 𝑘𝑣 of vertices 𝑣 that are related to 𝑣𝑎 , the lower vertex
of the edge. These happen to be the vertices on the (straight line) branch from the lower vertex
𝑣𝑎 to the root 𝑣𝑟 . This is because each 𝑣′ in the tree only has one possible choice of vertex 𝑣

such that 𝑣𝐸𝑇 𝑣′, corresponding to the unique edge going into 𝑣𝑖 . When there is no ambiguity,
we will sometimes notate 𝜇𝑒 as 𝜇𝜙𝑒

, representing the edge 𝑒 by the corresponding cut formula
along it, 𝜙𝑒 .
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5.1 Termination of the rewrites

Definition 5.8 For a multicut with associated tree 𝑇 , enumerate the (finitely many) edges
𝑒 = (𝑣𝑒,𝑎, 𝑣𝑒,𝑏) ∈ 𝐸𝑇 as 𝑒1, . . . , 𝑒 |𝐸𝑇 | , each with cut formula complexity 𝜒1, . . . , 𝜒 |𝐸𝑇 | correspond-
ing to the formula labels 𝜙𝑒𝑖 of the edges, and branch subproof magnitudes 𝜇1, . . . , 𝜇 |𝐸𝑇 | . Define
its quantifier free cut measure as 𝜎𝑇 := 𝜔 𝜒1 · 𝜇1# . . . #𝜔 𝜒 |𝐸𝑇 | · 𝜇 |𝐸𝑇 |#𝜇𝑇 ⌟

This measure is reduced in all of the rewrite cases (except the redundant cut merge case (b)).

a) Eliminate identities in the multicut. This includes the base cases of the induction, which are
all the subcases of this case such that the multicut only has 2 premises.

Cut formula is principal on both sides:

𝑇 ∗
𝑖

𝑘1 1 𝑘2 . . .

𝑇 ∗
𝑐

𝑇 ∗
𝑖+1

𝜒𝐵𝑖
𝜒𝐵𝑖

is rewritten as

𝑇 ∗
𝑖

𝑘1 𝑘2 . . .

𝑇 ∗
𝑖+1 𝑇 ∗

𝑐

𝜒𝐵𝑖

The measure reduces from 𝜎𝑇 = 𝜔 𝜒𝐵𝑖 · (1 + 𝑘2 + . . .)#𝜔 𝜒𝐵𝑖 · (𝑘2 + . . .)# . . . #(𝑘1 + 1 + 𝑘2 + . . .) to
𝜎𝑇 ′ = 𝜔 𝜒𝐵𝑖 · (𝑘2 + . . .)# . . . #(𝑘1 + 𝑘2 + . . .)

Cut formula is principal only on the right:

𝑇 ∗
𝑖

𝑘1 1 𝑘2 . . .

𝑇 ∗
𝑐

𝑇 ∗
𝑖+1

𝜒𝐵𝑖
𝜒𝐵𝑐

is rewritten as

𝑇 ∗
𝑖

𝑘1 𝑘2 . . .

𝑇 ∗
𝑖+1 𝑇 ∗

𝑐

𝜒𝐵𝑖

The measure reduces from 𝜎𝑇 = 𝜔 𝜒𝐵𝑖 · (1 + 𝑘2 + . . .)#𝜔 𝜒𝐵𝑐 · (𝑘2 + . . .)# . . . #(𝑘1 + 1 + 𝑘2 + . . .) to
𝜎𝑇 ′ = 𝜔 𝜒𝐵𝑖 · (𝑘2 + . . .)# . . . #(𝑘1 + 𝑘2 + . . .)
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These all reduce the subproofmagnitude of the first 𝜇𝐵𝑖
by 1without increasing any cut formula

complexities. The number of cuts in 𝑇 is also always decreased. Hence, they reduce 𝜎𝑇 by at
least 𝜔 . This includes the base cases where either the 𝑘1 or 𝑘2 vertex is not present.

c) Reductions where the principal formula is not a cut formula.

Case (L∀):

𝑇 ∗
𝑖

𝑘1 + 1 𝑘2 . . .

𝑇 ∗
𝑖+1

𝜒𝐵𝑖

is rewritten as
𝑇 ∗
𝑖

𝑘1 𝑘2 . . .

𝑇 ∗
𝑖+1

𝜒𝐵𝑖

The measure reduces from 𝜎𝑇 = 𝜔 𝜒𝐵𝑖 · (𝑘2 + . . .)# . . . #(𝑘1 + 1 + 𝑘2 + . . .) to 𝜎𝑇 ′ = 𝜔 𝜒𝐵𝑖 · (𝑘1 +
𝑘2 + . . .)# . . . #(𝑘1 + 𝑘2 + . . .)

This reduces the subproof magnitude 𝜇𝑇 by 1 without increasing any cut formula complexities
or the number of cuts. Hence, it reduces 𝜎𝑇 .

Case (L→):

𝑇 ∗
𝑖 :

𝑘1 + 𝑘2 + 1 𝑘3 . . .

𝑇 ∗
𝑖+1

𝜒𝐵𝑖

is rewritten as 𝑇𝑎 :

𝑇 ∗
𝑖

𝑘1

and 𝑇𝑏 :
𝑇 ∗
𝑖

𝑘2 𝑘3 . . .

𝑇 ∗
𝑖+1

𝜒𝐵𝑖

This reduces the ordinal from𝜎𝑇 = 𝜔 𝜒𝐵𝑖 ·(𝑘3+. . .)# . . . #(𝑘1+𝑘2+1+𝑘3+. . .), to𝜎𝑇𝑎 = 𝜎𝑇 ∗
𝑖
#𝜔 𝜒𝐵𝑖−1,1 ·

(𝜇𝑖−1, |Δ𝑖 |+1)# . . . #𝜔
𝜒𝐵𝑖−1,|Δ𝑖 |+1 · (𝜇𝑖−1,1)#(𝑘1) with 𝐵𝑖−1,1, . . . , 𝐵𝑖−1, |Δ𝑖 |+1 listing the members of Δ𝑖∪

{𝐵𝑖−1}, and 𝜎𝑏 = 𝜔 𝜒𝐵𝑖 · (𝑘3 + . . .)# . . . #(𝑘2 + 𝑘3 + . . .)

The rewritten proof has two mcuts. Neither of these increase any cut formula complexities,
and both contain at most the same number of cuts as before. Since neither of them contain
all of 𝑘1, 𝑘2 and 𝑘3, each of their 𝜎𝑇𝑎 , 𝜎𝑇𝑏 must be strictly less than 𝜎𝑇 before the rewrite. After
this rewrite, we continue the procedure on the right side mcut, leaving the left side one for a
subsequent application of the cut elimination process. This works because the cut elimination
process starts with the highest cut, and because there are at most finitely many applications of
the rule L→.
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5.1 Termination of the rewrites

Case (R∀): Only applies to the root of the mcut tree. Otherwise, since the sequents are intu-
itionistic, it falls under case d).

𝑇 ∗
𝑛−1

𝑘1 𝑘2 + 1

𝑇 ∗
𝑛

𝜒𝐵𝑛−1

is rewritten as

𝑇 ∗
𝑛−1

𝑘1 𝑘2

𝑇 ∗
𝑛

𝜒𝐵𝑛−1

The measure reduces from 𝜎𝑇 = 𝜔 𝜒𝐵𝑛−1 · (𝑘2 + 1)# . . . #(𝑘1 + 𝑘2 + 1 + . . .) to 𝜎𝑇 ′ = 𝜔 𝜒𝐵𝑛−1 ·
(𝑘2)# . . . #((𝑘1 + 𝑘2 + . . .)

This reduces the subproof magnitude 𝜇𝐵𝑛−1 by 1 without increasing any cut formula complex-
ities or the number of cuts. Hence, it reduces 𝜎𝑇 .

Case (R→): Only applies to the root of the mcut tree. Otherwise, since the sequents are intu-
itionistic, it falls under case d).

𝑇 ∗
𝑛−1

𝑘1 𝑘2 + 1

𝑇 ∗
𝑛

𝜒𝐵𝑛−1

is rewritten as

𝑇 ∗
𝑛−1

𝑘1 𝑘2

𝑇 ∗
𝑛

𝜒𝐵𝑛−1

The measure reduces from 𝜎𝑇 = 𝜔 𝜒𝐵𝑛−1 · (𝑘2 + 1)# . . . #(𝑘1 + 𝑘2 + 1 + . . .) to 𝜎𝑇 ′ = 𝜔 𝜒𝐵𝑛−1 ·
(𝑘2)# . . . #(𝑘1 + 𝑘2 + . . .)

This reduces the subproof magnitude 𝜇𝐵𝑛−1 by 1 without increasing any cut formula complex-
ities or the number of cuts. Hence, it reduces 𝜎𝑇 .

d) Reductions where the principal formula is a cut formula.

Case→:

𝑇 ∗
𝑖−1

𝑘1 + 1 𝑘2 + 𝑘3 + 1 . . .

𝑇 ∗
𝑖

𝑚𝑎𝑥{𝜒𝐴1 𝜒𝐴2 } + 1

is rewritten as

𝑇 ∗
𝑖−1

𝑘1 + 1 𝑘2

𝑇 ∗
𝑖

𝑚𝑎𝑥{𝜒𝐴1 𝜒𝐴2 } + 1
and

𝑇𝑎 𝑘1

𝑇 ∗
𝑖−1

𝑘3 . . .

𝑇 ∗
𝑖

𝜒𝐴2𝜒𝐴1
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The measure reduces from 𝜎𝑇 = 𝜔𝑚𝑎𝑥 {𝜒𝐴1 𝜒𝐴2 }+1 · (𝑘2+𝑘3+1+ . . .)# . . . #(𝑘1+1+𝑘2+𝑘3+1+ . . .)
to both𝜔𝑇𝑎 = 𝜔𝑚𝑎𝑥 {𝜒𝐴1 𝜒𝐴2 }+1 ·#(𝑘1+1+𝑘2+ . . .)# . . . and 𝜎𝑇𝑏 = 𝜎𝑇𝑎#𝜔 𝜒𝐴1 · (𝑘1+𝑘3+ . . .)#𝜔 𝜒𝐴2 ·
(𝑘3 + . . .)# . . . #(𝜇𝑇𝑎 + 𝑘1 + 𝑘2 + . . .)

In this case, the upper multicut𝑇𝑎 after the rewrite application has a list of cut free complexities
that is, at worst, identical to before the rewrite in both the number of cuts and their formula
complexities. It also decreases 𝜇𝐴1→𝐴2 by at least 1, and must contain only cut free subderiva-
tions of its premises, by assumption. Hence, 𝜎𝑇𝑎 ≤ 𝜎𝑇 − 1, so by the induction hypothesis, the
subproof of

⋃
𝑗∈𝑇 ∗

𝑖−1

Γ𝑗 ⇒ 𝐴1 can be transformed into a cut free proof Π∗, with the same conclu-

sion. Then, substituting Π∗ in for the subproof of
⋃

𝑗∈𝑇 ∗
𝑖−1

Γ𝑗 ⇒ 𝐴1, we obtain this multicut.

Π∗⋃
𝑗∈𝑇 ∗

𝑖−1

Γ𝑗 ⇒ 𝐴1 𝑇 ∗
𝑖−1

Π1
𝐵𝑖−2, 𝐴1, Γ𝑖−1,Δ𝑖−1 ⇒ 𝐴2

Π3
𝐴2, Γ𝑖 ,Δ𝑖 ⇒ 𝐵𝑖+1 . . .

(mcut)
Γ1, . . . , Γ𝑛,

⋃
𝑗∈𝑇 ∗

𝑖−1

Γ𝑗 ⇒ 𝐵𝑛

(ctr)
Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛

with hydra tree

|Π∗ | 𝑘1

𝑇 ∗
𝑖−1

𝑘3 . . .

𝑇 ∗
𝑖

𝜒𝐴2𝜒𝐴1

This reduces the measure to 𝜎𝑇𝑏 = 𝜔 𝜒𝐴1 · (𝑘1 + 𝑘3)#𝜔 𝜒𝐴2 · (𝑘3 + . . .)# . . . #(𝑘∗ + 𝑘1 + 𝑘3 + . . .),
with 𝑘∗ the number of rule applications in Π∗

It has only cut free subderivations of its premises, and the two cuts that are added are on
formulas of lower complexity than the cut formula they replace. The subproof magnitude
increase incurred by substituting in Π∗ can be at most finite, since our proofs are finite. Hence,
the increase to 𝜇𝐴1 can be at most finite. But the decrease in 𝜎𝑇𝑏 that results from the decreases
in cut formula complexity must be at least 𝜔 , since for each edge 𝑒 , 𝜒𝑒 ≥ 1, and hence its
contribution to the measure is at least 𝜔 . This outweighs the contribution from the increase
of 𝜇𝑇 ′ , which is at most finite. Therefore, 𝜎𝑇𝑏 < 𝜎𝑇 , this rewrite decreases the measure on the
mcut tree.

Case ∀:

𝑇 ∗
𝑖 :

𝑘1 + 1 𝑘2 + 1 . . .

𝑇 ∗
𝑖+1

𝑚𝑎𝑥{𝜒𝐵𝑖
+ 1 𝜔}
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5.1 Termination of the rewrites

is rewritten as 𝑇𝑎 :

𝑇 ∗
𝑖

𝑘1

and 𝑇𝑏 :
𝑘1 + 1

𝑇 ∗
𝑖

𝑘2

𝑇𝑎

. . .

𝑇 ∗
𝑖+1

𝜒𝐵 𝑖
(𝐶 )

𝑚𝑎𝑥{𝜒𝐵𝑖
+ 1 𝜔}

This reduces the ordinal from 𝜎𝑇 = 𝜔𝑚𝑎𝑥 {𝜒𝐵𝑖 +1 𝜔 } · (𝑘2 + 1+ . . .)# . . . #(𝑘1 + 1+𝑘2 + 1+ . . .), to
𝜎𝑇𝑎 = 𝜎𝑇 ∗

𝑖
#𝜔 𝜒𝐵𝑖−1,1 · (𝜇𝑖−1, |Δ𝑖 |+1)# . . . #𝜔

𝜒𝐵𝑖−1,|Δ𝑖 |+1 · (𝜇𝑖−1,1)#(𝑘1) with 𝐵𝑖−1,1, . . . , 𝐵𝑖−1, |Δ𝑖 |+1 listing
the members of Δ𝑖 ∪ {𝐵𝑖−1}, and 𝜎𝑏 = 𝜔𝑚𝑎𝑥 {𝜒𝐵𝑖 +1𝜔 } · (𝑘2 + . . .)#𝜔 𝜒𝐵𝑖 (𝐶 ) · (𝑘2 + . . .)# . . . #(𝑘1 +
1 + 𝑘2 + . . .)

After the rewrite, the upper multicut application 𝑇𝑎 has a list of cut free complexities that, re-
moves at least one cut from the multicut and keeps all other cut formula complexities the same.
It also decreases 𝜇𝑇 by at least 1, and by assumption, must contain only cut free subderivations
of its premises. Hence 𝜎𝑇𝑎 < 𝜎𝑇 . So we can continue the reduction process on the upper multi-
cut. If this terminates, then it transforms the subproof of

⋃
𝑗∈𝑇 ∗

𝑖

Γ𝑗 ⇒ 𝐵𝑖 (𝐶) into a cut free proof

Π∗, with the same conclusion. Then substituting in Π∗ for the sub proof of
⋃
𝑗∈𝑇 ∗

𝑖

Γ𝑗 ⇒ 𝐵𝑖 (𝐶),

we obtain this multicut.

𝑇 ∗
𝑖

Π′
1

Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1 ⇒ 𝐵𝑖 (𝐶)(mcut) ⋃
𝑗∈𝑇 ∗

𝑖

Γ𝑗 ⇒ 𝐵𝑖 (𝐶) 𝑇 ∗
𝑖

Π1
Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1 ⇒ 𝐵𝑖 (𝑝) (R∀)
Γ𝑖 ,Δ𝑖 , 𝐵𝑖−1 ⇒ ∀𝑝𝐵𝑖

Π2
Γ𝑖+1,Δ𝑖+1,∀𝑝𝐵𝑖 , 𝐵𝑖 (𝐶) ⇒ 𝐵𝑖+1 . . .

(mcut)
Γ1, . . . , Γ𝑛,

⋃
𝑗∈𝑇 ∗

𝑖

Γ𝑗 ⇒ 𝐵𝑛

(ctr)
Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛

Then the hydra tree becomes:

𝑘1 + 1

𝑇 ∗
𝑖

𝑘2

𝑘∗

. . .

𝑇 ∗
𝑖+1

𝜒𝐵𝑖
(𝐶 )

𝑚𝑎𝑥{𝜒𝐵𝑖
+ 1 𝜔}

This reduces the ordinal to 𝜎𝑇𝑏 = 𝜔𝑚𝑎𝑥 {𝜒𝐵𝑖 +1𝜔 } · (𝑘2+ . . .)#𝜔 𝜒𝐵𝑖 (𝐶 ) · (𝑘2+ . . .)# . . . #(𝑘∗+𝑘1+1+𝑘2+
. . .). For the edge 𝑒 with cut formula complexity identical to before the rewrite,𝑚𝑎𝑥{𝜒𝐵𝑖

+1𝜔},

53



5 Termination

𝜇𝑒 is reduced. In addition, the larger derivation size 𝑘∗ only occurs in the measure alongside a
reduced cut formula complexity 𝜒𝐵𝑖 (𝐶 ) . Hence, the measure is reduced in this case.

Then we proceed with the mcut rewrite process using this tree.

As before, in order to extend this to IPL2+, we add more cases corresponding to its connectives.
Again, this does not include ∃ since we previously established that we can rewrite it in IPL and
use the quantifier free substitution reductions on it.

a)

L⊥:

Cut formula is principal on both sides:

𝑇 ∗
𝑖

𝑘1 1 𝑘2 . . .

𝑇 ∗
𝑐

𝑇 ∗
𝑖+1

1 𝜒𝐵𝑖

is rewritten as

𝑇 ∗
𝑖

𝑘1 𝑘2 . . .

𝑇 ∗
𝑖+1 𝑇 ∗

𝑐

𝜒𝐵𝑖

Ordinal reduces from 𝜎𝑇 = 𝜔1 · (1 + 𝑘2 + . . .)#𝜔 𝜒𝐵1 · (𝑘2 + . . .)# . . . #(𝑘1 + 1 + 𝑘2) to 𝜎𝑇 ′ =

𝜔 𝜒𝐵𝑖 · (𝑘2 + . . .)# . . . #(𝑘1 + 𝑘2 + . . .) < 𝜎𝑇

This reduces the subproof magnitude 𝜇𝑇 by 1 without increasing any cut formula complexities.
The number of cuts in 𝑇 is also decreased. Hence, this reduces 𝜎𝑇 by 1.

Cut formula is principal only on the right:

This is a valid application of (L⊥). This eliminates the multicut completely, and thus the mea-
sure is reduced to 0.

c) Case L∧:

𝑇 ∗
𝑖−1

𝑘1 + 1 𝑘2 . . .

𝑇 ∗
𝑖

𝜒𝐵𝑖−1

is rewritten as

𝑇 ∗
𝑖−1

𝑘1 𝑘2 . . .

𝑇 ∗
𝑖

𝜒𝐵𝑖−1
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The measure reduces from 𝜎𝑇 = 𝜔𝑐ℎ𝑖𝐵𝑖−1 · (𝑘2 + . . .)# . . . #(𝑘1 + 1 + 𝑘2 + . . .) to 𝜎𝑇 ′ = 𝜔𝑐ℎ𝑖𝐵𝑖−1 ·
(𝑘2 + . . .)# . . . #(𝑘1 + 𝑘2 + . . .)

This reduces the subproof magnitude 𝜇𝑇 by 1 without increasing any cut formula complexities
or the number of cuts. Hence, it reduces 𝜎𝑇 by 1.

Case L∨:

𝑇 ∗
𝑖−1:

𝑘1 𝑘2 + 𝑘3 + 1 . . .

𝑇 ∗
𝑖

𝜒𝐵𝑖−1

is rewritten as 𝑇𝑎 :

𝑇 ∗
𝑖−1:

𝑘1 𝑘2 . . .

𝑇 ∗
𝑖

𝜒𝐵𝑖−1

and 𝑇𝑏 :
𝑇 ∗
𝑖 :

𝑘1 𝑘3 . . .

𝑇 ∗
𝑖+1

𝜒𝐵𝑖−1

The measure reduces from 𝜎𝑇 = 𝜔 𝜒𝐵𝑖−1 · (𝑘2 + 𝑘3 + 1 + . . .)# . . . #(𝑘1 + 𝑘2 + 𝑘3 + 1 + . . .) to both
𝜎𝑎 = 𝜔 𝜒𝐵𝑖−1 · (𝑘2 + . . .)# . . . #(𝑘1 + 𝑘2 + . . .) and 𝜎𝑏 = 𝜔 𝜒𝐵𝑖−1 · (𝑘3 + . . .)# . . . #(𝑘1 + 𝑘3 + . . .)

The rewritten proof has two mcuts. Neither of these increase any cut formula complexities,
and both contain at most the same number of cuts as before. Since neither of them contain all
of Π1,Π2 and Π3, each of their 𝜎𝑇𝑎 , 𝜎𝑇𝑏 must be strictly less than 𝜎𝑇 before the rewrite. After
this rewrite, we continue the procedure on the right side mcut, leaving the left side one for a
subsequent application of the cut elimination process. This works because the cut elimination
process starts with the highest cut, and because there are at most finitely many applications of
the rule L→. Note that both 𝑇𝑎,𝑇𝑏 contain as most as many cuts as 𝑇 , whose complexities are
at most the same as before.

Case R∧: Only applies to the root of the mcut tree. Otherwise, since the sequents are intuition-
istic, it falls under case d).

𝑇 ∗
𝑛−1:

𝑘1 𝑘2 + 𝑘3 + 1

𝑇 ∗
𝑛

𝜒𝐵𝑛−1
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is rewritten as 𝑇𝑎 :

𝑇 ∗
𝑛−1:

𝑘1 𝑘2

𝑇 ∗
𝑛

𝜒𝐵𝑛−1

and 𝑇𝑏 :

𝑇 ∗
𝑛−1:

𝑘1 𝑘3

𝑇 ∗
𝑛

𝜒𝐵𝑛−1

The measure reduces from 𝜎𝑇 = 𝜔 𝜒𝐵𝑛−1 · (𝑘2 + 𝑘3 + 1 + . . .)# . . . #(𝑘1 + 𝑘2 + 𝑘3 + 1 + . . .) to both
𝜎𝑎 = 𝜔 𝜒𝐵𝑛−1 · (𝑘2 + . . .)# . . . #(𝑘1 + 𝑘2 + . . .) and 𝜎𝑏 = 𝜔 𝜒𝐵𝑛−1 · (𝑘3 + . . .)# . . . #(𝑘1 + 𝑘3 + . . .)

This reduces the subproof magnitude 𝜇𝑇 by 1 without increasing any cut formula complexities
or the number of cuts. Hence, it reduces 𝜎𝑇 by 1.

Case R∨: Only applies to the root of the mcut tree. Otherwise, since the sequents are intuition-
istic, it falls under case d).

𝑇 ∗
𝑛−1

𝑘1 𝑘2 + 1

𝑇 ∗
𝑛

𝜒𝐵𝑛−1

is rewritten as

𝑇 ∗
𝑛−1

𝑘1 𝑘2

𝑇 ∗
𝑛

𝜒𝐵𝑛−1

The measure reduces from 𝜎𝑇 = 𝜔 𝜒𝐵𝑛−1 · (𝑘2 + 1)# . . . #(𝑘1 + 𝑘2 + 1 + . . .) to 𝜎𝑇 ′ = 𝜔 𝜒𝐵𝑛−1 ·
(𝑘2)# . . . #(𝑘1 + 𝑘2 + . . .)

This reduces the subproof magnitude 𝜇𝑇 by 1 without increasing any cut formula complexities
or the number of cuts. Hence, it reduces 𝜎𝑇 by 1.

d) Case ∨: Derivation is either

𝑇 ∗
𝑖

𝑘1 + 1 𝑘2 + 𝑘3 + 1 . . .

𝑇 ∗
𝑖+1

𝑚𝑎𝑥{𝜒𝐴1 𝜒𝐴2 } + 1

is rewritten as

𝑇 ∗
𝑖

𝑘1 𝑘 𝑗 . . .

𝑇 ∗
𝑖+1

𝜒𝐴𝑙

with ( 𝑗, 𝑙) ∈ {(1, 2), (2, 3)}.

The measure reduces from 𝜎𝑇 = 𝜔𝑚𝑎𝑥 {𝜒𝐴1 𝜒𝐴2 }+1 · (𝑘2+𝑘3+1+ . . .)# . . . #(𝑘1+1+𝑘2+𝑘3+1+ . . .)
to 𝜎𝑇 (𝜔 𝜒𝐴𝑙 · (𝑘 𝑗+...)# . . . #(𝑘1 + 𝑘 𝑗 + . . .)
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Both of these rewrites keep the number of cuts the same, with the only changed cut formula
complexity being a decrease. Hence, this rewrite decreases 𝜎𝑇 .

Case ∧:

𝑇 ∗
𝑖 :

𝑘1 + 𝑘2 + 1 𝑘3 . . .

𝑇 ∗
𝑖+1

𝑚𝑎𝑥{𝜒𝐴1 𝜒𝐴2 } + 1

is rewritten as 𝑇𝑎 :

𝑇 ∗
𝑖

𝑘1

and 𝑇𝑏 : 𝑘2

𝑇 ∗
𝑖

𝑘3

𝑇𝑎

. . .

𝑇 ∗
𝑖+1

𝜒 𝐴
1

𝜒𝐴2

The measure reduces from 𝜎𝑇 = 𝜔𝑚𝑎𝑥 {𝜒𝐴1 𝜒𝐴2 }+1 · (𝑘3+1+ . . .)# . . . #(𝑘1+𝑘2+1+𝑘3+1+ . . .) to
𝜎𝑇𝑎 = 𝜎𝑇 ∗

𝑖
#𝜔 𝜒𝐵𝑖−1,1 · (𝜇𝑖−1, |Δ𝑖 |+1)# . . . #𝜔

𝜒𝐵𝑖−1,|Δ𝑖 |+1 · (𝜇𝑖−1,1)#(𝑘1) with 𝐵𝑖−1,1, . . . , 𝐵𝑖−1, |Δ𝑖 |+1 listing
the members of Δ𝑖 ∪ {𝐵𝑖−1}, and 𝜎𝑏 = 𝜔 𝜒𝐴1 · (𝑘3 + . . .)#𝜔 𝜒𝐴2 · (𝑘3 + . . .)# . . . #(𝑘2 + 𝑘3 + . . .)

In this case, after the rewrite, the uppermulticut𝑇𝑎 application has a list of cut free complexities
that, at worst, removes one cut and keeps all other cut formula complexities the same. It also
decreases 𝜇𝑇 by at least 1, and must contain only cut free subderivations of its premises, by
assumption. Hence, 𝜎𝑇𝑎 < 𝜎𝑇 . So we can continue the reduction process on the upper multicut.
If this terminates, then it transforms the subproof of

⋃
𝑗∈𝑇 ∗

𝑖

Γ𝑗 ⇒ 𝐴1 into a cut free proof Π∗, with

the same conclusion. Then, substituting Π∗ in for the subproof of
⋃
𝑗∈𝑇 ∗

𝑖

Γ𝑗 ⇒ 𝐴1, we obtain this

multicut.

𝑇 ∗
𝑖

Π∗
(mcut) ⋃

𝑗∈𝑇 ∗
𝑖

Γ𝑗 ⇒ 𝐴1

Π2
Γ𝑖 , 𝐵𝑖−1 ⇒ 𝐴2

Π3
𝐴1, 𝐴2, Γ𝑖+1 ⇒ 𝐵𝑖+1 . . .

(mcut)
Γ1, . . . , Γ𝑛, Γ𝑖 ⇒ 𝐵𝑛 (ctr)
Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛
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𝑘2

𝑇 ∗
𝑖

𝑘3

|Π∗ |

. . .

𝑇 ∗
𝑖+1

𝜒 𝐴
1

𝜒𝐴2

The measure becomes 𝜔 𝜒𝐴1 · (𝑘3 + . . .)# . . . #𝜔 𝜒𝐴2 · (𝑘3 + . . .)# . . . #(𝑘2 + 𝑘3 + 𝑘∗ + . . .)

This multicut 𝑇 ′ replaces one cut in the original multicut with two cuts of a lower formula
complexity. The decrease in 𝜎𝑇 ′ that results from the decreases in cut formula complexity
must be at least 𝜔 , since for each edge 𝑒 , 𝜒𝑒 ≥ 1, and hence its contribution to the measure is
at least 𝜔 . This outweighs the contribution of the size blowup of Π∗ to 𝜇𝑇 ′ , which is at most
finite. Therefore, 𝜎𝑇 ′ < 𝜎𝑇 , this rewrite decreases the measure on the mcut tree.

Then, we continue the mcut rewrite process on this tree.

5.1.3 Failure of termination for the unrestricted case

The cut formula complexity measure does not work in case d) ∀ since in the unrestricted case
we can substitute in a formula of a greater complexity. This would result in an edge increasing
its cut formula complexity after the rewrite. Hence the previous measure would not decrease
after the rewrite. In fact, any measure of cut formula complexity can strictly increase after the
principal case d) ∀ of the rewrites. Without any restrictions on substitution, we are allowed to
substitute in the entire ∀ formula we started with as the substitution value 𝐶 . Therefore, we
cannot make use of cut formula complexity in the unrestricted IPL2 measure.

Definition 5.9 For 𝛼, 𝛽 ordinals and 𝑛 ∈ 𝜔 , define 𝛼𝑛 (𝛽) inductively by 𝛼0(𝛽) := 𝛼𝛽 and
𝛼𝑛+1(𝛽) := 𝛼𝛼𝑛 (𝛽 ) . ⌟

This corresponds to a tower of tetrations of the ordinal 𝛼 tetrated 𝑛 times on top of itself, with
an ordinal exponent 𝛽 at the top of this tower.

Definition 5.10 To a leaf 𝑙 of an mcut tree 𝑇 with subderivation height 𝑘𝑙 we assign the
ordinal measure 𝜔𝑘𝑙 (0). To a vertex 𝑣 of 𝑇 with subderivation height 𝑘𝑣 and edges directed
from it to the vertices 𝑤1, . . . ,𝑤𝑛𝑣

whose ordinals are 𝛽1 ≥ . . . ≥ 𝛽𝑛𝑣
in descending order, we

recursively assign the ordinal measure 𝛼𝑣 := 𝜔𝑘𝑣 (𝛽1# . . . #𝛽𝑛𝑣
). We define the unrestricted IPL2

measure 𝛼𝑇 of the mcut tree 𝑇 to be the 𝛼𝑇 := 𝛼𝑣𝑟 , the measure of the root 𝑣𝑟 of 𝑇 ⌟

a) Eliminate identities in the multicut.

Cut formula is principal on both sides:
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𝑇 ∗
𝑖

𝑘1 1 𝑘2 . . .

𝑇 ∗
𝑐

𝑇 ∗
𝑖+1

𝜒𝐵𝑖
𝜒𝐵𝑖

is rewritten as

𝑇 ∗
𝑖

𝑘1 𝑘2 . . .

𝑇 ∗
𝑖+1 𝑇 ∗

𝑐

𝜒𝐵𝑖

Let𝜏𝑖 , 𝜏𝑖+1, 𝜏𝑐 correspond to the natural sumof the subtrees in𝑇 ∗
𝑖 ,𝑇

∗
𝑖+1,𝑇

∗
𝑐 respectively. (. . . 𝜔𝑘2 (𝜏𝑖+1#𝜔1(𝜏𝑐#𝜔𝑘1 (𝜏𝑖# . . .))) . . .)

is rewritten as (. . . 𝜔𝑘2 (𝜏𝑖+1#𝜏𝑐#𝜔𝑘1 (𝜏𝑖# . . .)) . . .)

Cut formula is principal only on the right:

𝑇 ∗
𝑖

𝑘1 1 𝑘2 . . .

𝑇 ∗
𝑐

𝑇 ∗
𝑖+1

𝜒𝐵𝑖
𝜒𝐵𝑐

is rewritten as

𝑇 ∗
𝑖

𝑘1 𝑘2 . . .

𝑇 ∗
𝑖+1 𝑇 ∗

𝑐

𝜒𝐵𝑖

(. . . 𝜔𝑘2 (𝜏𝑖+1#𝜔1(𝜏𝑐#𝜔𝑘1 (𝜏𝑖# . . .))) . . .) is rewritten as (. . . 𝜔𝑘2 (𝜏𝑖+1#𝜏𝑐#𝜔𝑘1 (𝜏𝑖# . . .)) . . .)

c) Reductions where the principal formula is not a cut formula.

Case (L∀):

𝑇 ∗
𝑖

𝑘1 + 1 𝑘2 . . .

𝑇 ∗
𝑖+1

𝜒𝐵𝑖

is rewritten as
𝑇 ∗
𝑖

𝑘1 𝑘2 . . .

𝑇 ∗
𝑖+1

𝜒𝐵𝑖

(. . . 𝜔𝑘2 (𝜏𝑖+1#𝜔𝑘1+1(𝜏𝑖# . . .)) . . .) is rewritten as (. . . 𝜔𝑘2 (𝜏𝑖+1#𝜔𝑘1 (𝜏𝑖# . . .)) . . .)
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Case (L→):

𝑇 ∗
𝑖 :

𝑘1 + 𝑘2 + 1 𝑘3 . . .

𝑇 ∗
𝑖+1

𝜒𝐵𝑖

is rewritten as 𝑇𝑎 :

𝑇 ∗
𝑖

𝑘1

and 𝑇𝑏 :
𝑇 ∗
𝑖

𝑘2 𝑘3 . . .

𝑇 ∗
𝑖+1

𝜒𝐵𝑖

(. . . 𝜔𝑘3 (𝜏𝑖+1#𝜔𝑘1+𝑘2+1(𝜏𝑖# . . .)) . . .) is rewritten as 𝜔𝑘1 (𝜏𝑖) and (. . . 𝜔𝑘3 (𝜏𝑖+1#𝜔𝑘2 (𝜏𝑖# . . .)) . . .)

Case (R∀): Only applies to the root of the mcut tree. Otherwise, since the sequents are intu-
itionistic, it falls under case d).

𝑇 ∗
𝑛−1

𝑘1 𝑘2 + 1

𝑇 ∗
𝑛

𝜒𝐵𝑛−1

is rewritten as

𝑇 ∗
𝑛−1

𝑘1 𝑘2

𝑇 ∗
𝑛

𝜒𝐵𝑛−1

𝜔𝑘2+1(𝜏𝑛#𝜔𝑘1 (𝜏𝑛−1# . . .)) is rewritten as 𝜔𝑘2 (𝜏𝑛#𝜔𝑘1 (𝜏𝑛−1# . . .))

Case (R→): Only applies to the root of the mcut tree. Otherwise, since the sequents are intu-
itionistic, it falls under case d).

𝑇 ∗
𝑛−1

𝑘1 𝑘2 + 1

𝑇 ∗
𝑛

𝜒𝐵𝑛−1

is rewritten as

𝑇 ∗
𝑛−1

𝑘1 𝑘2

𝑇 ∗
𝑛

𝜒𝐵𝑛−1

𝜔𝑘2+1(𝜏𝑛#𝜔𝑘1 (𝜏𝑛−1# . . .)) is rewritten as 𝜔𝑘2 (𝜏𝑛#𝜔𝑘1 (𝜏𝑛−1# . . .))

d) Reductions where the principal formula is a cut formula.

Case →:
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5.1 Termination of the rewrites

𝑇 ∗
𝑖−1

𝑘1 + 1 𝑘2 + 𝑘3 + 1 . . .

𝑇 ∗
𝑖

𝑚𝑎𝑥{𝜒𝐴1 𝜒𝐴2 } + 1

is rewritten as

𝑇 ∗
𝑖−1

𝑘1 + 1 𝑘2

𝑇 ∗
𝑖

𝑚𝑎𝑥{𝜒𝐴1 𝜒𝐴2 } + 1
and

𝑇𝑎 𝑘1

𝑇 ∗
𝑖−1

𝑘3 . . .

𝑇 ∗
𝑖

𝜒𝐴2𝜒𝐴1

(. . . 𝜔𝑘2+𝑘3+1(𝜏𝑖#𝜔𝑘1+1(𝜏𝑖−1# . . .)) . . .) is rewritten as𝜏𝑎 = 𝜔𝑘1 (𝜏𝑖) and (. . . 𝜔𝑘3 (𝜏𝑖#𝜔𝑘1 (𝜏𝑖−1#𝜏𝑎# . . .)) . . .)

In this case, the upper multicut𝑇𝑎 after the rewrite application has a list of cut free complexities
that is, at worst, identical to before the rewrite in both the number of cuts and their formula
complexities. It also decreases 𝜇𝐴1→𝐴2 by at least 1, and must contain only cut free subderiva-
tions of its premises, by assumption. Hence, 𝜎𝑇𝑎 ≤ 𝜎𝑇 − 1, so by the induction hypothesis, the
subproof of

⋃
𝑗∈𝑇 ∗

𝑖−1

Γ𝑗 ⇒ 𝐴1 can be transformed into a cut free proof Π∗, with the same conclu-

sion. Then, substituting Π∗ in for the subproof of
⋃

𝑗∈𝑇 ∗
𝑖−1

Γ𝑗 ⇒ 𝐴1, we obtain this multicut.

Π∗⋃
𝑗∈𝑇 ∗

𝑖−1

Γ𝑗 ⇒ 𝐴1 𝑇 ∗
𝑖−1

Π1
𝐵𝑖−2, 𝐴1, Γ𝑖−1,Δ𝑖−1 ⇒ 𝐴2

Π3
𝐴2, Γ𝑖 ,Δ𝑖 ⇒ 𝐵𝑖+1 . . .

(mcut)
Γ1, . . . , Γ𝑛,

⋃
𝑗∈𝑇 ∗

𝑖−1

Γ𝑗 ⇒ 𝐵𝑛

(ctr)
Γ1, . . . , Γ𝑛 ⇒ 𝐵𝑛

with hydra tree

|Π∗ | 𝑘1

𝑇 ∗
𝑖−1

𝑘3 . . .

𝑇 ∗
𝑖

𝜒𝐴2𝜒𝐴1

This reduces the measure to (. . . 𝜔𝑘3 (𝜏𝑖#𝜔𝑘1 (𝜏𝑖−1#𝜏∗# . . .)) . . .)

It has only cut free subderivations of its premises, and the two cuts that are added are on
formulas of lower complexity than the cut formula they replace. The subproof magnitude
increase incurred by substituting in Π∗ can be at most finite, since our proofs are finite. Hence,
the increase to 𝜇𝐴1 can be at most finite. But the decrease in 𝜎𝑇𝑏 that results from the decreases
in cut formula complexity must be at least 𝜔 , since for each edge 𝑒 , 𝜒𝑒 ≥ 1, and hence its
contribution to the measure is at least 𝜔 . This outweighs the contribution from the increase
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5 Termination

of 𝜇𝑇 ′ , which is at most finite. Therefore, 𝜎𝑇𝑏 < 𝜎𝑇 , this rewrite decreases the measure on the
mcut tree.

Case ∀:

𝑇 ∗
𝑖 :

𝑘1 + 1 𝑘2 + 1 . . .

𝑇 ∗
𝑖+1

𝑚𝑎𝑥{𝜒𝐵𝑖
+ 1 𝜔}

is rewritten as 𝑇𝑎 :

𝑇 ∗
𝑖

𝑘1

and 𝑇𝑏 :
𝑘1 + 1

𝑇 ∗
𝑖

𝑘2

𝑇𝑎

. . .

𝑇 ∗
𝑖+1

𝜒𝐵𝑖
(𝐶 )

𝑚𝑎𝑥{𝜒𝐵𝑖
+ 1 𝜔}

(. . . 𝜔𝑘2+1(𝜏𝑖+1#𝜔𝑘1+1(𝜏𝑖# . . .)) . . .) is rewritten as𝜏𝑎 = 𝜔𝑘1 (𝜏𝑖) and𝜏𝑏 = (. . . 𝜔𝑘2 (𝜏𝑖−1#𝜏𝑎#𝜔𝑘1+1(𝜏𝑖−1# . . .)) . . .)

This case does not reduce the measure, since we cannot use cut formula complexity as part of
the measure (), and we have a strict increase in .

5.2 Relationship to cut elimination

Using the rewrite operations, we can formulate a reduction process for proofs Π in IPL2 con-
taining at least one cut rule. This is formulated as a repeated hydra game played on the hydra
trees.

Definition 5.11 Given a proof Π with cuts, and an appropriate measure on multicuts in Π,
define the cut elimination process for IPL2 via a hydra game as:

First, we select the furthest cut rule application from the root ofΠ (if it is not unique, choose the
rightmost one) and, since any cut rule application is also a valid mcut rule application, rename
it to an mcut. This means that all subproofs Π𝑖 are cut free. By height preserving admissibility
of weakening and contraction, we may also assume that all subproofs Π𝑖 are weakening free
and contraction free. Then, repeatedly apply valid rewrite operations from cases a), c) and d).
The cut merge case b) is not necessary here since all subproofs of premises of the multicut are
assumed to be cut free.

62



5.2 Relationship to cut elimination

Either one of cases a) and c) can be applied to some subderivation of a premise of the multicut,
or it cannot. If one of them can be applied, then there is at least one rule that allows us to
continue applying reduction rules.

If cases a) and c) cannot be applied to any subderivations, then we have 𝑛 + 1 subderivations
with a cut formula principal in the final rule application, and at most 𝑛 different cut formulas.
So, since we must hit a left rule on the right and a right rule on the left, by the pigeonhole
principle, the mcut must contain at least one pair of sequents for which the principal formulas
in their conclusions are the same, and are derived in one by a left rule and in the other by its
corresponding right rule. Such a pair can be internally reduced using case d), since the principal
formulas are the same but on opposite sides of their respective sequents, by the definition of
left and right rules. Therefore, even in this situation, the rewrite process will still progress.

Thus, we can repeat this process until the measure is reduced to 0. This will happen if and only
if every rewrite operation reduces the measure. When this happens, all the subderivations
going into the multicut rule application are empty i.e. the mcut rule becomes 0-ary. This
means the mcut rule application has no effect on the proof. It is redundant and therefore it can
be removed without any effect on the resulting proof. Therefore, we now remove it.

Then, repeat this process for the next highest cut or multicut rule application in the proof.
There are finitely many of those so this process must terminate. ⌟

Remark 5.12 As long as every rewrite operation reduces the measure on its hydra trees,
this process terminates. This is the case for both the almost quantifier free fragment and the
quantifier free substitution fragments of IPL2. This includes the cut formula principal cases d)
→,∀, and ∧, since after rewriting the upper multicut in these cases, the lower multicut has a
decreased measure when compared to the original pre-rewrite mcut. However it is not the case
for the full IPL2 calculus. ⌟

This allows us to apply the cut elimination process to these to obtain cut elimination results.
In addition, the upper bound on the ordinals used as the measures in these proofs constitute an
upper bound for the proof theoretic ordinals of each subsystem. Therefore, we have an upper
bound on the ordinals required to be representable in order to prove the consistency of these
subsystems, and hence which systems prove their consistency.

Theorem 5.13 If a proof Π of Γ ⇒ 𝜙 contains no quantifier rule applications to cut formulas,
then Γ ⇒ 𝜙 also has a cut free proof in IPL2. ⌟

Remark 5.14 Since we have generalised axioms, it is possible for a quantifier to be introduced
in a cut formula at a leaf, hence the statement in terms of quantifier rule applications. ⌟

Proof Since the rewrite operations all reduce the almost quantifier free measure, the cut elim-
ination process will terminate when applied to the almost quantifier free hydra trees. There-
fore, applying the cut elimination process to Π gives us a cut free proof Π′ of Γ ⇒ 𝜙 . ■
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5 Termination

Since the measure in this proof is bounded above by 𝜔𝜔 , we obtain from this proof an upper
bound for ordinal analysis of this system.

Corollary 5.15 The proof theoretic ordinal of the almost quantifier free fragment of IPL2
is bounded above by 𝜔𝜔 . ⌟

We now do the same thing for the quantifier free substitution fragment, using its measure.

Proof Since the rewrite operations all reduce the quantifier free substitution measure, the cut
elimination process will terminate when applied to the quantifier free substitution hydra trees.
Therefore, applying the cut elimination process to Π gives us a cut free proof Π′ of Γ ⇒ 𝜙 . ■

Since the measure in this proof is also bounded above by𝜔𝜔 we obtain from this proof an upper
bound for ordinal analysis of this system.

Corollary 5.16 The proof theoretic ordinal of the almost quantifier free fragment of IPL2
is bounded above by 𝜔𝜔 . ⌟
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6 Conclusion

In this thesis, we have defined a sequent calculus for IPL2, as well as two notable fragments of
IPL2 corresponding to the restrictions on this proof system. We then defined the multicut rule
for IPL2, equipped with an internal tree structure, and showed that it is a derivable rule in IPL2.
Then we added some additional information to this tree structure to make it into a variant of a
Büchholz hydra tree. After this, we assigned ordinal measures to these trees, and proved that
the measures for the two fragments are reduced by all of the non-redundant rewrite cases, but
not the measure for IPL2. Using these, we played a hydra game on these trees using the rewrite
operations as moves, and using the previously mentioned result, proved that if all the rewrites
reduce the measure, then it must terminate no matter what strategy the player employs. This
hydra game termination result, when applied repeatedly, leads naturally to cut elimination for
the two fragments to which it applies. The methods for these proofs used ordinal measures
bounded above by 𝜔𝜔 . Hence, as an immediate corollary, we deduced that 𝜔𝜔 is an upper
bound for ordinal analysis of the two fragments of IPL2 in question.

The method we have used is an extremely natural adaptation of the basic method used for
proofs of cut elimination on Gentzen style calculi. It also serves to make the upper bound for
ordinal analysis that is usually contained in such proofs more explicit.

6.1 Further Work

We still have not proved soundness and completeness for this sequent calculus. Such results
would help to motivate our work and the sequent calculus defined in this thesis.

Beyond this thesis, we could continue investigating the proof theory of IPL2. We could adopt a
different proof system with 𝜔-rules for IPL2. The more explicit nature of these rules (no need
to guess the substitution) might lead to nicer proof theoretic properties. By applying a similar
hydra game cut elimination process as we did here, we might obtain a better ordinal upper
bound than 𝜔𝜔 .

We could also try to apply our cut elimination method to non-well-founded proofs. There is
a precedent ([FS13]) for the use of multicuts to achieve cut elimination for non well founded
systems, and it is possible to define non well founded calculi for IPL2, using 𝜔-rules, as well as
many other subsystems of 2nd order arithmetic. The usual cut elimination method for these,
Schütte’s deduction chains ([Sch68]), contains structures that strongly resemble a non-well-
founded proof. However, there is currently no general throughline when applying these meth-
ods to different logics. Thus, it might be fruitful to apply the techniques we have developed
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6 Conclusion

here in a non well founded context where parts of them have already been used in order to
provide a general framework within the theory of non-well-founded proofs for the method of
deduction chains.

Our hydra game argument is a natural adaptation of conventional arguments for cut elimina-
tion. Therefore, we might expect to be able to apply it in a greater range of contexts beyond
IPL2. Perhaps if we use more advanced techniques to invoke ordinals bveyond 𝜀0 as a part of
the measure to be reduced, possibly involving the use of Büchholz’s 𝜓 . These could be larger
fragments of IPL2, such as Π1

1 substitution, or other, unrelated logics.

We could also try to extend the existing work on hydra games for cut elimination from [HO98]
and [HO97] to include multicuts as a structure. Playing hydra games in their style but on a
different structure might lead to fruitful new applications to some logics which have so far
eluded cut elimination. More specifically, their work dealt with (Π1

1-CA)+BI, a subsystem of
2nd order arithmetic which restricts the comprehension schema to Π1

1 formulas. It might be
possible to use their techniques to extend our results to the Π1

1 substitution fragment of IPL2.
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