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Abstract

We study counting functions of field extensions of the rational function
field Fq(T ). Moreover, we study the distribution of the low-lying zeros
of certain L-functions associated to these extensions.

Our first results concern S3-cubic extensions of Fq(T ), ordered by dis-
criminant, with q coprime to 2 and 3. We derive an asymptotic for-
mula, with an error term of order ≪ϵ X2/3+ϵ, matching the current
best result over number fields due to Bhargava, Taniguchi and Thorne.
We also obtain an asymptotic formula for a refined counting function
where one specifies the splitting type of finitely many primes. In ad-
dition to obtaining an upper bound for the error term, we also obtain
a lower bound by studying the one-level density of certain Artin L-
functions associated with these fields. This generalises conditional
results over Q obtained by Cho, Fiorilli, Lee and Södergren.

Next, we study a certain family of Artin L-functions associated with
D4-quartic extensions of Fq(T ). We prove for large q coprime to 2

that, when ordered by conductor, at least 77% of these L-functions are
non-vanishing at the central point s = 1/2, improving results over Q
by Durlanık. We also obtain an asymptotic formula for the counting
function of these fields with a power-saving error term, generalising
results due to Friedrichsen.

Keywords: field discriminant, conductor, function field, low-lying
zeros, one-level density, prime splitting, cubic field, D4-quartic field
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Chapter 1

Introduction

1.1 A classical counting problem

Arithmetic statistics is the study of distributional properties of arith-
metic objects. If these objects have a notion of size, then possibly the
most basic distributional property that one can study is the number
of objects of size bounded by x, as x grows large. Before introducing
more intricate objects in Chapters 2 and 3, we begin by considering
one of the simplest arithmetic objects of interest, namely the set of
integers Z. Studying the number of integers of bounded size is essen-
tially trivial. Indeed, restricting to positive integers for simplicity, we
may estimate for 0 < x ∈ R, that

#{n ∈ Z+ : n ≤ x} = x+ f(x), (1.1)

where |f(x)| < 1 for all x.

More interesting questions may be asked about the integers if one
considers additional algebraic structure. Specifically, Z is naturally
endowed with an addition + and a multiplication ·. By multiplying
nonzero integers with each other, one obtains a new integer of larger
(or possibly equal) size. Similarly, one may divide an integer with
one of its divisors and obtain a smaller integer. If one is not allowed

1



2 Chapter 1. Introduction

to divide an integer by itself, or 1, then assuming that one starts at
an integer larger than 2, this process terminates at a prime. Here, a
prime number is a positive integer that has precisely 2 positive divi-
sors. Examples of prime numbers are 2, 11, and 23. The Fundamental
Theorem of Arithmetic sheds light on the multiplicative structure of
the integers and asserts that every positive integer can be written
uniquely as a product of powers of distinct primes, up to ordering.

Having realised that primes are an important class of integers, one may
ask how many primes there are. Let us define the counting function

π(x) = #{p ≤ x : p is prime}.

The following theorem concerning the growth of π(x) is essentially due
to Euclid, and was proven more than 2000 years ago.

Theorem 1.1.1 (Euclid). There are an infinite number of primes,
i.e. π(x) → ∞ as x → ∞.

The question of obtaining more precise asymptotics for the function
π(x) was partially resolved in the 19th century. Chebyshev [5] proved
that up to constants, π(x) grows like x/ log x. More precisely, he
proved the following theorem.

Theorem 1.1.2. There are positive constants C1 and C2 such that

C1 ≤ lim inf
x→∞

π(x)

x/ log x
≤ lim sup

x→∞

π(x)

x/ log x
≤ C2.

At the end of the 19th century, Hadamard [16] and de la Vallée Poussin
[10] independently proved that one may in fact take C1 = C2 = 1 in
the above theorem, establishing what is known as the Prime Number
Theorem. Compared to x/ log x, a better estimate for π(x) is the
logarithmic integral

Li(x) =

∫ x

2

1

log u
du.

In fact, de la Vallée Poussin [11] later proved a sharper version of the
Prime Number Theorem, which includes an upper bound for the error
term when one approximates π(x) with Li(x).
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Theorem 1.1.3 (The Prime Number Theorem). There is a constant
c > 0 so that

π(x) = Li(x) +O
(
xe−c

√
log x
)
.

1.2 The Riemann zeta function

The size of the error term in the Prime Number Theorem is intimately
connected with the non-trivial zeros of the Riemann zeta function ζ(s),
studied by Riemann in his celebrated memoir [25]. Specifically, define

ζ(s) =
∞∑
n=1

1

ns
,

for a complex variable s. This series is absolutely convergent when
ℜ(s) > 0. However, one may meromorphically continue ζ(s) to a
function with a single simple pole, at s = 1. Using the fundamen-
tal theorem of arithmetic, we may write the sum defining ζ(s) as an
infinite so-called Euler product over primes p:

ζ(s) =
∏
p

(
1− p−s

)−1
.

In particular, this implies that ζ(s) is nonzero for ℜ(s) > 1. We remark
that de la Vallée Poussin proves Theorem 1.1.3 by establishing a zero-
free region of ζ(s), showing that the Riemann zeta function is non-zero
in a region (which is shrinking in the vertical direction) extending to
the left of the line ℜ(s) = 1.

The Riemann zeta function obeys a functional equation, relating val-
ues at s to values at 1− s. To state this more precisely, we require the
gamma function Γ(s), defined by

Γ(s) =

∫ ∞

0

us−1e−udu,

for ℜ(s) > 1, and analytically continued through the relation
Γ(s+ 1) = sΓ(s). Then, if we let

ξ(s) =
1

2
s(s− 1)π−s/2Γ

(s
2

)
ζ(s),
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we have the functional equation

ξ(s) = ξ(1− s).

From this relation, one sees that ζ(s) has so-called trivial zeros at
every negative even integer, coming from poles of the gamma function.
Moreover, one realises that the non-existence of zeros with ℜ(s) > 1

implies the non-existence of non-trivial zeros with ℜ(s) < 0. In fact,
one can prove that there are no zeros on the lines ℜ(s) = 1 and
ℜ(s) = 0, which is essentially equivalent to the version of the Prime
Number Theorem without error term.

The vertical strip {s ∈ C : 0 < ℜ(s) < 1} is known as the critical strip,
and it is here that all the non-trivial zeros of ζ(s) lie. The celebrated
Riemann Hypothesis, stated by Riemann in his memoir, asserts that
all non-trivial zeros lie on the so-called critical line.

Conjecture 1.2.1 (The Riemann Hypothesis). All non-trivial zeros
of ζ(s) lie on the line {s ∈ C : ℜ(s) = 1/2}.

A proof of this conjecture has eluded number theorists for more than
150 years. Assuming its validity, the error term in Theorem 1.1.3 could
be improved to x1/2 log x, a result due to von Koch [33].

In this thesis, we study certain L-functions, which are generalisations
of the Riemann zeta function, associated with analogues of Z in more
algebraic settings. In particular, we will be interested in their so-called
low-lying zeros, which are zeros with a small imaginary part. The next
two chapters are dedicated to first introducing the arithmetic objects,
known as function fields, that these L-functions are associated with,
and second providing an introduction to the theory of L-functions in
general, and their low-lying zeros in particular.



Chapter 2

Function fields

We now provide the setup required to define and understand the func-
tion fields that we are interested in. The material in this chapter is
standard and mostly taken from [22], [24], [26], and [32].

2.1 The rational function field

Let q be a power of a prime. Recall that there is a unique finite field, up
to isomorphism, of order q, denoted Fq. Moreover, its multiplicative
group F∗

q of nonzero elements is cyclic of order q − 1. The rational
function field is the field Fq(T ), consisting of quotients of polynomials
over Fq in the indeterminate T . This field will serve as an analogue of
the rational numbers Q.

Having found an analogue of Q, one is left with the question of finding
a suitable subring of Fq(T ) that could serve as an analogue of Z. In a
certain sense, there is no canonical choice of such a ring, as we shall see
later in Section 2.3.1. However, a non-canonical, but common choice
is the ring R := Fq[T ], consisting of the polynomials in T over Fq.
Irreducible polynomials in this ring then provide a natural analogue
for primes in Z.

The size of a polynomial can be defined through its degree, giving rise

5



6 Chapter 2. Function fields

to an absolute value

|f | = qdeg(f).

When we study integers, we often restrict to positive integers for con-
venience. This means that we essentially consider Z∗ up to multipli-
cation with a unit belonging to the set {1,−1}. The group of units
in Fq[T ] is F∗

q, so that an analogue of restricting to positive integers is
restricting to monic polynomials. We denote the set of all monic poly-
nomials by M , and then, similarly to how we estimated the number
of integers of bounded size, we may estimate

#{f ∈ M : |f | = qd} = qd,

for integers d ≥ 0. Note that compared to (1.1), we have an equal-
ity instead of an inequality in the definition of our counting function.
This is common practice when studying counting problems over func-
tion fields, and produces results that more closely resemble analogous
results over Q.

Similar to counting problems over Q, one may study counting prob-
lems over Fq(T ) using L-functions. One of the main advantages of
working with function fields is that the L-functions often have a par-
ticularly simple form. We shall return to this subject in the next
chapter when we study L-functions in more detail.

The ring Fq[T ] is quite similar to Z, and in Paper I, our approach is
based on the idea that Fq[T ] is a natural analogue of Z. There are,
however, some arithmetic differences between the two rings. One such
difference is the fact that, compared to Z, Fq[T ] does not contain every
so-called finite prime. In Paper II, we take a more global approach,
not requiring us to distinguish any particular subring of Fq(T ). We
will return to this discussion in Section 2.3.1, where we define the
notion of a prime, as well as that of a finite prime.
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2.2 Fields and their extensions

To study function fields other than Fq(T ), we require notions from
more abstract field theory. We begin with the concept of a field ex-
tension.

Let K be a field. Then, a field extension of K is another field L

such that L contains K as a subfield. We sometimes write L/K to
specify that L is a field extension of K. The extension L/K is called
algebraic if every element of L satisfies a polynomial equation with
coefficients in K. These are the only types of extensions that we
shall concern ourselves with in this thesis. Given an element x in an
algebraic extension L of K, we may consider the set of polynomials
f ∈ K[X] such that f(x) = 0 and one sees that there is a unique such
monic polynomial of minimal degree. This polynomial is known as the
minimal polynomial of x over K.

The extension L/K is called finite if L is of finite dimension, when
viewed as a vector space over K, and we write [L : K] for this di-
mension. One realises by taking powers of generating elements that
an extension being finite immediately implies algebraicity. In fact, a
finite extension can be characterised as an extension generated by a fi-
nite number of algebraic elements, as a K-algebra. Another important
notion is separability. We say that an element x in L/K is separable
if its minimal polynomial over K does not have multiple roots, in any
extension of K. The extension L/K is separable if every element of L
is separable over K.

From the definition, one sees that x ∈ L is algebraic over K if and only
if K(x), the smallest field extension of K containing x, is finite over
K. In particular, this implies that the property of being an algebraic
extension is transitive. Given a field K, there is a maximal algebraic
extension K of K, which admits no nontrivial algebraic extensions.
The field K is called the algebraic closure of K, and it is unique up
to isomorphism.

We will be interested in maps between field extensions. In particular,
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we define the group of K-automorphisms of L by

Aut(L/K) = {σ : L → L : σ|K = idK , σ is a field automorphism}.

One can show that every σ ∈ Aut(L/K) can be extended to an au-
tomorphism in Aut(K/K). Similarly, by restriction, every τ : K →
K, fixing K, restricts to a map σ : L → K. An important prop-
erty of elements in Aut(K/K) is that they permute the roots of
polynomials with coefficients in K, which follows from the relation
σ(f(x)) = f(σ(x)). We say that L/K is normal if the restriction of
every σ ∈ Aut(K/K) satisfies σ(L) = L. This is equivalent to requir-
ing that the minimal polynomial over K of every element in L splits
completely in L.

A special class of extensions which are particularly important are Ga-
lois extensions. An extension L/K is Galois if it is finite, separable and
normal. A few equivalent characterisations are given in the following
theorem [22, Theorem 3.10].

Theorem 2.2.1. For an extension L/K, the following are equivalent.

1. L is the splitting field of a polynomial f ∈ K[X], i.e. L =

K(x1, ..., xn), where the xi are the roots of f .

2. L is finite over K, and K = LAut(L/K) := {x ∈ L : σ(x) =

x, for every σ ∈ Aut(L/K)}.

3. L is a Galois extension of K.

When L/K is Galois, we write Gal(L/K) for Aut(L/K), and call this
group the Galois group of L/K.

The main theorem on Galois extensions is the Fundamental Theorem
of Galois Theory, see [22, Theorem 3.17].

Theorem 2.2.2. Let L/K be Galois. Then, the map H 7→ LH :=

{x ∈ L : σ(x) = x, for every σ ∈ H} is a bijection between the
collection of subgroups of Gal(L/K) and fields E such that K ⊆ E ⊆
L. Its inverse is E 7→ Gal(L/E). Moreover,

1. G ⊇ H =⇒ LG ⊆ LH ,
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2. (G : H) = [LH : LG],

3. H is normal in Gal(L/K) ⇐⇒ LH is normal, and thus Galois,
over K.

In Paper II, this theorem is used to construct the subfield lattice of
the Galois closure of a D4-quartic field from the subgroup lattice of
D4.

2.3 The arithmetic of function fields

We now describe the arithmetic of global fields, with a focus towards
function fields. A global field is simply a finite extension of Q, i.e. a
number field, or a finite extension of Fq(T ), i.e. a function field.

2.3.1 Primes

We begin by defining the notion of a prime. To motivate the definition,
we first consider the situation over Z.

Let p ∈ Z be a prime. Then, given any integer n, we define the
valuation function νp by letting νp(n) denote the largest exponent
e such that pe | n, and we let νp(0) = ∞. As p is prime, νp(nm) =

νp(n)+νp(m) for any integers n,m. Furthermore, we have the inequal-
ity νp(n + m) ≥ min{νp(n), νp(m)}. We may define a corresponding
absolute value, |·|p, the p-adic absolute value, by |n|p = 2−νp(n). In
fact, we can extend to all of Q multiplicatively. The choice of the base
2 in the definition of |·|p is rather arbitrary, any number larger than
1 works, and p itself is a common choice. We say that two absolute
values |·| and |·|′ are equivalent if |·| =

(
|·|′
)c, for some c > 0.

We see that we may associate an equivalence class of absolute values
to each prime. These absolute values are known as non-archimedean
as they satisfy the inequality |x+y| ≤ max{|x|, |y|}, which is a sharp-
ening of the usual triangle inequality. Now, on Q, we also have the
usual absolute value. This absolute value is called archimedean, as
it is not non-archimedean, and its corresponding valuation is − log
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composed with the usual absolute value. As we can associate abso-
lute values to primes, one might be led to think that we can associate
primes to absolute values. However, there is no prime number in Z
associated with the usual absolute value |·|. Instead, we call this an
infinite prime, or an infinite place.

In general, a valuation ν : K∗ → R, on a field K, is a function
satisfying

1. ν(xy) = ν(x) + ν(y), for all x, y ∈ K∗,

2. ν(x+ y) ≥ Cmin{ν(x), ν(y)}, for some C ≥ 1.

We also let v(0) = ∞. After scaling, one sees that it suffices to con-
sider the cases C = 1 and C = 2, say. As above, from a valuation ν, we
obtain an absolute value 2−ν . A famous theorem of Ostrowski asserts
that on Q, the only valuations are either − log|x| with |·| the usual
absolute value, or νp for some prime p, up to equivalence of the corre-
sponding absolute values. The valuation is called non-archimedean if
the above holds with C = 1.

When K is a global field, we define a prime in K to be a nontrivial
valuation ν, satisfying the above. We have the following result for the
primes in Fq(T ) [32, Theorem 1.3.2].

Theorem 2.3.1. The primes in Fq(T ) are of the form νP , for irre-
ducible polynomials P in Fq[T ], together with the valuation v∞, defined
by v∞(f/g) = deg(g)− deg(f).

Remark. All of these valuations are non-archimedean. In particular,
Fq(T ) does not admit an infinite prime. Moreover, these are all discrete
valuations, meaning that they are non-archimedean, and that their
image is Z.

Remark. The finite prime v∞ is often called the prime at infinity.
The associated prime ideal is denoted P∞.

To a discrete valuation ν, we may associate its discrete valuation ring
Oν = {x ∈ K : ν(x) ≥ 0}. This is a local ring with a unique prime
ideal {x ∈ K : ν(x) ≥ 1}. We sometimes call this prime ideal a prime
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of K. Given a finite set S of valuations, we may define OS = {x ∈ K :

ν(x) ≥ 0 for all ν /∈ S}. One checks for K = Fq(T ) that if S = v∞,
then OS = Fq[T ], however O∅ = Fq, and it is in this sense, that Fq(T )

does not have a suitable subring containing all finite primes.

Finally, given a prime P in a field K, we may form the completion
of K with respect to the corresponding absolute value |·|P . We then
obtain a complete field, containing as a subring the completion of
OP . Moreover, if S = {νP}, then OS forms a "lattice" (albeit OS

is not discrete). In particular, when K = Fq(T ), and S = {ν∞},
then one may study the inclusion OS = Fq[T ] ⊆ K∞, where K∞ is
the completion of K at ν∞. We apply this perspective in Paper I to
study Fq[T ]-integral points of a certain lattice using analytic methods,
analogous to working over R when counting integral points in a Z-
lattice.

2.3.2 Primes and extensions

We now study how primes behave under extensions. Let L/K be
a finite, separable extension of function fields. Every prime ν on L

clearly restricts to a prime on K, and we say that ν lies over ν|K .
Denoting the ideal that ν corresponds to by P, and the ideal that ν|K
corresponds to by P , we write P | P .

In the other direction, it turns out that given a prime ν in K, it admits
a factorisation

νP = e1νP1|K + ...+ erνPr |K , (2.1)

where the νPi
are primes in L. The integer ei =: e(Pi/P) is called the

ramification degree of Pi over P .

When P | P , the quotient OP/P is an Fq-vector space over OP/P ,
and we define the inertial degree f(P/P) as the corresponding index

f(P/P) = [OP/P : OP/P ].

The decomposition (2.1) together with the constants f(P/P) deter-
mine the so-called splitting type of P in L.
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We have the following equality, relating the above constants to the
degree of the extension L/K:

[L : K] =
r∑

i=1

e(Pi/P)f(Pi/P),

see [32, Corollary 1.4.3]. Moreover, if L/K is Galois, then the numbers
e(Pi/P), and f(Pi/P) are independent of i, so that we may simply
write e(P), f(P). Writing r =: r(P), we then have that

[L : K] = r(P)e(P)f(P).

In the case that r = [L : K], we say that P is totally split. If some ei >
1, we say that P is ramified, and it is totally ramified if e1 = [L : K] (in
which case r = 1). Finally, P is inert if r = 1 and f(P1/P) = [L : K].

2.3.3 Divisors and divisor classes

Let K be a function field. The group of divisors DK of K is the free
abelian group generated by the primes. We use multiplicative notation
for this group to emphasise the similarities to the ideal group. A
general element in DK is then a product of integer powers of finitely
many distinct primes.

The degree of a prime is the degree [OP/P : Fq]. For prime polynomi-
als P ∈ Fq[T ], this agrees with the usual degree. We define the degree
map on divisors by

D =
∏
P

PδP 7→
∑
P

δP degK(P).

We now turn our attention to divisor classes. We have a map K∗ →
DK given by mapping an element x to the principal divisor

(x) =
∏
P

PνP (x).

The kernel is known as the constant field of K. Note that the above
map is well-defined as νP(x) is zero for all but finitely many P . We now
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define the group of divisor classes Cl(K) as the quotient of DK with
the group of principal divisors. This group will play a role in Paper II,
when we study quadratic extensions of a quadratic extension of Fq(T ).

In a general global field, we have a "product formula"∑
P

νP(x) degK(P) = 0.

In particular, this shows that ClK is never trivial when K is a function
field. Moreover, this proves that the degree map in fact induces a map
on divisor classes. In contrast to the situation for number fields, Cl(K)

is never finite. However, the group Cl0(K) of degree zero-divisors is
finite, and the cardinality of this group is the class number hK of K.

Given an extension L/K of function fields, we may define a norm map
NL/K : DL → DK induced by

P 7→ f(P/P)P ,

where P | P . This map will be used for defining the discriminant of a
function field in the next section. We also define a map

|·| : DL → Q,

induced by P 7→ |P| = #(OP/P), and we often refer to this map as
an absolute value. We remark, however, that it is evidently not an
absolute value in the sense of the previous sections.

2.3.4 The discriminant

An important algebraic invariant of a field extension L/K is the dis-
criminant. We will only need to consider the case of a separable func-
tion field extension. To define the discriminant, we first define the
different divisor.

Let P be a prime in K, and consider the corresponding local ring OP .
We may consider its integral closure RP inside L, i.e. RP = {x ∈ L :

f(x) = 0, for some monic f ∈ OP [x]}. As OP is a PID, this becomes
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a finite, free OP-module, see e.g. [24, Proposition I.8.1], so that we
may find a basis {x1, ..., xn}.

We are now almost ready to define the inverse different. First, if
β ∈ L, then there is a multiplication map L → L given by x 7→ βx,
and we denote its trace by Tr(β). Now, we define the (semilocal)
inverse different by CRP/OP = {x ∈ L : Tr(xb) ∈ OP for all b ∈ RP}.
This becomes a fractional ideal, and its ideal inverse DRP/P is called
the semilocal different at P .

The prime ideals inside RP are exactly the primes lying over P . Hence,
DRP/P has the form ∏

P|P

Pδ(P),

for some δ(P) ≥ 0. We now define the global different divisor by
setting

DL/K =
∏
P

Pδ(P),

and one shows that all but finitely many δ(P) are zero. Finally, we
define the (relative) discriminant Disc(L/K) as the norm NL/K(DL/K).
Moreover, the absolute discriminant Disc(L) of a field L is Disc(L/Fq(T )).

The different is closely related to the ramification in L/K. We say
that P | P is tamely ramified in L, if its ramification degree e(P/P)

is coprime to the characteristic of the residue field OP/P . In this case,
we have that δ(P) = e(P/P)−1, so that the ramification degrees can
be read from the different. As the residue field is a finite extension
of Fq, the characteristic is the prime p dividing q. In particular, for
certain q, one may assume that all primes are tamely ramified. Indeed,
in Paper I, we consider extensions of degree 3, and require that q be
coprime to 2, 3. Moreover, in Paper II, we study quadratic extensions
of quadratic extensions and require that q be coprime to 2.

In Paper I, we make use of a semilocal description of the discriminant.
Specifically, with K = Fq(T ) and S = {ν∞}, the ring OS = Fq[T ]

is a PID. Let RS denote the integral closure of Fq[T ] in L, and let
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{x1, ..., xn} be a basis. From the situation over number fields, one is
led to define the S-semilocal discriminant as

Disc(RS/Fq[T ]) = (det(Tr(xixj))1≤i,j≤n),

and this agrees with ∏
P /∈S

NL/K(DRP/P),

see [26, Proposition 7.9, Lemma 7.10] and the preceding discussion.

2.4 Counting field extensions

Given some real number X, a classical result due to Hermite [24, The-
orem III.2.16] asserts that there are only finitely many number fields
with absolute discriminant of size bounded by X, up to isomorphism.
For function fields, the situation is more delicate. For example, there
are infinitely many unramified extensions of Fq(T ), namely the exten-
sions Fqm(T ) for every m. These extensions are all non-geometric, in
the sense that they enlarge the field of constants. It turns out that
if one restricts to the setting of separable, geometric extensions, then
Hermite’s theorem holds also for function fields, see e.g. [27].

Knowing that there are finitely many extensions of bounded absolute
discriminant, one is led to the question of more precise asymptotics
for the number of fields. For example, one may be interested in also
fixing the degree n of the extension. A landmark result for counting
extensions with fixed degree is due to Ellenberg and Venkatesh [13],
proving upper bounds for the number of such number field extensions
with discriminant bounded by X.

One may restrict the counting function even further by e.g. specifying
the Galois group of the Galois closure of the extension. For general
G and n, and a base field K, Malle’s conjecture predicts that the
counting function of degree n extensions of K with Galois group G

grows asymptotically like

X1/a(G)(logX)b(K,G)−1,
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for some a(G) and b(K,G) given in terms of data from G and K,
see [21, Conjecture 1.1]. This conjecture is known to hold for several
different K,G and n, however in general the conjecture is false, see
e.g. [19] for a counterexample.

Türkelli proposed a modification to the constant b(K,G) [31], however
the conjecture with this modification is also known to not hold over
Q, see [34]. We remark that over K = Fq(T ), Türkelli’s conjecture is
known to be essentially true if one restricts to geometric extensions,
see the recent work of Landesman and Levy [20, Theorem 10.1.10].

We now briefly describe some of the work that has been done on
studying the counting function for specific choices of G and K. This
description is by no means meant to be exhaustive. The simplest
nontrivial case is when n = 3 and with Galois group G equal to either
C3 or S3. The main term in the counting function for the abelian
group G = C3 was first found by Cohn [7] over Q. When G is a
general abelian group and K = Q, the main term was found by Mäki
[23], and the main term in the case of a general global K was later
found by Wright [36].

The non-abelian and non-Galois case G = S3 was first studied by
Davenport and Heilbronn [9] over Q, and by Datskovsky and Wright
[8] over a global field. Their results were later improved by several
different authors. This is described in more detail in Paper I, where
we study cubic S3-extensions of Fq(T ). The main term for G = Sn,
with n ≥ 4 has been found for n = 4 or 5 by Bhargava [1], [2], for
K = Q, and this was later extended to a general (global) base field by
Bhargava, Shankar and Wang [3].

Many other choices of G and K have been studied, but for the sake
of brevity we finish our overview here. Before ending this section,
we remark that field extensions may be studied using invariants other
than the discriminant. For example, in Paper II, we study D4-quartic
extensions when ordered by conductor, an invariant that in this case
is closely related to the discriminant, see Section 4.2.



Chapter 3

L-functions

Having introduced the general function field setting, we are now ready
to define their associated L-functions. Throughout, we will let K

denote a general function field. The theory from all but the last section
is taken from [24] and [26].

3.1 Dedekind zeta functions

Recall the group of divisors DK . For D ∈ DK , we write D ≥ 0 if
no exponent in the prime decomposition of D is negative, and we say
that D is an effective divisor. We may then define the Dedekind zeta
function

ζK(s) =
∑
D≥0

1

|D|s
=
∏
P

(
1− |P|−s

)−1
, (3.1)

where the equality follows from unique factorisation. Both the product
and sum above are absolutely convergent when ℜ(s) > 1.

As an example, we may consider the rational function field K = Fq(T ).
Recall that the set of primes in Fq(T ) consists of the prime at infinity
P∞, together with primes corresponding to irreducible polynomials in

17
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Fq[T ]. One shows that degP∞ = 1, so that ζFq(T )(s) equals

(
1− q−s

)−1
∏

P ̸=P∞

(
1− |P |−s

)−1
=

1

(1− q−s)

∞∑
k=0

( ∑
monic f ∈ Fq [T ]

deg f=k

1

)
q−ks.

Using that there are precisely qk monic polynomials of degree k, we
find that

ζFq(T )(s) =
1

(1− q−s)(1− q1−s)
. (3.2)

In particular, compared to the situation over Q, the Riemann Hypoth-
esis is trivial to prove for the special case K = Fq(T ), as ζFq(T ) does
not have any zeros.

By way of e.g. the Riemann-Roch theorem, see [26, Theorem 5.4],
which can be viewed as a function field substitute for the classical
Poisson summation formula, one proves for a general K that ζK(s)

can be analytically continued to a meromorphic function on C, with a
simple pole at s = 1. In fact, the Dedekind zeta function satisfies the
functional equation

ξK(s) = ξK(1− s),

where
ξK(s) = q(gK−1)sζK(s). (3.3)

Here, gK ∈ Z≥0 is the so-called genus of K.

We will not provide a general definition for gK , instead, we note that
it is closely related to the discriminant. First, for the rational function
field, one may show that gFq(T ) = 0. Moreover, if L/K is a separable
extension, which is also geometric, i.e. an extension in which the
constant field is not enlarged, then one has the equality

2gL − 2 = [L : K](2gK − 2) + degK(Disc(L/K)), (3.4)

known as the Riemann–Hurwitz theorem [26, Theorem 7.16]. Using
this, we can determine the genus for any separable, geometric exten-
sion of Fq(T ).
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If one makes the change of variables u = q−s and writes, with some
abuse of notation, ζK(u) for the result, then it turns out that ζK(u)

becomes a rational function in u. In fact, we have that

ζK(u) =
PK(u)

(1− qu)(1− u)
,

for a polynomial PK of degree 2gK , cf. (3.2) where the genus is 0.
Moreover, the Riemann Hypothesis is a theorem over function fields,
originally proven by Weil [35], asserting that all zeros of ζK(s) have
real part equal to 1/2. Equivalently, all roots of PK have absolute
value q−1/2.

Just as over Q, the Riemann Hypothesis for ζK(u) implies strong
bounds for the error term when counting primes. Specifically, we have
that [26, Theorem 5.12]

#{P : degK P = n} =
qn

n
+OK

(
qn/2

n

)
,

cf. the comments after Conjecture 1.2.1.

3.2 Hecke L-functions

Before introducing Artin L-functions, which play a major role in both
Papers I and II, we define Hecke L-functions. These are, in a cer-
tain sense, more general than Artin L-functions, and they are used in
Paper II for estimating sums connected to the class group Cl(K). Fur-
thermore, the functional equation for Hecke L-function can be used to
deduce the functional equation of Artin L-functions. The presentation
below follows [26, Chapter 9]. We will only need to consider Hecke
characters of finite order for our purposes.

Let F be an effective divisor and consider the group D(F) of divisors
D coprime to F , in the sense that the power of any divisors of F in the
product decomposition of D is zero. Moreover, let HF denote the set
of principal divisors, generated by elements x congruent to 1 modulo
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F , i.e. νP (x−1) ≥ 1 for all primes P | F . The ray class group modulo
F , ClF(K), is then the quotient D(F)/HF .

Once again, ClF(K) is not a finite group, however, the subgroup of
divisor classes of degree zero Cl0F(K) is finite. A Hecke character on
ClF(K) is a map

χ : ClF(K) → S1

of finite order. When F | F ′, we have a reduction map

ClF ′(K) → ClF(K),

which thus induces a map on the character groups

ĈlF(K) → ĈlF ′(K),

so that a Hecke character χ modulo F induces a character modulo any
multiple of F . We say that a character on ClF(K) is primitive modulo
F if it is not induced from a character modulo a proper divisor of F .

Having defined (finite order) Hecke characters, we are now in a position
to define their L-functions. When χ is a Hecke character modulo F ,
we let

L(s, χ) =
∏
P∤F

(
1− χ(P)|P|−s

)−1
.

It turns out that for primitive χ, this becomes a polynomial in u = q−s.
Indeed, we have [26, Theorem 9.24A]:

Theorem 3.2.1. Let χ be a primitive Hecke character on ClF(K),
and suppose that χ is not trivial on Cl0F(K). Then L(s, χ) is a poly-
nomial in u = q−s of degree 2gK−2+degK F . Moreover, the completed
function

Λ(s, χ) := q(gK−1)s|F|s/2L(s, χ)

satisfies the functional equation

Λ(s, χ) = ϵ(χ)Λ(1− s, χ),

with |ϵ(χ)| = 1.
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Having seen the rationality of L(s, χ), one is left with the question of
the location of its zeros. It turns out that the Riemann Hypothesis
holds for these L-functions as well, and in fact this follows from the
validity of the Riemann Hypothesis for Artin L-functions, together
with input from class field theory.

3.3 Artin L-functions

Let L/K be a finite geometric Galois extension of function fields, and
let ρ : Gal(L/K) → GL(V ) be a finite-dimensional (complex) repre-
sentation of the Galois group Gal(L/K). We wish to define the Artin
L-function attached to this representation, cf. [24, Section VII.10]
[26, Chapter 9], but for this, we need some additional definitions from
algebraic number theory.

Now, let P | P be primes in L and K respectively. Any element
σ ∈ Gal(L/K) permutes the primes lying over P , so we may define
the decomposition group GP by

GP = {σ ∈ Gal(L/K) : σ(P) = P}.

By reduction modulo P, we obtain an induced map

GP → Gal(κP/κP),

where κP = OP/P and κP = OP/P . This map turns out to be
surjective, and we denote its kernel by IP, so that

GP/IP ≃ Gal(κP/κP).

The extension κP/κP is a finite extension of finite fields, whence its
Galois group is generated by the Frobenius element x 7→ xq′ , with
q′ = qdegK P . The isomorphism above associates this Frobenius element
to an element φP ∈ Gal(L/K)/IP. If we let V IP denote the subspace
of V fixed pointwise by all elements of IP, then φP acts on V IP .
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We can now define the Artin L-function

L(s, ρ) =
∏
P

det(I − φP|P|−s;V IP)−1,

where the local factor is the inverse of the characteristic polynomial,
evaluated at |P|−s. The fact that the Galois group acts transitively
on primes lying above P and that the characteristic polynomial is
invariant under conjugation, shows that the above does not depend
on the choice of P | P .

When ρ is the trivial representation, this definition reduces to (3.1) and
we simply recover the Dedekind zeta function of K. The L-function of
a sum of two representations simply becomes the product of the two
L-functions associated with each summand. Recall that the regular
representation contains each irreducible representation ρ of Gal(L/K)

with multiplicity χρ(1), where χρ is the character of ρ. Hence, we find
that [24, Corollary VII. 10.5]

L(s, ρreg) = ζK(s)
∏
ρ̸=1

L(s, ρ)χρ(1), (3.5)

where the product ranges over nontrivial, irreducible representations
of Gal(L/K). Moreover, using the fact that the regular representation
is induced from the trivial representation of the trivial subgroup, one
can in fact prove that the left-hand side above is ζL(s). We thus see
that for a Galois extension L/K the Dedekind zeta function ζL(s)

factors into a product of Artin L-functions:

ζL(s) = ζK(s)
∏
ρ̸=1

L(s, ρ)χρ(1). (3.6)

We have not yet mentioned the functional equation or meromorphic
continuation of an Artin L-function. This follows, in fact, from the
analogous properties for Hecke L-functions, but we will not go into
details here. The main idea is that by using class field theory, one may
associate a Hecke character to any one-dimensional representation of
an abelian extension, see e.g. [26, p. 141].
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Over number fields, the analyticity of Artin L-functions is not known
in general. However, for Artin L-functions, Weil proved that for a non-
trivial irreducible representation, the corresponding Artin L-function
is a polynomial, see e.g. [26, Theorem 9.16B]. The Riemann Hypoth-
esis for such L-functions then follows from the product formula (3.6),
and the Riemann Hypothesis for Dedekind zeta functions, see [26,
p.130].

Before ending this section, we briefly describe an important invariant
associated to an Artin L-function, namely its conductor. This is re-
lated to the Artin conductor of the associated representation, but we
will not go into the details of this relationship. Given a representation
ρ, the completed L-function has the form

ξ(s, ρ) = c(ρ)s/2L(s, ρ),

for some c(ρ), and this function is invariant under the map s 7→ 1− s.
In Papers I and II, we are interested in Artin L-functions of the form

ζL(s)

ζK(s)
,

for some L/K. In this case, the value of c(ρ) can be deduced from the
functional equations of the Dedekind zeta functions ζL and ζK , and
we find that

c(ρ) = q(2gL−2)−(2gK−2) = q2gL−2gK .

In both Papers I and II, we will be interested in how a prime P in some
field K, splits in an extension L. When L/K is Galois, this can be
determined by studying the cycle structure of the Frobenius element
φP in Gal(L/K). The case of a general geometric, separable extension
L/K can be inferred from the Galois case by considering the Galois
closure of L.

We end this section by mentioning a result which allows us to study
the number of primes in K, splitting in a certain way in L, namely
Chebotarev’s Density Theorem. One obtains this result as an ap-
plication of the Riemann Hypothesis for Artin L-functions, and the
orthogonality relations, see [26, Theorem 9.13B].
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Theorem 3.3.1 (Chebotarev’s Density Theorem). Let L/K be a ge-
ometric Galois extension of function fields, and let G = Gal(L/K),
with C ⊆ G a conjugacy class. Letting S ′

K denote the set of primes in
K, which are unramified in L, we have

#{P ∈ S ′
K : degK P = n, φP ∈ C} =

#C

#G

qn

n
+OG,K

(
qn/2

n

)
.

3.4 The one-level density

We have seen that the Riemann Hypothesis holds true for a wide
class of L-functions defined over function fields. Knowing this, we
may ask ourselves how the zeros distribute themselves along the line
ℜ(s) = 1/2, or equivalently on the circle |u| = q−1/2. In particular,
one can study the zeros lying close to the point 1/2. These zeros are
known as the low-lying zeros and can be studied using the so-called
one-level density.

Let F(X) be a family of L-functions, ordered by X. For a Schwartz
function ϕ, the one-level density is then defined as the average

1

#F(X)

∑
L(s,f)∈F(X)

∑
ρf

ϕ

(
γf log cX

2π

)
, (3.7)

where f is an index, and ρf = 1/2 + iγf ranges over the nontrivial
zeros of L(s, f). The parameter cX should satisfy cX ≍ cf , where cf
is the conductor of L(s, f).

Aside from being Schwartz, we require the Fourier transform ϕ̂ of ϕ to
have compact support, contained in [−σ, σ], for some σ > 0. With this
assumption, we can analytically continue ϕ to an entire function on C
through the inverse Fourier transform. Then, even without assuming
the Riemann Hypothesis, one may still study the one-level density,
but in this case it is possible that γf /∈ R.

Katz and Sarnak conjectured [18] that for a natural family F (see e.g.
[29] for one definition of what makes a family natural) as X → ∞, the
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one-level density (3.7) converges to an integral∫ ∞

−∞
ϕ(x)WG(x)dx,

where WG(X) equals one of five density functions, depending on the
so-called symmetry type G of the family F . This is known as the Katz–
Sarnak Conjecture. The symmetry type is either unitary, unitary
symplectic, or one of three orthogonal symmetry types. The names of
the symmetry types come from Random matrix theory, where one can
prove a similar limiting behaviour for eigenvalues of random matrices
lying close to the point 1.

Of particular interest to us is the density

WSp(x) = 1− sin(2πx)

2πx
.

Indeed, in Papers I and II, we study the one-level density associated
to two families of Artin L-functions, and in both of these families, the
symmetry type is symplectic. Note that WSp(0) = 0, so that one does
not expect many zeros of the L-functions in F(X) to lie at, or very
close to, the point s = 1/2.

Much work has been done on verifying the Katz–Sarnak Conjecture for
various families of L-functions. See e.g. [17], [38], [28], [30], and [37]
for families of modular form L-functions, elliptic curve L-functions,
Hecke L-functions and Artin L-functions.
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Chapter 4

Summary of appended papers

4.1 Paper I

In this paper, we study the counting function F(X) of non-Galois
cubic function field extensions of Fq(T ), ordered by discriminant X.
In particular, we find the main and secondary terms of this counting
function, together with an error term of the same quality as the current
best result, due to Bhargava, Taniguchi and Thorne [4], over Q.

We also study a refined counting function, where one specifies the
splitting behaviour of finitely many rational primes. In particular, if
S is a splitting type, and P ∈ Fq[T ] is a rational prime, then we prove
that the number of cubic non-Galois extensions of Fq(T ), where P

splits according to S, equals

C1,P,SX + C2,P,SX
5/6 +Oϵ

(
X2/3+ϵ|P |2/3

)
, (4.1)

for certain coefficients Ci,P,S. For unramified S, the coefficient C1,P,S

is the same as the coefficient of the main term from Chebotarev’s
Density Theorem.

By computing the one-level density of a family of Artin L-functions
associated with these cubic extensions, we also prove a lower bound
for the error term in (4.1). Specifically, we prove that if (4.1) holds

27
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with an error term
Oϵ(X

θ+ϵ|P |ω),

then one must in fact have that θ + ω ≥ 1/2. This generalises an
analogous conditional result of Cho, Fiorilli, Lee and Södergren [6]
over Q.

4.2 Paper II

In this paper, we study the family of Artin L-functions ζL/ζK associ-
ated with the unique irreducible two-dimensional representation of a
D4 extension L/Fq(T ), with K the quadratic subfield of L. In par-
ticular, by computing the one-level density of this family, we prove
for large enough q, that at least 77% of these L-functions, when or-
dered by conductor, are non-vanishing at the point s = 1/2, improving
results due to Durlanık [12] over Q.

More specifically, these results are obtained by verifying the Katz–
Sarnak Conjecture for certain subfamilies of our family, where we
control the size of the discriminant of the quadratic subfield K. In
particular, we are able to vary the allowed support σ between the dif-
ferent subfamilies, which allows us to isolate the contribution to the
one-level density of the L-functions which are particularly difficult to
handle.

Finally, we remark that the methods we use are also applicable to the
study of the one-level density of the family of quadratic extensions of
a general function field K. We use this observation to establish a rate
of non-vanishing larger than 94% for such a family, with a fixed K.
This generalises results over number fields due to Gao and Zhao [14],
[15], who studied this one-level density for finitely many choices of K
defined over Q.
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