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Figure 1: Size distortions using qESLS

N Notes: The figure presents the actual size of one-sided nominal-sized five percent tests of
the null hypothesis of 8, = 0 against a positive alternative. That is, the graphs indicate the
average rejection rates, for the corresponding tests, under the null hypothesis of no return
predictability. The dashed (solid) line is the dividend-growth (ML-) based test using the
OLS estimate &sfgt“ as the value for the AR parameter. The dashed (solid) line with circles
represents the rejection rates for the conservative dividend-growth (ML-) based test using
oMa® = 0,995 as the value for the AR parameter. The ML-based tests use standard normal
critical values (i.e., reject for test statistics greater than 1.65). The results are based on the
Monte Carlo simulation described in the main text with 10,000 repetitions.
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Figure 2: Empirical p-values as a function of ¢
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Notes: The graph shows the p-values of tests of return predictability. The p-values are
plotted as functions of the value specified for the upper bound, ¢*%* on the AR parameter.
The solid line represents the ML-based test (using critical values from the standard normal
distribution), and the dashed line represents the simulation-based test using 8,. Both tests

specify that the value for the autoregressive parameter is set to the corresponding value for
¢J\! ar.
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Appendix

A Properties of the OLS estimators

For ease of notation, define z; = d; — p;, and let X _; denote the vector of stacked lagged
observations for z;. Similarly, denote r as the vector of observations on returns, and let
€, €l and €%, denote the stacked innovations. We treat the model without intercepts,
but the results generalize immediately to regressions with fitted intercepts by replacing
all variables by their demeaned versions.

The OLS estimator of 3 = (3., 84, ¢)" is now equal to

/3T,LS Xe

R R -1

BLS = ﬁd,LS = ﬂ + (Xilel) X/,1€d . (19)
(}LS Xiﬁdp

Using B, = Ba + (1 — p¢) and ¢ = €? — pe?,

Brrs = B+ (X',qu)_lX',ler
= (Bt (X)X o (1 (0 (XX X))

= Bd,LS + (1 - péLS) . (20)

Further, letting Mx , =1 —X_, (XLIX_l)_l X', and using standard results, the fitted
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residuals satisfy,

r—= X—lﬂr,LS

= ]\{Xi16r

[a)
M1l

= Mx_, (ed - ped”)

= & per. (21)

In order to motivate the formulation of the standard t-statistics below, suppose that
¢ < 1 and that ¢, is an iid or martingale difference sequence.'® Under classical asymptotic

results, it follows straightforwardly that as the sample size T — oo,
VT (Bus = 8) 5 N(O, (Var (s7.,)) ' £) = N (0,9), (22)

where ¥ is given in (3), and Var (z7_,) = 742 For ¢ close to one, the asymptotic dis-

tribution result stated in (22) does not hold up well in finite samples. However, our main
purpose for stating this result is to motivate the standard ¢-statistics considered below,
and show that their standard formulation leads to an equivalence between the return
based and the dividend-growth based tests, analogous to that for the actual coefficients
seen in equation (20) above.

Let ¢ = (é’",éd7€dp) be the matrix of fitted residuals. A standard estimator of the

asymptotic covariance matrix in (22) is given by

Al A Al A Al A

€60 €.60  €.€4p 1
. 1 1 ! K.
Q:(Té’é) (TXI_lX*) = | &eq ea eay doaty) . (23)
t=2

Al A Al A
€.€dp €4€dp Edpedp

13The stationarity condition (¢ < 1) is by no means necessary for our main analysis, but it enables us
to frame the main properties of the OLS estimator of equations (E1)-(E3) in terms of classical asymptotic
results for stationary models.
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where the first diagonal element of € corresponds to the asymptotic variance of BT. The

standard t-statistic for testing the null hypothesis of 8, = 0 is thus given by,

t’@' _ /Br,LS _ /Br,LS 7 (24)

T \/ L(ere) (X, X)) \/ L (el 4 pretvede _opededny (X1 X )7

where the last equality follows from the result in (21). To formulate the dividend-growth
based t-statistic of the null of no return predictability, let ¢ = (0,1, —p). The t-statistic

is then given by

Bd,LS + (1 - PQ%LS)
toat1-pp . ; =
VA (@ (@) e) (X0, X0)
/@7’,[/5
\/% (gd/gd + ety _ 2p€dl€dp) (X’,lX_1)71

_— (25)

The standard t-statistics, t5, and tg,41-,¢, are thus numerically identical, provided the

restrictions in (R1) and (R2) hold.

B The simulation-based test parametrized with ¢

Before analyzing the simulation-based test, recall first the “conservative” ML estimator
in equation (18),

B’I‘,]\/[L (¢Maz) = Br,LS + %z (¢Maz — ‘%LS) . (26)

In a conservative test, the value of Br, ML ((bM “”) is evaluated against the critical value
that would apply if the AR parameter in the data was indeed equal to #™**. Provided
the true value of the AR parameter in the data is less than or equal to %, and o3 < 0,
the resulting estimator will be downward biased, and tests based on this estimator will

be conservative against a positive alternative.
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Consider now the simulation-based test, where the simulated model is parametrized

Z sim

with an AR parameter ¢ Let 8, (¢™") be the ML estimator of £, in the

, ~ Dat
simulations, and let b25# (¢Me*) = 3, iz (M%) be the conservative ML estimate of 3,

in the actual data. In the simulated data [)’:j\l;z (ng“) is the “correct” ML estimator,
since the simulated model has an AR parameter equal to ¢™%*, whereas in the original
data the estimator is conservative (provided the true AR parameter is less than or equal

to ™). In order to show that the simulation-based dividend-growth test is similar to

the conservative ML test in this case, we need to show that

Pr (B = bRe) ~ Pr (B0, (6M) = bPats (61%7) ) (27)

That is, Pr (Bisﬂz ((bM“z) > bf’]‘f}‘i (¢M “)) compares the conservative ML estimate from

the data, bf,‘\‘}‘z (QSM‘”), to the distribution of the ML estimator in a setting where ¢*?®
is indeed the true value for the AR parameter.

For p &~ —013/033, the ML estimator of /3, in the simulations can be written as

~1,81m y ~4,80m 013 ~4,8im ~1,81m ~,81m
Bt (¢Maz) =085 +— oas (‘ZSMM brs ) ~B.rs — P (‘z’Maz brs ) . (28)

~D D
As in Section 2.3, let b2 = 3, Zt; and pPete = de?. By restriction (R1),

ata ata ~Data ata ,51m ~ Data ~4,51m
by :ert_(l_quLS):ert_(l_p(bLS )+ﬂ(¢LS — ¢rs )7 (29)
and [J’ldézr; = ﬁisggl - (1 — p(bZL:m). The conservative ML estimator in the actual data,

using p & —o3/033, can be written as

~ Data

b2 (617) m bt — p (Mo = 98" ). (30)

14 This formulation is without loss of generality, as the actual derivations make no use of the assumption
that ¢M** is indeed larger than the true value for the AR parameter in the data.
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It follows that

~1,51m

Pr /jd TS > bData)
~1,81m ~7,81m ~ Data ~1,81m
- (1 — PPrs ) > bpam - (1 — PPrs ) +p <¢LS — s ))

9,891

= Pr r,LS

/\Z sim

AZ sim

= Pr

AZSZ’!YL

~ Pr(p, ML

rLSi

(
(»
= e (B 2 e (05 )
(?
(7

<¢Maz %Z’") > pPata _ <¢Max (}fgt“»

Maw > bPJI\l}% (¢Maz)) ' (31)

C Variance of the estimators

Using the joint convergence for BLS = (Br,LSde,LS%%LS) in equation (22), along with

the shape of ¥ given in (3), the asymptotic variance of the ML estimator of f, can be

expressed as follows,

Var (BT,]\/[L)

2, Var (<Z5L5> - 2%?001} (BMS’ %s)

(
(Buss) +3
Var (Buus) + T2 72Var (B,45) - 22225 Var (3,,)
(5:05)
(5:15)

033011

D Implementation of Monte Carlo simulations

In order to implement Cochrane’s procedure in a repeated Monte Carlo simulation, a

“two-layered” simulation is implemented. For a given set of true parameter values, the

procedure can most easily be summarized by the below steps. For a simulation with
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10,000 repetitions, steps 1-4 are repeated 10,000 times.

1. Simulate a single sample of size T' = 78 of the system in equations (E1)-(E3), under

restrictions (R1) and (R2).

2. From the simulated sample, obtain OLS estimates of all regression coefficients, as
well as estimates of all parameters in the covariance matrix ¥. Denote the OLS

. Asim  astm ~ sim .
estimates of 3, B4, and ¢ as 3, ;¢, 8415, and ¢ g , respectively.

3. Parametrize the same system as in step (1), imposing the null of no return pre-
dictability and replacing all other parameters of the model with the empirical esti-
mates from step (2). That is, in this parametrization, 5, =0, f; = — (1 — p(}sLZ;n),
and all other parameters are set equal to the empirical estimates obtained in step
(2). Simulate 50,000 sample paths of size T = 78 from this empirically parametrized
system that imposes the null of no return predictability. For each of the simulated

samples, obtain OLS estimates of 3, and .

4. Based on the resulting empirical distributions of the OLS estimators in step (3),
calculate the p-values for the coefficient estimates B:lzls and B:ZZLS, obtained from
the initial simulated sample in steps (1) and (2). Classify as rejection/non-rejection

depending on whether the respective p-value is less or greater than 0.05.

The above steps refer to the implementation of Cochrane’s procedure where the
parametrization in step (3) uses the OLS estimate of ¢ obtained in step (2). Alter-
native implementations differ only in their treatment of ¢ in step (3). Specifically, we also
consider a conservative test where ¢ is set equal ¢™** = 0.995. Thus, in this alternative
implementation, the value of ¢ used to parametrize the simulated system in step (3) is set
to o™ and the value of 34 is adjusted accordingly to ensure that the null of no return

predictability is imposed (i.e., f3 = — (1 — png‘“”)).
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