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Abstract

The purpose of this thesis is to explain some results in dilation theory. In this regard, it has
been given the principal results and ideas on positive maps and dilation theory such as Nagy’s
theorem, von Neumann’s inequality and some different versions of it, Stinespring’s theorem,
dilation for commuting and non-commuting sets of operators, and Shilov boundaries. Also,
Nevanlinna-Pick’s interpolation and an application in control theory has been considered.
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6 CONTENTS

Preface

Dilations are a tool and technique for studying operators on a Hilbert space by representing
a given operator as the restriction of a better-understood operator, acting on a larger Hilbert
space, to the original space. The operator on the larger space is referred to as a dilation of
the original operator.

One of the known dilation theorems is due to Sz.-Nagy that asserts that every contraction
operator can be dilated to a unitary operator. Thus to prove some results about contraction
operators it is enough to show that they are true for unitary operators. The most famous
application of this idea is Sz.-Nagy’s proof of an inequality of von Neumann to the effect that
the norm of a polynomial in a contraction operator is at most the supremum of the absolute
value of the polynomial over the unit disk. Andô generalized Sz.-Nagy’s and von Neumann’s
results to pairs of commuting contractions, but various analogues of these theorems are known
to fail for three or more commuting contractions. Work of Sarason and of Sz.-Nagy and Foiaş
showed that many classical results about analytic functions, including the Nevanlinna–Pick
theory is consequences of these results about contraction operators, which has applications
in signal theory that we also try to explain.

Stinespring introduced the theory of completely positive maps as a mean of giving abstract
necessary and sufficient conditions for the existence of dilations. The connections between
completely positive maps and dilation theory were spread further by Arveson. He extended
also the notion of Shilov boundary as a notion about dilation, to a non-commutative C∗-
algebras setting.



Chapter 1

Preliminaries

In this chapter we deal with some standard results. We introduce some important terminology
and fix notations.

1.1 Banach and C∗-Algebras

Definition 1.1.1 A C−vector space A is called an algebra over C if there is a multiplication
(a, b) ∈ A×A 7→ ab ∈ A such that for all a, b, c ∈ A and λ, µ ∈ C,
i) λ(ab) = (λa)b = a(λb),
ii) a(λb+ µc) = λab+ µac and (λb+ µc)a = λba+ µca,
iii) a(bc) = (ab)c.
Moreover, if there is a 1A ∈ A such that

a1A = 1Aa = a, ∀a ∈ A,

then we say A is a unital algebra.

Definition 1.1.2 A norm ||.|| on an algebra A is said to be submultiplicative if

||ab|| ≤ ||a|| ||b||, ∀a, b ∈ A.

In this case (A, ||.||) is called a normed algebra.

Definition 1.1.3 A Banach algebra A is a normed algebra which is complete with respect
to its norm.

If A is a unital Banach algebra, then by submultiplicativity, ||1A|| ≥ 1. The Banach algebra
can be renormed with an equivalent norm in which ||1A|| = 1 (See Theorem 1.4.2 in [1]).

Definition 1.1.4 An involution on an algebra A is a map ∗ : A → A, a 7→ a∗ such that for
all λ, µ ∈ C and a, b ∈ A:
i) (a∗)∗ = a, ii) (ab)∗ = b∗a∗, and iii) (λa+ µb)∗ = λ̄a∗ + µ̄b∗.

Definition 1.1.5 A ∗-algebra is an algebra with an involution on it and a Banach ∗−algebra
is a Banach algebra equipped with an involution.

7
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Definition 1.1.6 Let A be a ∗-algebra.
1) a ∈ A is self-adjoint if a∗ = a.
2) a ∈ A is normal if a∗a = aa∗.
Moreover, if A is a unital ∗-algebra, then
3) a ∈ A is isometry if a∗a = 1A.
4) a ∈ A is unitary if a∗a = aa∗ = 1A.

Definition 1.1.7 A Banach ∗-algebra A is called a C∗-algebra if ||a∗a|| = ||a||2
for all a ∈ A.

Remark 1.1.8 We have for a C∗-algebra A,

||a∗|| = ||a||, ∀a ∈ A. (1.1)

Since ||a||2 = ||a∗a|| ≤ ||a∗|| ||a||, ||a|| ≤ ||a∗||. Analogously, ||a∗|| ≤ ||(a∗)∗|| = ||a||. Hence,
||a∗|| = ||a||.
By (1.1), Definition 1.1.4 i) and Definition 1.1.7, ||aa∗|| = ||(a∗)∗a∗|| = ||a∗||2 = ||a||2. Thus,

||a∗a|| = ||aa∗|| = ||a∗||2 = ||a||2, ∀a ∈ A.

Also, if A is a unital C∗-algebra, then by ii) in Definition 1.1.4, we have 1∗A = 1A, hence
||1A|| = ||1A||2, and therefore ||1A|| = 1.

Example 1.1.9 IfX is a topological space, the set Cb(X) of all bounded continuous complex-
valued functions on X is a unital Banach algebra where the operations are defined pointwise:

(f + g)(x) := f(x) + g(x),

(fg)(x) := f(x)g(x),

and
(λf)(x) := λf(x),

for all f, g ∈ Cb(X), x ∈ X, λ ∈ C.
The norm is

||f ||∞ := sup
x∈X

|f(x)|.

If X is compact, C(X), the set of continuous functions from X to C, is of course equal to
Cb(X).

Example 1.1.10 IfX is a normed vector space, denote by B(X) the set of all bounded linear
maps from X to itself. We can see that B(X) is a normed algebra with the pointwise-defined
operations for addition and scalar multiplication, multiplication given by (u, v) 7→ u ◦ v, and
the operator norm:

||u|| := sup
||x||≤1

||u(x)||, ∀u ∈ B(X).

If X is a Banach space, B(X) is complete and is therefore a Banach algebra.
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Example 1.1.11 [1] If H is a Hilbert space, then B(H) is a C∗-algebra with involution via

⟨Tx, y⟩H = ⟨x, T ∗y⟩H, ∀x, y ∈ H and ∀T ∈ B(H).

Henceforth, it has been considered H,K,H1,H2, ... as some Hilbert spaces and B(H) as the
space of all linear and bounded operators on H. Also, we consider B(H1,H2) to be the space
of all linear and bounded operators from H1 to H2 if the latter are different.

Definition 1.1.12 Let A be a unital algebra over C. a ∈ A is invertible if there exists a
b ∈ A such that ab = ba = 1A. The spectrum σA(a) or for simplification σ(a) of a ∈ A is

{λ ∈ C : a− λ1A is not invertible in A}.

Theorem 1.1.13 ([1] Proposition 1.6.2 and Theorem 1.6.3) Let A be a unital Banach algebra
over C for which ||1A|| = 1. Then for every a ∈ A, σ(a) is a non-empty closed subset of the
disk {λ ∈ C : |λ| ≤ ||a||}.

Theorem 1.1.14 Let A be a unital C∗-algebra and a ∈ A.
1) If a is self-adjoint, then σ(a) ⊆ R. ([14] 2.1.8 Theorem, also [6] Corollary I.3.4 (ii))
2) If a is unitary, then σ(a) ⊆ {λ ∈ C : |λ| = 1}. ([14] page 36, also [6] Corollary I.3.4 (iii))
3) If a is normal, then ||a|| = r(a) := sup{|λ| : λ ∈ σ(a)}. ([6] Corollary I.3.4 (i))

Proof 3) Let a∗a = aa∗. We have ||a2|| = ||(a2)∗a2||1/2 = ||a∗a∗aa||1/2 = ||a∗aa∗a||1/2 =
||(a∗a)∗a∗a||1/2 = ||a∗a|| = ||a||2. Also, ||a4|| = ||(a2)2|| = ||a2||2 = ||a||4 (since a2 is also
normal). By induction we get ||a2n|| = ||a||2n , for all n ≥ 1. Now by Beurling Theorem ([1]

Theorem 1.7.3, also [6] Proposition I.2.3), r(a) = limn→∞ ||a2n|| 1
2n = limn→∞ ||a|| 2

n

2n = ||a||.■

Theorem 1.1.15 (Continuous Functional Calculus) (Theorem VII.1 in [18]) Let A be
a unital C∗-algebra and a ∈ A be a normal element. Set C∗(a) to be the smallest unital
C∗-algebra containing a. Then there is a unique map Φ : C(σ(a)) → C∗(a) with the following
properties:
a) Φ is a bijective algebraic ∗-homomorphism (a ∗-isomorphism), that is, for all f, g ∈ C(σ(a)),
and λ ∈ C,

Φ(fg) = Φ(f)Φ(g) Φ(λf) = λΦ(f) Φ(1) = 1A Φ(f̄) = Φ(f)∗.

b) If f is the function f(x) = x, then Φ(f) = a.
c) σ(Φ(f)) = f(σ(a)).

It sometimes has been written f(a) for Φ(f) to emphasize the dependence on a.
In particular, if A = B(H), then aξ = λξ implies Φ(f)ξ = f(λ)ξ.

Remark 1.1.16 For general Banach algebras A and general elements a ∈ A, one can only
introduce analytic functional calculus, i.e. to a function f which is analytic on an open
subset of C containing σ(a) one can associate f(a) ∈ A such that for p(z) = a0 + a1z + ...+
anz

n, p(a) = a01A + a1a+ ...+ ana
n , and σ(f(a)) = f(σ(a)).

Spectral Mapping Theorem for analytic functions ([7] 11 Theorem, p. 569) says that if A
is a unital Banach algebra and a ∈ A and f is an analytic function on an open subset of C
containing σ(a), then σ(f(a)) = f(σ(a)).
For the precise definition of f(a) see [1] pages 36 and 37, and [7] page 568.
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Theorem 1.1.17 (Gelfand-Naimark theorem) ([1] Theorem 4.8.4) Every unital C∗-algebra
can be represented isometrically and C∗-isomorphically as a C∗-algebra of operators on some
Hilbert space. More exactly, there are a Hilbert space H and an injective ∗-homomorphism
F from A to B(H) (which will be an isometry), whence A ∼= F (A) ⊆ B(H).

For a unital commutative C∗-algebra, we have the following theorem:

Theorem 1.1.18 (Gelfand-Naimark) ([1] Theorem 2.2.4) Let A be a unital commutative
C∗-algebra, and let

X = sp(A) := {0 ̸= χ : A → C : χ is a complex linear functional and a homomorphism}.

Then there is an isometric ∗-isomorphism of A onto C(X), given by the Gelfand map a 7→ â,
where â, defined by â(χ) = χ(a) for all χ ∈ sp(A), is called the Gelfand transform of a.

1.2 Positive Elements in C∗-algebras

Definition 1.2.1 An element of a C∗-algebra is positive if it is self-adjoint and its spectrum
is contained in the non-negative real numbers.
We write a ≥ 0 to show that a is positive. Also, for a and b self-adjoint, we write a ≤ b if
b− a ≥ 0.
Equivalently, an element of a C∗-algebra is positive if and only if it is of the form a∗a for
some element a in the C∗-algebra (See 2.2.5. Theorem (1) in [14]).

Proposition 1.2.2 Let T ∈ B(H). If ⟨Tx, x⟩H ≥ 0 for all x ∈ H, then T ≥ 0.

Proof We show that T ∗ = T and σ(T ) ⊆ [0,∞):
Let ⟨Tx, x⟩H ≥ 0, for all x ∈ H. Therefore, 0 ≤ ⟨Tx, x⟩H = ⟨x, T ∗x⟩H = ⟨T ∗x, x⟩H =
⟨T ∗x, x⟩H. Hence, ⟨(T ∗ − T )x, x⟩H = 0. Now by polarization formula, we will get T ∗ = T.
Let λ < 0. Therefore, for all x ∈ H, we have ⟨(T − λI)x, x⟩H ≥ −λ⟨x, x⟩H = |λ| ||x||2H. So,
|λ| ||x||2H ≤ ||(T − λI)x||H ||x||H. Hence,

|λ| ||x||H ≤ ||(T − λI)x||H, ∀x ∈ H. (1.2)

By (1.2), we get N(T − λI) = {0}. Also, R(T − λI) is closed, because if (T − λI)xn → y,
then by (1.2), {xn} is a Cauchy sequence and hence, xn → x0 for some x0 ∈ H. Therefore,
(T − λI)xn → (T − λI)x0. Thus y = (T − λI)x0 ∈ R(T − λI); that is, R(T − λI) is closed.
By the fact that R(A) = N(A∗)⊥ for all A ∈ B(H), we will have

R(T − λI) = R(T − λI) = N((T − λI)∗)⊥ = N(T ∗ − λ̄I)⊥ = N(T − λI)⊥ = {0}⊥ = H.

Briefly, T − λI is a bijective operator. Hence, λ ̸∈ σ(T ). Finally by Theorem 1.1.14 1),
σ(T ) ⊆ R. Therefore, σ(T ) ⊆ [0,∞). ■

Definition 1.2.3 Let A be a unital C∗-algebra. Set A+ := {a ∈ A : a ≥ 0}.

Proposition 1.2.4 A+ is a convex cone and norm-closed.
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Proof We know that (Lemma 4.8.1 in [1], Corollary I.4.4 in [6], 2.2.3. Lemma in [14]) if
a, b ∈ A+, then a + b ∈ A+. Also, if a ∈ A+ and λ ≥ 0, then λa ∈ A+, because of
σ(λa) = λσ(a) and (λa)∗ = λa∗ = λa. Hence, λa + µb ∈ A+ for all a, b ∈ A+ and λ, µ ≥ 0.
That is, A+ is a convex cone.
Now let (an)

∞
n=1 be a sequence in A+ such that an → a. we show that a ∈ A+.

We can see that a is a self-adjoint element:

||a∗ − a|| ≤ ||a∗ − a∗n||+ ||a∗n − a|| = ||(a− an)
∗||+ ||an − a|| = 2||an − a|| → 0.

That is, a∗ = a.
Let 0 ≤ α := supn≥1 ||an|| < ∞. Since an → a, ||an|| → ||a||. Therefore, ||a|| ≤ α. Since
0 ≤ an ≤ α1A for all n ≥ 1, 0 ≤ 2an ≤ 2α1A and thus −α1A ≤ 2an − α1A ≤ α1A for
all n ≥ 1. Hence, ||2an − α1A|| ≤ α, for all n ≥ 1. As 2an − α1A → 2a − α1A, therefore
||2a− α1A|| ≤ α. Whence, −α1A ≤ 2a− α1A ≤ α1A, and thus 0 ≤ a ≤ α1A as desired. ■

Proposition 1.2.5 Let A be a unital C∗-algebra and a ∈ A be a self-adjoint element. Then
there exist a1, a2 ∈ A+ such that a = a1 − a2.

Proof By Theorem 1.1.14 1) if a∗ = a, then σ(a) ⊆ R, and also

σ(||a||1± a) = {||a|| ± λ : λ ∈ σ(a)} .

Since, σ(a) ⊆ {λ ∈ R : |λ| ≤ ||a||}, so σ(||a||1± a) ⊆ {||a|| ± λ ∈ R : |λ| ≤ ||a||} ⊆ [0,∞).
That is, ||a||1± a ∈ A+. (Note that (||a||1± a)∗ = ||a||1± a)
Now, we define a1 := (||a||1 + a)/2 and a2 := (||a||1− a)/2. ■

Remark 1.2.6 Let A be a unital C∗-algebra and b ∈ A. Then there exist b1, b2 ∈ A such
that b = b1 + ib2 and b∗1 = b1, b

∗
2 = b2 and ||bj|| ≤ ||b||, j = 1, 2.

Since, it is enough to b1 := (b+ b∗)/2 and b2 := (b− b∗)/2i.

By combining Proposition 1.2.5 and Remark 1.2.6, we get:

Remark 1.2.7 Let A be a unital C∗-algebra and x ∈ A. Then there exist xj ∈ A+, j =
1, 2, 3, 4 such that x = x1 + ix2 − (x3 + ix4) = x1 − x3 + i(x2 − x4).

Lemma 1.2.8 Let A be a unital C∗-algebra and a, b ∈ A. Then
i) If a∗ = a, λ1, λ2 ∈ R with λ1 ≤ λ2, and λ11 ≤ a ≤ λ21, then σ(a) ⊆ [λ1, λ2].
ii) If a ≥ 0 and b ≥ 0, then ||a− b|| ≤ max{||a||, ||b||}.
iii) If 0 ≤ a ≤ b, then ||a|| ≤ ||b||.

Proof i) We have λ21−a ≥ 0 and a−λ11 ≥ 0. Therefore, σ(λ21−a) = {λ2}−σ(a) ⊆ [0,∞)
and σ(a− λ11) = σ(a)− {λ1} ⊆ [0,∞). Hence, σ(a) ⊆ [λ1, λ2].
ii) We have (by using Proof of Proposition 1.2.5),

−||b||1 ≤ −b ≤ a− b ≤ a ≤ ||a||1.

Now by i), we infer that σ(a − b) ⊆ [−||b||, ||a||]. On the other hand ||a − b|| = r(a − b) =
sup{|λ| : λ ∈ σ(a− b)}. Hence, ||a− b|| ≤ max{||a||, ||b||}.
||a− b|| = r(a− b), since a− b is self-adjoint, and therefore, it is normal and using Theorem
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1.1.14 3).
iii) We have ||b||1 − b ≥ 0 and b − a ≥ 0. Therefore, ||b||1 − a ≥ 0. Hence, σ(||b||1 − a) =
{||b||} − σ(a) ⊆ [0,∞). So,

∀µ ∈ σ(a) : µ ≤ ||b||. (since µ ∈ σ(a) and a ≥ 0, therefore, µ ≥ 0.)

Thus,

||a|| = r(a) = sup{µ : µ ∈ σ(a)} ≤ ||b||.

Note that ||a|| = r(a), since a is self-adjoint, and therefore it is normal. ■

1.3 Tensor Products

Definition 1.3.1 If V1 and V2 are two vector spaces over a field K (for our purpose, K = C),
their direct sum is the vector space W (denoted by V1 ⊕ V2), whose elements are all ordered
pairs (v1, v2) with v1 in V1 and v2 in V2, with their linear operations defined by

α1(v1, v2) + α2(v
′
1, v

′
2) = (α1v1 + α2v

′
1, α1v2 + α2v

′
2) ,

for every α1, α2 ∈ K, v1, v
′
1 ∈ V1 and v2, v

′
2 ∈ V2.

The subspaces {(v1, 0) : v1 ∈ V1} and {(0, v2) : v2 ∈ V2} of W are isomorphic to V1 and V2

respectively. Therefore, we may consider V1 and V2 as two subspaces of W .

Definition 1.3.2 A scalar-valued function f on V1⊕V2 is a bilinear form if for every α1, α2 ∈
K, v1, v

′
1 ∈ V1 and v2, v

′
2 ∈ V2,

f(α1v1 + α2v
′
1, v2) = α1f(v1, v2) + α2f(v

′
1, v2)

and

f(v1, α1v2 + α2v
′
2) = α1f(v1, v2) + α2f(v1, v

′
2) .

Definition 1.3.3 The tensor product V1 ⊗ V2 is the dual of the vector space of all bilinear
forms on V1 ⊕V2. That is, for each pair of vectors v1 and v2, with v1 in V1 and v2 in V2, the
tensor product v1 ⊗ v2 of v1 and v2 is the element of V1 ⊗ V2 defined by

(v1 ⊗ v2)(f) = f(v1, v2)

for every bilinear form f on V1 ⊕ V2.

By this definition and Definition 1.3.2, we have for every α1, α2 ∈ K, v1, v
′
1 ∈ V1 and

v2, v
′
2 ∈ V2,

(α1v1 + α2v
′
1)⊗ v2 = α1(v1 ⊗ v2) + α2(v

′
1 ⊗ v2)

and

v1 ⊗ (α1v2 + α2v
′
2) = α1(v1 ⊗ v2) + α2(v1 ⊗ v′2) .
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Example 1.3.4 Let CA be the vector space of all complex-valued functions on a set A with
addition and scalar multiplication defined pointwise; that is, for all f and g in CA ,

(f + g)(x) = f(x) + g(x) , (cf)(x) = cf(x) , ∀x ∈ A, c ∈ C.

Let A and B be any sets. We define for all f in CA and g in CB ,

f ⊗ g ∈ CA×B , (f ⊗ g)(x, y) = f(x)g(y), ∀(x, y) ∈ A×B.

If X ⊆ CA and Y ⊆ CB are vector subspaces, the vector subspace
Z = span{f ⊗ g : f ∈ X and g ∈ Y } of CA×B together with the bilinear map:

X × Y → Z, (f, g) 7→ f ⊗ g

form a tensor product of X and Y (denoted by X ⊗ Y ).

Definition 1.3.5 Let H1 and H2 be two Hilbert spaces. A tensor product of H1 with H2 is
the space H1 ⊗H2 := {

∑n
i=1 hi ⊗ ki : hi ∈ H1 and ki ∈ H2} with the following properties:

For all h, h1, h2 ∈ H1, k, k1, k2 ∈ H2, and α ∈ C:

(αh)⊗ k = h⊗ (αk) = α(h⊗ k) ,

(h1 + h2)⊗ k = h1 ⊗ k + h2 ⊗ k ,

h⊗ (k1 + k2) = h⊗ k1 + h⊗ k2 .

By ⟨h1 ⊗ k1, h2 ⊗ k2⟩H1⊗H2 := ⟨h1, h2⟩H1⟨k1, k2⟩H2 , we obtain an inner product on H1 ⊗H2.
The completion of H1 ⊗H2 with respect to this inner product is a Hilbert space, which we
still denote by H1 ⊗H2 (See Proposition 3.2.1 in [4]).

Proposition 1.3.6 (Proposition 3.2.3 in [4]) If Tj ∈ B(Hj), j = 1, 2, Then there is a unique
linear operator T1 ⊗ T2 ∈ B(H1 ⊗H2) such that

(T1 ⊗ T2)
( n∑
i=1

hi ⊗ ki

)
=

n∑
i=1

T1(hi)⊗ T2(ki) ,

for all hi ∈ H1 , ki ∈ H2 , i = 1, 2, ..., n. Moreover, ||T1 ⊗ T2|| = ||T1|| ||T2||.
We can see that for T1, T

′
1 ∈ B(H1) and T2, T

′
2 ∈ B(H2),

(T1 ⊗ T2)(T
′
1 ⊗ T ′

2) = (T1T
′
1)⊗ (T2T

′
2) , (1.3)

and
(T1 ⊗ T2)

∗ = T ∗
1 ⊗ T ∗

2 . (1.4)

For all h, h′ ∈ H1 and k, k′ ∈ H2 ,(
(T1 ⊗ T2)(T

′
1 ⊗ T ′

2)
)
(h⊗ k) = (T1 ⊗ T2)

(
(T ′

1 ⊗ T ′
2)(h⊗ k)

)
= (T1 ⊗ T2)(T

′
1h⊗ T ′

2k)

= T1(T
′
1h)⊗ T2(T

′
2k) = (T1T

′
1)(h)⊗ (T2T

′
2)(k) =

(
(T1T

′
1)⊗ (T2T

′
2)
)
(h⊗ k).

Hence, (1.3) holds.

⟨(T1 ⊗ T2)(h⊗ k), h′ ⊗ k′⟩H1⊗H2 = ⟨T1h⊗ T2k, h
′ ⊗ k′⟩H1⊗H2

= ⟨T1h, h′⟩H1⟨T2k, k′⟩H2 = ⟨h, T ∗
1 h

′⟩H1⟨k, T ∗
2 k

′⟩H2

= ⟨h⊗ k, T ∗
1 h

′ ⊗ T ∗
2 k

′⟩H1⊗H2 = ⟨h⊗ k, (T ∗
1 ⊗ T ∗

2 )(h
′ ⊗ k′)⟩H1⊗H2 .

Consequently, (1.4) holds.
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1.4 Block Matrices

Definition 1.4.1 Let A ∈ B(H1), B ∈ B(H2,H1), C ∈ B(H1,H2) and D ∈ B(H2). Then

M =

(
A B
C D

)
is called a 2×2-block matrix of operators with A,B,C and D as its entries.

The addition and multiplication of such matrices are the same as the addition and multiplica-
tion of the ordinary matrices.
We can see that M can be identified with an operator in B(H1 ⊕H2), where

H1 ⊕H2 :=

{(
ζ1
ζ2

)
: ζ1 ∈ H1 and ζ2 ∈ H2

}
is a Hilbert space with the inner product

⟨
(
ζ1
ζ2

)
,

(
ζ ′1
ζ ′2

)
⟩H1⊕H2 := ⟨ζ1, ζ

′

1⟩H1 + ⟨ζ2, ζ
′

2⟩H2 ,

be letting

(
A B
C D

)(
ζ1
ζ2

)
=

(
Aζ1 +Bζ2
Cζ1 +Dζ2

)
.

Proposition 1.4.2 (
A B
C D

)∗

=

(
A∗ C∗

B∗ D∗

)
,

where A∗, B∗, C∗ and D∗are the adjoint operators of A, B, C and D, respectively.

Proof For every ζ, ζ
′ ∈ H1 and ξ, ξ

′ ∈ H2, we have〈(
A B
C D

)(
ζ
ξ

)
,

(
ζ

′

ξ
′

)〉
H1⊕H2

=

〈(
ζ
ξ

)
,

(
A B
C D

)∗(
ζ

′

ξ
′

)〉
H1⊕H2

.

Let (
A B
C D

)∗

=

(
A1 B1

C1 D1

)
.

Therefore,〈(
Aζ +Bξ
Cζ +Dξ

)
,

(
ζ

′

ξ
′

)〉
H1⊕H2

=

〈(
ζ
ξ

)
,

(
A1ζ

′
+B1ξ

′

C1ζ
′
+D1ξ

′

)〉
H1⊕H2

.

Hence,

⟨ζ, A∗ζ
′⟩H1 + ⟨ξ, B∗ζ

′⟩H2 + ⟨ζ, C∗ξ
′⟩H1 + ⟨ξ,D∗ξ

′⟩H2

= ⟨Aζ, ζ ′⟩H1 + ⟨Bξ, ζ ′⟩H1 + ⟨Cζ, ξ′⟩H2 + ⟨Dξ, ξ′⟩H2

= ⟨ζ, A1ζ
′⟩H1 + ⟨ζ, B1ξ

′⟩H1 + ⟨ξ, C1ζ
′⟩H2 + ⟨ξ,D1ξ

′⟩H2 .

Thus we can infer that A1 = A∗ , B1 = C∗ , C1 = B∗ and D1 = D∗. ■

In a completely similar way, we can define the following:
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Definition 1.4.3 Let (Hi)
n
i=1 be n (n ≥ 2) Hilbert spaces. Then M = (Mij)

n
i,j=1 is a

n× n− block matrix of operators with Mij as its entries, where Mij ∈ B(Hj,Hi).

The addition and multiplication of such matrices are the same as the addition and multiplication
of the ordinary matrices.
We can see that M ∈ B(H1 ⊕H2 · · · ⊕ Hn), where

H1 ⊕H2 · · · ⊕ Hn :=

{
ζ1
ζ2
...
ζn

 : ζi ∈ Hi , i = 1, 2, ..., n

}

or
H1 ⊕H2 · · · ⊕ Hn :=

{
(ζ1, ζ2, ..., ζn) : ζi ∈ Hi , i = 1, 2, ..., n

}
is a Hilbert space with the inner product

〈
ζ1
ζ2
...
ζn

 ,


ζ

′
1

ζ
′
2
...
ζ

′
n


〉

H1⊕H2···⊕Hn

:=
n∑
i=1

⟨ζi, ζ
′

i⟩Hi

and

Proposition 1.4.4 M∗ = (M
′
ij), where M

′
ij =M∗

ji.

Remark 1.4.5 Let Mn(B(H)) be the set of all n × n-block matrices whose entries are in
B(H). Then Mn(B(H)) ∼= B(H(n)), where H(n) := H ⊕ H · · · ⊕ H (the direct sum of n
copies of H). We can endow Mn(B(H)) with a structure of a C∗-algebra inherited from
B(H(n)). Therefore Mn(B(H)) has the structure of a C∗-algebra, where (Mij)(ζ1, ..., ζn) =
(
∑n

j=1M1jζj, ...,
∑n

j=1Mnjζj) (See page 3 in [17]).
Let A be a C∗-algebra. By Gelfand-Naimark theorem (Theorem 1.1.17), C∗-algebra A is

isometrically isomorphic to a C∗-subalgebra of B(H). As Mn(A) is a subspace of Mn(B(H))
the C∗-algebra structure on Mn(B(H)) induces the C∗-algebra structure on Mn(A).

Proposition 1.4.6 Let X be a compact Hausdorff space. Then

||(fij)||Mm(C(X)) = sup
x∈X

||(fij(x))||Mm . (1.5)

Proof Consider for x ∈ X, πx :Mm(C(X)) →Mm given by πx((fij)) = (fij(x)). We can see
that πx is a ∗-homomorphism between C∗-algebras. Hence, it is a contraction (See Definition
2.1.1 and the argument at the above of Example 3.2.15). Therefore,

||(fij(x))||Mm ≤ ||(fij)||Mm(C(X)) .
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Consequently,
sup
x∈X

||(fij(x))||Mm ≤ ||(fij)||Mm(C(X)) . (1.6)

Let ℓ2(X) := {ξ : X → C : ||ξ||2ℓ2(X) :=
∑

x |ξ(x)|2 < ∞}, and let {ex : x ∈ X} be an

orthonormal basis of ℓ2(X), where ex is the indicator function over {x}. The map f 7→ Mf

from C(X) into B(ℓ2(X)) is injective (Mf is the multiplication operator with symbol f). We
have

||(fij)||2Mm(C(X)) = ||(Mfij)||2B((ℓ2(X))(m)) = sup
||(ξ1,...,ξm)||=1, ξj∈ℓ2(X)

∥∥∥(Mfij)

 ξ1
...
ξm

∥∥∥2
(ℓ2(X))(m)

=

sup
||(ξ1,...,ξm)||=1, ξj∈ℓ2(X)

∥∥∥∥

∑

x,j f1j(x)ξj(x)ex
...∑

x,j fmj(x)ξj(x)ex

∥∥∥∥2
(ℓ2(X))(m)

(we can write ξj =
∑
x

ξj(x)ex )

= sup
||(ξ1,...,ξm)||=1, ξj∈ℓ2(X)

〈
∑

x,j f1j(x)ξj(x)ex
...∑

x,j fmj(x)ξj(x)ex

 ,


∑

y,k f1k(y)ξk(y)ey
...∑

y,k fmk(y)ξk(y)ey

〉
(ℓ2(X))(m)

=

sup
||(ξ1,...,ξm)||=1, ξj∈ℓ2(X)

∑
i

∑
x,j,k

fij(x)ξj(x)fik(x) ξk(x) =

sup
||(ξ1,...,ξm)||=1, ξj∈ℓ2(X)

∑
x

〈
(fji(x))(fij(x))

 ξ1(x)
...

ξm(x)

 ,

 ξ1(x)
...

ξm(x)

〉
Cm

≤ sup
||(ξ1,...,ξm)||=1, ξj∈ℓ2(X)

∑
x

||(fji(x))(fij(x))||Mm

∥∥∥
 ξ1(x)

...
ξm(x)

∥∥∥2
Cm

≤

(
sup
x∈X

||(fji(x))(fij(x))||Mm

)
sup

||(ξ1,...,ξm)||=1, ξj∈ℓ2(X)

∑
x

(
|ξ1(x)|2 + · · ·+ |ξm(x)|2

)
=

(
sup
x∈X

||(fji(x))(fij(x))||Mm

)
sup

||(ξ1,...,ξm)||=1, ξj∈ℓ2(X)

(
||ξ1||2ℓ2(X) + · · ·+ ||ξm||2ℓ2(X)

)
=

sup
x∈X

||(fij(x))∗(fij(x))||Mm = sup
x∈X

||(fij(x))||2Mm
.

Thus,
||(fij)||Mm(C(X)) ≤ sup

x∈X
||(fij(x))||Mm . (1.7)

By (1.6) and (1.7), we get (1.5). ■



Chapter 2

Some Basic Dilation Theorems

This chapter illustrates what dilation theory is about and how it can be used: every object
in a general class of objects (e.g., contractions) can be viewed as a part of an object in a
better behaved class (e.g., unitaries).

2.1 The Concept of Dilations

Definition 2.1.1 Let H be a Hilbert space. Let K ⊇ H be another Hilbert space and
T ∈ B(H) and S ∈ B(K) such that PHS

n|H = T n for all n ≥ 0, where PH is the projection
on H. Then S is called a power dilation of T . If n = 1, S is called a dilation of T or T is a
compression of S.
A power dilation S of T is called minimal if K = span{Snh : h ∈ H and n = 0, 1, 2, ...}.

Definition 2.1.2 If S is a power dilation of T and SH ⊆ H (i.e. H is invariant for S) (so,
Sn|H = T n for all n ≥ 0), then S is called a power extension of T . If n = 1, S is called an
extension of T .

Remark 2.1.3 If S ∈ B(H1⊕H2) is a power extension of T ∈ B(H1), then S can be written
as the following block matrix (

T ∗
0 ∗

)
,

and since

Sn =

(
T n ∗
0 ∗

)
.

So, we get

Sn
(
ζ
0

)
=

(
T nζ
0

)
, ∀ζ ∈ H1.

Now if we identify H1 ⊕ {0} with H1, then we will have Sn|H1 = T n , ∀n ≥ 1.

Theorem 2.1.4 Let T ∈ B(H) be an isometry. Then there exists a unitary power dilation
of it.

17
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Proof If we define S on H(2) = H⊕H via

S =

(
T IH − TT ∗

0 T ∗

)
,

then (IH − TT ∗)(IH − TT ∗) = IH − TT ∗ − TT ∗ + TT ∗TT ∗ = IH − TT ∗, T ∗(IH − TT ∗) = 0
and (IH − TT ∗)T = 0 (since, T ∗T = IH).
Now by Proposition 1.4.2, we have

SS∗ = S∗S = IH(2) .

Also, by Remark 2.1.3, S will be a power dilation (extension) (i.e. Sn|H = T n for all n ≥ 1
if we identify H⊕ {0} with H). Hence, S is a unitary power dilation of T . ■

2.2 Dilation of a Single Contraction

One of the better-known dilation results is due to Sz.-Nagy that asserts that every contraction
can be dilates to a unitary operator. In this section we will discuss this result together with
its famous applications.

Definition 2.2.1 A linear bounded operator T : X → Y between normed vector spaces X
and Y is said to be a contraction if its operator norm ||T || ≤ 1.
In particular, T ∈ B(H1,H2) is a contraction if ||Th||H2 ≤ ||h||H1 for all h ∈ H1; that is,
||T || ≤ 1.

Remark 2.2.2 If T ∈ B(H1,H2) is a contraction, then IH1 − T ∗T ≥ 0 and IH2 − TT ∗ ≥ 0.
In fact, if ||T || ≤ 1, then ||Th1||2H2

≤ ||h1||2H1
for all h1 ∈ H1. Therefore, ⟨T ∗Th1, h1⟩H1 ≤

⟨h1, h1⟩H1 , and hence, ⟨h1 − T ∗Th1, h1⟩H1 ≥ 0; that is IH1 − T ∗T ≥ 0. The argument for the
other inequality is completely similar. Conversely, if IH1 − T ∗T ≥ 0 or IH2 − TT ∗ ≥ 0, then
0 ≤ T ∗T ≤ IH1 or 0 ≤ TT ∗ ≤ IH2 , and by Lemma 1.2.8 iii), ||T ||2 = ||T ∗T || = ||TT ∗|| ≤
||IH2|| = ||IH1|| = 1.

By Remark 2.2.2 and Continuous Functional Calculus (Theorem 1.1.15), the operators

DT := (IH1 − T ∗T )1/2 and DT ∗ := (IH2 − TT ∗)1/2

are well defined (See also Corollary I.4.1 in [6]).

Lemma 2.2.3 If T ∈ B(H1,H2) is a contraction, then TDT = DT ∗T.

Proof [15] We have

TD2
T = T (IH1 − T ∗T ) = T − TT ∗T = (IH2 − TT ∗)T = D2

T ∗T.

By iteration we will get

T (D2
T )

n = (D2
T ∗)nT, n = 0, 1, 2, 3, ...
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Hence,
Tp(D2

T ) = p(D2
T ∗)T, for every polynomial p.

If we take a sequence of polynomials pm(t) that tends to the function
√
t uniformly on [0, 1],

then pm(S) tends to S
1/2 in norm for any self-adjoint operator S with σ(S) ⊆ [0, 1]. This is

a consequence of the spectral representation of S (Theorem 1.1.15). By applying these kinds
of polynomials, when m→ ∞ we will get TDT = DT ∗T. ■
We can now present a construction for isometric power dilation of a contraction.

Theorem 2.2.4 (Sz.-Nagy’s isometric dilation theorem) Let T ∈ B(H) be a contraction.
Then there exists a minimal isometric power dilation of it.

Proof [17] We have

||DTh||2H + ||Th||2H = ⟨D2
Th, h⟩H + ⟨T ∗Th, h⟩H = ||h||2H , ∀h ∈ H.

Now we define

ℓ2(H) :=
{
(h1, h2, ...) : hn ∈ H for all n,

∞∑
n=1

||hn||2 < +∞
}

which is a Hilbert space with the inner product

⟨(h1, h2, ...), (k1, k2, ...)⟩ℓ2(H) :=
∞∑
n=1

⟨hn, kn⟩H.

We define S : ℓ2(H) → ℓ2(H) via S((h1, h2, h3, ...)) := (Th1, DTh1, h2, h3, ...). Since

||S((h1, h2, h3, ...))||2 = ||Th1||2 + ||DTh1||2 + ||h2||2 + ||h3||2 + · · · =

||h1||2 + ||h2||2 + ||h3||2 + · · · = ||(h1, h2, h3, ...)||2 ,
S is an isometry on ℓ2(H). If we identify H ⊕ {0} ⊕ {0} ⊕ {0}... with H, then we will infer
that PHS

n|H = T n for all n ≥ 0, since

Sn((h1, h2, h3, ...)) = (T nh1, DTT
n−1h1, DTT

n−2h1, ..., DTh1, h2, h3, ...).

So, Sn((h1, 0, 0, ...)) = (T nh1, DTT
n−1h1, DTT

n−2h1, ..., DTh1, 0, 0, ...), and therefore,
PHS

n((h1, 0, 0, ...)) = T nh1. Thus S is an isometric power dilation of T . Next we will show
that S can be chosen to be a minimal power dilation. Let K := H ⊕ D ⊕ D ⊕ ..., where
D := DT (H). Then we can see that H ⊆ K and

K = span{Sn((h, 0, 0, ...)) : h ∈ H and n = 0, 1, 2, ...} = span{SnH : n = 0, 1, 2, ...}.

Hence S(K) ⊆ K. Therefore, it will be a minimal isometric power dilation on K of T . Also
S∗(K) ⊆ K, and moreover, since

S∗((h1, h2, h3, ...)) = (T ∗h1 +DTh2, h3, h4, ...),

we have

S∗n((h1, h2, h3, ...)) = (T ∗nh1 + T ∗(n−1)DTh2 + · · ·+ T ∗DThn +DThn+1, hn+2, hn+3, ...).

Hence, S∗n|H = T ∗n for all n ≥ 1. ■
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Remark 2.2.5 Note that by Lemma 2.2.3, TDT = DT ∗T and T ∗DT ∗ = DTT
∗. Also by

Proposition 1.4.2, we infer that

U =

 T DT ∗

DT −T ∗

 ∈ B(H(2))

is a unitary dilation of T , since U∗U = UU∗ = IH(2) and T = PHU |H. But U is not a unitary
power dilation of T .

Theorem 2.2.6 (Sz.-Nagy’s unitary dilation theorem) Let T ∈ B(H) be a contraction.
Then there exist a Hilbert space K containing H as a subspace and a unitary operator U on
K such that T n = PHU

n|H , ∀n ≥ 0.

Proof [17] Let K := ℓ2(H) ⊕ ℓ2(H) and identify H with (H ⊕ {0} ⊕ {0}...) ⊕ {0}. Let S
be an isometric power dilation of T on ℓ2(H) which exists from the proof of Theorem 2.2.4,
and let U be the unitary power dilation of S on ℓ2(H) ⊕ ℓ2(H) by Theorem 2.1.4. Since
H ⊆ ℓ2(H)⊕ {0}, so we will have that PHU

n|H = PHS
n|H = T n, ∀n ≥ 0. ■

An immediate consequence of the above theorem is the well-known von Neumann’s inequality:

Theorem 2.2.7 (von Neumann’s inequality) Let T be a contractive operator on a Hilbert
space H. Then for any polynomial p,

||p(T )|| ≤ sup{|p(z)| : z ∈ C, |z| = 1}.

Proof [17] Let U be a unitary power dilation of T (by Theorem 2.2.6). Since T n = PHU
n|H

for all n ≥ 0, p(T ) = PHp(U)|H, and hence ||p(T )|| ≤ ||p(U)||. Since U is unitary, and hence
normal, by Theorem 1.1.14 3) and Theorem 1.1.15 c), ||p(U)|| = sup{|p(λ)| : λ ∈ σ(U)},
where σ(U) denotes the spectrum of U . On the other hand, since U is unitary, by Theorem
1.1.14 2), σ(U) ⊆ {λ ∈ C : |λ| = 1}. Thus the result follows. ■

2.3 Dilation of Commutative System of Contractions

A natural question that arises is whether the previous results can be generalized to some
families of operators. In particular, whether families of commuting contractions can be
considered as a part of commuting unitaries as the latter can be well-understood through
spectral theory of such families.

The concept of dilation for a tuple of operators is similar to Definition 2.1.1.

Definition 2.3.1 Let T = (T1, T2, ..., Tn) ∈ B(H)n and V = (V1, V2, ..., Vn) ∈ B(K)n be
tuples of commuting (TiTj = TjTi and ViVj = VjVi) bounded operators on H and K
respectively, where H ⊆ K are two Hilbert spaces. The operator tuple V is called a power
dilation of the operator tuple T if

T k11 T k22 ...T knn = PHV
k1
1 V k2

2 ...V kn
n |H , kj ≥ 0, 1 ≤ j ≤ n.
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We will see that it is not possible to dilate arbitrary family of commuting contractions to
unitaries, but possible for two commuting contractions.
Andô gave a generalization of Sz. Nagy’s dilation theorem for two commuting contractions:

Theorem 2.3.2 (Andô’s isometric dilation theorem) For every commuting pair {T1, T2}
of contractions on a Hilbert space H, there exists a commuting isometric power dilation
{V1, V2}; that is, there exist a Hilbert space K ⊇ H and two commuting isometries V1 and V2
on K such that

T n1
1 T n2

2 = PHV
n1
1 V n2

2 |H , ∀n1, n2 ≥ 0.

Moreover, V1 and V2 can be chosen such that V ∗
i |H = T ∗

i for i = 1, 2.

Proof [15] Let ℓ2(H) = H⊕H⊕H⊕ · · · be the direct sum of infinitely many copies of H
(h = (h0, h1, h2, · · ·) ∈ ℓ2(H), hn ∈ H, ||h||2ℓ2(H) :=

∑∞
n=0 ||hn||2H <∞). H can be embedded

in ℓ2(H) as a subspace H⊕ {0} ⊕ {0} ⊕ ... .
We define on ℓ2(H) the operators W1 and W2 by

Wi(h0, h1, h2, ...) := (Tih0, DTih0, 0, h1, h2, ...) , i = 1, 2.

We recall that DT = (IH − T ∗T )1/2. W1 and W2 are isometric because

||Tih0||2H + ||DTih0||2H = ||h0||2H ,

but in general do not commute.
Let H(4) = H⊕H⊕H⊕H. By the natural identification

(h0, h1, h2, ...) = (h0, (h1, h2, h3, h4), (h5, h6, h7, h8), ...)

we have ℓ2(H) = H⊕H(4) ⊕H(4) ⊕ ... .
Let v be a unitary operator on H(4), determined later, and define an operator V on ℓ2(H) by

V (h0, h1, h2, ...) = (h0, v(h1, h2, h3, h4), v(h5, h6, h7, h8), ...).

Since v is unitary, then V is also unitary and

V −1(h0, h1, h2, ...) = V ∗(h0, h1, h2, ...) = (h0, v
−1(h1, h2, h3, h4), v

−1(h5, h6, h7, h8), ...).

Set V1 := VW1 and V2 := W2V
−1. These are isometries on ℓ2(H) as products of isometries.

We try to find a v such that V1 and V2 commute.
First we calculate V1V2 and V2V1:

V1V2(h0, h1, h2, ...) = VW1W2V
−1(h0, h1, h2, ...)

= VW1W2(h0, v
−1(h1, h2, h3, h4), v

−1(h5, h6, h7, h8), ...)

= VW1(T2h0, DT2h0, 0, v
−1(h1, h2, h3, h4), v

−1(h5, h6, h7, h8), ...)

= V (T1T2h0, DT1T2h0, 0, DT2h0, 0, v
−1(h1, h2, h3, h4), v

−1(h5, h6, h7, h8), ...)

= (T1T2h0, v(DT1T2h0, 0, DT2h0, 0), (h1, h2, h3, h4), (h5, h6, h7, h8), ...)
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and

V2V1(h0, h1, h2, ...) = W2V
−1VW1(h0, h1, h2, ...) = W2W1(h0, h1, h2, ...) =

W2(T1h0, DT1h0, 0, h1, h2, ...) = (T2T1h0, DT2T1h0, 0, DT1h0, 0, h1, h2, ...).

Since T1T2 = T2T1, V1V2 = V2V1 if and only if

v(DT1T2h, 0, DT2h, 0) := (DT2T1h, 0, DT1h, 0), ∀h ∈ H. (2.1)

Now by

||Tih||2H + ||DTih||2H = ||h||2H, i = 1, 2,

||T1T2h||2H + ||DT1T2h||2H = ||T2h||2H,

and

||T2T1h||2H + ||DT2T1h||2H = ||T1h||2H,

for all h ∈ H, we will have

||(DT1T2h, 0, DT2h, 0)||2H(4) = ||DT1T2h||2H+||DT2h||2H = ||T2h||2H−||T1T2h||2H+||h||2H−||T2h||2H

= ||h||2H − ||T1T2h||2H ,

and

||(DT2T1h, 0, DT1h, 0)||2H(4) = ||DT2T1h||2H+||DT1h||2H = ||T1h||2H−||T2T1h||2H+||h||2H−||T1h||2H

= ||h||2H − ||T2T1h||2H = ||h||2H − ||T1T2h||2H = ||(DT1T2h, 0, DT2h, 0)||2H(4) .

Hence we can define an isometry v by (2.1) from

L1 := span
{
(DT1T2h, 0, DT2h, 0) ∈ H(4) : h ∈ H

}
onto

L2 := span
{
(DT2T1h, 0, DT1h, 0) ∈ H(4) : h ∈ H

}
.

v extends by continuity to an isometry from N1 := L1 onto N2 := L2. It remains to show that
v can be extended to an isometry from the whole space H(4) onto itself. This is equivalent
to the assertion that the subspace N⊥

1 = H(4) ⊖ N1 and N⊥
2 = H(4) ⊖ N2 have the same

dimension. When H and hence also H(4) have finite dimension, this is obvious, because L1

and L2 are isometrically isomorphic. When H is infinite dimensional, we have

dimH = dimH(4) ≥ dimN⊥
i ≥ dimH, i = 1, 2

because bothN⊥
1 andN⊥

2 contain subspaces of the same dimension asH (subspaces isometric
toH), for example the subspace {(0, h, 0, 0) : h ∈ H}. Thus dimN⊥

1 = dimN⊥
2 . Let {e1α}α∈I

be an orthonormal basis for N⊥
1 and {e2α}α∈I be an orthonormal basis for N⊥

2 . We can define
v(e1α) = e2α, for each α ∈ I. Therefore, v can also be extended to an isometry from N⊥

1 onto
N⊥

2 . If the unitary operator v (as vH(4) = H(4), v is unitary (a surjective isometry operator))
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is determined in this way, the operators V1 and V2 will be two commuting isometries on
K := ℓ2(H). They satisfy

Vi(h0, h1, ...) = (Tih0, h1, ...), i = 1, 2 ,

and hence
V n1
1 V n2

2 (h0, h1, ...) = (T n1
1 T n2

2 h0, h1, ...), ∀n1, n2 ≥ 0.

Consequently
PHV

n1
1 V n2

2 h = T n1
1 T n2

2 h, ∀h ∈ H and ∀n1, n2 ≥ 0.

It is straightforward to see that V ∗
i |H = T ∗

i for i = 1, 2. ■

Theorem 2.3.3 Let V1 and V2 be two commuting isometries on a Hilbert space H. Then
there are a Hilbert space K ⊇ H and two commuting unitaries U1 and U2 on K such that
U1|H = V1 and U2|H = V2.

We remark that a simple modifications of the proof of this theorem yields that the same is
true for any finite number of commuting isometries.

Proof We first find a unitary extension U1 on a Hilbert space K of the isometry V1 by
Theorem 2.1.4, or Theorem 2.2.6. Without loss of generality (See Corollary 3.2.17), we may
assume K = span{Un

1 h : n ∈ Z and h ∈ H}. We are willing to define an isometric extension
W on K of V2 which would commute with U1. We define W on the subspace
M := span{Un

1 h : n ∈ Z and h ∈ H}, via

W (
N∑

n=−N

Un
1 hn) =

N∑
n=−N

Un
1 V2hn , hn ∈ H.

We can see that

||
N∑

n=−N

Un
1 V2hn||2K =

N∑
n,m=−N

⟨Un
1 V2hn, U

m
1 V2hm⟩K =

∑
n≥m

⟨Un−m
1 V2hn, V2hm⟩K +

∑
n<m

⟨V2hn, Um−n
1 V2hm⟩K =

∑
n≥m

⟨V n−m
1 V2hn, V2hm⟩K +

∑
n<m

⟨V2hn, V m−n
1 V2hm⟩K (since U1 is an extension of V1)

=
∑
n≥m

⟨V2V n−m
1 hn, V2hm⟩K +

∑
n<m

⟨V2hn, V2V m−n
1 hm⟩K (since V1 and V2 commute)

=
∑
n≥m

⟨V n−m
1 hn, hm⟩K +

∑
n<m

⟨hn, V m−n
1 hm⟩K (since V2 is an isometry)

=
∑
n≥m

⟨Un−m
1 hn, hm⟩K +

∑
n<m

⟨hn, Um−n
1 hm⟩K =

N∑
n,m=−N

⟨Un−m
1 hn, hm⟩K =

N∑
n,m=−N

⟨Un
1 hn, U

m
1 hm⟩K (since U1 is a unitary)
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= ||
N∑

n=−N

Un
1 hn||2K .

Hence, W is a well-defined operator and an isometry on M. By definition of W , we can see
that Wh = V2h, for all h ∈ H. Thus, W is an extension of V2.
Because M = K, W extends by continuity to an isometry on K. Moreover,
U1W (Un

1 h) = U1(U
n
1 V2h) = Un+1

1 V2h = W (Un+1
1 h) = WU1(U

n
1 h). So, U1 and W commute

on M, and by continuity, they commute on K.
Note that if V2 is a unitary, then we can take U2 = V2 .

If V2 is not a unitary, then W extends to a unitary U2 on a K̂ ⊇ K. U1 can be also extended
to a unitary U ′ on K̂ in such a way that U2 and U ′ commute. Let

U ′ =

(
U1 0
0 U1

)
, U2 =

(
W I −WW ∗

0 W ∗

)
.

U ′ and U2 (See the proof of Theorem 2.1.4) are unitaries. We have

U2U
′ =

(
WU1 U1 −WW ∗U1

0 W ∗U1

)
, U ′U2 =

(
U1W U1 − U1WW ∗

0 U1W
∗

)
.

Since, WU1 = U1W , then U∗
1WU1 = U∗

1U1W = W , so, U∗
1WU1U

∗
1 = WU∗

1 . Thus,

U∗
1W = WU∗

1 .

Consequently, (U∗
1W )∗ = (WU∗

1 )
∗; that is,

W ∗U1 = U1W
∗. (2.2)

Therefore, by (2.2) and WU1 = U1W , we can conclude that U2U
′ = U ′U2 on K. Also,

U2h = Wh = V2h and U ′h = U1h = V1h for all h ∈ H. ■
Remark that another strategy for extending U1 to a unitary U ′, will be indicated in the proof
of Theorem 2.3.7.

Theorem 2.3.4 (Andô’s unitary dilation theorem) Let T1 and T2 be two commuting
contractions on a Hilbert space H. Then there are a Hilbert space K ⊇ H and two commuting
unitaries U1 and U2 on K such that

T n1
1 T n2

2 = PHU
n1
1 Un2

2 |H , ∀n1, n2 ≥ 0.

Proof We have a commuting isometric power dilation {V1, V2} on the space ℓ2(H) of {T1, T2}
by Theorem 2.3.2. Then we can extract a commuting unitary extension pair {U1, U2} of
{V1, V2} on a K by Theorem 2.3.3. Now, {U1, U2} is the required power dilation: Because U1

and U2 commute and for any h ∈ H and n1, n2 = 0, 1, 2, ...

PHU
n1
1 Un2

2 h = PHV
n1
1 V n2

2 h (since {U1, U2} extends {V1, V2} and h ∈ H ⊆ ℓ2(H))

= T n1
1 T n2

2 h (since {V1, V2} dilates {T1, T2}).
■

The above theorem produces two variables von Neumann’s inequality:
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Theorem 2.3.5 (Two variables von Neumann’s inequality) Let T1 and T2 be two
commuting contractions on a Hilbert space H. Suppose p(z1, z2) is any polynomial in two
variables. Then

||p(T1, T2)|| ≤ sup{|p(z1, z2)| : z1, z2 ∈ C, |z1| = |z2| = 1}.

Proof Let K ⊇ H be a unitary dilation space for {T1, T2} and {U1, U2} be two commuting
unitaries on K as obtained in Theorem 2.3.4. Since U1 and U2 are commuting unitaries,
all four U1, U2, U

∗
1 and U∗

2 commute. Therefore, the C∗-algebra X generated by U1 and U2

is commutative. So by Theorem 1.1.18, Theorem I.3.1 in [6], or 11.18 Theorem (Gelfand-
Naimark) in [19], X is isometrically ∗-isomorphic to C(∆), where ∆ = sp(X ) is the set of all
multiplicative linear functionals (complex homomorphisms) χ on X , namely

∆ = {χ : X → C | 0 ̸= χ is linear and for all a, b ∈ X , χ(ab) = χ(a)χ(b)}

(See also 11.5 Theorem in [19]). Note that χ(a∗) = χ(a) for all a ∈ X (See the proof of
Theorem 2.2.4 in [1]). Such functionals satisfy ||χ|| = χ(1K) = 1. Thus,

|χ(Ui)|2 = χ(Ui)χ(Ui) = χ(Ui)χ(U
∗
i ) = χ(UiU

∗
i ) = χ(1K) = 1, i = 1, 2.

So for any polynomial p(z1, z2), we have

||p(U1, U2)|| = sup
χ∈∆

|χ(p(U1, U2))|

= sup
χ∈∆

|p(χ(U1), χ(U2))| (since χ is multiplicative and linear)

≤ sup
|z1|=|z2|=1, z1,z2∈C

|p(z1, z2)|.

Hence,

||p(T1, T2)|| = ||PHp(U1, U2)|H|| ≤ ||p(U1, U2)|| ≤ sup{|p(z1, z2)| : z1, z2 ∈ C, |z1| = |z2| = 1}.

■

Remark 2.3.6 As it was noted this result can not be generalized to more than two commuting
contractions. Namely, there exist three commuting contractions T1, T2 and T3 on a Hilbert
space H and a complex polynomial with three variables such that

||p(T1, T2, T3)|| > sup
z∈T3

|p(z)|.

Consequently, T1, T2 and T3 have no unitary, and hence also no isometric dilation.

The following example of such three operators has been presented by Crabb and Davie [22]:
Let H be a Hilbert space H with orthonormal basis Q := {e, f1, f2, f3, g1, g2, g3, h}, and define
isometries T1, T2 and T3 by

Tie = fi, Tifi = −gi, Tifj = gk, k ̸= i, j (i ̸= j), Tigj = δijh, Tih = 0, for i, j, k = 1, 2, 3.
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Clearly, these are contractions: As Tjν ⊥ Tjν
′, ν ̸= ν ′ and 1 ≥ ||Tjν||2 (= 0 or 1) for any

ν, ν ′ ∈ Q, j = 1, 2, 3,

||Tjx||2 = ||λ1Tje+ λ2Tjf1 + λ3Tjf2 + λ4Tjf3 + λ5Tjg1 + λ6Tjg2 + λ7Tjg3 + λ8Tjh||2

≤
8∑
j=1

|λj|2 = ||x||2,

where x ∈ H such that x = λ1e+λ2f1+λ3f2+λ4f3+λ5g1+λ6g2+λ7g3+λ8h, where λj ∈ C.
Also, one can verify that TiTj = TjTi , for i, j = 1, 2, 3. Now let

p(z1, z2, z3) = z1z2z3 − z31 − z32 − z33 .

By calculation we see that p(T1, T2, T3)e = 4h, so that ||p(T1, T2, T3)|| ≥ 4. On the other
hand, |p(z)| < 4 for all z ∈ T3, so by compactness of T3, we get supz∈T3 |p(z)| < 4, as
required.
Assertion |p(z)| < 4 for all z ∈ T3.
Proof Let zj = eiθj , θj ∈ [0, 2π[, j = 1, 2, 3. We have

|p(z)|2 = |ei(θ1+θ2+θ3) − e3iθ1 − e3iθ2 − e3iθ3|2

= 4− 2
(
cos(−2θ1 + θ2 + θ3) + cos(θ1 − 2θ2 + θ3) + cos(θ1 + θ2 − 2θ3)

)
+2
(
cos(3θ1 − 3θ2) + cos(3θ2 − 3θ3) + cos(3θ3 − 3θ1)

)
.

Assertion is equivalent to

− cos(−2θ1 + θ2 + θ3)− cos(θ1 − 2θ2 + θ3)− cos(θ1 + θ2 − 2θ3)

+ cos(3θ1 − 3θ2) + cos(3θ2 − 3θ3) + cos(3θ3 − 3θ1) < 6, ∀θj ∈ [0, 2π[.

The above inequality is obvious if < has been replaced by ≤, because | cos(.)| ≤ 1. Hence,
we must show that the equality does not hold. Assume it holds. Therefore,

cos(3θ1 − 3θ2) = cos(3θ2 − 3θ3) = cos(3θ3 − 3θ1) = 1,

and
cos(−2θ1 + θ2 + θ3) = cos(θ1 − 2θ2 + θ3) = cos(θ1 + θ2 − 2θ3) = −1.

Consequently,

{θ1 − θ2, θ2 − θ3, θ3 − θ1} ⊆ {0,−2π/3, 2π/3,−4π/3, 4π/3}.

By subtraction of members,

{−2θ1+θ2+θ3, θ1−2θ2+θ3, θ1+θ2−2θ3} ⊆ {0,−2π, 2π,−2π/3, 2π/3,−4π/3, 4π/3,−8π/3, 8π/3}.

on the other hand,

{−2θ1 + θ2 + θ3, θ1 − 2θ2 + θ3, θ1 + θ2 − 2θ3} ⊆ {−π, π,−3π, 3π},
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which is a contradiction, and therefore assertion is proved. ■

Another example has been presented by Kaijser and Varopoulos [17]:

Consider the following operators on C5:

M1 =


0 0 0 0 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 1/

√
3 −1/

√
3 −1/

√
3 0

 ,

M2 =


0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 0 0 0 0
0 −1/

√
3 1/

√
3 −1/

√
3 0

 ,

and

M3 =


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 −1/

√
3 −1/

√
3 1/

√
3 0

 .

We can see that ||Mj|| =
√
λmax(M t

jMj) = 1, j = 1, 2, 3, andMiMj =MjMi, for i, j = 1, 2, 3.

Now, we consider the polynomial

p(z1, z2, z3) = z21 + z22 + z23 − 2(z1z2 + z2z3 + z3z1).

Then

sup
z∈T3

|p(z)| = 5,

but

p(M1,M2,M3) =


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

3
√
3 0 0 0 0

 .

Therefore,

||p(M1,M2,M3)|| = 3
√
3 > 5 = sup

z∈T3

|p(z)|.
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Assertion supz∈T3 |p(z)| = 5.
Proof Let z1 = −eiθ1z3 and z2 = −eiθ2z3 , θj ∈ [0, 2π[ , j = 1, 2, . We have

|p(z)|2 = |e2iθ1+e2iθ2+1+2eiθ1+2eiθ2−2ei(θ1+θ1)|2 = 15+2 cos(2θ1−2θ2)+2 cos(2θ1)+2 cos(2θ2)

+4 cos(2θ1 − θ2) + 4 cos(2θ2 − θ1)− 4 cos(θ1 + θ2).

Assertion is equivalent to

sup
(θ1,θ2)∈[0,2π[×[0,2π[

(
cos(2θ1 − 2θ2) + cos(2θ1) + cos(2θ2) + 2 cos(2θ1 − θ2)

+2 cos(2θ2 − θ1)− 2 cos(θ1 + θ2)
)
= 5. (2.3)

Let define for every (x, y) ∈ [0, 2π]× [0, 2π],

f(x, y) := cos(2x− 2y) + cos(2x) + cos(2y) + 2 cos(2x− y) + 2 cos(2y − x)− 2 cos(x+ y).

The interior extrema of f in ]0, 2π[×]0, 2π[ satisfy the equations ∂f
∂x
(x, y) = ∂f

∂y
(x, y) = 0.

Therefore, we will have

cos(x− y/2)
(
4 cos2(y/2) sin(x− y/2)− sin(3y/2)

)
= cos(y − x/2)

(
4 cos2(x/2) sin(y − x/2)− sin(3x/2)

)
= 0.

By a boring calculation, we find that the set of the interior extrema of f is equal to{
(π, π), (π/3, 2π/3), (2π/3, π/3), (2π/3, 4π/3), (4π/3, 2π/3)

}
∪{

(π/3, 5π/3), (5π/3, π/3), (4π/3, 5π/3), (5π/3, 4π/3)
}
.

The rest of the extrema must be on the boundary of [0, 2π]× [0, 2π]; that is,(
{0, 2π} × [0, 2π]

)
∪
(
[0, 2π]× {0, 2π}

)
.

We have

−3 ≤ f(0, y) = f(2π, y) = 1 + 4 cos(2y) ≤ 5 , −3 ≤ f(x, 0) = f(x, 2π) = 1 + 4 cos(2x) ≤ 5 ,

and

f(π/3, 2π/3) = f(2π/3, π/3) = f(2π/3, 4π/3)

= f(4π/3, 2π/3) = f(4π/3, 5π/3) = f(5π/3, 4π/3) = 1/2 ,

f(π, π) = −3 , f(π/3, 5π/3) = f(5π/3, π/3) = −15/2.

Hence,
min

(x,y)∈[0,2π]×[0,2π]
f(x, y) = −15/2 ,
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and
max

(x,y)∈[0,2π]×[0,2π]
f(x, y) = 5 .

Thus, sup in (2.3) will be max at (θ1, θ2) ∈ {(0, 0), (0, π), (π, 0)}. Indeed,

max
z∈T3

|p(z)| = 5 and min
z∈T3

|p(z)| = 0 .

■

A question arises whether or not von Neumann’s inequality holds for 3-tuples of 3×3 and 4×4
commuting contractive matrices. Holbrook [10] found a 4×4 counter example in 2001, and
the question of whether von Neumann’s inequality holds for three 3×3 contractions remained
open until finally, Knese [11] showed that in the 3×3 case the inequality holds. It is still
an open problem whether or not every three commuting 3×3 contractions have a commut-
ing unitary dilation; the case of four 3×3 contractions was settled negatively by Choi and
Davidson [5].

Note that the first example of three contractions that do not admit a unitary dilation did
not involve a violation of a von Neumann type inequality. Parrott [16] showed that if U and
V are two non-commuting unitaries, then the operators

T1 =

(
0 0
I 0

)
, T2 =

(
0 0
U 0

)
, T3 =

(
0 0
V 0

)
are three commuting contractions that have no isometric dilation. However, these operators
satisfy von Neumann’s inequality.

Despite such examples, it is possible to have a kind of generalization of Theorem 2.3.4 by
substituting isometries for contractions:

Theorem 2.3.7 Let {V1, V2, ..., Vn} be a set of commuting isometries on a Hilbert space H.
Then there are a Hilbert space K ⊇ H and a set of commuting unitaries {U1, U2, ..., Un} on
K such that

V m1
1 V m2

2 · · ·V mn
n = PHU

m1
1 Um2

2 · · ·Umn
n |H , ∀m1,m2 · · ·mn ≥ 0.

Proof [17] Let U1 on a Hilbert space K1 be a unitary power dilation of V1 by Theorem 2.1.4,
or Theorem 2.2.6. Without loss of generality (See Corollary 3.2.17), we may assume

K1 = span{Un
1 h : n ∈ Z and h ∈ H}.

For i ̸= 1, there is a well-defined isometry Wi : K1 → K1 given by the formula (See the proof
of Theorem 2.3.3)

Wi(
N∑

n=−N

Un
1 hn) =

N∑
n=−N

Un
1 Vihn .

We can see that

WiWj(
N∑

n=−N

Un
1 hn) = Wi(

N∑
n=−N

Un
1 Vjhn) =

N∑
n=−N

Un
1 ViVjhn =
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N∑
n=−N

Un
1 VjVihn = Wj(

N∑
n=−N

Un
1 Vihn) = WjWi(

N∑
n=−N

Un
1 hn).

Therefore, Wi and Wj commute on K1. As in the proof of Theorem 2.3.3 we see that if Vi is
unitary, then Wi is also unitary, {U1,W2, ...,Wn} commute and

V m1
1 V m2

2 · · ·V mn
n = PHU

m1
1 Wm2

2 · · ·Wmn
n |H , ∀m1,m2 · · ·mn ≥ 0.

Now continue by next taking the unitary power dilation U2 of W2 on a Hilbert space
K2 = span{Un

2 k : n ∈ Z and k ∈ K1} and extend U1 to an isometry Ũ1 on K2 via
Ũ1(
∑N

n=−N U
n
2 kn) =

∑N
n=−N U

n
2 U1kn, which will be unitary by the above argument, and

Wj (j ≥ 3) to an isometry on K2 by W̃j(
∑N

n=−N U
n
2 kn) =

∑N
n=−N U

n
2Wjkn. Consider

{Ũ1, U2, W̃3, ..., W̃n} on K2. Thus, after n such dilations and extensions, we shall obtain an
n-tuple of unitaries on a Hilbert space Kn with the desired properties. ■

Corollary 2.3.8 Let {V1, V2, ..., Vn} be a set of commuting isometries on a Hilbert space H,
and let pij, i, j = 1, 2, · · ·m, be polynomials in n variables. Then

||(pij(V1, V2, · · · , Vn))||B(H(m)) ≤ sup{||(pij(z1, z2, · · · , zn))||Mm : zk ∈ C, |zk| = 1, 1 ≤ k ≤ n}.

Proof [17] For unitaries U1, U2, · · · , Un as in Theorem 2.3.7, we have

pij(V1, V2, · · · , Vn) = PHpij(U1, U2, · · · , Un)|H

and hence
||(pij(V1, V2, · · · , Vn))|| ≤ ||(pij(U1, U2, · · · , Un))||.

Let A = C∗(U1, ..., Un) be the C∗-algebra generated by U1, ..., Un. So, A ∼= C(X), where
X = sp(A) is the space of all characters of A, by Theorem 1.1.18. Therefore, Mm(A) ∼=
Mm(C(X)). Hence,

||(pij(U1, ..., Un))||Mm(A) = ||(pij(Û1, ..., Ûn))||Mm(C(X)),

where Ûj is the Gelfand transform of Uj. The above equality holds by the fact that for all
a, b ∈ A and λ, µ ∈ C

λ̂a+ µb = λâ+ µb̂, âb = âb̂, ||a|| = ||â||∞.

Now, by (1.5) in Proposition 1.4.6

||(pij(Û1, ..., Ûn))||Mm(C(X)) = sup
χ∈X

||(pij(Û1(χ), ..., Ûn(χ)))||Mm

= sup
χ∈X

||(pij(χ(U1), ..., χ(Un)))||Mm

≤ sup{||(pij(z1, z2, · · · , zn))||Mm : zk ∈ C, |zk| = 1, 1 ≤ k ≤ n},

since |χ(Uj)| = 1, j = 1, 2, ..., n ■

One of the useful application of Theorem 2.3.4 is the following theorem due to Sz. Nagy
and Foiaş:
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Theorem 2.3.9 (Commutant lifting theorem) [17] Let T ∈ B(H) be a contraction, and
let U ∈ B(K), K ⊇ H, be a (the minimal) unitary power dilation of T . Let R ∈ B(H)
commutes with T (TR = RT ). Then there is a simultaneous dilation of R to an operator
S ∈ B(K) such that SU = US, ||S|| = ||R|| and RT n = PHSU

n|H, for all n ≥ 0.

Proof [17] By scaling we may assume that ||R|| = 1. Hence by Theorem 2.3.4, there
exist two commuting unitaries U1 and U2 on a Hilbert space K1 containing H such that
T nRm = PHU

n
1 U

m
2 |H, for all n,m ≥ 0. Let K := span{Un

1 h : n ∈ Z and h ∈ H}. Then K is
a reducing subspace for U1, and U = PKU1|K is a (the minimal) unitary power dilation of T .
Relative to K1 = K ⊕K⊥ we have operator matrices

U1 =

(
U 0
0 X

)
, U2 =

(
S B
C D

)
.

Since U1U2 = U2U1, it follows that US = SU , and that SUn = PKU2U
n
1 |K, for all n ≥ 0.

Thus, PHSU
n|H = PHU2U

n
1 |H = RT n, for all n ≥ 0.

Finally, 1 = ||R|| ≤ ||S|| ≤ ||U2|| = 1. Therefore, ||R|| = ||S||. ■

We can do the same (commutant lifting theorem) for an isometric power dilation simply by
dilating the isometry to a unitary, applying the commutant lifting theorem, and restricting
back down.

Corollary 2.3.10 (Theorem 3.9 in [22]) Let T ∈ B(H) be a contraction, and let V ∈ B(K),
K ⊇ H be an (the minimal) isometric power dilation of T and VH⊥ ⊆ H⊥ (equivalently,
V ∗H ⊆ H. In fact, V is an isometric co-extension of T ). Let R ∈ B(H) commutes with T
(TR = RT ). Then there is a simultaneous power dilation of R to an operator S ∈ B(K) such
that SV = V S, ||S|| = ||R|| and RmT n = PHS

mV n|H, for all m,n ≥ 0.

2.4 Nevanlinna-Pick Interpolation

The purpose of this section is to illustrate how classical theory of dilation can be applied
in complex function theory to prove Nevanlinna-Pick Interpolation theorem due to Pick and
independently to Nevanlinna. The proof is based on Sarason’s work [21].

2.4.1 The Problem

The Pick interpolation problem is simple to state: let z1, z2, · · · , zn be distinct points in
D := {z ∈ C : |z| < 1} and let w1, w2, · · · , wn ∈ C. Is there a function
f ∈ H∞ = H∞(D) := {f ∈ O(D)| ||f ||∞ := supz∈D |f(z)| <∞} such that

(1) f(zj) = wj for all j = 1, 2, · · ·n, and (2) ||f ||∞ ≤ 1?

Here O(D) denotes the set of all analytic functions on D. The norm ||.||∞ turns H∞ into a
Banach algebra. It is obvious that there is no such a function if |wj| > 1 for some 1 ≤ j ≤ n.
So we assume that |wi| ≤ 1 for all 1 ≤ i ≤ n.
It is a common knowledge that one can always find a polynomial that interpolates the data,
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in the sense that (1) holds. The whole point is that we need (2) to hold as well.
Recall that an n× n matrix M = (aij)

n
i,j=1 , aij ∈ C is said to be positive semi-definite if

for every v = (v1, v2, · · · , vn)T ∈ Cn

⟨Mv, v⟩ =
n∑

i,j=1

aijvj v̄i ≥ 0.

If M is positive semi-definite, then we write M ≥ 0. Note that identifying M with a linear
operator M : Cn → Cn, we get a positive operator in B(Cn).

Theorem 2.4.1 (Pick’s interpolation theorem) Given distinct points z1, z2, · · · , zn in
D and w1, w2, · · · , wn in D, there exists a function f ∈ H∞ so that f(zi) = wi for all i =
1, 2, · · · , n and ||f ||∞ ≤ 1 if and only if(

1− wiw̄j
1− ziz̄j

)n
i,j=1

≥ 0.

The above n× n matrix is called the Pick matrix.

2.4.2 Preparation For Proof

The Hardy space H2 = H2(D) is the space of analytic functions h(z) =
∑∞

n=0 anz
n on the

unit disc D that satisfy
∑∞

n=0 |an|2 <∞. H2 is a linear subspace of O(D), and that

⟨
∞∑
n=0

anz
n,

∞∑
n=0

bnz
n⟩H2 =

∞∑
n=0

anbn

defines an inner product which makes H2 into a Hilbert space, with norm

||h||2H2 =
∞∑
n=0

|an|2.

In fact, the map
(a0, a1, a2, ...) = (an)

∞
n=0 7→ f,

where

f(z) =
∞∑
n=0

anz
n

is a unitary isomorphism of ℓ2 onto H2, so the Hardy space is a Hilbert space.
For w ∈ D, consider the element kw ∈ H2 via

kw(z) :=
∞∑
n=0

w̄nzn =
1

1− zw̄
.

Then for h ∈ H2, via h(z) =
∑∞

n=0 anz
n, we have

⟨h, kw⟩H2 = ⟨
∞∑
n=0

anz
n,

∞∑
n=0

w̄nzn⟩H2 =
∞∑
n=0

anw
n = h(w).
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The function kw is called the reproducing kernel of H2. Let pN(z) =
∑N

n=0 anz
n. We have

||pN ||2H2 =
∑N

n=0 |an|2. Also,

1

2π

∫ 2π

0

|pN(eiθ)|2 dθ =
1

2π

∫ 2π

0

|
N∑
n=0

ane
inθ|2 dθ = 1

2π

∫ 2π

0

( N∑
n=0

ane
inθ
)( N∑

n=0

ane
−inθ

)
dθ

=
N∑
n=0

|an|2 +
1

2π

N∑
n,m=0
n ̸=m

anam

∫ 2π

0

ei(n−m)θ dθ =
N∑
n=0

|an|2.

Hence,

||pN ||2H2 =
N∑
n=0

|an|2 =
1

2π

∫ 2π

0

|pN(eiθ)|2 dθ. (2.4)

Let h ∈ H2 via h(z) =
∑∞

n=0 anz
n (so,

∑∞
n=0 |an|2 <∞) and pN → h in H2, as N → ∞. We

have for 0 < r < 1,∣∣∣ ||h||2H2 −
1

2π

∫ 2π

0

|h(reiθ)|2 dθ
∣∣∣ ≤ ∣∣∣ ||h||2H2 − ||pN ||2H2

∣∣∣+ ∣∣∣ ||pN ||2H2 −
1

2π

∫ 2π

0

|pN(eiθ)|2 dθ
∣∣∣

+
∣∣∣ 1
2π

∫ 2π

0

|pN(eiθ)|2 dθ −
1

2π

∫ 2π

0

|h(reiθ)|2 dθ
∣∣∣

=

by (2.4)

∣∣∣ ||h||2H2 − ||pN ||2H2

∣∣∣+ ∣∣∣ 1
2π

∫ 2π

0

|pN(eiθ)|2 dθ −
1

2π

∫ 2π

0

|h(reiθ)|2 dθ
∣∣∣

=
∣∣∣ ||h||2H2 − ||pN ||2H2

∣∣∣+ ∣∣∣ N∑
n=0

|an|2 −
∞∑
n=0

|an|2r2n
∣∣∣

≤
∣∣∣ ||h||2H2 − ||pN ||2H2

∣∣∣+ N∑
n=0

(1− r2n)|an|2 +
∞∑

n=N+1

|an|2r2n.

If r → 1−, then

lim sup
r→1−

∣∣∣ ||h||2H2 −
1

2π

∫ 2π

0

|h(reiθ)|2 dθ
∣∣∣ ≤ ∣∣∣ ||h||2H2 − ||pN ||2H2

∣∣∣+ ∞∑
n=N+1

|an|2.

Now, if N → ∞, then

||h||2H2 = lim
r↗1

1

2π

∫ 2π

0

|h(reiθ)|2 dθ. (2.5)

Therefore if f ∈ H∞, then by (2.5)

||fh||2H2 = lim
r↗1

1

2π

∫ 2π

0

|f(reiθ)|2|h(reiθ)|2 dθ ≤
(
sup
z∈D

|f(z)|
)2

||h||2H2 ,

and hence H∞H2 ⊆ H2. Moreover, if we let Mf : H
2 → H2 given by Mf (h) = fh, then

||Mf || ≤ ||f ||∞ (= sup
z∈D

|f(z)|) (2.6)
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We can see that

⟨Mfh, kw⟩H2 = ⟨fh, kw⟩H2 = (fh)(w) = f(w)h(w), ∀w ∈ D, f ∈ H∞, h ∈ H2.

Hence,

⟨h,M∗
fkw⟩H2 = ⟨Mfh, kw⟩H2 = f(w)h(w) = f(w)⟨h, kw⟩H2 = ⟨h, f(w)kw⟩H2 .

Thus,
M∗

fkw = f(w)kw, ∀w ∈ D, f ∈ H∞.

Therefore we have

||Mf || ||kw|| = ||M∗
f || ||kw|| ≥ ||M∗

fkw|| = |f(w)| ||kw|| = |f(w)| ||kw|| , ∀w ∈ D.

Hence,
||Mf || ≥ ||f ||∞. (2.7)

By (2.6) and (2.7), we get
||Mf || = ||f ||∞ , ∀f ∈ H∞.

By Mz we mean Mι (ι(z) = z). Now let T ∈ B(H2) commutes with Mz, and let T (1) =
f ∈ H2. Since TMι = MιT, T (ι

n) = ιnf , for all n ≥ 0. Hence for pN =
∑N

n=0 anι
n, T (p) =∑N

n=0 anT (ι
n) =

∑N
n=0 anι

nf = pf . As T is bounded, then one can show that f ∈ H∞ (see
the proof of Theorem 2.4.6). Consequently as polynomials are dense in H2, one obtains

T (h) = fh, ∀h ∈ H2.

Thus we have the following lemma:

Lemma 2.4.2 (i) H∞H2 ⊆ H2. Moreover, if we let Mf : H
2 → H2 given by Mf (h) = fh,

then ||Mf || = ||f ||∞ for all f ∈ H∞.
(ii) If T ∈ B(H2) commutes with Mz , then there exists a function f ∈ H∞ such that
T = Mf .

Now we are ready for the proof of Theorem 2.4.1. In order to prove Theorem 2.4.1, we
need a number of lemmas.

Lemma 2.4.3 Let A, T ∈ B(H). Then
(i) if T ≥ 0, then A∗TA ≥ 0,
(ii) if A is surjective and A∗TA ≥ 0, then T ≥ 0.

Proof (i): ⟨A∗TAx, x⟩H = ⟨TAx,Ax⟩H ≥ 0, for all x ∈ H, because T ≥ 0. Hence,
A∗TA ≥ 0.
(ii): Let x ∈ H. We will show that ⟨Tx, x⟩H ≥ 0. Since A is surjective, there is a y ∈ H, such
that Ay = x. Therefore, ⟨Tx, x⟩H = ⟨TAy,Ay⟩H = ⟨A∗TAy, y⟩H ≥ 0, because A∗TA ≥ 0. ■

Lemma 2.4.4 Let distinct points z1, z2, · · · , zn be in D and M := span{kz1 , kz2 , · · · , kzn}.
Then MzM

⊥ ⊆ M⊥; that is M⊥ is invariant for Mz, or subspace M is co-invariant for
Mz.
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Proof Let g ∈M⊥. So, ⟨g, kzj⟩H2 = 0, for all j = 1, 2, · · · , n.

⟨Mzg, kzj⟩H2 = ⟨g,M∗
zkzj⟩H2 = ⟨g, z̄jkzj⟩H2 = zj⟨g, kzj⟩H2 = 0.

That is, Mzg ∈M⊥. ■

Lemma 2.4.5 Mz is an isometry.

Proof We will show that M∗
zMzh = h, for all h ∈ H2. Equivalently, we will show that

⟨Mzh,Mzg⟩H2 = ⟨h, g⟩H2 , for all g, h ∈ H2. Let h(z) =
∑∞

n=0 anz
n and g(z) =

∑∞
n=0 bnz

n

with
∑∞

n=0 |an|2 <∞ and
∑∞

n=0 |bn|2 <∞. We have

zh(z) =
∞∑
n=0

anz
n+1 =

∞∑
n=0

a′nz
n, a′0 = 0, a′n = an−1, n ≥ 1

and

zg(z) =
∞∑
n=0

bnz
n+1 =

∞∑
n=0

b′nz
n, b′0 = 0, b′n = bn−1, n ≥ 1.

Now,

⟨Mzh,Mzg⟩H2 =
∞∑
n=0

a′nb
′
n =

∞∑
n=1

a′nb
′
n =

∞∑
n=1

an−1bn−1 =
∞∑
n=0

anbn = ⟨h, g⟩H2 .

■

Proof (of Theorem 2.4.1) Let f ∈ H∞ be a solution of Pick interpolation problem for
distinct points z1, z2, · · · , zn in D and w1, w2, · · · , wn in D, and letM := span{kz1 , kz2 , · · · , kzn}.
Then D := PMMf |M satisfies (by Lemma 2.4.2 (i)) ||D|| ≤ ||Mf || = ||f ||∞ ≤ 1, or
equivalently, I − DD∗ ≥ 0 (See Remark 2.2.2). Consider linear map K : Cn → M
given by Kej := kzj , which is surjective. By Lemma 2.4.3, I − DD∗ ≥ 0 if and only if
K∗(I −DD∗)K ≥ 0. We have

⟨K∗(I −DD∗)Kej, ei⟩ = ⟨(I −DD∗)kzj , kzi⟩H2 = ⟨kzj , kzi⟩H2 − ⟨M∗
fkzj ,M∗

fkzi⟩H2 =

⟨kzj , kzi⟩H2 − ⟨f(zj)kzj , f(zi)kzi⟩H2 =
1

1− zizj
− ⟨wjkzj , wikzi⟩H2 =

1− wiwj
1− zizj

.

Therefore ||D|| ≤ 1 if and only if (
1− wiwj
1− zizj

)
n×n

≥ 0.

For the converse, note that by Lemma 2.4.4, M is co-invariant for Mz. Let S := PMMz|M .
So, Mz will be an isometric dilation of S (by Lemma 2.4.5). Define B ∈ B(M) by setting
B∗kzj = wjkzj , for j = 1, 2, · · · , n. The computation above, shows that I−BB∗ ≥ 0 and thus
||B|| ≤ 1.
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Claim SB = BS.
Proof We observe first that for every g ∈M ,

⟨(Mz|M)∗kzj , g⟩H2 = ⟨kzj ,Mz|Mg⟩H2 = ⟨kzj ,Mzg⟩H2 = ⟨M∗
zkzj , g⟩H2 = ⟨zjkzj , g⟩H2 .

Note that Mz|M : M → H2, so (Mz|M)∗ : H2 → M. In particular, (Mz|M)∗kzj ∈ M .
Therefore, it is enough to take g := (Mz|M)∗kzj − zjkzj , and hence (Mz|M)∗kzj = zjkzj .
Consequently,

S∗kzj = (Mz|M)∗P ∗
Mkzj = (Mz|M)∗PMkzj = (Mz|M)∗kzj = zjkzj .

Thus,
(S∗B∗ −B∗S∗)kzj = zjwjkzj − wjzjkzj = 0.

Therefore, (BS − SB)∗ = 0. So, BS − SB = 0.
By Corollary 2.3.10 (commutant lifting theorem), there is T ∈ B(H2) such that T dilates
B, so that PMT |M = B, ||T || = ||B|| ≤ 1 and T commutes with Mz. The latter condition
implies that T = Mf for some f ∈ H∞ by Lemma 2.4.2 (ii). We can see that ||f ||∞ =
||Mf || = ||T || ≤ 1.
Finally,

f(zj)kzj = M∗
fkzj = B∗kzj = wjkzj for j = 1, 2, · · · , n.

Thus f(zj) = wj, for j = 1, 2, · · · , n. ■

2.4.3 An Application In Control Theory

Throughout this section, we have used [12].

CONTROL THEORY. In control theory, one studies some physical system which is called
a plant, that has an input and an output. The plant can be the steering mechanism of a boat
or a ship, with the input the signal from either a human at the wheel or an autopilot, and
the output the directions to the engines and rudder. Or it can be a thermostat in a house,
with input the temperature at various points in the house, and output instructions to the
heating and cooling systems.
We shall use discrete time for convenience, so the input is a sequence {un}∞n=0 in Cd,
with energy

∑∞
n=0 ||un||2 < ∞, where for any vector x = (x1, x2, · · · , xd) in Cd we define

||x||2 =
∑d

k=1 |xk|2. The output is a sequence {yn}∞n=0 in Cd′ . For the present time, we take
d = d′ = 1.

The Plant. The plant P is assumed to be a transformation on the set of inputs {un}∞n=0

with the range being the set of outputs {yn}∞n=0 which satisfies the following properties:
(C) Causality (un = 0, ∀n ≤ m =⇒ yn = 0, ∀n ≤ m),
(TI) Time Invariance (if the input (u0, u1, u2, · · ·) produces the output (y0, y1, y2, · · ·),
then the input (0, u0, u1, u2, · · ·) will produce the output (0, y0, y1, y2, · · ·)),
(S) Stability (∃M > 0 such that

∑∞
n=0 |yn|2 ≤M

∑∞
n=0 |un|2),
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(L) Linearity (P is a linear transformation).

By explanation in the subsection 2.4.2, we can identify every element in H2 with an element
in ℓ2. {ιn : n ≥ 0} is an orthonormal basis for H2, where ι(z) = z. Hence, every ιn ∈ H2 can
be identified with (0, 0, ..., 1, 0, 0, ...) ∈ ℓ2, where 1 is in n+ 1 th place. Let P (1) = ϕ, where
ϕ(z) =

∑∞
n=0 anz

n =
∑∞

n=0 anι
n(z). Then ϕ has been identified with (a0, a1, ...). The input

(1, 0, 0, ...) produces the output (a0, a1, ...), therefore the input (0, 1, 0, 0, ...) will produce the
output (0, a0, a1, ...), by (TI); that is, P (z) = ϕ(z)z. In the other word, P (ι) = ϕι. In the
same way and also by (C), we get P (ιn) = ϕιn, for all n ≥ 0. Now by (L), P (p) = ϕp for all
polynomial p. Assumption (S) means that P is bounded, and hence it is continuous by (L).
As

||P ||2 = sup
||p||H2≤1

||P (p)||2H2 = sup
||p||H2≤1

lim
r↗1

1

2π

∫ 2π

0

|ϕ(reiθ)p(reiθ)|2 dθ, (2.8)

we find that
||P || ≤ sup

z∈D
|ϕ(z)|. (2.9)

We actually have equality in (2.9). Indeed, suppose that the left hand side is 1 (by scaling).
Then, taking u = 1 in (2.8), we have

1 ≥ ||P n1||2H2 = lim
r↗1

1

2π

∫ 2π

0

|ϕ(reiθ)|2n dθ. (2.10)

If supz∈D |ϕ(z)| > 1, then for every ε > 0, there would be a set of length δ for some δ > 0,
such that |ϕ| ≥ 1 + ε. Then the right hand side of (2.10) would be bounded below by
(1 + ε)2nδ/2π, which tends to infinity with n, and this is a contradiction. In particular,
because of the boundedness of P , we will have ϕ ∈ H∞. Thus, we have the following
theorem:

Theorem 2.4.6 Under assumptions (C)-(L), the plant P : H2 → H2 is given by

P (u) = ϕu (2.11)

for some ϕ ∈ H∞. Moreover

||P || = ||ϕ||∞ (= sup
z∈D

|ϕ(z)|).

From here on, we shall adopt the standard notation of using the same letter P for both the
plant and the H∞-function ϕ from (2.11).

The Compensator. Certainly, real plants are subject to some unknown noise e, whose
effects are modulated by some other plant W (which we assume is known), as depicted in
Figure 2 in Figure 3.1.
So we introduce a feed-back loop and a compensator C, which we can design. We end up
with the system shown in Figure 3 in Figure 3.1, with inputs u (the signal) and e (the noise),
and output y.
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Figure 2.1: Figures from [12]

By solving, we get

y = PC(u− y) +We,

so

y = (I + PC)−1PCu+ (I + PC)−1We. (2.12)

Internal Stability. We assume that both P and W are stable (W corresponds to a
multiplication by a H∞-function likewise P by Theorem (2.4.6)). We do not insist C be
stable, but we do require internal stability, meaning that the internal signals v, w and x must
have finite energy when the inputs u and e do; that is, v, w, x ∈ H2. Because

v = u− y = [−(I + PC)−1PC + I]u− (I + PC)−1We = (I + PC)−1u− (I + PC)−1We,

w = Cv, x = Pw,

internal stability requires that (I +PC)−1, C(I +PC)−1 and PC(I +PC)−1 be stable. But
we have

(†) (I + PC)−1 = I − P [C(I + PC)−1] and PC(I + PC)−1 = P [C(I + PC)−1],
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which means that internal stability is equivalent to requiring that

F := C(I + PC)−1 (2.13)

be stable. Therefore, F also corresponds to a multiplication by a H∞-function by Theorem
(2.4.6).

Blaschke Product. The Blaschke product is a bounded analytic function from D to D
constructed to have zeros at a (finite or infinite) sequence of prescribed aj ∈ D, j =
1, 2, · · · , N(1 ≤ N ≤ ∞), with the property that the magnitude of the function is 1 along ∂D.

A sequence {an}∞n=1 inside D, is said to satisfies the Blaschke condition if

∞∑
n=1

(1− |an|) <∞.

Let {an}∞n=1 in D be a sequence that satisfies Blaschke condition. The Blaschke product with
zeros at the ans is defined via

B(z) =
∞∏
n=1

Ban(z), ∀z ∈ D

with factors

Ba(z) :=
|a|
a

a− z

1− āz
, 0 ̸= a ∈ D, B0(z) = z, ∀z ∈ D.

For any fixed a ∈ D, the function Ba (Blaschke factor with zero at a) is an automorphism of
D, and thus maps the ∂D to ∂D.
A product of Blaschke factors therefore has modulus 1 everywhere on ∂D, and indeed any
bounded analytic function on D with some zeros in D, is the product of a Blaschke product
with those zeros and a non-zero bounded analytic function on D (See Corollary 9.1.6 in [8]).

Model-Matching Problem. We would like to design the compensator C to minimize
the effect of the noise on the output. In view of (2.12) and (†), this means that we want to
minimize

||(I + PC)−1W || = ||(I − PF )W ||.
The constraint, from (2.13), is that F ∈ H∞ (we identify F with the corresponding H∞-
function by Theorem (2.4.6)).

Let us make a very mild simplifying assumption: we assume that both P and W are
bounded analytic functions. Then they can be factored as

P = PiPo, W = WiWo.

Here, Pi and Wi are Blaschke products, with zeros precisely at the zeros of P and W in D,
respectively, and Po and Wo are bounded analytic functions that have no zeros in D. (The
Blaschke product is called the inner factor of the rational function, the other one is called
the outer factor. Hence the subscripts i and o.) We want to find

(INF) = inf
F∈H∞

||W−PFW || = inf
F∈H∞

||WoWi−PiPoFWoWi||∞ = inf
F∈H∞

||Wo−Pi(PoFWo)||∞.
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(The last equality comes from the maximum modulus principle.)
Thus, our problem reduces to finding

(INF) = inf
G∈H∞

||Wo − PiG||∞,

where G := PoFWo . Let the zeros of Pi be z1, z2, · · · , zN . Then

{Wo − PiG : G ∈ H∞} = {H ∈ H∞ : H(zj) = Wo(zj), 1 ≤ j ≤ N}.

Our problem thus translates into finding the function of the smallest norm that interpolates
N given values-the Pick’s problem!

For simplicity, we worked in the scalar case. In practice, engineers care about the matrix
case, where the input u and the output y are vectors. For example, y can be the position
and velocity of a ship, and u can be the steering commands. A similar analysis of more
complicated systems yields the following problem, called the model-matching problem, which
is fundamental in control theory:

Model-Matching Problem. Given matrix-valued H∞-functions P, Q, and W , find the
analytic matrix-valued function F that minimizes ||Q− PFW ||∞.

It should be pointed out that Pick’s problem is only a special case of the type of problems
that arise in H∞ control theory. However, it is both deep enough that solutions of the Pick’s
problem can often be generalized to solutions of other problems, and transparent enough
that one can find solutions to the Pick’s problem in different ways.

Many variants on Pick’s problem are only partially solved. If one leaves the unit disk and
replaces the domain of the functions by some other sets, like an annulus or a polydisc, things
get more complicated. If one changes the range, and wants functions whose values all lie in
an annulus, or in the intersection of two disks, then the problem gets even harder. Many
years after its solution, Pick’s problem is still inspiring new pure and applied mathematics.



Chapter 3

The Operator Algebraic Perspective
on Dilation Theory

The operator algebraic outlook on dilation theory began with Arveson’s seminal papers
([2], [3]). This approach opened the door by which operator algebraic techniques entered
into operator theory: these techniques have shed light on classical dilation theory, and they
also created a powerful framework by which new dilation results could be obtained. In this
chapter we will present concept of positive and completely positive maps and show how
classical dilation results from the previous chapter can be obtained using operator algebraic
tools.

3.1 Positive Maps

Positivity and complete positivity are at the heart of Arveson’s approach. In this section we
will collect necessary background on positive maps.

Definition 3.1.1 Let A and B be two C∗-algebras. The linear map ϕ : A → B is called
positive if it maps positive elements of A to positive elements of B, or ϕ(A+) ⊆ B+.

Definition 3.1.2 Let A be a unital C∗-algebra and S be a subspace of A. S is an operator
system if
i) 1 ∈ S and
ii) for any x ∈ S, x∗ ∈ S.

Definition 3.1.3 Let S be an operator system and B be a C∗-algebra. The linear map
ϕ : S → B is called positive if it maps positive elements of S to positive elements of B.

Clearly, a unital C∗-algebra itself is an operator system. Therefore, Definition 3.1.1 is almost
redundant and is added for a non-unital C∗-algebra A. In fact, operator systems are a strict
generalization of unital C∗-algebras without the multiplication.

Proposition 3.1.4 Let S be an operator system, B be a C∗-algebra, and ϕ : S → B be a
positive map. Then ϕ is self-adjoint; that is,

ϕ(x∗) = ϕ(x)∗, ∀x ∈ S.

41
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Proof By Remark 1.2.7, there exist 0 ≤ xj ∈ S, j = 1, 2, 3, 4 such that x = x1 − x3 +
i(x2 − x4). In particular, xj = x∗j , j = 1, 2, 3, 4. Since ϕ is positive, ϕ(xj) ≥ 0, j = 1, 2, 3, 4.
In particular, ϕ(xj) = ϕ(xj)

∗, j = 1, 2, 3, 4. Hence,

ϕ(x)∗ =
(
ϕ(x1)− ϕ(x3) + i(ϕ(x2)− ϕ(x4))

)∗
= ϕ(x1)− ϕ(x3)− i(ϕ(x2)− ϕ(x4)) =

ϕ(x1 − x3 − i(x2 − x4)) = ϕ
(
(x1 − x3 + i(x2 − x4))

∗
)
= ϕ(x∗).

■

Proposition 3.1.5 Let S be an operator system and B be a C∗-algebra. If ϕ : S → B is a
positive map, then ||ϕ|| ≤ 2||ϕ(1)||.

Proof [17] First note that if a is positive, then 0 ≤ a ≤ ||a||1 and so by positiveness
and linearity of ϕ, 0 ≤ ϕ(a) ≤ ||a||ϕ(1), from which it follows that by Lemma 1.2.8 iii)
||ϕ(a)|| ≤ ||a|| ||ϕ(1)||.
Next note that if x∗ = x ∈ S, then by Proposition 1.2.5 and linearity ϕ, we have

ϕ(x) =
1

2
ϕ(||x||1 + x)− 1

2
ϕ(||x||1− x),

which express ϕ(x) as a difference of two positive elements of B. Thus by Lemma 1.2.8 ii)
and the above argument,

||ϕ(x)|| ≤ 1

2
max{||ϕ(||x||1 + x)||, ||ϕ(||x||1− x)||} ≤

1

2
max{||(||x||1 + x)||, ||(||x||1− x)||}.||ϕ(1)|| ≤ ||x|| ||ϕ(1)||.

Finally, if y is an arbitrary element of S, then by Remark 1.2.6 (Proposition 1.2.5, Remark
1.2.6, and Remark 1.2.7 are also hold for every S instead ofA), y = y1+iy2 with ||y1||, ||y2|| ≤
||y||, y∗1 = y1, y

∗
2 = y2, and so

||ϕ(y)|| ≤ ||ϕ(y1)||+ ||ϕ(y2)|| ≤ ||y1|| ||ϕ(1)||+ ||y2|| ||ϕ(1)|| ≤ 2||y|| ||ϕ(1)||.

Hence, ||ϕ|| ≤ 2||ϕ(1)||. ■

Proposition 3.1.6 Let S be an operator system, B be a C∗-algebra and ϕ : S → B be a
positive map. Then ϕ extends to a positive map on the norm closure of S.

Proof By Proposition 3.1.5, ϕ is bounded. So, by linearity, ϕ is continuous (uniformly). It
follows that ϕ extends in a unique way to a continuous map ψ on the norm closure of S. It
is enough to show that ψ is positive.
Let a ≥ 0 and a ∈ S̄. Then there is a sequence (an)n≥1, an ∈ S, such that an → a
(||an − a|| → 0). Since a is self-adjoint,

||a∗n − a|| = ||a∗n − a∗|| = ||an − a|| → 0.
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Thus, ||a
∗
n+an
2

− a|| → 0. We define bn := a∗n+an
2

and note that bn ∈ S is self-adjoint for all
n ≥ 1. Let ε > 0. We will show that bn + ε1 ≥ 0 for sufficiently large values of n.
We have for some N ≥ 1,

σ(bn − a) ⊆ {λ ∈ R : |λ| ≤ ||bn − a|| < ε}, ∀n ≥ N.

Since all (bn − a) are self-adjoint, so

σ(ε1 + (bn − a)) = {ε}+ σ(bn − a) ⊆]0, 2ε[, ∀n ≥ N,

and therefore ε1+(bn−a) ≥ 0. Also, as a ≥ 0, we have ε1+(bn−a)+a = ε1+bn ≥ 0, ∀n ≥ N.
Since ε1+bn → ε1+a and ψ is continuous, ϕ(ε1+bn) = ψ(ε1+bn) → ψ(ε1+a). By Proposition
1.2.4, εψ(1) + ψ(a) = ψ(ε1 + a) ≥ 0. Finally, since ε > 0 is arbitrary, again by Proposition
1.2.4, we infer that ψ(a) ≥ 0. ■

Lemma 3.1.7 [17] Let A be a C∗-algebra, and let pi, i = 1, 2, ..., n, be positive elements of
A such that

∑n
i=1 pi ≤ a, for some a ∈ A.

If λi, i = 1, 2, ..., n, are scalars with |λi| ≤ 1, then ||
∑n

i=1 λipi|| ≤ ||a||.

Proof [17] We have 
∑n

i=1 λipi 0 · · · 0
0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

 =


p
1/2
1 · · · p

1/2
n

0 · · · 0
... · · · ...
0 · · · 0

×


λ1 0 · · · 0

0
. . . . . .

...
...

. . . . . . 0
0 · · · 0 λn

×

 p
1/2
1 0 · · · 0
...

... · · · ...
p
1/2
n 0 · · · 0

 .

On the other hand, ∥∥∥∥

∑n

i=1 λipi 0 · · · 0
0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

∥∥∥∥ = ||
n∑
i=1

λipi||,

∥∥∥∥

λ1 0 · · · 0

0
. . . . . .

...
...

. . . . . . 0
0 · · · 0 λn

∥∥∥∥ = max
1≤i≤n

{|λi|} ≤ 1,

and ∥∥∥∥

p
1/2
1 · · · p

1/2
n

0 · · · 0
... · · · ...
0 · · · 0

∥∥∥∥ =

∥∥∥∥
 p

1/2
1 0 · · · 0
...

... · · · ...
p
1/2
n 0 · · · 0

∥∥∥∥ =

√√√√||
n∑
i=1

pi|| ≤
√

||a|| ,

by using the fact that ||x∗x|| = ||x||2 = ||x∗||2, and by Lemma 1.2.8 iii).
Thus, by using the fact that ||A×B|| ≤ ||A|| ||B||, we will infer ||

∑n
i=1 λipi|| ≤ ||a||. ■

We recall the partition of unity theorem:
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Theorem 3.1.8 ([20] 2.13 Theorem) Let X be a compact Hausdorff space and let {Ui}ni=1 be
a finite open covering of X. Then there exist continuous functions gi : X → [0, 1] such that∑n

i=1 gi = 1 and gi|Uc
i
= 0.

Theorem 3.1.9 [17] Let B be a C∗-algebra, let X be a compact Hausdorff space, with C(X)
the continuous functions on X, and let ϕ : C(X) → B be a positive map. Then ||ϕ|| = ||ϕ(1)||.
In particular, if B is also a unital C∗-algebra and ϕ is also unital (ϕ(1) = 1B), then ϕ is a
contraction.

Proof [17] By scaling, we can assume that ||ϕ(1)|| = 1. Let f ∈ C(X), ||f || ≤ 1, and
let ε > 0 be given. We can see that, by a standard partition-of-unity argument (Theorem
3.1.8), f can be approximated to within ε by a sum of the form given in Lemma 3.1.7. To
see this, first choose a finite open covering {Ui}ni=1 of X and {xi}ni=1, xi ∈ Ui such that
|f(x) − f(xi)| < ε for all x ∈ Ui, and let {pi}ni=1 be a partition of unity subordinate to the
covering. That is, {pi}ni=1 are nonnegative continuous functions satisfying

∑n
i=1 pi = 1 and

pi(x) = 0 for x ̸∈ Ui, i = 1, 2, ..., n. Note that if pi(x) ̸= 0 for some i, then x ∈ Ui and so
|f(x)− f(xi)| < ε. Hence, for any x ∈ X,

∣∣∣f(x)− n∑
i=1

f(xi)pi(x)
∣∣∣ = ∣∣∣ n∑

i=1

(
f(x)−f(xi)

)
pi(x)

∣∣∣ ≤ n∑
i=1

|f(x)−f(xi)|pi(x) <
n∑
i=1

ε pi(x) = ε.

Therefore, ||f −
∑n

i=1 f(xi)pi|| ≤ ε. Now, by Lemma 3.1.7, ||
∑n

i=1 f(xi)ϕ(pi)|| ≤ 1, (since
||f || ≤ 1, |f(xi)| ≤ 1) so that

||ϕ(f)|| ≤
∣∣∣∣∣∣ϕ(f −

n∑
i=1

f(xi)pi

)∣∣∣∣∣∣+ ∣∣∣∣∣∣ n∑
i=1

f(xi)ϕ(pi)
∣∣∣∣∣∣ ≤ ε||ϕ||+ 1,

and since ε > 0 was arbitrary, therefore, ||ϕ(f)|| ≤ 1. This is true for all f ∈ C(X), ||f || ≤ 1.
Hence, ||ϕ|| ≤ 1. But, ||ϕ(1)|| = 1, so ||ϕ|| = ||ϕ(1)||. ■

The next lemma gives a description of positive trigonometric polynomials on T.

Lemma 3.1.10 (Fejer-Riesz) Let η(eiθ) =
∑N

n=−N ane
inθ be a strictly positive function on

the unit circle T. Then there is a polynomial p(z) =
∑N

n=0 pnz
n such that η(eiθ) = |p(eiθ)|2.

Proof [17] First we can see that since η is real-valued, a−n = ān, ∀n ∈ [−N,N ] ∩ Z. We
may assume a−N ̸= 0. Set g(z) :=

∑N
n=−N anz

n+N , so that g is a polynomial of degree 2N
(aN = a−N ̸= 0) with g(0) = a−N ̸= 0. We have g(eiθ) = eiNθη(eiθ) ̸= 0. On the other hand,

g(1/z̄) =
N∑

n=−N

an(1/z̄)n+N =
N∑

n=−N

ānz
−n−N = z−N

N∑
n=−N

a−nz
−n = z−N

N∑
n=−N

anz
n =

z−2N

N∑
n=−N

anz
n+N = z−2Ng(z).
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This means that the 2N zeros of g can be written as z1, z2, ..., zN , 1/z̄1, 1/z̄2, ..., 1/z̄N
(zj ̸= 0, j = 1, 2, ..., N , since g(0) ̸= 0).
Now, we set q1(z) := (z − z1)(z − z2)...(z − zN), q2(z) := (z − 1/z̄1)(z − 1/z̄2)...(z − 1/z̄N).
Therefore, g(z) = aNq1(z)q2(z). On the other hand,

q2(z) =
(zz̄1 − 1)(zz̄2 − 1)....(zz̄N − 1)

z̄1z̄2...z̄N
=

(z1z̄ − 1)(z2z̄ − 1)....(zN z̄ − 1)

z1z2...zN
=

(−1)N z̄N(1/z̄ − z1)(1/z̄ − z2)....(1/z̄ − zN)

z1z2...zN
=

(−1)N z̄Nq1(1/z̄)

z1z2...zN
.

Thus,

e−iNθg(eiθ) = η(eiθ) = |g(eiθ)|
(
since η(eiθ) > 0 and g(eiθ) = eiNθη(eiθ)

)
= |aN |.|q1(eiθ)|.|q2(eiθ)| = |aN |.|q1(eiθ)|.|q2(eiθ)| =

∣∣∣ aN
z1z2...zN

∣∣∣.|q1(eiθ)|2,
so that η(eiθ) = |p(eiθ)|2, where p(z) =

∣∣∣ aN
z1z2...zN

∣∣∣1/2q1(z). ■

Remark 3.1.11 If in the above Lemma, p(z) :=
∑N

n=0 pnz
n, then

η(eiθ) = |p(eiθ)|2 = p(eiθ)p(eiθ) =
N∑

m,n=0

pmp̄ne
i(m−n)θ.

In the other word, the coefficients of every strictly positive trigonometric polynomial has this
special form.

The next theorem gives the way to associate to each contraction an operator system in C(T)
which will be essential to derive Sz.-Nagy’s theorem using operator algebraic approach.

Theorem 3.1.12 [17] Let T ∈ B(H) be a contraction, and let S ⊆ C(T) be the operator
system defined by

S =
{
p(eiθ) + q(eiθ) : p and q are polynomials

}
.

Then the map ϕ : S → B(H) defined by ϕ(p+ q̄) = p(T ) + q(T )∗ is positive.

Proof [17] It is enough to prove that ϕ(η) is positive for every strictly positive η. Since if η
is only positive, then η + ε1 will be strictly positive for every ε > 0 and hence we will have
ϕ(η) + εI = ϕ(η + ε1) ≥ 0 for every ε > 0, and it follows that ϕ(η) ≥ 0. So, let η = η(eiθ)
be strictly positive in S, so that by Remark 3.1.11, η(eiθ) =

∑N
m,n=0 pmpne

i(m−n)θ. We must
prove that

ϕ(η) =
N∑

m,n=0

pmpnT (m− n) (3.1)
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is a positive operator, where (by definition of ϕ)

T (j) =

{
T j,

T ∗−j,

j ≥ 0

j < 0.

(3.1) holds, because:

η(eiθ) =
N∑

m,n=0

pmpne
i(m−n)θ =

∑
N≥m≥n≥0

pmpne
i(m−n)θ +

∑
0≤m<n≤N

pmpnei(n−m)θ.

Therefore, η = p+ q̄, where

p(z) =
∑

N≥m≥n≥0

pmpnz
m−n , and q(z) =

∑
N≥n>m≥0

pmpnz
n−m , ∀z ∈ T.

Hence,

ϕ(η) = ϕ(p+ q̄) = p(T ) + q(T )∗ =
∑

N≥m≥n≥0

pmpnT
m−n + (

∑
N≥n>m≥0

pmpnT
n−m)∗ =

∑
N≥m≥n≥0

pmpnT
m−n +

∑
N≥n>m≥0

pmpn(T
∗)n−m =

N∑
m,n=0

pmpnT (m− n) .

To show positiveness of ϕ(η), fix a x ∈ H. So we have

⟨ϕ(η)x, x⟩H =

〈
I T ∗ · · · T ∗N

T
. . . . . .

...
...

. . . . . . T ∗

TN · · · T I


 p̄0x

...
p̄Nx

 ,

 p0x
...

pNx

〉
H(N+1)

. (3.2)

Thus, if we can show that the matrix operator in (3.2) is positive, we shall be done. To this
end, set

R =


0 · · · · · · · · · 0

T
. . .

...

0
. . . . . .

...
...

. . . . . . . . .
...

0 · · · 0 T 0


(N+1)×(N+1)

,

and note that RN+1 = 0, ||R||2 = ||R∗R|| = ||T ∗T || = ||T ||2 ≤ 1.
We can see that the matrix operator in (3.2) can be written as

IH(N+1) +R+R2 + · · ·+RN +R∗ + · · ·+R∗N = (IH(N+1) −R)−1 +(IH(N+1) −R∗)−1 − IH(N+1) .

To see that this latter operator is positive, fix h ∈ H(N+1), and let h = (IH(N+1) − R)y for
some y ∈ H(N+1). We obtain

⟨((IH(N+1) −R)−1 + (IH(N+1) −R∗)−1 − IH(N+1))h, h⟩ = ⟨y, (IH(N+1) −R)y⟩+
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⟨(IH(N+1) −R)y, y⟩ − ⟨(IH(N+1) −R)y, (IH(N+1) −R)y⟩ = ||y||2 − ||Ry||2 ≥ 0,

since R is a contraction. Note that ⟨(IH(N+1) − R∗)−1h, h⟩ = ⟨(IH(N+1) − R)y, y⟩. Since, let
(IH(N+1) −R∗)−1h = ω. Then, (IH(N+1) −R∗)ω = h, and so

⟨(IH(N+1) −R∗)−1h, h⟩ = ⟨ω, h⟩ = ⟨ω, (IH(N+1) −R)y⟩ = ⟨(IH(N+1) −R∗)ω, y⟩

= ⟨h, y⟩ = ⟨(IH(N+1) −R)y, y⟩.

■

The following theorem gives a simple description of a positive linear functional on an operator
system:

Theorem 3.1.13 Let S be an operator system, and let ϕ : S → C be a linear functional.
Then ϕ is positive if and only if ||ϕ|| = ϕ(1).

Proof (i) Let ϕ be positive, and let a ∈ S. There is a λ ∈ C, |λ| = 1 such that |ϕ(a)| =
λϕ(a) = ϕ(λa) (Consider λ = 1 if ϕ(a) = 0 and λ = |ϕ(a)|

ϕ(a)
if ϕ(a) ̸= 0).

By Proposition 3.1.4, |ϕ(a)| = ϕ(λa) = ϕ((λa)∗). Since for any x ∈ S, x ≤ ||x||1, x∗ ≤
||x∗||1 = ||x||1, therefore, x+x∗

2
≤ ||x||1. Hence,

|ϕ(a)| =
1

2

(
ϕ(λa) + ϕ((λa)∗)

)
= ϕ

(λa+ (λa)∗

2

)
≤ ϕ(||λa||1)

= ||λa||ϕ(1) = |λ| ||a||ϕ(1) = ||a||ϕ(1).

(a1 ≤ a2 ⇒ a2 − a1 ≥ 0 ⇒ ϕ(a2 − a1) ≥ 0 ⇒ ϕ(a2)− ϕ(a1) ≥ 0 ⇒ ϕ(a1) ≤ ϕ(a2))

Thus,

||ϕ|| = sup
||a||=1

|ϕ(a)| ≤ sup
||a||=1

||a||ϕ(1) = ϕ(1).

It is clear that ||ϕ|| ≥ ϕ(1). Therefore, ||ϕ|| = ϕ(1).
(ii) Suppose first ϕ(1) = 1(= ||ϕ||) and 0 ≤ a ∈ S.We show that ϕ(a) ≥ 0. Suppose not. Then
there exist a µ ∈ C and ρ > 0 such that |ϕ(a)− µ| > ρ, while σ(a) ⊆ {z ∈ C : |z − µ| ≤ ρ}.
We have σ(a− µ1) = σ(a)− {µ} ⊆ {z ∈ C : |z| ≤ ρ}. Since a− µ1 is normal, then

||a− µ1|| = r(a− µ1) = sup{|z| : z ∈ σ(a− µ1)} ≤ ρ < |ϕ(a)− µ|.

Thus, |ϕ(a − µ1)| = |ϕ(a) − µ| > ||a − µ1||. Hence, ||ϕ|| > 1 which is a contradiction with

||ϕ|| = 1. For the general case, let ψ(a) := ϕ(a)
||ϕ|| (||ϕ|| > 0). ψ is a linear functional and

ψ(1) = 1 = ||ψ||. Therefore, by the first case, ψ is positive, and consequently, ϕ will be
positive. ■

Corollary 3.1.14 Let S be an operator system, B a unital C∗−algebra, and ϕ : S → B a
unital contraction (||ϕ|| ≤ 1, ϕ(1) = 1B). Then ϕ is positive.
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Proof Since, B can be represented on a Hilbert space, we may, without loss of generality,
assume that B = B(H) for some Hilbert space H. Fix x in H, ||x||H = 1. We define
f : S → C via f(a) = ⟨ϕ(a)x, x⟩H. We can see that f(1) = 1 and

|f(a)| ≤ ||ϕ(a)x||H||x||H ≤ ||ϕ(a)|| ||x||2H = ||ϕ(a)||.

Therefore,

||f || = sup
||a||=1

|f(a)| ≤ sup
||a||=1

||ϕ(a)|| = ||ϕ|| ≤ 1, and f(1) = 1.

Hence, ||f || = 1 = f(1). Thus, f is positive by Theorem 3.1.13. Now if a ≥ 0, then f(a) ≥ 0,
and therefore ⟨ϕ(a)x, x⟩H ≥ 0, for all x ∈ H. Consequently, ϕ(a) ≥ 0; that is, ϕ is positive.■

The next theorem is a Hahn-Banach type theorem about extension of positive linear functionals.

Theorem 3.1.15 (Krein) Let S be an operator system contained in the unital C∗−algebra
A, and let ϕ : S → C be a positive linear functional. Then ϕ can be extended to a positive
map on A.

Proof The fact that ϕ is positive, shows that ϕ(1) ≥ 0. If ϕ(1) = 0, then by Theorem 3.1.13,
||ϕ|| = ϕ(1) = 0 and ϕ extends to the zero functional. Assume that ϕ(1) ̸= 0 (ϕ(1) > 0)

and let ψ : S → C via ψ(a) := ϕ(a)
ϕ(1)

and note that ψ is a positive linear functional on S
with ||ψ|| = ψ(1) = 1, by positiveness of ϕ on S and then by Theorem 3.1.13. By the
Hahn-Banach theorem, ψ extends to a linear functional ψ̃ on A with ||ψ̃|| = 1 (= ψ̃(1)). By
Theorem 3.1.13, ψ̃ is positive. The linear functional ϕ̃ : A → C via ϕ̃(a) := ϕ(1)ψ̃(a) is a
positive linear functional which extends ϕ with ||ϕ̃|| = ||ϕ|| (= ϕ(1)). ■

3.2 Completely Positive Maps

Completely positive maps were introduced by Stinespring, but it was Arveson who observed
how important they are in operator theory and operator algebras [2]. They arise also in
mathematical physics and they play a central role in the theory of tensor products of C∗-
algebras.

Let Mn(A) denote the set of n × n-matrices with the entries from A. Let A and B be
two C∗-algebras and S ⊆ A be an operator system if moreover A is unital. Let ϕ : A → B be
a linear map. It induces ϕ(n) : Mn(A) → Mn(B) via ϕ(n)((aij)) = (ϕ(aij)) as a linear map.
Similarly, if ϕ : S → B is a linear map and Mn(S) is an operator system in the C∗-algebra
Mn(A) and ϕ(n) : Mn(S) → Mn(B), ϕ(n)((aij)) = (ϕ(aij)) is a linear map. We have the
following definition:

Definition 3.2.1 The map ϕ is called n−positive if ϕ(n) is positive, and we call ϕ completely
positive if ϕ is n−positive for all n ≥ 1.
We call ϕ completely bounded if supn≥1 ||ϕ(n)|| < ∞, and we set ||ϕ||cb = supn≥1 ||ϕ(n)||. It is
also said to be ϕ completely contractive if ||ϕ||cb ≤ 1.
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Note that ||ϕ||cb is a norm on the space of completely bounded maps.

Proposition 3.2.2 Let S ⊆ A be an operator system, where A is a C∗-algebra, and let B
be another C∗-algebra. If ϕ : S → B is linear, then ||ϕ(k)|| ≤ ||ϕ(n)||, for k ≤ n. Moreover, if
ϕ is n−positive, then ϕ is k−positive for k ≤ n.

Proof Suppose k ≤ n. The map Ψ : Mk(A) →Mn(A) defined by

Ψ(A) :=

(
Ak×k 0k×(n−k)

0(n−k)×k 0(n−k)×(n−k)

)
,

is an injective and ∗-homomorphism. So, ||Ψ(A)|| = ||A||. This allows us to identify Mk(A)
as a C∗-subalgebra of Mn(A). Since,

ϕ(n)(Ψ(A)) =

(
ϕ(k)(Ak×k) 0k×(n−k)
0(n−k)×k 0(n−k)×(n−k)

)
∈Mn(B),

and ||ϕ(k)(A)|| = ||ϕ(n)(Ψ(A))||. Thus

||ϕ(k)|| = sup{||ϕ(k)(A)|| : A ∈Mk(S), ||A|| ≤ 1}
= sup{||ϕ(n)(Ψ(A))|| : A ∈Mk(S), ||A|| ≤ 1}
≤ sup{||ϕ(n)(B)|| : B ∈Mn(S), ||B|| ≤ 1} = ||ϕ(n)||.

Now we show that if ϕ is n-positive, then ϕ(k) is positive. Let A ∈Mk(S) be positive. Then
Ψ(A) ≥ 0. Thus ϕ(n)(Ψ(A)) ≥ 0 as ϕ is n-positive. But then if we view B ⊆ B(H), for
some Hilbert space H by Gelfand-Naimark theorem (Theorem 1.1.17), we obtain that for all
h = (h1, h2, ..., hk) ∈ H(k),

⟨ϕ(k)(A)h, h⟩ = ⟨ϕ(n)(Ψ(A))(h1, h2, ..., hk, 0, 0, ..., 0), (h1, h2, ..., hk, 0, 0, ..., 0)⟩ ≥ 0

as ϕ(n)(Ψ(A)) ≥ 0. Hence, ϕ(k)(A) ≥ 0 for all A ≥ 0 and A ∈Mk(S). Hence ϕ(k) is positive.■

A map can be positive but not be completely positive:

Example 3.2.3 [17] Let {Eij}2i,j=1 denote the system of matrix units for M2; that is

E11 =

(
1 0
0 0

)
, E12 =

(
0 1
0 0

)
, E21 =

(
0 0
1 0

)
, E22 =

(
0 0
0 1

)
.

Let ϕ : M2 →M2 be the transpose map, so that ϕ(Eij) = Eji. We know that the transpose
of a positive matrix is positive, so ϕ is positive (ϕ(A) = At). Now let’s consider
ϕ(2) : M2(M2) →M2(M2).
We can see that

E :=

(
E11 E12

E21 E22

)
=


1 0 0 1
0 0 0 0
0 0 0 0
1 0 0 1

 ,
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is positive, but that

ϕ(2)(E) =

(
ϕ(E11) ϕ(E12)
ϕ(E21) ϕ(E22)

)
=


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 ,

is not positive (det(ϕ(2)(E)) = −1). Thus, ϕ is a positive map but not even 2-positive.

Lemma 3.2.4 Let (Tij) be in Mn(B(H)), where H is a Hilbert space. Then (Tij) is positive

if and only if for every choice of n vectors x1, x2, ..., xn ∈ H, the scalar matrix
(
⟨Tijxj, xi⟩

)
is positive.

Proof If


λ1
λ2
...
λn

 ∈ Cn and x1, x2, ..., xn ∈ H, then

〈(
⟨Tijxj, xi⟩

)
λ1
λ2
...
λn

 ,


λ1
λ2
...
λn

〉
Cn

=

〈(
Tij

)
λ1x1
λ2x2
...

λnxn

 ,


λ1x1
λ2x2
...

λnxn

〉
H(n)

.

(3.3)

If (Tij) is positive, then (3.3) shows that
(
⟨Tijxj, xi⟩

)
is positive. If


x1
x2
...
xn

 ∈ H(n) and

(
⟨Tijxj, xi⟩

)
is positive, then set λk = 1 for all k ∈ {1, 2, ..., n} in (3.3) to prove (Tij) is

positive. ■

Lemma 3.2.5 Let P,Q,A ∈ B(H) with P and Q positive. Then

i)

(
P A
A∗ Q

)
≥ 0 if and only if |⟨Ax, y⟩|2 ≤ ⟨Py, y⟩⟨Qx, x⟩, ∀x, y ∈ H.

ii) If

(
P A
A∗ P

)
≥ 0, then A∗A ≤ ||P ||P and in particular ||A|| ≤ ||P ||.

Proof i) By Lemma 3.2.4,(
P A
A∗ Q

)
≥ 0 ⇐⇒

(
⟨Py, y⟩ ⟨Ax, y⟩
⟨A∗y, x⟩ ⟨Qx, x⟩

)
≥ 0, ∀x, y ∈ H. (3.4)

A 2×2 self-adjoint scalar matrix is positive if and only if it has non-negative elements on the
main diagonal and non-negative determinant. Since P and Q are positive, the self-adjoint
matrix in the right hand side of (3.4) has non-negative entries on its main diagonal. Thus,
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positivity of the matrix in the right hand side of (3.4) is equivalent to the matrix having
non-negative determinant. Hence,

⟨Py, y⟩⟨Qx, x⟩ ≥ ⟨Ax, y⟩⟨A∗y, x⟩ = ⟨Ax, y⟩⟨y, Ax⟩ = ⟨Ax, y⟩⟨Ax, y⟩ =
∣∣∣⟨Ax, y⟩∣∣∣2.

ii) Since,

(
P A
A∗ P

)
≥ 0, then by i), for all x ∈ H,

|⟨Ax,Ax⟩|2 ≤ ⟨PAx,Ax⟩⟨Px, x⟩ ≤ ||PAx|| ||Ax||⟨Px, x⟩
≤ ||P || ||Ax||2 ⟨Px, x⟩ = ||P ||⟨Ax,Ax⟩⟨Px, x⟩.

Therefore,
⟨A∗Ax, x⟩ = ⟨Ax,Ax⟩ ≤ ||P || ⟨Px, x⟩ = ⟨||P ||Px, x⟩.

Hence, A∗A ≤ ||P ||P .
Now, by Lemma 1.2.8 iii), ||A∗A|| ≤ ||P ||2. Consequently, ||A||2 ≤ ||P ||2. ■

Proposition 3.2.6 Let A be a unital C∗-algebra, B be a C∗-algebra, and S ⊆ A be an
operator system. Let ϕ : S → B be completely positive. Then ϕ is completely bounded and
||ϕ(1A)|| = ||ϕ|| = ||ϕ||cb.
In particular, if B is also a unital C∗-algebra and ϕ is also unital (ϕ(1A) = 1B), then ϕ is
completely contractive.

Proof [17] It is obvious that ||ϕ(1)|| ≤ ||ϕ|| ≤ ||ϕ||cb. So it is enough to show ||ϕ||cb ≤
||ϕ(1)||. To do this, Let A = (aij) ∈ Mn(S) with ||A|| ≤ 1, and let In be the unit of Mn(A).
We have for all x, y ∈ S,∣∣∣⟨Ax, y⟩∣∣∣2 ≤ ||Ax||2 ||y||2 ≤ ||A||2 ||x||2 ||y||2 ≤ ||x||2 ||y||2 = ⟨Inx, x⟩⟨Iny, y⟩.

Therefore, by Lemma 3.2.5 i),

(
In A
A∗ In

)
≥ 0. Thus, we will have

ϕ(2n)

((
In A
A∗ In

))
=

(
ϕ(n)(In) ϕ(n)(A)
ϕ(n)(A

∗) ϕ(n)(In)

)
≥ 0.

Hence, by Lemma 3.2.5 ii), ||ϕ(n)(A)|| ≤ ||ϕ(n)(In)|| = ||ϕ(1)||, which ends the proof. ■

Lemma 3.2.7 Let A be a unital C∗-algebra, let A ∈ A be positive, and let (aij) ∈Mn(C) be
a positive matrix. Then (aijA) is positive in Mn(A).

Proof [23] First we note that since (aij) is positive in Mn(C), there exists a (λij) ∈Mn(C)
such that (aij) = (λij)

∗(λij). Thus, (aij1A) = (λij1A)
∗(λij1A) ∈ Mn(A) is a positive matrix.

Since A ≥ 0, we can write A = B∗B for some B ∈ A. Hence, if diag(A) is the n×n-matrix
diagonal matrix with A in each entry of the diagonal, then

(aijA) = (aij1A)diag(A) = (λij1A)
∗(λij1A)diag(B

∗B) = (λij1A)
∗(λij1A)diag(B

∗)diag(B) =

diag(B)∗(λij1A)
∗(λij1A)diag(B) =

(
(λij1A)diag(B)

)∗(
(λij1A)diag(B)

)
≥ 0

as the diagonal matrices can commute with (λij1A) as B commutes with
scalar multiples of 1A. ■
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Lemma 3.2.8 Let (Tij) ∈Mn(B(H)) for some n ∈ N and some Hilbert space H. Then

max
i,j

||Tij|| ≤ ||(Tij)|| ≤

(
n∑

i,j=1

||Tij||2
)1/2

≤ nmax
i,j

||Tij||.

Proof [23] For i ∈ {1, 2, ..., n}, let Ei : H → H(n) be defined by Eiξ := 0⊕ 0...⊕ 0 ⊕ ξ ⊕
0... ⊕ 0 where the ξ occurs in the ith-coordinate of the direct summand. We can see that
Tkℓ = E∗

k(Tij)Eℓ for all k, ℓ ∈ {1, 2, ..., n}. Since each Ei is an isometry, ||Ei|| = 1 for all
i ∈ {1, 2, ..., n}. So, ||Tkℓ|| = ||E∗

k(Tij)Eℓ|| ≤ ||(Tij)||, for all k, ℓ ∈ {1, 2, ..., n}. Thus,
maxi,j ||Tij|| ≤ ||(Tij)||.
For the second inequality, let ξ = (ξ1, ξ2, ..., ξn) ∈ H(n) be arbitrary. Then

||(Tij)ξ||2 =
∥∥∥∥
(

n∑
j=1

T1jξj, ...,
n∑
j=1

Tnjξj

)∥∥∥∥2 = n∑
k=1

〈 n∑
i=1

Tkiξi,

n∑
j=1

Tkjξj

〉
≤

n∑
k=1

n∑
i,j=1

∣∣∣⟨Tkiξi, Tkjξj⟩∣∣∣ ≤ n∑
k=1

n∑
i,j=1

∥Tki∥∥ξi∥∥Tkj∥∥ξj∥ =
n∑
k=1

(
n∑
i=1

∥Tki∥∥ξi∥

)2

≤

n∑
k=1

(
n∑
i=1

∥Tki∥2
)(

n∑
j=1

∥ξj∥2
)

=
n∑
k=1

(
n∑
i=1

∥Tki∥2
)
||ξ||2 = ||ξ||2

n∑
i,j=1

∥Tij∥2.

Thus ||(Tij)|| ≤
(∑n

i,j=1 ||Tij||2
)1/2

. The last inequality is trivial. ■

Proposition 3.2.9 Let S ⊆ A be an operator system, let B be a C∗-algebra, and let ϕ :
S → B be a continuous linear map. Then ϕ(n) is continuous for all n ≥ 1. Moreover
||ϕ(n)|| ≤ n||ϕ||.

Proof [23] First we may assume that B ⊆ B(H) for some Hilbert space H. For all A =
(Aij) ∈Mn(S), ϕ(n)((Aij)) = (ϕ(Aij)). Then by Lemma 3.2.8, we have that

||ϕ(n)(A)|| ≤

(
n∑

i,j=1

||ϕ(Aij)||2
)1/2

≤ ||ϕ||

(
n∑

i,j=1

||Aij||2
)1/2

≤ ||ϕ||

(
n∑

i,j=1

||A||2
)1/2

= n||ϕ|| ||A||.

Thus ϕ(n) is continuous and ||ϕ(n)|| ≤ n||ϕ||. ■

Lemma 3.2.10 Let X be a compact Hausdorff space and A = (fij) ∈ Mn(C(X)). Then A
is positive in Mn(C(X)) if and only if A(x) ≥ 0 as an element of Mn(C) for all x ∈ X.
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Proof [23] Suppose A ≥ 0 in Mn(C(X)). Then there exists an B ∈ Mn(C(X)) such that
A = B∗B. Thus for all x ∈ X, A(x) = (B∗B)(x) = B(x)∗B(x) ≥ 0.
Now suppose for all x ∈ X that A(x) ≥ 0. Therefore, A(x)∗ = A(x) for all x ∈ X. Thus A is
self-adjoint. Moreover, for all λ ∈ C\ [0,∞), the matrix λIn−A(x) is invertible for all x ∈ X.
Thus, for all x ∈ X, the matrix Fλ(x) = (λIn−A(x))−1 exists. By the cofactor expansion of
a matrix we can see that Fλ ∈Mn(C(X)) as each entry with be a rational function of linear
combinations of the continuous functions λδij − fij(x) with non-vanishing denominator (this
is by Cramer’s rule. The denominator is det(λIn − A(x)) ̸= 0 as the matrix is invertible).
Moreover, for all x ∈ X,

(λIn − A(x))Fλ(x) = In = Fλ(x)(λIn − A(x)),

and hence
(λIMn(C(X)) − A)Fλ = IMn(C(X)) = Fλ(λIMn(C(X)) − A)

as element of Mn(C(X)). Hence λIMn(C(X)) − A is invertible in Mn(C(X)) for all
λ ∈ C \ [0,∞), and therefore A is positive. ■

The next theorem shows that any positive map on a commutative C∗-algebra is automatically
completely positive. This shows that complete positivity is essential in the non-commutative
world.

Theorem 3.2.11 (Stinespring) Let X be a compact Hausdorff space, let B be a C∗-algebra,
and let ϕ : C(X) → B be a positive map. Then ϕ is completely positive.

Proof [23] Fix n ∈ N and let A ∈ Mn(C(X)) be an arbitrary positive element. It suffices
to show that ϕ(n)(A) ≥ 0. To show this we will follow the ideas used in the proof of Theorem
3.1.9 and approximate A using a partition of unity. In this manner, let ε > 0 and suppose
A = (fij), where fij ∈ C(X). For each y ∈ X let Uy :=

⋂n
i,j=1 f

−1
ij (Bε(fij(y))), where

Bε(z) := {w ∈ X : |w−z| < ε}. Since each fij is continuous and we are taking the intersection
of a finite number of open sets, Uy is an open set containing y. Since X =

⋃
y∈X Uy and X

is compact, there exists a finite open cover {Uxk}mk=1 of X such that |fij(x)− fij(xk)| < ε for
all x ∈ Uxk and for all i, j. Hence Theorem 3.1.8 implies that there exists a partition of unity
{gk}mk=1 such that gk : X → [0, 1] are continuous,

∑m
k=1 gk = 1 and gk|Uc

k
= 0.

Let Ak := A(xk) = (fij(xk)) = (aijk). Then Ak is a positive matrix by Lemma 3.2.10. Next
notice if x ∈ Uxk then, by an application of Lemma 3.2.8,

||A(x)− Ak|| ≤

(
n∑

i,j=1

|fij(x)− fij(xk)|2
)1/2

≤ nε.

Consider the element A′ :=
∑m

k=1 gkAk ∈Mn(C(X)). Then for all x ∈ X

||A(x)− A′(x)|| =
∥∥∥ m∑
k=1

gk(x)(A(x)− Ak)
∥∥∥ ≤

m∑
k=1

gk(x)||A(x)− Ak|| ≤
m∑
k=1

gk(x)nε = nε

as if x ̸∈ Uxk then gk = 0 and if x ∈ Uxk then ||A(x) − Ak|| ≤ nε. Since this holds for all
x ∈ X, ||A− A′|| ≤ nε.
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We can now useA′ to show that ϕ(n)(A) must be positive. First we notice that ϕ(n)(gk(x)Ak) =
ϕ(n)((gk(x)aijk)) = (aijkϕ(gk(x))). However, as the range of gk was in [0, 1], gk is positive in
C(X) and hence ϕ(gk) is positive as ϕ is positive. Moreover, Ak = (aijk) is a positive scalar
matrix. Hence ϕ(n)(gk(x)Ak) = (aijkϕ(gk(x))) is positive by Lemma 3.2.7. Therefore, ϕ(n)(A

′)
is positive. Hence, as ϕ(n) is continuous by Proposition 3.2.9,

||ϕ(n)(A)− ϕ(n)(A
′)|| ≤ ||ϕ(n)|| ||A− A′|| ≤ ||ϕ(n)||nε.

Hence, ϕ(n)(A) is within a constant scalar multiple of ε of a positive element of B. Thus,
ϕ(n)(A) is a limit of positive elements of B and thus is positive by Proposition 1.2.4. ■

The following is a resurgence of von Neumann’s inequality (Theorem 2.2.7):

Corollary 3.2.12 Let T ∈ B(H) be a contraction for some Hilbert space H, and let (pij) be
an n×n-matrix of polynomials. Then

||(pij(T ))||B(H(n)) ≤ sup
{
||(pij(z))||Mn : z ∈ C, |z| = 1

}
.

Proof [17] By Theorem 3.1.12, ϕ : C(T) → B(H) given by ϕ(p + q̄) = p(T ) + q(T )∗ is
positive. By Theorem 3.2.11, it is completely positive, and so by Proposition 3.2.6, ||ϕ||cb =
||ϕ(1)|| = 1. Hence,

||(pij(T ))||B(H(n)) = ||ϕ(n)((pij))|| ≤ ||(pij)||Mn(C(T)) = sup
{
||(pij(z))||Mn : z ∈ C, |z| = 1

}
.

The last equality is (1.5) in Proposition 1.4.6. ■

Example 3.2.13 The simplest examples of completely positive maps are ∗-homomorphisms
between C∗-algebras. LetA and B be two C∗-algebras, and ϕ : A → B be a ∗-homomorphism.
We show that ϕ is a completely positive map.

Lemma 3.2.14 Let A and B be two C∗-algebras, and ϕ : A → B be a ∗-homomorphism.
Then ϕ(n) : Mn(A) →Mn(B) is a ∗-homomorphism.

Proof Let (aij) and (bij) be in Mn(A) and λ, µ in C. We have
(i)

ϕ(n)

(
(aij)(bij)

)
= ϕ(n)

(
(
n∑
k=1

aikbkj)

)
=
(
ϕ(

n∑
k=1

aikbkj)
)
=
( n∑
k=1

ϕ(aik)ϕ(bkj)
)

=
(
ϕ(aij)

)(
ϕ(bij)

)
= ϕ(n)

(
(aij)

)
ϕ(n)

(
(bij)

)
.

(ii)

ϕ(n)

(
(aij)

∗
)
= ϕ(n)

(
(a∗ji)

)
=
(
ϕ(a∗ji)

)
=
(
ϕ(aji)

∗
)
=
(
ϕ(aij)

)∗
=

(
ϕ(n)

(
(aij)

))∗

.
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(iii)

ϕ(n)

(
λ(aij) + µ(bij)

)
= ϕ(n)

(
(λaij + µbij)

)
=
(
ϕ(λaij + µbij)

)
=
(
λϕ(aij) + µϕ(bij)

)
=

(
λϕ(aij)

)
+
(
µϕ(bij)

)
= λ

(
ϕ(aij)

)
+ µ
(
ϕ(bij)

)
= λϕ(n)

(
(aij)

)
+ µϕ(n)

(
(bij)

)
.

■
Now, we are ready to show that ϕ is a completely positive map (Example 3.2.13):
Let 0 ≤ (aij) ∈ Mn(A). Then (aij) = (bij)

∗(bij), for some (bij) ∈ Mn(A). Therefore, by
Lemma 3.2.14,

ϕ(n)

(
(aij)

)
= ϕ(n)

(
(bij)

∗(bij)
)
=

(
ϕ(n)

(
(bij)

))∗

ϕ(n)

(
(bij)

)
≥ 0, ∀n ∈ N.

That is, ϕ is completely positive.
Moreover, we can see that ||ϕ|| ≤ 1: Let a ∈ A. We have

ϕ(a∗a) = ϕ(a∗)ϕ(a) = ϕ(a)∗ϕ(a) ⇒ ||ϕ(a∗a)|| = ||ϕ(a)||2 ⇒

||ϕ|| = sup
||b||=1

||ϕ(b)|| ≥ sup
||a||=1

||ϕ(a∗a)|| = sup
||a||=1

||ϕ(a)||2 = ||ϕ||2 (||a|| = 1 ⇔ ||a∗a|| = ||a||2 = 1)

⇒ ||ϕ|| ≥ ||ϕ||2 ⇒ ||ϕ|| ≤ 1.

Also, if A and B be two unital C∗-algebras, then ϕ(1A) = 1B, and therefore, ||ϕ|| = 1.

Example 3.2.15 Let Φ : B(K) → B(H) be a linear map which has been defined via Φ(T ) =
V ∗TV , where V is some fixed operator in B(H,K). We can see that Φ is completely positive:

Let 0 ≤ (Aij) ∈Mn(B(K)). Then (Aij) = (Bij)
∗(Bij), for some (Bij) ∈Mn(B(K)). Then

Φ(n)

(
(Aij)

)
=
(
Φ(Aij)

)
=
(
Φ(

n∑
k=1

B∗
kiBkj)

)
=
( n∑
k=1

Φ(B∗
kiBkj)

)
=

( n∑
k=1

V ∗B∗
kiBkjV

)
=
( n∑
k=1

(BkiV )∗BkjV
)
= (BijV )∗(BijV ) ≥ 0, ∀n ∈ N.

That is, Φ is completely positive.
Since compositions of completely positive maps are evidently completely positive, we see that
whenever A is a C∗-algebra, π : A → B(K) is a ∗-homomorphism, and V ∈ B(H,K), then
the map a 7→ V ∗π(a)V is a completely positive map. Indeed, the following theorem shows
that essentially all completely positive maps on C∗-algebras are of this form:

Theorem 3.2.16 (Stinespring’s dilation theorem) Let A be a unital C∗-algebra and
ϕ : A → B(H) be a completely positive map, where H is a Hilbert space.
Then there exist a Hilbert space K, a unital ∗-homomorphism π : A → B(K), and
V ∈ B(H,K) with ||V ||2 = ||ϕ(1A)|| such that ϕ(a) = V ∗π(a)V, ∀a ∈ A.
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Note that by Proposition 3.2.6, we have ||V ||2 = ||ϕ(1A)|| = ||ϕ||.

Proof Step 1. Construction of K:
Consider the algebraic tensor product A⊗H. Define the map [., .] : (A⊗H)× (A⊗H) → C
by [a⊗ x, b⊗ y] = ⟨ϕ(b∗a)x, y⟩H and

[ n∑
j=1

aj ⊗ xj,

n∑
i=1

bi ⊗ yi

]
=

〈
ϕ(n)

(
(b∗i aj)

) x1
...
xn

 ,

 y1
...
yn

〉
H(n)

.

Let λj, µj ∈ C, j = 1, 2, ..., n, then

[ n∑
j=1

λjaj ⊗ xj,

n∑
i=1

µibi ⊗ yi

]
=

〈
ϕ(n)

(
((µibi)

∗λjaj)
) x1

...
xn

 ,

 y1
...
yn

〉
H(n)

=

〈(
ϕ(µ̄ib

∗
iλjaj)

) x1
...
xn

 ,

 y1
...
yn

〉
H(n)

=

〈
∑n

j=1 ϕ(µ̄1b
∗
1λjaj)xj

...∑n
j=1 ϕ(µ̄nb

∗
nλjaj)xj

 ,

 y1
...
yn

〉
H(n)

=

〈 n∑
j=1

ϕ(µ̄1b
∗
1λjaj)xj, y1

〉
H
+ · · ·+

〈 n∑
j=1

ϕ(µ̄nb
∗
nλjaj)xj, yn

〉
H
=

µ̄1

n∑
j=1

λj

〈
ϕ(b∗1aj)xj, y1

〉
H
+ · · ·+ µ̄n

n∑
j=1

λj

〈
ϕ(b∗naj)xj, yn

〉
H
=

n∑
i=1

µ̄i

n∑
j=1

λj

〈
ϕ(b∗i aj)xj, yi

〉
H
=

n∑
i=1

µ̄i

n∑
j=1

λj

[
aj ⊗ xj, bi ⊗ yi

]
.

Thus [., .] is linear with respect to the first variable and conjugate linear with respect to the
second variable. Also[ n∑

j=1

aj ⊗ xj,

n∑
i=1

bi ⊗ yi

]
=

n∑
i=1

n∑
j=1

[
aj ⊗ xj, bi ⊗ yi

]
=

n∑
i=1

n∑
j=1

〈
ϕ(b∗i aj)xj, yi

〉
H
=

n∑
i=1

n∑
j=1

〈
ϕ((a∗jbi)

∗)xj, yi

〉
H
=

n∑
i=1

n∑
j=1

〈
ϕ(a∗jbi)

∗xj, yi

〉
H

=
n∑
i=1

n∑
j=1

〈
xj, ϕ(a

∗
jbi)yi

〉
H
=

n∑
i=1

n∑
j=1

〈
ϕ(a∗jbi)yi, xj

〉
H
=

n∑
i=1

n∑
j=1

[
bi ⊗ yi, aj ⊗ xj

]
=

[ n∑
i=1

bi ⊗ yi,
n∑
j=1

aj ⊗ xj

]
.
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This shows that [., .] is conjugate symmetry. Now,

[ n∑
j=1

aj ⊗ xj,

n∑
i=1

ai ⊗ xi

]
=

〈
ϕ(n)

(
(a∗i aj)

) x1
...
xn

 ,

 x1
...
xn

〉
H(n)

=

〈
ϕ(n)(a

∗a)

 x1
...
xn

 ,

 x1
...
xn

〉
H(n)

≥ 0,

where a = (a1, ..., an)1×n. Since, a
∗a ≥ 0 in Mn(A) and ϕ is completely positive, therefore

ϕ(n)(a
∗a) ≥ 0 in B(H(n)). Thus, [., .] is a positive sesquilinear form. Hence, it satisfies the

Cauchy-Schwarz inequality; namely∣∣∣[u, v]∣∣∣2 ≤ [u, u][v, v], ∀u, v ∈ A⊗H.

Therefore, if we define N := {u ∈ A ⊗ H : [u, u] = 0}, then N = {u ∈ A ⊗ H : [u, v] =
0, ∀v ∈ A⊗H}. So, N is a closed subspace of A⊗H.
Consider the quotient space A⊗H/N and define ⟨., .⟩ on it by ⟨u+N , v +N⟩ := [u, v].

We can see that the space
(
A⊗H/N , ⟨., .⟩

)
will become an inner product space.

Let K denote the Hilbert space that is the completion of the inner product space A⊗H/N .
Thus ⟨u+N , v +N⟩K = [u, v].
Step 2. Definition of π(a) on K, and a map π : A → B(K) defined as a 7→ π(a), which is
unital (π(1A) = IK) and ∗-homomorphism (π(a∗) = π(a)∗):
Let a ∈ A. Define a linear map π(a) : A⊗H → A⊗H by

π(a)
( n∑
i=1

ai ⊗ xi

)
=

n∑
i=1

(aai)⊗ xi.

We know that ||a∗a||.1− a∗a ≥ 0. Let c∗c = ||a∗a||.1− a∗a, for some c ∈ A. Then,

||a∗a||.(a∗i aj)n×n − (a∗i a
∗aaj)n×n =

(
a∗i (||a∗a||.1− a∗a)aj

)
n×n

= (a∗i c
∗caj)n×n = h∗h ≥ 0,

where h = (ca1, ..., can)1×n. Hence, ||a∗a||ϕ((a∗i aj))− ϕ((a∗i a
∗aaj)) ≥ 0, since ϕ is positive.

Consequently,[
π(a)

( n∑
j=1

aj ⊗ xj

)
, π(a)

( n∑
i=1

ai ⊗ xi

)]
=
[ n∑
j=1

(aaj)⊗ xj,
n∑
i=1

(aai)⊗ xi

]

=
n∑
i=1

n∑
j=1

〈
ϕ(a∗i a

∗aaj)xj, xi

〉
H
≤ ||a∗a||

n∑
i=1

n∑
j=1

〈
ϕ(a∗i aj)xj, xi

〉
H
= ||a||2

[ n∑
j=1

aj⊗xj,
n∑
i=1

ai⊗xi
]
,

or
[π(a)u, π(a)u] ≤ ||a||2[u, u], ∀u ∈ A⊗H. (3.5)

Thus, π(a) holds N invariant. Hence, it induces a quotient linear transformation on
A⊗H/N , which we still denote by π(a). Also, (3.5) shows that π(a) is bounded.Therefore,
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π(a) extends to a bounded linear operator on K, which we still denote by π(a).
Define a linear map π : A → B(K) by a 7→ π(a). we show that π is unital (π(1A) = IK) and
∗-homomorphism (π(a∗) = π(a)∗ and a homomorphism). By definition of π(a), π is unital.
Now, let b1, b2, ai ∈ A and xi ∈ H, i = 1, 2, ..., n. Then

π(b1b2)
( n∑
i=1

ai ⊗ xi

)
=

n∑
i=1

(b1b2ai)⊗ xi = π(b1)
( n∑
i=1

(b2ai)⊗ xi

)
= π(b1)π(b2)

( n∑
i=1

ai ⊗ xi

)
.

Therefore, π(b1b2) = π(b1)π(b2).
Finally, we show that π(a∗) = π(a)∗. For a, aj, bi ∈ A and xi, yj ∈ H, i, j = 1, 2, ..., n, we
have〈
π(a)

(
N+

n∑
j=1

aj⊗xj
)
,N+

n∑
i=1

bi⊗yi
〉
K
=
[ n∑
j=1

(aaj)⊗xj,
n∑
i=1

bi⊗yi
]
=

n∑
i,j=1

[
(aaj)⊗xj, bi⊗yi

]

=
n∑

i,j=1

〈
ϕ(b∗i aaj)xj, yi

〉
H
=

n∑
i,j=1

〈
ϕ((a∗bi)

∗aj)xj, yi

〉
H
=

n∑
i,j=1

[
aj ⊗ xj, (a

∗bi)⊗ yi

]
=

[ n∑
j=1

aj ⊗ xj,
n∑
i=1

(a∗bi)⊗ yi

]
=
〈
N +

n∑
j=1

aj ⊗ xj, π(a
∗)
(
N +

n∑
i=1

bi ⊗ yi

)〉
K
.

This implies π(a∗) = π(a)∗. Thus π is a unital ∗-homomorphism from A to B(K).
Step 3. Construction of V :
Now we define V : H → K via V (x) = 1A ⊗ x+N , ∀x ∈ H.
We have

⟨1A ⊗ x+N , 1A ⊗ x+N⟩K = [1A ⊗ x, 1A ⊗ x] = ⟨ϕ(1∗A1A)x, x⟩H = ⟨ϕ(1A)x, x⟩H.

Therefore, ||V ||2 = sup||x||=1⟨ϕ(1A)x, x⟩H = ||ϕ(1A)||. For the last equality we use the fact
that if 0 ≤ T ∈ B(H), for a Hilbert space H, then sup||x||=1⟨Tx, x⟩H = ||T ||.
To complete the proof, we observe that for all x, y ∈ H

⟨V ∗π(a)V x, y⟩H = ⟨π(a)V x, V y⟩K = ⟨π(a)(1A⊗x+N ), 1A⊗y+N⟩K = [π(a)(1A⊗x), 1A⊗y]

= [a1A ⊗ x, 1A ⊗ y] = ⟨ϕ(1∗Aa)x, y⟩H = ⟨ϕ(a)x, y⟩H.
Thus, V ∗π(a)V = ϕ(a). ■

We shall call a triple (K, π, V ) as obtained in Stinespring’s theorem a Stinespring representation
for ϕ. Given a Stinespring representation (K, π, V ), let K1 be the closed linear span of
π(A)VH. K1 reduces π(A) so that the restriction of π to K1 defines a ∗-homomorphism,
π1 : A → B(K1) (π1(a) = π(a)|K1 for all a ∈ A). Clearly, VH ⊆ K1, so we have that
V ∗π1(a)V = ϕ(a), i.e., that (K1, π1, V ) is also a Stinespring representation. It enjoys one
additional property, namely, that K1 is the closed linear span of π1(A)VH. Whenever the
space of the representation enjoys this additional property, we call the triple a minimal
Stinespring representation.

We are now ready to see the classical Sz.-Nagy’s dilation theorem as an operator algebraic
dilation result.
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Corollary 3.2.17 (Sz.-Nagy’s unitary dilation theorem) Let T ∈ B(H) with ||T || ≤ 1.
Then there exist a Hilbert space K containing H as a subspace and a unitary U on K, such
that T n = PHU

n|H, ∀n ≥ 0. Moreover, K can be chosen to be minimal.

Proof By Theorem 3.1.12 and Proposition 3.1.6, the map ϕ(p+ q̄) = p(T )+ q(T )∗, where p
and q are polynomials, extends to a positive map of C(T) to B(H). This map is completely
positive by Theorem 3.2.11. Let (K, π, V ) be a minimal Stinespring representation of ϕ. We
have ϕ(p) = p(T ), for all polynomials p. In particular, ϕ(zn) = T n, where z is the coordinate
function. ϕ(1) = IH, i.e., ϕ is unital. Hence, V ∗V = V ∗IKV = V ∗π(1)V = ϕ(1) = IH ; that
is, V is an isometry. So, H can be identified with the Hilbert subspace VH ⊆ K : we have,
V ∗|VH is a continuous (||V ∗||2 = ||V ||2 = ||ϕ(1)|| = ||IH|| = 1) bijective linear map from VH
onto H. Thus, we can assume that V ∗ = PH. By setting U = π(z) ∈ B(K), we get that U is
unitary:

U∗U = π(z)∗π(z) = π(z̄)π(z) = π(z̄z) = π(1) = IK,

UU∗ = π(z)π(z)∗ = π(z)π(z̄) = π(zz̄) = π(1) = IK.

Also, we have π(zn) = (π(z))n = Un. Thus,

T n = ϕ(zn) = V ∗π(zn)V = V ∗UnV, ∀n ≥ 0.

Now, H has been identified with VH, therefore T n = PHU
n|H , ∀n ≥ 0.

Note that the minimality condition on (K, π, V ) is equivalent to requiring that the span of
{UnH : n ∈ Z} to be dense in K, since H is identified with VH, π(zn) = Un and K is the
closed linear span of π(C(T))VH; that is, U is a minimal unitary power dilation of T . ■

3.3 C∗-Dilation

The following theorem implies the existence of a new dilation of unital completely positive
or unital completely contractive maps on an operator system to unital C∗-algebra containing
that operator system. This is a generalization of Krein’s theorem to general completely
positive maps:

Theorem 3.3.1 (Arveson’s extension theorem) Let S be an operator system contained
in a unital C∗-algebra A, and let ϕ : S → B(H) be a completely positive map for some Hilbert
space H. Then there exists a completely positive map ϕ̂ : A → B(H) such that

||ϕ̂|| = ||ϕ|| and ϕ = ϕ̂|S .

For a proof, one can refer to [2], or [17] (Theorem 7.5).

Definition 3.3.2 Let 1 ∈ A1 be a subspace (a unital operator space) of a unital C∗-algebra
A. A linear map ϕ : A1 → B(H) for some Hilbert space H, is said to have a C∗-dilation to
A, if there exist a Hilbert space K ⊇ H and a ∗-homomorphism π : A → B(K), such that

ϕ(a) = PHπ(a)|H , ∀a ∈ A1.
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Theorem 3.3.3 Let S be an operator system contained in a unital C∗-algebra A, and let
ϕ : S → B(H) be a unital completely positive map for some Hilbert space H. Then ϕ has a
C∗-dilation to A.

Proof By Theorem 3.3.1, there exists a completely positive map ϕ̂ : A → B(H) such that
ϕ = ϕ̂|S . Now, by Theorem 3.2.16, there exist a Hilbert space K, a unital
∗-homomorphism π : A → B(K), and V ∈ B(H,K) such that ϕ̂(a) = V ∗π(a)V, for all a ∈ A.
Since ϕ is unital, then 1 = ϕ̂(1) = V ∗π(1)V = V ∗V , so V is an isometry. In this case it is
convenient to identify H with VH ⊆ K (and therefore, we can take H ⊆ K). Consequently
(See the proof of Corollary 3.2.17), ϕ̂(a) = PHπ(a)|H , for all a ∈ A. Thus, ϕ(a) = PHπ(a)|H ,
for all a ∈ S. ■

Theorem 3.3.4 Let S be an operator system contained in a unital C∗-algebra A, and let
ϕ : S → B(H) be a unital completely contractive map for some Hilbert space H. Then ϕ has
a C∗-dilation to A.

Proof Let n ≥ 1. For ϕ(n) : Mn(S) →Mn(B(H)), we have

ϕ(n)(I
(S)
n×n) = I

(B(H))
n×n and ||ϕ(n)|| ≤ ||ϕ||cb ≤ 1,

where, I
(S)
n×n is the identity matrix in Mn(S) and I(B(H))

n×n is the identity matrix in Mn(B(H)).
Hence, ϕ(n) is a unital contraction, and therefore, by Corollary 3.1.14, ϕ(n) is positive.
Consequently, ϕ is a unital completely positive map. Thus, by Theorem 3.3.3, ϕ has a
C∗-dilation to A. ■

Remark 3.3.5 In the proof of Theorem 3.3.4, we showed that every unital completely
contractive map ϕ : S → B(H) is a unital completely positive map. Also, by Proposition
3.2.6, every unital completely positive map ϕ : S → B(H) is a unital completely contractive
map. Thus, A unital linear map ϕ : S → B(H) is completely positive if and only if it is
completely contractive.

Remark 3.3.6 If ϕ : M → B(H) is a unital completely contractive map for some Hilbert
spaceH and a unital operator spaceM, then there is also a C∗-dilation. In fact, Arveson (See
page 34 in [22]) showed that every unital completely contractive map on a unital operator
space M extends to a unital completely positive map ϕ̃ on the operator system M + M∗

given by ϕ̃(a+ b∗) = ϕ(a) + ϕ(b)∗. Hence, by Theorem 3.3.3, ϕ has a C∗-dilation.

A matrix-valued polynomial is a function (z1, z2, ..., zd) 7→ p(z1, z2, ..., zd) ∈ Mn = Mn(C),
where p(z1, z2, ..., zd) =

∑N
k1,...,kd=0Ak1,...,kdz

k1
1 ...z

kd
d , and Ak1,...,kd ∈Mn. Equivalently, a matrix

valued polynomial is an n× n matrix of polynomials p = (pij), where the ijth entry is given

by pij(z1, z2, ..., zd) =
∑N

k1,...,kd=0(Ak1,...,kd)ijz
k1
1 ...z

kd
d . If T ∈ B(H)d, then p(T) is the n × n

matrix with ijth entry that equals to pij(T).

Definition 3.3.7 Let T = (T1, T2, ..., Td) ∈ B(H)d be a d-tuple of commuting contractions.
D̄d is a complete spectral set for T if

||p(T)|| ≤ ||p||∞ := sup
z∈D̄d

||p(z)|| (3.6)

for every matrix-valued polynomial p.
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Note that by applying the maximum modulus principle in several variables,

sup
z∈D̄d

||p(z)|| = sup
z∈Td

||p(z)||.

Considering the above remark, we have the following theorem:

Theorem 3.3.8 A d-tuple of commuting contractions T = (T1, T2, ..., Td) ∈ B(H)d has a
unitary dilation if and only if the polydisc D̄d is a complete spectral set for T; that is (3.6)
holds for every matrix-valued polynomial p.

Proof If U = (U1, U2, ..., Ud) ∈ B(H)d is a d-tuple of commuting unitaries and p is a matrix-
valued polynomial, then (See the proof of Corollary 2.3.8)

||p(U)|| = ||(pij(U))|| ≤ sup
|z1|=···=|zd|=1

||(pij(z1, z2, ..., zd))||Mn = ||p||∞.

Now if U is a dilation of T, then ||p(T)|| ≤ ||p(U)||. Therefore, (3.6) holds.
Conversely, suppose that (3.6) holds for every matrix-valued polynomial p. Let M =

C[z1, ..., zd] be the space of polynomials in d variables, considered as a unital subspace of the
C∗-algebra C(Td), equipped with the usual supremum norm. (3.6) implies that ϕ : M →
B(H) via ϕ(p) = p(T), is completely contractive. Since

||ϕ(n)(p)|| = ||(ϕ(pij))|| = ||(pij(T))|| ≤ ||p||∞ ,

we obtain
||ϕ(n)|| ≤ 1 , ∀n ≥ 1,

and hence ϕ is completely contractive.
By Remark 3.3.6, there exist a K ⊇ H and a ∗-homomorphism π : C(Td) → B(K), such that

p(T) = ϕ(p) = PHπ(p)|H , ∀p ∈ M.

Now, π is a ∗-homomorphism, and the coordinate functions z1, ..., zd ∈ C(Td) are all unitary,
therefore Uj = π(zj), j = 1, 2, ..., d, are commuting unitaries. Since π(p) = p(π(z1), ..., π(zd)) =
p(U1, ..., Ud) = p(U), we will infer that

p(T) = PHp(U)|H , ∀p ∈ M.

This means that U is a unitary power dilation of T. ■

We now prove that for every contraction T ∈ B(H), the map Ψ : C[z] → B(H) via
Ψ(p) = p(T ) is a unital completely contractive map. By this fact and Theorem 3.3.8, applied
to the case d = 1, we obtain another proof of Sz.-Nagy’s unitary dilation theorem (Theorem
2.2.6).

Let {ej}j≥0 be the standard basis in ℓ2, and ℓ2⊗H (= ℓ2(H)) (See page 19), be a Hilbert
space such that any h ∈ ℓ2 ⊗H is as the following

h =
∞∑
j=0

ej ⊗ hj , hj ∈ H,
∞∑
j=0

||hj||2 <∞.
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ej⊗k is identified with (0, 0, ..., 0, k, 0, 0, ...) in ℓ2(H), where k ∈ H is in j+1 th place, j = 0, 1, 2, ...
Let S be the unilateral shift on ℓ2 i.e., S(a0, a1, a2, ...) = (0, a0, a1, a2, ...). If T is a contraction
and r ∈ (0, 1), we let DrT := (I − r2TT ∗)1/2, and define Kr(T ) : H → ℓ2 ⊗H by

Kr(T )h =
∞∑
n=0

en ⊗ (rnDrT (T
n)∗h),

for all h ∈ H.
Note that for any x ∈ H

||DrTx||2H = ⟨DrTx,DrTx⟩H = ⟨D2
rTx, x⟩H = ⟨(I−r2TT ∗)x, x⟩H = ||x||2H−r2||T ∗x||2H ≤ ||x||2H.

Hence,

∞∑
n=0

||rnDrT (T
n)∗h||2H ≤

∞∑
n=0

r2n||(T n)∗h||2H ≤ ||h||2H
∞∑
n=0

r2n =
||h||2H
1− r2

<∞.

That is, Kr(T )h ∈ ℓ2(H) (= ℓ2 ⊗H).
For any x, y ∈ H,

⟨Kr(T )x, ek ⊗ y⟩ℓ2⊗H =
∞∑
n=0

⟨en ⊗ (rnDrT (T
n)∗x), ek ⊗ y⟩ℓ2⊗H = ⟨rkDrT (T

k)∗x, y⟩H =

⟨rk(T k)∗x,DrTy⟩H = ⟨x, rk(T k)DrTy⟩H = ⟨x, (Kr(T ))
∗(ek ⊗ y)⟩H.

Thus,
(Kr(T ))

∗(ek ⊗ y) = rkT kDrTy.

We compute:

(Kr(T ))
∗Kr(T )h = (Kr(T ))

∗
( ∞∑
n=0

en ⊗ (rnDrT (T
n)∗h)

)
=

∞∑
n=0

rnT nDrT (r
nDrT (T

n)∗h) =

∞∑
n=0

r2nT nD2
rT (T

n)∗h =
∞∑
n=0

r2nT n(I − r2TT ∗)(T n)∗h =

∞∑
n=0

r2nT n(T n)∗h−
∞∑
n=0

r2(n+1)T n+1(T n+1)∗h = h

so that Kr(T ) is an isometry. On C∗(S) (the C∗-algebra generated by S) we define a unital
completely positive map (See Example 3.2.15)

ϕr : C
∗(S) → B(H), ϕr(a) = Kr(T )

∗(a⊗ I)Kr(T ) , ∀a ∈ C∗(S).

By computation, for all h ∈ H and m ≥ 1

ϕr(S
m)h = Kr(T )

∗(Sm ⊗ I)Kr(T )h = Kr(T )
∗

∞∑
n=0

Sm(en)⊗ I(rnDrT (T
n)∗h) =
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Kr(T )
∗
( ∞∑

n=0

en+m ⊗ (rnDrT (T
n)∗h)

)
=

∞∑
n=0

r2n+mT n+mD2
rT (T

n)∗h =

∞∑
n=0

r2n+mT n+m(I − r2TT ∗)(T n)∗h

=
∞∑
n=0

r2n+mT n+m(T n)∗h−
∞∑
n=0

r2n+2+mT n+m+1(T n+1)∗h = rmTmh.

Hence, ϕr(S
m) = rmTm, for all m ∈ N.

Similarly, for all h ∈ H and m, k ≥ 1

ϕr(S
mS∗k)h = Kr(T )

∗(SmS∗k ⊗ I)Kr(T )h = Kr(T )
∗

∞∑
n=0

SmS∗k(en)⊗ I(rnDrT (T
n)∗h) =

Kr(T )
∗
( ∞∑

n=k

en+m−k ⊗ (rnDrT (T
n)∗h)

)
=

∞∑
n=k

r2n+m−kT n+m−kD2
rT (T

n)∗h =

∞∑
n=k

r2n+m−kT n+m−k(I − r2TT ∗)(T n)∗h =

∞∑
n=k

r2n+m−kT n+m−k(T n)∗h−
∞∑
n=k

r2n+2+m−kT n+m−k+1(T n+1)∗h = rm+kTmT ∗kh.

Hence,
ϕr(S

mS∗k) = rm+kTmT ∗k, ∀m, k ∈ N. (3.7)

Now we define a unital completely positive map Ψ := limr↗1 ϕr, in the sense of pointwise
convergence, namely ||Ψ(a)− ϕr(a)|| → 0, as r → 1−, for all a ∈ C∗(S). Let us see first that
the limit exists:
Let ε > 0, a ∈ C∗(S) and q(S, S∗) :=

∑N
i,j=0 αijS

i(S∗)j is an ε-approximation for a (we can
find such approximation, as C∗(S) is generated by S and S∗ and S∗S = 1 so that the algebra
generated by S and S∗ is the span of elements of the form Si(S∗)j); that is, ||a−q(S, S∗)|| ≤ ε.
We have ϕr(q(S, S

∗)) = q(rT, rT ∗) :=
∑N

i,j αij(rT )
i(rT ∗)j by (3.7):

ϕr(q(S, S
∗)) =

N∑
i,j=0

αijϕr(S
iS∗j) =

N∑
i,j=0

αijr
i+jT iT ∗j =

N∑
i,j=0

αij(rT )
i(rT ∗)j = q(rT, rT ∗).

Let r, r′ ∈ (0, 1). We have

||q(rT, rT ∗)− q(r′T, r′T ∗)|| ≤
N∑

i,j=0

|αij| |ri+j − r′i+j| ||T iT ∗j||

≤
N∑

i,j=0

|αij| |ri+j − r′i+j|

≤ |r − r′| ( max
0≤i,j≤N

|αij| )
N∑

i,j=0

(i+ j) (since |rk − r′k| ≤ k|r − r′|)

= N(N + 1)2 |r − r′| ( max
0≤i,j≤N

|αij| ).
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Hence, we can find δ > 0, such that for |r − r′| < δ,

||q(rT, rT ∗)− q(r′T, r′T ∗)|| < ε. (3.8)

Now, we have for |r − r′| < δ (by (3.8))

||ϕr(a)−ϕr′(a)|| ≤ ||ϕr(a)−ϕr(q(S, S∗))||+||ϕr(q(S, S∗))−ϕr′(q(S, S∗))||+||ϕr′(q(S, S∗))−ϕr′(a)||

< (||ϕr||+ ||ϕr′||)||a− q(S, S∗)||+ ε ≤ 2||a− q(S, S∗)||+ ε ≤ 3 ε.

Thus, limr↗1 ϕr exists. So, ϕr(a) → Ψ(a) as r → 1−, for all a ∈ C∗(S).
Note that for all n ≥ 1 and (aij) ∈Mn(C

∗(S)),

Ψ(n)((aij)) = (Ψ(aij)) = lim
r→1−

(ϕr(aij)) = lim
r→1−

(ϕr)(n)((aij)).

As each ϕr is completely positive, so is Ψ.
Since ||Ψ(Sm) − ϕr(S

m)||B(H) → 0, as r → 1−, and ϕr(S
m) = rmTm for all m, we obtain

(Ψ(pij(S))) = (pij(T )), and hence Ψ(n)(p(S)) = p(T ), where p = (pij). We have also Ψ is
unital and completely contractive. As S is unitarily equivalent to the multiplication operator
Mz on H

2 (See Section 2.4.2), for every matrix-valued polynomial p = (pij)
n
i,j=1

||p(T )|| = ||Ψ(n)(p(S))|| ≤ ||Ψ(n)|| ||p(S)|| ≤ ||p(S)|| = ||p(Mz)||
= ||(pij(Mz))|| = ||(Mpij)||
= ||(pij)||Mn(C(T)) = sup

|z|=1

||(pij(z))|| = sup
|z|=1

||p(z)|| . (by (1.5))

Therefore, D̄ is a complete spectral set for T . By Theorem 3.3.8, T has a unitary dilation.

Dilation theory also plays a role in the analysis of tuples of non-commuting operators:
A row contraction is a tuple T = (T1, T2, ..., Td) such that

∑d
j=1 TjT

∗
j ≤ IH, where

Tj ∈ B(H), j = 1, 2, ..., d. This is equivalent to the row operator S = (T1 T2 · · · Td )1×d
in B(H(d),H) being a contraction. (In fact, for S ∈ B(K,H), ||S|| ≤ 1 if and only if
IH − SS∗ ≥ 0. By taking S = (T1 T2 · · · Td )1×d and K = H(d) , we get that S is a
contraction if and only if

IH − SS∗ = IH − (T1 T2 · · · Td )1×d


T ∗
1

T ∗
2
...
T ∗
d


d×1

= IH −
d∑
j=1

TjT
∗
j ≥ 0.

A row isometry is a tuple V = (V1, V2, ..., Vd) such that V ∗
i Vj = δijIK, where Vj ∈ B(K), j =

1, 2, ..., d. This is equivalent to the condition that the row operatorR = (V1 V2 · · · Vd )1×d
is an isometry. This is because

V ∗
1

V ∗
2
...
V ∗
d


d×1

(V1 V2 · · · Vd )1×d = R∗R = I =


IK 0 · · · 0
0 IK · · · 0
...

...
. . .

...
0 0 · · · IK


d×d

.
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Hence, 
V ∗
1 V1 V ∗

1 V2 · · · V ∗
1 Vd

V ∗
2 V1 V ∗

2 V2 · · · V ∗
2 Vd

...
... · · · ...

V ∗
d V1 V ∗

d V2 · · · V ∗
d Vd


d×d

=


IK 0 · · · 0
0 IK · · · 0
...

...
. . .

...
0 0 · · · IK


d×d

,

which implies that V ∗
i Vj = δijIK.

Theorem 3.3.9 Let T = (T1, T2, ..., Td) ∈ B(H)d , d ≥ 2, be a row contraction. Then it can
be dilated to a row isometry V = (V1, V2, ..., Vd) ∈ B(K)d, for some Hilbert space K.

Proof We can similarly use the above argument for a row contraction T = (T1, T2, ..., Td)
as follows:
Let I =

{
β = (i1, ..., im) : ik ∈ {1, ..., d}, m ∈ N

}
∪
{
0
}
, and T β = Ti1 ...Tim (T 0 := I).

We define for r ∈ (0, 1), DrT = (I − r2
∑d

j=1 TjT
∗
j )

1/2 (since I −
∑d

j=1 TjT
∗
j ≥ 0, so

I − r2
∑d

j=1 TjT
∗
j ≥ 0) and Kr(T) : H → ℓ2(I)⊗H via

Kr(T)h =
∑
β∈I

eβ ⊗ (r|β|DrT(T
β)∗h), ∀h ∈ H, (3.9)

where |β| = m if β ̸= 0 and |β| = 0 if β = 0. Note that ℓ2(I) := {f : I → C : ||f ||2ℓ2(I) :=∑
β∈I |f(β)|2 < ∞}, and {eβ : β ∈ I} is an orthonormal basis of ℓ2(I), where eβ is the

indicator function over {β}. In order to prove the convergence in (3.9), we note first that for
any x ∈ H

||DrTx||2H = ⟨DrTx,DrTx⟩H = ⟨D2
rTx, x⟩H

= ⟨(I − r2
d∑
j=1

TjT
∗
j )x, x⟩H = ||x||2H − r2

d∑
j=1

||T ∗
j x||2H ≤ ||x||2H,

i.e., DrT is a contraction and hence, for all h ∈ H

∑
β∈I

||r|β|DrT(T
β)∗h||2H ≤

∑
β∈I

r2|β|||(T β)∗h||2H = ||h||2H +
∞∑
m=1

r2m
∑

β=(i1,...,im)

||(T β)∗h||2H

= ||h||2H +
∞∑
m=1

r2m
∑

β=(i1,...,im)

⟨T β(T β)∗h, h⟩H

= ||h||2H +
∞∑
m=1

r2m
∑

β′=(i1,...,im−1)

d∑
im=1

⟨T β′
TimT

∗
im(T

β′
)∗h, h⟩H

= ||h||2H +
∞∑
m=1

r2m
∑

β′=(i1,...,im−1)

⟨T β′
d∑

im=1

TimT
∗
im(T

β′
)∗h, h⟩H

≤ ||h||2H +
∞∑
m=1

r2m
∑

β′=(i1,...,im−1)

⟨T β′
(T β

′
)∗h, h⟩H
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≤ ||h||2H +
∞∑
m=1

r2m
∑

β′′=(i1,...,im−2)

⟨T β′′
(T β

′′
)∗h, h⟩H ≤ · · ·

≤ ||h||2H + ⟨h, h⟩H
∞∑
m=1

r2m = ||h||2H
∞∑
m=0

r2m =
||h||2H
1− r2

.

That is, Kr(T)h ∈ ℓ2(I)⊗H.
We have similarly to previous argument,

(Kr(T))∗(eβ ⊗ h) = r|β|T βDrTh, ∀h ∈ H.

By the similar argument, Kr(T) will be an isometry. Indeed,∑
β∈I

r2|β|T βD2
rT(T

β)∗h = h, ∀h ∈ H. (3.10)

Because for all h ∈ H∑
β∈I

r2|β|T βD2
rT(T

β)∗h =
∑
β∈I

r2|β|T β(T β)∗h−
∑
β∈I

r2(|β|+1)T (β,1)(T (β,1))∗h

−
∑
β∈I

r2(|β|+1)T (β,2)(T (β,2))∗h− · · · −
∑
β∈I

r2(|β|+1)T (β,d)(T (β,d))∗h = h+
∑

0̸=β∈I

r2|β|T β(T β)∗h

−
∑
β∈I

r2(|β|+1)T (β,1)(T (β,1))∗h−
∑
β∈I

r2(|β|+1)T (β,2)(T (β,2))∗h−· · ·−
∑
β∈I

r2(|β|+1)T (β,d)(T (β,d))∗h = h.

We define Wi ∈ B(ℓ2(I)) via Wi(eβ) = e(i,β), for i = 1, 2, ..., d. We can see that W ∗
i Wj =

δijIℓ2(I) , using W ∗
i e(i,β) = eβ and W ∗

i e(i1,...,ik) = 0, i1 ̸= i. Let C∗(W1, ...,Wd) be the C∗-
algebra generated by W1, ...,Wd and

ϕr : C
∗(W1, ...,Wd) → B(H), ϕr(a) = Kr(T)∗(a⊗ I)Kr(T) , ∀a ∈ C∗(W1, ...,Wd).

By (3.10), we have
ϕr(Wi) = r Ti , i = 1, 2, ..., d,

because for all h ∈ H

ϕr(Wi)h = Kr(T)∗
(∑
β∈I

Wi(eβ)⊗ (r|β|DrT(T
β)∗h)

)
=
∑
β∈I

r|(i,β)|T (i,β)DrT(r
|β|DrT(T

β)∗h)

=
∑
β∈I

r1+2|β|TiT
βD2

rT(T
β)∗h = r Ti

∑
β∈I

r2|β|T βD2
rT(T

β)∗h = r Tih.

It is enough to construct a unital completely positive map Ψ : C∗(W1, ...,Wd) → B(H) such
that Ψ(Wi) = Ti. This can be constructed by letting:

Ψ := lim
r↗1

ϕr (in the sense of pointwise convergence, refering to previous proof).
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By Theorem 3.2.16, there exist a Hilbert space K, a ∗-homomorphism π : C∗(W1, ...,Wd) →
B(K), and K ∈ B(H,K), such that Ψ(a) = K∗π(a)K, for all a ∈ C∗(W1, ...,Wd). K is an
isometry, since Ψ is unital. Therefore, H can be identified with KH, and then K∗ = PH (See
the Proof of Corollary 3.2.17). Thus, we have Ti = Ψ(Wi) = PHπ(Wi)|H. Now, we can define
Vi := π(Wi) ∈ B(K), i = 1, 2, ..., d. We can see that

V ∗
i Vj = (π(Wi))

∗π(Wj) = π(W ∗
i Wj) = δijπ(Iℓ2(I)) = δijIK , and Ti = PHVi|H , i = 1, 2, ..., d.

■
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Chapter 4

Shilov Boundaries, Shilov Ideals and
Dilation

The purpose of this chapter is to illustrate how dilation theory can be applied to the study
of non-selfadjoint operator algebras and spaces, and in particular, the relation between
such spaces and selfadjoint operator algebras that they generate. We will focus at Shilov
boundaries for uniform function algebras and its non-commutative generalization.

4.1 Shilov Boundaries

We start with introducing some classical notions in uniform algebras that motivated the
introduction of non-commutative boundaries for operator spaces.

Definition 4.1.1 Let X be a compact Hausdorff space. A ⊆ C(X) is a uniform algebra if
it is a closed subalgebra of C(X) which contains the constants (unital) and separates points
of X; that is, for every two distinct points x and y in X, there exists a function f in A such
that f(x) ̸= f(y).

Remark 4.1.2 By Stone-Weierstrass theorem if A ⊆ C(X) is a uniform algebra, then
C∗(A) = C(X), where C∗(A) is the C∗-algebra generated by A. Note that in Stone-
Weierstrass theorem, we have the additional condition f ∈ A =⇒ f ∗ = f̄ ∈ A, whereas
for a uniform algebra, this condition is not required.

Definition 4.1.3 Let X be a compact Hausdorff space, and let A ⊆ C(X) be a uniform
algebra. A closed (equivalently compact) subset D ⊆ X is called a boundary with respect to
A if

||f || = max
x∈X

|f(x)| = max
x∈D

|f(x)| = ||f |D||, ∀f ∈ A. (4.1)

The smallest closed such D with (4.1), denoted by ∂SA, is called the Shilov boundary relative
to A.

Remark 4.1.4 In the other words, ∂SA is the unique minimal closed subset E ⊆ X such
that f 7→ f |E is isometric (for all f ∈ A).

69
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The next theorem says that the Shilov boundary always exists (Corollary 15.17 in [17]).

Theorem 4.1.5 (Shilov) Let X be a compact Hausdorff space, and let A ⊆ C(X) be a
uniform algebra. Then there exists a unique compact (equivalently closed) subset ∂SA ⊆ X
such that:
(i) the restriction homomorphism r : C(X) → C(∂SA), r(f) = f |∂SA is isometric on A,
(ii) if D ⊆ X is another compact set such that (i) holds, then ∂SA ⊆ D.

Example 4.1.6 Let A(D) ⊆ C(D) be the disk algebra, i.e., the algebra of all bounded
analytic functions on D = {z ∈ C : |z| < 1} that extend continuously to D. By maximum
modulus principle, T = {z ∈ C : |z| = 1} is a boundary with respect to A(D). We show that
this is the smallest of them. Let S ⊂ T be a boundary with respect to A(D), and T \ S ̸= ∅.
So, there is a z0 := eiθ0 ∈ T\S, for some θ0 ∈ [0, 2π[. Let define f ∈ A(D) via f(z) = z0 z+1.
We can see that

|f(eiθ)| = |ei(θ−θ0) + 1| = 2

∣∣∣∣cos(θ − θ0
2

)∣∣∣∣ , ∀θ ∈ [0, 2π[.

Since z0 ∈ T and z0 ̸∈ S,

max
z∈S

|f(z)| < max
z∈T

|f(z)| = 2 = max
z∈D

|f(z)|,

which is a contradiction with the assumption on S (it has been assumed to be a boundary
with respect to A(D)).

Example 4.1.7 ∂SC(X) = X. Because for every closed proper subset D of X, by Urysohn’s
lemma (all compact Hausdorff space are normal), there exist closed ∅ ≠ D′ ⊆ Dc and
f ∈ C(X) such that 0 ≤ f ≤ 1, f |D = 0, f |D′ = 1. Hence, ||f || = 1, while ||f |D|| = 0.
That is, there is no D ⊂ X such that (4.1) holds for A = C(X). Thus, ∂SC(X) = X.

Proposition 4.1.8 (Reformulation in algebraic terms) Let X be a compact Hausdorff
space, let D ⊆ X be closed, and let A ⊆ C(X) be a uniform algebra. Set
ID := {f ∈ C(X) : f |D = 0} a closed ideal in C(X). Then D is a boundary with respect to
A if and only if

η : C(X) → C(X)/ID , η(f) = f + ID
is an isometry, when it is restricted to A.

Lemma 4.1.9

inf
g∈ID

||f + g|| ≤ ||f |D||, ∀f ∈ A.

Proof Let ε > 0, and let f ∈ A be fixed. We have

∀x ∈ D ∃Gx (open subset of X), x ∈ Gx : |f(y)− f(x)| < ε, ∀y ∈ Gx. (4.2)

{Gx}x∈D covers D, and D is compact. Therefore, there exist x1, x2, ..., xN ∈ D such that
D ⊆ Gx1 ∪Gx2 ∪ ... ∪GxN =: G. By (4.2),

|f(y)− f(xj)| < ε, ∀y ∈ Gxj .
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Hence,
|f(y)| < ε+ |f(xj)| ≤ ε+ ||f |D||, ∀y ∈ Gxj .

Thus,
|f(y)| < ε+ ||f |D||, ∀y ∈ G. (4.3)

By Urysohn’s lemma (X is a compact Hausdorff space, so it is a normal space), there exists
h ∈ C(X) such that 0 ≤ h ≤ 1, h|D = 0, h|Gc = 1 (since D ⊆ G, D ∩ Gc = ∅). Let
g := −hf . In this case we will have by (4.3)

inf
g∈ID

||f + g|| ≤ ||f − hf || = sup
y∈X=G∪Gc

|f(y)|(1− h(y)) = sup
y∈G

|f(y)|(1− h(y)) ≤ ε+ ||f |D||.

Consequently, infg∈ID ||f + g|| ≤ ||f |D||. ■

Proof (of Proposition 4.1.8) Let η be isometric on A. Therefore, ||f + ID|| = ||f ||, for all
f ∈ A. That is, infg∈ID ||f + g|| = ||f ||. By Lemma 4.1.9, ||f || ≤ ||f |D||. But, ||f |D|| ≤ ||f ||,
hence ||f |D|| = ||f ||, for all f ∈ A. Thus, D is a boundary with respect to A.

Conversely, if D is a boundary with respect to A, then for all g ∈ ID and f ∈ A ,
||f + g|| ≥ ||(f + g)|D|| = ||f |D|| = ||f ||. Hence, infg∈ID ||f + g|| ≥ ||f ||. On the other hand,
infg∈ID ||f + g|| ≤ ||f ||. Therefore, infg∈ID ||f + g|| = ||f ||. That is, ||η(f)|| = ||f ||, for all
f ∈ A. Thus, η is isometric on A. ■

4.2 Shilov Ideals and Dilation

Arveson thought to generalize the Shilov boundary to the case where the commutative C∗-
algebra C(X) is replaced by a non-commutative C∗-algebra A = C∗(A) generated by a unital
operator algebra A (that is a norm-closed subalgebra of the bounded linear operators on a
Hilbert space).

Definition 4.2.1 Let A be a unital operator algebra, and let A = C∗(A). A closed (two-
sided) ideal I◁A is said to be a boundary ideal for A in A if the restriction of the quotient map
η : A → A/I to A is completely isometric; that is, (η|A)(n) : Mn(A) → Mn(A/I) is isometric
for all n ∈ N. The Shilov (boundary) ideal for A in A is the unique largest boundary ideal
for A in A. If J is the Shilov ideal for A in A, then C∗-envelope of A is defined to be the
C∗-algebra C∗

e (A) = A/J. Remark that C∗- envelope was initially defined in a different way
(See page 219 in [17]) and then proved that it is equal to A/J.

Indeed, the Shilov ideal is a non-commutative analog of the Shilov boundary. The Shilov
ideal exists and it is unique (for some special A, one can refer to Definition 2.2.1, and then
Theorem 2.2.3 in [2], also for general case of A, one can refer to Theorem 4.4 in [9]).

Proposition 4.2.2 Let X and Y be two compact Hausdorff spaces, let W be a subspace of
C(X), and let ϕ : W → C(Y ) be an isometry. Then ϕ is a complete isometry.

Proof Let (wij) ∈Mn(W ). By (1.5) in Proposition 1.4.6, we have

||(ϕ(wij))||Mn(C(Y )) = sup
y∈Y

||(ϕ(wij)(y))||Mn .
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On the other hand,

||(ϕ(wij)(y))||Mn = sup
ξ,ζ∈Cn, ||ξ||=||ζ||=1

∣∣∣⟨(ϕ(wij)(y))ξ, ζ⟩∣∣∣ = sup
ξ,ζ∈Cn, ||ξ||=||ζ||=1

∣∣∣∣∣∑
i,j

ϕ(wij)(y)ξjζi

∣∣∣∣∣
= sup

ξ,ζ∈Cn, ||ξ||=||ζ||=1

∣∣∣∣∣ϕ(∑
i,j

wijξjζi

)
(y)

∣∣∣∣∣ .
Hence,

||(ϕ(wij))||Mn(C(Y )) = sup
ξ,ζ∈Cn, ||ξ||=||ζ||=1

sup
y∈Y

∣∣∣∣∣ϕ(∑
i,j

wijξjζi

)
(y)

∣∣∣∣∣
= sup

ξ,ζ∈Cn, ||ξ||=||ζ||=1

∥∥∥ϕ(∑
i,j

wijξjζi

)∥∥∥
C(Y )

= sup
ξ,ζ∈Cn, ||ξ||=||ζ||=1

∥∥∥∑
i,j

wijξjζi

∥∥∥
W

= sup
ξ,ζ∈Cn, ||ξ||=||ζ||=1

sup
x∈X

∣∣∣∑
i,j

wij(x)ξjζi

∣∣∣ = sup
x∈X

||(wij(x))||Mn = ||(wij)||Mn(C(X)). ■

Example 4.2.3 If A = C(X) is a commutative C∗-algebra generated by the uniform algebra
A, then the Shilov ideal for A is just the ideal I∂SA of functions vanishing on the Shilov
boundary ∂SA (if J is a closed ideal in C(X), then J is of the form J = {f ∈ C(X) : f |K = 0}
for some closed (equivalently compact) subset K ⊆ X). In this case C∗

e (A)
∼= C(∂SA) (See

Corollary 15.18 in [17]). Note that C(X)/ID is ∗-isomorphic to C(D). Since the quotient
function from C(X) to C(X)/I∂SA ∼= C(∂SA) is an isometry, it is a complete isometry by the
Proposition 4.2.2. Therefore, I∂SA is a boundary ideal. Also, I∂SA is the largest, by the fact
that D1 ⊆ D2 ⇐⇒ ID2 ⊆ ID1 : ”=⇒” is obvious. ”⇐=”: Let D1 ̸⊆ D2. Then there is x ∈ D1

such that x ̸∈ D2. By Urysohn’s lemma, There is f ∈ C(X) such that 0 ≤ f ≤ 1, f(x) = 1
and f |D2 = 0. Thus, f |D2 = 0 and f |D1 ̸= 0. That is, ID2 ̸⊆ ID1 .

Theorem 4.2.4 (Theorem 2.16 in [24]) Let X be a compact Hausdorff space, and let A ⊆
C(X) be a uniform algebra. A point x ∈ X belongs to ∂SA if and only if for any neighbourhood
U ⊂ X of x there is a function f ∈ A such that |f | < ||f || on U c.

Remark 4.2.5 By Theorem 4.2.4, we can see that ∂SC(X) = X, where X is a compact
Hausdorff space (Example 4.1.7): Let x ∈ X, and let U ⊂ X be an arbitrary neighborhood
of x. By Urysohn’s lemma (X is a normal space), there exists f ∈ C(X) such that 0 ≤ f ≤ 1,
f |Uc = 0, and f(x) = 1. Hence, ||f || = 1 and therefore, 0 = |f | < ||f || = 1 on U c. Thus,
x ∈ ∂SC(X). That is, X ⊆ ∂SC(X). Consequently, ∂SC(X) = X.

Definition 4.2.6 Let A be a ∗-algebra. A representation of A is a pair (π,H), where H is a
Hilbert space and π : A → B(H) is a ∗-homomorphism. We also say that π is a representation
of A on H.

Definition 4.2.7 Let A be a ∗-algebra, and let (π,H) be a representation of A. A subspace
H0 ⊆ H is said to be invariant if π(a)H0 ⊆ H0, for all a in A.
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Definition 4.2.8 A representation (π,H) of a ∗-algebra A is (topologically) irreducible if
the only closed invariant subspaces are {0} and H. Otherwise, it is reducible.

Definition 4.2.9 Let A ⊆ A = C∗(A) be a unital operator algebra generating a C∗-algebra
A. Let (π,H) be an irreducible representation of A. (π,H) is said to be a boundary
representation for A if the only unital completely positive map Φ : A → B(H) that extends
π|A is π itself.

We can also replace A by S an operator system and define a boundary representation for
S. This leads us to the following definition:

Definition 4.2.10 Let S ⊆ A = C∗(S) be an operator system inside the unital C∗-algebra
A that it generates. A unital completely positive map ϕ : S → B(H) is said to have the unique
extension property if there exists a unique unital completely positive map Φ : A → B(H),
that extends ϕ, and moreover, this Φ is a ∗-homomorphism.

Definition 4.2.11 Let A be a unital C∗-algebra and S ⊆ A be an operator system. Let H
and K be Hilbert spaces withH ⊆ K. A UCP (unital completely positive) map ψ : S → B(K)
is said to be a dilation of a UCP map ϕ : S → B(H) if ϕ(a) = PHψ(a)|H for all a ∈ S. We
write ϕ ⪯ ψ, or ψ ⪰ ϕ. We can also say that ϕ is a compression of ψ.

Every UCP map ϕ : S → B(H) can be dilated trivially by forming direct sum ϕ ⊕ ϕ′,
where ϕ′ : S → B(H′) is another UCP map. ϕ ⊕ ϕ′ is said to be a trivial dilation of ϕ.
A UCP map ϕ is said to be maximal if it has only trivial dilations. In the other words,
ϕ ⪯ ψ =⇒ ψ = ϕ⊕ ϕ′ for some UCP map ϕ′.

Remark 4.2.12 A dilation ψ of ϕ need not satisfy K = [C∗(ψ(S))H] := span(C∗(ψ(S))H),
where C∗(ψ(S)) denotes to the C∗-algebra generated by ψ(S), however it can be replaced
with a smaller dilation of ϕ that satisfies this relation between K and H. ϕ is maximal if and
only if the only dilation ψ ⪰ ϕ that satisfies K = [C∗(ψ(S))H] is ϕ itself.

Definition 4.2.13 Let ϕ : S → B(H) be a UCP map and let E ⊆ S ×H. We say that ϕ is
maximal on E if for every ψ ⪰ ϕ, we have

ψ(a)h = ϕ(a)h, ∀(a, h) ∈ E.

A UCP map ϕ : S → B(H) is maximal if and only if it is maximal on S ×H.

Lemma 4.2.14 For every UCP map ϕ : S → B(H) and every (a, h) ∈ S × H, there is a
dilation of ϕ that is maximal on {(a, h)}.

Proof Because for every dilation ψ ⪰ ϕ we have ||ψ(a)h|| ≤ ||ψ|| ||a|| ||h|| = ||a|| ||h||, we
can find a dilation ϕ1 of ϕ for which ||ϕ1(a)h|| is as close to sup{||ψ(a)h|| : ψ ⪰ ϕ} ≤ ||a|| ||h||
< ∞ as we wish. Continuing inductively, we find a sequence of UCP maps ϕ ⪯ ϕ1 ⪯ ϕ2 · · ·
such that ϕn : S → B(Hn), H ⊆ H1 ⊆ H2 ⊆ · · · , and

||ϕn+1(a)h|| ≥ sup
ψ⪰ϕn

||ψ(a)h|| − 1/n.
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Let H̃ := ∪nHn , and let ϕ̃ : S → B(H̃) be the unique UCP map that compresses to ϕn on
Hn for every n ≥ 1. We can see that ϕ̃ is maximal on {(a, h)}. Since if ψ ⪰ ϕ̃, then ψ ⪰ ϕn
for every n ≥ 1, and

||ϕ̃(a)h|| ≥ ||PHn+1ϕ̃(a)h|| = ||ϕn+1(a)h|| ≥ ||ψ(a)h|| − 1/n.

Therefore, ||ϕ̃(a)h|| ≥ ||ψ(a)h||. Note that

||PH̃ψ(a)h||
2 = ⟨PH̃ψ(a)h, PH̃ψ(a)h⟩ = ⟨ψ(a)h, P ∗

H̃PH̃ψ(a)h⟩ = ⟨ψ(a)h, P 2
H̃ψ(a)h⟩ =

⟨ψ(a)h, PH̃ψ(a)h⟩ = ⟨ψ(a)h, PH̃ψ(a)h⟩. It follows that

||ψ(a)h− ϕ̃(a)h||2 = ||ψ(a)h− PH̃ψ(a)h||
2 =

||ψ(a)h||2 + ||PH̃ψ(a)h||
2 − ⟨ψ(a)h, PH̃ψ(a)h⟩ − ⟨ψ(a)h, PH̃ψ(a)h⟩ =

||ψ(a)h||2 − ||PH̃ψ(a)h||
2 = ||ψ(a)h||2 − ||ϕ̃(a)h||2 ≤ 0

so that ψ(a)h = ϕ̃(a)h; that is, ϕ̃ is maximal on {(a, h)} and of course ϕ̃ ⪰ ϕ. ■

Theorem 4.2.15 Every UCP map ϕ0 : S → B(H0) can be dilated to a maximal UCP map
ϕ : S → B(H) for some Hilbert space H.

Proof (Arveson) We show first that ϕ0 can be dilated to a UCP map ϕ1 : S → B(H1) that
is maximal on S ×H0. For showing this assertion, let ω be an ordinal sufficiently large that
there is a surjection α ∈ ω 7→ xα ∈ S × H0; hence, S × H0 = {xα : α < ω}. We claim that
there is a family of UCP maps ϕα : S → B(Hα), indexed by the ordinals α ≤ ω, which satisfy
ϕα ⪰ ϕ0 together with
(i) ϕα is maximal on {xβ : β < α}, and
(ii) α ≤ β =⇒ ϕα ⪯ ϕβ.
If the existence of this family is established, we can set ϕ1 = ϕω.

Proceeding inductively, for α = 0, we set ϕα = ϕ0, noting that (i) is vacuous for this case.
Assuming α ≤ ω is an ordinal for which {ϕβ : β < α} has been defined and satisfies (i) and (ii)
on the initial segment {β : β < α}, define ϕα as follows. If α has an immediate predecessor
α − 1, Lemma 4.2.14 implies that ϕα−1 can be dilated to a UCP map ϕα : S → B(Hα) that
is maximal on {xα−1}. If α is a limit ordinal, then the Hilbert spaces Hβ, β < α, are linearly
ordered by inclusion; we take Hα to be the closure of their union and ϕα : S → B(Hα) to be
the unique UCP map that compresses to ϕβ on Hβ for every β < α. In either case properties
(i) and (ii) abide for the augmented family {ϕβ : β ≤ α}. This defines {ϕα : α ≤ ω}.

Now we can use ordinary induction on the preceding result to find an increasing sequence
of Hilbert spaces H0 ⊆ H1 ⊆ H2 ⊆ · · · and UCP maps ϕn : S → B(Hn) such that ϕn ⪯ ϕn+1

and ϕn+1 is maximal on S × Hn , n = 0, 1, 2, .... Let Ĥ := ∪nHn , and let ϕ̂ : S → B(Ĥ)
be the unique UCP map that compresses to ϕn on Hn for every n ≥ 1. Note that for every
dilation ψ : S → B(K) of ϕ̂ and every n ≥ 1, we have ψ ⪰ ϕn+1 and also ϕ̂ ⪰ ϕn+1. Therefore,
by maximality of ϕn+1 on S ×Hn, we will have

ψ(a)h = ϕn+1(a)h = ϕ̂(a)h , ∀(a, h) ∈ S ×Hn .

It follows that ϕ̂ is maximal on S ×∪nHn, hence on its closure S ×Ĥ and of course ϕ̂ ⪰ ϕ0.■



4.2. SHILOV IDEALS AND DILATION 75

Proposition 4.2.16 Let S be an operator system, let B be a unital C∗-algebra, and let
ϕ : S → B be a unital 2-positive map. then

ϕ(a∗a) ≥ ϕ(a)∗ϕ(a) = ϕ(a∗)ϕ(a) , ∀a ∈ S.

Proof Without loss of generality, we can assume that B is a C∗-subalgebra of a B(H) for
some Hilbert space H. Notice that for all a ∈ S,(

1 a
a∗ a∗a

)
=

(
1 a
0 0

)∗(
1 a
0 0

)
≥ 0,

and since ϕ is 2-positive (in particular, it is positive by Proposition 3.2.2, so it is self-adjoint
by Proposition 3.1.4)

ϕ

(
1 a
a∗ a∗a

)
=

(
ϕ(1) = 1 ϕ(a)

ϕ(a∗) = ϕ(a)∗ ϕ(a∗a)

)
≥ 0.

Therefore, for all h ∈ H,

0 ≤
〈(

1 ϕ(a)
ϕ(a)∗ ϕ(a∗a)

)(
−ϕ(a)h

h

)
,

(
−ϕ(a)h

h

)〉
H⊕H

=

〈
0,−ϕ(a)h

〉
H
+
〈
− ϕ(a)∗ϕ(a)h+ ϕ(a∗a)h, h

〉
H
=

〈(
− ϕ(a)∗ϕ(a) + ϕ(a∗a)

)
h, h

〉
H
.

Hence, −ϕ(a)∗ϕ(a) + ϕ(a∗a) ≥ 0. ■

The next theorem relates maximality to the unique extension property (See [13]).

Theorem 4.2.17 A UCP map ϕ : S → B(H) is maximal if and only if it has the unique
extension property.

Proof (Arveson) Assume first that ϕ is maximal and let ψ : C∗(S) → B(H) be a completely
positive extension of it. It is enough to show that ψ is multiplicative. By Theorem 3.3.3,
there is a ∗-homomorphism π : C∗(S) → B(K) on a Hilbert space K ⊇ H such that ψ(x) =
PHπ(x)|H, for all x ∈ C∗(S). We can assume that the dilation is minimal in that K =
[π(C∗(S))H] = [C∗(π(S))H]. By Maximality of ϕ, K = H and ψ = π is multiplicative.

Conversely, suppose that ϕ has the unique extension property and let ψ : S → B(K) be a
dilation of ϕ acting on K ⊇ H with K = [C∗(ψ(S))H]. We will show that K = H and ψ = ϕ.
By Theorem 3.3.1, ψ can be extended to a completely positive map ψ̂ : C∗(S) → B(K).
Because the compression of ψ̂ to H defines a completely positive map of C∗(S) to B(H) that
restricts to ϕ on S, the unique extension property implies that PHψ̂PH is multiplicative on
C∗(S). Therefore, for all x ∈ C∗(S),

PHψ̂(x)
∗PHψ̂(x)PH = PHψ̂(x)

∗PHPHψ̂(x)PH = PHψ̂(x
∗)PHPHψ̂(x)PH = PHψ̂(x

∗x)PH

≥ PHψ̂(x)
∗ψ̂(x)PH,

by Proposition 4.2.16. Let V := ψ̂(x)PH and A := PH. For all h ∈ H,

⟨V ∗AV h, h⟩H ≥ ⟨V ∗V h, h⟩H.
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Therefore,

||AV h||H ||V h||H ≥ ⟨AV h, V h⟩H = ⟨V ∗AV h, h⟩H ≥ ⟨V ∗V h, h⟩H = ||V h||2H.

Hence,
||V h||H = ||A|| ||V h||H ≥ ||AV h||H ≥ ||V h||H.

Thus,
||AV h||H = ||V h||H , ∀h ∈ H,

or
||PHψ̂(x)h||H = ||ψ̂(x)h||H , ∀h ∈ H.

Therefore, ψ̂(x)H ⊆ H, for all x ∈ C∗(S); that is, H is invariant under the set of operators
ψ̂(C∗(S)) ⊇ ψ(S), and therefore under C∗(ψ(S)). Thus, K = [C∗(ψ(S))H] = H and ψ = ϕ
follows. ■

Theorem 4.2.18 (Existence of the Shilov ideal) For every operator system S ⊆ C∗(S),
the set of all boundary ideals for S has a largest element J.

Proof (Arveson) Let ϕ0 : S → B(H0) be any unital completely isometric map. It is a UCP
map, since it is a unital completely contractive, and hence it is a UCP map by Remark
3.3.5. Theorem 4.2.15 implies that ϕ0 can be dilated to a maximal UCP map π : S → B(H).
Theorem 4.2.17 implies that we may extend π uniquely to a representation of C∗(S) on
H, which we denote by the same latter π. Let J := kerπ. J is a boundary ideal since
ϕ0(a) = PH0π(a)|H0 , for all a ∈ S. Hence, ||a|| = ||ϕ0(a)|| ≤ ||π(a)|| ≤ ||a|| (because π
is a UCP map, then it is completely contractive). Thus, for all a ∈ S, ||a|| = ||π(a)||.
Similarly, ||(aij)|| = ||π(n)((aij))||, for all n ∈ N and (aij) ∈ Mn(S). That is, π|S is unital
completely isometric. Consequently, for quotient map η : C∗(S) → C∗(S)/ kerπ , η|S is a
unital completely isometric map of S. In fact, if a ∈ S and b ∈ kerπ, then ||a|| = ||π(a)|| =
||π(a) + π(b)|| = ||π(a + b)|| ≤ ||a + b||. So, ||a|| ≤ infb∈kerπ ||a + b|| = ||a + ker π||, and
clearly, ||a+ker π|| ≤ ||a||, therefore ||a|| = ||a+ker π||; that is, η|S is an isometry. Similarly,
it is a completely isometric map. Let I be any other boundary ideal for S, and consider
q : C∗(S) → C∗(S)/I via q(s) = ṡ := s + I. The map ψ : {a + I : a ∈ S} → B(H) defined
by ψ(ȧ) = π(a) (ψ ◦ q|S = π|S) is unital and completely contractive, hence, it is a UCP
map, and therefore has a completely positive extension ψ̂ : C∗(S)/I → B(H), by Theorem
3.3.1. Because ψ̂(ȧ) = π(a) for a ∈ S, ψ̂(ṡ) = π(s) for s ∈ C∗(S) (ψ̂ ◦ q = π) by the unique
extension property for π. Hence a ∈ I implies that π(a) = ψ̂(ȧ) = 0; that is, I ⊆ J. ■

Example 4.2.19 Consider L2 = L2(T, dθ
2π
). If we define ι(z) := z, for all z ∈ T, then

{ιn : n ∈ Z} is an orthonormal basis for L2 (ιn(z) = zn). In fact, for any f ∈ L2, f =∑∞
n=−∞⟨f, ιn⟩L2 ιn, where

⟨f, g⟩L2 :=
1

2π

∫ 2π

0

f(eiθ)g(eiθ) dθ , ∀f, g ∈ L2.

Note that f ∈ L2 if and only if
∑∞

n=−∞ |⟨f, ιn⟩L2|2 < ∞. H2 = H2(T) := span{ιn : n ≥ 0}
is a closed subspace of L2 and it is said to be Hardy space on T. Let PH2 : L2 → L2 be the
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projection onto H2; that is,

PH2f =
∞∑
n=0

⟨f, ιn⟩L2 ιn , f =
∞∑

n=−∞

⟨f, ιn⟩L2 ιn.

Now, we define Toeplitz operator Tφ : H2 → H2 with symbol φ ∈ L∞ = L∞(T) via

Tφη := PH2(φη) , ∀η ∈ H2.

In this example, from now on, instead of Tι , we will write Tz .

Toeplitz algebra is C∗(Tz) the C∗-algebra generated by {Tz}. If S̃ := span{1, Tz} (or S̃ is
the set of all polynomials in Tz), then S̃ ⊆ C∗(Tz) = C∗(S̃). By Theorem 4.3.2 in [1], we
have

C∗(S̃) = {Tf +K : f ∈ C(T), K ∈ K(H2)}, (4.4)

where K(H2) is the space of compact operators on H2. Also, by Remark 4.3.3 in [1],

τ : C(T) → C∗(S̃)/K(H2) , τ(f) = Tf +K(H2) (4.5)

is a ∗-isomorphism isometric map.
Hence, by (4.4) and (4.5), we get C∗(S̃)/K(H2) ∼= C(T). We will show that the Shilov
boundary ideal for S̃ in C∗(S̃) is K(H2). Consequently, C∗

e (S̃) = C∗(S̃)/K(H2) ∼= C(T).
(1) We show that K(H2) is a boundary ideal for S̃ in C∗(S̃). For this, we must show that
q̃ : C∗(S̃) → C∗(S̃)/K(H2) is a complete isometry when it is restricted to S̃, or equivalently,
τ−1 ◦ q̃ : C∗(S̃) = C∗(Tz) → C(T) is a complete isometry when it is restricted to S̃, since
C∗(S̃)/K(H2) ∼= C(T). Because ||Tz|| ≤ 1, there exist a Hilbert space H̃ ⊇ H2 and a unitary
U ∈ B(H̃), such that T nz = PH2Un|H2 , for all n ∈ N. By Corollary 3.2.12 and (1.5), we have

||(pij(Tz))||Mn(S̃) = ||(PH2pij(U)|H2)|| ≤ ||(pij(U))|| ≤ sup
z′∈T

||(pij(z′))||Mn = ||(pij)||Mn(C(T)).

(4.6)
As q̃ is completely contractive (since q̃ is ∗-homomorphism, hence it is completely positive,
and therefore by Remark 3.3.5 and the fact that it is unital, we infer that it is completely
contractive.),

||(pij)||Mn(C(T)) = ||(q̃(pij(Tz)))|| = ||q̃(n)((pij(Tz)))|| ≤ ||(pij(Tz))||Mn(S̃) . (4.7)

Equality in the left hand side of (4.7) comes from

||(q̃(pij(Tz)))|| = ||(q̃(Tpij))|| = ||(Tpij +K(H2))|| = ||(τ(pij))|| = ||τ(n)((pij))|| = ||(pij)||,

since τ is completely isometry, because τ : C(T) → C∗(S̃)/K(H2) ∼= C(T) is an isometry,
and therefore by Proposition 4.2.2, it is completely isometry.
By (4.6) and (4.7),

||(pij(Tz))||Mn(S̃) = ||(pij)||Mn(C(T)).

Since τ−1 ◦ q̃(p(Tz)) = p, for every polynomial p, therefore

||(τ−1 ◦ q̃)(n)((pij(Tz)))|| = ||(pij)|| = ||(pij(Tz))||.
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That is, τ−1 ◦ q̃ is completely isometry when it is restricted to S̃.
(2) We show that K(H2) is the largest boundary ideal: Let I ⊇ K(H2) be a boundary ideal
for S̃ in C∗(S̃). There is a closed subset E ⊆ T, such that I/K(H2) = IE. Hence,

C∗(S̃)/I ∼= C∗(S̃)/K(H2)
/
I/K(H2) ∼= C(T)/IE ∼= C(E).

Since I is a boundary ideal for S̃ in C∗(S̃), therefore quotient map η̃ : C∗(S̃) → C∗(S̃)/I ∼=
C(E) is a complete isometry map when it is restricted to S̃. Hence, for each polynomial p,

||p||C(T) = ||Tp|| = ||p||C(E) .

But this is impossible unless E = T (See the argument in Example 4.1.6). Therefore,
I/K(H2) = IT = {0}. That is, I = K(H2).
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