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A fixed point of a function can be described as a special mathematical object,
with several powerful applications. This thesis studies fixed points in the context
of two distinct frameworks. Common to both research strands is a method for
dealing with the iterative nature of fixed points. The first part of the thesis looks
at the computation of least fixed points in terms of closure ordinals of formulas in
the modal 𝜇 ­calculus. Using annotated structures, a new framework is defined
to describe how the iterations of a fixed point formula evolve in a transition
system. Applying a pumping technique allows us to establish an upper bound
for countable closure ordinals. The method is tailored to the lower levels of the
alternation hierarchy, but the fragment covered is broad enough to allow for
considerations on the effects of fixed point alternation. In the second part, fixed
points are considered in the context of a cyclic proof system for intuitionistic
arithmetic. Cyclic proofs internalise induction in their structure, suggesting a
natural fitting with quantifiers defined in terms of fixed points. Using higher ­
order recursion schemes generated from instances of cyclic proofs, we investigate
the computational content implicit in the initial proof.
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1. Introduction

‘to await pleasure, is itself a pleasure’
Minna von Barnhelm, Act IV, Scene VI

Everybody has encountered the famous quote from philosopher and writer G.
E. Lessing. Maybe you have not seen it with the exact words of the translation
above, but in one of the countless variants that circulate nowadays over the in­
ternet. What contributed to make the expression so popular, to the point that it
also became the archetype of many comic parodies, is the ambivalent sensations
that it evokes in the reader.

On the one hand, there is the reasonable message that the quote transmits:
there can be pleasure in the act of expecting something pleasing. It resonates
with the experience of most of us, and even without the aspiration to unveil
some hidden truth about life or human condition, it bears a certain amount of
intensity. It is an invitation to find pleasure even in the absence of pleasure by
virtue of the expectation itself. It is almost as if the act of waiting assumed in
itself the quality of the object attended: pleasure.

On the other hand, the way in which the phrase is formulated can leave
the reader the feeling of being charmed, or cheated. If it is present even in its
absence, is it the same pleasure in both cases? It is suspicious, there could be
something wrong in using pleasure as both the starting point and the defined
object. Moreover, the same can hold with other emotions as well: awating for
pain can be painful, for example. Pleasure is not the center of our interest, it
is the structure of the statement that intrigues us. In this gap between meaning
and form, emotion and suspicion, is where popularity has found room to grow.

The same impression can be generated by the first encounter with the idea
of fixed points in mathematics. One of the quotes that I remember from the
courses in logic that I attended some (many) years ago was the famous defini­
tion of truth given by Aristotle in the Metaphysics1 (Γ 7, 1011b25):

‘To say of what is that it is not, or of what is not that it is, is false, while to say
of what is that it is, and of what is not that it is not, is true’

The formal connections between truth predicates and fixed point constructions
1 The quote is taken from the English translation by Ross (1928).
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have been explored by many philosophers and logicians, famously by Kripke
(1975) and Feferman (1991), and recently in volume 45 of this series by Gran­
berg Olsson (2025). This introduction is not the place to discuss this relation­
ship: the intention of the example is to show another case where the same tingly
sensation described above is generated in the reader. As showed by the contem­
porary works on formal theories of truth, however, clarity can be achieved once
such notion is treated formally.

In the end it is possible to reconcile with the initial ambivalent feelings, and
appreciate the power of fixed­points constructions, the implications behind their
definition, and the ways in which such fascinating objects can be utilised.

1.1. Fixed points and ordinals
A fixed point of a function 𝑓 is an object 𝛸 in its domain such that 𝑓𝛸 = 𝛸.
An easy example can be the number 0 for the function ‘double the input’. In
itself, the fixed point of a function is not surprising: it is a particular object that
is both the input and output of the given function. However, as we will see in
this thesis, it is informative and meaningful. Taking a step in the direction of
a formal presentation, we might notice that different functions have different
numbers of fixed points. Some have none, e.g. the successor function over ℕ,
while for others there can be more than one distinct fixed point. In the case of
the identity function every object in the domain is a fixed point. The function
𝑔(𝑥) ↦ 𝑥2 over the domain of natural numbers, on the other hand, has exactly
two fixed points in the values 0 and 1.

Finding out whether a given function has a fixed point is a non­trivial task,
even more challenging is knowing how to find them. It is not surprising that
over time a number of important results were established that describe necessary
or sufficient conditions for their existence, in various fields. One of the most
relevant is the famous theorem by Knaster and Tarski.

Theorem (Tarski (1955)). Let 𝑈 = ⟨𝛢, ≤⟩ be a complete lattice, 𝑓 a monotone
function 𝛢 → 𝛢 and 𝛲 be the set of all fixed points of 𝑓. The set 𝛲 is not empty and
the system ⟨𝛲, ≤⟩ forms a complete lattice.

A function is monotone over the domain 𝛢 ‘if, for any elements 𝑥, 𝑦 ∈ 𝛢, 𝑥 ≤ 𝑦
implies 𝑓(𝑥) ≤ 𝑓(𝑦)’. The Knaster­Tarski theorem guarantees that the set of
fixed points of a monotone function 𝑓 ∶ 𝛢 → 𝛢 is not empty, so there is at
least one fixed point. Moreover, it shows that said set forms a complete lattice
with respect to ≤, giving us information about the relation between these fixed
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points. A complete lattice 𝑈 = ⟨𝛢, ≤⟩ consists of a (non­empty) set 𝛢 and a
partial order ≤ (a reflexive, transitive and anti­symmetric relation) such that every
subset 𝛣 ⊆ 𝛢 has a least upper bound and a greatest lower bound. Examples of
complete lattices are ⟨ℕ ∪ {∞}, ≤⟩ with 𝑛 ≤ ∞ for all 𝑛 ∈ ℕ; or the powerset of
any set 𝑆 with respect to set inclusion ⟨𝒫(𝑆), ⊆⟩. It follows from the theorem
that two (non­necessarily distinct) notable fixed points exist: the least and the
greatest.

A consequence of the theorem is not only that these fixed points exist, but
also the fact that a method exists to compute them. The least fixed point of a
function 𝑓 – usually referred to by the expression 𝜇𝑓 – can be computed via a
series of applications of the function to itself. Starting from ⊥, the least element
of the complete lattice 𝑈, the monotone function gives

⊥ ≤ 𝑓(⊥) ≤ 𝑓(𝑓(⊥)) ≤ ⋯ ≤ 𝑓𝑛(⊥) ≤ ⋯ ≤ 𝜇𝑓
If necessary, the iteration extends to the transfinite, with

𝑓𝛼(⊥) = 𝑓(⋃
𝛽<𝛼

𝑓𝛽(⊥))

for 𝛼, 𝛽 ordinals. Eventually the process reaches a point 𝑓𝛼(⊥) = 𝑓𝛼+1(⊥) = 𝜇𝑓
for some 𝛼. Dually, for the greatest fixed point of a function 𝑔 – indicated with
𝜈𝑔 – by monotonicity

𝛢 ≥ 𝑔(𝛢) ≥ 𝑔(𝑔(𝛢)) ≥ ⋯ ≥ 𝑔𝑛(⊥) ≥ ⋯ ≥ 𝜈𝑔
and in general 𝑔𝛼(𝛢) = 𝑔(⋂𝛽<𝛼 𝑓𝛽(𝛢)). The greatest fixed point 𝜈𝑔 is then
obtained as 𝑔𝛼(𝛢) = 𝑔𝛼+1(𝛢). In both cases the least ordinal 𝛼 that closes the
computation of a fixed point is called the closure ordinal of the function on the
lattice.

The use of ordinal annotation to refer to stages of the iteration, and the ex­
istence of closure ordinals, plays an important role in proving theorems about
fixed points. Via ordinal approximation it is possible to talk about transfinite
induction, for example, and in contexts with inductive definitions and recursive
algorithms, they can be utilised to ensures termination by the well­foundedness
of the process.

There is a difference, however, between the two processes just described,
which appears clearly if we look at the example of a powerset lattice ⟨𝒫(𝑆), ⊆⟩.
In the case of greatest fixed points the function is iterated starting from 𝑆, and
its repeated applications remove elements from the previously obtained set, until
the greatest stable set is found. In simple terms: the final result is obtained by
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subtraction. The least fixed point, on the other hand, is obtained by addition
from ∅, i.e., by expanding the previous set at each iteration, until the resulting
set is the least fixed point.

The first part of this dissertation investigates the ordinal approximation of
fixed points from a semantic point of view, by looking at the existence of closure
ordinals in the modal 𝜇­calculus. Commonly described as modal logic enriched
with fixed point operators, its formulas can express properties of transition sys­
tems (directed labelled graphs), making it suitable to reason about the computa­
tion tree of a given program, for example.

To evaluate a formula over a transition system 𝛵 a valuation of the free vari­
ables is necessary. Each formula 𝜙(𝑥) induces a function 𝑓𝜙 ∶ 𝒫(𝛵) → 𝒫(𝛵)
that takes a subset 𝑉 ⊆ 𝛵 of the domain, and returns the denotation of 𝜙(𝑥)
when 𝑥 is mapped to 𝑉. Restrictions on the use of negation at the level of syntax
ensure that 𝑓𝜙 is monotone. The least fixed point 𝜇𝑓𝜙 is the denotation of the
formula 𝜇𝑥 𝜙(𝑥) with fixed point operator, and it can be obtained at the end
of a series of application of 𝑓𝜙 to itself starting from the empty set, as described
above. The least ordinal 𝛼 such that 𝑓𝛼𝜙 (∅) = 𝑓𝛼+1𝜙 (∅) is the closure ordinal of
𝜙(𝑥) with respect to 𝛵. The value is clearly bound by the order type of the trans­
ition system, which naturally suggests the next interesting step, i.e., considering
all possible structures modelling the formula. Given a 𝜇­calculus formula 𝜙, we
investigate its closure ordinal defined as the least 𝛼 such that the ‘external layer’
of least fixed points of 𝑓𝜙 is computed after 𝛼 iterations, in any possible structure.

In the first part of the thesis the main result is proving of an upper bound of
𝜔2 on the (countable) closure ordinals for formulas in a fragment – called 𝐶(Σ2)
– that for the moment can be thought as containing formulas with at most one
alternation of fixed points, i.e., an extention of the standard Σ2 fragment.

1.2. Coinductive proofs
In the second part we look at fixed points in the context of inductive and coin­
ductive definitions. A different perspective than the one in the previous section
is considered here regarding fixed points. Define a pre­fixed point of a monotone
function 𝑓 ∶ 𝛢 → 𝛢 to be any element 𝑝 ∈ 𝛢 such that 𝑓(𝑝) ≤ 𝑝, and dually a
post­fixed point if 𝑝 ≥ 𝑓(𝑝). Least and greatest fixed points, 𝜇𝑓 and 𝜈𝑓, are both
pre­ and post­fixed points of 𝑓 by definition. Moreover, 𝜇𝑓 is the least pre­fixed
point and 𝜈𝑓 is the greatest post­fixed point of 𝑓. We show here the motivation
for the former, the latter being obtained dually.

Assuming that 𝛲 = {𝑝 ∈ 𝛢 ∣ 𝑓(𝑝) ≤ 𝑝} is the non­empty set of all pre­fixed
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points of a function 𝑓 over the complete lattice ⟨𝛢, ≤⟩, call 𝑙 the infimum element
of 𝛲. It follows that 𝑓(𝑙) ≤ 𝑙, so 𝑓(𝑙) ∈ 𝛲 since 𝑓(𝑓(𝑙)) ≤ 𝑓(𝑙) by monotonicity.
Being 𝑙 the least pre­fixed point by assumption, we have that 𝑙 ≤ 𝑓(𝑙), so 𝑙 is a
fixed point of 𝑓, and 𝑙 = 𝜇𝑓.

The above argument that if 𝑓(𝛲) ⊆ 𝛲 then 𝜇𝑓 ⊆ 𝛲 is the core of the prin­
ciple of induction, as shown by the example of arithmetic. The set ℕ of natural
numbers can be defined as the least fixed point of the function

𝑓(𝛸) = {0} ∪ {𝑥 + 1 ∣ 𝑥 ∈ 𝛸}

A proof by induction that a property 𝛲 holds for the set of natural numbers
consists in showing that 0 ∈ 𝛲, and for any element 𝑛 ∈ ℕ if 𝑛 ∈ 𝛲 then
𝑛 + 1 ∈ 𝛲. In other words, an inductive proof is showing that the set of P­
elements is a pre­fixed point of 𝑓:

𝑓(𝛲) ⊆ 𝛲

from which it follows that ℕ = 𝜇𝑓 ⊆ 𝛲. The power of induction, arithmetical
but also transfinite, relies on the existence of a first element, meaning that any
process of retracing back an inductive definition or proof is well­founded, hence
eventually terminates. Coinduction, on the other hand, does not have a base
case, i.e., it is not a well­founded process, and is used rarely outside the field of
mathematics, logic and computer science.

Usually presented as the dual to induction, their relationship has been nicely
described by Kozen and Silva (2017), p.2: “A property holds by induction if
there is good reason for it to hold; whereas a property holds by coinduction if
there is no good reason for it not to hold.” Back to the definition introduced
above, a proof by coinduction corresponds to stating that if 𝛲 ⊆ 𝑓(𝛲) then
𝛲 ⊆ 𝜈𝑓, i.e., that a certain property is preserved by the coinductive step 𝑓(𝛲).

We investigate the role of fixed points from a proof theoretic point of view,
specifically in the context of cyclic and ill­founded proofs.2 Their main feature
is that they are infinitary proofs: while every finite branch terminates with an
axiom, they contemplate the possibility of infinite branches, as long as some ad­
ditional constraint is satisfied along them. With respect to the more general class
of ill­founded proofs, cyclic proofs are known to constitute a proper subset, i.e.,
the ones with a regular structure that can be represented as a finite derivation,
with back edges from leaves to internal nodes to indicate repetition.

The origin of this method of proof can be traced back to the reasoning process
2 Also called non­wellfounded proofs in the literature.
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that goes under the name of ‘proof by infinite descent’. Also known as ‘Fermat’s
method of descent’, the argument existed already in Classical Greece.3 A wide­
spread example is the proof of the irrationality of √2: Assume the existence of a
pair of integers such that 𝑎

𝑏 = √2 and from the fact that 𝑎2 = 2𝑏2 derive the exist­
ence of another pair of integers 𝑎1 < 𝑎 and 𝑏1 < 𝑏 such that 𝑎 = 2𝑎1 and 𝑏 = 2𝑏1,
meaning that 𝑎

𝑏 = 2𝑎1
2𝑏1 = √2. Repeat the argument for any 𝑖 < 𝜔 and integers

𝑎𝑖+1 < 𝑎𝑖 and 𝑏𝑖+1 < 𝑏𝑖 such that 𝑎𝑖
𝑏𝑖 =

2𝑎𝑖+1
2𝑏𝑖+1 = √2. To the limit, the argument

produces two never­ending decreasing lists of natural numbers 𝑎 > 𝑎1 > 𝑎2 > …
and 𝑏 > 𝑏1 > 𝑏2 > …. That is contradictory, meaning that there can not exist
𝑎
𝑏 = √2 to begin with.

The key components of a proof by infinite descent are: an argument that
reduces given cases to an analogous one, progressing (or regressing) along some
defined order; and a justification for why such an argument can (or cannot) be
repeated ad infinitum. The justification could come from the existence of a well­
founded order, like in the example above, with regress consisting in taking one
step towards the bottom element, and the possibility of an infinite regression is
then prevented.

Both components of a proof by infinite descent appear in the functioning of
a cyclic proof. Each finite derivation contains the argument, that in some cases
does not end in an axiom, but refers to another iteration of the same process.
The justification for the soundness of the argument is the constraint imposed
on infinite cycles, that guarantees that a progress or regress is made sufficiently
often on every infinite path. The motivation in terms of a well­order is usually
provided by the semantics, for example by working with the natural numbers for
a system of arithmetic, or with the powerset lattice, as in the case of 𝜇­calculus
seen above. In practice, such a soundness condition actualises into the occur­
rence of specific progressing steps, typically rules, along infinite paths of a proof.
Depending on how the system reflects the background semantics, the progress
might affect a term or variable (Simpson, 2017; Leigh and Wehr, 2025), or a
formula (Brotherston, 2005) on a trace, or an annotation keeping track of the
path (Stirling, 2014), the ordinal annotation of fixed points (Afshari et al., 2024),
or any other element whose update signals that the argument has descended to­
wards a previous element on the well­order.

The choice of this framework is motivated by the recent increase in interest
around these systems over the past decades. Since the beginnings of the 2000s

3 The first known appearance is reported by Wirth (2004) to be in the works of Hippasus
of Metaponto, V century BCE.
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the idea of defining proof systems based on the power of the infinite descent
argument gained appeal. Among the first such proof systems were developed
by Santocanale (2002), Dam and Gurov (2002) and Sprenger and Dam (2003).
Beyond the immediate advantage of having to deal with finite formal objects rep­
resenting potentially infinite arguments, cyclic and ill­founded proofs can take
care of induction and coinduction structurally, without the necessity of infinit­
ary rules or induction schemes.

In his seminal works, Brotherston (2005, 2006) developed a theoretical frame­
work for cyclic sequent calculi with inductive predicates, starting from the work
of Martin­Löf (1971) on systems of natural deduction with inductive predicates.
Later Simpson (2017) defined a cyclic proof system equivalent to Peano Arith­
metic. In the same year Berardi and Tatsuta (2017c) presented a cyclic system
for intuitionistic logic with inductive predicates, and proved its equivalence with
Martin­Löf ’s system LJID, under the assumption that Heyting Arithmetic is ad­
ded to both. Cyclic proof systems in the style of Brotherston (2006) are not
equivalent to inductive ones in general, but they become such in the presence of
arithmetic, see (Berardi and Tatsuta, 2017a,b).

The perspective that we assume here to study the role of fixed points is provid­
ed by the work on term extraction and the question of the computational con­
tent of proofs. A proof 𝜋 of a formula 𝜙 bears in itself more information than
the simple validity of 𝜙, and over time attention has been directed to ways of
accessing such content, and extract said information. The idea of exploiting
the connection between formal grammars (or recursion schemes) and sequent
calculi to extract computational content from proofs emerged from the work
of Hetzl (2012) and later Afshari et al. (2020). From any given proof a recur­
sion scheme can be defined that computes/represents the content of the proof,
and from which terms in a typed language can be extracted at the end of the
computation. Such terms are witnesses of the proof, according to the famous
Brower–Heyting–Kolmogorov (BHK) interpretation of intuitionistic provabil­
ity (van Atten, 2023), in which additional information can become visible (more
on that in the introduction to Chapter 6).

In the second part of the thesis we investigate the consequences of defining
quantifiers as fixed points, both on the side of the proof system and the one
of corresponding recursion schemes. In most of the systems mentioned above
which contain arithmetic, the inductive element at the level of syntax is realised
by some atomic inductive predicates. Whether they are defined in generic terms,
like in Brotherston and Simpson (2010) for example, or explicitly defined, like
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the natural number predicate of Berardi and Tatsuta (2017b), the proof systems
usually refer the inductive component to the specific rules for inductive pre­
dicates. In the second part of this thesis a proof system for Heyting Arithmetic
called ICA is defined, with a distinguished feature: instead of inductively defined
atomic predicates, it is the standard definition of quantifiers that is replaced by
a definition based on fixed points. This choice opens the door to the potential
of inductive arguments over general predicates, and at the same time restores a
balance between inductive and coinductive definitions. It will become clear that
relevant information about the role of quantifiers can be extracted by marking
the unfoldings of the corresponding fixed points.

The general perspective
In the two parts that constitute this dissertation we investigate fixed point ex­
pressions in two different contexts, modal 𝜇­calculus and cyclic arithmetic; and
with two different perspectives, one semantics and the other syntactic. There
is, however, a common thread as suggested by the title, since in both cases the
main object of interest will be the number of times in which a certain function
has been iterated.

As in the informal examples that opened this introduction, mathematical
fixed points are interesting phenomena for the powerful effects on semantics,
producing a jump in the expressive power and a more intricate dependency with
the structure of the model, but also for their computational meaning. In the
first part of the thesis the focus is on the former. Introducing fixed points in
the context of modal logic changes the relationship between formulas and their
structures from a static interaction to a dynamic one. We investigate such a
power through the lens of the notion of closure ordinals. The effects of the in­
troduction of explicit fixed points in formal proof systems is the main topic of
the second part. There, we look at the role assumed by (co)inductively defined
quantifiers in a cyclic proof system with arithmetic. Such an investigation is car­
ried on through the definition of a method to extract the computational content
of a proof.



Part I.

Closure Ordinals





2. Modal 𝜇­calculus

To work with modal 𝜇­calculus (ML𝜇) means looking at the crossroad of many
different but contiguous areas of research: modal logic, automata theory, game
theory and program verification. Its central position, together with its extremely
powerful language, contributes to make of it an interesting and challenging topic.
The logic can be characterised in a coincise way as modal logic with fixed points,
but given its connection with dynamic logics and logics for programming, it is
sometimes presented as Hennessy–Milner logic with fixed points.4

What makes of 𝜇­calculus such a powerful logic is the coexistence of great
expressivity and relative tractability. ML𝜇 is capable of talking about properties
of labelled transition systems, hence it has been used to reason about the com­
putation tree of given programs. For example, the fact that “something (𝜙) will
hold eventually” is the least fixed point of the expression 𝛸 defined as

𝛸 = 𝜙 ∨ (□𝛸 ∧ ♢⊤)
where 𝛸 is satisfied if 𝜙 is the case now, or there is at least one successor state
(♢⊤), and 𝛸 is satisfied in all the immediate successors (□𝛸). Similarly, the
greatest fixed point of the expression

𝛸 = ¬𝜙 ∧□𝛸
indicates that “something (𝜙) will never be the case”. The two formulas state
simple facts that cannot be expressed in simple modal logic, but are nonetheless
extremely important: usually called liveness and safety respectively, their satisfac­
tion guarantee that some algorithm possesses a desired or undesired behaviour.
These examples tell something even more interesting once it is noticed their sim­
plicity: one fixed point on top of a simple modal formula is enough for both.
More complex formulas can be formed by introducing multiple different fixed
points to state more intricated properties. ML𝜇 expressive power is partially due
to the alternation of different kinds of fixed points.

There is general consensus on the fact that a naive count of the alternated
nested fixed point operators does not return a useful notion of dependency and
interrelation between them. To counter that fact, different definitions of the
4 It is the case, for example, of Bradfield and Stirling (2007) and Jungteerapanich (2010).
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alternation hierarchy have been proposed over the years. The most used today is
the one by Niwiński (1986), shown to be strict by Bradfield (1998). We will also
adopt that as working definition here, although in Section 3.2 we will introduce
a small change in order to better account for the kind of nesting that is found in
the context of closure ordinals.

Even though alternation allows for a great expressive power, it is necessary to
remark that many practical tasks that one might expect from modal 𝜇­calculus
can be performed at a relatively low level of complexity. In the words of Brad­
field (1998): “Formulae of alternation depth higher than 2 are notoriously hard
to understand, and in practice one rarely produces them – not least because they
are so hard to understand” (p.133).

As confirmation of the importance of the first levels of the hierarchy is the
analysis of the relationship between ML𝜇 and some popular temporal logics. Lin­
ear temporal logic (LTL) is a propositional logic with two modalities, next and
until (X,U), and whose semantics is the infinite linear model. A more complex
semantics, the same as for the 𝜇­calculus, belongs to computational tree logic
CTL, where the until operator is always associated with path quantifiers in ex­
pressions like ∃X𝜙 or ∀(𝜙U𝜓), stating that “there is a path where at the next step
𝜙” and “𝜙 until 𝜓 is true on every path” respectively, considering all the paths
originating from where the formula holds.

Simple properties like liveness and safety can be expressed in these languages
thanks to the until operator. However, both logics are known to be strictly in­
cluded in ML𝜇. Moreover, it is shown that CTL formulas can be translated into
ML𝜇 formulas with just one kind of fixed point, i.e., belonging to the very first
level Σ1 ∪ Π1 (also called Δ2) of the hierarchy; while LTL necessitates of one al­
ternation, meaning that is included in Δ3, see Emerson and Lei (1986). Finally,
the more expressive CTL∗, obtained by allowing a more liberal use of path quan­
tifiers (Emerson and Halpern, 1986), is known to be translatable into 𝜇­calculus
requiring just one proper kind of alternation, i.e., is included in Σ2 ∪ Π2 (Dam,
1994).

With respect to logics of programs, we mention the fact that Kozen (1983)
proved that ML𝜇 is strictly more expressive than propositional dynamic logic
PDL (Fischer and Ladner, 1979) whose syntax consists of expressions describing
programs taken as atomic formulas, combined with logical and modal operators.
Another indication of the power of 𝜇­calculus is the fact that it corresponds to
the bisimulation invariant fragment of monadic second­order logic (MSO) as
shown by Janin and Walukiewicz (1996). We will expand on the relation with
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MSO in Section 5.3.
Expressiveness and the power in general of the 𝜇­calculus come without a sig­

nificant price to pay in terms of tractability. It is decidable whether a 𝜇­formula
is equivalent to a formula in simple modal logic (Otto, 1999). The satisfiability
problem and the model checking problem are also both decidable, due to the
works by Streett and Emerson (1989) and Emerson et al. (1993). Most of these
results were achieved via the known correspondence with automata, see for ex­
ample Janin and Walukiewicz (1995). Moreover, ML𝜇 enjoys the finite model
property, a result that was proven by Kozen (1988) in a work that was of inspir­
ation for the present thesis, as it will be accounted later.

There is general consensus in appointing the work of Kozen (1983) as the
place where modal 𝜇­calculus was defined for what it is known today. In there
an axiomatisation of modal 𝜇­calculus was given, proved to be sound and com­
plete by Walukiewicz (2000). It was followed a few years later by an infinitary
version in the already mentioned work by Kozen (1988).

2.1. Related work
Closure ordinals in the context of modal 𝜇­calculus have been a topic of interest
since the past decades. Fundamental is the work that was done by Czarnecki
(2010), who showed that each ordinal 𝛼 < 𝜔2 is the closure ordinal of a Σ1
formula in disjunctive form. On top of the importance of the result itself, the
article has had a great relevance in providing a standard way of defining formulas
whose approximation interpretation is greater than 𝜔, called Czarnecki’s formulas.
Starting with an ordinal 𝛼 in the assumed range, a formula 𝜙𝛼 in disjunctive form
is built such that each disjunct plays the role of a switch (or fuse in the original
work). On any branch of a model, each disjunct has at most one point where it
starts to hold, and a point where it ceases to be satisfied. The peculiar structure
of the formula ensures that each switch cannot be turned on more than once per
branch. Depending on its structure, each disjunct corresponds to a successor or
a limit step in the ordinal counting. The method used there has influenced the
present work (see Section 4.3) among the others.

A generalisation of the aforementioned results about the existence of clos­
ure ordinals was presented by Gouveia and Santocanale (2017). They studied
𝜅­continuity for 𝜅 an infinite (regular) cardinal, and showed that any ordinal ob­
tainable from 0, 1, 𝜔, and 𝜔1 by the binary ordinal sum operation is the closure
ordinal of a 𝜇­calculus formula. In his master thesis Milanese (2018) studied
closure ordinals over bidirectional models, and showed that every ordinal below
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𝜔𝜔 is a closure ordinal, see also Milanese and Venema (2019). This result was
observed independently by Afshari et al. (2019) as part of a study of 𝜔­branching
proof systems for the two­way 𝜇­calculus.

Fontaine (2008, 2010) investigated the relationship between continuous and
constructive formulas, that is, formulas whose fixed point is always reached in a
finite number of steps, or at most 𝜔 respectively. Her works show that the {□, 𝜈}­
free fragment of 𝜇­calculus characterises the continuous 𝜇­calculus, establishing
that closure ordinals are obtained in at most 𝜔 iterations for said fragment. An at­
tempt to expand the characterisation of semantic proprties of modal 𝜇­formulas,
from finite width or depth models, to continuity, was done by Fontaine and
Venema (2018) with interesting results. Unfortunately, the question on the pos­
sibility of a syntactic presentation of constructive formulas is still open.

A particular class of formulas called primary, with a structure similar to Czar­
necki’s formulas, inspired the work of Afshari and Leigh (2013). After having
shown that such a class of formulas has a closure ordinal bounded by 𝜔2, with
a semantic argument involving the use of tableaux, they proved that the whole
alternation–free fragment of modal 𝜇­calculus has an upper bound of 𝜔2 for its
closure ordinals. The alternation–free fragment of ML𝜇 corresponds to Σ2 ∩ Π2
in the Niwiński hierarchy (Kupferman and Vardi, 2003).

The structure of their argument can be summarised as follows. A minimal
order 𝛼 can be associated to each tableau of a formula 𝜙 in the alternation–free
fragment of ML𝜇. The order corresponds to the closure ordinal of the formula
in the model constructed by the tableau. Given a formula and assumed the
existence of a model with closure ordinal greater than or equal to 𝜔2, by per­
forming a series of substitutions on top of the tableau, it is possible to obtain
a new model where the minimal order is increased. That being a contradiction
with the assumed existence of an upper bound on the order, it follows that there
is no closure ordinal greater than or equal to 𝜔2. The argument heavily reminds
of the pumping lemma for regular languages (Rabin and Scott, 1959).

Unfortunately, two errors were found in the work of Afshari and Leigh (2013).
While the errors can be fixed (Afshari and Leigh, 2016), it is at the cost of a
weaker result and a more technically involved argument that appeals, in particu­
lar, to the closure ordinals of valid Σ1 formulas, which are known to be finite by
Kretz (2006).

With the aim of recovering the result from Afshari and Leigh (2013) and
preparing the ground for an analysis of broader fragments, in the second part of
my Licentiate (Barlucchi, 2022) I reformulated a version of the same argument,
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taking inspiration from the work of Kozen (1988). In there, the main tool used
to show the existence of a finite model for every satisfiable formula is the defini­
tion of well­annotations. By annotating the formulas satisfied at each state of the
model and saturating the corresponding sets, it is possible to show the existence
of a well­quasi–order over them. As a consequence, it is always possible to assert
the existence of a finite model, thanks to the properties of well­quasi­orders and
some “surgery” on the annotated models.5

The recovery of an upper bound of 𝜔2 for the alternation–free fragment was
not completed in my Licentiate, but it was proved and published later as Afshari
et al. (2025a). Focusing on a fragment called Σ, which is an extension of Σ1
allowing formulas of any complexity as parameters, we showed that the same
upper bound of 𝜔2 holds for formulas with countable closure ordinal. To be
able to achieve the result, a translation of formulas into a conjunctive form with
a single modality was employed. Around the same time and independently, the
same result was shown by Niwiński et al. (2025) as a consequence of their work
on ranks in MSO. About their work and the relationship with the present one
we will come back in Section 5.3.

2.2. Syntax and semantics
Starting from a set Var of variables 𝑥, 𝑦, 𝑧, …, and Prop a set of propositional
constants 𝑝, 𝑞, 𝑟, …, the formulas of the language ℒ𝜇 of modal 𝜇­calculus are
defined by the following grammar

𝜙 ∶∶= 𝑝 ∣ ¬𝑝 ∣ 𝑥 ∣ 𝜙 ∨ 𝜙 ∣ 𝜙 ∧ 𝜙 ∣ □𝜙 ∣ ♢𝜙 ∣ 𝜇𝑥 𝜙 ∣ 𝜈𝑥 𝜙

Define ⊥ ∶= 𝑝 ∧ ¬𝑝. Formulas are evaluated over labelled transition systems.

Definition 2.1. A labelled transition system 𝛵 = (𝑆, 𝑅, 𝜆) consists of
• 𝑆: a countable (non–empty) set of states;
• 𝑅 ∶ 𝑆 × 𝑆 a binary relation;

• 𝜆 ∶ 𝑆 ↦ 𝒫(Prop) a labelling function from states to sets of propositional
constants

5 The good functionality of well­annotations in dealing with substitution of submodels was
already recognised by Kozen: “the following definition of well­annotation gives local syn­
tactic conditions that insure that states of an annotated model satisfy their labels. [...] This
is useful in performing surgery on models, because in practice it is easily checked that these
local conditions are preserved by certain cutting and pasting operations.” Kozen (1988)
pp. 236­237, the italic is not from the original text.
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The semantics is the following: given a model 𝛵 = (𝑆, 𝑅, 𝜆) let𝒱 ∶ Var → 𝒫(𝑆)
be a valuation mapping free variables to sets of states.

‖𝑝‖𝛵𝒱 = {𝑣 ∣ 𝑝 ∈ 𝜆(𝑣)} ‖¬𝑝‖𝛵𝒱 = {𝑣 ∣ 𝑝 ∉ 𝜆(𝑣)}
‖𝑥‖𝛵𝒱 = 𝒱(𝑥) ‖♢𝜙‖𝛵𝒱 = {𝑠 ∈ 𝑆 ∣ ∃𝑡.𝑠𝑅𝑡 ∧ 𝑡 ∈ ‖𝜙‖𝛵𝒱)}

‖𝜙 ∨ 𝜓‖𝛵𝒱 = ‖𝜙‖𝛵𝒱 ∪ ‖𝜓‖𝛵𝒱 ‖□𝜙‖𝛵𝒱 = {𝑠 ∈ 𝑆 ∣ ∀𝑡.𝑠𝑅𝑡 ⇒ 𝑡 ∈ ‖𝜙‖𝛵𝒱)}
‖𝜙 ∧ 𝜓‖𝛵𝒱 = ‖𝜙‖𝛵𝒱 ∩ ‖𝜓‖𝛵𝒱 ‖𝜈𝑥 𝜙‖𝛵𝒱 = ⋃{𝑈 ⊆ 𝑆 ∣ 𝑈 ⊆ ‖𝜙‖𝛵V[𝑥↦𝑈]}

‖𝜇𝑥 𝜙‖𝛵𝒱 = ⋂{𝑈 ⊆ 𝑆 ∣ ‖𝜙‖𝛵V[𝑥↦𝑈] ⊆ 𝑈}
Notice how negation is allowed by definition only in front of propositional cont­
ants, meaning that any variable occurs positively in a formula. That is sufficient
to ensure that for every formula 𝜙(𝑥) with 𝑥 free, the function
𝑓𝜙,𝑥 ∶ 𝒫(𝑆) ↦ 𝒫(𝑆) induced by the interpretation of 𝑥 as a subset of the do­
main 𝑆 is monotone. As a consequence, expressions referring to the existence
of fixed points like 𝜇𝑥 𝜙, 𝜈𝑦 𝜓 are always meaningful thanks to Knaster­Tarski
(Tarski (1955), see the introduction).

We adopt the convention that 𝜎 ∈ {𝜇, 𝜈} stands for a generic fixed point
quantifier, and 𝜙(𝜎𝑥 𝜙) is a shorthand for 𝜙[𝜎𝑥 𝜙/𝑥], that is the formula corres­
ponding to the unravelling of the fixed point 𝜎𝑥 𝜙. Without loss of generality,
assume that formulas are well­named and guarded.

Definition 2.2 (Well­named). A formula 𝜙 ∈ ℒ𝜇 is well­named if every variable
occurs bounded at most once.

Definition 2.3 (Guarded). A formula 𝜙 is guarded if in every subformula 𝜇𝑥𝜓
and 𝜈𝑥 𝜓 of 𝜙, every occurrence of the bound variable 𝑥 is in the scope of a modal
operator.

Theorem 2.4. Every formula of the calculus is equivalent to a guarded one.

A proof is given by Niwiński and Walukiewicz (1996), the theorem is attributed
to Kozen. In the rest of this work we restrict our interest to tree transition sys­
tems, namely transition systems such that for any state 𝑣 there exists a unique 𝑢
such that 𝑢𝑅𝑣, except for the root 𝜖, which is such that ¬𝑢𝑅𝜖 for every 𝑢 ∈ 𝑆.
This is possible because modal 𝜇­calclulus enjoys the tree model property.

Theorem 2.5. Every satisfiable ℒ𝜇 formula can be satisfied at the root of some tree
transition system.

A proof of the theorem can be found in Streett and Emerson (1984), see p.467.
From now on, with 𝛵, 𝑣 ⊨ 𝜙 we indicate that 𝜙 holds in 𝛵 at state 𝑣, while 𝛵 ⊨ 𝜙
is used in case 𝑣 = 𝜖.
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2.3. Ordinal annotations
The standard semantics for fixed points given right above defines fixed point
expressions in terms of least pre­fixed point and greatest post­fixed points. There
exists an alternative way of reaching fixed points on a state­based system, and that
is the iteration approximation. Given any transition system 𝛵 and valuation 𝒱,
by Knaster­Tarski the least fixed point of a given formula 𝜙 is the result of the
transfinite process defined as follow, by induction on the ordinal

‖𝜇𝑥𝛼 𝜙‖𝛵𝒱 = ⋃
𝛽<𝛼

‖𝜙(𝜇𝑥𝛽 𝜙)‖𝛵𝒱

so we have that ‖𝜇𝑥 𝜙‖ = ⋃𝛼 ‖𝜇𝑥𝛼 𝜙‖. A similar iteration computes the greatest
fixed point as well, with the zero­th case being defined as the whole domain,
and general intersection in place of the union. In the present work, however,
we will be focusing on a selected subset of least fixed points of a given formula,
the goal being to establish an upper bound to their fixed point approximations.
Notice that the definition above talks about a single instance of a least fixed
point. In general, to each occurrence of a (least) fixed point corresponds an
ordinal value expressing the number of iterations of the respective function, for
example 𝜇𝑥𝛼(𝜓∧𝜇𝑦𝛽𝜒). To keep track of the stage of the approximation of each
fixed point it is common practice in literature to use signatures, i.e., tuples of
ordinals indicating the stage of iterations for each fixed point in a formula. An
example of use of signatures can be found in the work by Streett and Emerson
(1984).

Given the nature of the fragment considered in the present work, however,
full signatures would create unnecessary bookeeping and potential confusion.
Since we will be considering only least fixed points “in a block” (see Section 3.2
below), and we are not interested at this stage in establishing exact values, rather
an upper bound for the entire fragment, we choose to conduct the analysis as­
signing a single ordinal to the entire formula. Such an ordinal will be sufficiently
large to ensure that it is not exceeded by any individual value in the signature,
and at the same time it will be kept in a reasonable range, to ensure that the uper
bound is meaningful.

The identification of a single ordinal value is not straightforward. Back to the
example above: if we assume 𝛼 > 𝛽 we could write 𝜇𝑥𝛼(𝜓∧𝜇𝑦𝛼𝜒), relying on the
fact that 𝜇𝑥𝛼(𝜓∧𝜇𝑦𝛽𝜒) ⟹ 𝜇𝑥𝛼(𝜓∧𝜇𝑦𝛼𝜒). Browne et al. (1997) resort to such
a property, i.e., monotonicity of the approximations, for example, to optimise
an algorithm for evaluating fixed points over transition systems. Instead of the
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maximum or other simple operation on signatures, we define the meaning of an
annotated formula recursively in the definition below. Formally, an annotated
formula is a pair (𝜙, 𝛼).

Definition 2.6. For every 𝜙 ∈ ℒ𝜇, ordinal 𝛼 and transition system:

‖𝑥𝛼‖ = 𝒱(𝑥)
‖𝑝𝛼‖ = ‖𝑝‖ ‖(¬𝑝)𝛼‖ = ‖¬𝑝‖
‖(𝜙 ∧ 𝜓)𝛼‖ = ‖𝜙𝛼‖ ∩ ‖𝜓𝛼‖ ‖(𝜙 ∨ 𝜓)𝛼‖ = ‖𝜙𝛼‖ ∪ ‖𝜓𝛼‖
‖(♢𝜙)𝛼‖ = {𝑠 ∈ 𝑆 ∣ ∃𝑡.𝑠𝑅𝑡 ∧ 𝑡 ∈ ‖𝜙𝛼‖} ‖(𝜈𝑦 𝜙)𝛼‖ = ⋃{𝑉 ∣ 𝑉 ⊆ ‖𝜙𝛼‖𝑦↦𝑉}
‖(□𝜙)𝛼‖ = {𝑠 ∈ 𝑆 ∣ ∀𝑡.𝑠𝑅𝑡 ⇒ 𝑡 ∈ ‖𝜙𝛼‖} ‖(𝜇𝑥 𝜙)𝛼‖ = ⋃

𝛽<𝛼
‖𝜙(𝜇𝑥 𝜙)𝛽‖

That the annotation is correctly defined follows from the well­foundedness of
the iteration process, and ultimately depends on the structure of the formula
and the ordinal assignments of formulas at child nodes. The following example
provides an idea of the advantages of the assumed convention on annotations.

Example 2.7. Consider the formula 𝜙 = 𝜇𝑦((𝑝 ∨ ♢𝑦) ∧ 𝜇𝑥(□𝑦 ∨ ♢𝑥)) holding
at state 0 in the two scenarios of figures 1 and 2. In the first system we have 0 ⊨ 𝜙4
according to the definition of annotation above, due to the following argument:

2 ⊨ □𝑦0 ⇒ (□𝑦 ∨ ♢𝑥)0 ⇒ 𝜇𝑥1
2 ⊨ 𝑝0 ⇒ (𝑝 ∨ ♢𝑦)0 ⇒ ((𝑝 ∨ ♢𝑦) ∧ 𝜇𝑥□𝑦 ∨ ♢𝑥)1 ⇒ 𝜇𝑦2
1 ⊨ ♢𝑥1 ⇒ (□𝑦 ∨ ♢𝑥)1 ⇒ 𝜇𝑥2
1 ⊨ ♢𝑦2 ⇒ (𝑝 ∨ ♢𝑦)2 ⇒ ((𝑝 ∨ ♢𝑦) ∧ 𝜇𝑥□𝑦 ∨ ♢𝑥)2 ⇒ 𝜇𝑦3
0 ⊨ ♢𝑥2 ⇒ (□𝑦 ∨ ♢𝑥)2 ⇒ 𝜇𝑥3
0 ⊨ ♢𝑦3 ⇒ (𝑝 ∨ ♢𝑦)3 ⇒ ((𝑝 ∨ ♢𝑦) ∧ 𝜇𝑥□𝑦 ∨ ♢𝑥)3 ⇒ 𝜇𝑦4

If we take a standard annotation based on signature, instead, the situation is
0 ⊨ 𝜙(3,0) since
‖𝜙(0,0)‖ = ∅ ‖𝜙(0,1)‖ = {2} ‖𝜙(0,2)‖ = {2, 1} ‖𝜙(0,3)‖ = {2, 1, 0}
‖𝜙(1,0)‖ = {2} ‖𝜙(1,1)‖ = {2, 1} ‖𝜙(1,2)‖ = {2, 1, 0}
‖𝜙(2,0)‖ = {2, 1} ‖𝜙(2,1)‖ = {2, 1, 0}
‖𝜙(3,0)‖ = {2, 1, 0}
It seems like the difference is negligible in this case. Consider now the second scenario,
where we have again 0 ⊨ 𝜙4 according to the definition above, with almost the
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Figure 2.: Scenario B

same process going on in the computation (the only difference is that 𝑖 ⊨ 𝑝0 for
𝑖 ∈ {0, 1, 2}). On the other hand, 0 ⊨ 𝜙(1,0) with the following argument
‖𝜙(0,0)‖ = ∅ ‖𝜙(0,1)‖ = {2} ‖𝜙(0,2)‖ = {2, 1} ‖𝜙(0,3)‖ = {2, 1, 0}
‖𝜙(1,0)‖ = {2, 1, 0}

The difference is due to the fact that in the former case, the fact that 𝑝 in this scenario
holds at all states is taken into consideration when assigning an ordinal value to the
formula 𝑝 ∨ ♢𝑦 at each state, but the overall annotation depends on both conjuncts,
hence takes into account the ordinal annotation of 𝜇𝑥 as well. In the latter case, the
computation of the subformula 𝜇𝑥 is counted in the second value of the pair, i.e., it
is not visible in the general annotation.

Now that the necessary motivations and preliminary definitions have been given,
the notion of closure ordinal of a formula in a model can be defined.

Definition 2.8 (Closure Ordinal in a model). Let a countable model 𝛵 and a
formula 𝜙 be such that 𝛵 ⊨ 𝜙. The least ordinal 𝜅 such that ‖𝜙𝜅‖𝛵 = ‖𝜙𝜅+1‖𝛵 is the
closure ordinal of 𝜙 in 𝛵: CO𝛵(𝜙) = 𝜅 .

Notice that once 𝛵 = (𝑆, 𝑅, 𝜆) and𝒱 are fixed, there always exists a least ordinal
𝛼 such that ‖𝜇𝑥 𝜙𝛼‖ = ‖𝜇𝑥 𝜙𝛼+1‖. Moreover, the value of CO𝛵(𝜙) is bounded by
the assumption that 𝑆 is a countable set, meaning that

Lemma 2.9. For every countable model 𝛵 and formula 𝜙, if CO𝛵(𝜙) = 𝜅
then 𝜅 < 𝜔1.

By considering the closure of a formula on all countable models we define its
closure ordinal.

Definition 2.10 (Closure Ordinal). Given a formula 𝜙, the closure ordinal of 𝜙:
CO(𝜙) = 𝜅 is the least ordinal 𝜅 ≤ 𝜔1 such that CO𝛵(𝜙) ≤ 𝜅 for all countable 𝛵
such that 𝛵 ⊨ 𝜙.

Before moving to the next chapter, it is worth it to familiarise with a few instances
of models witnessing the closure ordinal of some notable formulas.
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Example 2.11 (Continuous formula). The formula 𝜙 = 𝜇𝑥 𝑝 ∨ ♢𝑥 is an example
of a continuous formula (Fontaine, 2010) that corresponds to the natural language
expression “there is a finite path leading to 𝑝”. For any 𝑛 < 𝜔, the linear model 𝛵𝑛
with 𝑝 holding after 𝑛 steps is such that CO𝛵(𝜙) = 𝑛.

𝜙𝑛 𝜙𝑛−1 𝜙1 𝑝

On the other hand, a finite number of iterations on a single path is necessary and
sufficient to satisfy 𝜙, meaning that in no case there is a 𝛵 such that CO𝛵(𝜙) ≥ 𝜔. It
follows that CO(𝜙) = 𝜔.

Example 2.12 (Constructive formula). The formula 𝜓 = 𝜈𝑦 (𝜇𝑥 𝑝 ∨ ♢𝑥) ∧ ♢𝑦
states the existence of an infinite path where 𝜙 from the previous example is always
the case. Differently from the previous example where CO(𝜙)𝛵 < 𝜔 for every 𝛵, the
model below is such that CO(𝜓)𝛵′ = 𝜔.

𝜓𝜔,♢𝜙1 𝜓𝜔,♢𝜙2 𝜓𝜔,♢𝜙3 𝜓𝜔,♢𝜙4

𝜙1 𝜙2 𝜙3 𝜙4

We see here how the greatest fixed point necessitates 𝜔 iterations of 𝜙. As expected, its
closure ordinal is also 𝜔.

Example 2.13. Not all formulas have a countable closure ordinal. The most famous
and simple example is the formula 𝜒 = 𝜇𝑥□𝑥. It expresses the property that all the
paths are finite. In any transition system with (possibly) infinite branching finite
paths, its closure ordinal corresponds to the order type of the model, so CO(𝜒) = 𝜔1.

A final note concerns the preservation of closure ordinals between equivalent
formulas. It is necessary to point out that equivalent formulas do not present
necessarily the same closure ordinals. A trivial example of the fact is provided by
the pair

(𝜇𝑥□𝑥) ∨ (𝜈𝑦♢𝑦) ⟺ 𝜇𝑥𝑝 ∨ ¬𝑝
Both are tautologies and hold at every state of every model, the intuitive mean­
ing of the first being “either every branch is finite, or there is an infinite one”.
However, while the right one has closure ordinal zero (trivially), the value of the
left one is bounded by 𝜔1, as seen in the example above. In general, one needs to
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be careful when semantical equivalence is invoked to claim a bound on closure
ordinals. We will come back to this issue at the end of Chapter 5 for the case of
conjunctive formulas.





3. Binary 𝜇
The language ℒ𝜇 defined in the previous chapter is standard for the modal 𝜇­
calculus. As mentioned above, in several cases results about ML𝜇 have been ob­
tained by resorting to other equivalent formalism, like automata, games, MSO.
In the present work we want to remain as much as possible inside the ML𝜇 form­
alism. As will be clear in the following chapters, the reasoning is heavily trace­
based, requiring to analyse the history of a formula and its annotation through
the model. It is only natural to try to facilitate our work by eliminating already
at the level of syntax those cases that require a more complex analysis.

In the introduction to the previous chapter we mentioned the axiomatisation
of ML𝜇 by Kozen (1983). In a first attempt to prove its completeness, Kozen
limited the proof to the a­conjunctive fragment, i.e., formulas where the occur­
rence of least fixed point variables in a conjunction is restricted to one of the con­
juncts. That choice was due to the fact that, in the argument for completeness,
conjunction poses a universal requirement, forcing a branching of traces with
a consequent increased complexity. The situation here is dual: the perspective
will be not only on the satisfiability of a formula, but additional constraints on
the ordinal annotation are to be checked. Following traces will be done with
the goal of either certifying an upper bound, or providing models that witness
certain closure ordinals. In such perspective, disjunctions and♢modalities force
a trace branching, as shown by the two examples below.

Example 3.1. Consider the case of a formula 𝜙0 ∨ 𝜙1 for which we want to show
that the closure ordinal is at least 𝜔2. Assume a state 𝑣 in a model such that 𝑣 ⊨ 𝜙𝜔0
and 𝑣 ⊨ 𝜙𝜔.𝑛1 for 𝑛 < 𝜔. By Definition 2.6 𝑣 ⊨ (𝜙0 ∨ 𝜙1)𝜔, since the annotation
takes the least among the disjuncts. In order to prove the existence of a closure ordinal
≥ 𝜔2 it is necessary to show that for every 𝜂 < 𝜔2 not only there exist model and state
such that 𝑣 ⊨ 𝜙𝜂1 , but also 𝑣 ⊨ 𝜙

𝜂
0.

Example 3.2. Consider the formula ♢𝜙 for which we want to show that the closure
ordinal is greater than 𝜔2. Starting from the scenario on the left below, in order to
obtain a model where 𝑣 ⊨ ♢𝜙𝜂 for 𝜂 > 𝜔2 it is not sufficient to “pump” only one of
the child nodes, since in that case we would obtain the situation depicted on the right.
It is necessary to follow the evolution (trace) of the subformula 𝜙 on both branches.
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♢𝜙𝜔

𝜙𝜔

v⃝

𝜙𝜔.𝑛

♢𝜙𝜔

𝜙𝜔

v⃝

𝜙𝜔𝜂

The issue with disjunction was partially discussed in my Licentiate thesis (Barluc­
chi, 2022). In there, an attempt in using conjunctive formulas was presented,
an approach that was then fixed and exploited in Afshari et al. (2025a). In or­
der to restrict disjunction, we adopted formulas in conjunctive form using the
single modality ∇. Disjunctions are pushed into the semantics of the modality,
that can be expressed by the equivalence ∇Γ = ⋁𝜙∈Γ□𝜙 ∨ ♢⋀Γ for Γ set of
formulas. That made it possible to work with formulas where disjunction occurs
only between modal formulas and literals, neutralising the worst outcomes of
free disjunctions. By pushing disjunction into the definition of the modality we
simplified all the other cases, concentrating all the potential issues in one specific
controlled form.

Unfortunately, while the reduction to conjunctive form proved to be suffi­
cient for the job, the machinery showed some shortcomings when it was applied
to formulas with alternation of fixed points. It turns out, in fact, that when mul­
tiple traces have to be considered together, the dependency between the modal
formula and the actual model is a liability more than an advantage. While the
choice of conjunctive formulas makes most of the cases easy and straightforward
to treat, it also leaves too many different factors to be disentangled simultanously
in the case of ∇.

A different approach is taken here, namely using binary structures. If with
the conjunctive approach disjunctions were pushed into the modalities, the op­
posite direction is assumed by working with binary trees and the relative syntax.
Disjunction is again without restriction, in exchange for a very controlled treat­
ment of the modal case.

That is the account of the motivation behind the choice that motivates the
present chapter, where we define the new language with binary modalities and
the relative semantics of binary trees. While the existence of a translation is not
a novelty, the chapter contains a proof of the preservation of the closure ordinal
under the translation from ℒ𝜇 to the binary syntax.
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3.1. Binary 𝜇­calculus
The formulas of the binary modal 𝜇­calculus, denoted ℒ2

𝜇, are those generated
by the following grammar.

𝜙 ∶∶= 𝑥 ∣ 𝑝 ∣ ¬𝑝 ∣ 𝜙 ∨ 𝜙 ∣ 𝜙 ∧ 𝜙 ∣ ○0𝜙 ∣ ○1𝜙 ∣ 𝜇𝑥 𝜙 ∣ 𝜈𝑥 𝜙
Formulas are evaluated over the labelled full binary tree. With 𝛣 = {0, 1}∗ we
indicate the set of all finite words over the alphabet {0, 1}, including the empty
word 𝜖. Each node of the full binary tree can be identified with the path that
connects it to the root, i.e., corresponds to a word in 𝛣.

Definition 3.3 (Labelled binary tree). For 𝛣 = {0, 1}∗ set of states, let 𝑅 be a
relation such that 𝑣𝑅𝑤 iff 𝑤 = 𝑣𝑖 for every 𝑣, 𝑤 ∈ 𝛣 and 𝑖 ∈ {0, 1} A labelled binary
treeℬ = (𝛣, 𝑅, 𝜌) is obtained introducing a function 𝜌 ∶ Prop → 𝒫(𝛣).

Since states are named after finite words over the binary language, we take from
the literature some standard notation and call 𝜖 – the empty sequence – the root
of any labelled tree, while 𝑣 ≤ 𝑤 indicates the prefix relation between t(he names
of ) two states, i.e.,

𝑣 ≤ 𝑤 ⟺ 𝑤 = 𝑣ℎ
for some ℎ ∈ {0, 1}∗. Over the binary tree, the semantics of formulas is analogous
to the ℒ𝜇 case except for modal formulas.

Definition 3.4. Given a labelled treeℬ and a valuation𝒱 ∶ Var → 𝒫(𝛣), define

‖𝑝‖ℬ𝒱 = {𝑣 ∣ 𝑝 ∈ 𝜌(𝑣)} ‖¬𝑝‖ℬ𝒱 = {𝑣 ∣ 𝑝 ∉ 𝜌(𝑣)}
‖𝑥‖ℬ𝒱 = 𝒱(𝑥) ‖𝜙 ∧ 𝜓‖ℬ𝒱 = ‖𝜙‖ℬ𝒱 ∩ ‖𝜓‖ℬ𝒱
‖𝜙 ∨ 𝜓‖ℬ𝒱 = ‖𝜙‖ℬ𝒱 ∪ ‖𝜓‖ℬ𝒱 ‖ ○𝑖 𝜙‖ℬ𝒱 = {𝑣 ∈ 𝛣 ∣ 𝑣𝑖 ∈ ‖𝜙‖ℬ𝒱)}
‖𝜈𝑥 𝜙‖ℬ𝒱 = ⋃{𝑈 ⊆ 𝛣 ∣ 𝑈 ⊆ ‖𝜙‖ℬ𝒱[𝑥↦𝑈]}
‖𝜇𝑥 𝜙‖ℬ𝒱 = ⋂{𝑈 ⊆ 𝛣 ∣ ‖𝜙‖ℬ𝒱[𝑥↦𝑈] ⊆ 𝑈}

Write ℬ, 𝑣 ⊨𝒱 𝜙 to indicate 𝑣 ∈ ‖𝜙‖ℬ𝒱, and ℬ ⊨𝒱 𝜙 when 𝑣 = 𝜖 is the root.
Mentions of 𝒱 are omitted when no confusion is possible. As in the general
case we assume that formulas are well­named and guarded (Definitions 2.2 and
Definition 2.3).

For the subsequent analysis we adopt an alternative presentation of modal
𝜇­calculus formulas based on modal equation systems. A modal equation system
consists of a finite list of equations between variables and formulas of a given
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language ℒ, see for example Arnold and Niwinski (2001). The motivation of
this choice is that equation systems simplify the representation of a fixed point
unfolding; but most importantly, they make it easier to define and isolate the set
of least fixed points relative to which the ordinal annotation is defined (more on
that in Section 3.2).

Definition 3.5 (Equation system). An equation system over 𝐹 ⊆ ℒ2
𝜇 is a tuple

(𝛸, 𝜌, 𝛦) where 𝛸 ⊆ Var is a finite set of variables, 𝜌∶ 𝛸 → ℕ maps each variable
to a natural number, and 𝛦∶ 𝛸 → ℒ2

𝜇 is a function assigning to each 𝑥 ∈ 𝛸 a
formula 𝛦(𝑥) in the language 𝐹.

An equation system has the following form

𝑥0 =𝜌(𝑥0) 𝛦(𝑥0)
𝑥1 =𝜌(𝑥1) 𝛦(𝑥1)
⋮

𝑥𝑛 =𝜌(𝑥𝑛) 𝛦(𝑥𝑛)
where, for 𝑖 ≤ 𝑛, 𝛦(𝑥𝑖) is a formula in the language ℒ2

𝜇, and 𝜌(𝑥𝑖) indicates the
priority of the equation. The convention is that an odd number indicates an
equation expressing a least fixed point equation, while an even number indicates
a greatest fixed point. In addition, the priority indicates the level of the hierarchy
of each fixed point, with lower priorities for lower levels of the hierarchy.

That every formula of ℒ2
𝜇 is equivalent to an equational formula is seen by a

simple translation between the two syntaxes, a translation that is almost straight­
forward6 and can be summarised as one equation per fixed point.

For the purpose of this work, however, we assume that all the equations ex­
press least fixed points. Given the assumption combined with the well­namedness
of quantified variables, we can drop the priority of equations provided that the
initial variable of the formula is known, since the dependency relation between
variables becomes unambiguous. That brings to the definition of equational for­
mulas that suits our necessities.

Definition 3.6 (Equational formula). An equational formula (over 𝐹) is a triple
(𝛸, 𝑥0, 𝛦) where 𝛸 and 𝛦 are as in an equation system over 𝐹, and 𝑥0 ∈ 𝛸 is a
distinguished variable called the initial variable.
6 While the direction from ℒ2

𝜇 to equation system is linear, the other direction can bring an
exponential increase. See Demri et al. (2016) section 8.3.4 for an example with exponen­
tial blow­up, and the definition of a translation between the two formalisms.
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The semantics of equation formulas over the language ℒ2
𝜇 is the same of Defini­

tion 3.4 with the addition of a case distinction, depending on whether 𝑥 ∈ 𝛸:

‖𝑥‖ℬ𝒱 = {⋂{𝑈 ⊆ 𝛣 ∣ ‖𝛦(𝑥)‖ℬ𝒱[𝑥↦𝑈] ⊆ 𝑈} if 𝑥 ∈ 𝛸
𝒱(𝑥) otherwise

Example 3.7. The formula 𝜇𝑥 (𝑝 ∧ (𝜈𝑧 (○0(𝑥 ∧ 𝑧)) ∨ 𝜇𝑤 ○1 (𝑥 ∧ 𝑤)) ∨ 𝜒) is
equivalent to the equation formula ({𝑥, 𝑤}, 𝑥, 𝛦) where

𝛦(𝑥) = 𝑝 ∧ (𝜈𝑧 (○0(𝑥 ∧ 𝑧) ∨ 𝑤)) ∨ 𝜒
𝛦(𝑤) = ○1(𝑥 ∧ 𝑤)

In order to lighten the notation, the initial variable of an equation formula some­
times will be omitted if the information is not relevant to the discourse. Adopt­
ing a formulation in terms equation system instead of the standard formula is
almost a mere syntactic preference, in this context. In fact, most of the usual no­
tions and concepts defined for ℒ𝜇 can be easily adapted to the case of equational
ℒ2
𝜇 (from now on ℒ2

𝜇 can refer interchangeably to formulas in plain or equation
form). As common in the presence of fixed point expression, for the notion of
subformulas the definition of closure is taken from Fischer and Ladner (1979),
adapted to the equational form.

Definition 3.8 (Clos). The closure of an equation system (𝛸, 𝛦) is the smallest set
Clos(𝛸, 𝛦) ⊆ ℒ2

𝜇 satisfying
1. 𝛦(𝛸),𝛸 ⊆ Clos(𝛸, 𝛦);
2. if 𝜓0 ⋆ 𝜓1 ∈ Clos(𝛸, 𝛦) for ⋆ ∈ {∧, ∨} then 𝜓0, 𝜓1 ∈ Clos(𝛸, 𝛦);
3. if ○𝑖𝜓 ∈ Clos(𝛸, 𝛦) then 𝜓 ∈ Clos(𝛸, 𝛦);
4. if 𝜎𝑥𝜓 ∈ Clos(𝛸, 𝛦) then 𝜓(𝜎𝑥𝜓) ∈ Clos(𝛸, 𝛦)

The size of the equation system (𝛸, 𝛦), written |𝛸, 𝛦|, is the cardinality of its
closure.

3.2. Alternation hierarchy and the 𝒞(Σ2) fragment.
At the beginning of Chapter 2 the existence of different ways of counting the
alternation of fixed points was mentioned, resulting in different definitions of the
alternation hierarchy for ℒ𝜇 formulas. This work adopts the most widespread,
that is the one by Niwiński (1986), here presented in its version for ℒ2

𝜇 formulas.
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Definition 3.9 (Hierarchy). A formula 𝜙 ∈ ℒ2
𝜇 with no fixed point is in Π0 and

Σ0. For every 𝑛 the set Σ𝑛+1(Π𝑛+1) is the closure of Σ𝑛 ∪ Π𝑛 under the following
conditions:

1. if 𝜙, 𝜓 ∈ Σ𝑛+1(Π𝑛+1) then 𝜙 ∧ 𝜓, 𝜙 ∨ 𝜓, ○𝑖𝜙 ∈ Σ𝑛+1(Π𝑛+1);
2. if 𝜙 ∈ Σ𝑛+1(Π𝑛+1) then 𝜇𝑥 𝜙 ∈ Σ𝑛+1(𝜈𝑥 𝜙 ∈ Π𝑛+1);
3. if 𝜙, 𝜓 ∈ Σ𝑛+1(Π𝑛+1) then 𝜙(𝜓) ∈ Σ𝑛+1(Π𝑛+1), provided that no capture of

free variables in 𝜓 occurs through the substitution.

The most interesting part of this definition is the last clause, in essence taking
the maximum value for the overall formula in case of a substitution without
binding of free variables. The motivation for that clause is straightforward: when
a formula of a certain complexity is inserted into an existing formula in a way
that makes the fixed points of both not interacting between each other, there
is no extra alternation that is being introduced to be counted, hence taking the
maximum level is more faithful than, for example, counting one on top of the
other.

Example 3.10. The formula 𝜇𝑥 (□𝑥 ∧ 𝜈𝑧 (□𝑧 ∧ 𝑦)) is in Σ2, while 𝜒 = 𝜇𝑦 (𝑝 ∨
♢𝜈𝑣 (𝜇𝑤 (♢𝑦∧□(𝑣∨𝑤)))) ∈ Σ3. Replacing 𝜒 for 𝑦 in the former results in 𝜇𝑥 (□𝑥∧
𝜈𝑧 (□𝑧 ∧ 𝜒)). According to the definition the formula is in Σ3, since both are in
that fragment and no capture occurs. If one ignored the last clause of the definition,
however, the formula would fall into Σ5. Notice that the evaluation of 𝜒 is fully
independent of the status of 𝑥 and 𝑧, hence there will never be a real alternation
between their fixed points and the ones in 𝜒.

A description of the limits of the closure ordinal for the alternation–free frag­
ment, or Π2 ∩ Σ2, is the content of Afshari et al. (2025a). To be completely
correct, the results of that work applies to a fragment called Σ, that is slightly
larger that the standard alternation–free. The explicit definition of Σ is the fol­
lowing.

Definition 3.11. Given a language ℒ, for 𝐹 ⊆ ℒ, 𝐹𝑐 indicates the subset of 𝐹
consisting of closed formulas only, i.e., such that 𝐹𝑉(𝜙) = ∅ for every 𝜙 ∈ 𝐹𝑐. The
Σ fragment with respect to ℒ𝜇 is the closure of (ℒ𝜇)𝑐 ∪Var ∪ Prop under logical and
modal connectives, and least fixed point quantification.

In other words: a formula in Σ is such that the outermost layer of 𝜇­quantifiers
does not bind variables in the scope of other quantifiers. The formula in the
example above is in Σ, despite it being a Σ3 according to Definition 3.9, hence
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not alternation–free. Notice, in fact, how 𝜈𝑧□𝑧 ∧ 𝜒 ∈ (ℒ𝜇)𝑐 is closed, and no
real interaction is expected between 𝑥 and the rest of the fixed points, despite
the formula being in Σ3. Reasoning around the extent of the fragment Σ led to
another possible characterisation of such fragment: it is the set corresponding to
Σ1 if we add one last clause to Definition 3.9

4. if 𝜙 ∈ Σ𝑛+1(Π𝑛+1) then 𝜙(𝜓) ∈ Σ𝑛+1(Π𝑛+1), provided that 𝜓 is closed

where the complexity of any closed formula 𝜓 in the substitution is overlooked.
Adopting this informal different perspective facilitates the introduction of the

fragment that we will be using. Remember that the aim of the present work is to
extend the known upper bound beyond the alternation–free fragment to include
some form of proper interaction between least and greatest fixed points. To that
end we define the fragment 𝒞(Σ2) which is an extension of Σ along the same
direction. The intuitive way to understand 𝒞(Σ2) is to think about formulas
in the standard Σ2, with the addition of closed formulas of any complexity as
parameters. Still on the informal level, that corresponds to taking Σ2 according
to Definition 3.9 with the addition of clause 4. It is important to stress that
these have to be considered informal intuitions of what 𝒞(Σ2) is. The reason is
that they do not reflect the actual complexity of a formula in general, potentially
creating undesired distortions as in the next example.

Example 3.12. It has been remarked that the formula in Example 3.10 is in Σ
despite being in Σ3 of the hierarchy. If we extended the definition with clause 4, the
formula would be in Σ1 instead. However, the original 𝜇𝑥 (.□𝑥∧𝜈𝑧 (□𝑧∧𝑦))would
still be Σ2 due to the fact that 𝑦 is free. As a result, we would have a decrease in the
hierarchy after substituting a complex formula for a variable, which is nonsensical.

That does not mean that there is no point in distinguishing between the two
cases, when the perspective is the complexity of the computation necessary to
establish the value of the outermost layer of fixed point. The following formal
definition is then adopted for the 𝒞(Σ2) fragment, where (ℒ𝜇)𝑐 indicates the set
of all closed formulas in the language ℒ𝜇, as in the case of Definition 3.11.

Definition 3.13 (𝒞(Σ2)). LetΠ be the closure of (ℒ𝜇)𝑐 ∪Var∪Prop under logical
and modal connectives, and greatest fixed points. The fragment 𝒞(Σ2) is defined as
the smallest set such that

1. Π ⊆ 𝒞(Σ2)
2. if 𝜙, 𝜓 ∈ 𝒞(Σ2) then 𝜙 ∧ 𝜓, 𝜙 ∨ 𝜓, ○𝑖𝜙 ∈ 𝒞(Σ2)
3. if 𝜙 ∈ 𝒞(Σ2) then 𝜇𝑥 𝜙 ∈ 𝒞(Σ2)
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Example 3.14. The formula 𝜙 = 𝜈𝑥 (♢(𝑥∧𝑣)∨𝜇𝑦 (𝜈𝑤 (□𝑦∧(𝜇𝑧□(𝑦∧𝑧)∨♢𝑤))))
is in Σ3 of the hierarchy, since that is the complexity of the second disjunct. However,
according to the definition above 𝜙 ∈ Π, so 𝜇𝑣 𝜙 ∈ 𝒞(Σ2).

The motivation behind this choice of fragment is in the fact that we will be
counting the iterations of the outermost layer of least fixed points – expressed as
the set 𝛸 of variables in the formula equation – allowing for their variables to
occur in the scope of some greatest fixed points. This way, it will be possible to
capture the effects of a first kind of alternation on closure ordinals.

The main result of this work is about the set of formulas of ML𝜇 called 𝒞(Σ2)
and defined by Definition 3.13. However, in order to carry on the analysis, we
will work with slightly different formulas: with binary modalities, in equational
form (and not necessarily in 𝒞(Σ2), see end of Section 3.3). The set of formulas
that will be actually used to prove the result is obtained from 𝒞(Σ2) as follows.
For any ℒ𝜇 formula 𝜙 ∈ 𝒞(Σ2), we provide a canonical translation into a ℒ2

𝜇
formula 𝜙𝑏 in equational form. In the translation, we stipulate that 𝛸 contains
all and only the least fixed point variables from the outermost layer, i.e., those
introduced by clause 3 of the definition above. The annotation will refer exclus­
ively to them. As a result of this manipulation, in our formula 𝜙𝑏 there might
be three kinds of least fixed point expressions: the ones in 𝛸 and indicated by
variables, the ones in a closed formula from (ℒ𝜇)𝑐, and the ones generated by the
translation of ♢ into binary (more on that in the next section). The definition
of ordinal annotation is given so that only the unfoldings of the first are accoun­
ted: to the ones in the closed formulas 0 is assigned by default, while the ones
obtained from the translation will be treated – limited to what pertains to the
ordinal counting – as we already treat greatest fixed points, meaning that they
will be simply carrying the annotation to their subformulas.

Formally, an annotated formula is a pair (𝜙, 𝛼) where 𝜙 is a ℒ2
𝜇 formula in

equation form, and 𝛼 < 𝜔1. In terms denotation we have the following:

Definition 3.15. For every 𝜙 ∈ ℒ2
𝜇 in equation form, ordinal 𝛼 and transition

system:

‖𝑝𝛼‖ = ‖𝑝‖ ‖(¬𝑝)𝛼‖ = ‖¬𝑝‖
‖(𝜙 ∧ 𝜓)𝛼‖ = ‖𝜙𝛼‖ ∩ ‖𝜓𝛼‖ ‖(𝜙 ∨ 𝜓)𝛼‖ = ‖𝜙𝛼‖ ∪ ‖𝜓𝛼‖
‖(○𝑖𝜙)𝛼‖ = {𝑣 ∈ 𝛣 ∣ 𝑣𝑖 ∈ ‖𝜙𝛼‖} ‖(𝜈𝑦 𝜙)𝛼‖ = ⋃{𝑉 ∣ 𝑉 ⊆ ‖𝜙𝛼‖[𝑦→𝑉]}

‖(𝜇𝑦 𝜙)𝛼‖ = ⋂{𝑉 ∣ ‖𝜙𝛼‖[𝑦→𝑉] ⊆ 𝑉} ‖𝑥𝛼‖ = {⋃𝛽<𝛼‖𝛦(𝑥)𝛽‖ 𝑥 ∈ 𝛸
𝒱(𝑥) 𝑜/𝑤
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From now on there will be no confusion on the meaning of an annotated formula
𝜙𝛼. Before moving on, let’s fix some convention about sets of formulas and
annotation, together with a relation ⪯ between annotated sets.

Definition 3.16. For any set of formulas Γ, let Γ𝛼 = { 𝜙𝛼 ∣ 𝜙 ∈ Γ }. Conversely,
for a set Δ of annotated formulas, Δ− denotes the underlying set of un­annotated
formulas: (Γ)− = { 𝜙 ∣ 𝜙𝛼 ∈ Γ for some 𝛼 < 𝜔1 }. Finally, the relation ⪯ on sets of
annotated formulas is defined as: Θ ⪯ Ξ if and only if for all 𝜙𝛼 ∈ Ξ there exists
𝛽 ≤ 𝛼 such that 𝜙𝛽 ∈ Θ.

In the rest of this work 𝑥 (possibly with subscripts) indicates a least fixed point
variable in 𝛸, the set of least fixed points that we are interested in counting.

3.3. Translating between ℒ𝜇 and ℒ2
𝜇

In this section we provide a translation from formulas in the standard language
of 𝜇­calculus into ones with binary modalities, proving that the closure ordinal
is preserved by the transalation.

Definition 3.17. For every formula 𝜙 in the language ℒ𝜇, the binary translation
(⋅)𝑏 ∶ ℒ𝜇 ↦ ℒ2

𝜇 generates a formula 𝜙𝑏 ∈ ℒ2
𝜇 recursively as follows:

𝑝𝑏 = 𝑝 (𝜓 ⋆ 𝜙)𝑏 = 𝜓𝑏 ⋆ 𝜙𝑏
𝑥𝑏 = 𝑥 (𝜎𝑥𝜓)𝑏 = 𝜎𝑥 (𝜓)𝑏

(□𝜓)𝑏 = 𝜈𝑧. ○0 𝜓𝑏 ∧ ○1(𝑧 ∨ 𝑞) (♢𝜓)𝑏 = 𝜇𝑧. ○0 𝜓𝑏 ∨ ○1𝑧

where 𝑞 is a single fresh constant, the same for every translated subformula, while
𝑧 is a fresh variable, one for every modality to preserve the assumption of well­
namedness. The motivation behind the addition of 𝑞 is to mark a finite branch­
ing in the transposition from a generic transition system to the binary tree. Later
the valuation 𝜌𝑏(𝑞) will be defined so that ‖𝑞‖ identifies all the states in the bin­
ary tree that are in excess with respect to the initial transition system. In order
to define a canonical corresponding binary tree, define an encoding of states of
a generic tree transition system.

Definition 3.18. Let 𝜎 be an encoding of states of any tree transition system 𝒯 =
(𝛵, 𝑅, 𝜌) into strings of natural numbers 𝑛1𝑛2 …𝑛𝑚 such that:

1. the root of 𝒯 is labelled with zero: 𝜎(𝜖) = 0;
2. for every state 𝑠 whose label is 𝜎(𝑠) = 𝑛1 …𝑛𝑖, if 𝑟 is the 𝑗­th successor of 𝑠

then 𝜎(𝑟) = 𝑛1 …𝑛𝑖(𝑗 − 1).
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With 𝜎𝑖(𝑠) we indicate the 𝑖­th component 𝑛𝑖 of the string 𝜎(𝑠). The ordinary
prefix relation between binary strings is indicated with 𝑣 ≤ 𝑤 iff there exists
𝑣′ ∈ {0, 1}∗ such that 𝑤 = 𝑣𝑣′ .

Definition 3.19 (Canonical binary tree). Let 𝒯 = (𝛵, 𝑅, 𝜌) a tree transition
system and (𝛣, 𝑅) the full binary tree. 𝑏(⋅) ∶ 𝛵 → 𝛣 is such that for every 𝑠 ∈ 𝛵
with 𝜎(𝑠) = 𝑛1 …𝑛𝑚

𝑏(𝑠) = 0
𝜎2(𝑠)
⏞1…10…0

𝜎𝑚(𝑠)
⏞1…10

The canonical binary tree 𝒯ℬ = (𝛣, 𝑅, 𝜌𝑏) is defined by taking

𝜌𝑏(𝑝) = {
𝑏(𝜌(𝑝)) if 𝑝 = (𝑝)𝑏
{𝑣 ∈ 𝛣 ∣ 𝑣 ≰ 𝑏(𝑠) for every 𝑠 ∈ 𝛵} if 𝑝 = 𝑞
∅ otherwise

We prove the first direction of the ordinal preservation. For every valuation 𝒱
over a transition system define 𝒱𝑏(𝑥𝑏) = 𝑏(𝒱(𝑥)).

Lemma 3.20. Let 𝜙 be a formula of the language ℒ𝜇. For every transition system
𝛵, assignment 𝒱 and state 𝑠:

if 𝑠 ∈ ‖𝜙𝛼‖𝛵𝒱 then 𝑏(𝑠) ∈ ‖𝜙𝛼𝑏 ‖𝛵
ℬ

𝒱𝑏

Proof. By induction on the formula complexity and secondary induction on the
ordinal, we prove that 𝑏(‖𝜙𝛼‖𝒯𝒱) ⊆ ‖𝜙𝛼𝑏 ‖𝒯

ℬ

𝒱𝑏 . Since the notation is already quite
heavy and the ordinal plays a role only in the case 𝑥 ∈ 𝛸, we omit it in the rest
of the proof, where the value of 𝛼 follows directly from induction hypothesis
(remember that by Definition 3.15 the unfolding of explicit fixed points does
not affect the overall ordinal annotation).

1. for 𝑧 ∉ 𝛸, by definition 𝑏(‖𝑧‖𝒯𝒱) = 𝑏(𝒱(𝑧)) = 𝒱𝑏(𝑧𝑏) = ‖𝑧𝑏‖𝒯
ℬ

𝒱𝑏
2. 𝑏(‖𝑝‖𝒯𝒱) = 𝑏(𝜌(𝑝)) = 𝜌𝑏(𝑝𝑏) = ‖𝑝𝑏‖𝒯

ℬ

𝒱𝑏
3. 𝑏(‖𝜓0 ∧ 𝜓1‖𝒯𝒱) = 𝑏(‖𝜓0‖𝒯𝒱 ∩ ‖𝜓1‖𝒯𝒱) = 𝑏(‖𝜓0‖𝒯𝒱) ∩ 𝑏(‖𝜓1‖𝒯𝒱) ⊆𝛪𝛨

⊆𝛪𝛨 ‖(𝜓0)𝑏‖𝒯
ℬ

𝒱𝑏 ∩ ‖(𝜓1)𝑏‖𝒯
ℬ

𝒱𝑏 = ‖(𝜓0 ∧ 𝜓1)𝑏‖𝒯
ℬ

𝒱𝑏
4. 𝑏(‖𝜓0 ∨ 𝜓1‖𝒯𝒱) = 𝑏(‖𝜓0‖𝒯𝒱 ∪ ‖𝜓1‖𝒯𝒱) = 𝑏(‖𝜓0‖𝒯𝒱) ∪ 𝑏(‖𝜓1‖𝒯𝒱) ⊆𝛪𝛨

⊆𝛪𝛨 ‖(𝜓0)𝑏‖𝒯
ℬ

𝒱𝑏 ∪ ‖(𝜓1)𝑏‖𝒯
ℬ

𝒱𝑏 = ‖(𝜓0 ∨ 𝜓1)𝑏‖𝒯
ℬ

𝒱𝑏
5. 𝑏(‖𝜈𝑦 𝜓‖𝒯𝒱) = 𝑏(⋃{𝑈 ⊆ 𝛵 ∣ 𝑈 ⊆ ‖𝜓‖𝒯𝒱[𝑦→𝑈]}). By induction hypothesis

𝑏(‖𝜓‖𝒯𝒱) ⊆ ‖𝜓𝑏‖𝒯
ℬ

𝒱𝑏 . For every 𝑈 ⊆ 𝛵 if 𝑈 ⊆ ‖𝜓‖𝒯𝒱[𝑦→𝑈] then
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𝑏(𝑈) ⊆ 𝑏(‖𝜓‖𝒯𝒱[𝑦→𝑈]) ⊆ ‖𝜓𝑏‖𝒯
ℬ

𝒱𝑏[𝑦𝑏→𝑈𝑏]. It follows that

𝑏(⋃{𝑈 ⊆ 𝛵 ∣ 𝑈 ⊆ ‖𝜓‖𝒯𝒱[𝑦→𝑈]}) ⊆ ⋃{𝑉 ⊆ 𝛣 ∣ 𝑉 ⊆ ‖𝜓𝑏‖𝒯
ℬ

𝒱𝑏[𝑦𝑏→𝑉]} hence

𝑏(‖𝜈𝑦 𝜓‖𝒯𝒱) ⊆ ‖(𝜈𝑦 𝜓)𝑏‖𝒯
ℬ

𝒱𝑏
6. for 𝑥 ∈ 𝛸 by definition 𝑏(‖𝑥𝛼‖𝒯𝒱) = 𝑏(⋃𝛾<𝛼‖(𝛦(𝑥)𝛾‖𝒯𝒱). By induction

hypothesis on the ordinal 𝑏(‖𝛦(𝑥)𝛾‖𝒯𝒱) ⊆ ‖𝛦(𝑥)𝛾𝑏‖
𝒯ℬ

𝒱𝑏 for every 𝛾 < 𝛼. It

follows that 𝑏(⋃𝛾<𝛼‖𝛦(𝑥)𝛾‖𝒯𝒱) ⊆ ⋃𝛾<𝛼‖𝛦(𝑥)
𝛾
𝑏‖

𝒯ℬ

𝒱𝑏 , meaning that
𝑏(‖𝑥𝛼‖𝒯𝒱) ⊆ ‖𝑥𝛼‖𝒯𝒱𝑏.

7. 𝑏(‖□𝜓‖𝒯𝒱) = 𝑏({𝑠 ∈ 𝛵 ∣ ∀𝑟 ∈ 𝑅[𝑠] ∶ 𝑟 ∈ ‖𝜓‖𝒯𝒱}). By construction, if
𝑠𝑅𝑟 then 𝑏(𝑟) = 𝑏(𝑠)1𝑗0 for some 𝑗. By induction hypothesis, if 𝑟 ∈ ‖𝜓‖
then 𝑏(𝑟) ∈ ‖𝜓𝑏‖𝒯

ℬ

𝒱𝑏 , so for every 0 ≤ 𝑗, 𝑏(𝑠)1𝑗 ∈ ‖○0𝜓𝑏‖𝒯
ℬ

𝒱𝑏 . Let 𝛼 be
the number of child nodes of 𝑠. If 𝛼 = 𝜔 then for every 𝑘 < 𝛼 we have
𝑏(𝑠)1𝑘 ∈ ‖○1𝑧‖, while for 𝛼 < 𝜔, by construction 𝑏(𝑠)1𝛼+1 ∈ ‖𝑞‖, meaning
that 𝑏(𝑠)1𝑘 ∈ ‖○1𝑧 ∨ 𝑞‖ for every 𝑘 < 𝛼. In either case 𝑏(𝑠)1𝑘 ∈ ‖○1𝑧 ∨ 𝑞‖,
hence 𝑏(𝑠) ∈ ‖𝜈𝑧 ○0 𝜓𝑏 ∧ ○1𝑧‖𝒯

ℬ

𝒱𝑏 =𝑑𝑓 ‖𝑏(□𝜓)‖𝒯
ℬ

𝒱𝑏 .
8. 𝑏(‖♢𝜓𝛼‖𝒯𝒱) = 𝑏({𝑠 ∈ 𝛵 ∣ ∃𝑟.𝑠𝑅𝑟 ∧ 𝑟 ∈ ‖𝜓𝛼‖𝒯𝒱}). By induction hypothesis,

if 𝑟 ∈ ‖𝜓𝛼‖ then 𝑏(𝑟) ∈ ‖𝜓𝛼
𝑏 ‖𝒯

ℬ

𝒱𝑏 . As before, by construction and induction

hypothesis there exists 0 ≤ 𝑗 < 𝜔 such that 𝑏(𝑠)1𝑗 ∈ ‖○0𝜓𝛼
𝑏 ‖𝒯

ℬ

𝒱𝑏 , hence

𝑏(𝑠) ∈ ‖(𝜇𝑧 ○0 𝜓𝑏 ∨ ○1𝑧)𝛼‖𝒯
ℬ

𝒱𝑏 . We have 𝑏(‖♢𝜓𝛼‖𝒯𝒱) ⊆ ‖(♢𝜓𝑏)𝛼‖𝒯
ℬ

𝒱𝑏 .

While the 𝜈 case is treated in point 5, notice that there is no case 𝜇𝑥𝜓. That
is because in the given fragment, every least fixed point is either translated to
an equation with variable in 𝛸, hence it is covered by the 6th point, or it is the
result of the translation of a♢, which is considered in point 8, or it is a parameter,
which we stipulated has ordinal 0, so it can be treated as a propositional constant.

For the other direction, the strategy consists in constructing a canonical model
𝛵𝐷 by defining an operation 𝑑(⋅) similar to the inverse of the mapping 𝑏(⋅) used
above, and then showing that it is not only a model for the original formula, but
also within the ordinal bound given by the binary case.

Definition 3.21. For every labelled binary tree (𝛣, 𝜌) define a canonical transition
system 𝛣𝐷 = (𝑆, 𝑅, 𝜌𝑑) in the following way.

1. Let 𝛣−𝑞 be the labelled binary tree pruned at every lowermost state 𝑣 ∈ ‖𝑞‖.
The set 𝑆 contains one element 𝑠 for every state 𝑣 ∈ 𝛣−𝑞 of the form 𝑣 =
0(1∗0)∗, and nothing more. We refer to such an element as 𝑑(𝑣) = 𝑠.

2. for every 𝑣, 𝑤 ∈ 𝑆: 𝑑(𝑣)𝑅𝑑(𝑤) iff 𝑤 = 𝑣
𝑗

⏞1…10 for some 0 ≤ 𝑗
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3. 𝜌𝑑(𝑝) = {𝑑(𝜌(𝑝)) 𝑝 ≠ 𝑞
∅ otherwise

For every 𝒱 define 𝒱𝑑(𝑥𝑏) = 𝑑(𝒱(𝑥)).

Lemma 3.22. For every 𝜙 ∈ 𝒞(Σ2), ordinal 𝛼, binary tree (𝛣, 𝑅, 𝜌) and state 𝑣, if
𝑣 ∈ ‖𝜙𝛼𝑏 ‖𝛣𝒱 and 𝑑(𝑣) is defined, then 𝑑(𝑣) ∈ ‖𝜙𝛼‖𝛵𝐷

𝒱𝑑 .

In most of the cases the proof is analogous to the one of the previous lemma.
It is worth to remark that the claim is not that the ordinal is preserved by the
translation for every formula in ℒ2

𝜇, but that it must be for those formulas that
are the result of a 𝑏­translation from the fragment 𝒞(Σ2). In that sense, the case
analysis of the proof in most of the cases follows the same steps of the previous
one, just oriented in the other direction. Remember that the claim requires for
𝑑(𝑣) to be defined, meaning that it is sufficient that it holds for those states of
the form 0(1∗0)∗ according to Definition 3.21.

Proof. We give here just the case of modalities since they are the only differing
conditions.

• 𝑑(‖□𝜓𝑏‖) = 𝑑(‖𝜈𝑧 ○0 𝜓𝑏 ∧ ○1(𝑧 ∨ 𝑞))‖. By construction, every
𝑣 ∈ ‖𝜈𝑧 ○0 𝜓𝑏 ∧ ○1(𝑧 ∨ 𝑞))‖ is such that 𝑑(𝑣) exists is of the form 𝑣′0
(clause 1 of Definition 3.21). The semantics of the initial formula
𝜈𝑧 ○0 𝜓𝑏 ∧ ○1(𝑧 ∨ 𝑞) ensures that for every 𝑚 for which 𝑑(𝑣′01𝑚0) is
defined, such a state is in ‖𝜓𝑏‖, and by induction hypothesis 𝑣′01𝑚0 ∈ ‖𝜓𝑏‖
entails 𝑑(𝑣′01𝑚0) ∈ ‖𝜓‖. By Definition 3.21 𝑑(𝑣′0)𝑅𝑑(𝑣′1𝑚0), hence
𝑑(𝑣) = 𝑑(𝑣′0) ∈ ‖□𝜓‖.

• 𝑑(‖♢𝜓𝑏‖) = 𝑑(‖𝜇𝑧 ○0 𝜓𝑏 ∨ ○1𝑧)‖. Again, if 𝑑(𝑣) exists, by construction
it is of the form 𝑣′0. The semantics of the initial formula
𝜇𝑧 ○0 𝜓𝑏 ∨ ○1𝑧 ensures that for some 𝑚 for which 𝑑(𝑣′01𝑚0) is defined,
such a state is in ‖𝜓𝑏‖, and by induction hypothesis 𝑣′01𝑚0 ∈ ‖𝜓𝑏‖ entails
𝑑(𝑣′01𝑚0) ∈ ‖𝜓‖. By the second clause of Definition 3.21
𝑑(𝑣′0)𝑅𝑑(𝑣′1𝑚0), hence 𝑑(𝑣) = 𝑑(𝑣′0) ∈ ‖♢𝜓‖.

Theorem 3.23. For every ℒ𝜇 formula 𝜙 ∈ 𝒞(Σ2): CO(𝜙) = CO(𝜙𝑏).

Proof. We prove CO(𝜙) ≥ CO(𝜙𝑏) by contradiction, assuming that for some
ordinal 𝛼, CO(𝜙) = 𝛼 but CO(𝜙𝑏) > 𝛼. By definition there exists a 𝛽 > 𝛼 and
a model 𝒯 ⊨ 𝜙𝛽𝑏 such that 𝒯 ⊭ 𝜙𝛼𝑏 . By Lemma 3.22 there exists a canonical
𝒯𝐷 ⊨ 𝜙𝛽, and by assumption 𝒯𝐷 ⊨ 𝜙𝛼. To derive the contradiction we need
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to show that (𝒯𝐷)ℬ = 𝒯. Notice that it is always possible to fix the mapping
𝑑(⋅) so that for every 𝑣 ∈ 𝛵 for which 𝑑(𝑣) is defined, 𝑏(𝑑(𝑣)) = 𝑣, by taking
the inverse of 𝑏(⋅). By considering both Definitions 3.19 and 3.21 it is clear that
(𝜌𝑑)𝑏(𝑝) = 𝜌(𝑝) for every 𝑝 ∈ Clos(𝜙), meaning that (𝒯𝐷)ℬ = 𝒯. The result is
that 𝒯 ⊨ 𝜙𝛼𝑏 , in contradiction with the assumption.

Assume now that CO(𝜙𝑏) = 𝛼 but CO(𝜙) > 𝛼, in order to prove that CO(𝜙𝑏) ≥
CO(𝜙). By definition there exists a 𝛽 > 𝛼 and a model 𝒯 ⊨ 𝜙𝛽 such that ℬ ⊭ 𝜙𝛼.
By Lemma 3.20 there exists 𝒯𝐷 ⊨ 𝜙𝛽𝑏 , and by assumption 𝒯𝐷 ⊨ 𝜙𝛼𝑏 . By Lemma
3.22 (𝒯𝛣)𝒟 ⊨ 𝜙𝛼. To prove that (𝒯𝛣)𝒟 = 𝒯 we need to show that 𝛵 = (𝛵𝛣)𝒟.

The direction ⊆: by Definition 3.19 each 𝑠 ∈ 𝛵 is mapped to a state 𝑣 ∈ 𝛵𝛣

of the form 0(1∗0)∗, and by definition of 𝜌𝑏 we know 𝑣 ∉ ‖𝑞‖. That means that
𝑑(𝑏(𝑠)) is defined for every 𝑠. For the direction ⊇: assume some state 𝑣 ∈ 𝛵𝛣 for
which 𝑑(𝑣) is defined but 𝑣 ≠ 𝑏(𝑠) for every 𝑠 ∈ 𝛵. It follows that 𝑣 ≰ 𝑏(𝑠) for
every 𝑠, meaning that 𝑣 ∈ ‖𝑞‖ by Definition 3.19. That is in contradiction with
Definition 3.21, saying that 𝑣 ∈ 𝛣−𝑞 ∩ {0(1∗0)∗}.

Once it is established that(𝒯𝛣)𝒟 and 𝒯 share the same domain, it is possible
to see that by definition (𝜌𝑏)𝑑(𝑝) = 𝜌(𝑝) for every 𝑝 ∈ Clos(𝜙), again concluding
that 𝒯 ⊨ 𝜙𝛼, in contradiction with the assumption.

With the theorem that certifies the legitimacy of the choice to work with ℒ2
𝜇 for­

mulas we are ready to move to the actual argument in the next chapters. A final
remark is necessary, though, about the fragment of the formulas obtained after
the translation. The process of generating 𝜙𝑏 from 𝜙 introduces new fixed point
formulas of both kinds. The question becomes: beginning with 𝜙 ∈ 𝒞(Σ2), is it
the case that 𝜙𝑏 ∈ 𝒞(Σ2) as well?

First of all, recall that the last clause of Definition 3.9 allows for substitution
of subformulas up to the same fragment, provided that no capture of variable
occurs in the process. The templates used in Definition 3.17 to translate both
modalities lie at the first step of their respective ladders: (♢∗)𝑏 is in Σ1 while
(□∗)𝑏 in Π1.

Moreover, their simple structure ensures no capture of variables, so inserting
any Δ1 formula in place of ∗ returns a formula in Δ2.

Finally, to the count it is necessary to add the external layer of least and pos­
sibly greatest fixed points, resulting in formulas up to Σ4 in Niwiński’s hierarchy.
It is not the case that the resulting binary formula is in 𝒞(Σ2).
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Example 3.24. Take 𝜇𝑥 (𝜈𝑦 (♢□𝜙(𝑥, 𝑦))) and assume 𝜙(𝑥, 𝑦) ∈ Σ0/Π0. The
binary translation is

𝜇𝑥 (𝜈𝑦 (𝜇𝑧 (○0(𝜈𝑤 (○0𝜙(𝑥, 𝑦) ∧ ○1(𝑤 ∨ 𝑞))) ∨ ○1𝑧)))
The translation of ♢□𝜙(𝑥, 𝑦) is a Σ2 formula, making the translation of
𝜈𝑦 (♢□𝜙(𝑥, 𝑦)) to be Π3, and the main formula is Σ4.

The jump in fragment between the two translations is problematic for the pur­
pose of the analysis of closure ordinals only at first sight. First of all, it is worth
to remind that the set 𝛸 of least fixed point variables that we consider is fixed
before the translation, and not affected by it. That means that the number of
interactions between members of 𝛸 is the same kind of those allowed in the
initial 𝒞(Σ2) formula. That is possible thanks to the specific way in which the
ordinal counting was defined above. Moreover, the injected fixed points have a
extremely specific structures, mimiking the semantics of the modality they ori­
ginated from, with no tangible effects on the behaviour of the variables in 𝛸, by
design. The interaction between the two different kinds of fixed points, inside
and outside 𝛸, is not accounted by the ordinal annotation, and it is therefore
negligible.

In principle we could move up on the hierarchy, define a new fragment𝒞(Σ4)
analogously and work with those formulas, but that would present a new level
of intricacy that we are not ready to handle yet. As we will see later, in some
limited cases the argument relies on the fact that no least fixed point quantifier
in 𝛸 is in the scope of a greatest fixed point, which is always the case for 𝒞(Σ2).

Since climbing the hierarchy is not necessary for the purpose of this work, in
the following sections we will operate with binary equation formulas obtained
as a result of the translation of 𝒞(Σ2) formulas into binary, and in that sense
we will keep using 𝒞(Σ2) to refer to them, even if formally speaking they do
not belong to the fragment. In other words, by using 𝒞(Σ2) in the context of
binary equation formulas we refer to all and only those formulas of ℒ2

𝜇 that can
be obtained by the given translation of a ℒ𝜇 formula that is in 𝒞(Σ2).

Least fixed point variables in 𝛸 will be allowed to appear in the scope of any
number and kind of quantifiers, as long as either these were already present in
the original ℒ𝜇 formula, or they were generated in the translation of a modal sub­
formula. In the next chapter the reason for such a choice will be clear, and more
on the generalisation of the argument will be said in the concluding chapter.



4. Closure ordinals below 𝜔2

The next two chapters contain the main contributions in this first part of this
dissertation: an argument that shows an upper bound 𝜔2 to the existence of
countable closure ordinals for formulas in the 𝒞(Σ2) fragment of ML𝜇. Before
going into the details, let’s formulate an extremely high­level version of the ar­
gument and its main steps, with the aim of providing a general map for later
orientation.

The first aspect to keep in mind when reasoning about closure ordinals is the
fact that they are constrained by two conditions that have to be met in order to
conclude that CO(𝜙) = 𝛼:

(A) the existence of a model (or a series of models) witnessing that the fixed
points of 𝜙 do not reach their closure in less than 𝛼 steps;

(B) the nonexistence of a model necessitating more than 𝛼 steps.

With the intention of refuting the existence of a certain closure ordinal for a
given formula, two possibilities are directly available: to derive a contradiction
from any representative model witness of (A); or to provide a counterexample to
(B). In this work we will resort to both strategies in different situations.

Inspired by the work of Czarnecki (2010) and then Afshari and Leigh (2013),
the initial plan was to rely exclusively on a method to disprove (B). The idea was
to assume the given ordinal as closure in any model, and then producing a coun­
termodel by developing something analogue to the pumping lemma for regular
languages (Rabin and Scott, 1959). That seemed promising since it proved to
work in the case of a fragment of alternation–free formulas in my Licentiate
thesis. However, when the work progressed towards more complex fragments,
the conditions to be checked to produce a counter­model in a pumping­style
approach became unmanageable.

A first attempt with a method based on (A) was adopted for the Σ fragment
in Afshari et al. (2025a) limited to the case of ordinals < 𝜔2, primarily with the
purpose of simplifying the presentation. Eventually, it became clear that search­
ing for a contradiction as in (A) was not only simpler to explain, but maybe even
needed. The necessity to account for all the possibile ways in which subformu­
las can interact in determining the ordinal annotation brings the analysis to a
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point of intractability extremely quickly, especially when little restrictions are
imposed on the formula structure. As a result, performing surgery on a model
to produce a bigger one became unfeasible in general. At that point, then, the
approach shifted completely, and the hope was that everything could be done
by contradiction with respect to a model as in (A). In the end we almost suc­
ceeded in this attempt, but not completely, and that is the reason why, instead
of the two­part arguments of Barlucchi (2022) and Afshari et al. (2025a), the
argument progresses here in three main steps, each one relying on the previous
one.

The first step, presented in Section 4.2, establishes the impossibility to meet
the first condition (A) in an interval (𝜔.𝛮, 𝜔2), where 𝛮 < 𝜔 depends on the
size of the formula. The non­existence of a suitable model in the given interval
is proved by showing that a repetition in the annotation of the model cannot be
avoided, fact that is in contradiction with a correct annotation of the ordinals.
The formal tools with which we will talk about structures and repetitions, and
prove all such properties, are introduced in Section 4.1. We will be using satur­
ated sets of annotated formulas, storing the necessary information all together.

A notion of upper bound for a formula in an annotation, which is a paramet­
rized version of the concept of closure ordinal, will provide help in closing the
gap between the specifics of a model and the generality of the claim. The key
property that under specific circumstances entails that a repetition should not
be possible is called optimality. In essence, it is the assumption that the model is
as close as possible to be a witness for the closure ordinal. Section 4.2 ends with
the theorem stating that for any formula in the fragment, there is a gap in the
interval mentioned above with respect to closure ordinals.

A similar argument can be structured for any ordinal for which the concept
of optimality is meaningful. That, unfortunately, is not the case of principal or­
dinals of the form 𝜔𝜂, to which the notion of optimality becomes trivial. These
are the cases in which we need to resort to a strategy of the second kind. By as­
suming a closure ordinal of 𝜔𝜂, a procedure is presented that injects the assumed
initial model, in a way that results in a witness of a higher closure ordinal, in
contradiction with the second clause (B). Most of the effort in Section 5.1 is de­
voted to secure that this is possible in the case 𝜔2, showing how hard it is to link
changes in the model to desired outcomes. Due to the insurgence of a problem
with a crucial assumption, the essential result is obtained for the specific case of
conjunctive formulas. Finally, in the last part of Section 5.2 the two techniques
are combined to extend the result to any countable ordinal.
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To make the map of the following chapters complete, it is worth to mention
the interlude Section 4.3, whose purpose is to interpret a few known cases of
closure ordinals from the literature under the lens of the method just discussed.
That will be the occasion to test the method in practice, and to familiarize with
the specific tools under the lights of a perfectly fitting case of study. Topic of
Section 5.3 is the connections with the work of Niwiński et al. (2025). After
an overview of their work, we compare it to the argument presented here, and
speculate on what we could learn and import from their setup to expand the
study of closure ordinals.

4.1. Conservative well­annotations
Most of the labour in the next sections consists in inspecting, manipulating and
modifying labelled transition systems in order to accomodate for desired condi­
tions, to obtain certain effects on the iteration of fixed points. An effective way
of keeping all of the involved components together is to use well­annotations.
The inspiration is taken from Kozen (1988), where they were defined and used
to prove the finite model theorem for 𝜇­calculus. The definition is adapted here
to reflect the syntax and semantics in use.

Definition 4.1 (Well­annotation). Let 𝜙 be an equation formula (𝛸, 𝛦) andℬ a
labelled binary tree. An annotation of 𝜙 overℬ is a functionΘ ∶ 𝛣 → 𝒫(ℒ2

𝜇 × 𝜔1)
associating to each state 𝑣 ∈ 𝛣 a set Θ𝑣 of annotated formulas from Clos(𝛸, 𝛦). A
well­annotation of 𝜙 is an annotation Θ such that for all 𝑣 ∈ 𝛣 and 𝛼 < 𝜔1:

1. if 𝑝𝛼 ∈ Θ𝑣 thenℬ, 𝑣 ⊨ 𝑝;
2. if 𝑥𝛼 ∈ Θ𝑣 and 𝑥 ∈ 𝛸 then 𝛦(𝑥)𝛽 ∈ Θ𝑣 for some 𝛽 < 𝛼;
3. if 𝜎𝑧𝜓𝛼 ∈ Θ𝑣 then 𝜓(𝜎𝑧𝜓)𝛼 ∈ Θ𝑣;
4. if (𝜙0 ∨ 𝜙1)𝛼 ∈ Θ𝑣 then 𝜙𝛼𝑖 ∈ Θ𝑣 for either 𝑖 ∈ {0, 1};
5. if (𝜙0 ∧ 𝜙1)𝛼 ∈ Θ𝑣 then both 𝜙𝛼𝑖 ∈ Θ𝑣;
6. if ○𝑖𝜙𝛼 ∈ Θ𝑣 then 𝜙𝛼 ∈ Θ𝑣𝑖.

Well­annotations are faithful to the model, in the sense expressed by the follow­
ing lemma. It appears as Lemma 4.2 in Kozen (1988), p.237, and it is adapted
here to the current syntax and semantics.

Lemma 4.2 (Kozen). Given a modelℬ and an annotation Θ ofℬ
a. If Θ is a well­annotation, thenℬ, 𝑣 ⊨ Θ𝑣 for all 𝑣 ∈ 𝛣.
b. If ℬ, 𝑣 ⊨ Θ𝑣 for all 𝑣 ∈ 𝛣, then Θ can be extended to a well­annotation Θ̂

such that⋃𝑣 Θ̂−
𝑣 ⊆ ⋃𝜙∈Θ𝑤,𝑤∈𝛣 Clos(𝜙)
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Proof. The proof, by induction on the structure of 𝜙 ∈ Θ𝑣 and transfinite induc­
tion on the ordinal, given by Kozen (1988), can be adapted to match with the
current syntax.

A well­annotation Θ already brings a handful of information about the relation­
ship between the main formula, its subformulas and the structure.

For the purpose of studying the evolution of ordinals, we need to take a step
further and impose that the ordinal annotation is unique and minimal. To that
end, define a well­annotation to be conservative if the ordinal annotation is the
least possible satisfying Definition 4.1. Recall that Γ ⪯ Δ if and only if for every
𝜙𝛿 ∈ Δ there is 𝜙𝛾 ∈ Γ such that 𝛾 ≤ 𝛿 (Definition 3.16).

Definition 4.3 (Conservative well­annotation). Awell­annotationΘ of a formula
(𝛸, 𝛦) is conservative if two conditions are met for every 𝑣 ∈ 𝛣 and 𝜙 ∈ Clos(𝛸, 𝛦):

1. there is at most one 𝛼 < 𝜔1 such that 𝜙𝛼 ∈ Θ𝑣;
2. for every well­annotation Θ′ of (𝛸, 𝛦): if Θ′

𝑣 ⊆ Θ𝑣 then Θ𝑣 ⪯ Θ′
𝑣.

The first clause requires that each formula appears in the set at most once to
avoid conflicting annotations. It is also instrumental to ensure minimality of
the annotation, in combination with the second clause. For an annotation to be
called conservative, the second condition requires that, for everyΘ𝑣, any possible
annotation Δ of 𝑣 is such that Δ− ⊆ Θ−

𝑣 , and each uniquely annotated formula
does not occur in Δ with a smaller ordinal than the one they have in Θ𝑣. In that
sense, the clause ensures not only optimality, but also that the well­annotation
is saturated (that was not entailed by Definition 4.1 beacuse of item 4).

Useful definitions are those of path and trace over well­annotated models.

Definition 4.4 (Path). A path inℬ is a sequence of states (𝑣𝑙)𝑙≤𝜅 such that
𝑣𝑗+1 ∈ {𝑣𝑗0, 𝑣𝑗1} for every 𝑗 < 𝜅.

Definition 4.5 (Trace). A trace 𝜏 over Θ is a sequence 𝜏 = (𝜙𝛼𝑖𝑖 , 𝑣𝑖)𝑖 of pairs
((Form × Ord) × 𝛣) such that for every 𝑘 ≥ 0:

(i) 𝑣𝑘+1 ∈ {𝑣𝑘, 𝑣𝑘0, 𝑣𝑘1};
(ii) 𝜙𝑘+1 is an immediate subformula of 𝜙𝑘 (in the sense of Definition 3.8);
(iii) 𝜙𝛼𝑘𝑘 ∈ Θ𝑣𝑘.

A direct consequence of the definition of trace is the following lemma, specify­
ing which steps can be expected to be seen along a trace in a conservative well­
annotation.
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Lemma 4.6. Let 𝜏 be a trace over a conservative well­annotation Θ. For every
𝑘 < 𝜔 and (𝜙𝛼𝑘𝑘 , 𝑣𝑘) ∈ 𝜏

(i) if 𝜙𝑘 = 𝑝 then (𝜙𝛼𝑘𝑘 , 𝑣𝑘) is the last element of 𝜏;
(ii) if 𝜙𝑘 = 𝑥 and 𝛼𝑘 = 𝛽 + 1 then 𝜙𝛼𝑘+1𝑘+1 = 𝛦(𝑥)𝛽 and 𝑣𝑘 = 𝑣𝑘+1;
(iii) if 𝜙𝑘 = 𝜎𝑧𝜓 then 𝜙𝛼𝑘+1𝑘+1 = 𝜓(𝜎𝑧𝜓)𝛼𝑘 and 𝑣𝑘 = 𝑣𝑘+1;
(iv) if 𝜙𝑘 = 𝜓0 ∧𝜓1 then 𝜙

𝛼𝑘+1
𝑘+1 = 𝜓𝛽𝑖

𝑖 for some 𝑖 ∈ {0, 1}, 𝛽𝑖 ≤ 𝛼𝑘, while 𝑣𝑘 = 𝑣𝑘+1;
(v) if 𝜙𝑘 = 𝜓0 ∨ 𝜓1 then 𝜙

𝛼𝑘+1
𝑘+1 = 𝜓𝛽𝑖

𝑖 for some 𝑖 ∈ {0, 1}, 𝛽𝑖 ≥ 𝛼𝑘 while 𝑣𝑘 = 𝑣𝑘+1;
(vi) if 𝜙𝑘 = ○𝑖𝜓 then 𝜙𝛼𝑘+1𝑘+1 = 𝜓𝛼𝑘 and 𝑣𝑘+1 = 𝑣𝑘𝑖.

In several occasions we will be replacing and substituting parts of trees. Since
the underlying frame is always the same binary tree, it is important to remember
that what changes between different structures is just the labelling map 𝜌. A
well­annotation always respects the labelling, as specified by clause 1 of Defin­
ition 4.1. It is easy to see that once a (closed) formula 𝜙 and labelling 𝜌 have
been fixed, the conservative well­annotation relative to such formula and model
is unique, and vice versa: from each conservative well­annotation we can extract
a unique model (𝛣, 𝑅, 𝜌). Without risk of confusion in the rest of the work,
when we talk about a conservative well­annotation Θ we also implicitly refer to
the specific model (𝛣, 𝑅, 𝜌); and vice­versa, provided that the formula 𝜙 and the
ordinal 𝛼 at the root are known.

For example: starting with a conservative Θ, by saying that a substitution of
the subtree rooted at 𝑟 results in the conservative well­annotation Θ′, what is
implicitly intended is that, for Θ annotating (𝛣, 𝑅, 𝜌), a replacement of 𝜌 with
a labelling 𝜌′ is made, such that the latter coincides with 𝜌 everywhere except
for the subtree from and above 𝑟. The resulting model (𝛣, 𝑅, 𝜌′) gives rise to the
conservative well­annotation Θ′, that differs from Θ in the annotation above 𝑟
and – possibly – on the path from 𝜖 to 𝑟.

Due to their uniqueness, conservative well­annotations can be used in place
of models in the definition of closure ordinal. Moreover, there is a possible
advantage in defining closure ordinals via conservative well­annotations. Defin­
ition 2.10 provides an extremely general notion, not easy to be practically used:
it merely states the existence of transition systems, without specifying the kind
of interactions between the model and the formula.

By referring to conservative well­annotations, instead, it is possible to derive
a sort of parametrized version of the definition of closure ordinal, where the
parameter is the rest of formulas in the annotating set. Such a notion narrows
the perspective, fixing the context of the assumed closure ordinal and limiting
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the possible different expansions to consider. We call it the upper bound of a
formula in a given annotation. For reason of practicality, we also define an ex­
pression that indicates the current annotated ordinal relative to a formula in a
(conservative) well­annotation.

Definition 4.7 (Upper bound). Given 𝜙 ∈ Clos(𝛸, 𝛦) and a well­annotation Θ
of (𝛸, 𝛦), define 𝑜(𝜙,Θ𝑣) to be the value of the ordinal annotating 𝜙 at 𝑣 inΘ. For
every Γ ⊆ Clos(𝛸, 𝛦), let 𝛰(𝜙, Γ) be the supremum of ordinals 𝜅 < 𝜔1 for which
there exists a conservative well­annotation such that Γ− = Θ−

𝜖 and 𝑜(𝜙,Θ𝜖) = 𝜅.

Sometimes we will omit the name of the context when it is clear or irrelevant,
just stating 𝛰(𝜙) or 𝑜(𝜙).

Continuing in the same direction of closing the gap between the universal
nature of closure ordinals and single instances of models, it is necessary to define
when a certain conservative well­annotation is sufficiently large to be considered
a witness of the claimed upper bound. To that end, what is considered the prede­
cessor for each countable ordinal is defined below. The value of the predecessor
marks the least ordinal that is considered to be interesting in this context.

Definition 4.8 (Predecessor). For 𝛼 > 0, define p(𝛼) as the least ordinal < 𝛼 such
that 𝛼 = p(𝛼) + 𝜔𝜂 for some 𝜂.

The definition of when an annotation is considered sufficiently close to the upper
bound is given in terms of an optimal annotation.

Definition 4.9 (Optimal annotation). LetΘ be a conservative well­annotation of
(𝛸, 𝛦) and 𝜙 ∈ Clos(𝛸, 𝛦). Θ is optimal for 𝜙 at 𝑣 if, given 𝛰(𝜙,Θ𝑣) = 𝜅

• 𝜅 < 𝑜(𝜙,Θ𝑣) + 𝜔 if 𝜅 is a successor;
• p(𝜅) < 𝑜(𝜙,Θ𝑣) if 𝜅 is a limit.

To determine what does it mean to be close depends on whether the ordinal is
a limit or a successor, together with the actual value of the upper bound. For
example: if 𝛰(𝜙, Δ) = 𝜔𝜂 + 𝜔2 then any annotation where 𝑜(𝜙, Δ) > 𝜔𝜂 is
considered optimal. For𝛰(𝜙, Δ) = 𝜔𝜂+𝜔2+𝑛, however, an optimal annotation
is such that 𝑜(𝜙, Δ) ≥ 𝜔𝜂 + 𝜔2.

Such a variance might look wrong at first glance, but turns out to be perfectly
aligned with the intended meaning. The definition adjusts the threshold for
optimality to the specific case, resulting in a range just as wide or narrow as
needed. In the first case we have a limit ordinal, suggesting that interesting
models can be found of any size above 𝜔𝜂. In the second case, instead, any
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optimal instance must take into consideration the successor steps from 𝜔𝜂 + 𝜔2
onwards, while any witness below the limit has a greater chance of presenting a
situation that is not necessarily related.

It is possibile that a better definition exists, and that the one above is too
generous in establishing what is to be considered optimal. What is important is
that the version stated above ends up working in almost every considered case.
Unfortunately, there is a specific kind of ordinals for which such a definition
does not work. It is the case of principal ordinals, i.e., limit ordinals of the form
𝜔𝜂, since according to Definition 4.8 p(𝜔𝜂) = 0, meaning that any annotation is
by definition optimal for them. That is the reason why later, for Theorem 5.11,
we will not be able to derive a contradiction for principal ordinals using the same
strategy as for the other ordinals.

Sometimes we will talk about a formula ‘being optimal’, meaning that it is
optimally annotated, or even better, that the annotation at the given point is
optimal with respect to such a formula. When every point on a trace consists of
an optimal annotation for the given formula, we call it an optimal trace.

Definition 4.10 (Optimal trace). A trace 𝜏 over Θ is optimal if, for every pair
(𝜓𝑖, 𝑠𝑖) ∈ 𝜏, Θ is optimal for 𝜓𝑖 at 𝑠𝑖.

It is important to notice that optimality is not necessarily preserved along a trace.

Example 4.11. Consider a trace where at some point … ((𝜓0 ∨ 𝜓1)𝛼, 𝑣)(𝜓𝛼
0 , 𝑣) …

with 𝛼 = (𝜔.𝑚) + 𝑛 optimal with respect to 𝛰(𝜓0 ∨ 𝜓1, Θ𝑣) = 𝜔.(𝑚 + 1). Assume
𝛰(𝜓0, Θ𝑣) = 𝜔2 and𝛰(𝜓1, Θ𝑣) = 𝜔.(𝑚+1). In this case 𝑜(𝜓0, 𝑣) = 𝛼 is not optimal,
despite the fact that the same 𝛼 is optimal for the disjunction, while it is for 𝜓1 at 𝑣.

Despite the existence of cases as the one in the example, it is possible to say
something about the propagation of the upper bound along conservative well­
annotations. For any two sets of annotated formulas, call Γ compatible with
Δ if there is a conservative well­annotation Θ with Δ = Θ−

𝜖 and Γ = Θ−
𝑖 for

𝑖 ∈ {0, 1}. In other words: Γ is compatible with Δ if there exists a conservative
well­annotation where Γ annotates a child state of the one annotated by Δ.

Lemma 4.12. Let 𝜙, Δ ⊆ Clos(𝛸, 𝛦) and 𝛰(𝜙, Δ) = 𝜅.

1. If 𝜙 = 𝑥 then 𝛰(𝛦(𝑥), Δ) = {𝛽 if 𝜅 = 𝛽 + 1
𝜅 otherwise

2. If 𝜙 = 𝜎𝑧𝜓 then 𝛰(𝜓(𝜎𝑧𝜓), Δ) = 𝜅;
3. If 𝜙 = 𝜓0 ∧ 𝜓1 then 𝛰(𝜓𝑖, Δ) = 𝜅 and 𝛰(𝜓1−𝑖, Δ) ≤ 𝜅 for some 𝑖 ∈ {0, 1};
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4. If 𝜙 = 𝜓0 ∨ 𝜓1 then 𝛰(𝜓𝑖, Δ) = 𝜅 for some 𝑖 ∈ {0, 1}. Moreover, if also
𝜓1−𝑖 ∈ Δ then 𝛰(𝜓1−𝑖, Δ) ≥ 𝜅;

5. If 𝜙 = ○𝑖𝜓 then 𝛰(𝜓, Γ) ≤ 𝜅 for every set Γ compatible with Δ.

It is clear from the lemma above that the main obstacle to the possibility to
propagate the upper bound along a trace in a conservative well­annotation is the
modal step, in situations like the one in the example.

Example 4.13. Take a formula 𝜇𝑥 (○1(𝜓0 ∨𝑝)) with 𝛰(𝜓0, Δ) = 𝛼 for every Δ. If
𝑝 ∉ Γ, clearly𝛰(𝜓0∨𝑝, Γ) = 𝛼, while for 𝑝 ∈ Γ′ then𝛰(𝜓0∨𝑝, Γ′) = 0. Depending
on whether the state accessible via ○1 has a conservative well­annotation Γ or Γ′, the
upper bound following 𝛰(○1(𝜓0 ∨ 𝑝)) = 𝛼 is the same 𝛼, or 0. Moreover, notice
that if it was the case that ○1𝑝 ∈ Δ then 𝛰(𝜓0 ∨𝑝, Γ) would have to be 0 necessarily,
since any compatible successor Γ would have to include 𝑝.

The next lemma provides a partial way out of the problem, so that the limitation
of point 5 of Lemma 4.12 can be mitigated in practice. Given the upper bound
of a modal formula with respect to a conservative well­annotation, there exists
a conservative well­annotation where the successor state preserves such bound
(that is immediate), without the necessity to alter the initial set containing the
modal formula.

Lemma 4.14. Suppose𝛰(○𝑖𝜓,Δ) = 𝜅. There exists a conservative well­annotation
Θ such that (Θ𝜖)− = Δ− and 𝛰(𝜓,Θ𝑖) = 𝜅.

Proof. Assume a conservative well­annotation Ξ such that Ξ−
𝜖 = Δ−. The exist­

ence of a conservative well­annotation Θ such that 𝛰(𝜓,Θ) = 𝜅 follows directly
by Definition 4.7 and the assumption 𝛰(○𝑖𝜓,Δ) = 𝜅. Let Θ′ be the conservat­
ive well­annotation resulting from the substitution of the subtree rooted at 𝑖 in
Ξ with Θ. Clearly 𝛰(𝜓,Θ′

𝑖) = 𝛰(𝜓,Θ) = 𝜅. Moreover, since the existence of Θ
is a direct consequence of the assumption that 𝛰(○𝑖𝜓,Δ) = 𝜅, the satisfaction
of all (and only) the modal formulas ○𝑖𝜓 ∈ Δ− must be also preserved by the
annotation of Θ𝜖, meaning that (Ξ𝜖)− = (Θ′

𝜖)−.

It is important to highlight that while (Ξ𝜖)− = (Θ′
𝜖)−, it is still possible that

Ξ−
𝑖 ≠ (Θ′

𝜖)−. Notice that this is the first case where considering the side­formulas
in Θ𝑣 gives an advantage with respect to the simple notion of closure ordinal.

Because of Lemma 4.14 we can assume that the conservative well­annota­
tions that we choose are such that the upper bound of a specific given trace is
preserved at modal steps, meaning that we can assume that in any case there is at
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least one immediate subformula preserving the upper bound, with the obvious
exception of 𝑥 ∈ 𝛸 (Lemma 4.12). There is, however, a specific situation that
demands care, that is the case of branching traces on a limit trace.

Definition 4.15 (Branching traces). Two traces 𝜏0 ≠ 𝜏1 are branching if there exists
a longest prefix 𝜏 such that 𝜏 ≤ 𝜏0 and 𝜏 ≤ 𝜏1. The last element of such a 𝜏 is called
the branching point. The part of 𝜏0 that lies after the branching point is called its
separation from 𝜏1, and converse.
Definition 4.16 (Limit point, limit trace). Given a trace 𝜏 on a conservative well­
annotation Θ, (𝜓, 𝑣) ∈ 𝜏 is a limit point if 𝑜(𝜓,Θ𝑣) = 𝜆 for 𝜆 limit ordinal.
Moreover, if there exists a 𝑘 such that every point after (𝜓𝑘, 𝑣𝑘) is a limit point, then
𝜏 is a limit trace.
A limit ordinal in a conservative well­annotation is always the result of collecting
infinitely many instances of some subformulas, annotated incrementally. In the
general caseℒ𝜇, where infinite branching trees are possible, limit points can occur
either as the annotation of a □­formula at an infinite branching step, or if the
infinite instances of subformulas lie along an infinite trace unfolding a greatest
fixed point. In the case of ℒ2

𝜇, the annotation of a limit ordinal is possible only
by virtue of a 𝜈­formula.

That on a limit trace there are infinitely many branching traces that preserve
the upper bound is desired, and it will be used later on. That that is the case,
however, needs to be proven in the lemma below, since it is not obvious as the
following example shows. In addition, it is not necessarily the case that the
branching traces that are optimal also preserve the upper bound of the limit
trace, nor viceversa.

Example 4.17. Consider the formula 𝜈𝑦 ((𝜙∨𝑝)∧○1𝑦) along the infinite trace 1𝜔
in the model below.

𝜈𝑦𝜔.2, 𝜙5
𝑣0 1

𝜈𝑦𝜔.2, 𝜙3
𝑣1 1

𝜈𝑦𝜔.2, 𝜙4
𝑣2 1

𝜈𝑦𝜔.2, 𝜙𝜔+1, 𝑝
𝑣3

Assuming that the annotation 𝜔.2 of 𝜈𝑦 is justified by infinitely many instances of 𝜙,
let’s say that we want to identify those cases where 𝜙 is both optimally annotated and
preserving the upper bound of the greatest fixed point. Assume that

𝛰(𝜈𝑦, 𝑣𝑖) = 𝜔.2 for 𝑖 ≥ 0
𝛰(𝜙, 𝑣0) = 𝜔 + 5 𝛰(𝜙, 𝑣1) = 𝜔
𝛰(𝜙, 𝑣2) = 𝜔.2 𝛰(𝜙, 𝑣3) = 𝜔.2
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with the consequence that at the following nodes 𝜙 is
𝑣0 not optimal and does not preserve the upper bound;
𝑣1 optimal and does not preserve the upper bound;
𝑣2 not optimal and preserves the upper bound;
𝑣3 optimal and preserves the upper bound.

Of the four cases considered, only the instance 𝜙𝜔+1 ∈ Θ𝑣3 fits into the desired category.
However, since 𝑝 ∈ Θ𝑣3 as well, then 𝛰(𝜙 ∨ 𝑝, 𝑣3) = 0, hence none of the four
branching traces is both optimal and preserves the upper bound.

We proceed with the proof of a lemma ensuring that infinitely many of the traces
branching from a limit trace have the same upper bound despite having a smaller
annotation. These branching traces are those that justify at the same time the
annotation and the upper bound.

Lemma 4.18. Assume Θ a conservative well­annotation and 𝜏 an infinite trace
where every point (𝜓, 𝑣) ∈ 𝜏 is such that 𝑜(𝜓,Θ𝑣) = 𝛰(𝜓,Θ𝑣) = 𝜆 a limit ordinal.
There exist infinitely many traces 𝜏𝑗 branching from 𝜏 with a first element (𝜓𝑗, 𝑣𝑗) in
the separation of 𝜏𝑗 from 𝜏 such that:

(i) 𝑜(𝜓𝑗, Θ𝑣𝑗) < 𝜆
(ii) 𝛰(𝜓𝑗, Θ𝑣𝑗) = 𝜆

Proof. (i) The first point is almost a straightforward consequence of the as­
sumed conservativity of the well­annotation. Notice that no least fixed
point 𝑥 ∈ 𝛸 can be annotated with a limit ordinal, meaning that the only
reason for an annotation different from 0 along the trace comes from the
annotation of some other branching trace. The only formulas after which
a branching of traces is possible are conjunctions and disjunctions. If in
every such case both subformulas are annotated with 𝜆 or more, there is
no trace that justifies the annotation, meaning that other well­annotations
are possible with a smaller ordinal, in contradiction with conservativity.

(ii) By Lemma 4.6 the annotation on a trace is reduced only by a least fixed
point 𝑥 ∈ 𝛸 or a conjunction, but only the latter can result in a branching.
For every such case, by assumption𝛰(𝜓0∧𝜓1, Θ𝑣𝑗) = 𝜆. Say 𝑜(𝜓0, Θ𝑣𝑗) < 𝜆
and 𝑜(𝜓1, Θ𝑣𝑗) = 𝜆, and assume that 𝛰(𝜓0, Θ𝑣𝑗) < 𝜆. If that was the case
for all conjunctions on 𝜏, it would contradict conservativity. There would
exist a supremum 𝜂 of the upper bounds 𝛰(𝜓0, Θ𝑣𝑗) < 𝜆 such that 𝜂 < 𝜆.
By replacing 𝜆 with 𝜂 on the limit trace we would have a well­annotation
contradicting conservativity.
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Once the preservation of the upper bound has been confirmed, the subsequent
matter of interest are the conditions for maintenance of optimality along a trace.
There exist various cases where optimality can be lost when the formula is a dis­
junction (Example 4.11), conjunctions(Example 4.21) or modal formula (Ex­
ample 4.22). We address here the case of disjunction.

Clause 4 of Lemma 4.12 states that the upper bound of a disjunction is pre­
served necessarily by one disjunct, but possibly increased for the other. Similarly
for the ordinal values annotating the two disjuncts: while one disjunct is necessar­
ily preserving the annotation, the other can have a greater ordinal. It is possible
that the annotation is optimal ‘by chance’, meaning that the trace preserving the
upper bound and the one preserving the annotation do not coincide. As a result,
folowing the subformula with the same annotation might lead to a trace that is
not optimal, due to a change of the upper bound.

Even if it is not possible to remove such a possibilily completely, its con­
sequences can be mitigated by the following lemma. We show that when the
annotation of a disjunction does not match the upper bound, there exists an­
other conservative well­annotation where the ordinal of one of the disjuncts is
increased while the other is not decreased, for the same set Θ−

𝜖 = (Θ∗
𝜖 )−.

Lemma 4.19. Given a conservative well­annotation Θ with 𝛰(𝜓0 ∨ 𝜓1, Θ𝜖) = 𝜅
for some formula 𝜓0 ∨𝜓1, let 𝑜(𝜓0 ∨𝜓1, Θ𝜖) = 𝑜(𝜓𝑖, Θ𝜖) = 𝛼 and 𝑜(𝜓1−𝑖, Θ𝜖) = 𝛽 for
𝛼 ≤ 𝛽 < 𝜅. There exists a conservative well­annotation Θ∗ such that Θ−

𝜖 = (Θ∗
𝜖 )−

with 𝑜(𝜓𝑖, Θ∗
𝜖 ) > 𝛼 and 𝑜(𝜓1−𝑖, Θ∗

𝜖 ) ≥ 𝛽.

Proof. By Lemma 4.12 𝛰(𝜓𝑖, Θ𝜖) ≥ 𝜅 for both disjuncts, hence there exist con­
servative well­annotations where either of them is annotated with an ordinal
larger than 𝛼 or 𝛽. Assume that there exists 𝛾 < 𝛽 such that, for every conservat­
ive well­annotation (Θ′

𝜖)− = Θ−
𝜖 , whenever 𝑜(𝜓𝑖, Θ′

𝜖) > 𝛼 then 𝑜(𝜓1−𝑖, Θ′
𝜖) ≤ 𝛾.

Since 𝜓1−𝑖 ∈ Θ−
𝜖 , such a limitation implies 𝛰(𝜓0 ∨ 𝜓1, Θ𝜖) ≤ max(𝛼, 𝛾) < 𝜅,

contradicting the assumption.

For the second time in this section the presence of side formulas in the definition
of upper bound was crucial.

4.2. A gap below 𝜔2
In this section we establish a first result about closure ordinals below 𝜔2. The
reason for taking this as base case is that limit ordinals below 𝜔2 are more easily
treatable, being all of the same kind 𝜔.𝑛.
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The goal of this section is to show that for every formula there exists a value
𝛮 < 𝜔 creating an interval (𝜔.𝛮, 𝜔2) where it is impossible to find its closure
ordinal. That will be proved by showing that, in said interval, any conservat­
ive well­annotation that is optimal at the root has an optimal trace, that is also
weakly decreasing in its annotation. With some extra work, an optimal trace will
be shown that is eventually decreasing, generating the contradictory situation of
two identical points on the given trace that are, at the same time, optimally an­
notated and with different upper bounds. The next lemma states the conditions
for preservation of optimality in this context.

Lemma 4.20. For any 𝜙,Θ, 𝑣, let 𝑜(𝜙,Θ𝑣) = 𝛼 be optimal with respect to𝛰(𝜙,Θ𝑣) =
𝜅 < 𝜔2.

1. If 𝜙 = 𝑥 then 𝛦(𝑥)𝛽 ∈ Θ𝑣 is optimal for 𝛼 = 𝛽 + 1.
2. If 𝜙 = 𝜎𝑧𝜓 then 𝜓(𝜎𝑧𝜓)𝛼 ∈ Θ𝑣 is optimal.
3. If 𝜙 = 𝜓0 ∧ 𝜓1 then 𝜓𝛼

𝑖 ∈ Θ𝑣 is optimal for some 𝑖 ∈ {0, 1}.
4. If 𝜙 = 𝜓0 ∨ 𝜓1 then either 𝜓𝛼

𝑖 ∈ Θ𝑣 is optimal, or 𝜓𝛼+𝑛
𝑖−1 ∈ Θ𝑣 is.

5. if 𝜙 = ○𝑖𝜓 then 𝜓𝛼 ∈ Θ𝑣𝑖 is optimal.

Proof. Almost all are straightforward by conservativity when 𝜅 < 𝜔2. For ex­
ample: if 𝑥𝛽+1 ∈ Θ𝑣 is optimal, by conservativity𝛦(𝑥)𝛽 ∈ Θ𝑣 and 𝜅 ≤ (𝛽+1)+𝜔 =
𝛽 + 𝜔. The case of a disjunction deserves an explanation. If the formula 𝜓𝛼

𝑖
with the same ordinal of the disjunction is not optimally annotated – meaning
that 𝛰(𝜓𝑖, Θ𝑣) > 𝛼 + 𝜔 – then the other disjunct 𝜓1−𝑖 must be the one forcing
𝛰(𝜓0 ∨𝜓1, Θ𝑣) = 𝜅. By conservativity, 𝜓1−𝑖 is annotated with an ordinal 𝛼+𝑛 for
0 ≤ 𝑛 < 𝜔. Since 𝜅 ≤ 𝛼 + 𝜔 = (𝛼 + 𝑛) + 𝜔, it is an optimal annotation. Finally:
the modal case ○𝑖𝜓. Even if it is possible that𝛰(𝜓,Θ𝑣𝑖) = 𝜂 < 𝜅, the annotation
is 𝑜(𝜓,Θ𝑣𝑖) = 𝛼 and that cannot be higher than the upper bound, so 𝛼 ≤ 𝜂 < 𝜅
and by assumption 𝜅 ≤ 𝛼 + 𝜔, concluding that 𝜅 ≤ 𝛼 + 𝜔 = 𝜂 + 𝜔.

The assumption that 𝜅 < 𝜔2 is essential to the proof of the lemma in cases 3 and
5. Neither claim needs to hold in general, as shown by the following examples.
In both scenarios let 𝜅 = 𝜔3 + 𝜔.4 and 𝜂 = 𝜔3 + 𝜔.2 + 𝑚, from which follows
p(𝜅) = 𝜔3 and p(𝜂) = 𝜔3 + 𝜔.2. Let 𝛼 = 𝜔3 + 𝜔 + 𝑝.

Example 4.21 (Conjunction). Consider the case of a conjunction 𝜓0 ∧ 𝜓1. Even
if the conjunct happens to be optimally annotated by 𝛼 and 𝑜(𝜓0) = 𝛼, it could be
the case that 𝛰(𝜓0, Δ) = 𝜂, so that p(𝜅) < 𝛼 < p(𝜂). In addition, assume that
𝑜(𝜓1) < p(𝜅) with 𝛰(𝜓1, Δ) = 𝜅. As a result: 𝜓1 is the subformula that defines the
value 𝜅 as the upper bound of the whole conjunction, but 𝜓0 is the one determining
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its ordinal value 𝛼. The annotation happens to be optimal ’by chance’, with the
consequence that none of the conjuncts is optimally annotated, despite the fact that
the conjunction is.

Example 4.22 (Modality). In this scenario the modal formula ○𝑖𝜓𝛼 ∈ Θ𝑣 has an
annotation optimal for 𝛰(○𝑖𝜓,Θ𝑣) = 𝜅. Θ𝑣𝑖 could be such that 𝛰(𝜓,Θ𝑣𝑖) = 𝜂
while 𝑜(𝜓,Θ𝑣𝑖) = 𝛼. Once again 𝛼 < p(𝜂) would not be optimal anymore, despite
the modal formula being such.

The reason why that is not a problem below 𝜔2 is the fact that no limit ordinal
occurs between p(𝜅) and 𝜅 + 𝜔, hence there cannot be situations where p(𝜅) <
p(𝜂) < 𝜂 < 𝜅 if 𝜅, 𝜂 are limit ordinals.

The next lemma establishes the existence of an optimal trace where the ordinal
annotation of its limit points is weakly decreasing. Notice that even the case
of an infinite limit trace satisfies the lemma trivially. That specific case will be
addressed later in the proof of Theorem 4.24.

Lemma 4.23. Let 𝛰(𝜙, Δ) < 𝜔2. There exists a conservative well­annotation Θ of
𝜙 with an optimal trace 𝜏 s.t. the sequence of its annotated limit ordinals is weakly
decreasing.

Proof. The existence of a conservative well­annotation Θ with an optimal root
is by definition of upper bound and optimal annotation. Construct an optimal
trace 𝜏 step by step starting from the root 𝜏0 = (𝜙𝛼, 𝜖). Let (𝜓𝛼𝑘

𝑘 , 𝑣𝑘) be the last
element of 𝜏𝑘. By Lemma 4.20 we know that in every case an optimal subfor­
mula exists. In all cases except disjunction the immediate subformula of 𝜓𝑘 is
also annotated with an ordinal that is weakly decreasing. In the case of a disjunc­
tion 𝜓0 ∨ 𝜓1, by the same lemma one of the immediate subformulas is optimal,
although possibly with a greater ordinal. Even if the optimally annotated sub­
formula 𝜓𝑖 is such that 𝑜(𝜓𝑖) > 𝑜(𝜓0 ∨ 𝜓1), necessarily 𝑜(𝜓𝑖) = 𝑜(𝜓0 ∨ 𝜓1) + 𝑛 for
some 𝑛 < 𝜔 (see proof of Lemma 4.20), so the trace 𝜏𝑘+1 can be expanded by
(𝜓𝑖, 𝑘). That is not a problem because the annotation is still between the same
two limit points as before. Eventually an infinite trace following the unfolding
of a greatest fixed point is reached, otherwise 𝜏 = ⋃𝑖 𝜏𝑖 would be an infinite trace
unfolding a least fixed point infinitely often.

From the existence of a 𝜏 as in the previous lemma, we can always generate an
optimal 𝜏⋆ where the ordinal annotation eventually decreases. To show that, the
proof of the next theorem tackles the case of a trace looping on a greatest fixed
point, that is the only possible obstacle.
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Theorem 4.24. For every formula 𝜙 and Δ ⊆ Clos(𝜙) there exists𝛮 < 𝜔 such that,
if 𝛰(𝜙, Δ) > 𝜔.𝛮 then 𝛰(𝜙, Δ) ≥ 𝜔2.

Proof. Let 𝛮 = 2|Clos(𝜙)|+1 and assume for some Δ ⊆ Clos(𝜙) that 𝜔.𝛮 <
𝛰(𝜙, Δ) < 𝜔2. Assume Θ as in Lemma 4.23, i.e., with an optimal trace 𝜏 whose
sequence of limit points is weakly decreasing. In order to derive a contradiction,
we need an optimal trace that is not only weakly decreasing, but that eventually
has a limit point annotated with 𝜔. From the proof of Lemma 4.23 and the
statement of Lemma 4.20 it is straightforward that the only thing that could
prevent 𝜏 from being decreasing in the limit ordinals is an infinite loop over a
greatest fixed point. We show that in such case, there exists another optimal,
weakly­decreasing trace branching from 𝜏, that reaches a limit point with a smal­
ler ordinal. Eventually, we produce an optimal 𝜏⋆ s.t. the sequence of its limit
points is strictly decreasing.

There are two possible cases depending on the ordinal annotating the infin­
ite trace 𝜏. If it is a successor ordinal, then immediately by conservativity there
must always exist on the trace a next branching point annotated with the same
ordinal. At least one of them must be optimally annotated: by Lemma 4.20
every such case not involving a disjunction is optimal. If all the traces branching
at disjunctions were also non­optimal, than no branching trace would justify the
upper bound, leading to a contradiction.

If, on the other hand, 𝜏 is a limit trace with ordinal 𝜆, in order to be con­
servative the annotation needs the existence of infinitely many branching traces
annotated with a smaller ordinal, such that the supremum of their annotation
is 𝜆 (Lemma 4.18, part (i)). The assumed optimality of the annotation, and the
fact that 𝜆 < 𝜔2, force the upper bound of the main trace to be 𝜆, hence by
part (ii) of Lemma 4.18 the upper bound of infinitely many branching traces is
again 𝜆. That means that they also are optimally annotated. In other words: it
is always possible to leave a greatest fixed point loop by branching from a limit
point into one of the optimal traces mentioned by Lemma 4.18. Once the loop
is left, it is sufficient to continue the construction of 𝜏⋆ as in Lemma 4.23, until
the next limit trace is found.

Once we have proved the existence of an optimal trace whose limit points
are strictly decreasing, the case of 𝜔.𝛮 < 𝛰(𝜙, Δ) < 𝜔2 presents a contradic­
tion. The trace 𝜏⋆ passes through more than 𝛮 different limit points, meaning
that there are at least two states (Θ𝑣)− = (Θ𝑣𝑘)−, where 𝑜(𝜈𝑧 𝜓,Θ𝑣) = 𝜔.𝛲 and
𝑜(𝜈𝑧 𝜓,Θ𝑣𝑘) = 𝜔.𝑄 are both optimal annotations, despite the fact that 𝛲 > 𝑄,
in contradiction with the fact that 𝛰(𝜈𝑧 𝜓,Θ𝑣) = 𝛰(𝜈𝑧 𝜓,Θ𝑣𝑘).



cLOSuRE ORDINALS BELOw 𝜔2 • 51

4.3. Czarnecki’s formulas and other examples
It was mentioned in the introduction that there are some fragments for which
the closure ordinal is known. Continuous formulas, for example, always have a
finite closure ordinal. They enjoy the finite width and depth properties, i.e., they
can always be satisfied by a finite tree model, and are characterized syntactically
in Fontaine and Venema (2018) as (equivalent to) {𝜈,□}–free formulas (in the
language ℒ𝜇).

An example could be the formula 𝜇𝑥 (𝑝 ∨ ♢𝑥), that is translated in ℒ2
𝜇 to

𝜇𝑥 (𝑝 ∨ (𝜇𝑧 (○0𝑥 ∨ ○1𝑧))). In this simple case, it is immediately clear that such
a formula could never be annotated with 𝜔 in a conservative well­annotation,
since any infinite trace would have to unfold either of the least fixed points in­
finitely often.

The example given in Fontaine and Venema (2018) (p.37) of a constructive
formula, i.e., by definition with a closure ordinal at most 𝜔, is 𝜈𝑦 (𝑝∧♢𝑦). Such
a formula is not in the fragment we are examining here.7 However, we can still
say something relevant about the number of iteration of the greatest fixed point.
Translated in binary modal language, the formula is 𝜙 = 𝜈𝑦 (𝑝∧(𝜇𝑧 (○0𝑦∨○1𝑧))).
If we assume a conservative well­annotation with 𝑜(𝜙,Θ𝜖) > 𝜔 we immediately
see that there are only three possibilities for any Θ−

𝑣 ∈ Θ: at least one between
○0𝜙 and ○1𝑧 is in the set, and possibly both. From the argument in the previous
sections, any trace with 𝑜(𝜙,Θ𝑣) ≥ 𝜔.3 is not optimal in all its limit points, hence
its closure must be < 𝜔.3. The reasoning can be refined further, by noticing that
the presence of ○0𝜙 is necessary to have a limit point. As a consequence, we
know that CO(𝜙) < 𝜔.2.

We turn now to test the argument against a more adapt set of formulas,
namely those produced in the proof ot the already mentioned theorem from
Czarnecki. For every ordinal 𝛼 < 𝜔2 there exists a Σ1 formula 𝜙𝛼 with the follow­
ing property.

Theorem 4.25 (Czarnecki (2010)). For every ordinal 𝛼 such that 𝜔 ≤ 𝛼 < 𝜔2
there is a model in which 𝜙𝛼 reaches its least fixed point in 𝛼 steps.

For example, the formula 𝜙𝜔.2+1 is

𝜇𝑥.□⊥ ∨ (𝛲0 ∧□𝛲0 ∧ ♢𝑥) ∨ (𝛲1 ∧□𝛲0 ∧□𝑥)∨
∨(𝛲1 ∧□𝛲1 ∧ ♢𝑥) ∨ (𝛲2 ∧□𝛲1 ∧□𝑥)

(4.1)

7 To be precise, such a formula is in 𝒞(Σ2) and has ordinal annotation 0.
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with any 𝛲𝑖 and 𝛲𝑗 mutually incompatible for every 𝑖 ≠ 𝑗. It consists of a single
least fixed point operator in front of a disjunction with five distinct disjuncts,
referred to from now on as 𝛿𝑖 with 1 ≤ 𝑖 ≤ 5. The key idea behind the construc­
tion of such a formula is that each disjunct is pairwise incompatible with the
others. The first one, namely□⊥ holds always and only at leaves. The even ones,
namely those where 𝑥 is in the scope of a diamond, can be seen as the successor
steps, while the odd disjuncts, where 𝑥 is under a □, are satisfied at the root of
an infinite branching, and represent limit jumps. Notice that the way in which
the 𝛲𝑗s are distributed among the disjuncts ensures that once one of them is satis­
fied, all of the previous ones can not occur in the tree below. For example, after
𝛲1 ∧□𝛲0 ∧□𝑥 the only possible continuation downwards is the unique disjunct
with 𝛲1 ∧ □𝛲1. As a sequence of fuses, each one of the disjuncts of 𝜙𝛼 is meant
to be “lit” by its unique predecessor and then exhausted, moving upwards from
the root. As a result 𝜙𝛼 produces at most 5 different possible well­annotations,
one for each of the disjuncts.

That reduces the possible cases to check by a sensible amount, considering
that by taking the value𝛮 for 𝜙𝜔.2+1 one is already talking about more than a mil­
lion possible cases. By assuming the existence of a conservative well­annotation
witnessing 𝜔6 with an optimal decreasing trace, it is possible to derive a contra­
diction, since at least two states would have to be optimally annotated with the
same set of formulas, under two different assumed upper bound values. If we
wanted to be more precise, the structure of the formula suggests an even smaller
number of well­annotations to consider, namely 2. If we focus on potential limit
points, it is clear that only 𝛿3 and 𝛿5 can hold at limit points.

The work seen in the previous section is inspired directly by this idea of fuses.
The formulas in Czarnecki’s case are engeneered to produce an exact closure
ordinal, so each disjunct is meant to occur at most once. In the case of a gen­
eric formula we cannot assume that that is the case. Instead, we consider each
possible set of subformulas Θ as a potential fuse. The notion of optimality is
designed to reproduce what mutual incompatibility represents for fuses. At the
cost of taking a generous margin in what is considered a safe upper bound, the
argument is sufficiently broad to cover all possible formulas in the fragment.

It is worth to consider both the closure ordinals and the upper bounds of
the disjuncts of formula (4.1) above, to remark the benefit of shifting from the
former notion to the latter. While we know that CO(𝜙𝛼) = 𝜔.2 + 1, the upper
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bound of 𝜙𝛼 changes as follows depending on the disjunct in the context.

𝛰(𝜙𝛼, 𝛿5) = 𝜔.2 + 1 𝛰(𝜙𝛼, 𝛿4) = 𝜔.2
𝛰(𝜙𝛼, 𝛿3) = 𝜔 + 1 𝛰(𝜙𝛼, 𝛿2) = 𝜔
𝛰(𝜙𝛼, 𝛿4) = 1

If we limited ourselves to consider the general notion of closure ordinal, we could
not capture the interrelations existing between disjuncts. The definition of upper
bound introduces a more refined and faithful value.

Finally, let’s look at the case of CO(𝜇𝑥.□𝑥) = 𝜔1. Dy definition 𝛮 = 8, but
again we notice that there is only one possible set of formulas that can occur at a
limit point, so a contradiction would arise if we tried to claim that CO(𝜇𝑥.□𝑥) =
𝜔.2. Consider the following tree.

𝜇𝑥𝜔.2+1

𝑥𝜔+1
𝑥𝜔

𝑥𝜔+3
𝑥𝜔+2

𝑥𝜔+2
𝑥𝜔+1

𝑥𝜔

Clearly a repetition occurs between any two limit points. Thanks to this repe­
tition, it is possible to construct a new model by attaching a copy of the whole
previous model in place of the structure that gave 𝑥𝜔, obtaining the following
tree.

𝜇𝑥𝜔.3+1

𝑥𝜔.2+1
𝑥𝜔+1

𝑥𝜔
𝑥𝜔+2
𝑥𝜔+1

𝑥𝜔

𝑥𝜔+3
𝑥𝜔+2

𝑥𝜔.2+3𝑥𝜔.2+2

By repeating the same procedure we can generate models for any countable or­
dinal, hence CO(𝜇𝑥.□𝑥) = 𝜔1. In this case the operation of substitution was
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easy and clear because of the simplicity of the formula. In the next chapter more
complex situations need to be resolved.



5. Up to 𝜔1

5.1. Principal ordinals: the 𝜔2 step

The necessity to find another strategy to extend the result to cover 𝜔2 and ana­
logue cases has been motivated already in the introduction to the previous chapter.
Having seen the argument in Section 4.2, it is clear that a strategy that relies on
optimally annotated traces cannot be used in the present case.

What makes the case of principal limit ordinals different is the absence of a
definition of a previous interesting limit ordinal to exploit. Each limit ordinal
𝜔.𝑝 > 𝜔.𝛮 has a clear predecessor in 𝜔.(𝑝 − 1). In other cases, for example
𝜔3 + 𝜔2, we can obtain a contradiction in the interval (𝜔3, 𝜔3 + 𝜔2). While we
could be tempted to try to modify the definition of optimal annotation to make,
for example, 𝜔3 the interesting predecessor of 𝜔4, that would not solve the case
of 𝜔2, for which an argument should be given anyway. Moreover, the same issue
would reappear with 𝜔𝜔, 𝜔𝜔𝜔 , ….

It seems like any ad­hoc attempt would eventually fall short with a larger or­
dinal. Finally, from the perspective of ordinals like 𝜔2, 𝜖0, … it could be argued
that there is no sensible difference between any of the previous limit ordinals, all
of them contributing equally to their construction. It seems preferrable to accept
the fact that the notion of predecessor given in Definition 4.8 sets p(𝜔𝜂) = 0 for
every ordinal of the like, making any annotation trivially optimal for them, and
treat them as exceptional cases.

In order to disprove the existence of formulas with closure ordinal 𝜔𝜂, then,
we must provide a counterexample to the claim that no greater model exists.
Ideally, we would like to have a recipe to build a model with an ordinal at the
root that encompasses the assumed upper bound. In the end, that will not be
the case, due to the twisted structure of the relevant traces. We focus, instead,
on a specific instance of trace, later called productive, about which a pumping
argument can be made, ensuring that a model in which the trace is annotated
with 𝜔𝜂 exists.

The section begins with the definition of the relevant part of a conservative
well­annotation. A relevant part Φ is a collection of traces that branch only at
disjunctions. What motivates the restriction is the fact that it isolates a collection
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of all the traces that contribute directly to the final annotation, where ‘directly’
has to be intended as ‘it is a sufficient set of traces to pump to ensure an increase
of the main ordinal’.

Definition 5.1 (Relevant Part). Given Θ conservative well­annotation of 𝜙, Φ is
a relevant part of Θ if for every 𝑣:

1. 𝜙 ∈ Φ−
0 ;

2. if 𝑥𝛼+1 ∈ Φ𝑣 then 𝛦(𝑥)𝛼 ∈ Φ𝑣;
3. if 𝜎𝑧𝜓𝛼 ∈ Φ𝑣 then 𝜓(𝜎𝑧𝜓)𝛼 ∈ Φ𝑣;
4. if (𝜓0 ∧ 𝜓1)𝛼 ∈ Φ𝑣 then 𝜓𝛼𝑖

𝑖 ∈ Φ𝑣 for exactly one 𝑖 ∈ {0, 1}, such that
𝛰(𝜓𝑖, Θ𝑣) ≥ 𝛰(𝜓1−𝑖, Θ𝑣);

5. if (𝜓0 ∨ 𝜓1)𝛼 ∈ Φ𝑣 then 𝜓
𝛼𝑖
𝑖 ∈ Φ𝑣 for every 𝑖 ∈ {0, 1} such that 𝜓

𝛼𝑖
𝑖 ∈ Θ𝑣;

6. if (○𝑖𝜓)𝛼 ∈ Φ𝑣 then 𝜓𝛼 ∈ Φ𝑣𝑖.

The relevant part is essentially obtained chosing for each conjunct which of the
two sides to follow. The choice is done by looking at the upper bound of both
in the given context, and it is motivated by the fact that, when a substitution is
performed later, an increase in one annotation of the conjuncts will be sufficient
to raise the annotation of the conjunction itself. By choosing the one with the
greatest upper bound we ensure a potential maximal increment. If both con­
juncts share the same upper bound, the choice is ininfluential, and it is the only
thing that can differ between distinct relevant parts of the same conservative well­
annotation.

All the traces of Θ that are also in Φ are called relevant. It is straightforward
that every conservative well­annotation has at least one relevant part, and almost
immediate that increasing the annotation of every relevant trace, forces an in­
crement of the main formula at the root. Notice that an increase in the ordinal
annotation on a single relevant trace propagates downwards until a disjunction
with a smaller annotation is found. By definition, two relevant traces branch
only at disjunctions, hence an increment on all of them at some point propag­
ates to the root.

The key to proving a pumping­like lemma is the possibility to perform sub­
stitutions over subtrees to achieve certain outcomes. The next lemma shows that,
if (some of ) the relevant formulas at a certain state are not annotated with their
respective upper bound, then there exists a conservative well­annotation where
(1) those formulas have a greater annotation; (2) no formula has been added to
or removed from the annotation; (3) the annotation of no relevant subformula
has been reduced. In practice, it ensures that some substitution can be made
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without affecting the near structure of the conservative well­annotation, which
is essential if one wants to be able to do it repeatedly.

Lemma 5.2. Let Θ be a conservative well­annotation of 𝜒 s.t. 𝛰(𝜒,Θ𝜖) = 𝜔2 and
𝑜(𝜒,Θ𝜖) > 𝜔.𝛮. There exists a conservative well­annotation Θ∗ such that, for every
relevant formula 𝜙 ∈ Clos(𝜒) and for every 𝑣, if 𝜔.𝛮 < 𝑜(𝜙,Θ𝑣) < 𝛰(𝜙,Θ𝑣) = 𝜔2:

1. 𝑜(𝜙,Θ𝑣) < 𝑜(𝜙,Θ∗
𝑣)

2. Θ−
𝑣 = (Θ∗

𝑣)−
3. Φ𝑣 ⪯ Φ∗

𝑣

Proof. For 𝜒 at Θ𝜖 the claim holds by definition. Assuming that a new conser­
vative well­annotationΘ∗ exists with such properties at the root, it is shown that
the claimed properties hold for any state and formula as in the statement of the
lemma. Notice that that is the opposite direction of what it is usually visualised,
i.e., an increase at some point that propagates downwards. The three points are
proved by induction on the distance of a state 𝑣𝑖 from the root.

1. Assume that the lemma holds for every relevant formula up to a point
(○𝑖𝜓, 𝑣) on a relevant trace and follow the relevant traces in 𝑣𝑖 generated
from there. From the assumption that a greater annotation for a relevant
formula exists, we derive that the new annotation increases its relevant
subformulas. That is by definition whenever there is only one subformula,
i.e., in the cases of fixed points (of any kind) and modality. In the case of
conjunction, where in principle a greater annotation could be obtained
by pumping the non­relevant subformula, thanks to point 4 in the pre­
vious definition we know that the relevant subformula is always apt for
pumping. That the disjunctive case is not problematic is confirmed by
Lemma 4.19.

2. By induction hypothesis a greater annotation for 𝑣 exists such that Θ−
𝑣 =

(Θ∗
𝑣)−. All the cases except the modal step are such that the assump­

tion on the upper bound already guarantees that the conservative well­
annotation is locally preserved. The only case that could potentially force
Θ−
𝑣𝑖 ≠ (Θ∗

𝑣𝑖)− is a modal step from (○𝑖𝜓, 𝑣) to (𝜓, 𝑣𝑖). It is known already
that in principle the set of annotated formulas at a successor state not ne­
cessarily presents all the formulas needed to maintain the upper bound
for the subformula, i.e., it could be that 𝛰(○𝑖𝜓,Θ𝑣) > 𝛰(𝜓,Θ𝑣𝑖). In
this specific case, however, by Theorem 4.24 and the assumption that
𝜔.𝛮 < 𝑜(𝜓,Θ𝑣𝑖) < 𝛰(𝜓,Θ𝑣𝑖) we know that necessarily
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𝛰(○𝑖𝜓,Θ𝑣) = 𝛰(𝜓,Θ𝑣𝑖) = 𝜔2. There exists, then, an annotation for 𝜓 at
𝑣𝑖 that is greater and such that Θ−

𝑣𝑖 = (Θ∗
𝑣𝑖)−.

3. The third point is a consequence of the previous: all the relevant formulas
appear in Θ∗

𝑣𝑖 with a greater or equal ordinal than in Θ𝑣𝑖, and the two sets
share the same formulas.

Before moving further, it is important to pause and understand what the lemma
is saying in points 2 and 3 about the resulting conservative well­annotation. That
a comparison between states in Θ and Θ∗ is possible is guaranteed by the fact
that both are annotations of the same binary tree. Clearly Θ and Θ∗ cannot
coincide everywhere, otherwise they would also share the same annotation. The
second point claims thatΘ−

𝑣 = (Θ∗
𝑣)− only for those states where 𝜔.𝛮 < 𝑜(𝜙,Θ𝑣)

for 𝜙 relevant. Thanks to the lemma we can be sure that the necessary changes
do not occur where relevant formulas were annotated with an ordinal > 𝜔.𝛮 (in
Θ), so we can safely assume the same structure is preserved in that area from Θ
to Θ∗. The same holds for Φ and Φ∗ from the third point.

One way to prove that there is no upper bound of 𝜔2 for any formula could
be to show that, for every greatest fixed point 𝜈𝑧𝜓with such an upper bound, it is
possible to construct a conservative well­annotation with 𝑜(𝜈𝑧𝜓, Δ) = 𝜔2. After
a series of substitutions in the relevant part, that would produce a conservative
well­annotation with 𝑜(𝑥0, Δ) > 𝜔2 for any formula. Unfortunately, that is not
always possible. To see why consider the following example.

Example 5.3. Let 𝜙 = 𝜈𝑧 (○0𝜓∨○1(𝑧∧𝜒)) with CO(𝜓) = CO(𝜒) = CO(𝜙) = 𝜔2.
Consider the case

𝜙𝜔.𝛮, 𝜒𝜔2
1

𝜙𝜔.(𝛮+1), 𝜒𝜔2
1

𝜙𝜔.(𝛮+2), 𝜒𝜔2
1

𝜙𝜔.(𝛮+3), 𝜒𝜔2

0

𝜓𝜔.𝛮

0

𝜓𝜔.(𝛮+1)

0

𝜓𝜔.(𝛮+2)

0

𝜓𝜔.(𝛮+3)

Despite the fact that 𝜒𝜔2 holds along the infinite right path, and that the list of
branching states presents infinitely increasing instances of 𝜓, the main formula 𝜙
will never be annotated with 𝜔2. On the other hand, in case 𝜓 does not hold after a
certain point, we have a model with 𝑜(𝜙) = 𝜔2.
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𝜙𝜔.𝛮, 𝜒𝜔2
1

𝜙𝜔2 , 𝜒𝜔2
1

𝜙𝜔2 , 𝜒𝜔2
1

𝜙𝜔2 , 𝜒𝜔2

0

𝜓𝜔.𝛮

0 0 0

That limit jumps are possible in this setting only in the presence of a greatest
fixed point is straightforward. However, the inverse is not necessarily true: there
are some greatest fixed points that do not take as ordinal the supremum of an
infinite series of instances of subformulas. We can informally define three cases:

1. Productive formulas, that always take the supremum of the annotation of
some subformula. An example is the formula 𝜈𝑧 (○0𝜓∧○1𝑧). The greatest
fixed point is annotated with the supremum of the (finite or infinite) series
of instances of 𝜓. Notice that this is the template that was used in Section
3.3 to translate the □ into binary. It is not a coincidence that such a
scheme falls in this category.

2. Searching formulas, on the other hand, are structurally unable to con­
sider infinitely many instances, they must always pick one. An example
is 𝜈𝑧 (○0𝜓∨○1𝑧). Despite the structure similar to the previous case, here
the ordinal is given by either ○0𝜓 now or in a future state. Such a formula
searches for the least annotated instance of ○0𝜓 on the 𝑧­path, never the
supremum.

3. An intermediate group is formed by hybrid formulas, that take the su­
premum of the annotation of some subformulas only when some other
condition is satisfied. The example is the one above: 𝜈𝑧 (○0𝜓∨○1(𝑧∧𝜒)).
In this case, the annotation of 𝜈𝑧 depends on 𝜒 only if ○0𝜓 does not hold,
or the value assigned to it is greater than the one of ○1(𝑧 ∧ 𝜒). Only if on
the trace it always the case that one of these conditions is met, then the
greatest fixed point takes the supremum of the instances of 𝜒.

The examples suggest that it is the presence of a disjunction in the progression
of subformulas between 𝜈𝑧 and 𝑧 that causes the problem, confirming the dif­
ficulties with the connective that were known from previous works (Barlucchi,
2022; Afshari et al., 2025a). This seems to pose a real threat to the possibility
of extending the result to 𝜔2, at least using the method proposed. The issue
with interfering disjunctions could be circumvented by restricting the case to
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limit traces with productive formulas only. However, that every formula has
one subformula of that kind does not sound as a reasonable expectation. In­
stead, we build an argument where the property of being productive belongs to
traces rather than formulas.

Overall such an argument is consistent, but it crucially relies on an assump­
tion that was found to be not safe, at least in the general terms in which it was for­
mulated. Unfortunately, the discovery arrived in the form of a counterexample
at a late stage of the present work. Considered the time and the options available,
without the possibility of a deeper analysis of the actual implications posed by
the counterexample, we decided to present the argument anyway, restricting its
application to a case where the assumption is safe.

The claims made in the lemmas and theorems that appear below were origin­
ally referring to all of the formulas in the fragment 𝒞(Σ2). In order to prove
Lemma 5.10 below, we assume that for every disjunction 𝛰(𝜓0 ∨ 𝜓1) = 𝜔2
where 𝛰(𝜓0) = 𝜔2 and 𝛰(𝜓1) > 𝜔2 the conservative well­annotation is such
that 𝑜(𝜓1) > 𝜔2. That is necessary to ensure that the disjunction does not inter­
fere with the pumping process, letting the greatest fixed point to be annotated
with the supremum of the other branches, as we explained in the example of
hybrid formula. The assumption seemed to be justified by Lemma 4.19, stating
that, under certain conditions, either disjunct can be pumped without reducing
the annotation of the other. At a closer inspection, however, the lemma is able
to ensure an increment just whithin the upper bound of the disjunction, and
not the upper bound of each disjunct.

As a consequence, even if the statement of the lemma still holds, and we are
justified in assuming the possibility of a substitution increasing the annotation,
there is no guarantee that the new ordinal will reach 𝜔2 even if its upper bound
is greater. This fact became evident at the very final stage of this work, due to
the following counterexample.

Example 5.4. Consider𝛰(𝜓0∨𝜓1, 𝑣) = 𝜔2 with𝛰(𝜓0, 𝑣) = 𝜔2 and𝛰(𝜓1, 𝑣) > 𝜔2.
From 𝛰(𝜓0 ∨ 𝜓1, 𝑣) = 𝜔2 follows that for every 𝑛 < 𝜔 there are conservative well­
annotations where both 𝑜(𝜓𝑖, 𝑣) > 𝜔.𝑛. In addition, it is possible that there exists
𝑚 < 𝜔 such that 𝑜(𝜓0, 𝑣) < 𝜔.𝑚 whenever 𝑜(𝜓1, 𝑣) > 𝜔2. To see how that is possible,
let 𝜓0 = ○0(𝜙 ∨ 𝜉) and 𝜓1 = ○0((𝜙 ∧ 𝜒) ∨ 𝜉), and stipulate that 𝛰(𝜙, 𝑣0) = 𝜔.𝑚,
𝛰(𝜒, 𝑣0) > 𝜔2 and 𝛰(𝜉, 𝑣0) = 𝜔2. If we now assume that 𝑜(𝜓1, 𝑣) > 𝜔2, then it
must be because 𝜉 ∉ Θ𝑣0, 𝜙 ∧ 𝜒 ∈ Θ𝑣0 and 𝑜(𝜒, 𝑣) > 𝜔2. However, under these
circumstances the value 𝑜(𝜓0, 𝑣) cannot exceed the upper bound 𝛰(𝜙, 𝑣0) = 𝜔.𝑚,
meaning that under this choice of Θ𝑣0 the maximal annotation for 𝜓0 is 𝜔.𝑚. That
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is not in contradiction with the assumption 𝛰(𝜓0, 𝑣) = 𝜔2, which is a consequence
of 𝛰(𝜉, 𝑣0) = 𝜔2.

The example shows that even the notion of upper bound, that takes into con­
sideration the presence of the other side formulas, is not powerful enough to
control the interactions between branching traces proceeding in parallel along
the same path. The simplest way of recovering the pumping argument consists
in structurally block such interactions between traces branching at disjunctions.

Remark 5.5. Even if such an assumption is not safe in general, there is a scenario
in which it can be safely made, which is when both disjuncts branch into different
paths. In that case, any possible modification made to pump one disjunct over the
upper bound of the disjunction could not affect the annotation of the other disjunct.

From now on until the final part of this section, the reasoning around closure
ordinals will be made with respect to formulas in conjunctive form. We will
come back to the consequences for the general case at the end of Section 5.2.

Definition 5.6 (Conjunctive form). An equational formula (𝛸, 𝑥0, 𝛦) is in con­
junctive form if disjunction is limited to instances of the form

⋁𝛲 ∨ ○0𝜙0 ∨ ○1𝜙1
with 𝛲 being a set of literals and 𝜙0, 𝜙1 in conjunctive form.

The argument proceeds by setting up the conditions for a successful pumping of
a particular case of limit traces, called productive.

Definition 5.7. Call a limit trace 𝜏 in a conservative well­annotationΘ a product­
ive trace if every trace branching from 𝜏 at a disjunction 𝜓0 ∨ 𝜓1 is annotated with
an ordinal greater or equal than 𝛰(𝜓0 ∨ 𝜓1, Δ), the upper bound of the disjunct. 𝜏
is quasi­productive if every trace branching at a disjunction 𝜓0 ∨ 𝜓1 is either

1. a limit trace with the same ordinal annotation,
2. annotated with an ordinal 𝛽 ≥ 𝛰(𝜓0 ∨ 𝜓1).

A limit trace that insists on a formula 𝜈𝑦means that 𝜈𝑦 𝜙 is the outermost greatest
fixed point formula that is unfolded infinitely often on that trace. In what follows
we will use 𝑜(𝜈𝑦, 𝜏) = 𝛼 to indicate that the annotation of 𝜈𝑦 𝜙 along the limit
trace 𝜏 is 𝛼, and similarly 𝛰(𝜈𝑦, 𝜏).

In the case of productive traces it is always possible to raise the annotation to
the upper bound 𝜔2.
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Lemma 5.8. Let 𝜏 be a productive trace in a conservative well­annotationΘ insist­
ing on a greatest fixed point 𝜈𝑦 𝜙 with 𝛰(𝜈𝑦, 𝜏) = 𝜔2. There exists a conservative
well­annotation Θ∗ with a limit trace 𝜏∗ over 𝜈𝑦 𝜙 such that 𝑜(𝜈𝑦, 𝜏∗) = 𝜔2.

Proof. Assume that there is a productive limit trace 𝜏 where 𝜈𝑦 𝜙 is the main
greatest fixed point such that 𝛰(𝜈𝑦, 𝜏) = 𝜔2. Let 𝛮 be as in Theorem 4.24 and
assume that the upper bound is strict, i.e., 𝜔.𝛮 < 𝑜(𝜈𝑦, 𝜏) < 𝜔2. It is always pos­
sible to build a new conservative well­annotation contradicting the assumption
as follows.

By Lemma 4.18, for every infinite limit trace that is conservative there exist
infinitely many branching traces leaving 𝜏with smaller ordinals. Remember that
such traces all branch at conjunctions, and by Theorem 4.24 their upper bound
cannot be in the interval between 𝜔.𝛮 and 𝜔2. Since it cannot exceed the upper
bound of the conjunct, their upper bound must be exactly 𝜔2. Among those
are the branches that support the annotation, so to obtain a witness for 𝜔2 is
sufficient to incrementally pump infinitely many of them.

Assuming 𝑜(𝜈𝑦, Θ𝑣) = 𝜔.𝛲 for a 𝑣 ∈ 𝜏, replace the subtree rooted at 𝑣 with a
conservative well­annotation Θ1 such that 𝑜(𝜈𝑦, Θ1

𝑣 ) = 𝜔.(𝛲 + 𝑛1). By Lemma
5.2 we can assume that the relevant structure in the new annotation is the same
as the one in Θ, at least in the area of the model where the whole limit trace
is, given its annotation. Proceed moving upwards on the trace and find the first
branching point (𝜒, 𝑤) at a conjunction such that 𝑜(𝜒, 𝑤) > 𝜔.(𝛲 + (𝑛1 − 1)),
the existence of which is guaranteed once again by Lemma 4.18. Continuing
on the trace, at the first next occurrence of the greatest fixed point such that
𝑜(𝜈𝑦, Θ1

𝑣1) = 𝜔.(𝛲+𝑛0), replace the conservative well­annotation above Θ1
𝑣1 with

a new Θ2 such that 𝑜(𝜈𝑦, Θ2
𝑣1) = 𝜔.(𝛲 + 𝑛2) for some 𝑛2 > 𝑛1. Once again, the

relevant part above is preserved, and the process can be repeated.
Consider now the annotation of 𝜏 in Θ𝜔, that is the annotation obtained at

the limit of this process. Since we assumed that the trace is productive, the an­
notation of 𝜏 does not depend on a trace branching at a disjunction. In addition,
there exists at least one formula 𝜓0 ∧ 𝜓1 ∈ Clos(𝜈𝑦) that appears infinitely often
on 𝜏, and such that one conjunct is on 𝜏 while the other is annotated increment­
ally closer to 𝜔2. As a consequence, the annotation of the limit trace takes the
supremum of those annotation, resulting in the desired 𝑜(𝜈𝑦, 𝜏) = 𝜔2.

The result cannot be extended directly to the case of quasi­productive limit traces,
since there is no guarantee that the branching limit traces of condition 1 of
Definition 5.7 are (quasi­)productive themselves. However, a generalised version
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of the pumping technique seen above applies to the specific case where all the
limit traces produced from disjunctive branching are also quasi­productive.

Lemma 5.9. Let 𝜏 be a quasi­productive trace over 𝜈𝑦 𝜙 in a conservative Θ, such
that 𝛰(𝜈𝑦 𝜙, 𝜏) = 𝜔2 and 𝑜(𝜈𝑦 𝜙, 𝜏) > 𝜔.𝛮. If the tree generated from 𝜏 by taking
all the traces branching at disjunctions consists of quasi­productive traces, then there
exists 𝜏̂ in a Θ̂ where 𝑜(𝜈𝑦, 𝜏̂) = 𝜔2.

Proof. Let 𝑜(𝜈𝑦, 𝜏) = 𝜔.𝛲 > 𝜔.𝛮. Under the given assumptions, it is possible to
perform a pumping similar to the single trace seen in Lemma 5.8. The difference
is that the replacements must occur on the branching limit traces as well, in
order to ensure an overall increase at the limit of the process. Starting from the
root of the tree made of quasi­productive traces, find on each one of them an
occurrence of a conjunct supporting the annotation as in Lemma 4.18, and then
proceed to pump the next instance of the greatest fixed point. Proceed with the
substitutions on all of those traces symultaneously, then continue the search for
the next conjunct on all the branching traces encountered. Notice that all of the
traces are on the relevant part of 𝜏, given their identical annotation, and that the
assumed conjunctive form ensures that all of these limit traces lie on different
paths, hence there is no overlapping during the substitution. The choice of the
initial 𝜔.𝛲 guarantees that the upper bound is never decreased. To the limit, that
results in an ordinal annotation that reaches 𝜔2, for the same reasons given in
the case of a single productive trace.

A first important step has been made, even though just for a very limited situ­
ation. To move forward it is necessary to ensure that such a situation occurs
under sufficiently general conditions. Remember that for the purpose of a con­
tradiction it is not necessary to pump the root formula, as long as a contradiction
can be found with respect to the assumed upper bound. That can be achieved
as follows.

The new goal is to ensure that a trace inΘ exists such that it is quasi­productive
with upper bound 𝜔2. We prove by contradiction, showing how to build an in­
finite trace 𝜏∗ where the outermost fixed point that is unfolded infinitely often
is in 𝛸, i.e., a least fixed point.

Lemma 5.10. Let Θ a conservative well­annotation of 𝜙 in conjunctive form, such
that 𝛰(𝜙,Θ𝜖) = 𝜔2 and 𝑜(𝜙,Θ𝜖) > 𝜔.𝛮. There exists a quasi­productive trace 𝜏
over some greatest fixed point 𝜈𝑦 such that 𝛰(𝜈𝑦, 𝜏) = 𝜔2.
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Proof. Assume 𝑜(𝜙,Θ𝜖) = 𝜔.𝛲 > 𝜔.𝛮. By Lemma 4.12, Lemma 4.14 and
Theorem 4.24, if𝛰(𝜙,Θ𝜖) = 𝜔2 it is always possible to find a trace preserving the
upper bound. Follow such a trace 𝜏 until the first limit point, and assume that it
is not quasi­productive. Assume that if a trace branches from 𝜏 at a disjunction,
and is such that 𝛰(𝜓, Δ) > 𝜔2 then 𝑜(𝜓, Δ) ≥ 𝜔2 (see Remark 5.5). If all of the
branching traces were as such, we would have a quasi­productive 𝜏, so assume it
is not the case. That means that there exist many 𝜓 such that 𝛰(𝜓, Δ) = 𝜔2 and
𝑜(𝜓, Δ) ≥ 𝜔.𝛲. If there is at least one with 𝑜(𝜓, Δ) > 𝜔.𝛲, the search continues
on that trace, otherwise we have found a quasi­productive trace.

That the search cannot continue forever is ensured by the following argument.
Each branching trace that is followed has to either unfold a least fixed point, or
move to a limit trace over a greatest fixed point, with a larger ordinal annotation.
In both cases we can take a branch preserving the upper bound and unfolding
a least fixed point before the next limit trace is found with ordinal annotation
≥ 𝜔.𝛲. Because the original formula is in the fragment 𝒞(Σ2), every least fixed
point in 𝛸 occurs outside of a greatest fixed point. That guarantees that the
whole procedure cannot be repeated forever, concluding the proof.

Finally, it is possible to show the goal theorem about 𝜔2. The strategy is the
following. It is established that any productive trace over a 𝜈𝑦 𝜙 can be raised
to 𝜔2. Since we are working with formulas in the 𝒞(Σ2) fragment, we notice
that conservativity would force the first least fixed point 𝑥 ∈ 𝛸 outside of 𝜈𝑦 to
have an upper bound of 𝜔2 + 1 at least, provided that the increment carries over
the trace from 𝜈𝑦 to 𝑥, which is always the case with conjunctive formulas. The
same contradiction can be obtained if we reach a situation as the one described
in Lemma 5.9. It is sufficient, then, to ensure either case.

Theorem 5.11. For every conjunctive formula 𝜙 and Δ ⊆ Clos(𝜙)

if 𝛰(𝜙, Δ) ≥ 𝜔2 then 𝛰(𝜙, Δ) > 𝜔2

Proof. Assume 𝛰(𝜙,Θ𝜖) = 𝜔2 and 𝑜(𝜙,Θ𝜖) = 𝜔.𝛲 for some 𝛲 > 𝛮. Lemma
5.10 ensures that in Θ there is a 𝜏 over some greatest fixed point 𝜈𝑦 𝜙 that is
quasi­productive, and such that 𝛰(𝜈𝑦, 𝜏) = 𝜔2. Let 𝑥 ∈ 𝛸 be the last 𝜇­variable
occurring on the trace before 𝜏. If such a trace is productive, then by Lemma 5.8
we can assume that the trace has 𝑜(𝜈𝑦, 𝜏) = 𝜔2 and obtain the contradiction. If it
is quasi­productive but not productive, we can continue the search for the next
productive trace. By Lemma 5.10 we know that a quasi­productive one can be
found above. Eventually, either a productive trace is found, with the resulting
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contradiction, or after a certain point all the traces branching at a disjunction
are quasi­productive, since otherwise we have a contradiction, with the same
trace unfolding a least fixed point infinitely often that we built in the proof of
Lemma 5.9. We know that the conditions for either Lemma 5.8 or Lemma 5.9
are satisfied. The first least fixed point 𝑥 ∈ 𝛸 outside of 𝜈𝑦 has an annotation
𝜔2 +1 despite its assumed upper bound being 𝜔2. Either case disprove the main
assumption that 𝛰(𝜙,Θ𝜖) = 𝜔2.

A final remark before moving to the next section.

Remark 5.12. Notice that in the whole process above that lead to the proof of the
theorem, the purpose of the assumption that 𝛰(𝜙, Δ) = 𝜔2 was to ensure that we
could rely on the result of Theorem 4.24 to exclude a drop in the upper bound. The
same argument can (and will) be applied to every principal ordinal 𝜔𝜂 with 𝜂 > 0,
once the induction hypothesis guarantees that 𝛰(𝜙, Δ) < 𝜔𝜂 entails 𝛰(𝜙, Δ) < 𝜔2.

5.2. Stepping up to 𝜔1
We prove that an analogous to Lemma 4.20 is the case under specific assumptions
on the upper bound. In general, when 𝜅 ≥ 𝜔2 the lemma does not hold for
conjunctions and modalities (see Examples 4.21 and 4.22). As explained before,
the reason why in those cases optimality is not necessarily preserved is that some
limit ordinal between the upper bound 𝜅 and p(𝜅) could be itself an upper bound
for the relevant subformula. However, if by assumption such a possibility is
excluded, the situation is as in the following lemma.

Lemma 5.13. For any 𝜙,Θ, 𝑣, let 𝑜(𝜙,Θ𝑣) = 𝛼 be optimal with respect to𝛰(𝜙,Θ𝑣) =
𝜅. Assume that p(𝜅) ≠ 0 and for every 𝜓 ∈ Clos(𝜙) if 𝛰(𝜓,Θ𝑣) < 𝜅 then
𝛰(𝜓,Θ𝑣) < p(𝜅).

1. If 𝜙 = 𝑥 then 𝛦(𝑥)𝛽 ∈ Θ𝑣 is optimal for 𝛼 = 𝛽 + 1.
2. If 𝜙 = 𝜎𝑧𝜓 then 𝜓(𝜎𝑧𝜓)𝛼 ∈ Θ𝑣 is optimal.
3. If 𝜙 = 𝜓0 ∧ 𝜓1 then 𝜓𝛼

𝑖 ∈ Θ𝑣 is optimal for some 𝑖 ∈ {0, 1}.
4. If 𝜙 = 𝜓0 ∨ 𝜓1 then either 𝜓𝛼

𝑖 ∈ Θ𝑣 is optimal, or 𝜓
𝛼+𝜂
𝑖−1 ∈ Θ𝑣 is.

5. if 𝜙 = ○𝑖𝜓 then 𝜓𝛼 ∈ Θ𝑣𝑖 is optimal.

Proof. In order for 𝛼 to be optimal it is necessary that p(𝜅) < 𝛼. For 𝜓 be
the subformula of 𝜙 in the cases above, the claim follows from the fact that
𝑜(𝜓) ≥ p(𝜅), and conservativity.
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Everything is set to prove the theorem.

Theorem 5.14. For every conjunctive formula 𝜙 = (𝛸, 𝑥0, 𝛦), and Δ ⊆ Clos(𝜙) if
𝛰(𝜙, Δ) ≥ 𝜔2 then 𝛰(𝜙, Δ) = 𝜔1.

Proof. Prove the contrapositive by transfinite induction. Given Theorem 5.11,
assume 𝛰(𝜓, Δ) = 𝜅 for 𝜔2 < 𝜅 < 𝜔1. Consider three possible cases for 𝜅:
successor ordinal, non­principal limit and principal ordinal. Take a conservative
well­annotation Θ that is optimal at the root.

1. assume 𝜅 = 𝛼 + 1. If 𝛰(𝑥0, Δ) = 𝛼 + 1 then 𝛰(𝛦(𝑥0), Δ) = 𝛼. Along
the relevant traces it is possible to find the next variable 𝑥 ∈ 𝛸 with 𝛼 as
upper bound. By induction hypothesis 𝛼 < 𝜔2.

2. 𝜅 is a non­principal limit ordinal. We prove that a trace 𝜏 exists, with a se­
quence of limit points that are optimally annotated and strictly decreasing
in their annotation. The situation is analogue to the case of Lemma 4.23,
and the proof follows the same structure, replacing mentions of Lemma
4.20 with Lemma 5.13. The only difference is that, in the disjunctive case,
the increase could be of any value 𝜂. However, the increment is always
in an interval between the annotation of the disjunction and the upper
bound 𝜅. Relying on Lemma 4.18, if necessary, to exclude the necessity
to follow an infinitely increasing series of limit points, by the same reas­
oning in the proof of Lemma 4.23 we have that eventually the optimal
trace reaches a smaller limit ordinal. That means that there is a limit point
where 𝑜(𝜈𝑧, Δ) = p(𝜅) is optimally annotated, while 𝛰(𝜈𝑧, Δ) = 𝜅. That
is in contradiction with optimality.

3. let 𝜅 = 𝜔𝜂 for some 𝜂 > 2. It is possible to replicate the arguments for
Theorem 5.11 in the previous section, replacing𝜔2 by𝜔𝜂, and substituting
any mention of Theorem 4.24 with an appeal to the induction hypothesis.

Combining together the results obtained it is possible to prove the main theorem
on the existence of closure ordinals.

Theorem 5.15 (Closure Ordinals). For every conjunctive formula 𝜙 ∈ 𝒞(Σ2) there
is a value𝛮 < 𝜔 such that CO(𝜙) ≤ 𝜔.𝛮 or CO(𝜙) = 𝜔1.

Proof. Let 𝜙 = (𝛸, 𝑥0, 𝛦). By Theorems 4.24 and 5.14, for any Δ ⊆ Clos(𝛦,𝛸)
the upper bound on any conservative well­annotation of 𝑥0 is either smaller than
𝜔.𝛮 or 𝜔1.
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At the present time we cannot ensure that the result holds for the general case
of 𝜙 ∈ 𝒞(Σ2). The reason is that we lack a proof of the conservation of closure
ordinal after a transformation into conjunctive form. That every formula 𝜙 ∈
𝒞(Σ2) has an equivalent conjunctive 𝜙∧ follows from the established existence of
disjunctive normal form by Janin and Walukiewicz (1995), and the possibility to
use the dual version of the cover modality, whose definition is∇Γ = ⋁𝜓∈Γ(□𝜓)∨
♢(⋀Γ), for Γ set of formulas (Afshari et al., 2025a). Such a modality has an
equivalent formulation in terms of the binary language that is

∇{𝜓0, … 𝜓𝑛} = ⋁
𝑗≤𝑛
(𝜈𝑧𝑗 ○0 𝜓𝑗 ∧ 𝑧𝑗) ∨ (𝜇𝑤 ○0 (⋀

𝑗≤𝑛
𝜓𝑗) ∨ ○1𝑤)

The final conjunctive binary form can be obtained with some additional unfold­
ings of the fixed points corresponding to the modal formulas – possibly requiring
the introduction of intermediate formulas in the form of new equation – and
standard boolean transformations.

Already in Chapter 3 we pointed out that equivalent formulas might have
different closure ordinals. In Appendix A of Afshari et al. (2025a) we gave a
proof of preservation of closure ordinals for Σ formulas into conjunctive form.
The same proof, however, does not extend immediately to the 𝒞(Σ2) fragment.
In order to ensure the preservation of the closure, the two conditions that must
be satisfied are that CO(𝜙) ≤ CO(𝜙∧), so that the initial claim CO(𝜙) ≥ 𝜔2 is
carried over the conjunctive case, and also that CO(𝜙∧) = 𝜔1 entails CO(𝜙) = 𝜔1.
A key step consists in reducing the initial formula 𝜙 to an equivalent 𝜙𝑑 with
modal depth 0, i.e., lowering the complexity of the formulas in the scope of the
modality, that required the introduction of additional equations. Since the Σ
fragment has access to least fixed points only, in the cited work we could inter­
pret those equations as “dummy” least fixed points, and account for their extra
unfoldings, preserving overall the closure ordinal.

In the case of 𝒞(Σ2) formulas, the fixed points accessible are of both kinds,
meaning that the introduction of additional equations might affect the overall
complexity of the final formula in a sensible way, and not in a controlled way like
the one described at the end of Chapter 3 for the binary translation. The con­
struction defined here is designed to count only external fixed points, and with
respect to that counting the results above were proven. To what extent counting
the external layer of least fixed points in the conjunctive translation corresponds
to the unravelling of the least fixed points in the initial 𝒞(Σ2) formula cannot
be determined before a strategy for the translation has been formally given.

That being considered, we see no strong argument for why a similar conser­
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vation result could not extend from Σ to 𝒞(Σ2), once a proper definition of the
translation has been produced. We then leave the statement here as a conjecture,
under the assumption of which it is possible to extend the result to the generality
of 𝒞(Σ2) formulas.

Conjecture 5.16. For every 𝜙 ∈ 𝒞(Σ2) there exists an equivalent 𝜙∧ in conjunctive
normal form such that

CO(𝜙) < 𝜔1 ⇒ CO(𝜙∧) < 𝜔1 and CO(𝜙) ≤ CO(𝜙∧)

Theorem 5.17. Under the assumptions of Conjecture 5.16, for every formula 𝜙 ∈
𝒞(Σ2) there is a value𝛮 < 𝜔 such that CO(𝜙) ≤ 𝜔.𝛮 or CO(𝜙) = 𝜔1.

5.3. A different proof via games
Last year Niwiński et al. (2025) published a paper that is closely related to the
topic presented here. Inspired by a previous work by Skrzypczak and Walukiewicz
(2016), where a connection between the rank of nondeterministic Büchi tree
automata and Borel languages was explored, the article presents a study about
the complexity of formulas from monadic second­order logic MSO. The main
result is the proof of the theorem about formulas ∃𝛸.𝜙(𝑌,𝛸) with 𝛸 a well­
founded set.

Theorem (1.1 in Niwiński et al. (2025)). For any formula ∃𝛸.𝜙(𝑌,𝛸) as above,
the ordinal 𝜂𝜙 is either strictly smaller than 𝜔2 or equal to 𝜔1. Moreover, it can be
effectively decided which of the cases holds. In the former case, it is possible to compute
a number𝛮 ∈ ℕ such that 𝜂𝜙 < 𝜔.𝛮.

The measure of complexity 𝜂𝜙 corresponds to the notion of closure ordinal in a
model given in Definition 2.8. As pointed out by the authors, the result entails
a similar conclusion than the one in Afshari et al. (2025a) for the Σ­fragment of
ML𝜇.

Theorem (10.1 in Niwiński et al. (2025)). Let 𝐹(𝛸) be a 𝜇­calculus formula in
which the variable 𝛸 does not occur in scope of any fixed­point operator. Then, the
closure ordinal of 𝜇𝛸.𝐹(𝛸) is either strictly smaller than 𝜔2, or at least 𝜔1 and it
can be effectively decided which of the cases holds.

What motivates the work from Niwiński et al. (2025) is the desire to study the
complexity of well­founded relations that can be expressed in the language of
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monadic second–order logic (MSO) over binary trees. The measure of complex­
ity for a formula is expressed by an ordinal (rank), corresponding to the least
upper bound on the ranks of its well­founded models. The rank of a formula
∃𝛸.𝜙(𝑌,𝛸) is defined as the ordinal

𝜂𝜙 ∶= sup
𝑌

min
𝛸

rank(𝛸)

where the characteristic tree of𝛸 is the well­founded model witnessing the exist­
ential claim. The existence of a dichotomy: either 𝜂𝜙 < 𝜔2 or 𝜂𝜙 = 𝜔1, for every
𝜙 as above, is proved using automata theory and games.

Instead of working directly on MSO formulas they opt for the translation
into non­deterministic parity tree automata. The problem is then formulated in
terms of a binary tree labelled with pairs, where the first component is from the
alphabet𝛢 of the tree automaton, while the second one is from the set {0, 1} and
corresponds to the well­founded witness of 𝛸. It is the rank of such a tree that
has to be established, and that is done with a two–player game called dichotomy
game. The goals of the two players, ∃ and ∀, is to show or disprove the existence
of an arbitrarily large model, respectively. The game is defined so that in the end

1. if ∃ wins then 𝜂 = 𝜔1
2. if ∀ wins then there exists 𝛮 < 𝜔 such that 𝜂 < 𝜔.𝛮

The definition of the game is quite involved so we limit ourselves to a presenta­
tion of the aspects that we believe are more interesting, referring the interested
reader to the original work. Fundamental is a structure that – due to its shape –
is called a comb. Similar to the translation into a binary tree of the construction
seen at the end of Chapter 4 for the formula 𝜇𝑥□𝑥, a comb consits of an infinite
branch in one directions – say right – labelled by 0 everywhere, and such that
from every 𝑖­th node, there is a trace going left where the first 𝑖 nodes are labelled
with 1.

The comb structure is essential because it constitutes the standard module to
produce well­founded trees of any countable rank by nesting one comb inside
the other. The infinite branch that forms the spine corresponds to a limit step,
while all successor steps occur in the teeth. Notice how in the translation (⋅)𝑏
from ℒ𝜇 to ℒ2

𝜇 the templates for modal formulas distribute the successor cases
along the same direction ○1, resulting in a similar structure (Definition 3.17).
In particular, any □­formula at the root of an infintely branching node is trans­
lated into a comb­like structure in the binary case.8

8 The correspondence is almost direct in the case of Σ formulas. For formulas in 𝒞(Σ2)
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The game checks the existence of witnesses for 𝛸 along some “interesting”
(p.10) runs of the initial automaton. The goal of ∃ is to prove that it is always
possible to extend the branches under scrutiny with a new nested comb. Con­
versely, the goal of ∀ is to show that such nesting is possible only a finite number
of times. In order to keep track for a state of the side of the comb where it is
located, two letters are introduced: 𝛵 for trunk (the spine) and 𝑅 for reach (the
teeth). In addition, two symbols 1⃝, 2⃝ are added so that ∃ indicates whether
the analysis can proceed on either successor, or if it should continue on one in
particular. Since branching of paths is interesting in the limit case, because a
choice has to be made between leaving a trunk or keep searching for another
branch, it is assumed that 2⃝ can be played only from the 𝛵­side.

All this notation (and more) culminates in the definition of a state­flow,
that is a triple ((𝑞, 𝑠)𝑚(𝑞′, 𝑠′)) where 𝑞, 𝑞′ are states of the initial automaton,
𝑠, 𝑠′ ∈ {𝛵, 𝑅} are their respective sides and 𝑚 ∈ { 1⃝, 2⃝} is the mode of the pro­
gression. The interaction between the players produce a sequence of flows, i.e.,
sets of state­flows, that can be thought as all the possible cases that have been
considered interesting, and are now under scrutiny.

In summary, at every round ∃ chooses for every pair (𝑞, 𝑠) a transition from
the automaton, the current state 𝛵 or 𝑅, the mode, and a direction where trunks
can be extended. ∀, instead, is in charge of removing the pairs that they believe
have been sufficiently inspected, and then of establishing in which direction the
analysis continues. Finally, ∀ resolves possible ambiguities by defining a back­
marking for every obtained new pair (more on that below).

The winning condition for ∃ is the following. It is sufficient that either
𝒜 In the graph obtained as a composition of the back­markings there exists

a path which infinitely many times changes side between 𝛵 and 𝑅.
ℬ In the graph obtained as a composition of the flows every infinite path

either is rejecting or contains infintely many state­flows of mode 2⃝.
Remember that the goal of ∃ is to build a model witnessing a large ordinal, while
∀ tries to stop them. Leaving aside the rejecting part, which is mostly there for
technical reasons, condition ℬ ensures that in no suggested model there can be
an infinite trace on the 𝑅­side (the successor case), since mode 2⃝ can only occur
on side 𝛵. If that is the case, then ∀ failed to derive a contradiction, meaning
that there exists a well­founded witness of arbitrary rank. Condition 𝒜, on the

the analogy is not complete because of the presence of greatest fixed points in the ori­
ginal formula, that possibly results in infinite paths constantly changing directions in the
alternation of fixed point and modal steps.
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other hand, requires the definition of another element, that is the back­marking
of state­flows. In essence, since the analysis is conducted on multiple runs, the
same situation expressed by a state­flow could be reached by different branches
at the same stage. To resolve such an ambiguity, after each round ∀ clarifies
the origin of each element in the last flow by back­marking them to an element
of the previous flow. Each path in the graph obtained as a composition of the
back­markings can be considered analogous to a trace. Back­markings are there
to ensure fairness for both: ∃ cannot be asked to continue the analysis of the
same trace indefinitely,9 while ∀ must be able to challenge the same situation
multiple times, provided that its history is clear.

That the winning conditions of the game entail the claim on closure ordinal
is proven with the help of an additional game. The value 𝛮 and its effective
computability are consequence of the upper bound on the size of the memory
that is sufficient for any winning strategy of ∀.

There could be several other nouances and details that could be introduce,
but what has been described is already sufficient to support a few comments.
First of all, we ask what is the relation between the two winning conditions 𝒜
and ℬ with the two constraints A and B on the existence of a closure ordinal,
presented in the introduction of Chapter 4. The infinite alternation of limit and
successor steps in 𝒜 reminds of the argument from optimality used to disprove
A, and like the latter, it is probably inspired by the work of Czarnecki (2010)
and its fuses (see Section 4.3). In fact, ∀ loses if they cannot avoid an infinite
nesting of combs, which is only possible in the presence of some sort of repeti­
tion. However, one could argue that it is condition ℬ that is analogue to the
argument by optimality. Once again from the perspective of ∀: they lose if they
are not able to force a contradiction in the construction provided by ∃, whose
existence corresponds to the A side of the condition on closure ordinal. Such a
contradiction would be an infinite trace without a comb. On the other hand,
from the perspective of ∃ both winning conditions point to the negation of B,
since a victory shows the existence of a witness of arbitrary rank via either con­
dition.

The answer is that the condition𝒜–ℬ is not parallel to the A–B above, rather
orthogonal. The arguments, in fact, move from two different perspectives. In
our case, the choice of working with conservative well­annotations forced us to

9 “There is one more issue taken into account in the design of the game: ∃ should be ob­
liged to produce the combs nested arbitrarily many times, but not infinitely many times.”
Niwiński et al. (2025), p.10.
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start by assuming an existing model. The argument then must focus on the
structural consequences of the assumption, and then disprove either A by a dir­
ect contradiction, or B by producing a counterexample from the initial model.
In the case of MSO, instead, the dynamic of the game makes the two conditions
to be checked simultaneously, with ∃ winning if they are able to contradict either
of them, and ∀ active in defending both. There is no choice of a single strategy
by the players, since that depends on the interaction with the other agent. It
seems that assuming the game perspective allows for a more uniform strategy to
be structured, which is something that would be interesting to investigate in the
context of conservative well­annotations as well. A brief attempt to construct
from the root a maximal conservative well­annotation was done in the work pre­
ceding this thesis, but without results. The work of Niwiński et al. (2025) offers
a good case for a second attempt, and a starting point in the design of a similar
game for ML𝜇.

Another important point that emerges from Niwiński et al. (2025) is the
fact that the dichotomy is decidable. As pointed out in Remark 4.1 of the paper,
since the whole argument has been carried on over a game with a finite arena and
an 𝜔­regular winning conditions, it follows immediately that the dichotomy is
decidable. According to my knowledge, before their paper the question on the
decidability of the existence of a countable closure ordinal was open. As a con­
sequence of their work, then, we have a positive first answer for the Σ­fragment,
showing once again the benefit for the 𝜇­calculus from all its known connections
with other formalisms. A similar claim, in fact, cannot be done directly when
working with conservative well­annotations. A possible approach based on the
syntax of formulas could be tempting, considering the result of Fontaine (2010),
but it is probably destined to fail, due to existence of simple cases like the notori­
ous 𝜇𝑥□𝑥, with a minimal syntax and no countable closure ordinal. In order to
extend the result to broader fragments, a more promising direction would be to
try to translate the argument seen above in a form suitable for 𝜇­calculus, intro­
ducing tools from automata and games theories.

We have mentioned already two positive aspects that we believe the adoption
of a game–based perspective could bring to the investigation of closure ordinals
of ML𝜇, so let’s try to make some hypothesis on the work needed to adapt the
dichotomy game to the 𝜇­calculus. From a general perspective, it is possible to
imagine a version of the dichotomy game in the context of ML𝜇, first and fore­
most because 𝜇­calculus formulas are known to be representable as alternating
parity automata, just like MSO formulas. Some precaution would have to be
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put in the construction of the witness tree, a step that is almost immediate with
the semantics of monadic second–order logic but not in the case of ML𝜇. In
that respect, however, the considerations made to justify the ordinal notation
assumed in this thesis suggest that a solution is probably not that far, given the
fact that the marking of states where fixed points are unravelled can be organ­
ised so that the comb structure is preserved. Due to the shift in perspective, we
expect that disjunction will not be an issue as big as it was with conservative
well­annotations: ∃ should be able to declare whether both disjuncts are satisfied
or only one, and in the former case it would become a task of ∀ to decide which
branch to challenge, analogously to the mode construct seen above.

When we imagine an extention that covers even 𝒞(Σ2), however, things be­
come more complicated. The reason why the theorem about MSO entails the
dichotomy for the Σ fragment, but not more, is because of the main assumption
on the well­foundedness of the witness, and the definition of rank ordinal that
follows. In the case of 𝒞(Σ2), in fact, it ceases to be true that there is no infinite
branch labelled by 1. Infinite traces are not just transpositions of infinite branch­
ings, but become a fundamental part of the semantics of formulas.

What the work in this thesis suggests is that an attempt to expand the ma­
chinery to include such a possibility would have to abandon such a rigid for­
mulation, in favour of a more general distinction between limit and successor
trace. The definition of rank would also be affected, and a solution could pass
from allowing specific instances of infinite traces, while restricting others. On
the positive side there would be a relaxation on the necessity to follow multiple
traces, as in the case of disjunction, leaving the non determinism to be handled
by the two players, with all the corrective measures that are needed. As noted
above, the dynamic aspect of games removes the necessity of an actual pumping,
with all the benefits that follow.

Finally, in this thesis we have documented the role that side formulas play
in the determination of closure ordinals. We might want to leave open the pos­
sibility to work with well­annotated sets instead of just formulas. Winning con­
ditions would be more or less analogous to the one for MSO, with ∃ that aims
at finding either a repetition or an infinite proper process, while ∀ tries to force
the opponent to be stuck in a successor case, or finishing every trace before 𝛮
alternations. All of these considerations suggest that the machinery introduced
above deserves a closer look with this perspective in mind.

Before we conclude the chapter, a final remark. In both works the result is a
dichotomy where a value 𝛮 < 𝜔2 dependent on the initial formula is assumed.
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Given the generality of the arguments, the values 𝛮 seem to be way above the
actual closure ordinal or rank. The value defined by Niwiński et al. (2025) is
far from the actual rank, given that it is obtained by multiplying the number of
positions in the game, the states of the automaton and the upper bound on the
number of memory states needed for a winning strategy by either player. In Sec­
tion 11 of the paper the authors state the interest toward a method to effectively
estimate the exact value of 𝜂𝜙, and declare an ongoing research on the issue.

A similar situation applies to the case of closure ordinals and the work in this
thesis. Presenting the case of Czarnecki’s formulas in Section 4.3 we saw how
to a formula with known closure ordinal 𝜔.2 + 1 corresponds a value 𝛮 greater
than a million. In this case, a first step towards an actual computation of the
correct value for 𝛮 was already suggested in the same section. Given the fact
that the argument by optimality is focused on limit states only, we know already
that 𝛮 cannot exceed the number of subsets of the closure that contain at least
a greatest fixed point. Another possible measure is to ignore the sets that do
not respect the definition of conservative well­annotation, significantly reducing
the number of possibilities to consider. All the sets with incompatible formulas
could be discarded, together with all the non saturated ones. That would already
leave us with a considerably smaller value 𝛮, even if not an exact one.



Part II.

Intuitionistic Cyclic Proofs





6. Intuitionistic cyclic arithmetic

In Chapter 1 we gave a presentation of the general idea of cyclic proofs, motiv­
ated the interest around them, and exposed the connections with fixed points in
terms of coinductive reasoning and proof by infinite descent. In this second part
we present a specific proof system for intuitionistic cyclic arithmetic (ICA), with
quantifiers defined as fixed points. We proceed to investigate their role through
the lens of a method of extraction of computational content from proofs.

A proof 𝜋 of a formula 𝜙 contains more information in itself than just the
validity of 𝜙. Taking as a starting point the fact that a proof is a formal justific­
ation for a specific claim, such a formal justification can assume the form of a
series of computation steps from the assumptions to the conclusion. What kind
of information can be considered worth to chase varies, based on the context
and the goal of the investigation. For that reason, it is not easy to give a strict
connotation to the notion of computational content of a proof. Therefore, the
meaning of the expression is taken here to be the general understanding of the
expression, i.e., something on the lines of “any information about, or resulting
from, the computation expressed, intrinsic in or represented by a formal proof”.

Even without going into more details, it is possible to enumerate at least three
(not mutually exclusive) macro groups of aspects that are usually referred to as
computational content, corresponding to likewise general perspectives on what
is of interest in a proof:

1. Specific information about terms or formulas, that are not necessarily eas­
ily accessible by just looking at the proof.

2. A formal object that represents the actual computation inside the proof.

3. Information about the complexity of the computation.

Of the three mentioned above, the last is the farthest from the perspective as­
sumed in the present thesis.

The second perspective can be usually seen in the context of systems of arith­
metic. A proof of a Π2 statement ∀𝑥∃𝑦𝜙 can be seen as being or representing
a function 𝑓, returning a value for 𝑦 for any given 𝑥. The computational con­
tent that is extracted, then, is a formal expression that represents the function.
One fruitful way of obtaining such information consists in taking a step towards
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an intuitionistic system, and then exploiting the connections between intuition­
istic proofs and some known equivalent formalism. A correspondence exists,
for example, between proofs of natural deduction and terms of simply typed 𝜆­
calculus, a relation that goes under the name of Curry–Howard correspondence.
The relationship can be seen in different aspects: proofs can be transformed into
terms of 𝜆­calculus, that are programs or functions; formulas, on the other hand,
can be seen as the types of the 𝜆­terms, in a sense describing their behaviour and
talking about their meaning.

Making use of terms from 𝜆­calculus is one possible way of actualising the
notion of proof in accordance with the Brower–Heyting–Kolmogorov (BHK)
interpretation of constructive provability (see e.g. van Atten (2023)). Accord­
ing to their proposed interpretation, the meaning of a proof in an intuitionistic
sense is an object that is able to be a witness of the argument, a realisation of the
process of proving the desired statement. A proof of an implication, for example,
is an object that, working as a function, transforms any witness of the antecedent
into an argument for the consequent. For a formula ∃𝑥𝜙 a proof consists of a
specific individual object 𝑡 of the domain witnessing the existential claim, to­
gether with a proof of the formula 𝜙. Inside the philosophical standpoint on the
nature of proofs, there is room for different ways of converting the vague notion
of object­witness into a formally defined entity.

One of the first attempts has been Kleene’s realisability, that is the choice to
use a coding to assign numbers to proofs, and interpret deductions as the ap­
plication of numerical functions to the obtained witnesses (Troelstra, 1998). A
closer approach to Curry–Howard correspondence in the context of intuition­
istic arithmetic is Gödel’s System T (Avigad and Feferman, 1998). The process
of deduction is translated into functionals, i.e., typed combinators: combinat­
ory completeness and the addition of recursion make the representation of in­
tuitionistic arithmetic possible. A cyclic version of System T has been given by
Das (2020), together with an analysis of the complexity of the circular system
with respect to the standard one.

The canonical example of a perspective of the first group is the extraction of
the ‘Herbrand sets’. In the context of classical logic, information of great interest
is a set of terms that satisfy Herbrand’s theorem. In one of its forms10 the the­
orem states that every valid prenex formula ∃𝑥0 …∃𝑥𝑛.𝜙, with 𝜙 a quantifier­free
formula of first order logic, is logically equivalent to a disjunction 𝜙(𝑡0)∨…∨𝜙(𝑡𝑛)
called a Herbrand disjunction. A direct way of computing a suitable (Herbrand)

10 See Buss (1995).
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set of terms {𝑡0, … , 𝑡𝑛} consists in passing a proof of 𝜙 through cut­elimination,
and then search for instances of existential introduction, which can be detected
readily in a cut­free proof.

Cut­elimination is well­known for being a costly procedure, that might also
produce distinct cut­free proofs depending on the chosen strategy, resulting in
different possible Herbrand sets. In the attempt to avoid the cut­elimination
step, attention has been devoted to alternative ways of producing such a set. For
example, Gerhardy and Kohlenbach (2005) gave a method to extract Herbrand
disjunction using Gödel’s functional interpretation. Their method consists in
the production of a witness followed by the reduction to its normal form, from
which they extract the desired terms. Another approach that is similar in the
spirit resorts to recursion schemes, and that is the formalism adopted here.

6.1. Related work
A well­defined representation of a proof is one that preserves the desired content
or information from the original proof, and the formalism adopted can influ­
ence the kind of data that the object witnessing the proof can carry. The idea of
exploiting recursion schemes to extract computational content from proofs was
introduced by Hetzl (2012) and Afshari et al. (2015). Building on their previ­
ous works, Afshari et al. (2020) proposed a method to extract the Herbrand set
from a proof in classical one­sided sequent calculus using higher­order recursion
schemes (HORS).

The method adopted there, however, presented some limitations. On the
side of proofs, there was a restriction on the cut formulas, that needed to be
all in prenex form. On the side of schemes, the fact that proofs were finite
trees made the recursion schemes necessarily acyclic, restricting significantly the
power of HORS. In the following years, Afshari, Leigh and Enqvist worked on
removing those limitation, in the effort to push the established correspondence
between grammars and proofs to a more general level. To that end, last year
they published two sibling works Afshari et al. (2025c,b). The former is an ex­
tension to the general case of first order logic, i.e., without restrictions on the
shape of cut formulas. The main contribution is in the choice of treating the
non­deterministic behaviour of the classical case as a feature of Peirces’s law. In
the latter, the acyclicity condition is lifted, obtaining a correspondence between
cyclic first­order proofs and unrestricted HORS.

A similar attempt to use unrestricted recursion schemes in connection with
cyclic proofs was part of the work for my Licentiate (Barlucchi, 2022). The sys­
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tem defined in that case was built on what went under the name CLJID𝜔 +HA
by Berardi and Tatsuta (2017c), that is a system with a single inductively defined
predicate 𝛮 for natural numbers, in addition to the language of first­order logic
with equality and arithmetic terms. In there, the guidelines to define recursion
schemes for a system of intuitionistic cyclic arithmetic were given, followed by
the proof of some properties about the resulting grammar. Unfortunately, at the
time I was not able to prove cut­elimination for that system, and that left open
the question about termination of the reduction process.

In this second part of the thesis I will apply a similar method to a different
system ICA,11 where fixed points are not limited to the recursion schemes, but
is the way in which quantifiers are defined. The beneficial consequences of this
choice are various.

First of all, it makes the role of the fixed points stand out on both levels,
the cyclic proof and the recursion scheme. Another reason for adopting this ap­
proach is the possibility to abstract from the value of the arithmetical terms, with
the practical advantage of not having to deal with substitutions. There is also a
theoretical benefit in the closer proximity to the actual process that constitutes
the computation (more on this in Chapter 10). Finally, by introducing both
least and greatest fixed points with the definition of quantifiers we have a sym­
metry in the presence of both inductively and coinductively defined expressions,
something that would not have been the case if we had adopted just an inductive
predicate 𝛮 for natural numbers, as it is common in many similar systems.

The work I am about to present in this part is closely related to the cited
Afshari et al. (2025c) and most importantly Afshari et al. (2025b). It can be
considered as a different piece of the same mosaic, contributing to the research
on term extraction from cyclic and ill­founded proofs. The differences men­
tioned in the previous paragraph referring to my Licentiate, i.e., a prominent
and visible role of fixed points involved, the possibility to drop any reference to
individual terms, and the symmetry between least and greatest fixed point, all
are also new elements with respect to the works of Afshari, Enqvist and Leigh.
In addition, while their work is directly applied to systems of classical logic, we
operate in a context of intuitionistic logic with arithmetic axioms. We will com­
ment on the similarities and differences with respect to their works during the
next chapters, for what concerns techincal aspects, and address in the conclusion
11 It happens to be the case that the two systems share the same name ICA, that stands for

intuitionistic cyclic arithmetic. My lack of imagination is to blame in this case. How­
ever, there will never be any chance of confusion since the previous system will not be
mentioned outside of the present introduction.
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a few aspects in more general terms.

6.2. The system ICA
The set of arithmetic terms consists of a set of variables 𝑥, 𝑦, …, the constant 0,
and it is closed under the function symbols (−)′, +, ⋅, whose intended meanings
are successor, sum and product:

𝑡 ∶∶= 𝑥 ∣ 0 ∣ 𝑡′ ∣ 𝑡 + 𝑡 ∣ 𝑡 ⋅ 𝑡
A term without variables is a closed term. The language ℒCA consists of the
formulas generated by:

𝜙 ∶∶= 𝑡 = 𝑡 ∣ 𝜙 ∧ 𝜙 ∣ 𝜙 ∨ 𝜙 ∣ 𝜙 → 𝜙 ∣ ∃𝑥 ≥ 𝑡 𝜙 ∣ ∀𝑥 ≥ 𝑡 𝜙
Equations are the only atomic formulas. A specific instance is used to define
falsum: 0 = 0′ ∶= ⊥, while negation is defined as expected as ¬𝜙 ∶= (𝜙 → ⊥).
Besides the usual connectives, quantifiers are defined with an extra parameter
term 𝑡. The intended meaning of a formula ∃𝑥 ≥ 𝑡 𝜙 is ∃𝑥(𝑥 ≥ 𝑡 ∧ 𝜙), while
for ∀𝑥 ≥ 𝑡 𝜙 it is ∀𝑥(𝑥 ≥ 𝑡 → 𝜙). However, these are not to be considered
formal definitions, since the ≥ relation is not primitive in the language and will
be defined using quantifiers.

A formula 𝜙 with 𝑦 free variable can be seen as a function 𝑓 ∶ 2ℕ → 2ℕ
defined by

𝑓(𝛸) ∶= {𝑛 ∈ ℕ ∣ 𝜙(𝑛) ∧ 𝑛′ ∈ 𝛸}
By Knaster­Tarski 𝑓 has least and greatest fixed points, and in this case the
greatest fixed point of the function captures the meaning of the universal quan­
tifier. For any 𝑝 ∈ ℕ let 𝛸𝑝 = {𝑛 ∈ ℕ ∣ 𝑛 ≥ 𝑝}. Assuming that ∀𝑥(𝑥 ≥ 𝑡 → 𝜙)
holds for some 𝑡, each set 𝛸𝑝 for 𝑝 ≥ 𝑡 is a post­fixed point of the function 𝑓,
since𝛸𝑝 ⊆ 𝑓(𝛸𝑝), and the greatest among them is𝛸𝑡, i.e., the greatest fixed point
of 𝑓 where 𝑦 is evaluated as 𝑡. In case 𝑡 = 0 we have that 𝛸0 = ℕ, recovering the
semantics of the standard universal formula ∀𝑥𝜙.

A similar reasoning as above leads us to conclude that the meaning of the
existential quantifier is the least fixed point of the function

𝑔(𝛸) ∶= {𝑛 ∈ ℕ ∣ 𝜙(𝑛) ∨ 𝑛′ ∈ 𝛸}
To see that that is the case, we compute the least fixed point from the bottom
element of the powerset lattice, obtaining 𝑔(∅) = {𝑛 ∣ 𝜙(𝑛)}. The iteration
eventually reaches the closure of the function at stage 𝜔, returning the least fixed
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point of 𝑔. We have that the standard formula ∃𝑥𝜙 is true if and only if∅ ≠ 𝑔(∅),
or equivalently, if 0 ∈ 𝑔𝜔(∅).

The above considerations result in the following equivalences defining quan­
tified formulas in ℒCA, for every formula 𝜙 and term 𝑡

∀𝑥 ≥ 𝑡 𝜙 = 𝜙(𝑡) ∧ ∀𝑥 ≥ 𝑡′ 𝜙 ∃𝑥 ≥ 𝑡 𝜙(𝑥) = 𝜙(𝑡) ∨ ∃𝑥 ≥ 𝑡′ 𝜙 (6.1)

Unlike most of the similar systems in literature, the language ℒCA does not have
an atomic predicate 𝛮 for natural numbers. The natural number predicate can
be defined in ICA as

𝛮𝑦 ∶= ∃𝑥 ≥ 0 (𝑦 = 𝑥)
stating that the set of natural number terms is the least set of terms that are
equivalent to a term in the closure of 0 under the successor function, i.e., the
canonical representation of natural numbers. Other fundamental relations that
are not given as primitive can be defined using fixed point quantifiers, like for
example 𝑥 ≥ 𝑦 ∶= ∃𝑧 ≥ 0(𝑥 = 𝑦 + 𝑧). It is worth pointing out that there is no
requirement for the term 𝑡 in𝑄𝑥 ≥ 𝑡 𝜙 to be closed (from now on, and in the rest
of the thesis, 𝑄 ∈ {∃, ∀} is used to indicate a generic quantifier). If we wanted
to recover the meaning of the usual quantifiers it would suffice to set 𝑡 = 0.

The proof system ICA defined in this chapter is a cyclic sequent calculus for
intuitionistic arithmetic. An expression of the form Γ ⇒ 𝜙 is a sequent, where
Γ is a list of arithmetic formulas in the language ℒCA, and 𝜙 a single formula
(of the same language) that is on the right­hand side of the arrow. The intuitive
meaning of a sequent Γ ⇒ 𝜙 is⋀Γ → 𝜙. The logical rules of ICA appear below
in table 1.

For every instance of a rule, the formula in the end­sequent that has been af­
fected by the rule is called principal, while its direct subformula(s) in the premises
are called minor formulas. In the case of L= we stipulate that 𝑡 = 𝑠 is the only
principal formula, and there are no minor ones; in an instance of a cut there are
no principal formulas, and we indicate the two minor formulas removed by the
step as the cut­formulas.

From now on the expressions ‘left premise’ and ‘right premise’ of a rule R are
intended with respect to the orientation in table 1. For the quantifier rules we
choose not to simply unfold the fixed points and make them just do a replace­
ment following (6.1).
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R=⇒ 𝑡 = 𝑡 Γ[𝑥, 𝑥] ⇒ 𝜙[𝑥, 𝑥]
L=𝑡 = 𝑠, Γ[𝑠, 𝑡] ⇒ 𝜙[𝑠, 𝑡]

Δ, 𝜙, 𝜓, Γ ⇒ 𝜒
ExΔ, 𝜓, 𝜙, Γ ⇒ 𝜒

Γ ⇒ 𝜒
W𝜙, Γ ⇒ 𝜒

𝜙, 𝜙, Γ ⇒ 𝜒
C𝜙, Γ ⇒ 𝜒

Γ ⇒ 𝜙 𝜙, Δ ⇒ 𝜒
cutΓ, Δ ⇒ 𝜒

Γ ⇒ 𝜙 𝜓,Δ ⇒ 𝜒
L→𝜙 → 𝜓, Γ, Δ ⇒ 𝜒

𝜙, Γ ⇒ 𝜓
R→Γ ⇒ 𝜙 → 𝜓

𝜙, 𝜓, Γ ⇒ 𝜒
L∧𝜙 ∧ 𝜓, Γ ⇒ 𝜒

Γ ⇒ 𝜙 Δ ⇒ 𝜓
R∧Γ, Δ ⇒ 𝜙 ∧ 𝜓

𝜙, Γ ⇒ 𝜒 𝜓,Δ ⇒ 𝜒
L∨𝜙 ∨ 𝜓, Γ, Δ ⇒ 𝜒

Γ ⇒ 𝜙𝑖 R∨Γ ⇒ 𝜙0 ∨ 𝜙1

Γ, 𝜙(𝑘) ⇒ 𝜒 Δ, ∃𝑥 ≥ 𝑘′𝜙 ⇒ 𝜒
L∃∃𝑥 ≥ 𝑘 𝜙, Γ, Δ ⇒ 𝜒

Γ ⇒ 𝜙(𝑘)
R∃0Γ ⇒ ∃𝑥 ≥ 𝑘 𝜙

Γ ⇒ ∃𝑥 ≥ 𝑘′ 𝜙
R∃1Γ ⇒ ∃𝑥 ≥ 𝑘 𝜙

𝜙(𝑘), ∀𝑥 ≥ 𝑘′ 𝜙, Γ ⇒ 𝜒
L∀∀𝑥 ≥ 𝑘 𝜙, Γ ⇒ 𝜒

Γ ⇒ 𝜙(𝑘) Δ ⇒ ∀𝑥 ≥ 𝑘′ 𝜙
R∀Γ, Δ ⇒ ∀𝑥 ≥ 𝑘 𝜙

Table 1.: Logical rules of ICA

The motivation is to avoid the steps like in the following example with an exist­
ential formula:

Γ, 𝜙(𝑘) ⇒ 𝜒 Δ, ∃𝑥 ≥ 𝑘′ 𝜙 ⇒ 𝜒
L∨𝜙(𝑘) ∨ ∃𝑥 ≥ 𝑘′ 𝜙, Γ, Δ ⇒ 𝜒

L∃∃𝑥 ≥ 𝑘 𝜙, Γ, Δ ⇒ 𝜒

Γ ⇒ 𝜙(𝑘)
R∨Γ ⇒ 𝜙(𝑘) ∨ ∃𝑥 ≥ 𝑘′ 𝜙
R∃Γ ⇒ ∃𝑥 ≥ 𝑘 𝜙

The choice, instead, is to incorporate the step corresponding to the connective
∧, ∨ in the rule already. While they are equivalent from the standpoint of provab­
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ility, we opted for the compact version in order to favour readability, by reducing
the proof steps, and most importantly to avoid any interjecting step between the
quantifier rule and the necessary logical step, for practicality.

The adoption of fixed point quantifiers makes the standard eigenvariable con­
dition unnecessary for right universal and left existential rules. It is worth to
point out that when 𝑡 is a closed term, there are no variables involved in any rule
for quantifiers. For closed end­sequents the only way to introduce a variable
is via L= or cut, a fact that will become relevant later. While the rule for cut
is standard, for the left­equality we adopt a version that differs from other vari­
ants present in literature. In particular, in works like Brotherston and Simpson
(2010) the left equality rule, here called L=∗, replaces a term 𝑡 by another term
𝑠 and is stated as follows

Γ(𝑡) ⇒ 𝜒(𝑡)
L=∗𝑡 = 𝑠, Γ(𝑠) ⇒ 𝜒(𝑠)

The system ICA can simulate the same process using L= and cuts.
𝜙(𝑡) ⇒ 𝜒(𝑡)

L=∗𝑡 = 𝑠, 𝜙(𝑠) ⇒ 𝜒(𝑠) ↴

𝜙(𝑥) ⇒ 𝜙(𝑥)
L= 𝑡 = 𝑠, 𝜙(𝑠) ⇒ 𝜙(𝑡) 𝜙(𝑡) ⇒ 𝜒(𝑡)
cut 𝑡 = 𝑠, 𝜙(𝑠) ⇒ 𝜒(𝑡)

𝜒(𝑥) ⇒ 𝜒(𝑥)
L=𝑡 = 𝑠, 𝜒(𝑡) ⇒ 𝜒(𝑠)

cut 𝑡 = 𝑠, 𝜙(𝑠) ⇒ 𝜒(𝑠)

Notice that both formulas in the sequent 𝜙(𝑡) ⇒ 𝜒(𝑡) are cut in the process,
so there is not a direct connection between them and their substituted versions
in the conclusion 𝜙(𝑠) ⇒ 𝜒(𝑠). We explicitate this fact since the notion of
trace (Definition 6.3 below) will be central in differentiating proofs from simple
derivation trees. To avoid possible confusion we will always provide the steps
taken to replace terms with terms, instead of resorting to L=∗ as a short­hand.
On the contrary, it is safe, with the current choice of L=, to admit a substitution
rule.

Γ ⇒ 𝜒
SubΓ[𝑡/𝑥] ⇒ 𝜒[𝑡/𝑥]
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where [𝑡/𝑥] is the substitution of a term 𝑡 for a variable 𝑥. For reasons of read­
ability and synthesis, sometimes we will make use of the substitution rule, that
has to be intended as a short­hand

Γ ⇒ 𝜒
SubΓ[𝑡/𝑥] ⇒ 𝜒[𝑡/𝑥] ⟶

⇒ 𝑡 = 𝑡
Γ ⇒ 𝜒

L=𝑡 = 𝑡, Γ[𝑡/𝑥] ⇒ 𝜒[𝑡/𝑥]
cutΓ[𝑡/𝑥] ⇒ 𝜒[𝑡/𝑥]

In addition to the logical rules, ICA has the following arithmetic axioms.

0𝑥′ = 0 ⇒ 𝑡 = 𝑠 +0⇒ 𝑥 + 0 = 𝑥 +s⇒ 𝑥 + 𝑦′ = (𝑥 + 𝑦)′

⋅0⇒ 𝑥 ⋅ 0 = 0 ⋅s⇒ 𝑥 ⋅ 𝑦′ = (𝑥 ⋅ 𝑦) + 𝑥 =s𝑥′ = 𝑦′ ⇒ 𝑥 = 𝑦

Table 2.: Arithmetic axioms of ICA.

Those presented in tables 1 and 2 are all the rules of the proof system ICA. There
is no need to introduce a rule for induction, because of the cyclic nature of ICA
allows for a proof of the induction scheme (see below).

We proceed with the definition of what constitutes a proof in ICA. As anticip­
ated in the introduction, when dealing with ill­founded proofs it is not sufficient
to provide a list of rules, but an extra component is necessary to guarantee sound­
ness. A derivation 𝒟 is a tree structure whose nodes are labelled with sequents
in accordance with a set of rules. Often we will refer to nodes of a derivation
using their labelled sequent, like Γ𝑖 ⇒ 𝜒𝑖. A pre­proof is a derivation that allows
for non­axiomatic leaves, together with a relation between such leaves and other
nodes.

Definition 6.1 (Pre–proof ). A pre­proof of a sequent Γ ⇒ 𝜒 is a pair (𝒟, C)where
𝒟 is a finite ICA derivation of Γ ⇒ 𝜒, and C is a function that assigns to each of
the non­axiomatic leaves a node inside 𝒟 with the same label.

For any 𝑏, 𝑐 ∈ 𝒟 such that C(𝑏) = 𝑐 we call 𝑏 the bud node and 𝑐 the companion
node in this relation. The relationship between the n­th bud and its companion
nodes is conventionally indicated inside a proof by b⃝𝑛 and c⃝𝑛 respectively, with
the superscript omitted if no confusion is possible.
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Definition 6.2 (Path). A path p in a derivation tree is a possibly infinite list of
nodes of 𝒟 such that for every 𝑖 ≥ 0 the 𝑖 + 1­th element of the list is a child node of
the 𝑖­th element, or its companion.

On every path there are several formulas evolving in what we call traces. Of
particular interest are those traces where certain quantifiers are principal in their
rule infinitely often, called good traces.

Definition 6.3 (Good trace). A trace 𝜏 along a path p in a pre–proof (𝒟, C) is a
possibly infinite sequence of formulas (𝜏𝑖)𝑖≥0 such that

1. 𝜏𝑖+1 is in a premise of a rule R, and 𝜏𝑖 appears in its conclusion;
2. If 𝜏𝑖 is principal in R, then 𝜏𝑖+1 is a minor formula of R;
3. 𝜏𝑖 = 𝜏𝑖+1 otherwise, modulo substitution in case R is L=.

A trace 𝜏 is said to progress at a node Γ𝑖+1 ⇒ 𝜒𝑖+1 if 𝜏𝑖 = 𝑄𝑥 ≥ 𝑡 𝜙 is principal in
a R∀ or L∃ rule, and 𝜏𝑖+1 = 𝑄𝑥 ≥ 𝑡′ 𝜙.
A trace that progresses infinitely often is a good trace.

Remark 6.4. Observe that by definition and rule inspection, the only possible scen­
ario in which the complexity of a formula does not decrease after being principal is
if it is a quantified one. An infinite trace where the formulas are principal infinitely
often is necessarily going through the quantifier rule infinitely often, hence it is good
in case it is a universal formula in a trace on the right, or an existential formula in
a trace on the left of the sequent arrow. Moreover, there is a point on any good trace
after which every formula is of the form 𝑄𝑥 ≥ 𝑡 𝜙.

Finally, it is possible to define what constitutes a proof in ICA. Unlike a finitary
proof system, leaf nodes are not necessarily labelled with axioms, hence it is pos­
sible to construct infinite paths and traces despite the finitude of the derivation.
In itself, that is not guarantee of a sound conclusion, as showed by the example
of a trivial cycle that alternates between weakening and cut, that could be used
to justify any formula:

R= ⇒ 0 = 0
⇒ 0 = 1 b⃝

W0 = 0 ⇒ 0 = 1 cut⇒ 0 = 1 c⃝

For the system to be sound it is necessary to limit the kind of cycles that are
allowed, relying on the order of the natural numbers to exclude flawed reasoning.
To that end, the definition of progress for a formula is made to reflect the fact
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that ∀ and ∃ are the greatest and least fixed points of their respective functions.
A good trace that progresses on the right­hand side of a sequent will eventually
unfold the universal claim – a greatest fixed point – infinitely many times, each
time continuing in a sub­proof of the immediate successor. That informally
matches the soundness condition of the claim ⇒ ∀𝑥 ≥ 𝑡 𝜙. Dually, a good left
trace will progress through a least fixed point infinitely many times, informally
providing a counter­example to the given instance each time. In order for an
infinite proof to be sound, then, we need at least one of the two cases to occur
on every infinite path. That is formalised as the global trace condition:

Definition 6.5 (Global trace condition). For every infinite path p there is a good
trace following some tail of the path.

A proof of ICA is a pre­proof where on each path there is at least one good trace.

Definition 6.6 (Proof ). A cyclic pre­proof (𝒟, C) is a proof 𝜋 iff it satisfies the global
trace condition.

If the end­sequent of a proof 𝜋 is Γ ⇒ 𝜙 we write 𝜋 ⊢ Γ ⇒ 𝜙, while with
ICA ⊢ Γ ⇒ 𝜙 we indicate that there is a proof 𝜋 with such an end­sequent.

Lemma 6.7. ICA ⊢ 𝜙 ⇒ 𝜙 for every formula 𝜙.

Proof. By induction on the formula complexity. We show here the case of atomic
and quantified formulas.
The atomic case:

R=⇒ 𝑥 = 𝑥 L=𝑡 = 𝑠 ⇒ 𝑡 = 𝑠
The universal quantifier:

IH...................
𝜙(𝛼) ⇒ 𝜙(𝛼)

∀𝑥 ≥ 𝛼 𝜙 ⇒ ∀𝑥 ≥ 𝛼 𝜙 b⃝ [𝛼′/𝛼]∀𝑥 ≥ 𝛼′ 𝜙 ⇒ ∀𝑥 ≥ 𝛼′ 𝜙
R∀𝜙(𝛼), ∀𝑥 ≥ 𝛼′ 𝜙 ⇒ ∀𝑥 ≥ 𝛼 𝜙

L∀∀𝑥 ≥ 𝛼 𝜙 ⇒ ∀𝑥 ≥ 𝛼 𝜙 c⃝ [𝑡/𝛼]∀𝑥 ≥ 𝑡 𝜙 ⇒ ∀𝑥 ≥ 𝑡 𝜙
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The existential quantifier:

IH...................
𝜙(𝛼) ⇒ 𝜙(𝛼)

R∃0𝜙(𝛼) ⇒ ∃𝑥 ≥ 𝛼 𝜙

∃𝑥 ≥ 𝛼 𝜙 ⇒ ∃𝑥 ≥ 𝛼 𝜙 b⃝ [𝛼′/𝛼]∃𝑥 ≥ 𝛼′ 𝜙 ⇒ ∃𝑥 ≥ 𝛼′ 𝜙
R∃1∃𝑥 ≥ 𝛼′ 𝜙 ⇒ ∃𝑥 ≥ 𝛼 𝜙
L∃∃𝑥 ≥ 𝛼 𝜙 ⇒ ∃𝑥 ≥ 𝛼 𝜙 c⃝ [𝑡/𝛼]∃𝑥 ≥ 𝑡 𝜙 ⇒ ∃𝑥 ≥ 𝑡 𝜙

Similarly, we have the lemma

Lemma 6.8. ICA ⊢ 0 = 0′ ⇒ 𝜙 for every formula 𝜙.

Soundness of the system ICA is shown with respect to the standard model ℕ,
in which the terms and formulas of our language are interpreted as expected. It
is argued that if the end­sequent of a given proof 𝜋 was not true in ℕ, then an
infinite path in 𝜋 would exist where no good trace is possible, contradicting the
assumption that 𝜋 is a proof itself.

Theorem 6.9 (Soundness). If ICA ⊢ Γ ⇒ 𝜙 then ℕ ⊨ Γ ⇒ 𝜙

Proof. Assume that a proof exists such that 𝜋 ⊢ Γ ⇒ 𝜙 but ℕ ⊭𝜌 Γ ⇒ 𝜙 for
some variable assignment 𝜌. It is possible to show that in 𝜋 there is an infinite
path with no good traces, contradicting the assumption on 𝜋.

First of all, notice that each rule of ICA is locally sound, including the axioms,
so there must be an infinite path p = (Γ𝑖 ⇒ 𝜙𝑖)0≤𝑖 and an infinite sequence of
valuations (𝜌𝑖)0≤𝑖 such that ℕ ⊭𝜌𝑖 Γ𝑖 ⇒ 𝜙𝑖 for every 𝑖. Starting from the root
and moving upwards, for every Γ𝑖 ⇒ 𝜙𝑖 ∈ p obtained by a rule R there is at
least one premise such that ℕ ⊭𝜌𝑖+1 Γ𝑖+1 ⇒ 𝜙𝑖+1. In any other case than the
quantifiers we simply assume that p follows such a branch. As remarked earlier,
we saw above that every infinite trace eventually insists on a quantified formula,
meaning that on p either L∃ or R∀ occur infinitely often. If the latter is the case
then for some 𝑖,𝜓 and 𝑡 we have ℕ ⊭𝜌𝑖 Γ𝑖 ⇒ ∀𝑥 ≥ 𝑡𝜓 meaning that for some
𝑘 ≥ 𝑡 it is the case that ℕ ⊭ 𝜓(𝑘). If the path p was to reach a point 𝑗 ≥ 𝑖 where
ℕ ⊭𝜌𝑗 Γ𝑗 ⇒ ∀𝑥 ≥ 𝑘𝜓 we can assume that it continues with the left branch
ℕ ⊭𝜌𝑗+1 Γ𝑗+1 ⇒ 𝜓(𝑘).

Dually, if L∃ occurs infinitely often then ℕ ⊭𝜌𝑖 ∃𝑥 ≥ 𝑡 𝜓, Γ𝑖 ⇒ 𝜙𝑖. As before,
this means that for some 𝑘 ≥ 𝑡 and 𝑗 ≥ 𝑖 it is the case that ℕ ⊭𝜌𝑗 𝜓(𝑘), Γ𝑗 ⇒ 𝜙𝑗.
We assume that p continues with the left branch. The path so obtained is such
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that for every instance of a universal formula on the right or an existential one
on the left, eventually p takes a left turn, interrupting a potentially good trace.
It follows that there is no progress possible for any trace on the infinite path p.
That contradicts the assumption that 𝜋 is a proof in the first place.





7. ICA and Heyting Arithmetic

We turn now to show that the theorems of ICA are the same as Heyting Arith­
metic. Let ℒHA be the standard language of first order arithmetic, and HA be
the (well–founded) sequent calculus for Heyting Arithmetic resulting from the
rules in table 3 below, together with the induction axiom

𝜙(0), ∀𝑥(𝜙(𝑥) → 𝜙(𝑥′)) ⇒ ∀𝑥𝜙 (7.1)

and the arithmetic axioms of table 2. For reasons that will become clear later,
in this case sequents consist of sets of formulas instead of lists, hence there is no
contraction rule nor exchange.

Ax𝜙, Γ ⇒ 𝜙 L⊥⊥, Γ ⇒ 𝜙 R=Γ ⇒ 𝑡 = 𝑡

Γ ⇒ 𝜒
WΓ, Δ ⇒ 𝜒

Γ[𝑥, 𝑥] ⇒ 𝛼[𝑥, 𝑥]
L=𝑠 = 𝑡, Γ[𝑠, 𝑡] ⇒ 𝛼[𝑠, 𝑡]

𝜙(𝛼), Γ ⇒ 𝜒
L∃∃𝑥 𝜙, Γ ⇒ 𝜒

𝜙, Γ ⇒ 𝜓
R→Γ ⇒ 𝜙 → 𝜓

Γ ⇒ 𝜙 𝜓, Γ ⇒ 𝜒
L→𝜙 → 𝜓, Γ ⇒ 𝜒

Γ ⇒ 𝜙(𝑡)
R∃Γ ⇒ ∃𝑥 𝜙

𝜙, 𝜓, Γ ⇒ 𝜒
L∧𝜙 ∧ 𝜓, Γ ⇒ 𝜒

Γ ⇒ 𝜙 Γ ⇒ 𝜓
R∧Γ ⇒ 𝜙 ∧ 𝜓

Γ ⇒ 𝜙(𝛼)
R∀Γ ⇒ ∀𝑥𝜙

Γ ⇒ 𝜙𝑖
R∨Γ ⇒ 𝜙0 ∨ 𝜙1

𝜙, Γ ⇒ 𝜒 𝜓, Γ ⇒ 𝜒
L∨𝜙 ∨ 𝜓, Γ ⇒ 𝜒

𝜙(𝑡), Γ ⇒ 𝜒
L∀∀𝑥 𝜙, Γ ⇒ 𝜒

Γ ⇒ 𝜙 𝜙, Γ ⇒ 𝜒
cutΓ ⇒ 𝜒

Table 3.: Rules of HA

The standard eigenvariable condition applies to 𝛼 in the rules R∀ and L∃. Most
of the rules correspond to those of ICA, the differences being in the treatment
of quantifiers and induction. We are going to show how to transform any HA
finite proof into a cyclic proof of ICA.
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Let 𝜙∗ be the formula in the language of ICA that is obtained from the formula
𝜙 (in the standard language of arithmetic) by substituting every instance of a
quantified subformula 𝑄𝑥𝜓 with 𝑄𝑥 ≥ 0𝜓∗.

Lemma 7.1. If HA ⊢ Γ ⇒ 𝜙 then ICA ⊢ ⃑⃗𝛮𝑡, Γ∗ ⇒ 𝜙∗

where ⃑⃗𝛮𝑡 is a finite list of natural number predicates for terms that appear in the
initial HA proof, and Γ∗ is a list of formulas 𝜓∗ such that 𝜓 ∈ Γ.

Proof. By induction on the structure of the finite derivation. The relevant cases
are the induction­scheme and the quantifiers.
1. induction scheme:

𝜙(𝛼) ⇒ 𝜙(𝛼)

𝜙(𝛼) ⇒ 𝜙(𝛼)
𝜙(𝛼), ∀𝑥 ≥ 𝛼 (𝜙(𝑥) → 𝜙(𝑥′)) ⇒ ∀𝑥 ≥ 𝛼 𝜙 b⃝

[𝛼′/𝛼]
𝜙(𝛼′), ∀𝑥 ≥ 𝛼′ (𝜙(𝑥) → 𝜙(𝑥′)) ⇒ ∀𝑥 ≥ 𝛼′ 𝜙

L→
𝜙(𝛼), 𝜙(𝛼) → 𝜙(𝛼′), ∀𝑥 ≥ 𝛼′ (𝜙(𝑥) → 𝜙(𝑥′)) ⇒ ∀𝑥 ≥ 𝛼′ 𝜙

L∀
𝜙(𝛼), ∀𝑥 ≥ 𝛼 (𝜙(𝑥) → 𝜙(𝑥′)) ⇒ ∀𝑥 ≥ 𝛼′ 𝜙

R∀
𝜙(𝛼), 𝜙(𝛼)∀𝑥 ≥ 𝛼 (𝜙(𝑥) → 𝜙(𝑥′)) ⇒ ∀𝑥 ≥ 𝛼 𝜙

C
𝜙(𝛼), ∀𝑥 ≥ 𝛼 (𝜙(𝑥) → 𝜙(𝑥′)) ⇒ ∀𝑥 ≥ 𝛼 𝜙(𝑥) c⃝

[0/𝛼]
𝜙(0), ∀𝑥 ≥ 0 (𝜙(𝑥) → 𝜙(𝑥′)) ⇒ ∀𝑥 ≥ 0 𝜙

2. assume HA ⊢ Γ ⇒ ∀𝑥𝜙 and the last rule is R∀. By induction hypothesis
ICA ⊢ ⃑⃗𝛮𝑡, Γ∗ ⇒ 𝜙(𝛼)∗ for some eigenvariable 𝛼

IH.......................
⃑⃗𝛮𝑡, Γ∗ ⇒ 𝜙∗(𝛼)

⃑⃗𝛮𝑡, Γ∗ ⇒ ∀𝑥 ≥ 𝛼 𝜙∗ b⃝ [𝛼′/𝛼]⃑⃗𝛮𝑡, Γ∗ ⇒ ∀𝑥 ≥ 𝛼′ 𝜙∗
R∀⃑⃗𝛮𝑡, ⃑⃗𝛮𝑡, Γ∗, Γ∗ ⇒ ∀𝑥 ≥ 𝛼 𝜙∗

C⃑⃗𝛮𝑡, Γ∗ ⇒ ∀𝑥 ≥ 𝛼 𝜙∗ c⃝ [0/𝛼]⃑⃗𝛮𝑡[0/𝛼], Γ∗ ⇒ ∀𝑥 ≥ 0 𝜙∗

3. assume that HA ⊢ ∀𝑥 𝜙, Γ ⇒ 𝜒 and the last rule is L∀. By induction
hypothesis ICA ⊢ 𝜙∗(𝑠), ⃑⃗𝛮𝑡, Γ∗ ⇒ 𝜒∗ for some term 𝑠12

12 In the proof we omit the context ⃑⃗𝛮𝑠, Γ∗ between the induction hypothesis and the root
for space and clarity, since nothing happens to them in the part in focus. We do the same
in the case R∃ below.
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𝜙∗(𝑥) ⇒ 𝜙∗(𝑥)
𝐿 = 𝑠 = 𝛼, 𝜙∗(𝛼) ⇒ 𝜙∗(𝑠)

IH...........................
𝜙∗(𝑠), ⃑⃗𝛮𝑡, Γ∗ ⇒ 𝜒∗

cut 𝑠 = 𝛼, 𝜙∗(𝛼) ⇒ 𝜒∗
∃𝑧 ≥ 𝛼 (𝑡 = 𝑧), ∀𝑥 ≥ 𝛼 𝜙∗ ⇒ 𝜒∗ b⃝

[𝛼′/𝛼]∃𝑧 ≥ 𝛼′ (𝑡 = 𝑧), ∀𝑥 ≥ 𝛼′ 𝜙∗ ⇒ 𝜒∗
L∃∃𝑧 ≥ 𝛼 (𝑡 = 𝑧), 𝜙∗(𝛼)∀𝑥 ≥ 𝛼′ 𝜙∗ ⇒ 𝜒∗

L∀∃𝑧 ≥ 𝛼 (𝑡 = 𝑧), ∀𝑥 ≥ 𝛼 𝜙∗ ⇒ 𝜒∗ c⃝
[0/𝛼]

𝛮𝑠, ∀𝑥 ≥ 0 𝜙∗, ⃑⃗𝛮𝑡, Γ∗ ⇒ 𝜒∗

4. assume that HA ⊢ Γ, ∃𝑥 𝜙 ⇒ 𝜒 and the last rule is L∃. By induction hypo­
thesis ICA ⊢ 𝜙∗(𝛼), ⃑⃗𝛮𝑡, Γ∗ ⇒ 𝜒∗

IH............................
𝜙∗(𝛼), ⃑⃗𝛮𝑡, Γ∗ ⇒ 𝜒∗

∃𝑥 ≥ 𝛼 𝜙∗, ⃑⃗𝛮𝑡, Γ∗ ⇒ 𝜒∗ b⃝ [𝛼′/𝛼]
∃𝑥 ≥ 𝛼′ 𝜙∗, ⃑⃗𝛮𝑡, Γ∗ ⇒ 𝜒∗

L∃∃𝑥 ≥ 𝛼 𝜙∗, ⃑⃗𝛮𝑡, ⃑⃗𝛮𝑡, Γ∗, Γ∗ ⇒ 𝜒∗
C∃𝑥 ≥ 𝛼 𝜙∗, ⃑⃗𝛮𝑡, Γ∗ ⇒ 𝜒∗ c⃝ [0/𝛼]

∃𝑥 ≥ 0 𝜙∗, ⃑⃗𝛮𝑡[0/𝛼], Γ∗ ⇒ 𝜒∗

5. assuming HA ⊢ Γ ⇒ ∃𝑥 𝜙 and the last rule is R∃. By induction hypothesis
ICA ⊢ ⃑⃗𝛮𝑡, Γ∗ ⇒ 𝜙∗(𝑠)

IH.......................
⃑⃗𝛮𝑡, Γ∗ ⇒ 𝜙∗(𝑡)

𝜙∗(𝑥) ⇒ 𝜙∗(𝑥)
𝑡 = 𝛼, 𝜙(𝑡) ⇒ 𝜙∗(𝛼)

𝑡 = 𝛼 ⇒ 𝜙∗(𝛼)
𝑡 = 𝛼 ⇒ ∃𝑥 ≥ 𝛼 𝜙∗

∃𝑥 ≥ 𝛼 𝑡 = 𝑥 ⇒ ∃𝑥 ≥ 𝛼 𝜙∗ b⃝ [𝛼′/𝛼]∃𝑥 ≥ 𝛼′ 𝑡 = 𝑥 ⇒ ∃𝑥 ≥ 𝛼′ 𝜙∗ 𝑅∃1∃𝑥 ≥ 𝛼′ 𝑡 = 𝑥,⇒ ∃𝑥 ≥ 𝛼 𝜙∗
L∃∃𝑥 ≥ 𝛼 𝑡 = 𝑥 ⇒ ∃𝑥 ≥ 𝛼 𝜙∗ c⃝ [0/𝛼]

𝛮𝑠, ⃑⃗𝛮𝑡, Γ∗ ⇒ ∃𝑥 ≥ 0 𝜙∗

Induction takes care of the remaining cases.

Notice that in cases R∀ and L∃ the last substitution [0/𝛼] does not affect the
context Γ∗ nor 𝜒∗ since in the original proof 𝛼 is an eigenvariable. It could be
the case, however, that 𝛼 is among the open variables in 𝛮𝑡, as the following
short example shows.

Example 7.2. Consider the two­step derivation of the sequent ∀𝑥 𝜙 ⇒ ∀𝑥𝜙 (on
the left) for any 𝜙, to which corresponds the cyclic proof of ∀𝑥 ≥ 0 𝜙 ⇒ ∀𝑥 ≥ 0 𝜙
(on the right).

𝜙(𝛼) ⇒ 𝜙(𝛼)
L∀ ∀𝑥 𝜙 ⇒ 𝜙(𝛼)
R∀ ∀𝑥 𝜙 ⇒ ∀𝑥𝜙

𝜙(𝛼) ⇒ 𝜙(𝛼)............................... L∀∗
𝛮𝛼, ∀𝑥 ≥ 0 𝜙 ⇒ 𝜙(𝛼)............................................. R∀∗

𝛮𝛼[0/𝛼], ∀𝑥 ≥ 0 𝜙 ⇒ ∀𝑥 ≥ 0 𝜙
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Theadditional substitution at the end of R∀∗matches the absence of an eigenvariable
condition in ICA, as it becomes clear by looking at the alternative proof

𝜙(𝛼) ⇒ 𝜙(𝛼)................................. R∀∗
𝜙(𝛼)[0/𝛼] ⇒ ∀𝑥 ≥ 0 𝜙..................................... L∀∗

𝛮0, ∀𝑥 ≥ 0 𝜙 ⇒ ∀𝑥 ≥ 0 𝜙

By inverting the order of the rules, which is invalid in HA but possible in ICA due
to the lack of eigenvariable conditions, we obtain the same result.

Such a possibility does not constitute a problem, since the additional assumption
𝛮𝑠 – or 𝛮𝛼 in the example case – is already an innocuous requirement, and
remains as such after the substitution of a free variable.

It is worth to mention at this point that ICA cannot derive the sequent⇒𝛮𝑡
for a generic term 𝑡. However, it is possible to prove the universal statement
∀𝑥 ≥ 0𝛮𝑥.

⇒ 0 = 0
⇒ 𝛮0

𝛮𝛼 ⇒ 𝛮𝛼

𝜋
𝛮𝛼 ⇒ 𝛮𝛼′

𝛮𝛼 ⇒ ∀𝑥 ≥ 𝛼𝛮𝑥 b⃝2
[𝛼′/𝛼]𝛮𝛼′ ⇒ ∀𝑥 ≥ 𝛼′𝛮𝑥 cut𝛮𝛼 ⇒ ∀𝑥 ≥ 𝛼′𝛮𝑥 R∀𝛮𝛼 ⇒ ∀𝑥 ≥ 𝛼𝛮𝑥 c⃝2

[0/𝛼]𝛮0 ⇒ ∀𝑥 ≥ 0𝛮𝑥
⇒ ∀𝑥 ≥ 0𝛮𝑥

with 𝜋 being the proof

⇒ 𝑥′ = 𝑥′R∃0 ⇒ ∃𝑦 ≥ 𝑥′ 𝑥′ = 𝑦
R∃1 ⇒ ∃𝑦 ≥ 𝑥 𝑥′ = 𝑦

L= 𝛼 = 𝛽 ⇒ ∃𝑦 ≥ 𝛽 𝛼′ = 𝑦

∃𝑦 ≥ 𝛽 𝛼 = 𝑦 ⇒ ∃𝑦 ≥ 𝛽 𝛼′ = 𝑦 b⃝1
[𝛽′/𝛽]∃𝑦 ≥ 𝛽′ 𝛼 = 𝑦 ⇒ ∃𝑦 ≥ 𝛽′ 𝛼′ = 𝑦

R∃∃𝑦 ≥ 𝛽′ 𝛼 = 𝑦 ⇒ ∃𝑦 ≥ 𝛽 𝛼′ = 𝑦
L∃∃𝑦 ≥ 𝛽 𝛼 = 𝑦 ⇒ ∃𝑦 ≥ 𝛽 𝛼′ = 𝑦 c⃝1

[0/𝛽]∃𝑦 ≥ 0 𝛼 = 𝑦 ⇒ ∃𝑦 ≥ 0 𝛼′ = 𝑦.......................................... def𝛮𝛼 ⇒ 𝛮𝛼′

While the direction from HA to ICA is relatively straightforward, to show an
embedding in the other direction things are more involved. The difficulty in the
translation of a cyclic system into a finite one is in the fact that cycles need to be
translated into instances of induction, a process that is not trivial. The strategies
used in literature sometimes make a step into a some higher­order arithmetic
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system that is known to be conservative over Peano or Heyting arithmetic, see
for example Simpson (2017).

Recently Leigh and Wehr (2025) and in more details Wehr (2025) presented
a syntactic method to reduce proofs from a cyclic system CHA of intuitionistic
arithmetic into HA. The procedure takes an intermediate step into a labelled
finite system, from which the induction invariants of the original proof can be
extracted and used to build a proof in HA, resulting in the theorem (Leigh and
Wehr (2025), p.21)

Theorem 7.3. If CHA ⊢ Γ ⇒ 𝜙 then HA ⊢ Γ ⇒ 𝜙.

We will take advantage of such recent result and prove the embedding of ICA
into HA via a translation of ICA proofs into CHA proofs.13 The rules of the latter
are the same of the system HA defined above in table 3, with the difference that
the induction axiom is replaced by the case distinction rule for variables

Γ(0) ⇒ 𝜙(0) Γ(𝑥′) ⇒ 𝜙(𝑥′)
Case 𝑥Γ(𝑥) ⇒ 𝜙(𝑥)

and the explicit substitution rule is added

Γ ⇒ 𝜙
SubΓ[𝑡/𝑥] ⇒ 𝜙[𝑡/𝑥]

under the assumption that 𝑥 ∉ 𝐹𝑉(𝑡). Other small differences between the
two systems are: the already mentioned absences of exchange and contraction in
CHA, because sequents consist of sets instead of lists; and a variable condition
in the case of L=, which in CHA is stated as follows

Γ[𝑥, 𝑦] ⇒ 𝜙[𝑥, 𝑦] 𝑥, 𝑦 ∉ 𝐹𝑉(𝑡, 𝑠)
L=𝑡 = 𝑠, Γ[𝑡/𝑥, 𝑠/𝑦] ⇒ 𝜙[𝑡/𝑥, 𝑠/𝑦]

The additional assumption can be easily overcome: in case 𝑥 ∈ 𝐹𝑉(𝑡) it is pos­
sible to apply the rule twice with a fresh variable 𝑧, circumventing the restriction.
The price to pay is that any trace over the variable 𝑥 is disrupted.

⇒ 𝑡 = 𝑡

Γ[𝑥, 𝑦] ⇒ 𝜙[𝑥, 𝑦] 𝑥, 𝑦 ∉ 𝐹𝑉(𝑡, 𝑠)
L=𝑧 = 𝑠, Γ[𝑧/𝑥, 𝑠/𝑦] ⇒ 𝜙[𝑧/𝑥, 𝑠/𝑦]
L=𝑡 = 𝑡, 𝑡 = 𝑠, Γ[𝑡/𝑥, 𝑠/𝑦] ⇒ 𝜙[𝑡/𝑥, 𝑠/𝑦]

𝑡 = 𝑠, Γ[𝑡/𝑥, 𝑠/𝑦] ⇒ 𝜙[𝑡/𝑥, 𝑠/𝑦]
13 In defining HA we opted for a definition of sequents in terms of sets, and an additive

version of the rules, to better match the definition of CHA, those differences being insub­
stantial for the translation.
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The main difference between proofs the two systems ICA and CHA is in the trace
condition. Differently from our system, any trace in CHA follows the evolution
of free variables.

Definition 7.4. 14 A trace is called progressing if its variable 𝑥 goes through a case
distinction rule infinitely often. A CHA­preproof 𝜋 is a proof if for every infinite
branch through 𝜋 there exists a variable which has a progressing trace along it.

In the case of the definition above the focus is on a single free variable, while in
Definition 6.3 a trace in ICA is defined as a sequence of formulas along a path.
Remember that a progressing trace in ICA is made of quantified formulas, and
their progress is in the successor step taken in the rules R∀ or L∃. Moreover, a
progressing trace insists always on the same formula by definition, ideally mov­
ing to the successor case at each progress point. As a consequence, each trace in
ICA can be seen as following the evolution of the term 𝑡 from a formula𝑄𝑥 ≥ 𝑡 𝜙,
term that can be of any kind.

In order to obtain a working translation into CHA, we need to convert traces
focusing essentially on terms into traces based on free variables. It becomes ne­
cessary, then, to rename some of the terms in quantified formulas with variables,
and construct traces progressing over them. With that adjustment we show that
it is possible to reduce any proof from ICA into a proof CHA, modulo the renam­
ing of some terms into variables, with the consequent addition of some atomic
formulas on the left­hand side of the sequents.

In addition, a translation for quantified formulas is necessary given that the
language ℒCA differs from ℒHA.

Definition 7.5. For every formula 𝜙 ∈ ℒCA the translation 𝜙† ∈ ℒHA is obtained
by replacing each instance of a quantified subformula according to the equivalences

(∀𝑥 ≥ 𝑡 𝜙)† = ∀𝑥(𝑥 ≥ 𝑡 → 𝜙†)
(∃𝑥 ≥ 𝑡 𝜙)† = ∃𝑥(𝑥 ≥ 𝑡 ∧ 𝜙†)

The relation 𝑥 ≥ 𝑦 can be defined in CHA as ∃𝑧(𝑥 = 𝑦 + 𝑧). The definition
above fixes the translation of quantified formulas, but in order to match the
trace conditions it needs to be accompanied by an interpretation of the sequent
that separates the term condition 𝑥 ≥ 𝑡 from the rest of the formula.

14 See Definition 2.1.3 p.14 in Wehr (2025) for the full statement.
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Definition 7.6. Given a sequent Γ ⇒ 𝜙 in the language ℒCA the interpretation
(Γ ⇒ 𝜙)𝛪 in the language ℒHA is the sequent Γ𝛪 ⇒ 𝜙𝛪 generated as follows:

1. Γ𝛪 is obtained by replacing every formula ∃𝑥(𝑥 ≥ 𝑡 ∧ 𝜓†) ∈ Γ† with {𝑥 =
𝑡 + 𝑧, 𝜓†(𝑥)}, and

2. in case 𝜙† = ∀𝑥(𝑥 ≥ 𝑡 → 𝜓†) then 𝜙𝛪 = 𝜓†(𝑥) and 𝑥 = 𝑡 + 𝑧 is added to Γ𝛪,
otherwise 𝜙𝛪 = 𝜙†.

In both cases 𝑧 is a fresh variable, and – when necessary – bounded variables are
renamed to be mutually distinct, in order to avoid overlapping when occurring free
on the left­hand side of the sequent.

Example 7.7. Let the sequent in the language ℒCA of ICA be

∃𝑥 ≥ 𝑡 𝜙, 𝜒 ∨ (∃𝑥 ≥ 𝑟 𝜉) ⇒ ∀𝑥 ≥ 𝑠 𝜓
Its translation into the language ℒHA is

∃𝑥(𝑥 ≥ 𝑡 ∧ 𝜙†), 𝜒† ∨ ∃𝑥(𝑥 ≥ 𝑟 ∧ 𝜉†) ⇒ ∀𝑥(𝑥 ≥ 𝑠 → 𝜓†)
while the interpretation of the translated sequent is

𝑥 = 𝑡 + 𝑧0, 𝜙†(𝑥), 𝜒† ∨ ∃𝑥(𝑥 ≥ 𝑟 ∧ 𝜉†), 𝑦 = 𝑠 + 𝑧1 ⇒ 𝜓†(𝑦)
Notice how the quantified variable in ∀𝑥 has been renamed 𝑦, two fresh variables
𝑧0, 𝑧1 have been used, and the existential in the second formula of the antecedent has
not been interpreted, since it occurs in the scope of a disjunction.

In essence: the (−)† translation is necessary to go from one language to the other,
while the interpretation (−)𝛪 works on sequents to allign a formula­trace system
to a variable­trace one.

We proceed now to prove the embedding. The proof requires to first show
the existence of a translation deriving the interpreted sequents. For each rule of
ICA, Lemma 7.8 provides a derivation of CHA from the interpreted premise(s)
to the interpreted conclusion. Then, Theorem 7.9 ensures that a step­by­step
translation results in a proof in CHA, converting each interpreted end­sequent
into its non­interpreted translated form, according to Definition 7.5.

Lemma 7.8. For every rule R of ICA there exists a derivation in CHA from the
interpretation of the premise(s) of R to the interpretation of its conclusion.

Proof. The proof covers the only notable ones, that is the quantifiers cases, the
rest being straightforward. In the derivations below the dotted lines indicate the
equivalence with the uninterpreted respective sequent.
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• the rule R∀ in ICA

Γ ⇒ 𝜙(𝑡) Δ ⇒ ∀𝑥 ≥ 𝑡′ 𝜙
R∀Γ, Δ ⇒ ∀𝑥 ≥ 𝑡 𝜙

corresponds to

(Γ ⇒ 𝜙(𝑡))𝛪..................
Γ𝛪 ⇒ 𝜙†(𝑡)

𝑥 = 𝑡 + 0, Γ𝛪 ⇒ 𝜙†
𝑥 = 𝑡 + 𝑧′ ⇒ 𝑥 = 𝑡′ + 𝑧

(Δ ⇒ ∀𝑥(𝑥 ≥ 𝑡′ → 𝜙))𝛪..................................
𝑥 = 𝑡′ + 𝑧, Δ𝛪 ⇒ 𝜙†

𝑥 = 𝑡 + 𝑧′, Δ𝛪 ⇒ 𝜙†
case z

𝑥 = 𝑡 + 𝑧, Γ𝛪, Δ𝛪 ⇒ 𝜙†.....................................
(Γ, Δ ⇒ ∀𝑥(𝑥 ≥ 𝑡 → 𝜙))𝛪

• the rule L∀

𝜙(𝑡), ∀𝑥 ≥ 𝑡′ 𝜙, Γ ⇒ 𝜒
L∀∀𝑥 ≥ 𝑡 𝜙, Γ ⇒ 𝜒

corresponds to

⇒ 𝑡 = 𝑡

𝑡 = 𝑦 ⇒ 𝑡 ≥ 𝑦

𝑦 ≥ 𝑡′ ⇒ 𝑦 ≥ 𝑡 𝜙† ⇒ 𝜙†
𝑦 ≥ 𝑡 → 𝜙†, 𝑦 ≥ 𝑡′ ⇒ 𝜙†

𝑦 ≥ 𝑡 → 𝜙† ⇒ 𝑦 ≥ 𝑡′ → 𝜙†
∀𝑥(𝑥 ≥ 𝑡 → 𝜙†) ⇒ 𝑦 ≥ 𝑡′ → 𝜙†

∀𝑥(𝑥 ≥ 𝑡 → 𝜙†) ⇒ ∀𝑥(𝑥 ≥ 𝑡′ → 𝜙†)
(𝜙(𝑡), ∀𝑥 ≥ 𝑡′ 𝜙, Γ ⇒ 𝜒)𝛪.............................................

𝜙†(𝑡), ∀𝑥(𝑥 ≥ 𝑡′ → 𝜙†), Γ𝛪 ⇒ 𝜒𝛪
𝜙†(𝑡), ∀𝑥((𝑥 ≥ 𝑡) → 𝜙†), Γ𝛪 ⇒ 𝜒𝛪

𝑡 = 𝑦, 𝜙†(𝑡), ∀𝑥(𝑥 ≥ 𝑦 → 𝜙†), Γ𝛪 ⇒ 𝜒𝛪
𝑡 = 𝑦, 𝑡 ≥ 𝑦 → 𝜙†(𝑡), ∀𝑥((𝑥 ≥ 𝑦) → 𝜙†), Γ𝛪 ⇒ 𝜒𝛪

L∀+C𝑡 = 𝑦, ∀𝑥((𝑥 ≥ 𝑦) → 𝜙†), Γ𝛪 ⇒ 𝜒𝛪
Sub𝑡 = 𝑡, ∀𝑥((𝑥 ≥ 𝑡) → 𝜙†), Γ𝛪 ⇒ 𝜒𝛪
cut

∀𝑥((𝑥 ≥ 𝑡) → 𝜙†), Γ𝛪 ⇒ 𝜒𝛪.......................................
(∀𝑥((𝑥 ≥ 𝑡) → 𝜙), Γ ⇒ 𝜒)𝛪

• the rule R∃0

Γ ⇒ 𝜙(𝑡)
R∃0Γ ⇒ ∃𝑥 ≥ 𝑡 𝜙

corresponds to
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⇒ 𝑡 = 𝑡

𝑡 = 𝑦 ⇒ 𝑡 ≥ 𝑦
(Γ ⇒ 𝜙(𝑡))𝛪..................
Γ𝛪 ⇒ 𝜙†(𝑡)

𝑡 = 𝑦, Γ𝛪 ⇒ 𝑡 ≥ 𝑦 ∧ 𝜙†(𝑡)
𝑡 = 𝑦, Γ𝛪 ⇒ ∃𝑥(𝑥 ≥ 𝑦 ∧ 𝜙†)

L=𝑡 = 𝑡, 𝑡 = 𝑡, Γ𝛪 ⇒ ∃𝑥(𝑥 ≥ 𝑡 ∧ 𝜙†)
𝑡 = 𝑡, Γ𝛪 ⇒ ∃𝑥(𝑥 ≥ 𝑡 ∧ 𝜙†)

Γ𝛪 ⇒ ∃𝑥(𝑥 ≥ 𝑡 ∧ 𝜙†)...............................
(Γ ⇒ ∃𝑥(𝑥 ≥ 𝑡 ∧ 𝜙))𝛪

• the rule R∃1

Γ ⇒ ∃𝑥 ≥ 𝑡′ 𝜙
R∃1Γ ⇒ ∃𝑥 ≥ 𝑡 𝜙

corresponds to

(Γ ⇒ ∃𝑥 ≥ 𝑡′ 𝜙)𝛪..............................
Γ𝛪 ⇒ ∃𝑥(𝑥 ≥ 𝑡′ ∧ 𝜙†)

𝑦 ≥ 𝑡′ ⇒ 𝑦 ≥ 𝑡 𝜙† ⇒ 𝜙†
𝑦 ≥ 𝑡′, 𝜙† ⇒ 𝑦 ≥ 𝑡 ∧ 𝜙†
𝑦 ≥ 𝑡′ ∧ 𝜙† ⇒ 𝑦 ≥ 𝑡 ∧ 𝜙†

𝑦 ≥ 𝑡′ ∧ 𝜙† ⇒ ∃𝑥(𝑥 ≥ 𝑡 ∧ 𝜙†)
∃𝑥(𝑥 ≥ 𝑡′ ∧ 𝜙†) ⇒ ∃𝑥(𝑥 ≥ 𝑡 ∧ 𝜙†)

Γ𝛪 ⇒ ∃𝑥(𝑥 ≥ 𝑡 ∧ 𝜙†)...............................
(Γ ⇒ ∃𝑥(𝑥 ≥ 𝑡 ∧ 𝜙))𝛪

• the rule L∃

Γ, 𝜙(𝑡) ⇒ 𝜒 Δ, ∃𝑥 ≥ 𝑡′𝜙 ⇒ 𝜒
L∃∃𝑥 ≥ 𝑡 𝜙, Γ, Δ ⇒ 𝜒

corresponds to

(𝜙(𝑡), Γ ⇒ 𝜒)𝛪......................
𝜙†(𝑡), Γ𝛪 ⇒ 𝜒𝛪

𝑥 = 𝑡 + 0, 𝜙†(𝑥), Γ𝛪 ⇒ 𝜒𝛪
𝑥 = 𝑡 + 𝑧′ ⇒ 𝑥 = 𝑡′ + 𝑧

(∃𝑥(𝑥 ≥ 𝑡′ ∧ 𝜙), Δ ⇒ 𝜒)𝛪...................................
𝑥 = 𝑡′ + 𝑧, 𝜙†, Δ𝛪 ⇒ 𝜒𝛪

𝑥 = 𝑡 + 𝑧′, 𝜙†, Δ𝛪 ⇒ 𝜒𝛪
case z

𝑥 = 𝑡 + 𝑧, 𝜙†, Γ𝛪, Δ𝛪 ⇒ 𝜒†......................................
(∃𝑥(𝑥 ≥ 𝑡 ∧ 𝜙), Γ, Δ ⇒ 𝜒)𝛪
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The given translation ensures that each rule can be simulated modulo the inter­
pretation of the sequents. We proceed now to show that to a proof 𝜋 ⊢ICA Γ ⇒ 𝜙
corresponds a derivation 𝜋′ ⊢CHA (Γ ⇒ 𝜙)† where the formulas are translated
according to the translation (⋅)†.

Theorem 7.9. For every proof 𝜋 ⊢ICA Γ ⇒ 𝜙 there exists a proof 𝜋′ such that
𝜋′ ⊢CHA Γ† ⇒ 𝜙†.

Proof. For any rule of a given ICA proof 𝜋, Lemma 7.8 shows how to produce
the same result modulo interpretation. In order to obtain a proof 𝜋′ two things
are necessary. First, we need to show how each derivation of an interpreted se­
quent can become a derivation of the non­interpreted form. That is necessary
whenever a left­existential or right­universal formula are minor formulas in all
cases except for L∃ and R∀ respectively, for example if they are one of the dis­
juncts like in the formula 𝜒∨∃𝑥 ≥ 𝑟 𝜉 from Example 7.7. The two cases to check
are L∃ and R∀. For the former we have

(∃𝑥(𝑥 ≥ 𝑡 ∧ 𝜙), Γ, Δ ⇒ 𝜒)𝛪......................................
𝑥 = 𝑡 + 𝑧, 𝜙†, Γ𝛪, Δ𝛪 ⇒ 𝜒𝛪

L∃𝑥 ≥ 𝑡, 𝜙†, Γ𝛪, Δ𝛪 ⇒ 𝜒𝛪
𝑥 ≥ 𝑡 ∧ 𝜙†, Γ𝛪, Δ𝛪 ⇒ 𝜒𝛪

∃𝑥(𝑥 ≥ 𝑡 ∧ 𝜙†), Γ𝛪, Δ𝛪 ⇒ 𝜒𝛪

and for the latter

(Γ, Δ ⇒ ∀𝑥(𝑥 ≥ 𝑡 → 𝜙))𝛪.....................................
𝑥 = 𝑡 + 𝑧, Γ𝛪, Δ𝛪 ⇒ 𝜙†

L∃𝑥 ≥ 𝑡, Γ𝛪, Δ𝛪 ⇒ 𝜙†
Γ𝛪, Δ𝛪 ⇒ 𝑥 ≥ 𝑡 → 𝜙†

Γ𝛪, Δ𝛪 ⇒ ∀𝑥(𝑥 ≥ 𝑡 → 𝜙†)
By carefully selecting 𝑧, 𝑥 we can be sure that the eigenvariable conditions are
always satisfied.

The second thing to prove is that cycles with good formula traces in 𝜋 be­
come cycles with good variable traces in CHA, ensuring that 𝜋′ is a proof. Con­
sider the case of a right­universal good trace in 𝜋. In the translation of R∀ a
fresh variable 𝑧 is introduced, and a case distinction on it is performed, i.e., to
each instance of the progressing step R∀ corresponds in the new derivation a
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progressing point R=(case 𝑧). Moreover, the z­trace is preserved between the
sequent 𝑥 = 𝑡 + 𝑧, Γ𝛪, Δ𝛪 ⇒ 𝜙† that is the interpretation of the conclusion, and
the sequent interpretation of the right premise 𝑥 = 𝑡′ + 𝑧, Δ𝛪 ⇒ 𝜙† (R∀ case in
the proof of Lemma 7.8). Finally, since the right universal formula is never a
minor formula in another rule except the next R∀ (see Remark 6.4), the variable
𝑧 remains among the side formulas on the left until the next instance of a R∀ is
found, and the 𝑧­trace with it. Notice that the definition of trace in Wehr (2025)
(2.1.3, p.14) is different from the one in use here, and allows for the variable to
appear in the cut formula, as long as it remains free along the path. Moreover,
it is important to remark that no instance of L= affects the 𝑧­trace, since that is
a fresh variable, and any substitution involves only terms already in the initial 𝜋,
so there is no risk of disrupting the trace. It follows that a good variable trace in
𝜋′ is obtained from the good trace of 𝜋.

The case of a left­existential good trace is analogous, given the proof of Lemma
7.8. We conclude that the existence of any good formula trace in 𝜋 ensures the
existence of a good variable trace in 𝜋′, hence it is a proof according to Definition
7.4.

Finally we can state the theorem proving the direction from ICA to HA via the
intermediate system.

Theorem 7.10. If ICA ⊢ Γ ⇒ 𝜙 then HA ⊢ Γ† ⇒ 𝜙†

Proof. By Theorem 7.9 CHA ⊢ Γ† ⇒ 𝜙† and by Theorem 7.3 conclude that
HA ⊢ Γ† ⇒ 𝜙†.





8. Higher­Order Recursion Schemes

As explained in the introduction to this part, a key element to reason about
proofs is a language to formally represent them. Relying on the BHK inter­
pretation of intuitionistic provability presented above, and the Curry–Howard
correspondence between proofs and terms of simply typed 𝜆­calculus, we intro­
duce now a language Λ of typed terms that will be used to formally represent the
different aspects of an ICA proof of a certain interest for us.

Definition 8.1 (Types). The universe of the types corresponding to ℒCA formulas is
generated as follows:

• the unit type 𝜖 is the type of atomic formulas 𝑡 = 𝑠;
• for any 𝜎, 𝜏 types

– 𝜎 → 𝜏 is the function type
– 𝜎 × 𝜏 is the product type
– 𝜎 + 𝜏 is the sum type
– ∃𝜎, ∀𝜎 are the types of quantifiers

The correspondence between formulas and types is the expected one and is ex­
plicitated in table 4 below. The type of a generic formula 𝜙 can be expressed as
⟨𝜙⟩, for example ⟨𝑡 = 𝑠⟩ = 𝜖. Conversely, by appending a formula or a type to a
term 𝑡𝜓 we indicate that ‘𝑡 is of type ⟨𝜓⟩’.

Definition 8.2. The typed language Λ is generated from the following grammar

𝑡, 𝑠 ∶∶= 𝑥 ∣ ⟨⟩ ∣ 𝜆𝑥.𝑡 ∣ 𝑡𝑠 ∣ 𝜅0𝑡 ∣ 𝜅1𝑡 ∣ (𝑡, 𝑠) ∣ 𝜇0𝑡 ∣ 𝜇1𝑡 ∣ 𝜈𝑡

Assumed the existence of variables of any type, we have the usual terms of 𝜆­
calculus, to which we add a constant ⟨⟩ ∶ 𝜖 of the unit type, two constructors
𝜇0, 𝜇1 for the existential type, and one constructor 𝜈 for terms of the universal
type:

𝜇0 ∶ ⟨𝜙⟩ → ∃⟨𝜙⟩ 𝜇1 ∶ ∃⟨𝜙⟩ → ∃⟨𝜙⟩ 𝜈 ∶ ⟨𝜙⟩ × ∀⟨𝜙⟩ → ∀⟨𝜙⟩
for every formula 𝜙. In table 4 we show the correspondence between ℒCA for­
mulas, their types, and the ways terms of each type are typically generated by
constructors.
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Formula Type Term
𝑡 = 𝑠 𝜖 ⟨⟩
𝜙 → 𝜓 ⟨𝜙⟩ → ⟨𝜓⟩ 𝜆𝛼𝜙.𝛽𝜓
𝜙 ∧ 𝜓 ⟨𝜙⟩ × ⟨𝜓⟩ (𝛼𝜙, 𝛽𝜓)
𝜙 ∨ 𝜓 ⟨𝜙⟩ + ⟨𝜓⟩ 𝜅0𝛼𝜙, 𝜅1𝛽𝜓

∀𝑥 ≥ 𝑘.𝜙 ∀⟨𝜙⟩ 𝜈(𝛼𝜙, 𝛽∀𝜙)
∃𝑥 ≥ 𝑘.𝜙 ∃⟨𝜙⟩ 𝜇0𝛼𝜙, 𝜇1𝛼∃𝜙

Table 4.: Correspondence between formulas, types and terms.

Before moving forward with the definition of recursion schemes, let’s revisit the
definition of quantifiers in ℒCA. In Chapter 6 the meaning of a formula like
∃𝑥 ≥ 𝑡 𝜙 was introduced in terms of the equation

∃𝑥 ≥ 𝑡 𝜙 = 𝜙𝑡 ∨ ∃𝑥 ≥ 𝑡′ 𝜙
while the universal quantifier was defined by the equation

∀𝑥 ≥ 𝑡 𝜙 = 𝜙𝑡 ∧ ∀𝑥 ≥ 𝑡′ 𝜙
Both quantifiers were defined as fixed points of the functions associated with
them. It is important to remark, however, that the constructors 𝜇𝑖, 𝜈 are not fixed
point operators, but behave more like pairing and injection functions whose use
is limited to the cases of terms of quantifiers type. In other works, like Kori et al.
(2021) and Afshari and Leigh (2026), quantifiers were shown to be particular
instances of fixed points in a higher­order language with fixed point quantifiers.
In the present context, however, there is no need to introduce them because, as it
will be clear later, the unfolding of fixed points will be done by the higher­order
recursion schemes.

To each type a value is assigned representing its complexity, or order.

Definition 8.3 (Order). The order of a type is defined as follows:
• 𝑜𝑟𝑑(𝜖) = 0
• 𝑜𝑟𝑑(𝜌 → 𝜏) = max{𝑜𝑟𝑑(𝜌) + 1, 𝑜𝑟𝑑(𝜏)}
• 𝑜𝑟𝑑(𝜌 × 𝜏) = 𝑜𝑟𝑑(𝜌 + 𝜏) = max{𝑜𝑟𝑑(𝜌), 𝑜𝑟𝑑(𝜏)}
• 𝑜𝑟𝑑(∃𝜏) = 𝑜𝑟𝑑(∀𝜏) = 𝑜𝑟𝑑(𝜏)

The choice to define 𝑜𝑟𝑑(∃𝜏) = 𝑜𝑟𝑑(∀𝜏) = 𝑜𝑟𝑑(𝜏) might surprise at a first
tought. However, considered that the quantifier types can be seen as iterated
disjunctions/conjunctions, the condition on the order of sum and product types
suggests that the decision to not increase the order is correct.
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8.1. Recursion schemes
The proofs­are­programs motto of the Curry–Howard correspondence points to
the fact that each intuitionistic proof can also be seen as a function. Now that
the language Λ has been defined, we are able to represent such a function as
a term of the appropriate type. A derivation 𝜋 consists of nodes labelled with
sequents according to specified rules.

Given the interpretation of the arrow as implication, any sequent Γ ⇒ 𝜓
represents a function from terms of the types in Γ, returning a term of type
⟨𝜓⟩, hence to each sequent corresponds a term 𝜆 ⃑⃗𝑥.𝑝 with ⃑⃗𝑥 ∶ ⟨Γ⟩ and 𝑝 ∶ ⟨𝜓⟩.
For example, to the sequent 𝑡 = 𝑠 ⇒ 𝑡 = 𝑠 corresponds the identity function
expressed as the term 𝜆𝑥.𝑥 where 𝑥 ∶ 𝜖 is a variable of the unit type. Similarly, for
a sequent 𝜙, 𝜓 ⇒ 𝜙 ∧ 𝜓 we have a term 𝜆𝑥𝜆𝑦.(𝑥, 𝑦), with 𝑥 ∶ ⟨𝜙⟩, 𝑦 ∶ ⟨𝜓⟩ on the
left and (𝑥, 𝑦) ∶ 𝜙 × 𝜓 the term on the right. The meaning is that a proof of the
pair can be obtained by providing proofs for each component separately. Each
sequent rule R generates a new function starting from the ones expressed by its
premises.

To each sequent corresponds a term of the function type, a function that can
be provided with an input of the correct type in order to compute an output.
The computation usually consists of a series of reductions, i.e., substitutions of
equivalent subterms inside the main term, and the computation terminates when
no other substitution is possible.

An alternative way of visualising this process is via recursion schemes. In­
stead of having a few kinds of reductions, like for example the well known and
widespread 𝛽, 𝜂 and 𝛼 reductions, each of which performs a specific operation of
substitution in the term, a recursion scheme consists of a list of equations of the
form

𝑡0 = 𝑠0
𝑡1 = 𝑠1
𝑡2 = 𝑠2
………

By taking an oriented reading, conventionally left­to­right, the equivalences
define the rewriting rules that constitute the computation. Recursion schemes
have the same expressive power of 𝜆­terms, including the ability to mimic the
fixed point combinator 𝑌 via internal cycles.15

15 See Salvati and Walukiewicz (2012) for a direct translation from 𝜆𝑌 terms to HORS and
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We give a general presentation of recursion schemes here, referring to the next
chapter for a detailed definition of schemes tailored for our necessity. A higher­
order recursion scheme is given by an alphabet Λ of typed terms, a set of func­
tionsℱ𝑖 called non­terminals and a setℛ of oriented equationsℱ ⃑⃗𝑥 = 𝑝 as rewrite
rules.

Definition 8.4 (HORS). A Higher­Order Recursion Scheme is a tuple
ℋ = ⟨Λ, F, ℱ⊥,ℛ⟩ where

• Λ is a typed alphabet
• F is a set of non­terminalsℱ
• ℱ⊥ ∈ F is a starting symbol
• ℛ is a set of production rules of the form

ℱ𝑗𝑥0 …𝑥𝑘 → 𝑝
one for each non­terminalℱ𝑗 ∈ F, with 𝑝 ∈ ℒ(Λ ∪ F\{ℱ⊥}).

The set of ℋ­terms is obtained by combining the terms from Λ with the non­
terminals in F. Each ℱ𝑗 whose rule of production is ℱ𝑗𝑥0 …𝑥𝑘 → 𝑝 has type

𝜎0 → … → 𝜎𝑘 → 𝜏
for 𝑥𝑖 ∶ 𝜎𝑖 and 𝑝 ∶ 𝜏. Each ℱ ∈ F has an order according to Definition 8.3
above, and the rewrite system ℋ has an order corresponding to the supremum
of the orders of its non­terminals. It is possible to define a relation of reduction
→ℛ between terms in the language ℋ, together with ↠ℛ its reflexive transitive
closure:

Definition 8.5 (→ℛ,↠ℛ). Given a set of rewrite rulesℛ andℋ­terms 𝑝, 𝑞, 𝑟:
1. if 𝑝 ≡ ℱ𝑝0 …𝑝𝑛 and there is a rule ℱ𝑥0 …𝑥𝑛 → 𝑞 ∈ ℛ, then

𝑝 →ℛ 𝑞[𝑝0/𝑥0, … , 𝑝𝑛/𝑥𝑛];
2. if 𝑝 →ℛ 𝑞 then 𝑟(𝑝) →ℛ 𝑟(𝑞) for any 𝑟.

↠ℛ is the reflexive transitive closure of→ℛ.

Systems with different characteristics than the ones in Definition 8.4 can be
defined, for example where more than one rule is given for the same non­terminal,
resulting in a non­deterministic recursion scheme. Another possible feature is
the introduction of pattern matching. It is the possibility to specify the struc­
ture of some of the input­terms taken by the non­terminal, and subordinate the

vice versa.
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execution of the rule to the presence of an input in the given form. There is
no direct relation between pattern matching and non­determinism: a system
can have one without the other. We will make use of pattern matching in the
recursion schemes of the next sections.

In the next chapter we will translate each sequent Γ ⇒ 𝜙 from a proof into a
rewrite rule of a recursion scheme, with the terms corresponding to Γ playing the
role of the input, and the output being an ℋ­term of the type of 𝜙. A sequent
like Γ ⇒ 𝜓, for example, will become a rule 𝐹 ⃑⃗𝑥 = 𝑝, for ⃑⃗𝑥 ∶ ⟨Γ⟩, 𝑝 ∶ ⟨𝜓⟩.

8.2. Herbrand schemes
In this section we define a specific kind of higher­order recursion schemes, called
Herbrand schemes. The name comes from the existing works on the extraction
of Herbrand sets from proofs, as explained in the introduction, and even if the
present one is not directly connected to the famous theorem, we opt to keep the
same name in favour of continuity with the previous works.

An instance of a Herbrand scheme is a higher­order recursion scheme gener­
ated from a proof 𝜋 as follows. For every instance of a rule R a new non­terminal
ℱ is added to the set F, and the set ℛ is expanded with a new rule ℱ ⃑⃗𝑥 ⟶ 𝑡
according to table 5. Before we give the full definition, let’s state some notational
conventions. In the table below,ℱ𝜋 is the non­terminal corresponding to the last
sequent of the sub­proof 𝜋. When the last rule R applied is a one­premise rule,
𝜋0 indicates the immediate sub­proof above the root; in case R is a two­premise
rule, the two subproofs are called 𝜋0 and 𝜋1 from left to right, as shown in the
schemes below. Since the order of the premises is not formally fixed, we assume
the convention of following the order left­to­right given in table 1.

Γ ⇒𝜋0 𝜙
Γ∗ ⇒𝜋 𝜙∗

Γ ⇒𝜋0 𝜙 Δ ⇒𝜋1 𝜓
Γ∗, Δ∗ ⇒𝜋 𝜒∗

Finally, we introduce one rule for each bud­node pair, such that the subproof
𝜋 above the bud­node is identified with the subproof 𝜋′ above the companion
node. Given a cyclic proof 𝜋, the Herbrand scheme ℋ𝜋 is defined as follows.
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R ℛ R ℛ
R= ℱ𝜋 ⟶ ⟨⟩ L= ℱ𝜋𝑦 ⃑⃗𝑥⟶ ℱ𝜋0 ⃑⃗𝑥
0/=s ℱ𝜋𝑦⟶ ⟨⟩ +0/+s/⋅ 0/⋅ s ℱ𝜋 ⟶⟨⟩
R→ ℱ𝜋 ⃑⃗𝑥 ⟶ ℱ𝜋0 ⃑⃗𝑥 L→ ℱ𝜋𝑦 ⃑⃗𝑥⟶ ℱ𝜋1(𝑦ℱ𝜋0 ⃑⃗𝑥0)⃑⃗𝑥1
R∧ ℱ𝜋 ⃑⃗𝑥 ⟶ (ℱ𝜋0 ⃑⃗𝑥0, ℱ𝜋1 ⃑⃗𝑥1) L∧ ℱ𝜋(𝑦, 𝑧) ⃑⃗𝑥⟶ ℱ𝜋0𝑦𝑧 ⃑⃗𝑥
R∨ ℱ𝜋 ⃑⃗𝑥 ⟶ 𝑘𝑖ℱ𝜋0 ⃑⃗𝑥 L∨ ℱ𝜋(𝜅𝑖𝑦) ⃑⃗𝑥⟶ ℱ𝜋𝑖𝑦 ⃑⃗𝑥
R∃𝑖 ℱ𝜋 ⃑⃗𝑥 ⟶ 𝜇𝑖ℱ𝜋0 ⃑⃗𝑥 L∃ ℱ𝜋(𝜇𝑖𝑦) ⃑⃗𝑥⟶ ℱ𝜋𝑖𝑦 ⃑⃗𝑥𝑖
R∀ ℱ𝜋 ⃑⃗𝑥 ⟶ 𝜈(ℱ𝜋0 ⃑⃗𝑥0, ℱ𝜋1 ⃑⃗𝑥1) L∀ ℱ𝜋𝜈(𝑦, 𝑧) ⃑⃗𝑥⟶ ℱ𝜋0𝑦𝑧 ⃑⃗𝑥
C ℱ𝜋𝑦 ⃑⃗𝑥⟶ ℱ𝜋0𝑦𝑦 ⃑⃗𝑥 W ℱ𝜋𝑦 ⃑⃗𝑥⟶ ℱ𝜋0 ⃑⃗𝑥
cut ℱ𝜋 ⃑⃗𝑥 ⟶ ℱ𝜋1(ℱ𝜋0 ⃑⃗𝑥0)⃑⃗𝑥1 Ex ℱ𝜋𝑦𝑧 ⃑⃗𝑥⟶ ℱ𝜋0𝑧𝑦 ⃑⃗𝑥
Start ℱ⊥ ⟶ ℱ𝜋 Cycle ℱ𝜋 ⃑⃗𝑥 ⟶ ℱ𝜋′ ⃑⃗𝑥

Table 5.: Rules of Herbrand schemes

Definition 8.6 (ℋ𝜋). Given a ICA proof 𝜋,ℋ𝜋 is a higher­order recursion scheme
⟨Λ, F, ℱ⊥,ℛ⟩ such that

• Λ is the typed alphabet of Definition 8.2;
• F is a set of non­terminals consisting of: the start ℱ⊥, one non­terminal for
each vertex of the proof 𝜋, and one for every pair of bud­companion nodes;

• ℛ is a set of production rules, one for each non­terminal, determined as in
table 5.

In the rest of this section we give a closer look at the rules and provide some
justification.
Axioms and equality

R = ℱ𝜋 ⟶⟨⟩ L = ℱ𝜋𝑦 ⃑⃗𝑥⟶ ℱ𝜋0 ⃑⃗𝑥
0/ = 𝑠 ℱ𝜋𝑦⟶ 𝑦 +0/ + 𝑠/ ⋅ 0/ ⋅ 𝑠 ℱ𝜋𝑦⟶ ⟨⟩

For all of the axioms with an atomic formula on the right, the rewrite rule returns
directly the constant term ⟨⟩ of the unit type, while in the case of L= the rule
simply removes the input term 𝑦 ∶ ⟨𝑡 = 𝑠⟩. The motivation is in the fact that
equations are atomic formulas, whose assessment is an arithmetical fact, hence
there is no additional computational content to extract from them. On the ways
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in which the rewrite system extracts the information relative to the evolution of
individual terms we will say more in the next chapters.
Conjunction and disjunction

L∨ ℱ𝜋(𝑘𝑖𝑦) ⃑⃗𝑥⟶ ℱ𝜋𝑖𝑦 ⃑⃗𝑥𝑖 R∨ ℱ𝜋 ⃑⃗𝑥 ⟶ 𝑘𝑖ℱ𝜋0 ⃑⃗𝑥
L∧ ℱ𝜋(𝑦, 𝑧) ⃑⃗𝑥⟶ ℱ𝜋0𝑦𝑧 ⃑⃗𝑥 R∧ ℱ𝜋 ⃑⃗𝑥 ⟶ (ℱ𝜋0 ⃑⃗𝑥0, ℱ𝜋1 ⃑⃗𝑥1)

The rules work as expected, the only thing that is worth pointing out is that the
left rules have pattern matching, deconstructing the term only if it is given in a
specific form. The right rules, on the other hand, move the computation inside
the scope of the appropriate term constructors. Observe that in the disjunction
case we are talking about two distinct rules with pattern matching: depending
on the value of 𝑖 ∈ {0, 1} we have two different left production rules.

It is a good point here to consider what happens when pattern matching fails.
From the point of view of the computation, if instead of 𝑘𝑖𝑝 we have an un­
defined term 𝑟 of sum type, it means that the process still needs some additional
information about the input in order to proceed with the reduction. That is
possible if 𝑟 is beginning, for example, with a non­terminal, whose reduction
will at some point result in a term of the expected form. The intended purpose
of pattern matching is to pause the computation until all the necessary data are
available. Later in the final chapter we will come back to the issue of generic
inputs and pattern matching.
Quantifiers

L∃ ℱ𝜋(𝜇𝑖𝑦) ⃑⃗𝑥⟶ ℱ𝜋𝑖𝑦 ⃑⃗𝑥𝑖 R∃𝑖 ℱ𝜋 ⃑⃗𝑥 ⟶ 𝜇𝑖ℱ𝜋0 ⃑⃗𝑥
L∀ ℱ𝜋𝜈(𝑦, 𝑧) ⃑⃗𝑥⟶ ℱ𝜋0𝑦𝑧 ⃑⃗𝑥 R∀ ℱ𝜋 ⃑⃗𝑥 ⟶ 𝜈(ℱ𝜋0 ⃑⃗𝑥0, ℱ𝜋1 ⃑⃗𝑥1)

The rewrite rules behave analogously to the conjunction and disjunction cases,
including the pattern matching. The only difference is in the specific construct­
ors that indicate that we are dealing with quantifiers types. On the importance
of marking each instance of a right universal and right existential we will come
back in Chapter 10.
Implication

L → ℱ𝜋𝑦 ⃑⃗𝑥⟶ ℱ𝜋1(𝑦ℱ𝜋0 ⃑⃗𝑥0)⃑⃗𝑥1 R → ℱ𝜋 ⃑⃗𝑥 ⟶ ℱ𝜋0 ⃑⃗𝑥

Left­implication combines the non­terminals from the premises by applying the
left one to the term 𝑦 ∶ ⟨𝜙⟩ → ⟨𝜓⟩ in the scope of the right one. Notice that
the application preserves the type of the right branch ℱ𝜋1 ∶ ⃑⃗𝛾 → 𝜓 → 𝜒. The
non­terminal obtained by the right­implication rule has the same function type
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as before, but now is lacking an input term. The motivation for this choice will
become clear when cut reduction is analysed. We will come back to the issue of
lack of input in Chapter 10 talking about termination.
Structural rules

C ℱ𝜋𝑦 ⃑⃗𝑥⟶ ℱ𝜋0𝑦𝑦 ⃑⃗𝑥 W ℱ𝜋𝑦 ⃑⃗𝑥⟶ ℱ𝜋0 ⃑⃗𝑥
cut ℱ𝜋 ⃑⃗𝑥 ⟶ ℱ𝜋1(ℱ𝜋0 ⃑⃗𝑥0)⃑⃗𝑥1 Ex ℱ𝜋𝑦𝑧 ⃑⃗𝑥⟶ ℱ𝜋0𝑧𝑦 ⃑⃗𝑥

Weakening, exchange and contraction are simple adjustments to the number
and order the input terms. Notice that contraction is the only rule that duplic­
ates input­terms. Observe that despite the branching, the rewrite rule for cut
produces just one ℋ­term with two different non­terminals inside for the two
branches, as in the case of implication. In the last chapter we will come back
on the interpretation of cut as application, and how it can be used to instantiate
terms and introduce inputs.

8.3. Properties of ℋ𝜋

Before moving to the next chapter, we want to provide some properties of the
Herbrand schemes, in particular about their type and order.

Lemma 8.7 (Type preservation). Given a recursion schemeℋ𝜋 from a proof 𝜋, for
any 𝑝 ∶ 𝜎, 𝑞 ∶ 𝜏 terms if 𝑝 ↠ℛ 𝑞 then 𝜎 = 𝜏.

All the rules are designed to preserve the type, so the lemma is proven by induc­
tion on the number of steps in 𝑚 ↠ℛ 𝑛 and inspection of the rules.

Corollary 8.8. Given a proof 𝜋 of a sequent Γ ⇒ 𝜙, anyℋ­term produced byℋ𝜋

from an input ⃑⃗𝑝 ∶ ⟨Γ⟩ is of type ⟨𝜙⟩.

About the order of the recursion scheme, a simple inspection of the rules shows
that it is dependant only on the end­sequent, and possibly the cut­formulas.

Theorem 8.9 (Order of ℋ𝜋). Given a cyclic proof 𝜋 with 𝜙0, … , 𝜙𝑚 the cut formu­
las in 𝜋, the order ofℋ𝜋 is

𝑜(ℋ𝜋) = max{𝑜(ℱ⊥), 𝑜(⟨𝜙𝑖⟩) + 1 ∶ 𝑖 ≤ 𝑚}

An important notion to define is normal form of terms.

Definition 8.10 (Normal form). An ℋ­term 𝑞 is in normal form if 𝑞 ∈ Λ, i.e.,
it does not contain non­terminals.
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With the next lemma we see that in the case of an end­sequent Γ ⇒ 𝜙 such
that 𝑜𝑟𝑑(⟨𝜙⟩) = 0, the output term is in normal form, i.e., the termination of
the reduction process is not due to some defect in the way the rewrite rules were
defined.

Lemma 8.11. Let 𝜋 be a ICA proof of Γ ⇒ 𝜙 with 𝑜𝑟𝑑(⟨𝜙⟩) = 0. The recursion
schemeℋ𝜋 on every closed input ⃑⃗𝑝 ∶ ⟨Γ⟩ is such that, if ℱ⊥ ⃑⃗𝑝 ↠ℛ 𝑞 and there is no
term 𝑞′ such that 𝑞 →ℛ 𝑞′, then 𝑞 is in normal form.

Proof. Let ℱ⊥ ⃑⃗𝑝 ↠ℛ 𝑞 and assume 𝑞 is not in normal form, with ℱ𝑖 ⃑⃗𝑟 an instance
of a non­terminal that cannot be further reduced, and such that it has no other
non­terminal as input (it always exists since the term is finite). That can be the
case only if (a) some term in ⃑⃗𝑟 is not of the right type; (b) because a pattern
matching rule cannot be applied to ⃑⃗𝑟; (c) there is a missing input.

We show that neither of them is possible given the assumptions. (a) is not
the case by the assumption on ⃑⃗𝑝 and Lemma 8.7. (b) Remember that the rules
with pattern matching are all left­rules: L∧, L∨, L∃ or L∀. Any left rule insists
on either a sub­term from ⃑⃗𝑝 or a term generated by a cut­formula. ⃑⃗𝑝 ∶ ⟨Γ⟩ is
a closed term of the right type by assumption, so they have the necessary form.
The only possibility is that a cut introduced an additional formula on the left.
However, the corresponding right rules (R∧, R∨𝑖, R∃𝑖, R∀) all produce terms
of the correct form, meaning that (b) cannot be the case. (c) R→ is the only
case in which after the rewrite rule an additional input might be needed. By
assumption 𝑜𝑟𝑑(⟨𝜙⟩) = 0meaning that R→ occurs only if the principal formula
is the result of a cut, and hence if there is a dual instance L→ generating the
necessary input term. So (c) is also not the case. We conclude that there cannot
be non­terminals in the final term, which is in normal form.

The language obtained from a recursion schemeℋ𝜋 is the set of terms in normal
form that can be generated.

Definition 8.12 (Language). The language of a recursion schemeℋ𝜋 is the set

ℒ(ℋ𝜋) ∶= {𝑡 ∈ Λ ∣ ℱ⊥ ⃑⃗𝑠 ↠ℛ 𝑡}
for ⃑⃗𝑠 any list of closed input terms of the appropriate type.

We conclude this chapter by showing that the rewrite relation defined by the set
of rules ℛ of a recursion scheme ℋ𝜋 is weakly normalising, i.e., that there is at
most one term in normal form that can be produced by any sequence of reduc­
tions. That is a consequence of the confluence property of →ℛ, see for example
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Barendregt (1985), where the property is shown in what is called Strip lemma
(p.282). A version for rewrite systems can be found in the work by Klop (1992),
p.72 as Parallel Moves lemma, whose argument inspired the one followed here.

Theorem 8.13 (Confluence). For all 𝑡, 𝑝0, 𝑝1, if 𝑡 ↠ℛ 𝑝0 and 𝑡 ↠ℛ 𝑝1 there is a
term 𝑝 such that 𝑝0 ↠ℛ 𝑝 and 𝑝1 ↠ℛ 𝑝.

Proof. For →+
ℛ the reflexive closure of →ℛ we prove that if 𝑡 →+

ℛ 𝑝0 and 𝑡 ↠ℛ
𝑝1 there exists a term 𝑝 such that 𝑝0 ↠ℛ 𝑝 and 𝑝1 →+

ℛ 𝑝. Let ℱ ⃑⃗𝑥 be the non­
terminal in 𝑡 that is reduced to obtain 𝑝0, that is 𝑡(ℱ ⃑⃗𝑥) →ℛ 𝑡(ℱ0 ⃑⃗𝑥0) = 𝑝0. There
are four possibilities regarding the series of reductions 𝑡 ↠ℛ 𝑝1:
1. ℱ ⃑⃗𝑥 still occurs in 𝑝1 = 𝑡′(ℱ ⃑⃗𝑥) untouched, meaning that all the rules applied

involved non­terminals unrelated to the term ℱ ⃑⃗𝑥. Clearly it is the case that
𝑝0 = 𝑡(ℱ0 ⃑⃗𝑥0) ↠ℛ 𝑡′(ℱ0 ⃑⃗𝑥0) and 𝑝1 = 𝑡′(ℱ ⃑⃗𝑥) →+

ℛ 𝑡′(ℱ0 ⃑⃗𝑥0).
2. ℱ still occurs in 𝑝1 = 𝑡′(ℱ ⃑⃗𝑥1) but some change occurred in the terms ⃑⃗𝑥.

Since all the rules are type preserving it is still possible to reduce ℱ ⃑⃗𝑥1 and
obtain 𝑡′(ℱ ⃑⃗𝑥1) →+

ℛ 𝑡′(ℱ0 ⃑⃗𝑦), while clearly 𝑡((ℱ0 ⃑⃗𝑥0)) ↠ℛ 𝑡′(ℱ0 ⃑⃗𝑦). Note that
if 𝑡 →ℛ 𝑝0 is a pattern matching rule, no internal reduction can modify the
external form of the principal term.

3. ℱ ⃑⃗𝑥 has been deleted by some reduction in 𝑡(ℱ ⃑⃗𝑥) ↠ℛ 𝑝1. Then it follows
that 𝑡(ℱ0 ⃑⃗𝑥0) ↠ℛ 𝑝1.

4. ℱ ⃑⃗𝑥 has been reduced in the process 𝑡(ℱ ⃑⃗𝑥) ↠ℛ 𝑡′(ℱ ⃑⃗𝑥) →ℛ 𝑡′(ℱ0 ⃑⃗𝑥0) ↠ℛ 𝑝1.
All of the rules being deterministic, it follows that 𝑡(ℱ0 ⃑⃗𝑥0) ↠ℛ
↠ℛ 𝑡′(ℱ0 ⃑⃗𝑥0) ↠ℛ 𝑝1.
Confluence follows from the proved property.

Corollary 8.14. The relation↠ℛ is weakly normalising.



9. Cut reduction

The elimination of cut from a system constitutes an entire subject of study in
proof theory. In the previous chapter we have seen how cut­formulas contribute
to determine the order of the recursion scheme. An instance of a cut corresponds
to the introduction of an intermediate step in the computation, on the complex­
ity of which we have no direct control. It is treated at the level of the Herbrand
scheme as a functional application of one branch to the other, with a consequent
nesting between the two processes. In this chapter we will proceed to show two
important results: the cut­reduction property of ICA, and the preservation of
the language of Herbrand schemes during this process.

Because ICA is a cyclic system, we will not be able to rely on the usual method
of cut­elimination for finitary systems, that consists in iteratively reducing the
topmost cut. In the context of ill­founded and cyclic proofs, a useful method to
obtain the result is to implement a continuous cut­reduction strategy. In gen­
eral terms, it consists in building a proof from the root where each instance of a
cut is reduced to a rank that is below the maximal rank of the initial proof, and
produce a potentially infinite proof at the limit of the process. Independently
on whether the initial proof is cyclic or ill­founded, the result of the process will
be a proof with potentially infinitely long branches.

Such a method has been applied in various contexts, for example by Fortier
and Santocanale (2013), Baelde et al. (2016), Saurin (2023), Acclavio et al.
(2024) and Afshari and Leigh (2026). The strategy for the reduction of the rank
of a single instance of a cut­formula is straightforward, following the lines of the
strategy used for the Hauptsatz on finite proofs. What is usually not trivial, and
differs from system to system, is the method adopted to prove that the obtained
derivation is still a proof. After the process of cut­reduction, in fact, there is
no certainty that a global property like the global trace condition – necessary
in the case of ill­founded and cyclic proofs – is preserved and transferred into
the obtained pre­proof. The same is true of regularity, the consequence being
that starting from a cyclic proof is not guarantee of an infinite regular proof as a
result.

In this chapter we give a direct proof of cut­reduction for the system ICA,
adapting the method of continuous cut­elimination to our proof system. In or­
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der to show preservation of good traces we will exploit the fact that the system is
intuitionistic, and the specific form of the inductive formulas given by the fixed
point quantifiers.

9.1. Ill­founded proofs, multicut and other preliminaries
The cut­reduction strategy necessitates the introduction of a new rule calledmul­
ticut. It is a variant of the cut rule with a flexible number of premises, that is
usually presented as below, with each 𝛼𝑖 for 0 ≤ 𝑖 < 𝑛 occurring in some Γ𝑗 for
𝑗 < 𝑖.

Γ𝑛 ⇒𝜋𝑛 𝛼𝑛 Γ𝑛−1 ⇒𝜋𝑛−1 𝛼𝑛−1 … Γ0 ⇒𝜋0 𝛼0 mΓ ⇒𝜋 𝛼0
The base case of 𝑛 = 0 is the trivial instance of multicut where the conclusion
correponds to the single premise, while for 𝑛 = 1 we have the canonical cut
rule. An alternative way of thinking the multicut is to consider it as a compact
way of expressing a derivation in which only cut rules occur. For example, the
derivation

Γ3 ⇒𝜋3 𝛼3
Γ2 ⇒𝜋2 𝛼2 𝛼3, 𝛼2, Γ1 ⇒𝜋1 𝛼1cut 𝛼3, Γ2, Γ1 ⇒𝜋𝛣 𝛼1cut Γ3, Γ2, Γ1 ⇒𝜋𝛢 𝛼1 𝛼1, Γ0 ⇒𝜋0 𝛼0cut Γ3, Γ2, Γ1, Γ0 ⇒𝜋 𝛼0

has a concise representation as a single instance of multicut

Γ3 ⇒𝜋3 𝛼3 Γ2 ⇒𝜋2 𝛼2 𝛼3, 𝛼2, Γ1 ⇒𝜋1 𝛼1 𝛼1, Γ0 ⇒𝜋0 𝛼0 mΓ3, Γ2, Γ1, Γ0 ⇒𝜋 𝛼0
It is not hard to see that each multicut can correspond to different derivations,
with the same nodes and conclusion just arranged in different manners. From
the perspective of the multicut, it is irrelevant in which way we decide to expand
it, since all the possibilities are considered equivalent.

From now on c indicates an instance of a multicut. In order to define the
multicut tree of a given c, we name 𝛲 the function that maps each multicut­
formula that is on the right­hand side of its sequent, to the corresponding sibling
multicut­formula on the left­hand side of another sequent.
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Definition 9.1 (Multicut tree). Let c be an instance of a multicut with 𝑛 premises.
For every 0 < 𝑖 ≤ 𝑛 − 1, 𝛲 maps every right­hand side formula 𝛼𝑖 to a formula
𝛼𝑗 ∈ Γ𝑗 such that 𝛼𝑖 = 𝛼𝑗 and 𝑗 < 𝑖. Call multicut tree 𝛵(c) the finite tree such that

• Γ ⇒ 𝛼0 is the root
• for every 0 < 𝑖 ≤ 𝑛 − 1 and 0 ≤ 𝑗 < 𝑛 − 1, if 𝛲(𝛼𝑖) ∈ Γ𝑗 then Γ𝑗 ⇒ 𝛼𝑗 is the
ancestor node of Γ𝑖 ⇒ 𝛼𝑖

Notice that the intuitionistic restriction on the right­hand side of sequents results
in a definition of multicut trees that necessarily contains no loops. The multicut
above, for example, corresponds to the following tree, where each edge represents
an instance of a cut that occurs between the two vertices.

𝛼2, Γ3 ⇒𝜋3 𝛼

𝛼0, 𝛼1, Γ2 ⇒𝜋2 𝛼2

Γ0 ⇒𝜋𝑛 𝛼0 Γ1 ⇒𝜋1 𝛼1

In light of the future strategy for cut­reduction, we opt for a variation on the
definition of multicut. The reason for such a choice comes from the necessity to
treat the left equality rule L=. Similarly to the motivation for introducing the
multicut, to treat the case where another cut occurs immediately above the one
that is being removed

Γ0 ⇒ 𝜓 𝜓, Γ1 ⇒ 𝜙
cut Γ ⇒ 𝜙 𝜙, Δ ⇒ 𝜒

cut Γ, Δ ⇒ 𝜒

it is not always possible to simply permute L= with a cut (or multicut) when the
substitution affects some cut formulas, as in this example

Θ ⇒ 𝜙[𝑠]

𝜙′[𝑥], Γ[𝑥, 𝑥] ⇒ 𝜓[𝑥]
R 𝜙[𝑥], Γ[𝑥, 𝑥] ⇒ 𝜓[𝑥]

L= 𝑡 = 𝑠, 𝜙[𝑠], Γ[𝑡, 𝑠] ⇒ 𝜓[𝑡] 𝜓[𝑡], Δ ⇒ 𝜒
mΘ, Γ′[𝑡, 𝑠], Δ ⇒ 𝜒
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where 𝑡 = 𝑠 might, or might not, appear in Γ′. A strategy could be to leave the
left equality rule on top of the multicut, permuting it every time with the rule
immediately above.

Θ ⇒ 𝜙[𝑠]

𝜙′[𝑥], Γ[𝑥, 𝑥] ⇒ 𝜓[𝑥]
L= 𝑡 = 𝑠, 𝜙′[𝑠], Γ[𝑡, 𝑠] ⇒ 𝜓[𝑡]
R 𝑡 = 𝑠, 𝜙[𝑠], Γ[𝑡, 𝑠] ⇒ 𝜓[𝑡] 𝜓[𝑡], Δ ⇒ 𝜒

mΘ, Γ′[𝑡, 𝑠], Δ ⇒ 𝜒
However, it could be the case that the rule immediately above is itself a L=, leav­
ing us with a perpetuous exchange of order between the two. The best solution
is to condense all the L= steps on top of a premise of a multicut into one single
generalised rule LL=.

Γ ⇒ 𝜙
LL=𝑡0 = 𝑠0, … , 𝑡𝑛 = 𝑠𝑛, Γ∗ ⇒ 𝜙∗

with the asterisk indicating the possible sequence of subtitutions resulting from
all the instances of L=. The introduction of LL= follows the same strategy and
motivation for the introduction of the multicut, condensing a series of steps into
one inference for the purpose of tractability. Analogously, then, each instance of
a LL= can be seen as a single­branch derivation with only L= as inference rule.
For example, the proof

Θ ⇒ 𝜙[𝑠, 𝑟]

𝜙[𝑥, 𝑦], 𝜙[𝑥, 𝑦], Γ[𝑥, 𝑦] ⇒ 𝜓[𝑥, 𝑦]
C 𝜙[𝑥, 𝑦], Γ[𝑥, 𝑦] ⇒ 𝜓[𝑥, 𝑦]

L= 𝑡 = 𝑠, 𝜙[𝑠], Γ[𝑡, 𝑠] ⇒ 𝜓[𝑡]
L= 𝑡 = 𝑠, 𝑟 = 𝑞, 𝜙[𝑠, 𝑟], Γ[𝑡, 𝑠, 𝑞] ⇒ 𝜓[𝑡, 𝑟] 𝜓[𝑡, 𝑟], Δ ⇒ 𝜒

mΘ, Γ′[𝑡, 𝑠], Δ ⇒ 𝜒

is equivalently expressed as

Θ ⇒ 𝜙[𝑠, 𝑟]

𝜙[𝑥, 𝑦], 𝜙[𝑥, 𝑦], Γ[𝑥, 𝑦] ⇒ 𝜓[𝑥, 𝑦]
C 𝜙[𝑥, 𝑦], Γ[𝑥, 𝑦] ⇒ 𝜓[𝑥, 𝑦]

LL= 𝑡 = 𝑠, 𝑟 = 𝑞, 𝜙[𝑠, 𝑟], Γ[𝑡, 𝑠, 𝑞] ⇒ 𝜓[𝑡, 𝑟] 𝜓[𝑡, 𝑟], Δ ⇒ 𝜒
mΘ, Γ′[𝑡, 𝑠, 𝑞], Δ ⇒ 𝜒

In order to alleviate the notation, in the rest of the thesis we will use mc to
indicate an instance of a multicut with possibly an occurrence of LL= on top of
each premise. Such an instance can be left implicit when not directly relevant.

From the perspective of recursion schemes, the fact that a multicut is readable
as a series of cuts and substitutions suggests that the corresponding rewrite rule
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should be some form of generalisation of the cut rule. Recall that from the
perspective of the language of recursion schemes, left equality’s only effect is
removing terms of the unit type. In Table 5 the rewrite rule associated to cut
was

ℱ𝜋 ⃑⃗𝑥 ⟶ ℱ𝜋1(ℱ𝜋0 ⃑⃗𝑥0)⃑⃗𝑥1
where the term corresponding to the left­hand side premise is given as argument
to the non­functional corresponding to the right­hand side premise. The rewrite
rule for the multicut can be expressed schematically as

ℱ𝜋 ⃑⃗𝑥 ⟶ ℱ𝑛((ℱ𝑛−1(…ℱ𝑛−𝑖𝑥𝑛−𝑖) … 𝑥𝑛−1) … (ℱ𝑛−𝑗(…ℱ0𝑥0) … 𝑥𝑛−𝑗)𝑥𝑛)

where the nesting of the non­terminals is implicitly reflecting the dependency
represented in the multicut tree. Each non­terminal ℱ𝑘 receives as input its part
⃑⃗𝑥𝑘 of the input terms, together with all the terms corresponding to its descendants
in the multicut­tree. For example, to the following instance of a multicut

𝜂′ ⇒𝜋3 𝜂 𝛾′ ⇒𝜋2 𝛾 𝛼′ 𝛾 ⇒𝜋1 𝛼 𝛼 𝛽 𝜂 ⇒𝜋0 𝜉
mc𝛾′ 𝛼′ 𝜂′ 𝛽 ⇒𝜋 𝜉

corresponds the production rule

ℱ𝜋𝑥𝛾′𝑥𝛼′𝑥𝜂′𝑥𝛽 ⟶ℱ0(ℱ1(ℱ2𝑥𝛾′)𝑥𝛼′)(ℱ3𝑥𝜂′)𝑥𝛽
In order to simplify the notation, the convention is that when the focus is on
some specific premise, for example the (𝑚 + 1)­th sequent as in

ℳ𝑙 Γ ⇒𝑚 𝛼 ℳ𝑟
Δ ⇒𝜋 𝜉

the order of the antecedents is informally rearranged so that all and only the
premises that are above Γ ⇒𝑚 𝛼 in the multicut­tree appear to its left, i.e., in
ℳ𝑙. Notice that that corresponds to a simple horizontal exchange between
branches in the multicut tree, so nothing differs in substance.

Example 9.2. With respect to the multicut instance above, if the focus is on 𝜋1 the
order is instantly rearranged as follows

𝛾′ ⇒𝜋2 𝛾 𝛼′ 𝛾 ⇒𝜋1 𝛼 𝜂′ ⇒𝜋3 𝜂 𝛼 𝛽 𝜂 ⇒𝜋0 𝜉
𝛾′ 𝛼′ 𝜂′ 𝛽 ⇒𝜋 𝜉
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and the reduction rule can be expressed in a compact way as

ℱ𝜋 ⃑⃗𝑥Γ ⟶ ℱℳ𝑟
(ℱ1𝑥𝛼′ℱℳ𝑙

)

withℱℳ𝑟
≡ ℱ0𝑥𝛽(ℱ3𝑥𝜂′) andℱℳ𝑙

≡ (ℱ2𝑥𝛾′).

This stipulation allows us to concisely express the rewrite scheme for a multicut
as

ℱ𝜋 ⃑⃗𝑥 ⟶ ℱℳ𝑟
(ℱ𝑚 ⃑⃗𝑥𝑚(ℱℳ𝑙

⃑⃗𝑥𝑙)) ⃑⃗𝑥𝑟 (9.1)

In this schematic presentation we implicitly include the steps corresponding to
LL=, which consist in the removal of some terms from ⃑⃗𝑥 when distributing them
into ⃑⃗𝑥𝑙, ⃑⃗𝑥𝑟. In the few cases below where we will need to specify that step, we will
take the following as scheme for LL=

ℱ𝜋 ⃑⃗𝑦 ⃑⃗𝑥 ⟶ ℱ𝜋′ ⃑⃗𝑥 (9.2)

Before moving to the next section, it is necessary to introduce two new proof sys­
tems with the multicut rule. First, we call ICA𝑚 the system obtained from ICA
by adding mc to the list of rules. That the two systems are equivalent in terms of
provability is straightforward, from the fact that any multicut can be simulated
by a finite tree with only instances of cuts and L=. Instead of considering cut as
a particular case of of multicut with just two premises, as it would be possible,
we prefer to keep both rules separate to have a better control over the process of
cut­reduction.

The second system is the ill­founded version of ICA, with the possible ad­
dition of the multicut rule. A pre­proof in the system IA∞ of intuitionistic ill­
founded arithmetic is a finitely branching, potentially infinite tree, where the
labelling follows the rules of ICA𝑚, and each leaf is labelled with an axiom.

Definition 9.3. A pre­proof of IA∞ is a possibly infinite finitely­branching tree where
each node is labelled according to the rules in Table 1, with the addition of the rule
mc above. A pre­proof of IA∞ is a proof if it satisfies the global trace condition of
Definition 6.5.

Theorem 9.4. For every cyclic proof 𝜋 in ICA there exists a ill­founded proof 𝜋′ in
IA∞ with the same end­sequent.

Proof. All the rules of ICA are also rules of IA∞ and the two systems have the
same global trace condition. The infinite derivation obtained by iteratively un­
folding each cycle of 𝜋 is a proof 𝜋′ in the system IA∞.
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As mentioned in the introduction, we do not expect the converse to be true, since
ill­founded systems are in general more powerful than their cyclic versions. That
does not constitute a problem for us, since most of the properties and theorems
can be transferred from one system to the other, as it is the case, for example, of
confluence of the recursion scheme.

Corollary 9.5. For every IA∞ proof 𝜋 and Herbrand scheme ℋ𝜋, the resulting
relation↠ℛ is confluent.

Proof. Given the interpretation of multicut as a proof­tree with only cut and L=
rules, the rewrite rules in ℛ follow the same schemes of ICA proofs, defined in
table 5. The same argument in the proof of Theorem 8.13 applies.

9.2. Cut­reduction strategy
The main goal of this section is to show that from any two proofs that differ
only in the application of some cut­reduction step, the two recursion schemes
generate the same language, i.e., sets of closed terms. First we define the strategy
for cut­reduction. In many cases the strategy follows the usual steps from the
literature, but there are some differences to point out. Each one of the reduction
steps generates one of two possible effects: either it expands the derivation below
the multicut, possibly splitting the multicut in two separate branches, in which
case we call the step productive; or it modifies the premises of the multicut, con­
suming part of the derivation above, in which case we call the step absorbing.

Overall, we consider all the last rules applied above the premises of a mul­
ticut. The main distinction in the strategy depends on whether the principal
formula in a rule R is a cut­formula or it is not, in which case we refer to it as
a side­formula. The table below organises all the possible cases according to the

Productive Absorbing

Side­formula unary R→, R∨𝑖, R∃𝑖, L∧, L∀,W,C,0 L=
binary L→, L∨ , L∃, R∧, R∀ cut

Cut­formula =,→, ∀ ∨, ∧, ∃, W, C

two conditions just mentioned, with the exception of the exchange rule, since
the order is assumed to be implicitly fixed at every step as in the rest of the work.
Since in all the axioms with the exception of 0 all the formulas are considered
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𝛭𝑙

Γ′𝑖 ⇒ 𝛼′𝑖 RΓ𝑖 ⇒ 𝛼𝑖 𝛭𝑟 mcΓ ⇒ 𝛼

⇝
𝛭𝑙 Γ′𝑖 ⇒ 𝛼′𝑖 𝛭𝑟 mcΓ′ ⇒ 𝛼′ RΓ ⇒ 𝛼

𝛭𝑙

Γ′ ⇒ 𝛼′𝑖 Γ″ ⇒ 𝛼″𝑖 RΓ𝑖 ⇒ 𝛼𝑖 𝛭𝑟 mcΓ ⇒ 𝛼

⇝
𝛭′

𝑙 Γ′𝑖 ⇒ 𝛼′𝑖 𝛭′
𝑟 mcΓ′ ⇒ 𝛼′

𝛭″
𝑙 Γ″𝑖 ⇒ 𝛼″𝑖 𝛭″

𝑟 mcΓ″ ⇒ 𝛼″ RΓ ⇒ 𝛼

00 = 0′ ⇒0 𝑡 = 𝑠 𝑡 = 𝑠, Γ𝑖 ⇒ 𝛼𝑖 𝛭𝑟 mc0 = 0′, Γ ⇒ 𝛼

⇝ 00 = 0′ ⇒0 𝑡 = 𝑠
𝑡 = 𝑠, Γ𝑖 ⇒ 𝛼𝑖 𝛭𝑟 mc𝑡 = 𝑠, Γ ⇒ 𝛼 cut0 = 0′, Γ ⇒ 𝛼

Table 6.: Non-principal cut-formula, productive cases.

principal, they appear only in the second row under the equality case. Given
an instance of a multicut, a cut­reduction step consists of one of the following
operations.

1. For an instance of a rule R above one of the premises of the multicut whose
principal formula is not a cut­formula, proceed to simplify R according to the
reductions in table 6. The first scheme applies to the rules with one premise
(unary), while the second scheme covers those rules that are binary. In both
cases if R is a right­rule then the sequent in focus must be the rightmost, i.e.,
the only one whose principal right formula is not a cut­formula. That means
that ℳ𝑟 is empty. In both cases R permutes with mc, possibly splitting
into two different multicuts in the second case. The last scheme presents the
specific case of the arithmetic axiom 0 when 0 = 0′ is not a cut­formula and
appears in the conclusion. The atomic cut is permuted below the multicut,
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𝛭𝑙

Γ′ ⇒ 𝜙 𝜙, Γ″ ⇒ 𝛼𝑖 cutΓ𝑖 ⇒ 𝛼𝑖 𝛭𝑟 mcΓ ⇒ 𝛼

⇝ 𝛭𝑙 Γ′ ⇒ 𝜙 Γ″ ⇒ 𝛼𝑖 𝛭𝑟 mcΓ ⇒ 𝛼

𝛭𝑙

Γ′ ⇒ 𝛼′𝑖 L=𝑡 = 𝑠, Γ″𝑖 ⇒ 𝛼″𝑖 LL=𝑡 = 𝑠, ⃑⃗𝑡𝑖 = 𝑠𝑖, Γ𝑖 ⇒ 𝛼𝑖 𝛭𝑟 mcΓ ⇒ 𝛼

⇝ 𝛭𝑙

Γ′ ⇒ 𝛼′𝑖 LL=𝑡 = 𝑠, ⃑⃗𝑡𝑖 = 𝑠𝑖, Γ𝑖 ⇒ 𝛼𝑖 𝛭𝑟 mcΓ ⇒ 𝛼

Table 7.: Non-principal cut-formula, absorbing cases.

since its rank is 0.16

2. For R an instance of cut or L= we have the schemes of table 7, where the
rules are absorbed by mc as desired, either at the level of m or LL=.

3. A pair of identical cut­formulas that are both principal in their respective
rules is treated as in table 8, if they are atomic, implication or universal for­
mulas. The first scheme covers most of the possible cases for a principal
atomic formulas. In particular, R can be R= or any of the arithmetic axioms
where the right­hand side formula is principal, hence all except 0, which has
been treated already above. We put 𝑡′ = 𝑠′ between parentheses to indicate
that the only case in which there is a formula on the left­hand side is if R is
the axiom s=. Notice, however, that in that case we assume 𝑡′ = 𝑠′ is not a
cut­formula, the reason for that will become clear later. The other formula
of the pair is principal on the left­hand side of another premise of the mul­
ticut. The first scheme covers the cases where such a formula is principal in
a L= or s= rule. The only three other possibilities where an atomic formula
is principal on the left are weakening and contraction, treated in the general
case in table 9, and the axiom 0, whose scheme is given as second instance

16 Notice that the end­sequent is in principle derivable by Lemma 6.8 and weakening, but
that would replace part of the old derivation with an unrelated new proof, with potential
loss of content and it would make it impossible to prove Lemma 9.7.
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in table 8.17 The third and fourth schemes present the treatment of → and
∀ formulas. We will comment on them in details below, after the whole
strategy has been presented.

R(𝑡′ = 𝑠′) ⇒ 𝑡 = 𝑠 L=/s=𝑡 = 𝑠, Γ𝑖 ⇒ 𝛼𝑖 𝛭𝑟 mcΓ ⇒ 𝛼

⇝ R(𝑡′ = 𝑠′) ⇒ 𝑡 = 𝑠
LL=/s=𝑡 = 𝑠, Γ𝑖 ⇒ 𝛼𝑖 𝛭𝑟 mc𝑡 = 𝑠, Γ ⇒ 𝛼 cutΓ ⇒ 𝛼

𝛭𝑙 Γ𝑖+1 ⇒ 𝑡′ = 0 0𝑡′ = 0 ⇒ 𝑟 = 𝑠 𝛭𝑟 mcΓ ⇒ 𝛼

⇝
𝛭𝑙 Γ𝑖+1 ⇒ 𝑡′ = 0 mcΓ′ ⇒ 𝑡′ = 0

0𝑡′ = 0 ⇒ 𝑟 = 𝑠 𝛭𝑟 mc𝑡′ = 0, Γ″ ⇒ 𝛼 cutΓ ⇒ 𝛼

𝛭𝑙

𝜓0, Γ𝑖 ⇒ 𝜓1 R→Γ𝑖 ⇒ 𝜓0 → 𝜓1
Γ′𝑖+1 ⇒ 𝜓0 𝜓1, Γ″𝑖+1 ⇒ 𝛼𝑖+1 L→𝜓0 → 𝜓1, Γ𝑖 ⇒ 𝛼𝑖+1 𝛭𝑟
Γ ⇒ 𝛼

⇝
𝛭′

𝑙 Γ′𝑖+1 ⇒ 𝜓0 mcΓ′ ⇒ 𝜓0
𝛭″

𝑙 𝜓0, Γ𝑖 ⇒ 𝜓1 𝜓1, Γ″𝑖+1 ⇒ 𝛼𝑖+1 𝛭𝑟 mc𝜓0, Γ″ ⇒ 𝜙
cutΓ ⇒ 𝜙

𝛭𝑙

Γ′𝑖 ⇒ 𝜓(𝑘) Γ″𝑖 ⇒ ∀𝑥 ≥ 𝑘′ 𝜓
R∀Γ𝑖 ⇒ ∀𝑥 ≥ 𝑘𝜓

𝜓(𝑘), ∀𝑥 ≥ 𝑘′ 𝜓, Γ𝑗 ⇒ 𝛼
L∀∀𝑥 ≥ 𝑘𝜓, Γ𝑗 ⇒ 𝛼 𝛭𝑟 mcΓ ⇒ 𝜙

⇝
𝛭′

𝑙 Γ′𝑖 ⇒ 𝜓(𝑘)
mcΓ𝑙 ⇒ 𝜓(𝑘)

𝛭″
𝑙 Γ″𝑖 ⇒ ∀𝑥 ≥ 𝑘′ 𝜓 𝜓(𝑘), ∀𝑥 ≥ 𝑘′ 𝜓, Γ𝑗 ⇒ 𝛼 𝛭𝑟 mc𝜓(𝑘), Γ𝑟 ⇒ 𝜙

cutΓ ⇒ 𝜙

Table 8.: Principal cut-formula, productive steps

17 As in the non­principal case, we could resort to Lemma 6.8 to drop part of the multicut,
but we opt for another strategy to preserve the continuity with the original proof.
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4. A pair of identical cut­formulas that are both principal in their respective
rules is treated as in the table 9 in the remaining cases, that is if the principal
connective is ∨, ∃, ∧. The first scheme works for both disjunction and exist­
ential, the second scheme covers conjunction. Finally, the last two schemes
are for any case where a cut­formula is principal on the left­hand side of
its sequent, and it is the result of a weakening or contraction rule. In the
former case 𝛭𝑙 becomes 𝛭′

𝑙 after the reduction to indicate that a number of
the premises related to the deleted sequent have been dropped.

𝛭𝑙

Γ𝑖 ⇒ 𝛼′𝑖 R∃/R∨Γ ⇒ 𝛼𝑖
𝛼″𝑖 , Γ′𝑖−1 ⇒ 𝛼𝑖−1 𝛼‴𝑖 , Γ″𝑖−1 ⇒ 𝛼𝑖−1 L∃/L∨𝛼𝑖, Γ𝑖−1 ⇒ 𝛼𝑖−1 𝛭𝑟 mcΓ ⇒ 𝛼

⇝
𝛭′

𝑙 Γ𝑖 ⇒ 𝛼′𝑖 𝛼′𝑖, Γ𝑖−1 ⇒ 𝛼𝑖−1 𝛭𝑟 mcΓ′ ⇒ 𝛼 WΓ ⇒ 𝛼

𝛭𝑙

Γ′𝑖 ⇒ 𝛼0 Γ″𝑖 ⇒ 𝛼1 R∧Γ ⇒ 𝛼0 ∧ 𝛼1
𝛼0, 𝛼1, Γ𝑖−1 ⇒ 𝛼𝑖−1 L∧𝛼0 ∧ 𝛼1, Γ𝑖−1 ⇒ 𝛼𝑖−1 𝛭𝑟 mcΓ ⇒ 𝛼

⇝ 𝛭′
𝑙 Γ′𝑖 ⇒ 𝛼0 Γ″𝑖 ⇒ 𝛼1 𝛼0, 𝛼1, Γ𝑖−1 ⇒ 𝛼𝑖−1 𝛭𝑟 mcΓ′ ⇒ 𝛼

𝛭𝑙 Γ𝑖+1 ⇒ 𝜙
Γ𝑖 ⇒ 𝛼𝑖 W𝜙, Γ𝑖 ⇒ 𝛼𝑖 𝛭𝑟 mcΓ ⇒ 𝛼

⇝
𝛭′

𝑙 Γ𝑖 ⇒ 𝛼𝑖 𝛭𝑟 mcΓ′ ⇒ 𝛼 WΓ ⇒ 𝛼

𝛭𝑙 Γ𝑖+1 ⇒ 𝜙
𝜙, 𝜙, Γ𝑖 ⇒ 𝛼𝑖 C𝜙, Γ𝑖 ⇒ 𝛼𝑖 𝛭𝑟 mcΓ ⇒ 𝛼

⇝
𝛭𝑙 𝛭𝑙 Γ𝑖+1 ⇒ 𝜙 Γ𝑖+1 ⇒ 𝜙 𝜙, 𝜙, Γ𝑖 ⇒ 𝛼𝑖 𝛭𝑟 mcΓ′ ⇒ 𝛼 CΓ ⇒ 𝛼

Table 9.: Principal cut-formula, absorbing steps
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This concludes the list of cut­reduction steps that compose the reduction strategy.
The next lemma shows that the list covers all the possible cases, in the sense that
in every possible scenario there is at least one reduction that can be applied.

Lemma 9.6. For any instance of a multicut there is always one of the reductions
above that can be performed.

Proof. Proceed by cases. If there is at least one premise of the multicut where the
first rule R above m and LL= has a principal formula that is not a cut­formula
(tables 6 and 7), then it is always possible to perform the corresponding reduc­
tion. Consider the scenario where all the principal formulas in the premises of
mc are cut­formulas.

That at least one pair of cut­formulas exists such that both of them are prin­
cipal in their rules, is a consequence of the finitary nature of each multicut­tree.
Starting from the root of the tree, which by assumption is the result of a left­rule,
and following the branch of the tree indicated by the principal cut­formulas, a
pair as such has to be reached, since otherwise the leaf of said branch would be
the result of a left rule itself, that is, with a side­formula as principal, contrary
to the assumption. By construction, each pair of cut­formulas presents the same
identical formula in both premises. Notice that the cut­formula appearing on
the right­hand side of its sequent arrow is always the result of its corresponding
right­rule. Leving aside the case of atomic formulas, every other cut­formula on
the left of its sequent arrow is principal in either the rule of its main connective,
or it is the result of weakening or contraction. All of these cases are covered in
table 9 and in the second part of table 8.

The last remaining possibility is if the cut­formula is atomic. The first two
schemes of table 8 deal with all of the possible cases, except for the particular situ­
ation where both sides of s= are cut­formulas. If that is the case, then another
cut between atomic formulas occurs to the left of the sequent. Assuming that
no other atomic formula is the result of another rule different from s=, because
in that case we already know that we have a reduction possible, and relying on
the fact that each instance of a multicut is finite, eventually the search for a re­
ducible case ends with a leftmost pair of cut­formulas, both principal in s=. The
first scheme of table 8 shows how to continue.

It remains to discuss the choice of schemes for → and ∀ in table 8. When the
cut­formula to be reduced is either an implication or a universal quantifier, in­
stead of just replacing the two premises of the multicut with their three premises,
the strategy lets one of the two cuts on formulas with lower rank to survive below
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the new instance of the multicut.
The idea of a different treatment for the implication case appeared in the work

by Afshari and Leigh (2026), that was an inspiration for the strategy presented
here. The purpose of the change is to satisfy the necessity to reduce in the pro­
cess only those traces that do not change side with respect to the sequent arrow.
Compare the strategy presented above with the one standard in the literature

𝛭𝑙

𝜓0, Γ𝑖 ⇒ 𝜓1 R→Γ𝑖 ⇒ 𝜓0 → 𝜓1
Γ′𝑖+1 ⇒ 𝜓0 𝜓1, Γ″𝑖+1 ⇒ 𝛼𝑖+1 L→𝜓0 → 𝜓1, Γ𝑖 ⇒ 𝛼𝑖+1 𝛭𝑟
Γ ⇒ 𝛼

⇝ 𝛭𝑙 Γ′𝑖+1 ⇒ 𝜓0 𝜓0, Γ𝑖 ⇒ 𝜓1 𝜓1, Γ″𝑖+1 ⇒ 𝛼𝑖+1 𝛭𝑟 mcΓ ⇒ 𝜙

Notice how, before the reduction, the traces originating in the cut­formula𝜓0 →
𝜓1 and following the formula 𝜓0, change side in the sequents Γ′𝑖+1 ⇒ 𝜓0 and
𝜓0, Γ𝑖 ⇒ 𝜓1 with respect to the arrow, after their respective implication rule. The
standard reduction keeps reducing all of the traces after the implication has been
simplified. The same does not happen with the reduction presented in table 8,
where the two instances of 𝜓0 are cut against each other below of the multicuts.
That is fine because the cut has a lower rank than the original one. On the
other hand, both traces following 𝜓1 do not change orientation with respect to
the sequent arrow, are kept as premises of the multicut in both strategies, and
the formulas will be eventually simplified further. Later it will be necessary to
talk about traces that were removed or preserved in the process. A fundamental
part of the proof of cut­reduction requires to show that traces of the first kind –
called external – are preserved, justifying the particular choice made about their
reduction.

In the present work we extend the same strategy to the universal case. The
choice is not a matter of orientation, rather it is made to keep the process of
reduction focused on the outermost layer of quantifiers. Once again, when later
we will be talking about the removal of traces, it will not be problematic if some
infinite trace is preserved, as long as it follows a quantified formula with lower
rank. Notice that the same change in strategy is not necessary in the case of a pair
of existential formulas, because at every reduction step one of the two premises
of the left rule is discharged, depending on the case.

We move now towards a fundamental lemma, showing that the language of
a Herbrand scheme is invariant to the process of cut­reduction. The argument
proceeds as follows. Let 𝜋 be a proof in the system ICA𝑚, and indicate with 𝜋′
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the proof obtained from 𝜋 after the application of one multicut­reduction steps
described above. The two corresponding recursion schemes are ℋ𝜋,ℋ𝜋′. By
definition ℋ𝜋 and ℋ𝜋′ share the same non­terminals and rules, except for the
non­terminals involved in the cut reduction step, and the corresponding rules.
It is straightforward that any series of reductions to a term 𝑠 in normal form that
does not go through these rules belongs to both schemes.

Proceeding the analysis by cases, the lemma shows that, whenever the non­
terminals directly involved in the reduction are processed on the one side, it is
possible to generate the same outcome in the other system. Without loss of
generality, in the proof we assume that the relevant non­terminals are computed
in straight sequence in both systems, i.e., without interjecting reductions of other
non­terminals. That is possible because any other reduction that is not directly
related belongs to both schemes, hence can be applied in identical fashion to
both reductions, with the same effects on both terms. Since none of the terms
produced at this stage of computation can be in normal form – by definition –
neither of the reductions terminates before the whole sequence generated by the
reduction step has been completed.

Lemma 9.7. Let 𝜋′ be the proof in ICA𝑚 obtained from 𝜋 after the application of
one multicut­reduction step. For every term 𝑠 in normal form: ℱ𝜋

⊥ ↠ 𝑠 if and only
ifℱ𝜋′

⊥ ↠ 𝑠.

Proof. Given the two schemes ℋ𝜋,ℋ𝜋′ we prove both directions of the lemma
simultaneously, by checking all the possible cases in which the two rewrite rela­
tions differ on an instance of a multicut due to a cut­reduction step. The rest of
the rewrite rules and non­terminals are shared between the two systems.

1. The principal formula of a unary rule R is not a cut­formula. The template
is the first of table 6.

Example: R = L∀

𝛭𝑙

𝜙(𝑡), ∀𝑥 ≥ 𝑡′ 𝜙, Γ𝑖 ⇒𝑖′ 𝛼𝑖 L∀∀𝑥 ≥ 𝑡 𝜙, Γ𝑖 ⇒𝑖 𝛼𝑖 𝛭𝑟 mc∀𝑥 ≥ 𝑡 𝜙, Γ ⇒ 𝛼

⇝
𝛭𝑙 𝜙(𝑡), ∀𝑥 ≥ 𝑡′ 𝜙, Γ𝑖 ⇒𝑖′ 𝛼𝑖 𝛭𝑟 mc𝜙(𝑡), ∀𝑥 ≥ 𝑡′ 𝜙, Γ′ ⇒𝑚 𝛼′

L∀∀𝑥 ≥ 𝑡 𝜙, Γ ⇒ 𝛼
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The two columns contain the progressions of ℋ𝜋 and ℋ𝜋′ respectively.

ℱ(𝑧, 𝑤) ⃑⃗𝑥 ℱ(𝑧, 𝑤) ⃑⃗𝑥
mc⟶ ℱℳ𝑟

(ℱ𝑖(𝑧, 𝑤) ⃑⃗𝑥𝑖ℱℳ𝑙
) L∀⟶ℱ𝑚𝑧, 𝑤 ⃑⃗𝑥

L∀⟶ℱℳ𝑟
(ℱ𝑖′𝑧 𝑤 ⃑⃗𝑥𝑖′ℱℳ𝑙

) mc⟶ℱℳ𝑟
(ℱ𝑖′𝑧 𝑤 ⃑⃗𝑥𝑖′ℱℳ𝑙

)

Example: R = R∃0

𝛭𝑙

Γ0 ⇒𝑖′ 𝜙(𝑡) R∃0Γ0 ⇒𝑖 ∃𝑥 ≥ 𝑡 𝜙
mcΓ ⇒ ∃𝑥 ≥ 𝑡 𝜙

⇝
𝛭𝑙 Γ0 ⇒𝑖′ 𝜙(𝑡) mcΓ ⇒𝑚 𝜙(𝑡)

R∃0Γ ⇒ ∃𝑥 ≥ 𝑡 𝜙
The two schemes generate the following reductions.

ℱ ⃑⃗𝑥 ℱ ⃑⃗𝑥
𝑚𝑐⟶ℱ𝑖(ℱ𝛭𝑙

⃑⃗𝑥𝑙) ⃑⃗𝑥0
R∃0⟶𝜇0(ℱ𝑚 ⃑⃗𝑥)

R∃0⟶ 𝜇0(ℱ𝑖′(ℱ𝛭𝑙
⃑⃗𝑥𝑙) ⃑⃗𝑥0)

𝑚𝑐⟶𝜇0(ℱ𝑖′(ℱ𝛭𝑙
⃑⃗𝑥𝑙) ⃑⃗𝑥0)

Example: R=W

𝛭𝑙

Γ𝑖 ⇒𝑖′ 𝛼𝑖 W𝜙, Γ𝑖 ⇒𝑖 𝛼𝑖 𝛭𝑟 mc𝜙, Γ ⇒ 𝛼
⇝

𝛭𝑙 Γ𝑖 ⇒𝑖′ 𝛼𝑖 𝛭𝑟 mcΓ ⇒𝑚 𝛼
W𝜙, Γ ⇒ 𝛼

The two schemes generate the following reductions.

ℱ𝑦 ⃑⃗𝑥 ℱ𝑦 ⃑⃗𝑥
mc⟶ ℱ𝛭𝑟

(ℱ𝑖𝑦 ⃑⃗𝑥𝑖)ℱ𝛭𝑙
⃑⃗𝑥𝑙 ⃑⃗𝑥𝑟

W⟶(ℱ𝑚 ⃑⃗𝑥)
W⟶ℱ𝛭𝑟

(ℱ𝑖 ⃑⃗𝑥𝑖)ℱ𝛭𝑙
⃑⃗𝑥𝑙 ⃑⃗𝑥𝑟

𝑚𝑐⟶ℱ𝛭𝑟
(ℱ𝑖𝑦 ⃑⃗𝑥𝑖)ℱ𝛭𝑙

⃑⃗𝑥𝑙 ⃑⃗𝑥𝑟

2. The principal formula of a binary rule R is not a cut­formula. The template
is the second of table 6.
Example: L∃

𝛭𝑙

𝜙(𝑡), Γ′𝑖 ⇒ 𝛼𝑖 ∃𝑥 ≥ 𝑡′ 𝜙, Γ″𝑖 ⇒ 𝛼𝑖 L∃∃𝑥 ≥ 𝑡 𝜙, Γ𝑖 ⇒ 𝛼𝑖 𝛭𝑟 mc∃𝑥 ≥ 𝑡 𝜙, Γ ⇒ 𝛼

⇝
𝛭′

𝑙 𝜙(𝑡), Γ′𝑖 ⇒ 𝛼𝑖 𝛭𝑟 mc𝜙(𝑡), Γ′ ⇒ 𝛼
𝛭″

𝑙 ∃𝑥 ≥ 𝑡′ 𝜙, Γ″𝑖 ⇒ 𝛼𝑖 𝛭𝑟 mc∃𝑥 ≥ 𝑡′ 𝜙, Γ″ ⇒ 𝛼
L∃∃𝑥 ≥ 𝑡 𝜙, Γ ⇒ 𝛼
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The two schemes generate the following reductions

ℱ𝜇𝑖𝑧 ⃑⃗𝑥 ℱ𝜇𝑖𝑧 ⃑⃗𝑥
mc⟶ℱ𝛭𝑟

(ℱ𝑚𝜇𝑖𝑧 ⃑⃗𝑥𝑚ℱ𝛭𝑙
) L∃⟶ℱ𝑖𝑧 ⃑⃗𝑥𝑖

L∃⟶ ℱ𝛭𝑟
(ℱ𝑖𝑧 ⃑⃗𝑥𝑖ℱ𝛭𝑖

𝑙
) mc⟶ℱ𝛭𝑟

(ℱ𝑖𝑧 ⃑⃗𝑥𝑖ℱ𝛭𝑖
𝑙
)

Example: L→

𝛭𝑙

Γ′𝑖 ⇒0 𝜙 𝜓, Γ″𝑖 ⇒1 𝛼𝑖 L→𝜙 → 𝜓, Γ𝑖 ⇒ 𝛼𝑖 𝛭𝑟 mc𝜙 → 𝜓, Γ ⇒ 𝛼

⇝
𝛭′

𝑙 Γ′𝑖 ⇒0 𝜙 mcΓ′ ⇒𝑙 𝜙
𝛭″

𝑙 𝜓, Γ″𝑖 ⇒1 𝛼𝑖 𝛭𝑟 mc𝜓, Γ″ ⇒𝑟 𝛼 L→𝜙 → 𝜓, Γ ⇒ 𝛼
The rewrite steps are

ℱ𝑧 ⃑⃗𝑥 ℱ𝑧 ⃑⃗𝑥
mc⟶ℱ𝛭𝑟

(ℱ𝑚𝑧 ⃑⃗𝑥𝑚ℱ𝛭𝑙
) L→⟶ℱ𝑟(𝑧ℱ𝑙 ⃑⃗𝑥𝑙 ⃑⃗𝑥𝑟

L→⟶ ℱ𝛭𝑟
(ℱ1(𝑧ℱ0 ⃑⃗𝑥0ℱ𝛭𝑙′

) ⃑⃗𝑥1ℱ𝛭𝑙″
) mc⟶ℱ𝑟(𝑧ℱ0 ⃑⃗𝑥0ℱ𝛭𝑙′

) ⃑⃗𝑥𝑟)
mc⟶ℱ𝛭𝑟

(ℱ1(𝑧ℱ0 ⃑⃗𝑥0ℱ𝛭𝑙′
) ⃑⃗𝑥1ℱ𝛭𝑙″

)

Example: R∀

𝛭𝑙

Γ′0 ⇒0 𝜙(𝑡) Γ″0 ⇒1 ∀𝑥 ≥ 𝑡′ 𝜙
R∀Γ0 ⇒ ∀𝑥 ≥ 𝑡 𝜙

mcΓ ⇒ ∀𝑥 ≥ 𝑡 𝜙

⇝
𝛭′

𝑙 Γ′𝑖 ⇒0 𝜙(𝑡) mcΓ′ ⇒𝑙 𝜙(𝑡)
𝛭″

𝑙 𝜓, Γ″𝑖 ⇒1 ∀𝑥 ≥ 𝑡′ 𝜙
mcΓ″ ⇒𝑟 ∀𝑥 ≥ 𝑡′ 𝜙

R∀Γ ⇒ ∀𝑥 ≥ 𝑡 𝜙
With rewrite steps

ℱ ⃑⃗𝑥 ℱ ⃑⃗𝑥
mc⟶ℱ0(ℱ𝛭𝑙

⃑⃗𝑥𝑙) ⃑⃗𝑥0
R∀⟶𝜈(ℱ𝑙 ⃑⃗𝑥𝑙, ℱ𝑟 ⃑⃗𝑥𝑟)

R∀⟶𝜈(ℱ0 ⃑⃗𝑥0ℱ𝛭𝑙′
, ℱ1 ⃑⃗𝑥1ℱ𝛭𝑙″

) 𝑚𝑐⟶𝜈(ℱ0 ⃑⃗𝑥0ℱ𝛭𝑙′
, ℱ𝑟 ⃑⃗𝑥𝑟)

𝑚𝑐⟶𝜈(ℱ0 ⃑⃗𝑥0ℱ𝛭𝑙′
, ℱ1 ⃑⃗𝑥1ℱ𝛭𝑙″

)
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3. Case where R=0, the third scheme of table 6.

00 = 0′ ⇒𝑛 𝑡 = 𝑠 𝑡 = 𝑠, Γ𝑖 ⇒ 𝛼𝑖 𝛭𝑟 mc0 = 0′, Γ ⇒ 𝛼

⇝ 00 = 0′ ⇒𝑛 𝑡 = 𝑠
𝑡 = 𝑠, Γ𝑖 ⇒ 𝛼𝑖 𝛭𝑟 mc𝑡 = 𝑠, Γ ⇒𝑟 𝛼 cut0 = 0′, Γ ⇒ 𝛼

The two computations are the following, with input 𝑦 ∶ ⟨0 = 0′⟩
ℱ𝑦 ⃑⃗𝑥 ℱ𝑦 ⃑⃗𝑥

mc⟶ℱ𝛭𝑟
⃑⃗𝑥ℱ𝑛𝑦

cut⟶ℱ𝑟 ⃑⃗𝑥ℱ𝑛𝑦
0⟶ℱ𝛭𝑟

⃑⃗𝑥⟨⟩ 0⟶ℱ𝑟 ⃑⃗𝑥⟨⟩
𝑚𝑐⟶ℱ𝛭𝑟

⃑⃗𝑥⟨⟩

4. Case R=cut, the first of table 7.

𝛭𝑙

Γ′ ⇒ 𝜙 𝜙, Γ″ ⇒ 𝛼𝑖 cutΓ𝑖 ⇒ 𝛼𝑖 𝛭𝑟 mcΓ ⇒ 𝛼

⇝ 𝛭𝑙 Γ′ ⇒ 𝜙 Γ″ ⇒ 𝛼𝑖 𝛭𝑟 mcΓ ⇒ 𝛼

ℱ ⃑⃗𝑥 ℱ ⃑⃗𝑥
mc⟶ℱ𝛭𝑟

(ℱ𝑚 ⃑⃗𝑥𝑚ℱ𝛭𝑙
) mc⟶ℱ𝛭𝑟

(ℱ1(ℱ0 ⃑⃗𝑥0) ⃑⃗𝑥1ℱ𝛭𝑙
)

cut⟶ℱ𝛭𝑟
(ℱ1(ℱ0 ⃑⃗𝑥0) ⃑⃗𝑥1ℱ𝛭𝑙

)

5. A pair of cut­formulas where both are principal in their respective rules. We
begin with the atomic formulas.
Example: first scheme of table 8 with R being s= and L= is the other rule. In
this case we show explicitly the possible presence of a step LL= between m
and L=.

s=𝑡′ = 𝑠′ ⇒ 𝑡 = 𝑠

Γ𝑖 ⇒𝑖′ 𝛼𝑖 L=𝑡 = 𝑠, Γ𝑖 ⇒𝑖 𝛼𝑖 LL=𝑡 = 𝑠, ⃑⃗𝑟 = 𝑞, Γ𝑖 ⇒𝑖 𝛼𝑖 𝛭𝑟 mc𝑡′ = 𝑠′, Γ ⇒ 𝛼

⇝ s=𝑡′ = 𝑠′ ⇒𝑖 𝑡 = 𝑠

Γ𝑖 ⇒𝑖′ 𝛼𝑖 LL=𝑡 = 𝑠, ⃑⃗𝑟 = 𝑞, Γ𝑖 ⇒ 𝛼𝑖 𝛭𝑟 mc𝑡 = 𝑠, Γ ⇒𝑟 𝛼 cut𝑡′ = 𝑠′, Γ ⇒ 𝛼
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The two computations proceed as follows, with the input 𝑦 ∶ ⟨𝑡′ = 𝑠′⟩.

ℱ𝑦 ⃑⃗𝑥 ℱ𝑦 ⃑⃗𝑥
mc⟶ℱ𝛭𝑟

ℱ𝑖𝑦 ⃑⃗𝑥
cut⟶ℱ𝑟ℱ𝑖𝑦 ⃑⃗𝑥

s=⟶ℱ𝛭𝑟
⟨⟩ ⃑⃗𝑥ℱ𝛭𝑙

s=⟶ℱ𝑟⟨⟩ ⃑⃗𝑥
LL=⟶ℱ𝛭𝑟

⟨⟩ ⃑⃗𝑥𝑖ℱ𝛭𝑙
mc⟶ℱ𝛭𝑟

⟨⟩ ⃑⃗𝑥
L=⟶ℱ𝛭𝑟

⃑⃗𝑥𝑖ℱ𝛭𝑙
LL=⟶ℱ𝛭𝑟

⃑⃗𝑥𝑖ℱ𝛭𝑙

Example: R=0 and 0′ = 0 is principal, second scheme of table 8.

𝛭𝑙 Γ𝑖+1 ⇒ 𝑡′ = 0 0𝑡′ = 0 ⇒ 𝑟 = 𝑠 𝛭𝑟 mcΓ ⇒ 𝛼

⇝
𝛭𝑙 Γ𝑖+1 ⇒ 𝑡′ = 0 mcΓ′ ⇒ 𝑡′ = 0

0𝑡′ = 0 ⇒ 𝑟 = 𝑠 𝛭𝑟 mc𝑡′ = 0, Γ″ ⇒ 𝛼 cutΓ ⇒ 𝛼

ℱ ⃑⃗𝑥 ℱ ⃑⃗𝑥
mc⟶ ℱ𝛭𝑟

ℱ𝑖(ℱ𝑖+1 ⃑⃗𝑥𝛭𝑙
) ⃑⃗𝑥𝛭𝑟

cut⟶ℱ𝑟ℱ𝑙 ⃑⃗𝑥
0⟶ℱ𝛭𝑟

⟨⟩ ⃑⃗𝑥𝛭𝑟
mc⟶ℱ𝑟ℱ𝑖(ℱ𝑖+1 ⃑⃗𝑥𝛭𝑙

) ⃑⃗𝑥𝑟
mc⟶ℱ𝛭𝑟

ℱ𝑖(ℱ𝑖+1 ⃑⃗𝑥𝛭𝑙
) ⃑⃗𝑥𝛭𝑟

0⟶ℱ𝛭𝑟
⟨⟩ ⃑⃗𝑥𝛭𝑟

6. A pair of cut­formulas where both are principal in their respective rules. We
look at the rest of formulas.

Case: →

𝛭𝑙

𝜓0, Γ𝑖 ⇒𝑖′ 𝜓1 R→Γ𝑖 ⇒𝑖 𝜓0 → 𝜓1
Γ′𝑖+1 ⇒0 𝜓0 𝜓1, Γ″𝑖+1 ⇒1 𝛼𝑖+1 L→𝜓0 → 𝜓1, Γ𝑖 ⇒𝑘 𝛼𝑖+1 𝛭𝑟
Γ ⇒ 𝛼

⇝
𝛭′

𝑙 Γ′𝑖+1 ⇒0 𝜓0 mcΓ′ ⇒𝑙 𝜓0
𝛭″

𝑙 𝜓0, Γ𝑖 ⇒𝑖′ 𝜓1 𝜓1, Γ″𝑖+1 ⇒1 𝛼𝑖+1 𝛭𝑟 mc𝜓0, Γ″ ⇒𝑟 𝜙 cutΓ ⇒ 𝜙
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ℱ ⃑⃗𝑥
mc⟶ℱ𝛭𝑟

ℱ𝑗(ℱ𝑖 ⃑⃗𝑥𝑖ℱ𝛭′
𝑙
) ⃑⃗𝑥𝑗ℱ𝛭″

𝑙
R→⟶ℱ𝛭𝑟

ℱ𝑗(ℱ𝑖′ ⃑⃗𝑥𝑖′ℱ𝛭′
𝑙
) ⃑⃗𝑥𝑗ℱ𝛭″

𝑙
L→⟶ℱ𝛭𝑟

ℱ1(ℱ𝑖′(ℱ0 ⃑⃗𝑥0ℱ𝛭′
𝑙
) ⃑⃗𝑥𝑖′ℱ𝛭‴

𝑙
) ⃑⃗𝑥1ℱ𝛭″

𝑙

corresponds to

ℱ ⃑⃗𝑥
cut⟶ℱ𝑟(ℱ𝑙 ⃑⃗𝑥𝑙) ⃑⃗𝑥𝑟
mc⟶ℱ𝑟(ℱ0 ⃑⃗𝑥0ℱ𝛭′

𝑙
) ⃑⃗𝑥𝑟

mc⟶ℱ𝛭𝑟
ℱ1(ℱ𝑖′(ℱ0 ⃑⃗𝑥0ℱ𝛭′

𝑙
) ⃑⃗𝑥𝑖′ℱ𝛭‴

𝑙
) ⃑⃗𝑥1ℱ𝛭″

𝑙

Case: ∀

𝛭𝑙

Γ′𝑖 ⇒ 𝜓(𝑘) Γ″𝑖 ⇒ ∀𝑥 ≥ 𝑘′ 𝜓
R∀Γ𝑖 ⇒ ∀𝑥 ≥ 𝑘𝜓

𝜓(𝑘), ∀𝑥 ≥ 𝑘′ 𝜓, Γ𝑗 ⇒ 𝛼
L∀∀𝑥 ≥ 𝑘𝜓, Γ𝑗 ⇒ 𝛼 𝛭𝑟 mcΓ ⇒ 𝜙

⇝
𝛭′

𝑙 Γ′𝑖 ⇒ 𝜓(𝑘)
mcΓ𝑙 ⇒ 𝜓(𝑘)

𝛭″
𝑙 Γ″𝑖 ⇒ ∀𝑥 ≥ 𝑘′ 𝜓 𝜓(𝑘), ∀𝑥 ≥ 𝑘′ 𝜓, Γ𝑗 ⇒ 𝛼 𝛭𝑟 mc𝜓(𝑘), Γ𝑟 ⇒ 𝜙

cutΓ ⇒ 𝜙

ℱ ⃑⃗𝑥
mc⟶ℱ𝛭𝑟

(ℱ𝑖−1(ℱ𝑖 ⃑⃗𝑥𝑖ℱ𝛭′
𝑙
) ⃑⃗𝑥𝑖−1ℱ𝛭″

𝑙
)

R∀⟶ℱ𝛭𝑟
(ℱ𝑖−1𝜈(ℱ0 ⃑⃗𝑥0ℱ𝛭′

𝑙
, ℱ1 ⃑⃗𝑥1ℱ𝛭‴

𝑙
) ⃑⃗𝑥𝑖−1ℱ𝛭″

𝑙
)

L∀⟶ℱ𝛭𝑟
ℱ𝑖′(ℱ0 ⃑⃗𝑥0ℱ𝛭′

𝑙
)(ℱ1 ⃑⃗𝑥1ℱ𝛭‴

𝑙
) ⃑⃗𝑥𝑖′ℱ𝛭″

𝑙
)

corresponds to

ℱ ⃑⃗𝑥
cut⟶ℱ𝑟(ℱ𝑙 ⃑⃗𝑥𝑙) ⃑⃗𝑥𝑟
mc⟶ℱ𝑟(ℱ0 ⃑⃗𝑥0ℱ𝛭′

𝑙
) ⃑⃗𝑥𝑟

mc⟶ℱ𝛭𝑟
ℱ𝑖′(ℱ0 ⃑⃗𝑥0ℱ𝛭′

𝑙
)(ℱ1 ⃑⃗𝑥1ℱ𝛭‴

𝑙
) ⃑⃗𝑥𝑖′ℱ𝛭″

𝑙
)
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Case: ∃

𝛭𝑙

Γ𝑖 ⇒ 𝛼′𝑖 R∃/R∨Γ ⇒ 𝛼𝑖
𝛼″𝑖 , Γ′𝑖−1 ⇒ 𝛼𝑖−1 𝛼‴𝑖 , Γ″𝑖−1 ⇒ 𝛼𝑖−1 L∃/L∨𝛼𝑖, Γ𝑖−1 ⇒ 𝛼𝑖−1 𝛭𝑟 mcΓ ⇒ 𝛼

⇝
𝛭′

𝑙 Γ𝑖 ⇒ 𝛼′𝑖 𝛼′𝑖, Γ𝑖−1 ⇒ 𝛼𝑖−1 𝛭𝑟 mcΓ′ ⇒ 𝛼 WΓ ⇒ 𝛼

ℱ ⃑⃗𝑥 ℱ ⃑⃗𝑥
mc⟶ ℱ𝛭𝑟

(ℱ𝑖−1(ℱ𝑖 ⃑⃗𝑥𝑖ℱ𝛭𝑙′
) ⃑⃗𝑥𝑖−1ℱ𝛭𝑙

) W⟶ℱ𝑚 ⃑⃗𝑥𝑚
R∃⟶ℱ𝛭𝑟

(ℱ𝑖−1(𝜇0ℱ𝑖′ ⃑⃗𝑥𝑖ℱ𝛭𝑙′
) ⃑⃗𝑥𝑖−1ℱ𝛭𝑙

) mc⟶ℱ𝛭𝑟
(ℱ𝑖−1(ℱ0 ⃑⃗𝑥0ℱ𝛭𝑙′

) ⃑⃗𝑥𝑖−1ℱ𝛭𝑙
)

L∃⟶ℱ𝛭𝑟
(ℱ𝑖−1(ℱ0 ⃑⃗𝑥0ℱ𝛭𝑙′

) ⃑⃗𝑥𝑖−1ℱ𝛭𝑙
)

Case: ∨. As in the previous case, with 𝜅 instead of 𝜇.
Case: ∧

𝛭𝑙

Γ′𝑖 ⇒ 𝛼0 Γ″𝑖 ⇒ 𝛼1 R∧Γ ⇒ 𝛼0 ∧ 𝛼1
𝛼0, 𝛼1, Γ𝑖−1 ⇒ 𝛼𝑖−1 L∧𝛼0 ∧ 𝛼1, Γ𝑖−1 ⇒ 𝛼𝑖−1 𝛭𝑟 mcΓ ⇒ 𝛼

⇝ 𝛭′
𝑙 Γ′𝑖 ⇒ 𝛼0 Γ″𝑖 ⇒ 𝛼1 𝛼0, 𝛼1, Γ𝑖−1 ⇒ 𝛼𝑖−1 𝛭𝑟 mcΓ′ ⇒ 𝛼

ℱ ⃑⃗𝑥
mc⟶ℱ𝛭𝑟

(ℱ𝑖−1(ℱ𝑖 ⃑⃗𝑥𝑖ℱ𝛭′
𝑙
) ⃑⃗𝑥𝑖−1ℱ𝛭″

𝑙
)

R∧⟶ℱ𝛭𝑟
(ℱ𝑖−1(ℱ0 ⃑⃗𝑥0ℱ𝛭′

𝑙
, ℱ1 ⃑⃗𝑥1ℱ𝛭‴

𝑙
) ⃑⃗𝑥𝑖−1ℱ𝛭″

𝑙
)

L∧⟶ℱ𝛭𝑟
ℱ𝑖′(ℱ0 ⃑⃗𝑥0ℱ𝛭′

𝑙
)(ℱ1 ⃑⃗𝑥1ℱ𝛭‴

𝑙
) ⃑⃗𝑥𝑖′ℱ𝛭″

𝑙
)

corresponds to

ℱ ⃑⃗𝑥
mc⟶ℱ𝛭𝑟

ℱ𝑖′(ℱ0 ⃑⃗𝑥0ℱ𝛭′
𝑙
)(ℱ1 ⃑⃗𝑥1ℱ𝛭‴

𝑙
) ⃑⃗𝑥𝑖′ℱ𝛭″

𝑙
)
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7. Finally, a pair of cut­formulas where one is the result of a structural rule.
Example: R=C

𝛭𝑙 Γ𝑖+1 ⇒ 𝜙
𝜙, 𝜙, Γ𝑖 ⇒ 𝛼𝑖 C𝜙, Γ𝑖 ⇒ 𝛼𝑖 𝛭𝑟 mcΓ ⇒ 𝛼

⇝
𝛭𝑙 𝛭𝑙 Γ𝑖+1 ⇒ 𝜙 Γ𝑖+1 ⇒ 𝜙 𝜙, 𝜙, Γ𝑖 ⇒ 𝛼𝑖 𝛭𝑟 mcΓ′ ⇒ 𝛼 CΓ ⇒ 𝛼

ℱ ⃑⃗𝑥 ℱ ⃑⃗𝑥
mc⟶ ℱ𝛭𝑟

(ℱ𝑖𝑧ℱ𝛭𝑙″
⃑⃗𝑥𝑖)ℱ𝛭𝑙′

mc⟶ℱ𝛭𝑟
(ℱ𝑖(𝑧ℱ𝛭𝑙″

)(𝑧ℱ𝛭𝑙″
) ⃑⃗𝑥𝑚ℱ𝛭𝑙′

C⟶ℱ𝛭𝑟
(ℱ𝑖(𝑧ℱ𝛭𝑙″

)(𝑧ℱ𝛭𝑙″
) ⃑⃗𝑥𝑖)ℱ𝛭𝑙′

Let 𝜋 ⇝ 𝜋′ indicate that a proof 𝜋 is transformed in the proof 𝜋′ by a possibly
infinite series of cut­reduction steps.

Theorem 9.8. For every 𝜋 ⇝ 𝜋′ the languages generated by their two schemes
coincide:

ℒ(ℋ𝜋) = ℒ(ℋ𝜋′)

Proof. By repeated application of Lemma 9.7 and Corollary 8.14.

9.3. Cut­reduction
In this section we prove the cut­reduction property of ICA, in the sense that for
every ICA proof 𝜋 there exists a proof 𝜋′ of IA∞ with the same end­sequent, and
such that all the cut­formulas in 𝜋′ are atomic. To keep track of the complexity
of a formula the notion of rank is defined in the usual way.

Definition 9.9 (Formula rank). The rank of a formula is defined as follows:
• rk(𝑡 = 𝑠) = 0
• rk(𝜙 → 𝜓) = max{rk(𝜙) + 1, rk(𝜓)}
• rk(𝜙 ⋆ 𝜓) = max{rk(𝜙), rk(𝜓)} for ⋆ ∈ {∧, ∨}
• rk(𝑄𝑥 ≥ 𝑘 𝜙) = 1 + rk(𝜙)

The cut­rank of a proof𝜋 in ICA, ICA𝑚 or IA∞, is the supremum of the rank of its
cut­formulas. As pointed out already, proofs in the first two systems can always
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be easily transformed into proofs of the latter. Cut­reduction will be proved by
repeated application of a lemma saying that for any IA∞ proof with finite rank
𝑘 > 0 there exists an equivalent IA∞ proof with cut­rank 𝑘 − 1. Observe that
even if there is no impediment fot the cut­rank of a ill­founded proof to be 𝜔,
to limit the lemma to the finite case is sufficient since the purpose is to reduce
the rank of ill­founded proofs obtained from cyclic ones, which necessarily have
a finite cut­rank.

Starting from a IA∞ proof 𝜋 with finite cut­rank, assume a vacuous instance
of a multicut above the root.

𝜋0 RΓ ⇒ 𝜙

𝜋0 RΓ ⇒ 𝜙
mcΓ ⇒ 𝜙

Every instance of a multicut is then pushed upwards by the application of one
of the multicut reduction steps seen in the previous section in tables 6,7,8 and
9, and in the proof Lemma 9.7. Whenever an implication or an instance of
a quantifier are reduced, the formula rank of the specific cut is lowered. After
each step, a new IA∞ derivation is obtained. That no stall is possible due to a
situation outside of the defined cases is ensured by Lemma 9.6. The reduction
then continues, resulting to the limit in a new ill­founded derivation 𝜋′ with
cut­rank lower than 𝜋. The key aspect to prove is that 𝜋′ is also a proof, i.e., that
every infinite path in the end derivation contains a good trace.

That that is the case is shown with an argument that was inspired by the
works of Fortier and Santocanale (2013) and Afshari and Leigh (2026). The
strategy adopted here follows closely the lines of the strategy in the latter, and
by alligning the terminology and definitions we can rely on their work for the
proofs of two technical theorems about preservation of good traces in the process.
It is worth to mention that, even if the present proof system is not the same
as the one for which the theorems were proved originally, the two shares all
of the essential characteristics that are involved in said proofs, as we will argue
below. Moreover, the strategy adopted for cut­reduction is the same, including
the case of implication, with the only exception of the treatment of quantifiers
for obvious reasons.

That, however, does not constitute a problem, since in those specific cases no
trace changes side with respect to the arrow, which is the essential aspect of the
proof, as will become clear later. Given the proximity of the two systems, and
the fact that in the cited paper the argument for the preservation of threads is
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presented in great details, the choice is to refer directly to their work instead of
constructing a very similar argument for the present system.

The reduction steps described in Lemma 9.7 generate a potentially infinite
list of derivations, at the limit of which lies the target pre­proof. Each step of
the process of reduction 𝜋⇝ 𝜋′ replaces one instance of a multicut c𝑖 in 𝜋𝑖 with
one or two instances c𝑖+1/c′𝑖+1 in 𝜋𝑖+1.

Definition 9.10. Let (𝜋𝑖)𝑖≥0 be the list of derivations that constitute the interme­
diate steps of 𝜋 ⇝ 𝜋′. For each 𝜋𝑖+1, every instance of a multicut c𝑖+1 is mapped
to an instance c𝑖 in the previous derivation 𝜋𝑖. We say that c is generated by c′ if
the former is the result of the application of a reduction rule to the latter. A list of
multicut instances (c𝑖)𝑖≥0 such that c𝑗+1 is generated by c𝑗 for every 𝑗 ≥ 0 is called a
multicut chain.

Definition 9.11. For every sequence of reductions such that 𝜋 ⇝ 𝜋′, a path p in
𝜋 is said to be traversed by a multicut reduction if there exists a multicut chain
(c𝑖)𝑖≥0 such that every node of p appears at some point as a premise of a multicut c𝑗
of the chain.

It is clear that during the process some of the traces in the paths traversed by
a multicut reduction are removed, or ‘zipped’ together, while others are kept,
although with some possible modifications. Since we do not have a direct control
over the traces in the target pre­proof, we reverse the direction of analysis and
look at what kind of traces is necessarily preserved from the original proof. To
that end, we restrict the focus on infinite paths, now called branches, and their
relationship.

Definition 9.12 (Branches). Any infinite path in an ill­founded proof is called a
branch. For every two branches there is a node 𝑣 which is the uppermost shared by
both, that is called branching point. Every such a point 𝑣 individuates a left and
right branch.

Definition 9.13 (Infima and suprema). Given a proof 𝜋, indicate with Br(𝜋) the
set of its branches. For every 𝛣 ⊆ Br(𝜋) the infimum (supremum) is the leftmost
(rightmost) 𝑏 ∈ Br(𝜋) such that all of its branching points are shared with branches
in 𝛣.

The most involved part in ensuring preservation is the necessity to establish a
relationship between different but corresponding traces in the two derivations.
As it is clear from the proof of Lemma 9.7, in fact, in the derivation resulting
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from 𝜋 ⇝ 𝜋′ parts of the paths are necessarily compressed, or removed. Defin­
ition 6.3 of trace given above followed the evolution of a formula through each
step of a path. The process of cut­reduction, however, modifies the path and
consequently also the traces. What is important to preserve in the process is the
overall evolution of a trace, that is the presence of the steps where a formula is
principal. To that end, the notion of thread is introduced, which can be seen as
representing the essential component of an infinite trace.

Definition 9.14 (Thread). Let ≺ indicate the standard subformula relation between
formulas of the language ℒCA, with ⪯ its reflexive closure. From every trace 𝜏 = 𝜙0 ⪰
𝜙1 ⪰ 𝜙2 ⪰ … it is possible to extract the maximal sequence t such that 𝜙𝑖 ≻ 𝜙𝑖+1 for
every 𝑖 < 𝜔. t is the thread of 𝜏.

Example 9.15. In red the trace that originates from the formula 𝜒 at the root of the
proof 𝜋.

Γ ⇒ 𝜓0
Γ ⇒ 𝜓0 ∨ 𝜓1

Γ ⇒ 𝜓1
Γ ⇒ 𝜓0 ∨ 𝜓1

𝜓1, Δ1 ⇒ 𝜙

𝜓0, 𝜒1, Δ0 ⇒ 𝜙′
𝜓0, 𝜒1, Δ0 ⇒ 𝜙

R1𝜓0, 𝜒0, Δ0 ⇒ 𝜙
𝜓0 ∨ 𝜓1, 𝜒0, Δ ⇒ 𝜙

𝜓0 ∨ 𝜓1, 𝜓0 ∨ 𝜓1, 𝜒0, Δ ⇒ 𝜙
R0𝜓0 ∨ 𝜓1, 𝜓0 ∨ 𝜓1, 𝜒, Δ ⇒ 𝜙

𝜓0 ∨ 𝜓1, 𝜒, Δ ⇒ 𝜙
𝜒, Δ ⇒ 𝜙

After a few steps in the process of cut­reduction the obtained proof 𝜋′ is the following,
with the new trace for 𝜒 highlighted in red.

Γ ⇒ 𝜓0 𝜓1, 𝜒1, Δ0 ⇒ 𝜙
𝜒1, Δ0 ⇒ 𝜙

R1𝜒0, Δ0 ⇒ 𝜙
W𝜒0, Δ ⇒ 𝜙
R0𝜒, Δ ⇒ 𝜙

with no correspondence between the two traces. The thread as defined above, however,
is the same for both.

𝜋 𝜒𝜒𝜒 𝜒0 𝜒0 𝜒0 𝜒1 𝜒1 𝜒1 … 𝜒𝜒0 𝜒1 …
𝜋′ 𝜒 𝜒0 𝜒0 𝜒1 𝜒1 … 𝜒𝜒0 𝜒1 …
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The definition of good thread follows immediately from Definition 6.3 of good
traces .

Lemma 9.16. Every good trace has an infinite good thread.

The lemma is straightforward from the definition of good trace. From now on,
when talking about threads we assume that they come from infinite traces, hence
they are also infinite.

The next requirement is a way to distinguish between traces (and threads) that
are directly affected by the cut­reduction, from those that are not. For a trace 𝜏
or thread t, with 𝜏(𝑛), t(𝑛) we indicate the (n+1)­th element of the sequence.

Definition 9.17 (Internal and external trace). A trace 𝜏 such that 𝜏(0) is principal
in a cut is called internal. 𝜏 is an external trace if 𝜏(0) = 𝜙 is either at the root, or if
it is the minor formula in the premise of a R→ or L→ rule with principal formula
𝜙 → 𝜓. A thread on an internal (external) trace is internal (external).

Finally, to be able to order branches with respect to cuts, a relation ⊳ is defined.
The relation holds between two branches if there is a thread that appears in both,
once on a left trace and once on a right one, and the two traces originate from
a cut. They are, intuitively, the two branches carrying the infinite traces that are
zipped togehter by cut­reduction.

Definition 9.18. Given a thread t, the relation p0 ⊳t p1(p0 ⊲t p1) holds between
two branches p0, p1 if

• their branching point is an instance of a cut where p0 is the left (right) and
p1 is the right (left) premise

• there exist traces 𝜏0 on p0 and 𝜏1 on p1 such that 𝜏0(0) = 𝜏1(0) is the cut­
formula, and both traces produce the same thread t.

With the new introduced terminology, it is now possible to show that not only
a cut­reduction step can always be applied, but that the sequence is eventually
productive.

Lemma 9.19. Every infinite multicut chain has a productive step infinitely often.

Proof. Assume that for a proof 𝜋 there is a multicut chain c such that after a
certain point the conclusion of the multicuts is not an axiom, and no future re­
duction step is productive, i.e., the rest of the sequence is generated by absorbing
steps only. Notice that that implies that the chain is infinite, since every reduc­
tion involving an axiom is productive. Because 𝜋 is a proof, every branch in the
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set of paths traversed by c contains a good trace. In addition, since in any case a
reduction of a universal formula is productive, all the good threads must be over
existential formulas on the left. That includes the leftmost branch traversed by
the multicut reduction sequence. However, the existence of such a thread means
that eventually an existential on the left is principal without being a cut­formula,
forcing a productive step according to the second scheme of table 6.

The definition above give rise to the definition of a internally closed sets of
branches, i.e., sets of branches that are closed under the relation ⊳t for any t
internal thread.

Definition 9.20 (Internally closed set). A non­empty set 𝛲 of branches from a
derivation is internally closed if

1. the supremum of the paths is in 𝛲
2. for every non­empty 𝛸 ⊆ 𝛲 the infimum of 𝛸 is in 𝛲
3. for every p0 ∈ 𝛲 and t internal thread of p0, there exists p1 ∈ 𝛲 such that

p0 ⊳t p1 or p0 ⊲t p1

With these instruments, we can rely on two theorems proved by Afshari and
Leigh (2026) to ensure that good traces are preserved in the process.

Theorem 9.21. Let 𝜋 be an ill­founded proof. Every internally closed set of branches
of 𝜋 contains a branch bearing a good external thread.

The original proof is based on considerations on the rank of the set. We present
the idea behind the proof without introducing additional terminology.

Idea. Assume there is an internally closed set 𝛣 of branches such that none bears
a good external thread. Consider the supremum p, and notice that it must have
a good internal thread on the left­hand side of the sequent. Such a thread is itself
cut against an internal thread t on the right of a branch p0 ⊳t p. p0 cannot have
a good thread on the right, hence it also has one good internal thread on the left.
By repetition of the argument, it is possible to construct a subset 𝛣′ of 𝛣 from
a maximal chain of branches ordered by ⊳, such that each branch has a good
internal thread on the left. Consider the infimum path p𝐿 with respect to 𝛣′,
which is in 𝛣 by definition of internal closure. 𝜋 being a proof means that such
a branch has also a good thread on the left, that by assumption must be internal.
It follows that there exists another path p⊥ ⊳ p𝐿, contradicting the assumption
about maximality of the chain defining the subset 𝛣′.
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Theorem 9.22. Let 𝑑 and 𝑒 be derivations. If 𝑑 ⇝ 𝑒 for every branch 𝑎 ∈ Br(𝑒)
there exists an internally closed set 𝛣 ⊆ Br(𝑑) such that every external thread on a
branch in 𝛣 is also a thread in 𝑎.

The proof is on page 28 of Afshari and Leigh (2026). The statement is differ­
ent from the original due to the necessity to adapt to the present language and
framework.

Idea. That every set 𝛣 of branches traversed by a chain of multicuts is internally
closed, is proved with a general argument similar to the one used here in the
proof of Lemma 9.19. That every step of an external thread on a branch in 𝛣
is preserved in the process, can be seen from a case distinction. Every external
thread is originated either at the root, meaning that its formulas are never cut­
formulas, and therefore all of its steps are preserved by the reduction steps; or it
started with the antecedent of an implication that is a cut­formula, and that is
reduced in a pair. In the latter case, the strategy adopted ensures the preservation
of the steps of the trace in the branch. That the steps not only appear on the
final branch, but are also connected to form a thread in the end­proof as well, is
shown by defining a projection function that accompanies each multicut in the
multicut chain.

Before we move to the main theorem, it is worth to come back to the different
treatment of quantifiers in this framework. We mentioned above that the dif­
ference is not problematic because there is no change of side of any trace in the
reduction step. The case of quantifiers can be seen as similar to a permutation
step in a non­principal rule. The reduction keeps reducing the pair of internal
traces over universally quantified formulas, while preserving the other traces in
a cut, i.e., as internal traces of the new derivation. Notice that, in the case of
implication, what survives the reduction step is a pair of internal traces that were
external before, i.e., antecedent in an implication, while in the ∀ case what is ob­
tained is a pair of internal traces, not necessarily infinite. About them we have
no further knowledge, except that their rank is lower than the cut­rank of the
initial proof. The reduction step does not affect any external trace, hence it does
not interfere with the theorem above.

Lemma 9.23 (Cut reduction). Given a proof 𝜋 with end­sequent Γ ⇒ 𝜙 and
cr(𝑘 + 1), there exists an ill­founded proof 𝜋′ with the same end­sequent and cut­
rank cr(𝑘).
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Proof. Starting with a multicut at the root of 𝜋, move upwards following the
strategy of Lemma 9.7, so that to the limit 𝜋 ⇝ 𝜋′. Lemma 9.6 and Lemma
9.19 guarantee that there is always a reduction applicable, and that each chain
of multicuts eventually takes a productive step. That cr(𝜋′) < cr(𝜋) follows
immediately by inspection of the reduction rules. Theorem 9.22 ensures that for
every infinite path (branch) p in 𝜋′ it is possible to isolate an internally closed
set of branches in the original proof, such that all of the external threads are
preserved in the reduction process, and carried over to p. Since they form an
internally closed set, Theorem 9.21 ensures that there is at least one external
good thread, hence every infinte path p has a good infinite trace.

Theorem 9.24. For every ICA proof 𝜋 with end­sequent Γ ⇒ 𝜙 and cr(𝑘), there
exists an ill­founded proof 𝜋′ with the same end­sequent and cr(0).

Proof. Repeated cut­reduction lemma.

The cut­reduction strategy ensures that not only the cut­rank will be 0, as stated
by the theorem, but that it is possible to reduce the cut formulas to atomic ones.



10. Extracting computational content

In the final chapter of the second part we come back to the initial question of the
role of fixed points, and the computational content extracted from cyclic proofs.
At the beginning of Chapter 6 we listed three general perspectives on the possible
interesting information that can be extracted from a proof. As anticipated there,
in the context of a system of arithmetic a common realisation of the notion
of computational content consists in a formal system replicating the function
inherent to the proof, and that role is taken by the defined recursion scheme
over terms of the typed language Λ. Translating the algorithm expressed by the
proof into a set of rewrite rules, the process described by a Herbrand scheme on
proper inputs returns some meaningful term as output, as claimed by Lemma
8.7 on preservation of type. In this chapter we address a few issues related to the
rewrite process that are still open.

The first section is concerned with the kind of objects that are produced.
The historical motivation behind the development of Herbrand schemes in the
literature was the possibility to extract Herbrand sets, i.e., sets of individual terms
to instantiate existential quantifiers. Even if we ended up working in the different
context of intuitionistic arithmetic, it is still of a certain interest to look at what
kind of terms are produced by the computation. In particular, we need to explain
and justify the claim made in the introduction to Chapter 6 that, with explicit
fixed point quantifiers, there is no need to track the evolution of individual terms.
We then test the Herbrand schemes against some simple example, to check how
the relevant information is represented, and how the shape of the output depends
on the complexity of the end­sequent. The investigation on term extraction in
practice raises some questions about the correct way to provide input to the
process. We discuss the possibility to introduce generic terms with an external
set of rules in Section 10.1.

In Section 10.2 we continue to discuss the issue around providing inputs,
this time by looking at the functional application role of the cut rule. Since a
recursion scheme from a proof Γ ⇒ 𝜙 is a function from input of type ⟨Γ⟩ to
objects of type ⟨𝜙⟩, if we assume a proof 𝜋𝑖 for each formula in Γ, the recursion
scheme is able to recover the corresponding terms from each proof of a 𝜓 ∈ Γ,
and serve them as inputs to produce a term ⟨𝜙⟩. Analogously, any term of type



142 • AccOuNTINg fOR REcuRSION

⟨𝜙⟩ produced by the recursion scheme can in principle serve as input term for
any future proof 𝜙 ⇒ 𝜓 via cut. At the end of the section, we take a step back
toward a more general perspective, and look at a scheme ℋ𝜋 of a cyclic proof as
a module in a bigger process.

Finally, in the last section we address the problem of termination. Even if the
cut­reduction theorem allows us to put a bound on the order of the recursion
scheme by checking the order of its starting symbol, the presence of coinduc­
tion in fixed point expressions already suggests that not all rewrite process will
terminate. Nonetheless, in Section 10.3 we define a fragment Ξ of the formulas
of ICA that enjoys the property of termination, thanks to cut­reduction. The
section concludes with a final consideration of the relationship between termina­
tion, confluence, the role of the right­implication rule, and the possible strategies
adopted to provide inputs.

10.1. Term extraction
The rules of a Herbrand scheme are designed to output an object of the same
type of the right­hand side formula (Lemma 8.7). Now that we have had the
chance to see Herbrand schemes and the relative computation, it is natural to ask
what are the information that can be read from such terms. In particular: what
is the form of the quantifiers witnesses, and what information can be obtained
about them? Without assuming anything about termination at this stage, let’s
begin by focusing on the case of existential formulas on the right, not only for
a parallel with the work on Herbrand sets, but because they represent a natural
starting point, given the simplicity of the anticipated outcome. We expect the
reduction process to return an object from which we can read the witness of the
existential claim, that is a single arithmetic value.

In cases like Afshari et al. (2025c) and Afshari et al. (2020) where the systems
have standard quantifiers, there is a need to incorporate individual terms from
the language of arithmetic into the language of recursion schemes. The manipu­
lation of these terms is recorded in a stack of substitutions, that keeps track of the
replacements and renaming of variables and that can be computed at the end. In
the system ICA the definition of quantifiers as fixed points transfers the manipu­
lation of the terms to the quantifiers rules themselves. Every unfolding of a fixed
point quantifier takes into consideration the successor of the previous term, so
it becomes possible to leave implicit the initial term, and focus on keeping track
of the modality and the number of times in which a quantifier rule in the proof
has taken a successor step. Remember that substitution is not a primitive rule
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in the system, and the rule L= is not particularly relevant from the point of view
of the recursion scheme, i.e., no syntactic manipulation is associated to the rule,
except for the removal of the term associated with the principal formula. How
is it possible to recover an arithmetical term witnessing an existential formula,
then? Let’s look at some examples, starting with the proof 𝜋 of 𝛮𝛼 ⇒ 𝛮𝛼′ that
appears as a sub­proof in Chapter 6.

Example 10.1. Recall that by definition𝛮𝛼 ∶= ∃𝑦 ≥ 0 𝛼 = 𝑦.

R= ⇒ 𝑥′ = 𝑥′R∃0 ⇒ ∃𝑦 ≥ 𝑥′ 𝑥′ = 𝑦
R∃1 ⇒ ∃𝑦 ≥ 𝑥 𝑥′ = 𝑦

L= 𝛼 = 𝛽 ⇒ ∃𝑦 ≥ 𝛽 𝛼′ = 𝑦

∃𝑦 ≥ 𝛽 𝛼 = 𝑦 ⇒ ∃𝑦 ≥ 𝛽 𝛼′ = 𝑦 b⃝ [𝛽′/𝛽]∃𝑦 ≥ 𝛽′ 𝛼 = 𝑦 ⇒ ∃𝑦 ≥ 𝛽′ 𝛼′ = 𝑦
R∃∃𝑦 ≥ 𝛽′ 𝛼 = 𝑦 ⇒ ∃𝑦 ≥ 𝛽 𝛼′ = 𝑦
L∃∃𝑦 ≥ 𝛽 𝛼 = 𝑦 ⇒ ∃𝑦 ≥ 𝛽 𝛼′ = 𝑦 c⃝ [0/𝛽]∃𝑦 ≥ 0 𝛼 = 𝑦 ⇒ ∃𝑦 ≥ 0 𝛼′ = 𝑦.......................................... def𝛮𝛼 ⇒ 𝛮𝛼′

In order to start the computation of ℋ𝜋 we need to provide an input term of
the type ⟨𝛮𝛼⟩ = ∃𝜖, but because 𝛼 is a generic variable we find ourselves in
trouble already. We know that any term of the existential type in the language
Λ has the form 𝜇𝑖𝑡, but we have no way of deciding whether 𝑡 ∶ 𝜖 or 𝑡 ∶ ∃𝜖,
since that depends on the proof of 𝛮𝛼, and specifically, on how the variable
𝛼 is evaluated. Considering the fact that at this level our goal is to look at a
protoypical computation for a generic input 𝛼, and not to compute an actual
term, we can borrow from Afshari et al. (2025c) the idea of generic input terms
(generic evidence in the cited work), and adapt it to the present framework, just
for the purpose of analysing the effects of the rewrite rules.

Besides any recursion scheme ℋ𝜋 produced from a proof 𝜋, we proceed to
define a fixed set of standard rules and constant terms called generic terms, that
can flank the specific rules of ℋ𝜋. These rules and terms are to be intended as
forming an external module that can be added each time to a specific Herbrand
scheme, allowing the evaluation of its computation from a general perspective.
Regarding the form of the external input, since the goal of this operation is to
put the recursion scheme in the right conditions to continue the computation,
we would like for the input to have the most general form possible. That means
that we would like for it to have assumed only the structure that any term in
the language Λ of that specific type has, when it is not a variable or a term
application.

The rewrite rules of the external environment are listed below in Definition
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10.2. We introduce one generic input term of every type ⟨𝜓⟩with their respective
rules, except for the case of implication. Observe, in fact, that L→ is the only left
rule without pattern matching, hence the analysis does not necessitate a term of
a specific structure to be continued. On the connection between generic terms
and implication we will come back in Section 10.3.

Definition 10.2 (Generic terms). For every type 𝜎 that is not a function type, a
general term 𝐺𝜎 ∶ 𝜎 exists, together with the rewrite rule generated according to the
following definition:

𝐺𝜖 ⟶⟨⟩ 𝐺𝜎×𝜏 ⟶(𝐺𝜎, 𝐺𝜏)
𝐺𝜎0+𝜎1 ⟶𝜅0𝐺𝜎0 ∣∣ 𝜅1𝐺𝜎1
𝐺∃𝜎 ⟶𝜇0𝐺𝜎 ∣∣ 𝜇1𝐺∃𝜎 𝐺∀𝜎 ⟶𝜈⟨𝐺𝜎, 𝐺∀𝜎⟩

The double vertical lines indicate that the reduction splits into two parallel com­
putations. That is necessary, because a case distinction is crucial for L∃ and L∨,
so a generic input could not assume the responsibility of choosing which is the
case. Moreover, since we do not have a specific instance to investigate, it only
makes sense that the computation continues on all the branches theoretically
possible. Each side next to ∣∣ is to be considered an independent term, and if
the computation terminates with two closed terms 𝑠 ∣∣ 𝑡 in normal form, then
both belong to the language of the recursion scheme. Notice, in fact, that the
confluence property is lost in general if the computation is allowed to branch,
while in each branch the process is still deterministic.

Back to the example above, in order to carry on the computation without
assuming any value for 𝛼 we introduce a generic term 𝐺∃ to begin with, and split
the computation right away after the first L∃ rule. The reduction step used below
with substitution follows the rule

ℱ𝜋 ⃑⃗𝑥
Sub⟶ℱ𝜋′ ⃑⃗𝑥

which condenses the steps of the definition of the substitution rule given in
Chapter 6.

R=⇒ 𝑡 = 𝑡
Γ ⇒ 𝜒

L=𝑡 = 𝑡, Γ[𝑡/𝑥] ⇒ 𝜒[𝑡/𝑥]
cutΓ[𝑡/𝑥] ⇒ 𝜒[𝑡/𝑥]

ℱ ⃑⃗𝑥
cut⟶ℱ1ℱ0 ⃑⃗𝑥
R=⟶ℱ1⟨⟩ ⃑⃗𝑥
L=⟶ℱ1 ⃑⃗𝑥

We have the following branching computation, where the left column follows
the left branch after L∃, and the right column the right branch.
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ℱ𝐺∃ ℱ𝐺∃
L∃⟶ℱ0𝐺𝜖 ∣∣ L∃⟶ℱ1𝐺∃
L=⟶ ℱ0 ∣∣ R∃1⟶𝜇1ℱ1𝐺∃
R∃1⟶𝜇1ℱ0 ∣∣ Sub⟶𝜇1ℱ𝐺∃
R∃0⟶𝜇1𝜇0ℱ0 ∣∣ cycle⟶𝜇1ℱ𝐺∃
R=⟶𝜇1𝜇0⟨⟩ ∣∣

Even if not all branches of the computation have reached a term in normal form,
let’s pause the process after the first cycle and analyse the produced terms. On the
left we have 𝜇1𝜇0⟨⟩ of type ∃𝜖 = ⟨𝛮𝛼⟩. We see two existential constructors: one
𝜇0 and one 𝜇1. The first one represents R∃0, the step from the existential formula
to the atomic one. The second, 𝜇1, comes from an unfolding of the successor
step R∃1. From the assumption that a certain 𝛼 ≥ 𝛽 is a natural number, the
left branch follows the base case of 𝛼 = 𝛽 to conclude that 𝛼′ is also a natural
number since it is equal to 𝛽′. That is justified by the returned term 𝜇1𝜇0⟨⟩,
which expresses the successor step, with the overall meaning that “if 𝛼 is a natural
number by virtue of its equivalence with a natural number 𝛽, then 𝛼′ is a natural
number by virtue of the equivalence to the successor of 𝛽”.

The second branch of the computation looks at the case where 𝛼 > 𝛽 is the
assumption, expressed in terms of 𝛼 ≥ 𝛽′. The right­existential step ackowledges
that that means that 𝛼′ ≥ 𝛽′ as well, and that is the new goal to prove. The
substitution reduces the question to the initial one, i.e., checking the case of
𝛼 ≥ 𝛽, and by doing so it prompts the opening of another cycle. The resulting
term from this right branch is nothing more that the initial non­terminal in the
scope of an extra constructor 𝜇1. If we were to continue for another cycle, we
would obtain the three branches

𝜇1𝜇0⟨⟩ ∣∣ 𝜇1𝜇1𝜇0⟨⟩ ∣∣ 𝜇1𝜇1ℱ𝐺∃
with the overall meaning that “𝛼′ is a natural number, because either it is the
successor of a natural number, or the successor of the successor of one” and
so on. An intuitive reading of them would be “𝛽 + 1, or 𝛽 + 2, or 𝛽 + 2 +
[the same process]”. By assigning the value 0 to 𝛽 we obtain to the limit the
list of natural numbers that are successors, which is exactly what we expect as



146 • AccOuNTINg fOR REcuRSION

witnesses for a proof of the sequent 𝛮𝛼 ⇒ 𝛮𝛼′.
The example was illustrative despite its simplicity. It is easy to see how prac­

tical instances can become huge exercises of bookeeping quite fast with the in­
crease of the complexity of the proof. It is worth to point out that more com­
plex terms are to be expected with the increase of the formula complexity, for
example by taking an existential over a non­atomic formula, or even by not hav­
ing a prenex one. Nonetheless, from the point of view of the value associated to
the existential quantifier, the closed term contains a series of existential operat­
ors 𝜇1 …𝜇1𝜇0 counting the number of successor steps, to be added to the initial
value.

Before moving to more general considerations, let’s look at another slightly
more complex example, to check an instance of a nesting between a universal
an existential claim. From the case of an end­sequent with just a Π2 formula
we expect an infinite series of witnesses for the existential claim. If we were to
take the universal statement ∀𝑥 ≥ 0.𝛮𝑥 → 𝛮𝑥′ and its proof 𝜋2 obtained from
𝜋 ⊢ 𝛮𝛼 ⇒ 𝛮𝛼′ above

𝜋......................
⇒𝛮𝛼 → 𝛮𝛼′

⇒ ∀𝑥 ≥ 𝛼𝛮𝑥 → 𝛮𝑥′ b⃝
⇒ ∀𝑥 ≥ 𝛼′𝛮𝑥 → 𝛮𝑥′ R∀⇒ ∀𝑥 ≥ 𝛼𝛮𝑥 → 𝛮𝑥′ c⃝

⇒ ∀𝑥 ≥ 0𝛮𝑥 → 𝛮𝑥′
then the computation of ℋ𝜋′ proceeds as follows

ℱ R∀⟶𝜈⟨ℱ𝜋, ℱ1⟩
R∀⟶𝜈⟨ℱ𝜋, 𝜈⟨ℱ𝜋, ℱ1⟩⟩
⋮
R∀⟶𝜈⟨ℱ𝜋, 𝜈⟨ℱ𝜋, 𝜈⟨ℱ𝜋, …ℱ1⟩ … ⟩

The values obtained from each of the non­terminals ℱ𝜋 depend on the input, as
we have seen in the previous example. The infinite loop over the right universal
raises the input to the successor at each cycle, i.e., the value of 𝛼 in the universal
formula, by introducing a constructor 𝜈 at each unfolding. For example, by
providing the term 𝜇0⟨⟩ – the term corresponding to the simplest proof of 𝛮0 –
to all of the non­terminals ℱ𝜋, we obtain as output

𝜈(𝜇1𝜇0⟨⟩, 𝜈(𝜇1𝜇0⟨⟩, 𝜈(𝜇1𝜇0⟨⟩, … )))
Continuing with the interpretation of 𝜇1𝜇0⟨⟩ as “the successor” given above, such
a term must not be read as an infinite nesting of 1, rather as an infinite nesting
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of successors. The information that such a term represent is the fact that for any
given input the successor step is sufficient to prove the output. That emerges by
considering not only the existential constructors in front of each term, but also
the number of universal constructors in which scope it appears. Notice that to
that value we must subtract one, since the last unfolding of a universal definition
is not a successor step, rather it is when the left branch is taken, analogously to
the case of R∃0. In the end, the first term is in the scope of one 𝜈, meaning that
for input 𝛼 = 0 then 𝛼′ = 1; the second term is in the scope of two 𝜈, so the
input is 𝛼 = 0′ and the output is 0′′, and so on.

The example shows how it is in the relationship between 𝜈 and 𝜇 constructors
that it is possible to read the input­output relation inside theΠ2 formula. Clearly,
the more complex the end­formulas are, the more difficult it is to actually read
such information.

10.2. Input and modularity
In the previous section generic terms were introduced to take care of the lack of
proper inputs. In the last example of the section we gave as input to the recursion
scheme the term 𝜇0⟨⟩, noting that it is the term that corresponds to a direct proof
of 𝛮0. If we wanted to test a Herbrand scheme, in fact, using generic terms is
not the only possible direction. We can provide a specific input term directly,
which corresponds to introducing a cut between the initial proof and a proof
of the desired left formula. As an example, take the ℋ­term resulting from the
proof 𝜋3 of ⇒𝛮3.

⇒4 3 = 3
⇒3 ∃𝑦 ≥ 3.3 = 𝑦
⇒2 ∃𝑦 ≥ 2.3 = 𝑦
⇒1 ∃𝑦 ≥ 1.3 = 𝑦
⇒0 ∃𝑦 ≥ 0.3 = 𝑦........................

⇒ 𝛮3

The final term is 𝜇1𝜇1𝜇1𝜇0⟨⟩, generated by the following reduction.

ℱ0 ⟶R∃1 𝜇1ℱ1 ⟶R∃1 𝜇1𝜇1ℱ2
⟶R∃1 𝜇1𝜇1𝜇1ℱ3 ⟶R∃0 𝜇1𝜇1𝜇1𝜇0ℱ4
⟶R= 𝜇1𝜇1𝜇1𝜇0⟨⟩
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Instead of introducing the generic term 𝐺∃, via cut (and substitution) we make
𝛼 = 3 by providing the term for 𝛮3 as input to the rest of the computation,
which proceeds as shown below (the substitution steps are omitted for simplicity,
since they do not have any effect).

𝜋3...........
⇒𝛮3

R= ⇒ 𝑥′ = 𝑥′R∃0 ⇒ ∃𝑦 ≥ 𝑥′ 𝑥′ = 𝑦
R∃1 ⇒ ∃𝑦 ≥ 𝑥 𝑥′ = 𝑦

L= 𝛼 = 𝛽 ⇒ ∃𝑦 ≥ 𝛽 𝛼′ = 𝑦

∃𝑦 ≥ 𝛽 𝛼 = 𝑦 ⇒ ∃𝑦 ≥ 𝛽 𝛼′ = 𝑦 b⃝
Sub∃𝑦 ≥ 𝛽′ 𝛼 = 𝑦 ⇒ ∃𝑦 ≥ 𝛽′ 𝛼′ = 𝑦

R∃∃𝑦 ≥ 𝛽′ 𝛼 = 𝑦 ⇒ ∃𝑦 ≥ 𝛽 𝛼′ = 𝑦
L∃∃𝑦 ≥ 𝛽 𝛼 = 𝑦 ⇒ ∃𝑦 ≥ 𝛽 𝛼′ = 𝑦 c⃝ [0/𝛽]∃𝑦 ≥ 0 𝛼 = 𝑦 ⇒ ∃𝑦 ≥ 0 𝛼′ = 𝑦.......................................... def𝛮𝛼 ⇒ 𝛮𝛼′ [3/𝛼]𝛮3 ⇒ 𝛮4

⇒ 𝛮4

ℱ⊥
cut⟶ℱ1ℱ0

𝜋3⟶ ℱ1𝜇1𝜇1𝜇1𝜇0⟨⟩
L∃⟶ ℱ1𝜇1𝜇1𝜇0⟨⟩

R∃⟶𝜇1ℱ1𝜇1𝜇1𝜇0⟨⟩
cycle⟶ 𝜇1ℱ𝜇1𝜇1𝜇0⟨⟩

L∃⟶ 𝜇1𝜇1ℱ1𝜇1𝜇0⟨⟩
R∃1⟶𝜇1𝜇1𝜇1ℱ1𝜇1𝜇0⟨⟩

cycle⟶ 𝜇1𝜇1𝜇1ℱ𝜇1𝜇0⟨⟩
L∃⟶ 𝜇1𝜇1𝜇1ℱ1𝜇0⟨⟩

R∃1⟶𝜇1𝜇1𝜇1𝜇1ℱ1𝜇0⟨⟩
cycle⟶ 𝜇1𝜇1𝜇1𝜇1ℱ𝜇0⟨⟩

L∃⟶ 𝜇1𝜇1𝜇1𝜇1ℱ⟨⟩
L=⟶𝜇1𝜇1𝜇1𝜇1ℱ0

R∃0⟶ 𝜇1𝜇1𝜇1𝜇1𝜇0ℱ
R=⟶ 𝜇1𝜇1𝜇1𝜇1𝜇0⟨⟩

Eventually the term produced is 𝜇1𝜇1𝜇1𝜇1𝜇0⟨⟩, or 4, that is just one more that
the given input, obtained as expected after having gone through exactly three
cycles, before taking left at the last L∃ rule.

The role of cut as application of functions can be looked in a more general
sense than as a simple tool to provide a specific input. We can consider the
proof of a given sequent as a module of a broader program, opening the door to
different considerations.

For example, if we think about the case of a proof 𝜋 with end­sequent of the
form ∃𝑥 ≥ 𝑡 𝜙 ⇒ ∀𝑥 ≥ 𝑠 𝜓, we expect that the computation of ℋ𝜋 will not have
an end, given the presence of good infinite traces on both sides of the arrow.
However, if ℋ𝜋 is a module inside a larger proof 𝜋′, that provides an input
of the existential type via a cut to the left of 𝜋, and then calls for the output
with a cut on its right­hand side, then the question on the termination of the
computation of ℋ𝜋 is dependant on the overall computation of ℋ𝜋′. In fact,
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the computation of the latter would perform the same process of cut reduction
described in Section 9.3.

Taking a step further, it also worth to consider the possibility of mixing dif­
ferent systems. The first example that comes to mind is the double negation
translation from classical to intuitionistic logic. We mentioned the fact that in
many cases in literature, constructive methods are applied to extract computa­
tional content from classical proofs. The possibility is given by the existence of
a number of translations involving the introduction of negation in some form
(Ferreira and Oliva, 2010), producing intuitionistically provable sequences from
classical ones. This process is in general external, and part of the preliminary to
the formal term extraction procedure.

Let’s indicate with 𝜙𝑛 the translated form of a formula 𝜙. Assume for the sake
of the reasoning that the negative translation (⋅)𝑛 is the one from Kolomogorov
(1925) which consists of just adding a double negation in front of every subfor­
mula, hence without changing the logical connectives, nor the quantifiers. In the
case of Herbrand schemes, we notice that the direction 𝜙 ⇒ 𝜙𝑛 is intuitionistic­
ally valid. The other direction is obviously not, since otherwise we would have
¬¬𝜙 → 𝜙. However, we can provide a proof of a classically provable sequent
that is the composition of three parts via cut.

𝜋𝛢
Γ ⇒ Γ𝑛

𝜋𝛣
Γ𝑛 ⇒ 𝜙𝑛

𝜋𝐶
𝜙𝑛 ⇒ 𝜙

Γ ⇒ 𝜙
Assuming that 𝜋𝛢, 𝜋𝛣 are intuitionistic, since that is guaranteed by theory, while
𝜋𝐶 is classical, we have that ℋ𝜋𝛢 and ℋ𝜋𝛣 are definable in the terms described
in this thesis. That means that, ignoring for now the last cut, we have a method
to extract computational content from a proof of Γ ⇒ 𝜙𝑛 directly, without the
necessity to prepare the formulas: the translation becomes part of the computa­
tion itself with the module 𝜋𝛢. This is a positive feature of adopting this system,
since now a process that was done externally is incorporated in the mechanism,
without the necessity of modifying the recursion scheme. Moreover, the same
general definition of recursion scheme could be used to test possible differences
in the computational content resulting from different translations.

It remains to deal with the classical proof 𝜋𝐶 ∶ 𝜙𝑛 ⇒ 𝜙. Let’s remark that
all the methods that rely on a translation into intuitionistic systems in order to
extract computational content for classical systems, do not provide for a step
back into the classical case: the computational content extracted is relative to
the proof of the translated sequent or formula. We could do the same here and
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treat any instance of a sequent like 𝜙𝑛 ⇒ 𝜙 as an axiom, hence returning the
input term of type 𝜙𝑛. After all, there is not much more to be extracted from
such a proof, and the interesting instances of induction occur in 𝜋𝛣. The other
two proofs might have cycles, because of the nature of quantifiers, but they are
only representing induction steps of the translation.

The case of double negation translation remains, essentially, inside the range
of ICA, but it is a practical example of the fact that any kind of contamination
can be made via a cut on the left or on the right, as long as there is a way of
express the computation in the other systems as terms in the language ℋ.

Before closing this section, there are two issues to address that emerge from
the examples seen so far, here and in the previous section. First of all, the amount
of external work that needs to be done to convert the information from terms
into an accessible form, especially noticing that in all of the examples we have
considered simple formulas in prenex form.

It is possible, in principle, to set another group of terms and reduction rules
to manipulate the result, that would process the raw object resulting from the
computation, and return a refined term. Such terms would be similar to the
“extractors” of Afshari et al. (2025c), where they are introduced to resolve the
questions left open by the Peirce operators. Essentially, one can look at them
as another module, just like the generic terms defined above. Extractors could
consume the complex term that they are provided, while saving the relevant in­
formation. It is not difficult to imagine extractors that return the number 𝑛 from

a term
𝑛

⏞𝜇1 …𝜇1, or that stores in a pair (𝑛, 𝑚) the number of quantifier operators

in a term
𝑛

⏞𝜈…𝜈(
𝑚

⏞𝜇1 …𝜇1). We will not go into the details of such a construct here,
limiting ourselves to state the existence of such a possible solution. What the
examples seen so far chek, in fact, is that the obtained terms contain the inform­
ation we were looking for, among the other things.

More pressing is the second issue, posing another potential problem for the
extraction of ℋ terms. With a proof like 𝜋 above, it is always possible to per­
form a cut providing the necessary input term, but the same is not possible, for
example, when 𝜋 is a subproof of 𝜋2 ⊢⇒ ∀𝑥 ≥ 0𝛮𝑥 → 𝛮𝑥′ at the end of
the previous section. In that case, the end­sequent has no formulas on the left,
but after a R→ it enters the sub­proof 𝜋, which indeed needs for a term of type
𝛮𝛼. The computation is stuck by the lack of an input for 𝛮𝛼, once again, but
this time it is not a matter that can be taken care via cut, rather a feature of
the recursion scheme and the definition of the rewrite rule for R→. Recall that
the problem was mentioned already in the proof of Lemma 8.11, and it was the
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reason for restricting the claim to terms of order 0.
One possible solution could be to introduce from the environment a generic

input to evaluate all the possible computations. In that scenario, the computa­
tion would produce a term of the following form

𝜈(𝜇1𝜇0⟨⟩ ∣∣ 𝜇1𝜇1𝜇0⟨⟩ ∣∣ … , 𝜈(𝜇1𝜇0⟨⟩ ∣∣ 𝜇1𝜇1𝜇0⟨⟩ ∣∣ … , …ℱ1))

that is: infinitely many nestings of 𝜈 – as it was already with an explicit input𝛮0
– each one containing an infinite lists of closed terms, representing all the possible
computations on all the possible inputs. Such a solution would definitely make
the recursion scheme produce all the possible combinations between input and
output terms.

One could argue that that represents in full the computational content that
is intrinsic in the cyclic proof 𝜋2 above, and that the term extracted from its
Herbrand scheme replicates faithfully the process described by its structure and
rules. While that is true, the use of generic terms was restricted so far at a meta­
level to analyse the behaviour of a scheme. Trying to use of generic terms to deal
with R→ would bring a number of downsides, as we will see in the next section,
in connection with the issue of termination.

10.3. Termination
The presence of coinductive formulas and the cyclic nature of recursion schemes
means that the process of rewriting can in principle never end. That is coherent
with the definition of the quantifiers, and expected. A simple proof of a sequent
⇒ ∀𝑥 ≥ 𝑡 𝜙 with 𝜙 quantifier­free is sufficient to present an infinite cycle over
the right­universal trace. In the previous section we mentioned that, via cut, it
is possible to restrict the process to a specific range of interest, recovering the
input–output relation of the function expressed by the interpretation of a uni­
versal quantifier.

In this last section we are interested to check whether there is a fragment
of formulas for which we can expect termination. It is clear that the infinitary
behaviour is due to the presence of infinite paths in the proof, so a first trivial
instance of terminating recursion scheme would be one from a finite proof. As
shown in Afshari et al. (2025b) it is possible to take advantage of the results of
the previous chapter about cut­reduction and language preservation, to define a
less trivial fragment than just finite proofs.

For a cyclic proof of a sequent of the form ∀𝑥 ≥ 𝑡 𝜙 ⇒ ∃𝑥 ≥ 𝑠 𝜓 – for ex­
ample – with 𝜙, 𝜓 quantifier free, we know that if a good trace exists it must
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be an internal one, since it can only be introduced by a cut. We know that the
language of a recursion scheme obtained from a cyclic proof corresponds to the
language of the equivalent proof obtained by cut­reduction. As a consequence,
when a cyclic proof is reduced to a finite one, that means that termination is
possible for the Herbrand scheme of the former.

A general definition of a fragment with the property of termination can be ob­
tained by focusing on the possibility of the end­sequent to produce good traces,
either directly or from the left­hand side of an implication. Define an instance
of a subformula as occurring positively or negatively in a formula or a sequent,
depending on the number of times it is positioned to the left of an implication.

Definition 10.3 (Positive/Negative formulas). Any formula 𝜙 occurs positively in
itself. If 𝜙 is positively (negatively) in 𝜓, for any 𝜒, Γ:

• it occurs positively (negatively) in 𝜓 ∧ 𝜒, 𝜓 ∨ 𝜒, 𝑄𝑥 ≥ 𝑡𝜓 and 𝜒 → 𝜓;
• it occurs negatively (positively) in 𝜓 → 𝜒;
• it occurs positively (negatively) in Γ ⇒ 𝜓 and negatively (positively) in
𝜓, Γ ⇒ 𝜒.

A good trace consists of either an existential formula eventually on the left, or a
universal formula eventually on the right, and the polarity defined above for a
formula 𝜙 indicates whether a trace over 𝜙 changes side an even or odd number of
times. Considering the role of the sequent arrow, an end­sequent without good
traces presents existential formulas that occur only positively, and universal ones
only negatively. All of the end­sequents of that kind belong to the fragment Ξ.

Definition 10.4. Γ ⇒ 𝜙 is a Ξ end­sequent iff no ∃­formula occurs negatively in
the sequent, nor a ∀­formula occurs positively.

A few example schemes are given in the next table, where 𝜙 stands for any
quantifier­free formula.

∈ Ξ ∉ Ξ
∀𝜙 ⇒ ∃𝜙 ∃𝜙 ⇒ ∀𝜙, ∃𝜙 ⇒ ∃𝜙

(∃𝜙) → ∀𝜙 ⇒ (∀𝜙) → ∃𝜙 ∀∃𝜙 ⇒ ∃∀𝜙, ∀𝜙 ⇒ ∀𝜙
∀((∃𝜙) → ∀𝜙) ⇒ ∃((∀𝜙) → ∃𝜙) (∀𝜙) → ∃𝜙 ⇒ (∃𝜙) → ∀𝜙

A quick check ensures that no good trace can originate from an end­sequent that
is in Ξ. As a consequence we have the following theorem.
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Theorem 10.5. For every ICA proof 𝜋 with end­sequent Γ ⇒ 𝜙 ∈ Ξ there exists a
finite proof 𝜋′ such that 𝜋⇝ 𝜋′.

Proof. In 𝜋 there are no good external traces starting at the root. The polarity
of a quantifier changes only in a formula where it appears in the antecedent of
an implication, which is the only connective whose rules can move a formula
from one side to the other of the arrow. A trace that eventually becomes a good
existential trace must occur under an even number of alternation, if it is on the
left of the arrow; an odd number if it is on the right, hence it must be occurring
positively in Γ or negatively in 𝜙. Dually for a good universal trace. That is
excluded by definition ofΞ. The process of cut­reduction returns a proof 𝜋⇝ 𝜋′
with cut­formulas of rank 0, meaning that 𝜋′ has no good internal traces either,
hence it is finite.

The result is a direct consequence of cut­reduction, so it is not surprising, yet
it confirms the importance of the preservation of language between recursion
schemes obtained via cut­reduction.

Before we conclude the discourse about termination with a theorem about
the language, there is one open issue to address. In Section 8.2 we proved Lemma
8.11 saying that for a recursion scheme of order 0, the computation terminates
with a closed term of the type of the right­hand formula, and such that it con­
tains no non­terminals. Remember that the limitation was necessary, due to the
fact that after a R→ step the non­terminal could be needing an additional term
to continue the computation. It is important to remark that this is not an error,
rather a desired behaviour in line with the interpretation of an implication, as
argued in the previous section, and that the production of closed terms that con­
tain non­terminals is fully coherent with the interpretation of an implication as
a function.

Nonetheless, in the previous section we have introduced generic terms to
obviate the need for a concrete term. Since the fragment Ξ from Definition
10.4 does not present assumptions of any kind on the order, one might wonder
whether it is possible to lift the order restriction and obtain the same result of
Lemma 8.11, by introducing generic term into the formal definition of ℋ. In
that scenario, the goal would be to prove that not only the computation from a
Ξ end­sequent terminates, but that the closed term obtained is in normal form.
That could be useful in extracting concrete terms in cases like the following ex­
ample.
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Example 10.6. Consider the part of the proof 𝜋 ⊢⇒ ∀𝑥 ≥ 𝑡 𝜙 → ∃𝑥 ≥ 𝑡 𝜓 below.

⋮
𝜙𝑡, ∀𝑥 ≥ 𝑡 𝜙 ⇒ 𝜓(𝑡′′)

𝜙𝑡, ∀𝑥 ≥ 𝑡′ 𝜙 ⇒ ∃𝑥 ≥ 𝑡′′ 𝜓
𝜙𝑡, ∀𝑥 ≥ 𝑡′ 𝜙 ⇒ ∃𝑥 ≥ 𝑡′ 𝜓
𝜙𝑡, ∀𝑥 ≥ 𝑡′ 𝜙 ⇒ ∃𝑥 ≥ 𝑡 𝜓
∀𝑥 ≥ 𝑡 𝜙 ⇒ ∃𝑥 ≥ 𝑡 𝜓

⇒ ∀𝑥 ≥ 𝑡 𝜙 → ∃𝑥 ≥ 𝑡 𝜓
By introductig generic terms the output would be 𝜇1𝜇1𝜇0ℱ𝐺𝜙𝐺∀𝜙, indicating that
the proof unfolds the existential quantifier twice before moving inside 𝜓. Without
the generic terms, however, the reduction would halt after the first R→ for lack of
an input for L∀.
At the present stage generic terms are available only at the meta­level, where
an external agent has access to them. To bring them inside the definition of
Herbrand schemes and remove any external agent, we would need to add to the
set of rules another reduction for the right implication, where 𝜎 is the type of
the missing term and ℱ ∶ ⟨ ⃑⃗𝑥⟩ → 𝜎 → 𝜌:

ℱ ⃑⃗𝑥 →𝐺𝜎⟶ℱ⃑⃗𝑥𝐺𝜎 (10.1)

The introduction of generic terms in Definition 10.2 tackles pattern matching
by splitting the computation in parallel branches, but each one of them remains
internally confluent, since for each non­terminal there is only one rule applicable.
Unfortunately, once the additional generic rule (10.1) is introduced, confluence
is definitely lost. For every non­terminal of function type there is a choice to
be made: introduce a generic term, or wait and see whether a suitable term is
provided later. Moreover, no indication in favour of either option comes by
looking at the shape of the term, as the following example shows.

Example 10.7. Assume that the computation of a Herbrand scheme ℋ𝜋 from a
given input ⃑⃗𝑥 is such that ℱ⊥ ⃑⃗𝑥 ↠ℛ ℱ0𝑡(ℱ1), with 𝑡 ∶ (⟨𝜙⟩ → ⟨𝜓⟩) → ⟨𝜒⟩ and
ℱ1 ∶ ⟨𝜙⟩ → ⟨𝜓⟩. Focus on ℱ1, that is of function type and is currently missing an
input term of type ⟨𝜙⟩. Assume that the rules from Definition 10.2 with the addition
of (10.1) are formal reduction rules ofℋ𝜋. We would like to do the smart thing and
resort to generic terms only in case ℱ1 is not going to receive an input from another
branch. The problem is that looking at the situation from the side of the proof, there
are (at least) two different scenarios that could have brought to the same situation
above:
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𝜙 ⇒ 𝜓
⇒ 𝜙 → 𝜓 𝜙 → 𝜓, (𝜙 → 𝜓) → 𝜒 ⇒ 𝜂

cut(𝜙 → 𝜓) → 𝜒 ⇒ 𝜂
and

𝜙 ⇒ 𝜓
⇒ 𝜙 → 𝜓 𝜒 ⇒ 𝜂

L→(𝜙 → 𝜓) → 𝜒 ⇒ 𝜂

In the first case, the evolution ofℱ1 is paired with the evolution of the corresponding
formula in the antecedent of the right­premise, hence we should refrain from intro­
ducing a generic term. In the second case, instead, there is no notice of a cut being
involved. It is possible that the computation halts the next time 𝜙 is principal in a
left rule, so in this scenario we would like to introduce a generic term 𝐺⟨𝜙⟩. Unfor­
tunately, it is equally possible that 𝑡 ∶ (𝜙 → 𝜓) → 𝜒 was also introduced by a
cut below, hence by just waiting a bit more, the necessary input will eventually be
provided internally from another branch.

Even if the addition of generic term rules for implication cancels the possibility
to have confluence, it is still possible to look at the existence of a computation
by assuming that any reduction like (10.1) is enforced only in cases where it is
necessary.

Regardless of (10.1), there is another problematic outcome from the addition
of generic terms, that is the fact that Lemma 8.7 is not valid anymore in its form
above. That is easy to see for any end­sequent of the form⇒ 𝜓 → 𝜙. While the
type of the initial non­terminal is ⟨𝜓⟩ → ⟨𝜙⟩, by adding a generic term 𝐺⟨𝜓⟩ the
computation produces a (sequence of ) term(s) of type ⟨𝜙⟩. In essence, by going
into the path of generic terms to extend Lemma 8.11 ,we would have to give
up confluence, which was crucial in the proof of language equivalence, and type
preservation, that ensures correctness of the computation. All that considered,
we opt to not introduce generic terms into the definition of Herbrand schemes,
preserving the structure defined already in the previous chapters. They can still
be taken as a meta­level construct to gain access the whole computation in its
general form.

For every proof with end­sequent in Ξ, the computation of the Herbrand
scheme on closed inputs always terminates. Whether the resulting term is in
normal form, or contains non­terminals, depends on the order type of the se­
quent.
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Theorem 10.8. To every proof 𝜋 with end­sequent Γ ⇒ 𝜙 ∈ Ξ corresponds a
terminating strategy forℋ𝜋 on any list of closed terms of the right type. Moreover, if
𝑜𝑟𝑑(⟨𝜙⟩) = 0 the computation returns a term 𝑟 ∶ ⟨𝜙⟩ in normal form.

Proof. By Theorem 10.5 the cut­reduction strategy returns a finite proof 𝜋′ with
cut­rank 0. By Theorem 9.8 the two recursion schemes are such that ℒ(ℋ𝜋) =
ℒ(ℋ𝜋′), hence there exists a terminating strategy for the computation ofℒ(ℋ𝜋).
Assuming 𝑜𝑟𝑑(⟨𝜙⟩) = 0, Lemma 8.11 ensures that the obtained term does not
contain non­terminals.



11. Concluding remarks

The next two sections contain a brief recap of the main results of each part and,
most importantly, they address some of the issues that were not covered in their
natural places above. Most of them were mentioned, maybe the discourse even
initiated, but for some reason they were not fully explored. They were probably
deemed to be not fully pertinent, or maybe disrupting with respect of the flow
of the reasoning in the main parts, and now is the right time to come back to
them.

11.1. Limitations of the approach to closure ordinals
In the first part we investigated closure ordinals for the modal 𝜇­calculus. The
necessity to recover the result from Afshari and Leigh (2013) on the alternation–
free fragment was the initial motivation for my work on this topic, an effort that
produced the machinery presented in Afshari et al. (2025a). As recounted in
the introduction of Chapter 2, the problems encountered along the way sugges­
ted the necessity of a change of perspective from the search of a pumping­style
method to one based on optimality of annotations. In addition, the desire to
test the argument against some form of alternation was strong, resulting in the
continuation of the research on this topic. The outcome was presented in part I
of this dissertation.

The first two chapters were devoted to a presentation of the language, the
system, the semantics, and the necessary adjustments in terms of binary trees,
binary indexed modalities and equation systems. We have had the chance in the
first part to appreciate how syntactic choices have the power to affect the evolu­
tion of a formula, and more importantly the knowledge and control that we can
have over it. Most of Chapter 3 was spent to prove that the closure ordinal is
preserved by the translation into binary language. That was a fundamental step
since the closure is not necessarily preserved between equivalent formulas.

We know now that a translation into binary preserves the closure ordinal. A
similar result was given for a version of 𝜇­calculus with the single cover modality
in Afshari et al. (2025a). In the appendix of Niwiński et al. (2025), the authors
showed that taking the equivalent guarded version of a formula is also preserving
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the closure ordinal, despite the possible explosion in terms of size (Bruse et al.,
2015). These results have been produced with the specific purpose of answering
to an immediate necessity. It would be interesting to see an investigation of the
general conditions that preserve closure ordinals after syntactic transformations.

Having defined optimally annotated traces in conservative well­annotations,
in Chapter 4 it was possible to prove the existence for each formula of a number
𝛮 that determines a gap in the closure ordinal between 𝜔.𝛮 and 𝜔2. The result
is shown by contradiction, that arises from the existence of a greatest fixed point
that is annotated with two significantly different ordinals, yet under the same
side conditions, and with the assumption that the annotation is optimal.

The way in which optimality was defined, however, left the case of principal
ordinals in need of a separate analysis, and that was done in the first part of
Chapter 5. A quite convoluted construction was necessary in order to present
a pumping–like argument, that could overcome only partially the challenges
posed by the multiple traces interacting simultaneously in the determination of
a limit ordinal. The components that ensure pumping of what are called quasi­
productive traces were isolated at the level of syntax, by introducing conjunctive
forms. The rest of the effort was directed towards ensuring the presence of such
traces, and the propagation of the increment. A contradiction was obtained,
then, with the notion of upper bound, an intermediate formulation of the defin­
tion of closure ordinal that takes into consideration side formulas.

Finally, in the last section of the chapter we combined the two methodologies
together to prove the final theorem, that excludes the possibility of a conjunctive
formula in the 𝒞(Σ2) fragment with a closure ordinal between 𝜔2 (included) and
𝜔1. We conjectured that the same result holds for the general fragment, pending
a proof of preservation of closure ordinals in the equivalence.

The fragment 𝒞(Σ2) was characterised and motivated in Section 3.2, and de­
scribed informally as an extension of Σ2 with closed formulas of any complexity.
That characterisation is, however, potentially misleading, as we will see in a mo­
ment.

What motivated the investigation in the direction of 𝒞(Σ2) is the desire to
test the evolution of closure ordinals in the presence of a primitive form of altern­
ation. In that respect, the fragment isolated covers a sufficient range of formulas
to do the job, and there is no doubt that an initial form of alternation has been
captured. What emerges from the analysis of the role of the greatest fixed point
in this setting is that it mostly plays the role of collector of different possible
continuations. Especially considering the informal distinction made to intro­
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duce productive traces, greatest fixed point quantifiers have the possibility to act
as □­formulas in a non­binary setting, with additional constraints: collecting
(or not) an infinite list of instances of subformulas, depending on the model
and/or the structure of the formula. Once that emerges from the investigation,
it is not surprising that the same upper bound of the alternation–free fragment
is preserved in the case of 𝒞(Σ2).

The way in which we defined the behaviour of 𝜈­formulas, however, leaves
room to a possible objection. Consider the case of formulas with an outer­
most 𝜈­quantifier with some closed Σ1 in its range. For example, the formula
𝜈𝑦 (𝜙 ∧ (𝜇𝑥𝜓0 ∨ 𝜇𝑧𝜓1)) is in Σ2, provided that 𝑦 ∉ 𝐹𝑉(𝜓0, 𝜓1), 𝜙 ∈ Δ0 and
𝜓0, 𝜓1 ∈ Σ1. This formula is in 𝒞(Σ2) as well, but since we assigned 0 by default
to every closed formula, the overall annotation according to the work above
is also 0. However, we know that the main result applies to the subformula
𝜇𝑥𝜓0 ∨ 𝜇𝑧𝜓1 ∈ 𝒞(Σ2), meaning that its closure ordinal is either < 𝜔2 or 𝜔1.
Given the definition of annotation, the same value extends to the value of the
main quantifier 𝜈𝑦 as well, since no least fixed point occurs in 𝜙. The point of
the example is to show that, even if formally not covered by the result in this
thesis, the upper bound 𝜔2 can be easily applied to other cases under specific
circumstances.

The next question, then, becomes: is it possible to extend the result to Π2?
First of all, it is important to remember that by definition Π2 ⊈ 𝒞(Σ2), as ex­
emplified by the formula above, in case the restriction that 𝑦 ∉ 𝐹𝑉(𝜓0, 𝜓1) is
dropped. One might be tempted to claim that a similar argument holds in this
case as well, that is, that the same upper bound is provable extending the result
about the subformulas in a modular way. That is, unfortunately, not always pos­
sible.

First of all, it is not straightforward to determine the existence of a closure
ordinal for a formula that is obtained by the combination of two subformulas,
even if their situation with respect to the closure is known.

Example 11.1. Consider the formula (𝜇𝑥□𝑥)∨(𝜇𝑦 (□⊥∨♢𝑦)). The first disjunct
has closure ordinal 𝜔1 and the second 𝜔. Since the satisfaction of the former entails
the satisfaction of the latter, the overall closure ordinal is bounded by 𝜔. Consider
now 𝜇𝑥 (□𝑥 ∧ 𝑝) ∨ 𝜇𝑦 (□⊥ ∨♢(𝑦 ∧ ¬𝑝)). The closures of both subformulas are the
same, but now the entailiment between the two is broken. The overall closure ordinal
is 𝜔1.
Even if a more in depth analysis was able to determine the appropriate conditions
for composing formulas with known closure ordinals, the case of Π2 presents a
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more radical problem, that is connected to the definition of ordinal counting.
Back to the formula above, take 𝜒 = 𝜈𝑦 (𝜙 ∧ (𝜇𝑥𝜓0 ∨ 𝜇𝑧𝜓1)) and assume that
𝜙 ∈ Δ0 and 𝜓0, 𝜓1 ∈ Σ1, but this time 𝑦 ∈ 𝐹𝑉(𝜓0, 𝜓1). It is still true that the di­
chotomy applies to each of the two 𝜇 formulas, but only with respect to a fixed
valuation of the free variable 𝑦. The problem is that, in order to assign the correct
value to 𝑦, the whole formula has to be evaluated, bringing us back to where we
started.

It is certainly possible to evaluate the greatest fixed point using the method
of iteration. However, it was mentioned in the introduction that the approxim­
ation of a greatest fixed point proceeds by subtraction, removing states from the
valuation of 𝑦 at each step. It follows from the definition of iteration approxim­
ation that for every formula 𝜙 and node 𝑠 ∈ ‖𝜇𝑥 𝜙‖ there exists a least 𝛼 such
that 𝑠 ∈ ‖𝜇𝑥 𝜙𝛼‖, while if 𝑠 ∈ ‖𝜈𝑥 𝜙‖ then 𝑠 ∈ ‖𝜈𝑥 𝜙𝛼‖ for every 𝛼. The standard
annotation reflects the fact that if 𝑠 ∉ ‖𝜈𝑥 𝜙‖ then there is a least 𝛼 such that
𝑠 ∉ ‖𝜈𝑥 𝜙𝛼‖. It is not clear how to construct a well­annotation for the greatest
fixed point that could serve our purpose, since the closure ordinal of a 𝜈 does
not correspond to the least possible annotation at that state – which is always 0
– nor to the greatest.

One could be tempted to abandon the strategy of annotating greatest fixed
points, and try to climb the ladder only on the Σ side, by extending the res­
ult to cover the case of Σ3, for example. The computation of a formula like
𝜇𝑥.𝜈𝑦.𝜇𝑧.𝜙(𝑥, 𝑦, 𝑧) would still require to compute the greatest fixed point, but
we could decide to ignore the annotation and jump directly to the end of the
computation with the denotation of 𝜈𝑦.𝜇𝑧.𝜙(𝑥, 𝑦, 𝑧), somewhat analogously to
what we saw in this thesis (yet differently). Unfortunately, that approach is not
immune from the same issue just saw with 𝜈 annotation.

Fixed a transition system with domain 𝑆, the process would start by fixing a
valuation 𝒱0 such that 𝒱0(𝑥) = ∅, 𝒱0(𝑦) = 𝑆. The next step would be to com­
pute the closure ordinal of 𝜇𝑧 𝜙 in the given model, with the current valuation
for the open variables, and use it to establish ‖𝜈𝑦1‖. That would conclude the
first iteration of the greatest fixed point, so the next step would be to change the
valuation to 𝒱1(𝑦) = ‖𝜈𝑦1‖, 𝒱1(𝑥) = ∅ and compute again the closure ordinal of
𝜇𝑧 𝜙 with the new valuation. The back–and–forth continues until the greatest
fixed point has been reached. Only then we would be able to compute the first
step ‖𝜇𝑥1‖, and then restart with the closure ordinal of 𝜇𝑧 𝜙 under the assump­
tions 𝒱𝜅(𝑥) = ‖𝜇𝑥1‖ and 𝒱𝜅(𝑦) = 𝑆.

At the end of all of it, there is a least pair of ordinals ⟨𝛼, 𝛽⟩ – least in the
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lexicographical sense – such that 𝑠 ∈ ‖𝜇𝑥𝛼.𝜈𝑦.𝜇𝑧𝛽.𝜙(𝑥, 𝑦, 𝑧)‖. Such a value, how­
ever, would be too far from telling something about the actual computation, and
hardly representative of the notion of closure ordinal that we have used so far.

These issues that I am listing here are not meant to say that it is not possible
to pursue the search for a meaningful expression of the notion of closure ordinal
beyond 𝒞(Σ2). My intention is to point at what appear to be serious obstacles,
that require a radical change of perspective from the one presented here, in order
to be managed with some aspiration.

Another interesting question that is closely tied to the reasoning above, and
comes naturally at the end this work, is whether there exists a way of combining
formulas with known closure ordinal in a way such that the closure ordinal of
the resulting formula exceeds 𝜔2. The fact that the upper bound of 𝜔2 extends
to the first cases of alternation suggests a negative answer.

At the end of their paper, Gouveia and Santocanale (2017) remarked that
the method of composition of mutually incompatible disjuncts, the one used
by Czarnecki (2010) and generalised by them, cannot be exploited to construct
formulas whose closure ordinal is not obtained from regular ordinals using suc­
cessor and sum. In the context of countable models, that entails that 𝜔2 is a
strict upper bound with respect to the composition method.

To my knowledge, there have not been any different methods suggested so
far. The work in this thesis can be said to be based on the same lines, as well
as the one by Niwiński et al. (2025). Even the example of a formula with clos­
ure greater than 𝜔2 in the work by Milanese (2018) is explicitly obtained with
a strategy that is analogous to the one by Czarnecki (2010). In the context of
full 𝜇­calculus, i.e., with bidirectional modalities that allow to move backwards
as well as forward on a path, Milanese showed a scheme for formulas with upper
bound 𝜔𝜔. As immaginable, the jump from 𝜔2 to 𝜔𝜔 is due to the possibility of
reusing the same infinite path in both directions, compressing the work done by
a comb structure into a single infinite path, to use the terminology of Niwiński
et al. (2025).

Such a possibility is not available at the moment in the standard 𝜇­calculus.
One might think that something similar can be achieved by using alternation of
fixed points in a clever way, reusing the same part of a tree multiple times via par­
allel traces, or equivalently reusing some subformula (module) a fixed amount
of times. Far from being conclusive, in part because of the considerations made
above on the treatment of full alternation, what the result in this thesis suggests
is that it is not possible. If Gouveia and Santocanale (2017) proved that the fuse
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method has reached the limit, our work suggests that the limitation is not due
to the restriction to least fixed points, but it is probably tied to the semantics of
closure ordinals.

11.2. Explicit fixed points and computational content
The second part of the thesis presented a study of fixed points in the context
of cyclic proofs. At the beginning of Chapter 6 I introduced the works of Af­
shari, Enqvist, Hetzl and Leigh that over the years defined a method of extrac­
tion of computational content from classical proofs using higher­order recur­
sion schemes. Building on their work, in this thesis I applied the same method
to a cyclic proof system for intuitionistic arithmetic. The system called ICA was
defined in Chapter 6, where the choice of defining existential and universal quan­
tification in terms of fixed points was explained and motivated. In Chapter 7 an
embedding of ICA into a formal system HA of Heyting arithmetic was proven,
taking advantage of an intermediate system of cyclic Heyting arithmetic called
CHA.

Chapter 8 begins with the definition of the typed language employed to
formally represent proofs, followed by the presentation of higher­order recursion
schemes in general. We focus on the particular kind of HORS, called Herbrand
schemes, that can be defined from a given proof by introducing non­terminals
and rewrite rules, that reproduce the effects of each instance of a rule. The be­
haviour of the rewrite rules is justified right after their definition in table 5. In
particular, cut is treated as function application, which is not surprising given its
meaning in the intuitionistic framework, while the rules corresponding to quan­
tifiers follow the same structure of disjunction with ∃, and conjunction with ∀,
i.e., the main connectives of their definitions. Most of the left rules present pat­
tern matching, so that a reduction is possible only with well­formed terms, that
is, when some proper information is being processed. Finally, the chapter ends
with a series of properties of the rewrite relation, including a proof of confluence.

Chapter 9 contains the technical theorems. Once the language of a higher­
order recursion scheme is defined as the set of irreducible terms in normal form
obtained by the rewrite relation, the language is proved to be invariant to the pro­
cess of cut­reduction. Cut reduction is proved for the proof system IA∞, that is
the ill­founded version of ICA with multicuts. The strategy follows the continu­
ous cut­elimination technique from the literature, and in particular relies on two
technical theorems from Afshari and Leigh (2026) to ensure trace preservation.
At the end of the process of cut­reduction an ill­founded proof is obtained with
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the same end­sequent, and cut­rank 0. Thanks to Theorem 9.8 we can identify
the languages extracted from the two proofs, obtaining information about the
language in the former case from the latter. In general, given that the order of a
recursion scheme from a proof 𝜋 is determined by the order of the end­sequent
and of its cut­formulas (Theorem 8.9), via cut­reduction it is possible to estab­
lish an upper bound on the complexity of the computation of the language by
simply focusing on the end­sequent. In Chapter 10 a fragment Ξ of sequents
whose cut­free proofs are finite is defined. The immediate conclusion is that
the computation of their languages has a terminating strategy, despite the initial
presence of cycles.

These and other considerations about termination, term extraction and sup­
ply of inputs have been discussed in Chapter 10. In there, specific aspects arising
from the technical work in the previous chapters were discussed, including the
actual form of the term extracted, and the convenience of introducing generic
terms. However, before concluding this work there are a few more general as­
pects to address regarding the choice of a cyclic proof system and intuitionistic
arithmetic.

First of all, in the main introduction I briefly mentioned the importance that
the study of cyclic proof theory has gained in the past decade, which alone jus­
tifies an attempt to apply the methodology of term extraction via higher­order
recursion schemes to them. Besides such consideration, the connection between
HORS and cyclic proofs is strong in itself, as previous works like the one in my
Licentiate thesis and Afshari et al. (2025b) already showed. The correspondence
between the recursion schemes and sequent calculi, that was presented for the
finite case by Afshari et al. (2020), extends to the case of cyclic proof systems
quite naturally. With respect to the cited works, what differentiates the present
one is the definition of quantifiers, and with respect to the latter also the under­
lying logic.

A key aspect that we have mentioned in several occasions, but never dicussed
explicitly so far, is the choice of working with intuitionistic logic. The first reason
behind the choice is that taking intuitionistic logic as basis simplifies a number
of aspects of the work. For example, the interpretation of sequents as functions
has a univocal reading, taking objects of the types of the formulas on the left­
hand sides as input and returning a term of the type to the right. The same is
not the case with classical sequents, forcing for example Afshari et al. (2025c) to
define for each formula an input and an output types, in order to talk about the
different functions that can be seen in a sequent.
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Moreover, it allows for a rewrite relation that is confluent, differently from
the classical case where contraction opens the door to non­determinism. The
only choice that can be done in our case, in fact, concerns the order in which
non­terminals are reduced. A consequence of that can be found in the result
about the preservation of language under cut­reduction. While with ICA proofs
the set of normal terms of the initial proof corresponds to the language of the
cut­reduced proof, in the classical case the language obtained from an essentially
cut­free proof is a subset of the initial one.

Besides the practical advantages, there are some interesting theoretical aspects.
A posible criticisms regarding the choice of going into a constructive framework
could be that it represents a step back from the generality seen in the works by Af­
shari, Enqvist and Leigh. Moreover, one might be suspicious about the fact that
the methodology applied here was developed to extract Herbrand disjunctions
directly from classical proofs. Nonetheless, we decided to go into that direction
for two main reasons.

The first one is that HORS are able to capture and extract the nature of the
computation behind a constructive proof, beyond the interest towards specific
values for existentially quantified formulas. The case of existential prenex for­
mulas is the easiest and most immediate to imagine in terms of a specific goal
for term extraction, hence it constitutes the basis from which test and assess the
potential of the general architecture that was defined.

Moreover, even if the argument about the avoidance of cut­elimination is
dropped, the adoption of HORS has some advantages, we believe, with respect
to a formalism like simply typed lambda­calculus, for example. The direct cor­
respondance between nodes and non­terminals makes the reasoning about the
computation easier to follow, and the relation with the algorithm in the proof
tighter. The most evident case in point is the difference between the adoption
of a fixed­point combinator like 𝑌 to talk about fixed points in the 𝜆­calculus,
with respect to the simple way in which they were treated here. HORS allow for
pattern matching, but also modular expansions of the system, some possibilities
of which we have seen in the last chapter.

The second main reason for working with intuitionistic systems is that de­
veloping theoretical machinery in the intuitionistic framework can serve for the
classical case too. As we briefly discussed in Section 10.2, with other witness
extraction systems like Gödel’s T or realisability, the core of the process is intu­
itionistic, and then later it is applied to the classical case via a double negation
translation. A similar situation could be set up in this case as well, either with a
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negative translation in a preliminary stage, or internally in modules, in the way
suggested above in Section 10.2. We discussed the introduction of external rules,
like for generic terms, and opted not to have them because they were breaking
deterministic behaviour. However, if we were to move to a classical setting and
work with Peano arithmetic, most of the arguments against additional modules
would disappear.

We could think about integrating our system as a module inside another that
is suitable for the classical case. The integration would require to match possible
different perspectives about sequents. However, there is no realistic impediment
to incorporate the strategy of Afshari et al. (2025c), for example, into the setting
of ICA, and obtain similar results for Peano arithmetic.

The choice of working specifically with arithmetic is another difference with
respect to the other works previously mentioned. In particular, having a clear
and known inductive structure made it easier to focus on the role of fixed points
in the extraction process. In my previous work for the Licentiate thesis, the only
inductive definition was the natural number predicate, inside a cyclic system for
HA with standard quantifiers. The system by Afshari et al. (2025b) works with
generic inductive predicates, with the corresponding constructor and destructor
operators to mark the unfolding of the definitions at the level of the typed terms.

What the present version of recursion schemes for arithmetic does is to push
the generalisation in another direction. Instead of distinct operators for each
inductively defined predicate, by defining quantification in terms of fixed points
it is possible to have standard operators for universal and existential quantifi­
ers. Even though formally one for each type, their structure is fixed, thanks to
their definite meaning in the context of arithmetic, making their behaviour com­
pletely transparent. Moreover, generalisation goes in another direction.

In the context of arithmetic, the symmetry of quantifiers as fixed points
makes it easier to introduce coinduction, opening the door to the exploration
of that side. Coinduction is absent from Licentiate and in general most of the
systems of cyclic arithmetic that we have encountered. Most of the systems rely
on inductively defined predicates, while examples of coinductive predicates usu­
ally refer to infinite lists. The choices made in this case open the door to the
exploration of the phenomenon in terms of universal quantification. At the end
of Afshari et al. (2025b) the exploration of the coinductive side of predication is
mentioned as one of the interesting directions, and we believe that the present
work can represent a first step in that direction.

Finally, the choice of using fixed point quantifiers instead of inductively defin­



166 • AccOuNTINg fOR REcuRSION

ed predicates can be argued to be closer to the computational content of the
proof. In both cases we obtain operators that mark the unfolding of fixed point,
and that is the algorithmic step, the nucleus of the computational content. With
our approach, that step is all that is collected from the proof and kept, to be ex­
tracted eventually. That is because the presence of fixed point markers already
defines the domain of the computation, as well as its effect, so there is no need
to keep track of the substitution.
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Sammanfattning

Fixpunkter till funktioner kan beskrivas som en särskild sorts matematiska objekt
med många kraftfulla tillämpningar. Denna avhandling undersöker fixpunkter
inom ramen för två skilda tillvägagångssätt. Gemensamt för båda perspektiv är
metoder att hantera den iterativa karaktären hos fixpunkter. Första delen av av­
handlingen utforskar beräkningen av minsta fixpunkter med avseende på slutan­
de ordinaltal för formler i modal 𝜇­kalkyl. Med hjälp av annoterade strukturer
presenteras ett nytt ramverk för att beskriva hur iterationer av en fixpunktsfor­
mel utvecklas i ett transitionssystem. Genom en metod för pumpning kan vi
fastställa en övre gräns för uppräkneliga slutande ordinaltal. Metoden är utfor­
mad för de lägsta nivåerna av en hierarki av alterneringar, men med tillräckligt
bred tillämpbarhet för att möjliggöra en undersökning av effekterna av fixpunkt­
salternering. Andra delen av avhandlingen hanterar fixpunkter inom ramen för
cykliska bevissystem för intuitionistisk aritmetik. Cykliska bevis gör induktion
till en del av systemets struktur. Detta innebär en naturlig anpassning till att de­
finiera kvantifikation i termer av fixpunkter. Med hjälp av rekursionsschema för
högre ordnings rekursion som genereras från cykliska bevis undersöker vi den
beräkningsinformation som cykliska bevis implicit innehåller.
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9A fixed point of a function is a special mathematical object, with 

several powerful applications. This thesis studies fixed points in 
the context of two distinct frameworks. The first part investigates 
closure ordinals of formulas in the modal μ-calculus. In the 
second part, fixed points are considered in the context of a cyclic 
proof system for intuitionistic arithmetic. 
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