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Abstract

The purpose of this thesis is to explain some results in dilation theory. In this regard, it has
been given the principal results and ideas on positive maps and dilation theory such as Nagy’s
theorem, von Neumann’s inequality and some different versions of it, Stinespring’s theorem,
dilation for commuting and non-commuting sets of operators, and Shilov boundaries. Also,
Nevanlinna-Pick’s interpolation and an application in control theory has been considered.
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6 CONTENTS

Preface

Dilations are a tool and technique for studying operators on a Hilbert space by representing
a given operator as the restriction of a better-understood operator, acting on a larger Hilbert
space, to the original space. The operator on the larger space is referred to as a dilation of
the original operator.

One of the known dilation theorems is due to Sz.-Nagy that asserts that every contraction
operator can be dilated to a unitary operator. Thus to prove some results about contraction
operators it is enough to show that they are true for unitary operators. The most famous
application of this idea is Sz.-Nagy’s proof of an inequality of von Neumann to the effect that
the norm of a polynomial in a contraction operator is at most the supremum of the absolute
value of the polynomial over the unit disk. Ando generalized Sz.-Nagy’s and von Neumann’s
results to pairs of commuting contractions, but various analogues of these theorems are known
to fail for three or more commuting contractions. Work of Sarason and of Sz.-Nagy and Foiag
showed that many classical results about analytic functions, including the Nevanlinna—Pick
theory is consequences of these results about contraction operators, which has applications
in signal theory that we also try to explain.

Stinespring introduced the theory of completely positive maps as a mean of giving abstract
necessary and sufficient conditions for the existence of dilations. The connections between
completely positive maps and dilation theory were spread further by Arveson. He extended
also the notion of Shilov boundary as a notion about dilation, to a non-commutative C*-
algebras setting.



Chapter 1

Preliminaries

In this chapter we deal with some standard results. We introduce some important terminology
and fix notations.

1.1 Banach and C*-Algebras

Definition 1.1.1 A C—vector space A is called an algebra over C if there is a multiplication
(a,b) € Ax A ab € A such that for all a,b,c € A and A\, € C,

i) Aab) = (Aa)b = a(\b),

i) a(Ab+ uc) = Aab+ pac and (Ab+ pc)a = Nba + pca,

iii) a(bc) = (ab)c.

Moreover, if there is a 14 € A such that

alg=14a=a, Vac€ A,
then we say A is a unital algebra.
Definition 1.1.2 A norm ||.|| on an algebra A is said to be submultiplicative if
[labl| < [[all [|bl], Va,be A
In this case (A, ||.||) is called a normed algebra.

Definition 1.1.3 A Banach algebra A is a normed algebra which is complete with respect
to its norm.

If A is a unital Banach algebra, then by submultiplicativity, ||14]| > 1. The Banach algebra
can be renormed with an equivalent norm in which [|14]| = 1 (See Theorem 1.4.2 in [1]).

Definition 1.1.4 An involution on an algebra A is a map * : A — A, a — a* such that for
all \,u € C and a,b € A: )
i) (a*)* = a, ii) (ab)* = b*a*, andiii) (Aa + pb)* = Aa* + pb*.

Definition 1.1.5 A x-algebra is an algebra with an involution on it and a Banach x—algebra
is a Banach algebra equipped with an involution.

7
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Definition 1.1.6 Let A be a x-algebra.
1) a € A is self-adjoint if a* = a.

2) a € Ais normal if a*a = aa*.
Moreover, if A is a unital *-algebra, then
3) a € Ais isometry if a*a = 14.

4) a € A is unitary if a*a = aa® = 14.

Definition 1.1.7 A Banach *-algebra A is called a C*-algebra if ||a*al| = ||a||?
for all a € A.

Remark 1.1.8 We have for a C*-algebra A,
lla*[| = [lall, Va e A. (1.1)

Since [[a||* = [la*al| < [la*|[[|al], [lal| < [la*[|. Analogously, [[a*|| < [|(a*)*[| = [al|. Hence,
[la*[| = l]all

la*all = |laa”[] = [|a"[|* = ||all*, VYa € A.

Also, if A is a unital C*-algebra, then by ii) in Definition 1.1.4, we have 1% = 14, hence
[[14]] = ||14][?, and therefore ||14]| = 1.

Example 1.1.9 If X is a topological space, the set C,(X) of all bounded continuous complex-
valued functions on X is a unital Banach algebra where the operations are defined pointwise:

(f +9)(z) == f(z) + g(x),
(f9)(x) == f(x)g(x),

and
(Af)(z) = Af(),
for all f,g € Cp(X), z€ X, A€ C.

The norm is

[ flloo := sup | f ()]
rzeX

If X is compact, C'(X), the set of continuous functions from X to C, is of course equal to

Cy(X).

Example 1.1.10 If X is a normed vector space, denote by B(X) the set of all bounded linear
maps from X to itself. We can see that B(X) is a normed algebra with the pointwise-defined
operations for addition and scalar multiplication, multiplication given by (u,v) — wov, and
the operator norm:

lull := sup [lu(z)[|, Vu e B(X).

[lz]|<1

If X is a Banach space, B(X) is complete and is therefore a Banach algebra.
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Example 1.1.11 [1] If A is a Hilbert space, then B(#H) is a C*-algebra with involution via
(Tx,y)y = (x,T"y)3, Ya,y € H and VT € B(H).

Henceforth, it has been considered H, K, H1, Hs, ... as some Hilbert spaces and B(H) as the
space of all linear and bounded operators on ‘H. Also, we consider B(H, Hz) to be the space
of all linear and bounded operators from H; to Hs if the latter are different.

Definition 1.1.12 Let A be a unital algebra over C. a € A is invertible if there exists a
b € A such that ab = ba = 1 4. The spectrum o 4(a) or for simplification o(a) of a € A is

{N € C: a— Al 4 is not invertible in A}.

Theorem 1.1.13 ([1] Proposition 1.6.2 and Theorem 1.6.3) Let A be a unital Banach algebra
over C for which ||14|| = 1. Then for every a € A, o(a) is a non-empty closed subset of the
disk {\ € C: || < |la]|}

Theorem 1.1.14 Let A be a unital C*-algebra and a € A.

1) If a is self-adjoint, then o(a) C R. ([14] 2.1.8 Theorem, also [6] Corollary 1.3.4 (ii))

2) If a is unitary, then o(a) C {\ € C: |A| = 1}. ([14] page 36, also [6] Corollary 1.3.4 (iii))
3) If a is normal, then ||a|| = r(a) := sup{|\| : A € a(a)}. ([6] Corollary 1.3.4 (i))

Proof 3) Let a*a = aa*. We have ||a?|| = ||(a®)*a?||"/? = ||a*a*aal|'/? = ||a*aa*al|'/? =
l(a*a)*a*a||V* = |la*a|| = |la|*. Also, [la*]] = [|(a®)?|| = [|a®[]* = [lal|* (since a® is also
normal). By induction we get |[a*"|| = ||a||*", for all n > 1. Now by Beurling Theorem ([1]

il

Theorem 1.7.3, also [6] Proposition 1.2.3), r(a) = lim, s ||a®"||77 = lim, e l|a||zm = [|a/|.M

Theorem 1.1.15 (Continuous Functional Calculus) (Theorem VII.1 in [18]) Let A be
a unital C*-algebra and a € A be a normal element. Set C*(a) to be the smallest unital
C*-algebra containing a. Then there is a unique map ® : C(o(a)) — C*(a) with the following
properties:
a) ® is a bijective algebraic x-homomorphism (a x-isomorphism), that is, for all f,g € C(o(a)),
and A € C,

®(fg) = ()% (9) O(Af) = A®(f) O(1) =1a  O(f) =2(f)"

b) If f is the function f(x) = x, then ®(f) = a.
&) o(B(f)) = f(o(a).

It sometimes has been written f(a) for ®(f) to emphasize the dependence on a.
In particular, if A= B(H), then a§ = A\ implies (f)E = f(N)E.

Remark 1.1.16 For general Banach algebras A and general elements a € A, one can only
introduce analytic functional calculus, i.e. to a function f which is analytic on an open
subset of C containing o(a) one can associate f(a) € A such that for p(z) = a9+ a1z + ... +
a,z", pla) =aplg+ aa+ ..+ a,a™, and o(f(a)) = f(o(a)).

Spectral Mapping Theorem for analytic functions (7] 11 Theorem, p.569) says that if A
is a unital Banach algebra and a € A and f is an analytic function on an open subset of C
containing o(a), then o(f(a)) = f(o(a)).
For the precise definition of f(a) see [1] pages 36 and 37, and [7] page 568.
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Theorem 1.1.17 (Gelfand-Naimark theorem) ([1] Theorem 4.8.4) Every unital C*-algebra
can be represented isometrically and C*-isomorphically as a C*-algebra of operators on some

Hilbert space. More exactly, there are a Hilbert space H and an injective x-homomorphism
F from A to B(H) (which will be an isometry), whence A= F(A) C B(H).

For a unital commutative C*-algebra, we have the following theorem:

Theorem 1.1.18 (Gelfand-Naimark) ([1] Theorem 2.2.4) Let A be a unital commutative
C*-algebra, and let

X =sp(A):={0# x: A— C: xis a complex linear functional and a homomorphism}.

Then there is an isometric x-isomorphism of A onto C(X), given by the Gelfand map a — a,
where a, defined by a(x) = x(a) for all x € sp(A), is called the Gelfand transform of a.

1.2 Positive Elements in C*-algebras

Definition 1.2.1 An element of a C*-algebra is positive if it is self-adjoint and its spectrum
is contained in the non-negative real numbers.

We write a > 0 to show that a is positive. Also, for a and b self-adjoint, we write a < b if
b—a>0.

Equivalently, an element of a C*-algebra is positive if and only if it is of the form a*a for
some element @ in the C*-algebra (See 2.2.5. Theorem (1) in [14]).

Proposition 1.2.2 Let T € B(H). If (Tx,x)5 > 0 for all x € H, then T > 0.

Proof We show that 7* =T and o(T") C [0, 00):

Let (T'z,xz)y > 0, for all z € H. Therefore, 0 < (Tz,x)y = (x,T*x)yy = (T*x,2)3 =
(T*x,x)3. Hence, ((T* — T)x,z)3 = 0. Now by polarization formula, we will get T* = T.
Let A < 0. Therefore, for all z € H, we have ((T'— M)z, x)y > —Nx,z)y = [N ||z]]3,. So,
(Al < [T = ALl [[|]2. Hence,

(Al lfr < (T = AD)allp, Vo€ H. (1.2)

By (1.2), we get N(T' — M) = {0}. Also, R(T — \I) is closed, because if (T — A\ )x,, — v,
then by (1.2), {z,} is a Cauchy sequence and hence, x, — x¢ for some zy € H. Therefore,
(T — M)z, — (T — M)xo. Thus y = (T'— M)xg € R(T — AI); that is, R(T — AI) is closed.

By the fact that R(A) = N(A*)* for all A € B(H), we will have
R(T —X) =R(T — M) =N((T—=A)*)"=N(T* = X)"=N(T - X)"={0}" =H.

Briefly, 7" — AI is a bijective operator. Hence, A ¢ o(T'). Finally by Theorem 1.1.14 1),
o(T) C R. Therefore, o(T") C [0, 00). [

Definition 1.2.3 Let A be a unital C*-algebra. Set At :={a € A: a > 0}.

Proposition 1.2.4 A" is a convex cone and norm-closed.
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Proof We know that (Lemma 4.8.1 in [1], Corollary 1.4.4 in [6], 2.2.3. Lemma in [14]) if
a,b € A", then a+b e A". Also, if a € A" and A > 0, then \a € A", because of
o(Aa) = Ao(a) and (Aa)* = Aa* = Aa. Hence, Aa + pub € A* for all a,b € A" and A\, u > 0.
That is, AT is a convex cone.

Now let (a,)22, be a sequence in A" such that a, — a. we show that a € A™.

We can see that a is a self-adjoint element:

la" = al| < la” = ap[| +la;, = all = [I(a = an)*|| + |lan — al| = 2||a, — a]| = 0.

That is, a* = a.

Let 0 < a := sup,,» ||an|| < 0o0. Since a,, — a, ||as|| — ||a||. Therefore, ||a]| < a. Since
0 <a, <aly for all n > 1, 0 < 2a, < 2aly and thus —aly < 2a, — aly < aly for
all n > 1. Hence, ||2a, — alyl| < a, for all n > 1. As 2a, — aly — 2a — aly, therefore
||2a — al4|| < a. Whence, —al g < 2a — aly < aly, and thus 0 < a < aly as desired. H

Proposition 1.2.5 Let A be a unital C*-algebra and a € A be a self-adjoint element. Then
there exist ai,as € AT such that a = a; — as.

Proof By Theorem 1.1.14 1) if a* = a, then o(a) C R, and also
o(|la|]l £a)=A{|la|]| £ A: A€ a(a)}.

Since, o(a) C{A e R: [N <[la[[}, s0 o([la]|l £a) C {[la]| £ X € R: |A] < la]|} € [0,00).
That is, ||a||l £ a € AT. (Note that (||a||1 £a)* = ||a||l £ a)
Now, we define a; := (||a||1 + a)/2 and ay := (||a||1l —a)/2. |

Remark 1.2.6 Let A be a unital C*-algebra and b € A. Then there exist by, by € A such
that b = by +iby and b = by, b5 = by and ||b;|| < ||b]], 7 =1,2.
Since, it is enough to by := (b + b*)/2 and by := (b — b*)/2i.

By combining Proposition 1.2.5 and Remark 1.2.6, we get:

Remark 1.2.7 Let A be a unital C*-algebra and x € A. Then there exist z; € A", j =
1,2,3,4 such that x = z1 + izy — (v3 +iz4) = 21 — x3 + i(T2 — 74).

Lemma 1.2.8 Let A be a unital C*-algebra and a,b € A. Then

i) If a* = a, A\, g € R with A\ < Ag, and M1 < a < A1, then o(a) C [A1, Ao.
it) If a > 0 and b > 0, then ||a — b|| < max{||all,||b]|}

iir) If 0 < a < b, then ||a|| < |0

Proof i) We have A\s1—a > 0 and a— X1 > 0. Therefore, 0(A21—a) = { A2} —0c(a) C [0, 00)
and o(a — A1) = o(a) — {A\1} € [0,00). Hence, o(a) C [A1, Ao
ii) We have (by using Proof of Proposition 1.2.5),

bl < —b<a—b<a<]|all.

Now by i), we infer that o(a — b) C [—|[b]], ||a||]. On the other hand ||a — b|| = r(a — b) =
sup{|A| : A € o(a —b)}. Hence, ||a — b|| < max{||a||,||b]|}.
lla —b|| = r(a—b), since a— b is self-adjoint, and therefore, it is normal and using Theorem



12 CHAPTER 1. PRELIMINARIES

1.1.14 3).
iii) We have [|b||1 —b > 0 and b — a > 0. Therefore, ||b||1 —a > 0. Hence, o(||b||1 —a) =
{l1ol]} = o(a) € [0,00). So,

Vu € o(a): p<|[b||. (since pn € o(a) and a > 0, therefore, i > 0.)

Thus,
lal| = r(a) =sup{p: p€ola)} <|[b]]-

Note that ||a|| = r(a), since a is self-adjoint, and therefore it is normal. [

1.3 Tensor Products

Definition 1.3.1 If V; and V, are two vector spaces over a field K (for our purpose, K = C),
their direct sum is the vector space W (denoted by Vi & V,), whose elements are all ordered
pairs (vy,ve) with v; in V; and vy in Vs, with their linear operations defined by

/ / / /
a1 (v1, v2) + az(vh, vy) = (101 + agvy, gz + agvy)
for every ag,an € K, vy, v] € V; and vy, v € V.

The subspaces {(v1,0) : v; € Vi} and {(0,v3) : vy € Vo} of W are isomorphic to V; and Vs
respectively. Therefore, we may consider V; and Vs, as two subspaces of W.

Definition 1.3.2 A scalar-valued function f on V@ Vs is a bilinear form if for every aq, as €
K, vy,v] € V) and vy, v € Vs,

flaqvy + agv’, ve) = aq f(v1,02) + aaf (v, v2)
and

f(v1, @109 + aovy) = aq f(v1,02) + aaf(v1, v5) .

Definition 1.3.3 The tensor product Vi ® Vs is the dual of the vector space of all bilinear
forms on V; @ V,. That is, for each pair of vectors v; and vy, with vy in V; and vy in Vs, the
tensor product v; ® ve of v; and v, is the element of V; ® V, defined by

(11 @ v2)(f) = f(v1,02)

for every bilinear form f on V; & Vs.

By this definition and Definition 1.3.2, we have for every a;, ay € K, vy,v] € V; and
Vg, Uy € Vy,
(C1v1 4 agv}) @ vy = a1 (v ® V) + a(v] @ v3)

and
V1 ® (19 + ovh) = ap (v @ V) + (v @ vy) .
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Example 1.3.4 Let C* be the vector space of all complex-valued functions on a set A with
addition and scalar multiplication defined pointwise; that is, for all f and ¢ in C*,

(f+9)@) = [f(z)+g(z), (cf)lz)=cf(z), Voe€A ceC
Let A and B be any sets. We define for all f in C* and ¢ in CZ,

fgeC™  (fog)(r,y) = f(x)g(y), Y(z,y) € Ax B.

If X CC4and Y C CP are vector subspaces, the vector subspace
Z =span{f ®g: f € X and g € Y} of CA*® together with the bilinear map:

XxY =2, ([,9)=[®yg
form a tensor product of X and Y (denoted by X ® Y).

Definition 1.3.5 Let H; and Hs be two Hilbert spaces. A tensor product of H; with Hs is
the space Hq @ Ho :={> 1 hi ®k; : h; € H; and k; € Hy} with the following properties:
For all h, hl, hg S Hl, k, k’l, k’2 S HQ, and a € C:

(ah) @k =h® (ak) =a(h® k),
(h1+h2)®k:h1®k+h2®k,
h@ (ki + k) =h®k +h&ky.

By (h1 ® k1, ha ® ko)1, 0m, = (h1, ho)n, (k1, k2)7, , we obtain an inner product on H; ® Hs.
The completion of H; ® Hy with respect to this inner product is a Hilbert space, which we
still denote by H; ® H2 (See Proposition 3.2.1 in [4]).

Proposition 1.3.6 (Proposition 3.2.3 in [4]) If T; € B(H;), j = 1,2, Then there is a unique
linear operator Ty @ Ty € B(H1 ® Hs) such that

(T} ® :@)(i hi ki) = zn:Tl(hi) @ Ty(k:) |

forall h; € Hy, ki € Ho, i =1,2,...,n. Moreover, ||T) @ Ta|| = ||T1]| ||T2||-
We can see that for 71, 7] € B(H,1) and Ty, T, € B(Ha),
(T & T)(T, © T)) = (TLT) @ (TTY). (13)

and
(TR =Ty Ty . (1.4)
For all h, i/ € Hy and k, k' € H,,

((T1 ® T) (T © T2’)> (hok) = (T ®Ty) <(T1’ QTY)(h& k:)) — (T, @ T)(Tlh ® Tyk)
— Ty(T}h) @ To(T4k) = (TT)(h) & (BT (k) = () @ (B13) ) (h @ k).
Hence, (1.3) holds.

(Ty @Ty)(h@k),h @Ky 01, = (T1h @ Tok, ' @ K'Y, 0w,

= (Tuh, W )ay (Tok, K )0y = (R, TE R )y, (B, To K Y,

=(h@k,Tih @ T3k V2,01, = (h @k, (T Q T5)(W Q@ K )) 1 01, .
Consequently, (1.4) holds.
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1.4 Block Matrices
Definition 1.4.1 Let A € B(#1), B € B(Hz,H1), C € B(H1,Hs) and D € B(H3). Then
A B
v-(e5)
is called a 2x2-block matriz of operators with A, B,C and D as its entries.

The addition and multiplication of such matrices are the same as the addition and multiplica-
tion of the ordinary matrices.
We can see that M can be identified with an operator in B(H; @ Hs), where

Hi @ Hy = {(gl) : G € Hyand G €H2}
2

is a Hilbert space with the inner product

<(C1>7 (C}) >"H1€B"H2 = <C1a §1>H1 + <C27 C;>'H2 )
G/ \G

. A B\ [(G\ _ [AG+ B¢
belettlng(c D) <§;>_(C§1+Dé>'

Proposition 1.4.2
A B\ [ A C
C D ~ \ B* D* )’

where A*, B*, C* and D*are the adjoint operators of A, B, C and D, respectively.
Proof For every (,( € H, and &,& € H,, we have

(& 5) () () ()02 5) (),

Let .
A B (A By
(e3)-(en)
Therefore,
(&) (8 ) ((E) (6508 )
CC+DE )7\ € H1GHs ¢ )\ GiC +Dig Hoas

Hence,

(G Ay + (& By + (G CE Ny + (6, D7 )

= <AC, C/>7-l1 + <B€> C/>H1 + <CC7£I>"H2 + <D€7 £/>H2

= <C7 AlC,>H1 + <€a Bl€,>7'l1 + <§7 Cl€/>'H2 + <€7 D1€/>'H2‘
Thus we can infer that Ay = A*, By =C*, C; = B* and D; = D*. [ |

In a completely similar way, we can define the following:
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Definition 1.4.3 Let (H;)i., be n (n > 2) Hilbert spaces. Then M = (My)},_, is a
n x n — block matrixz of operators with M,; as its entries, where M;; € B(H;, H,;).

The addition and multiplication of such matrices are the same as the addition and multiplication

of the ordinary matrices.
We can see that M € B(H, @ Ha--- @& H,), where

G
G2 |
H1®He - ®@H, = : D GEeEH;,1=1,2,..,n
¢
or
Hi®Ha o @My = (GG G) G EHi s i=1,2,m)

is a Hilbert space with the inner product

G G .
delle]y -3

: ’ H1®H2--EHn i=1

Cn Cn

and

Proposition 1.4.4 M* = (MZ./].), where Mi/j = Mfz‘-

Remark 1.4.5 Let M, (B(H)) be the set of all n x n-block matrices whose entries are in
B(H). Then M,(B(H)) = B(H™), where H™ = H @& H--- & H (the direct sum of n
copies of H). We can endow M, (B(H)) with a structure of a C*-algebra inherited from
B(H™). Therefore M,(B(H)) has the structure of a C*-algebra, where (M;;)(Ci,...,(,) =
(Xt My G o 2251 MiniGs) (See page 3 in [17]).

Let A be a C*-algebra. By Gelfand-Naimark theorem (Theorem 1.1.17), C*-algebra A is
isometrically isomorphic to a C*-subalgebra of B(H). As M, (A) is a subspace of M, (B(H))
the C*-algebra structure on M, (B(H)) induces the C*-algebra structure on M,,(A).

Proposition 1.4.6 Let X be a compact Hausdorff space. Then

[1(fi5)]

Mn(e(x)) = SUD [[(fig ()|t (1.5)

Proof Consider for x € X, m, : M,,(C(X)) = M,, given by 7, ((fi;)) = (fi;(z)). We can see
that 7, is a *-homomorphism between C*-algebras. Hence, it is a contraction (See Definition
2.1.1 and the argument at the above of Example 3.2.15). Therefore,

(g @)z < (i)l atmcx)) -
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Consequently,

sup (i @D sz < (i)l agm ) - (1.6)

Let 2(X) == {&: X = C: [[§llix) = 2. 16(@)° < oo}, and let {e, : © € X} be an
orthonormal basis of £2(X), where e, is the indicator function over {z}. The map f — M;
from C'(X) into B(¢*(X)) is injective (M is the multiplication operator with symbol f). We
have

&
Fi)lla = [|[(M m sup H(M : =
iy = HM D Be0ym) = L i) oy
Em
Zr,j flj(x)£j<x>€:v 2
sup (we can write ¢; = Zﬁj(x)e
||(§ )))) gm)H 1,¢; 662 02(X))(m) -
1 ’ ng fm]( ) ( )6$ (e

Zz,j fly( )&j(w)es Zy,k fie(y)&(y)ey
:H(E Silulifeﬂ <( )7< | )>2 <m>:
T ijfm]( )& (w)e, zykfmk< Jr(y)e, / T D

SN @) (@) fulx) &) =

H(gl ----- n)” 15;662()( i x]k

& () & ()
sup Z<<‘fﬁ<x>><fij<x>>( s )( ; )>
[[(€1,Em)lI=1,€5€62(X) fm($) fm(ﬂf) cm

&lx)\
< el DN >|MmH< s )

[1(&15&m)| =1, &5 €62(X ()

(s BN ) s T (@@t (o)

(€1, 8m)lI=1,§€02(X) 7

<
Ccm

(sl @ falon) s (el + + nllon) =
zeX [1(§1,--&m)I[=1, & €02 (X)

sup 1(fig ()" (fis (@) m,,, = Sup (fis (@)1, -

Thus,
it cx)) < sup (i (@) |at, - (1.7)

By (1.6) and (1.7), we get (1.5). |



Chapter 2

Some Basic Dilation Theorems

This chapter illustrates what dilation theory is about and how it can be used: every object
in a general class of objects (e.g., contractions) can be viewed as a part of an object in a
better behaved class (e.g., unitaries).

2.1 The Concept of Dilations

Definition 2.1.1 Let H be a Hilbert space. Let K 2 H be another Hilbert space and
T € B(H) and S € B(K) such that Py S™|y = T" for all n > 0, where Py is the projection
on H. Then S is called a power dilation of T. If n =1, S is called a dilation of T or T is a
compression of S.

A power dilation S of T is called minimal if K = span{S™h: h € H and n=0,1,2,...}.
Definition 2.1.2 If S is a power dilation of 7" and SH C H (i.e. H is invariant for S) (so,
S™y = T™ for all n > 0), then S is called a power extension of T. If n =1, S is called an

extension of T'.

Remark 2.1.3 If S € B(H; ®Hsz) is a power extension of T' € B(H;), then S can be written
as the following block matrix
T x
(0 1)

and since

So, we get
nf( G\ _ (T
S ( 0 )= 0 , V¢ e H;.
Now if we identify H; & {0} with H;, then we will have S"|, =T™, Vn > 1.

Theorem 2.1.4 Let T' € B(H) be an isometry. Then there exists a unitary power dilation
of it.

17
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Proof If we define S on H® = H & H via

(T L—TT
s=(0 ™2,

then (Iy —TT*)( Iy —TT*) =1y —TT* —TT*+TT*TT* =1y —TT*, T*(Iy — TT*) =0
and (Iyy — TT*)T = 0 (since, T*T = Iy).
Now by Proposition 1.4.2, we have

SS* = §*S = L.

Also, by Remark 2.1.3, S will be a power dilation (extension) (i.e. S™| = T™ for alln > 1
if we identify H & {0} with H). Hence, S is a unitary power dilation of 7' |

2.2 Dilation of a Single Contraction

One of the better-known dilation results is due to Sz.-Nagy that asserts that every contraction
can be dilates to a unitary operator. In this section we will discuss this result together with
its famous applications.

Definition 2.2.1 A linear bounded operator 7' : X — Y between normed vector spaces X
and Y is said to be a contraction if its operator norm ||T|| < 1.

In particular, T' € B(H1,Hz) is a contraction if ||Th||y, < ||h||p, for all h € Hy; that is,
T < 1.

Remark 2.2.2 If T' € B(H1,H>) is a contraction, then I3, —T*T > 0 and Iy, — TT* > 0.
In fact, if ||T|| < 1, then ||Thy|3, < [|Mll3, for all hy € Hy. Therefore, (T*Thy, hy)y, <
(h1, h1)3,, and hence, (hy — T*Thy, hy)3, > 0; that is I, — T*T > 0. The argument for the
other inequality is completely similar. Conversely, if Iy, — T*T > 0 or Iy, —TT* > 0, then
0 < T*T < I, or 0 < TT* < I,, and by Lemma 1.2.8 iii), ||T|]2 = ||T*T|| = [|TT*|| <

By Remark 2.2.2 and Continuous Functional Calculus (Theorem 1.1.15), the operators
Dy = (I, = T*T)"? and Dy« := (I, — TT*)"?

are well defined (See also Corollary 1.4.1 in [6]).

Lemma 2.2.3 If T € B(H1,Hs) is a contraction, then T Dy = Dp:T.
Proof [15] We have

TD2 =TIy, —TT) =T —TT*T = (I, — TT*)T = D2.T.
By iteration we will get

T(D3)" = (D7.)"T, n=0,1,2,3,...
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Hence,
Tp(D3) = p(D7.)T, for every polynomial p.

If we take a sequence of polynomials p,,(t) that tends to the function v/¢ uniformly on [0, 1],
then p,,(S) tends to S'/2 in norm for any self-adjoint operator S with ¢(S) C [0,1]. This is
a consequence of the spectral representation of S (Theorem 1.1.15). By applying these kinds
of polynomials, when m — oo we will get T'Dp = Dp:T. |
We can now present a construction for isometric power dilation of a contraction.

Theorem 2.2.4 (Sz.-Nagy’s isometric dilation theorem) Let T' € B(H) be a contraction.
Then there exists a minimal isometric power dilation of it.

Proof [17] We have
DrhIB, + IThIZ = (D3R, By + (T*Th, by = |[BI, . Wh € M.
Now we define
C(H) = {(hl,hQ, L)t by € Hforalln, S [[hy|? < +oo}
n=1

which is a Hilbert space with the inner product

o0

((h1,ha, o), (R Ky ey o= Y (s B

n=1
We deﬁne S : £2<H> — 62(?‘[) via S((hl,hg,hg, )) = (Thl,DThl,hQ,hg, ) Since
IS((ha, has ha, I = [ITha|[® + [[DTha|* + ||l [* + [[ha][* + - - =
Rl P+ Rl ? + [[Ral[* + - - = [[(h1, ha, ha, )P

S is an isometry on (*(H). If we identify H & {0} & {0} @ {0}... with H, then we will infer
that PyS"|y = T for all n > 0, since

S™((hy, ha, hs,...)) = (T"hy, DyT" *hy, DyT" 2hy, ..., Dphy, ho, hs, ...).

SO7 Sn<<h1, 0, 0, )) = (Tnhl, DTTn_lhl, DTTn_th, ceey DT]’LI, O, 0, ), and therefore,
P3S™((hy,0,0,...)) = T™hy. Thus S is an isometric power dilation of T. Next we will show
that S can be chosen to be a minimal power dilation. Let K := H & D @& D @ ..., where

D := Dr(H). Then we can see that H C K and
K =3span{S™((h,0,0,...)) : he Hand n=0,1,2,...} =span{S"H : n=0,1,2,...}.

Hence S(K) C K. Therefore, it will be a minimal isometric power dilation on K of T". Also
S*(K) C K, and moreover, since

S*((hy, by, hs,...)) = (T*hy + Drhy, hs, hy, ...),
we have
S*"((hy, ha, hs,...)) = (T*"hy + T*" Y Drhy + -« + T*Drhy 4 Drhost, hoo, hoss, -..).
Hence, S*"|y = T*" for all n > 1. |
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Remark 2.2.5 Note that by Lemma 2.2.3, TDy = Dp«T and T*Dp« = DyT*. Also by
Proposition 1.4.2, we infer that

T Dy
U= € B(H®)
Dy —-T*

is a unitary dilation of T', since U*U = UU* = I,») and T' = Py U|y. But U is not a unitary
power dilation of T.

Theorem 2.2.6 (Sz.-Nagy’s unitary dilation theorem) Let T' € B(H) be a contraction.

Then there exist a Hilbert space K containing H as a subspace and a unitary operator U on
IC such that T = PyU™|y , Yn > 0.

Proof [17] Let K := (*(H) ® (*(H) and identify H with (H @ {0} & {0}...) ® {0}. Let S
be an isometric power dilation of T on ¢*(H) which exists from the proof of Theorem 2.2.4,
and let U be the unitary power dilation of S on ¢*(H) @ ¢(*(H) by Theorem 2.1.4. Since
H C (?(H) @ {0}, so we will have that PyU"|y = PyS"|% =T", ¥n > 0. |

An immediate consequence of the above theorem is the well-known von Neumann’s inequality:

Theorem 2.2.7 (von Neumann’s inequality) Let T be a contractive operator on a Hilbert
space H. Then for any polynomial p,

lp(D)] < sup{lp(2)[ - 2 € C, |2 = 1}.

Proof [17] Let U be a unitary power dilation of T’ (by Theorem 2.2.6). Since 7" = Py U"|y
for all n > 0, p(T) = Pyp(U)|3, and hence ||p(T)|] < ||p(U)]|. Since U is unitary, and hence
normal, by Theorem 1.1.14 3) and Theorem 1.1.15 ¢), |[p(U)|| = sup{|p(N)| : X € o(U)},
where o(U) denotes the spectrum of U. On the other hand, since U is unitary, by Theorem
1.1.14 2), o(U) € {X € C: |A\| = 1}. Thus the result follows. |

2.3 Dilation of Commutative System of Contractions

A natural question that arises is whether the previous results can be generalized to some
families of operators. In particular, whether families of commuting contractions can be
considered as a part of commuting unitaries as the latter can be well-understood through
spectral theory of such families.

The concept of dilation for a tuple of operators is similar to Definition 2.1.1.

Definition 2.3.1 Let T = (13,1%,....,7,) € B(H)" and V = (V4, V5, ..., V,,) € B(K)" be
tuples of commuting (7;1; = 71,T; and V;V; = V;V;) bounded operators on H and K
respectively, where H C K are two Hilbert spaces. The operator tuple V is called a power
dilation of the operator tuple T if

THTY . T = Py VIV VR k>0, 1<5<n.



2.3. DILATION OF COMMUTATIVE SYSTEM OF CONTRACTIONS 21

We will see that it is not possible to dilate arbitrary family of commuting contractions to
unitaries, but possible for two commuting contractions.
Ando gave a generalization of Sz. Nagy’s dilation theorem for two commuting contractions:

Theorem 2.3.2 (Andé’s isometric dilation theorem) For every commuting pair {1, T»}
of contractions on a Hilbert space H, there exists a commuting isometric power dilation
{V1,Va}; that is, there exist a Hilbert space I O H and two commuting isometries Vi and Vs
on IC such that

T2 = Py Vi V%, VYng,me > 0.

Moreover, Vi and Vs can be chosen such that V;*|y =T fori=1,2.

Proof [15] Let (?(H) =H®H S H D --- be the direct sum of infinitely many copies of H
(h = (ho, b1, ha, - +) € (H), hn € H, 1|22y = 2020 [|7nllf < 00). H can be embedded
in (>(H) as a subspace H & {0} & {0} & ...

We define on ¢2(H) the operators W, and W, by

Wi(ho, ha, ha, ...) := (Tiho, Dr,ho, 0, by, by, ...), 1 =1,2.
We recall that Dy = (I — T*T)l/Z. W, and W5 are isometric because
|| Tohol 3¢ + 1Dz hol 3 = [[Poll5

but in general do not commute.
Let HY = H & H © H © H. By the natural identification

(h07 h17 h27 ) = (hOa (hh h2) h37 h4)7 (h57 h67 h77 hS)a )

we have Z2(H)=HOoHY o HD @ ...
Let v be a unitary operator on H¥, determined later, and define an operator V on ¢?(#) by

V<h07 hla hQa ) = (h07 'U(hly h27 h37 h4)7 U<h57 hﬁa h77 h8)7 )
Since v is unitary, then V is also unitary and
V_1<h07 hl) h?; ) - V*(hOa h17 h/27 ) - (hOa U_l(h17 h27 h37 h4)a U_l(h/57 hﬁa h77 hS)? )

Set V; := VW, and Vs := W5V 1. These are isometries on 62(7-[) as products of isometries.
We try to find a v such that V; and V5 commute.
First we calculate V1 V5 and VoV

ViVa(ho, by, by, ...) = VIViWLV " (ho, by, ha, ...

= VWi Ws(ho, v (hy, ha, hs, hy), v (hs, he, hz, hs), ...)

= VW1(Tvho, Dr,ho, 0,07 (hy, by, hs, hy), v (hs, he, hr, hg), ...)

= V(T1Toho, D1, Tohg, 0, Dg,ho, 0,0~ (hy, ho, hs, hy),v™ " (hs, he, hr, hg), ...)
= (T1Tsho, v(Dg, Tohg, 0, Dp,ho, 0), (hy, ha, hs, hy), (hs, he, by, hg), ...)
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and

VaVi(ho, hay ha, ...) = Wo V' VW (o, ha, ha, ...) = WoWi(ho, by, ha, ...) =

WQ(TlhO, DTth, 0, hl, hg, ) = (TQTth, DT2T‘1h07 0, DTlh(), O, hl, hg, )
Since 1115 = TyT7, V1Vo = VoVi if and only if

’U(DTlTQh, 0, DTQh, O) = (DT2T1h, O, DT1 h, 0), Vh € H. (21)
Now by
|Thl 3 + 11 Drhl 3 = [[Alf, i = 1,2,
T Toh] 3, + 1D Tobl 3, = | T2h 1
and

| ToT1h[5, + || D, Tuh|[3, = ||Tih| 13,

for all h € H, we will have
(D7, Teh, 0, D1y h, 0) 3,00 = D1, Toh|[5,+ || Dry bl 15, = | Tl 3 — [ TVToh |7+ 1[5, — | ToRl 15,

= [|h|5, — [T Toh| 3,

and
(D1, Tyh, 0, D1y h, 0)|3,0 = [|Dr Tih|3, 41| Dry bl |3, = [|T1k5, — [T Tik| |5+ | [R5 — || T1 A1,

= |I1l[3; = IT2Tahl 5, = |IR][5, = I TRl I3, = (D, Toh, 0, Db, 0)] 5,0 -

Hence we can define an isometry v by (2.1) from
Ly = span{(DTngh, 0, D1,h,0) € HW : h e 7-[}

onto

Ly = span{(DTQTlh, 0, Dy h,0) € HWD : h e 7—[}

v extends by continuity to an isometry from N; := L, onto N5 := L5. It remains to show that
v can be extended to an isometry from the whole space H* onto itself. This is equivalent
to the assertion that the subspace Ni* = H® o N} and Nj- = H® © N, have the same
dimension. When H and hence also H* have finite dimension, this is obvious, because £;
and Ly are isometrically isomorphic. When H is infinite dimensional, we have

dimH = dimH® > dim N > dim M, i=1,2

because both At and N3+ contain subspaces of the same dimension as H (subspaces isometric
to H), for example the subspace {(0, h,0,0) : h € H}. Thus dim Nj- = dim N3-. Let {e14}acr
be an orthonormal basis for Nf and {eaq }aer be an orthonormal basis for ./\/}. We can define
v(€1q) = €24, for each a € I. Therefore, v can also be extended to an isometry from N, f onto
N3-. If the unitary operator v (as vH® = H® | v is unitary (a surjective isometry operator))
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is determined in this way, the operators V; and V5, will be two commuting isometries on
K := (*(H). They satisfy

%(h07h17 ) = (ﬂh07h17 )7 1= ]-727

and hence
‘/1“1‘/2”2(h0, hl, ) = (T{“Tgmho, hl, ), ‘v’nl,ng Z 0.
Consequently
Py Vi"Vy?h =T T5%h, Vh € ‘H and Vng,ny > 0.
It is straightforward to see that V*|y = T;* for i = 1,2. |

Theorem 2.3.3 Let Vi and V5 be two commuting isometries on a Hilbert space H. Then
there are a Hilbert space K O H and two commuting unitaries Uy and Uy on K such that

U1|7-L = V1 and U2|H = VA.

We remark that a simple modifications of the proof of this theorem yields that the same is
true for any finite number of commuting isometries.

Proof We first find a unitary extension U; on a Hilbert space K of the isometry V; by
Theorem 2.1.4, or Theorem 2.2.6. Without loss of generality (See Corollary 3.2.17), we may
assume KC = span{Ul'h : n € Z and h € ‘H}. We are willing to define an isometric extension
W on IC of V5 which would commute with U;. We define W on the subspace

M = span{U'h : n € Z and h € H}, via

N N
W(Y Ulhy) = > UiVahy, hy €.
n=—N n=—N

We can see that

N N
1Y UiVahalle = D (UVaha, U"Vahun)ic =
n=—N n,m=—N
S UF T Vah, Vahn)ic + S (Vahin, U™ Vahy) o =
n>m n<m
Z(Vln_m‘/ghn, Vol )i + Z(Vghn, V" "Vahy)c (since Uy is an extension of ;)
n>m n<m
= Z(Vng”_mhn, Vohm) e + Z(Vghn, VoVi™" " hm)c (since Vi and V5 commute)
n>m n<m
= Z V" hy ) e + Z (h, VI" " )ic (since Vs is an isometry)
nzm n<m
=) (UP s han) e+ (B, U )i =
n>m n<m

N N
Z (U ™ hpyy hin)ic = Z (Ul'hp, U"hun)c (since U is a unitary)

nm=—N nm=—N
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N
=1 > Ulhall}.
n=—N

Hence, W is a well-defined operator and an isometry on M. By definition of W, we can see
that Wh = Vsh, for all h € H. Thus, W is an extension of V5.
Because M = K, W extends by continuity to an isometry on K. Moreover,
UW(UPR) = U (UMWah) = U'Wah = W(UPh) = WU (UPh). So, U; and W commute
on M, and by continuity, they commute on K.

Note that if V5 is a unitary, then we can take Uy = V5.
If V5 is not a unitary, then W extends to a unitary U; on a K D K. U; can be also extended
to a unitary U’ on K in such a way that Uy and U’ commute. Let

I Ul 0 o w I-ww+
U‘(o m)’%_(o W*)'

U’ and U, (See the proof of Theorem 2.1.4) are unitaries. We have

WU, U, — WW*U, v, — (OW U= v
0 W*U, ’ 2 0 U,w* '

Since, WU, = UyW, then UyWU, = UfU,W = W, so, UyWU, Uy = WU;. Thus,

UU = (

UW =WU;.
Consequently, (UfW)* = (WU;)*; that is,

WU, = U,W*. (2.2)
Therefore, by (2.2) and WU; = U; W, we can conclude that UsU’' = U'U, on K. Also,
Ush = Wh =Voh and U'h = Ujh = Vih for all h € H. [ |

Remark that another strategy for extending U to a unitary U’, will be indicated in the proof
of Theorem 2.3.7.

Theorem 2.3.4 (Andd’s unitary dilation theorem) Let T and T, be two commuting
contractions on a Hilbert space H. Then there are a Hilbert space IC O H and two commuting
unitaries Uy and Uy on IC such that

TMTy? = PyUMUS? |y, Vng,ng > 0.

Proof We have a commuting isometric power dilation {V;, V5} on the space ¢?(H) of {Ty, T}
by Theorem 2.3.2. Then we can extract a commuting unitary extension pair {U;, Us} of
{V1,V2} on a KL by Theorem 2.3.3. Now, {U;, Us} is the required power dilation: Because U;
and U, commute and for any h € ‘H and nqy,n, =0,1,2, ...

pHUlnlUQTQh = PH‘/ln1‘/2n2h (since {Ula UQ} extends {‘/1"/2} and h € H g EZ(H))
=TT h (since {V4, 5} dilates {17, T5}).

The above theorem produces two variables von Neumann’s inequality:
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Theorem 2.3.5 (Two variables von Neumann’s inequality) Let T} and T be two
commuting contractions on a Hilbert space H. Suppose p(zi, z2) is any polynomial in two
variables. Then

[p(Th, T2)|| < sup{|p(z1,22)| : 21,22 € C, |21] = |z| = 1},

Proof Let K O H be a unitary dilation space for {71, T2} and {U;, Us} be two commuting
unitaries on K as obtained in Theorem 2.3.4. Since U; and U, are commuting unitaries,
all four Uy, Uy, U] and U; commute. Therefore, the C*-algebra X generated by U; and U,
is commutative. So by Theorem 1.1.18, Theorem 1.3.1 in [6], or 11.18 Theorem (Gelfand-
Naimark) in [19], X is isometrically *-isomorphic to C(A), where A = sp(X) is the set of all
multiplicative linear functionals (complex homomorphisms) y on X, namely

A={x:X — C|0# x is linear and for all a,b € X, x(ab) = x(a)x(b)}

(a) for all a € X (See the proof of
X(1x) = 1. Thus,

(See also 11.5 Theorem in [19]). Note that x(a*)
Theorem 2.2.4 in [1]). Such functionals satisfy || x|

IX(U)I? = x(Ui)x(Us) = x(Ua)x(U}) = x(UiU]") = x(1x) =1, i=1,2.

So for any polynomial p(zi, z3), we have

|Ip(Ut, Us)|| = sup [x(p(U1, Us))]
XEA

= sup |p(x(U1), x(Us))] (since x is multiplicative and linear)
XEA

< sup Ip(21, 22)|-

|Z1‘:|Z2‘:1,21,Z2€C

Hence,

[[p(T1, To)|| = [|Pup(Us, Uz) ||| < [lp(Us, Uz)|| < sup{|p(z1, 22)| : 21,22 € C, |21] = |22| = 1}.
[ ]

Remark 2.3.6 As it was noted this result can not be generalized to more than two commuting
contractions. Namely, there exist three commuting contractions 7,75 and T3 on a Hilbert
space H and a complex polynomial with three variables such that

|p(T1, To, T3)|| > sup |p(2)].

2€T3
Consequently, 77, Ty and T3 have no unitary, and hence also no isometric dilation.

The following example of such three operators has been presented by Crabb and Davie [22]:
Let ‘H be a Hilbert space H with orthonormal basis @) := {e, f1, fo, f3, 91, 92, g3, h }, and define
isometries T, 7T, and T3 by
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Clearly, these are contractions: As Tjv L T;v/', v # v/ and 1 > ||Tjv||* (= 0 or 1) for any
V7y/ E Q? .7 = 172737

1T |[* = [[MTje + AaTifr + ATy fo + MTj fo + AsTigr + AeTig2 + ArTigs + AsTih|[?
8
<D P =P
j=1

where o € H such that © = Aie+ Ao fi + A3 fo+Aafs + X591 + Aeg2 + A7gs + Agh, where \; € C.
Also, one can verify that T;7; = T,T;, fori,j =1,2,3. Now let

p(21, 20, 23) = 212023 — 25 — 25 — 23,
By calculation we see that p(74,Ts, T3)e = 4h, so that ||p(T1, T2, T3)|| > 4. On the other
hand, |p(z)| < 4 for all z € T?, so by compactness of T?, we get sup,cqs [p(2)| < 4, as
required.
Assertion [p(z)| < 4 for all z € T3.
Proof Let z; =€, 0; € [0,2n[, j =1,2,3. We have

p(2)|?
=4 — 2( cos(—201 + 0 + 05) + cos(0; — 20, + 03) + cos(6y + 05 — 293)>

|6i(91+92+93) _ 63i91 _ 63i92 _ €3i93|2

+2 ( COS

~—~

36, — 363) + cos(362 — 3603) + cos(303 — 3«91)).
Assertion is equivalent to
—cos(—20; + 0y + 63) — cos(6; — 205 + 03) — cos(f; + O — 263)

+ cos(3601 — 365) + cos(36, — 365) + cos(363 — 361) < 6, V6, € [0, 27].

The above inequality is obvious if < has been replaced by <, because |cos(.)| < 1. Hence,
we must show that the equality does not hold. Assume it holds. Therefore,

cos(36, — 36,) = cos(36y — 363) = cos(303 — 36,) = 1,

and
cos(—201 + Oy + 05) = cos(0y — 205 + 03) = cos(6y + O — 203) = —1.

Consequently,
{60y — 05,05 — 03,05 — 0} C {0, —27/3,27/3, —4m/3,47/3}.
By subtraction of members,
{—201+05+05,0,—205+05, 01+60,—2603} C {0, =27, 27, =27 /3,27 /3, —47 /3, 4w /3, —8m /3,87 /3}.
on the other hand,

{—201 + 92 + 93701 — 202 + 83,‘91 + 02 - 203} Q {—7’(’,71', —371',371’},
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which is a contradiction, and therefore assertion is proved.

Another example has been presented by Kaijser and Varopoulos [17]:

Consider the following operators on C®:

0 0 0 0
1 0 0 0
Mi=|0 0 0 0
0 0 0 0
0 1/v/3 —1/v/3 —1/V3
0 0 0 0
0 0 0 0
My,=]1 0 0 0
0 0 0 0
0 —1/V3 1/v/3 —1/V3
and
0 0 0 0
0 0 0 0
Ms= |0 0 0 0
1 0 0 0
0 —1/v/3 —1/V/3 1/V3

o O O oo o O O oo

o O O O

0

27

We can see that || M;]| = |/ Amax(MIM;) =1, j = 1,2,3, and M;M; = M;M;, for i, j = 1,2,3.

Now, we consider the polynomial

p(21, 22, 23) = zf + zg + z§ — 2(z129 + 2023 + 2321).

Then
sup [p(z)| = 5,
2z€T3
but
0 0O 0 O
0 0 0 O
p(M17M27M3) - 0 0 0 O
0 0 0 O
33 0 0 0
Therefore,

|lp(My, Mo, M3)|| = 3V/3 > 5 = sup |p(z)].

2€T3

o O O O O
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Assertion sup, s |p(z)| = 5.
Proof Let 2y = —e12z3 and 2o = —e®z3, 0, € [0,27], j =1,2,. We have

Ip(2)|* = ¥ 4202 4142671 42672 26101 H01) |2 = 1542 cos(26, —26)+2 cos (26, ) +2 cos(26,)
+4 cos(2601 — 0s) + 4 cos(202 — 01) — 4 cos(0; + 0s).

Assertion is equivalent to

sup (008(281 — 205) + cos(20;) + cos(20,) + 2 cos(260; — 65)
(61,02)€[0,27[x[0,27[

+2¢08(20 — 01) — 2 cos(f; + 92)> = 5. (2.3)
Let define for every (x,y) € [0, 27] x [0, 27],
f(z,y) := cos(2x — 2y) + cos(2x) + cos(2y) + 2 cos(2x — y) + 2 cos(2y — x) — 2 cos(x + y).

The interior extrema of f in |0, 27[x]0, 27| satisfy the equations %(x,y) = g—fyc(x,y) = 0.
Therefore, we will have

cos(x — y/2) (4 cos?(y/2) sin(x — y/2) — sin(3y/2))
= cos(y — x/2) (4 cos?(x/2) sin(y — x/2) — sin(3:z;/2)> = 0.

By a boring calculation, we find that the set of the interior extrema of f is equal to
{(r.7), (7/3,27/3), (27/3,7/3), (273,47 /3), (47 /3,27 /3) U
{(w/s, 51/3), (51/3,7/3), (473,57 /3), (57/3, 47r/3)}.

The rest of the extrema must be on the boundary of [0, 27] x [0, 27]; that is,
({0,27?} % [0, 27r]) U ([o, 21 x {0,2#}).
We have

—3< f(0,y) = f(2m,y) =1+4cos(2y) <5, —3< f(x,0)= f(z,27) =1+4cos(2z) <5,

and
f(n/3,2r/3) = f(2n/3,7/3) = f(2m/3,4m/3)
= f(4n /3,27 /3) = f(4n /3,57 /3) = f(5m/3,47/3) = 1/2,
f(m,m)=-3, f(n/3,57/3) = f(bn/3,7/3) = —15/2.
Hence,

min flz,y) = —15/2,

(z,y)€[0,27] % [0,27]
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and

max T,Y) =5.
(z,y)€[0,27] x[0,27] f( y>

Thus, sup in (2.3) will be max at (6y,0) € {(0,0), (0,7), (7, 0)}. Indeed,

—_— 5 d — 0 .
.

A question arises whether or not von Neumann’s inequality holds for 3-tuples of 3x3 and 4x4
commuting contractive matrices. Holbrook [10] found a 4x4 counter example in 2001, and
the question of whether von Neumann’s inequality holds for three 3x 3 contractions remained
open until finally, Knese [11] showed that in the 3x3 case the inequality holds. Tt is still
an open problem whether or not every three commuting 3x3 contractions have a commut-
ing unitary dilation; the case of four 3x3 contractions was settled negatively by Choi and
Davidson [5].

Note that the first example of three contractions that do not admit a unitary dilation did
not involve a violation of a von Neumann type inequality. Parrott [16] showed that if U and
V' are two non-commuting unitaries, then the operators

0 0 0 0 0 0
n=(rn) m=(00) = (v o)

are three commuting contractions that have no isometric dilation. However, these operators
satisfy von Neumann’s inequality.

Despite such examples, it is possible to have a kind of generalization of Theorem 2.3.4 by
substituting isometries for contractions:

Theorem 2.3.7 Let {Vi, Vs, ...,V,,} be a set of commuting isometries on a Hilbert space H.
Then there are a Hilbert space KK O H and a set of commuting unitaries {Uy, U, ...,U,} on
IC such that

Vimvym e v = Py UM U - U gy, Ymy,mg -+ -my, > 0.

Proof [17] Let U; on a Hilbert space K; be a unitary power dilation of V; by Theorem 2.1.4,
or Theorem 2.2.6. Without loss of generality (See Corollary 3.2.17), we may assume

K1 =3span{U'h: n € Z and h € H}.

For i # 1, there is a well-defined isometry W; : Ky — Ky given by the formula (See the proof
of Theorem 2.3.3)

N N
Wil D Utha) = Y UiViha.
n=—N n=—N

We can see that

WiW;( Y Utha) = Wil ) UiViha) = ) UpViVih, =
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N N N
Y UrViVihy = Wi( Y UiVika) = WiWi( Y Urhy).
n=—N n=—N n=—N

Therefore, W; and W; commute on K. As in the proof of Theorem 2.3.3 we see that if V; is
unitary, then W; is also unitary, {Uy, W, ..., W,,} commute and

VMV VT = Py UMW - W |y, g, mg - my > 0.

Now continue by next taking the unitary power dilation U; of W5 on a Hilbert space
Ko = span{Uyk : n € Z and k € Ky} and extend U; to an isometry U, on K, via
U(N  Usk,) = SN UyUyk,, which will be unitary by the above argument, and
W, (j > 3) to an isometry on Ky by W;(3°N__  Upk,) = 32N UsW,k,. Consider

{(71, Us, W, ..., Wn} on KCy. Thus, after n such dilations and extensions, we shall obtain an
n-tuple of unitaries on a Hilbert space K, with the desired properties. |

Corollary 2.3.8 Let {V1,Vs,...,V,,} be a set of commuting isometries on a Hilbert space H,
and let p;j, 1,5 = 1,2,---m, be polynomials in n variables. Then

(i (Vi Va, -+ Va))llsgeemy < sup{[[(pij (21, 22, -+ 20))|

Proof [17] For unitaries Uy, Uy, - -+, U, as in Theorem 2.3.7, we have

M, 2k €C, |zl =1, 1 <k <n}.

pij(vbv% o ’aVn> = PHpij(Ula U27 tty Un)|7—l

and hence
H(pija/lavéf : ’Vn))H < ||(pij(U1aU27' : 7Un))||

Let A = C*(Uy,...,U,) be the C*-algebra generated by Uy, ...,U,. So, A = C(X), where
X = sp(A) is the space of all characters of A, by Theorem 1.1.18. Therefore, M,,(A) =
M,,(C(X)). Hence,

(i (U1, oo, Uty = @3 (U, oo, U s,

where Uj is the Gelfand transform of U;. The above equality holds by the fact that for all
a,be Aand \,u e C

~

N+ pb=Na+pb, ab=ab, |la||=]|a||w.
Now, by (1.5) in Proposition 1.4.6
(i (U1, oo Un) [ atm(cxy) = Sup @i (U100, Un 0O |
X
= sup ||(pi; (X(U1), -, x(Un)))||at,,
XEX
S Sup{”(p’ij(zlaZZ) o 7Zn))||Mm D2k € Ca |zk| = 17 1 S k S n}a

since [x(U;)|=1,j=1,2,..,n |

One of the useful application of Theorem 2.3.4 is the following theorem due to Sz. Nagy
and Foiag:
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Theorem 2.3.9 (Commutant lifting theorem) [17] Let T € B(H) be a contraction, and
let U € B(K), K O H, be a (the minimal) unitary power dilation of T. Let R € B(H)

commutes with T (TR = RT'). Then there is a simultaneous dilation of R to an operator
S € B(K) such that SU =US, ||S|| = ||R|| and RT™ = Py SU"|3, for alln > 0.

Proof [17] By scaling we may assume that ||R|| = 1. Hence by Theorem 2.3.4, there
exist two commuting unitaries U; and U, on a Hilbert space K; containing H such that
T"R™ = PyU}U |4, for all ny,m > 0. Let K := span{U{'h : n € Z and h € H}. Then K is
a reducing subspace for Uy, and U = PcU, |k is a (the minimal) unitary power dilation of 7.
Relative to K; = K @ K+ we have operator matrices

U 0 S B
Ul_(o X)’ UQ_(C D)'
Since U1Uy = UsUy, it follows that US = SU, and that SU" = PcUsU7|x, for all n > 0.

ThUS, PHSUn’H = P’HUQU{L‘H = RT”, for all n Z 0.
Finally, 1 = ||R|| < ||S]| < ||Uz2|| = 1. Therefore, ||R|| = ||S]|. |

We can do the same (commutant lifting theorem) for an isometric power dilation simply by
dilating the isometry to a unitary, applying the commutant lifting theorem, and restricting
back down.

Corollary 2.3.10 (Theorem 3.9 in [22]) Let T' € B(H) be a contraction, and let V € B(K),
K 2 H be an (the minimal) isometric power dilation of T and VH* C HL (equivalently,
V*H C H. In fact, V is an isometric co-extension of T). Let R € B(H) commutes with T
(IR = RT'). Then there is a simultaneous power dilation of R to an operator S € B(K) such
that SV =VS, ||S|| = ||R|| and R™T"™ = Py S™V™|3, for all m,n > 0.

2.4 Nevanlinna-Pick Interpolation

The purpose of this section is to illustrate how classical theory of dilation can be applied
in complex function theory to prove Nevanlinna-Pick Interpolation theorem due to Pick and
independently to Nevanlinna. The proof is based on Sarason’s work [21].

2.4.1 The Problem

The Pick interpolation problem is simple to state: let zq,z2,---, 2, be distinct points in
D:={z€C: |z] <1} and let wy, ws, -, w, € C. Is there a function
fe H®=H®D):={f € OMD)| ||fllo :=sup,ep |f(2)| < oo} such that

(1) f(z;)) =w; forall j=1,2,---n, and (2) ||f||ec < 17

Here O(D) denotes the set of all analytic functions on . The norm ||.||« turns H* into a
Banach algebra. It is obvious that there is no such a function if |w;| > 1 for some 1 < j < n.
So we assume that |w;| <1 for all 1 <i <mn.

It is a common knowledge that one can always find a polynomial that interpolates the data,
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in the sense that (1) holds. The whole point is that we need (2) to hold as well.
Recall that an n x n matrix M = (a;;)}';=; , ai; € C is said to be positive semi-definite if
for every v = (vi, v, -+, v,)T € C"

<MU,U> = Z aijvj@ Z 0.

,j=1

If M is positive semi-definite, then we write M > 0. Note that identifying M with a linear
operator M : C" — C™, we get a positive operator in B(C").

Theorem 2.4.1 (Pick’s_interpolation theorem) Given distinct points z1, 29, -+, 2, in
D and wy,wy, -, w, in D, there exists a function f € H*> so that f(z;) = w; for all i =
1,2,---,n and || flloo <1 if and only if

1—’(1]1'7173‘ " >0
L=2zj )00 '

The above n x n matrix is called the Pick matriz.

2.4.2 Preparation For Proof

The Hardy space H* = H*(D) is the space of analytic functions h(z) = Y > a,z" on the
unit disc D that satisfy > 7 |an|* < co. H? is a linear subspace of O(D), and that

o oo [o.¢]
<E anz", g bpz") g2 = E anby,

defines an inner product which makes H? into a Hilbert space, with norm

o0

1Bl[72 = Y lan].

n=0

In fact, the map

where

f(2) =) anz"

n=0
is a unitary isomorphism of ¢? onto H?, so the Hardy space is a Hilbert space.
For w € D, consider the element k,, € H? via

S —-n.n 1
kw(2) ::sz =T e
n=0

Then for h € H?, via h(z) =Y~ a,z", we have

(h, kw)gz = <Z anz", Z@"z”)m = Zanw” = h(w).
n=0 n=0 n=0
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The function k, is called the reproducing kernel of H%. Let py(z2) = Zi\’:o a,2". We have
|2 = 35N an|?. Also,

1 2
_/ z@lZdQ__/ |Zanm02d9_%

™

(S ()

n=0

ziv: an|2-|—— Z anam/ eiln= m>9d0—2|an|2

n=0 n,m=0
n#m

Hence,
N 1 2m )
Il = >l = 5 [ Iow(e) ds. (2.4
n=0 0

Let h € H? via h(z) =Y 07 yanz" (80, Y ooy lan|? < 00) and py — hin H? as N — co. We
have for 0 < r < 1,

1 2w ] 1 2 .
1hllfe = 5= | 1h(re®) P db) < | 1B} — lpnlle| + | lonllFe — 5= [ |pw(e®)? dé

2 2

™ Jo ™ Jo

1 o ANPA 1 o AYPA
om [ x(eDFas— o | nGre?) 2 do)
T Jo 2m Jo
1 2T 1o 1 27 -
= 2o — — [ |h(re d&’
tlom [ oxtenPao - 5 [ ne)
N o]
+‘ E lan|* — E |an|?r®"

(1—7‘ ) an|? + Z || ?r?".

n=0 n=N+1

= B2, — 2
by (2.4) | 1Pl = ol

— [ Bl132 = llpw i

< | IRl = llpw 13| +

If r — 17, then

o0
2 laal*

n=N+1

‘ 1 2 )
imsup |1l = 5= [ 107" do] < | blFs = llwl e +

r—1-

Now, if N — oo, then
2
B2 = lim—/ Ih(re®)[2 df. (2.5)
r, 1 0
Therefore if f € H*, then by (2.5)

Y i i 2

01 =t o [ eI db < (supl ) 10l
r 271 f, z€D

and hence H*H?* C H?. Moreover, if we let M : H* — H? given by M¢(h) = fh, then

M| < 1l (= stp | £2)) (2.6
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We can see that
<th7 kw>H2 = <fh’kw>H2 = (fh)(U)) = f(w>h(w)7 VweD, fe H>, he H?.

Hence,

(hy M)z = (Myh, k)i = F(w)h(w) = f(w){h, )z = (b F(w0)k) g2

Thus,
Mk, = f(w)k,, YweD, feH™.

Therefore we have

Mgl TRl = IIMEHTRo|| 2 | MEEw|| = [ ()] [[F|] = [f(@)] [F]], Vo € D.

Hence,

M= 1 f]loo- (2.7)

By (2.6) and (2.7), we get
IMpll = [flloc, VfeEH™.

By M. we mean M, (1(z) = z). Now let T € B(H?) commutes with M., and let T(1) =
f € H% Since TM, = M, T, T(t") =."f, for all n > 0. Hence for py = ij:o ant*, T(p) =
SN sanT () =N a,"f = pf. As T is bounded, then one can show that f € H> (see
the proof of Theorem 2.4.6). Consequently as polynomials are dense in H?, one obtains

T(h) = fh, Yh e H”.
Thus we have the following lemma:

Lemma 2.4.2 (i) H*H?* C H?. Moreover, if we let My : H> — H? given by M;(h) = fh,
then || M¢|| = [|f||oo for all f € H*.

(ii) If T € B(H?) commutes with M, , then there exists a function f € H* such that
T = M;.

Now we are ready for the proof of Theorem 2.4.1. In order to prove Theorem 2.4.1, we
need a number of lemmas.

Lemma 2.4.3 Let A, T € B(H). Then
(i) if T >0, then A*TA >0,
(i1) if A is surjective and A*TA > 0, then T > 0.

Proof (i): (A*TAx,x)y = (T'Ax,Ax)y > 0, for all « € H, because T' > 0. Hence,
A*TA > 0.

(ii): Let z € H. We will show that (T'z, z)3 > 0. Since A is surjective, there is a y € H, such
that Ay = x. Therefore, (Tx,x)y = (T Ay, Ay)y = (A*T Ay, y)y > 0, because A*TA>0. R

Lemma 2.4.4 Let distinct points z1, z2, -+, zp, be in D and M = span{k.,, k.,, -, k., }.
Then M, M+ C M*; that is M* is invariant for M., or subspace M is co-invariant for
M..
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Proof Let g € M*. So, (g, k.)m2 =0, foral j=1,2--- n
(Mog, k) e = (g, MEk) i = (9, Zik2,) a2 = 2549, k2,) g2 = 0.
That is, M,g € M*. [ |
Lemma 2.4.5 M. is an isometry.
Proof We will show that M*M_h = h, for all h € H? Equivalently, we will show that

(M b, Mg 2 = (h, g) 2, for all g,h € H? Let h(z) = > 02 a,2" and g(z) = Y oo 2"
with 377 |a,|? < 0o and Y oo |b,]? < co. We have

oo o
zh(z) = Z%Zﬂﬂ = Za;z”, ag =0, a, =ap_1,n>1
n=0 n=0
and
o0 o
zg(z) = anz”“ = Zb;z", by =0, b, =b,1,n>1.
n=0 n=0
Now,

(M,h, M.q) g2 = f: al bl = i a bl = i Ap_1bp_1 = f: anby = (h, g) 2.
n=0 n=1

n=1

Proof (of Theorem 2.4.1) Let f € H* be a solution of Pick interpolation problem for
distinct points 21, 2z, - - -, 2, in D and wy, ws, - - -, w, in D, and let M := span{k.,, k.,, -, k., }.
Then D := PyMy|y satisfies (by Lemma 2.4.2 (1)) ||D|| < [[Ms]] = ||fllee < 1, or
equivalently, I — DD* > 0 (See Remark 2.2.2). Consider linear map K : C* — M
given by Ke; := k., which is surjective. By Lemma 2.4.3, [ — DD* > 0 if and only if
K*(I — DD*)K > 0. We have

<K*([ — DD*)KGJ, €Z'> = <([ — DD*)kzj, kzi>H2 = <k'z]~7 kZi)HQ — <M>}k2j7M;kzi>H2 =

1 1 — ww;
— <w_jkzj>wikzi>H2 — ﬂ

<ij7 kzz‘>H2 - <sz)kzj’ f(zl)kzz>H2

1_Ziz_j 1—212_]

1— W;W; >0

1 - Ziz_j nxn B
For the converse, note that by Lemma 2.4.4, M is co-invariant for M,. Let S := Py M. |-
So, M, will be an isometric dilation of S (by Lemma 2.4.5). Define B € B(M) by setting

B*k., =wjk.,, for j = 1,2,---,n. The computation above, shows that I — BB* > (0 and thus
1Bl < 1.

Therefore ||D|| < 1 if and only if
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Claim SB = BS.
Proof We observe first that for every g € M,

<(MZ|M)*kZ]7g>H2 - <k2j7MZ|Mg>H2 = <k2j7MZg>H2 = <Mzkzﬁg>H2 = <Z_jk2j7g>H2'

Note that M|y : M — H?, so (M.|y)* : H® — M. In particular, (M.|y)*k., € M.
Therefore, it is enough to take g := (M.|n)*k.; — Zjk.,, and hence (M.|r)*k:; = Zjk,.
Consequently,

S*ks, = (Mu|a) Pigks, = (Me|a)* Parks, = (Me|a) ks, = ik,

Thus,

(S*B* - B*S*)kzj = ijjkzj - ’ijjkzj = 0.

Therefore, (BS — SB)* = 0. So, BS — SB = 0.
By Corollary 2.3.10 (commutant lifting theorem), there is 7' € B(H?) such that T dilates
B, so that PyT|y = B, ||T|| = ||B|| < 1 and T commutes with M,. The latter condition
implies that 7" = My for some f € H* by Lemma 2.4.2 (ii). We can see that ||f||« =
Ml = 1T < 1
Finally,

f(z)k., = Mk, = B'k,, = Wik, for j=1,2,---,n.

Thus f(z;) = w;, for j =1,2,--- n. .

2.4.3 An Application In Control Theory

Throughout this section, we have used [12].

CONTROL THEORY. In control theory, one studies some physical system which is called
a plant, that has an input and an output. The plant can be the steering mechanism of a boat
or a ship, with the input the signal from either a human at the wheel or an autopilot, and
the output the directions to the engines and rudder. Or it can be a thermostat in a house,
with input the temperature at various points in the house, and output instructions to the
heating and cooling systems.

We shall use discrete time for convenience, so the input is a sequence {u,}>, in C¢
with energy > > ||u,||> < oo, where for any vector © = (1,22, -, 24) in C* we define
I|z]|? = S2¢_, |7x|% The output is a sequence {y,}>°, in C¥. For the present time, we take
d=d =1.

The Plant. The plant P is assumed to be a transformation on the set of inputs {u,}>°,
with the range being the set of outputs {y,}22, which satisfies the following properties:

(C) Causality (up, =0,¥n <m =y, =0, Vn <m),

(TI) Time Invariance (if the input (ug,u1,us, ) produces the output (yo,y1,y2,- "),
then the input (0, ug, u, ug, - - ) will produce the output (0, yo, y1,y2, ),

(S) Stability (M > 0 such that Y07 |y < MY 07 |unl?),
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(L) Linearity (P is a linear transformation).

By explanation in the subsection 2.4.2, we can identify every element in H? with an element
in /2. {¢" : n > 0} is an orthonormal basis for H?, where ¢(z) = 2. Hence, every (" € H? can
be identified with (0,0, ...,1,0,0,...) € £2, where 1 is in n + 1 th place. Let P(1) = ¢, where
P(z) = >0 panz™ =Y 2 jant™(z). Then ¢ has been identified with (ag, ay,...). The input
(1,0,0,...) produces the output (ag, ay, ...), therefore the input (0,1,0,0, ...) will produce the
output (0, ag, ai,...), by (TI); that is, P(z) = ¢(z)z. In the other word, P(¢) = ¢¢. In the
same way and also by (C), we get P(:") = ¢, for all n > 0. Now by (L), P(p) = ¢p for all
polynomial p. Assumption (S) means that P is bounded, and hence it is continuous by (L).

As

1 27 ] '
IPIP= swp |PO)|E = sup lim— / e p(re®)2ds,  (28)
IIpl| 2 <1 Ipll o<t 77127 Jg
we find that
|P[] < Sup |6(2)]. (2.9)

We actually have equality in (2.9). Indeed, suppose that the left hand side is 1 (by scaling).
Then, taking u =1 in (2.8), we have

1 [ :

1> ||[P"1[7 = h%%/o |p(re™)|*" db. (2.10)

If sup,cp |¢(2)| > 1, then for every € > 0, there would be a set of length ¢ for some 6 > 0,

such that |¢| > 1 + e. Then the right hand side of (2.10) would be bounded below by

(1 4+ £)?"§/2m, which tends to infinity with n, and this is a contradiction. In particular,

because of the boundedness of P, we will have ¢ € H*. Thus, we have the following
theorem:

Theorem 2.4.6 Under assumptions (C)-(L), the plant P : H> — H? is given by
P(u) = ¢u (2.11)
for some ¢ € H*. Moreover

1211 = 1191loe (= sup [¢(2)]).

From here on, we shall adopt the standard notation of using the same letter P for both the
plant and the H*-function ¢ from (2.11).

The Compensator. Certainly, real plants are subject to some unknown noise e, whose
effects are modulated by some other plant W (which we assume is known), as depicted in
Figure 2 in Figure 3.1.

So we introduce a feed-back loop and a compensator C, which we can design. We end up
with the system shown in Figure 3 in Figure 3.1, with inputs u (the signal) and e (the noise),
and output y.
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Figure 2.1: Figures from [12]

By solving, we get
y=PC(u—y)+ We,

SO
y=(I+PC)"'PCu+ (I + PC) 'We. (2.12)

Internal Stability. We assume that both P and W are stable (W corresponds to a
multiplication by a H°-function likewise P by Theorem (2.4.6)). We do not insist C' be
stable, but we do require internal stability, meaning that the internal signals v, w and z must
have finite energy when the inputs v and e do; that is, v, w,z € H?. Because

v=u—y=[—(I+PC)*PC+Iu—(I+PC) ' We=(I+PC) 'u— (I+ PC) 'We,

w=Cv, z=Puw,

internal stability requires that (I + PC)~!, C(I + PC)~* and PC(I + PC)~! be stable. But
we have

(1) (I + PO)* =1 — P[C(I+ PC)™Y and PC(I+ PC)™' = P[C(I + PC) Y,
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which means that internal stability is equivalent to requiring that
F:=C(I+PC)™! (2.13)

be stable. Therefore, F' also corresponds to a multiplication by a H*-function by Theorem
(2.4.6).

Blaschke Product. The Blaschke product is a bounded analytic function from D to D
constructed to have zeros at a (finite or infinite) sequence of prescribed a; € D, j =
1,2,---,N(1 < N < 00), with the property that the magnitude of the function is 1 along 0D.

A sequence {a, }°°, inside D, is said to satisfies the Blaschke condition if

o0

Z(l — |a,|) < oo.

n=1

Let {a,}72, in D be a sequence that satisfies Blaschke condition. The Blaschke product with
zeros at the a,s is defined via

B(z) = ﬁBan(z), VzeD

with factors
la| a — =
By(z) = ———, 0#a€D, By(z)=2z VzeD.
al—az

For any fixed a € D, the function B, (Blaschke factor with zero at a) is an automorphism of
D, and thus maps the JD to JD.

A product of Blaschke factors therefore has modulus 1 everywhere on dD, and indeed any
bounded analytic function on D with some zeros in D, is the product of a Blaschke product
with those zeros and a non-zero bounded analytic function on I (See Corollary 9.1.6 in [8]).

Model-Matching Problem. We would like to design the compensator C' to minimize
the effect of the noise on the output. In view of (2.12) and (), this means that we want to
minimize
I(1+ PC)" W[ =|(I = PF)W]].

The constraint, from (2.13), is that F' € H>™ (we identify F' with the corresponding H-
function by Theorem (2.4.6)).

Let us make a very mild simplifying assumption: we assume that both P and W are
bounded analytic functions. Then they can be factored as

P =PFPF,, W = W,W,.

Here, P; and W; are Blaschke products, with zeros precisely at the zeros of P and W in D,
respectively, and P, and W, are bounded analytic functions that have no zeros in . (The
Blaschke product is called the inner factor of the rational function, the other one is called
the outer factor. Hence the subscripts ¢ and 0.) We want to find

(INF) = inf ||[W—PFW|| = inf |[W,Wi—PP,FW,Wi|lw = inf |[W,— P(PyFW,)]|w.
FeH®> FeH> FeH>
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(The last equality comes from the maximum modulus principle.)
Thus, our problem reduces to finding

(INF) = inf ||W, — PG|,
GeH>®
where G := P,F'W, . Let the zeros of P; be 2y, z5,---,2zy. Then
{(W,—PG:GeH®}={H¢c H®: H(z)=W,(z), 1<j<N}

Our problem thus translates into finding the function of the smallest norm that interpolates
N given values-the Pick’s problem!

For simplicity, we worked in the scalar case. In practice, engineers care about the matrix
case, where the input u and the output y are vectors. For example, y can be the position
and velocity of a ship, and u can be the steering commands. A similar analysis of more
complicated systems yields the following problem, called the model-matching problem, which
is fundamental in control theory:

Model-Matching Problem. Given matrix-valued H>-functions P, @, and W, find the
analytic matrix-valued function F' that minimizes ||QQ — PFW/||.

It should be pointed out that Pick’s problem is only a special case of the type of problems
that arise in H* control theory. However, it is both deep enough that solutions of the Pick’s
problem can often be generalized to solutions of other problems, and transparent enough
that one can find solutions to the Pick’s problem in different ways.

Many variants on Pick’s problem are only partially solved. If one leaves the unit disk and
replaces the domain of the functions by some other sets, like an annulus or a polydisc, things
get more complicated. If one changes the range, and wants functions whose values all lie in
an annulus, or in the intersection of two disks, then the problem gets even harder. Many
years after its solution, Pick’s problem is still inspiring new pure and applied mathematics.



Chapter 3

The Operator Algebraic Perspective
on Dilation Theory

The operator algebraic outlook on dilation theory began with Arveson’s seminal papers
([2], [3]). This approach opened the door by which operator algebraic techniques entered
into operator theory: these techniques have shed light on classical dilation theory, and they
also created a powerful framework by which new dilation results could be obtained. In this
chapter we will present concept of positive and completely positive maps and show how
classical dilation results from the previous chapter can be obtained using operator algebraic
tools.

3.1 Positive Maps

Positivity and complete positivity are at the heart of Arveson’s approach. In this section we
will collect necessary background on positive maps.

Definition 3.1.1 Let A and B be two C*-algebras. The linear map ¢ : A — B is called
positive if it maps positive elements of A to positive elements of B, or ¢(AT) C BT.

Definition 3.1.2 Let A be a unital C*-algebra and S be a subspace of A. S is an operator
system if

i) 1 €S and

ii) for any z € S, z* € S.

Definition 3.1.3 Let S be an operator system and B be a C*-algebra. The linear map
¢ : S — B is called positive if it maps positive elements of S to positive elements of B.

Clearly, a unital C*-algebra itself is an operator system. Therefore, Definition 3.1.1 is almost
redundant and is added for a non-unital C*-algebra A. In fact, operator systems are a strict
generalization of unital C*-algebras without the multiplication.

Proposition 3.1.4 Let S be an operator system, B be a C*-algebra, and ¢ : S — B be a
positive map. Then ¢ is self-adjoint; that is,

o(z*) = op(x)", VxeS.

41
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Proof By Remark 1.2.7, there exist 0 < z; € §, 7 =1,2,3,4 such that z = 21 — 23 +
i(zg — 4). In particular, z; = 2%, j =1,2,3,4. Since ¢ is positive, ¢(z;) >0, j=1,2,3,4.
In particular, ¢(z;) = ¢(x;)*, j=1,2,3,4. Hence,

*

o(x)" = (éb(fcl) — ¢(x3) +i(p(x2) — ¢(l’4))) = ¢(71) — ¢(w3) — i(P(22) — P(24)) =

O — 25— i(zs = 24)) = 6 ( (w1 — 2 + (w2 — 22))") = B(a").
[ |

Proposition 3.1.5 Let S be an operator system and B be a C*-algebra. If ¢ S — B is a
positive map, then ||o|| < 2||o(1)]].

Proof [17] First note that if a is positive, then 0 < a < |[|a||l and so by positiveness
and linearity of ¢, 0 < ¢(a) < [|a||¢(1), from which it follows that by Lemma 1.2.8 iii)

lo(a)ll < flall [o(1)]]
Next note that if x* = x € §, then by Proposition 1.2.5 and linearity ¢, we have

8() = 38(lall1 +2) ~ Zo(llall1 — o),

which express ¢(z) as a difference of two positive elements of B. Thus by Lemma 1.2.8 ii)
and the above argument,

()] < %max{lleﬁ(llel + )], [lo(l[«][1 = 2)[]} <

%max{H(Hle + o) [[([=][1 = )|} [leI] < [l=[l {[o(DI]-

Finally, if y is an arbitrary element of S, then by Remark 1.2.6 (Proposition 1.2.5, Remark
1.2.6, and Remark 1.2.7 are also hold for every § instead of A), y = y; +iys with ||y1]], |yz2] <

Nyll, i =11, y5 = y2, and so

eIl < [loy)ll + o)l < [lyal[ eI + [lw2l eI < 2[fyll [le()]]
Hence, [[o]] < 2[[o(1)]]. u

Proposition 3.1.6 Let S be an operator system, B be a C*-algebra and ¢ : S — B be a
positive map. Then ¢ extends to a positive map on the norm closure of S.

Proof By Proposition 3.1.5, ¢ is bounded. So, by linearity, ¢ is continuous (uniformly). It
follows that ¢ extends in a unique way to a continuous map v on the norm closure of S. It
is enough to show that v is positive.

Let @ > 0 and @ € S. Then there is a sequence (@n)n>1, an € S, such that a, — a
(||a, — a|]| — 0). Since a is self-adjoint,

|laz, — al| = lla;, — a*|| = |lan — al| = 0.
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Thus, H% —al|| — 0. We define b, := @ and note that b, € S is self-adjoint for all
n > 1. Let ¢ > 0. We will show that b, + €1 > 0 for sufficiently large values of n.

We have for some N > 1,

olb,—a) C{AeR: [N <||b, —a|| <&}, ¥Yn>N.
Since all (b, — a) are self-adjoint, so

o(el+ (b, —a)) ={e} +o(b, —a) C]0,2¢[, Vn > N,

and therefore e1+4- (b, —a) > 0. Also, as a > 0, we have e1+(b,—a)+a = €l +b, > 0, ¥Yn > N.
Since e14b,, — €14-a and v is continuous, ¢(c1+b,,) = ¥ (el+b,) — 1¥(cl+a). By Proposition
1.2.4, (1) +¢(a) = (el + a) > 0. Finally, since ¢ > 0 is arbitrary, again by Proposition
1.2.4, we infer that ¢ (a) > 0. [

Lemma 3.1.7 [17] Let A be a C*-algebra, and let p;, i = 1,2,...,n, be positive elements of
A such that Y1 p; < a, for some a € A.
If N, 1 =1,2,...,n, are scalars with |N;| <1, then || X" Nipil| < ||al|.

Proof [17] We have

iz Aipi 0o 0
0 0 - 0]
0 0 0
pi/z pim M 0 -+ 0 p1/2 0 0
. . . 1
0 0 0 .
: | . 0 X R
: : 1/2
0 0 0 0 A pic 0 0
On the other hand,
Yo Api 0o 0
0 0 --- 0 i
H : ool H - ||Z/\ipi||7
: : S —
0 0O --- 0
A0 0
o - — max{|\]} < 1
0 1<i<n ’
0 0 A\
and
P}m p/? e 0
0
e H I )]- DEN
) 1/2
0 0
by using the fact that H:U xH = ||z||* = ||z*||?, and by Lemma 1.2.8 iii).
Thus, by using the fact that ||A x B|| < ||A]| ||B]|, we will infer || > Aips|| < [|al|. |

We recall the partition of unity theorem:
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Theorem 3.1.8 ([20] 2.13 Theorem) Let X be a compact Hausdorff space and let {U;}1, be
a finite open covering of X. Then there exist continuous functions g; : X — [0,1] such that

> i1 9i = 1 and gilye = 0.

Theorem 3.1.9 [17] Let B be a C*-algebra, let X be a compact Hausdorff space, with C'(X)
the continuous functions on X, and let ¢ : C(X) — B be a positive map. Then ||o|| = [|¢(1)]].
In particular, if B is also a unital C*-algebra and ¢ is also unital (p(1) = 1), then ¢ is a
contraction.

Proof [17] By scaling, we can assume that ||¢(1)|] = 1. Let f € C(X), ||f|]| < 1, and
let € > 0 be given. We can see that, by a standard partition-of-unity argument (Theorem
3.1.8), f can be approximated to within € by a sum of the form given in Lemma 3.1.7. To
see this, first choose a finite open covering {U;}1, of X and {z;}},, x; € U; such that
|f(z) — f(z;)| < e for all x € Uy, and let {p;}}'_, be a partition of unity subordinate to the
covering. That is, {p;}7_, are nonnegative continuous functions satisfying » ", p; = 1 and
pi(x )—Ofora:QUz, i =1,2,...,n. Note that if p;(z) # 0 for some i, then x € U; and so
|f(x) — f(x;)] < e. Hence, for any r € X,

0= an (@] = | 32 (0= )o)] < o) ~ftwln(e) < 3 emto) =

Therefore, ||f — Z?d f(z)pi|]| < e. Now, by Lemma 3.1.7, || Z:L:1f($z)¢(pz)|| < 1, (since
Ifll <1, |f(z;)] <1) so that

1601 < [Jo(s = 32 stwims) | +|| 32 woton

and since ¢ > 0 was arbitrary, therefore, ||¢(f)|| < 1. This is true for all f € C(X), ||f]] < 1.
Hence, [|¢]| < 1. But, [[¢(1)|| = 1, so [[o]| = [[¢(1)]]. u

| <elléll +1,

The next lemma gives a description of positive trigonometric polynomials on T.

Lemma 3.1.10 (Fejer-Riesz) Let () = SN a,e™ be a strictly positive function on
the unit circle T. Then there is a polynomial p(z) = Y. pu2" such that n(e) = |p(e?)|?.

Proof [17] First we can see that since 7 is real-valued, a_, = a,, ¥Yn € [-N, N| N Z. We
may assume a_y # 0. Set g(z) == S ~ an2"V | so that g is a polynomial of degree 2N

n=—

(axy = a_n # 0) with g(0) = a_y # 0. We have g(e?) = e¢Vop(e?) # 0. On the other hand,

N N N N

g1/z) = > ay(1/2) N =Y ar V=N Y a =N ) apt =

=—N n=—N n=—N n=—N

N
22N Z a, 2"t = z_QNg(z).
n=—N
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This means that the 2N zeros of g can be written as 2z, 29, ..., 2n5,1/21,1/Z2, ..., 1/Zx

(2 #0, j=1,2,..., N, since g(0) # 0).

Now, we set q1(z) := (2 — z1)(2 — 29)...(2 — 2n), @(2) == (2 —=1/21)(z — 1/Z3)...(z — 1/ZN).
Therefore, g(z) = anqi(2)g2(z). On the other hand,

a(z) = Z129...ZN B 21 29... 2N B
(DY (/2= 2)(1/F = ) (1/E = 2n) _ (DY ai(1/7)

Thus,

e~ NMg(e”) = (") = lg(e”)] (since n(e”) > 0 and g(e'*) = N y("))

i i WON| | o0 an i
= Jax () aa(e)] = lan ar(e) @] = | =] Jau(e)P
Z1%22...ZN
. . 1/2
so that 1(e”) = |p(e”)[?, where p(2) = | ;22— qi(2). |

Remark 3.1.11 If in the above Lemma, p(z) := ZZLO pnz", then

n(e”) = Ip(e”)|* = p(e”)p(e®) Z PP’ ™™

m,n=0

In the other word, the coefficients of every strictly positive trigonometric polynomial has this
special form.

The next theorem gives the way to associate to each contraction an operator system in C'(T)
which will be essential to derive Sz.-Nagy’s theorem using operator algebraic approach.

Theorem 3.1.12 [17] Let T € B(H) be a contraction, and let S C C(T) be the operator
system defined by

S = {p(ew) +q(e?) : pand g are polynomials}.

Then the map ¢ : S — B(H) defined by ¢(p + q) = p(T) + q(T)* is positive.

Proof [17] Tt is enough to prove that ¢(n) is positive for every strictly positive 7. Since if n
is only positive, then n + 1 will be strictly positive for every ¢ > 0 and hence we will have
o(n) + el = ¢(n+¢el) > 0 for every € > 0, and it follows that ¢(n) > 0. So, let n = n(e®)
be strictly positive in S, so that by Remark 3.1.11, n(e?) = Egm o0 PmDn€ Z(m ™0 We must
prove that

= > pmpaT(m —n) (3.1)

m,n=0
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is a positive operator, where (by definition of ¢)

_ Ti, >0
T(G) =14, ’°
U) {T*J, j<0.

(3.1) holds, because:

N
n(eiQ) _ Z pmp—nei(m—n)e _ Z pm})—nei(m—n)9+ Z mpnei(n—m)e.

m,n=0 N>m>n>0 0<m<n<N

Therefore, n = p + ¢, where

p(z) = Z PPz ", and q(z) = Z Pmpnz" ™™, VzeT.

N>m>n>0 N>n>m>0

Hence,

o) =o(p+0) =pM)+qT) = > pubaT™ "+ ( >, PapaT" ") =

N>m>n>0 N>n>m>0

N
Z PP LT + Z PmPn(T7)" ™ = Z PmPn L (m —n).

N>m>n>0 N>n>m>0 m,n=0

To show positiveness of ¢(n), fix a € H. So we have

T Pox Po
(p(n)x, z)y :< T T* S P > o (3.2)
: . . _ 1
™ ... T T PNT bPnZT "

Thus, if we can show that the matrix operator in (3.2) is positive, we shall be done. To this
end, set

0 0
T .
0

0 .- 0 T 0 (N4+1)x (N+1)

and note that RN*! =0, ||R||> = ||R*R|| = ||T*T|| = ||T||*> < 1.

We can see that the matrix operator in (3.2) can be written as
Lyven +R+R2 4+ RN+ R 4+ RN = (Iyvey — R) M+ (Lyovsny — RY) 7 — Ly

To see that this latter operator is positive, fix b € KO and let h = (I;v+1) — R)y for
some y € HNTD. We obtain

<((]H(N+1) — R)_l + (]H(N+1) — R*)_l — IH(N+1))h, h> = (y, (IfH(N-H) — R)y)—l—
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((Igven = R)y,y) = ((Iyevsny = R)y, (I — R)y) = |lyll* — ||Ryl|* > 0,

since R is a contraction. Note that ((I;w+y — R*)"'h,h) = ((Iyyw+y — R)y,y). Since, let
(Iyv+1y — R*)"'h = w. Then, (Iyn+1) — R*)w = h, and so

(v = B by = (w,h) = (w, yven — R)y) = (T — B, )

= (h,y) = ((Uyyv+r) — R)y, ).
n

The following theorem gives a simple description of a positive linear functional on an operator
system:

Theorem 3.1.13 Let S be an operator system, and let ¢ : S — C be a linear functional.
Then ¢ is positive if and only if ||p|| = &(1).

Proof (i) Let ¢ be positive, and let a € S. There is a A € C, |A| = 1 such that |¢(a)| =
Ap(a) = ¢(Aa) (Consider A =1 if ¢p(a) =0 and A\ = |iga;| if ¢(a) #0).

By Proposition 3.1.4, |¢(a)| = ¢(Aa) = ¢((Aa)*). Since for any = € S, x < [|z]|1, z* <
||z*||1 = ||z||1, therefore, ZEZ= < ||z||1. Hence,

6@] = 1(60a) +6(0a))) = 6( 22D < 4 ppaiy)

= [Palle(l) = [Alllal|o(1) = [lal[o(1).

(a1 <ag=as—a; > 0= ¢ag —ar) > 0= ¢(az) — d(a1) > 0= ¢(ar1) < P(az))

Thus,
]| = sup [¢(a)] < sup [la[|p(1) = ¢(1).

llall=1 llall=1
It is clear that ||¢|| > ¢(1). Therefore, ||¢|| = ¢(1).
(ii) Suppose first ¢(1) = 1(=||¢||) and 0 < a € S. We show that ¢(a) > 0. Suppose not. Then
there exist a yu € C and p > 0 such that |¢(a) — p| > p, while o(a) C{z € C: |z — u| < p}.
We have o(a — pl) = o(a) — {u} C {2z € C: |z| < p}. Since a — p1 is normal, then

la — p1|| = r(a — pl) = sup{[z| : 2 € o(a —pl)} < p <|p(a) — pl.

Thus, |p(a — pl)| = |p(a) — p| > ||la — pl]]. Hence o] > 1 Which is a contradiction with
||¢|| = 1. For the general case, let ¢(a) = H¢H (ll¢]] > 0). % is a linear functional and

(1) = 1 = [|¢||. Therefore, by the first case, ¢ is positive, and consequently, ¢ will be
positive. m

Corollary 3.1.14 Let S be an operator system, B a unital C*—algebra, and ¢ : S — B a
unital contraction (||¢|| < 1, ¢(1) = 15). Then ¢ is positive.
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Proof Since, B can be represented on a Hilbert space, we may, without loss of generality,
assume that B = B(H) for some Hilbert space H. Fix x in H, ||z|lx = 1. We define
f: 8 — Cvia f(a) = (¢(a)x, z)3. We can see that f(1) =1 and

[f(@)] < [lo(a)z]lll=]l3 < [lo(a)l] 2|3 = [lé(a)ll-

Therefore,

1l = sup |f(a)| < sup lo(a)ll = [lo]] <1, and f(1) = 1.
Hence, ||f|| =1 = f(1). Thus, f is positive by Theorem 3.1.13. Now if a > 0, then f(a) > 0,
and therefore (¢p(a)x,z)y > 0, for all z € H. Consequently, ¢(a) > 0; that is, ¢ is positive.ll

The next theorem is a Hahn-Banach type theorem about extension of positive linear functionals.

Theorem 3.1.15 (Krein) Let S be an operator system contained in the unital C*—algebra
A, and let ¢ : S — C be a positive linear functional. Then ¢ can be extended to a positive
map on A.

Proof The fact that ¢ is positive, shows that ¢(1) > 0. If ¢(1) = 0, then by Theorem 3.1.13,
l|6]] = ¢(1) = 0 and ¢ extends to the zero functional. Assume that ¢(1) # 0 (¢(1) > 0)
and let ¢ : § — C via ¥(a) = zg‘f; and note that 1 is a positive linear functional on &
with [[¢|| = (1) = 1, by positiveness of ¢ on S and then by Theorem 3.1.13. By the
Hahn-Banach theorem, v extends to a linear functional ¢ on A with [|1)|| = 1 (= #(1)). By
Theorem 3.1.13, 4 is positive. The linear functional ¢ : A — C via ¢(a) := ¢(1)i(a) is a

positive linear functional which extends ¢ with ||¢|| = ||8|| (= ¢(1)). |

3.2 Completely Positive Maps

Completely positive maps were introduced by Stinespring, but it was Arveson who observed
how important they are in operator theory and operator algebras [2]. They arise also in
mathematical physics and they play a central role in the theory of tensor products of C*-
algebras.

Let M, (A) denote the set of n x m-matrices with the entries from A. Let A and B be
two C*-algebras and S C A be an operator system if moreover A is unital. Let ¢ : A — B be
a linear map. It induces ¢, : My (A) — M,(B) via ¢y ((ai;)) = (¢(aij)) as a linear map.
Similarly, if ¢ : S — B is a linear map and M, (S) is an operator system in the C*-algebra
M,(A) and ¢y : My(S) = Mu(B), ¢m)((ai;)) = (¢(aij)) is a linear map. We have the
following definition:

Definition 3.2.1 The map ¢ is called n—positive if ¢, is positive, and we call ¢ completely
positive if ¢ is n—positive for all n > 1.

We call ¢ completely bounded if sup,>, ||¢m)|| < oo, and we set ||@||c, = sup,>; ||l It is
also said to be ¢ completely contractive if ||¢||a < 1.
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Note that ||¢||eb is @ norm on the space of completely bounded maps.

Proposition 3.2.2 Let S C A be an operator system, where A is a C*-algebra, and let B
be another C*-algebra. If ¢ : S — B is linear, then ||¢w)|| < ||ow)|], for k < n. Moreover, if
¢ 1s n—positive, then ¢ is k—positive for k < n.

Proof Suppose k£ <n. The map ¥ : My(A) — M,(A) defined by
\I/(A) — < Akxk ka(n—k) ) :
Ot—t)yxk  On—k)x(n—k)

is an injective and x-homomorphism. So, || (A)|| = ||A||. This allows us to identify Mj(.A)
as a C*-subalgebra of M, (A). Since,

b (0()) = () Okt ) ),
(n—k)xk (n—k)x(n—k)
and ¢ (A)|] = || (¥ (A))||. Thus
16|l = sup{lléw (Al - A € My(S), [|A]l <1}
= sup{[[ow) (L(A))]] - A€ M(S), [|All <1}
< sup{[[o@)(B)|| : B € Mu(S), ||BI| <1} = [[dw)]]

Now we show that if ¢ is n-positive, then ¢ is positive. Let A € M (S) be positive. Then
U(A) > 0. Thus ¢ (P(A)) > 0 as ¢ is n-positive. But then if we view B C B(H), for
some Hilbert space H by Gelfand-Naimark theorem (Theorem 1.1.17), we obtain that for all
h = (hy, hy, ..., hy,) € H®),

(D) (A)h, h) = (D) (V(A))(ha, ha, ..., i, 0,0, ..., 0), (hy, ho, ..., hg, 0,0, ...,0)) >0
as @) (W(A)) > 0. Hence, ¢)(A) > 0forall A > 0and A € M(S). Hence ¢y is positive.l

A map can be positive but not be completely positive:

Example 3.2.3 [17] Let {Ej;}7,_; denote the system of matrix units for My; that is

1 0 0 1 0 0 0 0

Let ¢ : My — M, be the transpose map, so that ¢(£;;) = E;;. We know that the transpose
of a positive matrix is positive, so ¢ is positive (¢p(A) = A'). Now let’s consider
¢(2) : MQ(MQ) — MQ(MQ)

We can see that
Ey B
E = =
< Ey  Ea

—_ o O -
O O OO
o O OO
_ o O
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is positive, but that

1 0 0 O

(6B #ER) [0 0 1 0
¢<2>(E)_(¢<Ei> ¢>(El§>>‘ 010 0]

0O 0 0 1

is not positive (det(¢2)(£)) = —1). Thus, ¢ is a positive map but not even 2-positive.

Lemma 3.2.4 Let (T;;) be in M,,(B(H)), where H is a Hilbert space. Then (1;;) is positive

iof and only if for every choice of n vectors xy,xs,...,x, € H, the scalar matriz ((ﬂjxj,xi))
1S positive.

A
A2
Proof If | . € C" and x1, 29, ...,7, € H, then
An
A A1 A2 A1
)\2 )\2 )\2332 )\2:[;2
<(<EJI'],I'Z>) : s . > = <(EJ> : ) : > .
An An Ann Anin
(3.3)
xy
. i . o Z2
If (T;;) is positive, then (3.3) shows that ((Tijxj,@-)) is positive. If [ . € H™ and
xn
((Tijxj,xi>> is positive, then set \y = 1 for all £ € {1,2,...,n} in (3.3) to prove (T};) is
positive. |

Lemma 3.2.5 Let P,Q, A € B(H) with P and Q positive. Then

i) <§* g) >0 of and only if|<Ax7y>|2 < (Py,yN(Qz,z), Yz,y € H.
A

ii) If <1§* P) >0, then A*A < ||P||P and in particular ||A|| < ||P]|.

Proof i) By Lemma 3.2.4,

(& a)=z0 = (@52 () =0 vewen o

A 2x2 self-adjoint scalar matrix is positive if and only if it has non-negative elements on the
main diagonal and non-negative determinant. Since P and ) are positive, the self-adjoint
matrix in the right hand side of (3.4) has non-negative entries on its main diagonal. Thus,
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positivity of the matrix in the right hand side of (3.4) is equivalent to the matrix having
non-negative determinant. Hence,

(Py.y){Qu. ) > Az, ) (A'y,x) = (Av.y)(y, Av) = (Az,y){Az,5) = [{dz.1)]

ii) Since, (j* é) > 0, then by i), for all z € H,

Az, An)® < (PAz, Ax)(Px,1) < ||PAd|||Az]|(Px, z)
< |IP|l1|Az|]* (Pz,z) = ||P||(Az, Az)(Pz,z).
Therefore,
(A" Ax, x) = (Aw, Ax) <|[|P|| (Px,x) = (|| P|| Pz, z).
Hence, A*A < ||P||P.
Now, by Lemma 1.2.8 iii), ||A*A|| < ||P||>. Consequently, [|A]]* < [|P|]?. [

Proposition 3.2.6 Let A be a unital C*-algebra, B be a C*-algebra, and S C A be an
operator system. Let ¢ : & — B be completely positive. Then ¢ is completely bounded and

(L) = l[el] = || |eb-
In particular, if B is also a unital C*-algebra and ¢ is also unital (p(14) = 1), then ¢ is
completely contractive.

Proof [17] It is obvious that [|¢(1)|| < ||| < ||¢||e- So it is enough to show ||d]|p <
[|¢(1)]]. To do this, Let A = (a;;) € M, (S) with ||A|| <1, and let I,, be the unit of M, (A).
We have for all z,y € S,

2
‘(Ax,w’ < [1A[[* [lyI* < IAIP =] [ly]1* < (12l [[y]]* = (Laz, 2) Ly, y)-

Therefore, by Lemma 3.2.5 i), (i{l }4> > 0. Thus, we will have
L, A ¢(n)([n) ¢(n)(A) )
n . = . > 0.
P <(A fn)) (%)(A ) b (In)
Hence, by Lemma 3.2.5 ii), ||¢@) (A)|] < [|ém)(In)|] = ||¢(1)]], which ends the proof. |

Lemma 3.2.7 Let A be a unital C*-algebra, let A € A be positive, and let (a;;) € M, (C) be
a positive matriz. Then (a;;A) is positive in M,(A).

Proof [23] First we note that since (a;;) is positive in M,,(C), there exists a (\;;) € M, (C)
such that (a;;) = (Xij)*(Aij). Thus, (a;14) = (Nij1a)*(Nij1la) € M, (A) is a positive matrix.
Since A > 0, we can write A = B*B for some B € A. Hence, if diag(A) is the nxn-matrix
diagonal matrix with A in each entry of the diagonal, then

(ai;A) = (aijla)diag(A) = (Nijla)"(Nijla)diag(B*B) = (Aijla)*(Nijla)diag(B)diag(B) =

diag(B)"(Aij1a)"(Nijla)diag(B) = (()\z’le)diag(B))*(()\z'le)dmg(B)> >0

as the diagonal matrices can commute with (\;;14) as B commutes with
scalar multiples of 1 4. |
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Lemma 3.2.8 Let (1;;) € M,,(B(H)) for some n € N and some Hilbert space H. Then

n 1/2
max [[ T3] < [[(Ti)l] < (Z ||i/1-j||2> < nmax ||T]].

1,7=1

Proof [23] Foric {1,2,...,n}, let E; : H — H™ be defined by E( :=030.. 200D
0... ® 0 where the ¢ occurs in the i"*-coordinate of the direct summand. We can see that
Ty = Ei(T;;)E, for all k,¢ € {1,2,...,n}. Since each E; is an isometry, ||E;|| = 1 for all
ie{l,2,..,n}. So, ||TM||—||E*( )Eg||<||( Tij)||, for all k,¢ € {1,2,...,n}. Thus,

mavss 1Tl < 11T

For the second inequality, let & = (£1,&,...,&,) € H™ be arbitrary. Then

n 2 n n n
i par = (2T1]537..,2Tnj5j> (Y ne Y e ) <
j=1 k=1 = i=1 =1

n n n n n n 2
Z Z ’<Tki§iaTkj€j> < Z Z [T 1€ 1T 111651 = Z (Z ||Tkz||||§z||> <

k=11i,j=1 k=11i,j=1 k=1 \i=1

k; <é HTki!P) <; HQHQ) = Z <Z Hmy?) €112 = 11€IP Z I

i,0=1

1/2
Thus ||(T;;)]] < (szzl ||TZ]||2) . The last inequality is trivial. |

Proposition 3.2.9 Let S C A be an operator system, let B be a C*-algebra, and let ¢ :
S — B be a continuous linear map. Then ¢y is continuous for all n > 1. Moreover

ol < nllol].

Proof [23] First we may assume that B C B(#) for some Hilbert space H. For all A =
(Aij) € My (S), dm)((Aij)) = (#(A;5)). Then by Lemma 3.2.8, we have that

n 1/2 n 1/2
o) (A)]] < <Z ||¢(Aij)||2) < |ol| (Z ||A¢j||2>

3,j=1 3,j=1

n 1/2
< ligll (Z I\A!!2> = nlo[[[|4]]-

ij=1

Thus ¢,y is continuous and ||¢,)|| < n||¢]|. |

Lemma 3.2.10 Let X be a compact Hausdorff space and A = (f;;) € M,(C(X)). Then A
is positive in M, (C(X)) if and only if A(x) >0 as an element of M,(C) for all x € X.
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Proof [23] Suppose A > 0 in M, (C(X)
A= B*B. Thus for all z € X, A(z) = (B
Now suppose for all z € X that A(z) >

0

). Then there exists an B € M,,(C(X)) such that
*B)(x) = B(z) B(x) > 0.

0. Therefore, A(x)* = A(x) for all z € X. Thus A is
self-adjoint. Moreover, for all A € C\ [0, 00), the matrix AI,, — A(x) is invertible for all z € X.
Thus, for all x € X, the matrix F)\(z) = ()\I — A(z))~! exists. By the cofactor expansion of
a matrix we can see that F € M, (C(X)) as each entry with be a rational function of linear
combinations of the continuous functions A\d;; — fi;(z) with non-vanishing denominator (this
is by Cramer’s rule. The denominator is det(A, — A(x)) # 0 as the matrix is invertible).
Moreover, for all z € X,

(AL — A(z))Fx(2) = I = F(z) (AL, — A(z)),

and hence
(M, cxy) — APy = I cx)) = Fax(Mar,cx)) — A)

as element of M, (C(X)). Hence Ay, c(x)) — A is invertible in M, (C(X)) for all
A€ C\ [0,00), and therefore A is positive. |

The next theorem shows that any positive map on a commutative C*-algebra is automatically
completely positive. This shows that complete positivity is essential in the non-commutative
world.

Theorem 3.2.11 (Stinespring) Let X be a compact Hausdorff space, let B be a C*-algebra,
and let ¢ : C(X) — B be a positive map. Then ¢ is completely positive.

Proof [23] Fix n € N and let A € M, (C(X)) be an arbitrary positive element. It suffices
to show that ¢(,)(A) > 0. To show this we will follow the ideas used in the proof of Theorem
3.1.9 and approximate A using a partition of unity. In this manner, let ¢ > 0 and suppose
A = (fi), where f;; € C(X). For each y € X let U, == (},_, fi; (B(fi5(y))), where
B.(z) :=={w € X : lw—=z| < €}. Since each f;; is continuous and we are taking the intersection
of a finite number of open sets, U, is an open set containing y. Since X = Uyex U, and X
is compact, there exists a finite open cover {U,, }7*; of X such that |fi;(z) — fi;(zx)| < € for
all z € U,, and for all 7, j. Hence Theorem 3.1.8 implies that there exists a partition of unity
{gr}iL, such that g, : X — [0, 1] are continuous, Y /" | gx = 1 and gi|ye = 0.

Let Ay := A(zy) = (fij(xr)) = (air). Then Ay is a positive matrix by Lemma 3.2.10. Next
notice if x € U,, then, by an application of Lemma 3.2.8,

1/2
||A( Ak” < (Z |f1j fz] $k>| ) < ne.

i,j=1

Consider the element A := ", gxAr, € M,(C(X)). Then for all z € X

14@@) = A@)ll = | 3 ge@)(A@) = 4| < D @A) — Al <D gr(ane =

as if x ¢ U,, then g = 0 and if x € U,, then ||A(z) — Ax|| < ne. Since this holds for all
reX, ||[A-Al < ne.
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We can now use A’ to show that ¢,,)(A) must be positive. First we notice that ¢, (gr(2)Axr) =
) ((gr(x)aijr)) = (air¢d(gr())). However, as the range of g, was in [0, 1], g is positive in
C(X) and hence ¢(gy) is positive as ¢ is positive. Moreover, Ay = (a;;x) is a positive scalar
matrix. Hence ¢p) (gx(2)Ar) = (aiynd(gr(x))) is positive by Lemma 3.2.7. Therefore, ¢, (A’)
is positive. Hence, as ¢,) is continuous by Proposition 3.2.9,

166 (A) = G (AN < @[ [[A = Al < | b Ime.

Hence, ¢(,)(A) is within a constant scalar multiple of ¢ of a positive element of B. Thus,
Py (A) is a limit of positive elements of B and thus is positive by Proposition 1.2.4. |

The following is a resurgence of von Neumann’s inequality (Theorem 2.2.7):

Corollary 3.2.12 Let T' € B(H) be a contraction for some Hilbert space H, and let (p;;) be
an nxn-matriz of polynomials. Then

(Dl oy < 5w {1pis ()l = 2 € C, |2 =1},

Proof [17] By Theorem 3.1.12, ¢ : C(T) — B(H) given by ¢(p + q) = p(T) + q(T)* is
positive. By Theorem 3.2.11, it is completely positive, and so by Proposition 3.2.6, ||¢||en =
lo(1)[| = 1. Hence,

(i (T80 = D (@) < [ (2ig)l s )y = sup {H(pij(Z))HMn 12€eC, 2] = 1}-

The last equality is (1.5) in Proposition 1.4.6. |

Example 3.2.13 The simplest examples of completely positive maps are x-homomorphisms
between C*-algebras. Let A and B be two C*-algebras, and ¢ : A — B be a x-homomorphism.
We show that ¢ is a completely positive map.

Lemma 3.2.14 Let A and B be two C*-algebras, and ¢ : A — B be a x-homomorphism.
Then ¢y : M, (A) = M,(B) is a x-homomorphism.

Proof Let (a;;) and (b;;) be in M, (A) and A, in C. We have
(i)

n

P(n) <(az’j)(bij)> = P(n) ((i @ikbkj)> = (¢(i CLv:k%‘)) = ( ¢(aik)¢(bka’)>

k=1

= (#(ai)) (6(05)) = b (@) ) D (03 )
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(iii)
P(n) <)\(az‘j) + M(%‘)) = ) ((Mij + M%‘)) = (¢(/\az‘j + sz'j)> = <)\¢(aij) + M¢(bz‘j)> =

(W(%’)) + (H¢(bz’j)> = >\<¢(am’)> + M(Cb(bz'j)) = AP ((%)) + M¢(n)((bij)>-

|
Now, we are ready to show that ¢ is a completely positive map (Example 3.2.13):
Let 0 < (a;j) € My(A). Then (a;;) = (bij)*(b;j), for some (b;;) € M,(A). Therefore, by
Lemma 3.2.14,

¢(n)<(aij>> = ¢(n)<(bij)*(bij)> = <¢(n)<(sz)>)*¢(n) ((b@])) >0, VnéeN.

That is, ¢ is completely positive.
Moreover, we can see that ||¢|| < 1: Let a € A. We have

(a*a) = ¢(a")¢(a) = ¢(a)"¢(a) = |l¢(a”a)l| = ll¢(a)|]* =

¢l Iﬁ}‘lglldb)ll > sup [[¢(a’a)l| = sup1\|¢(a)l|2= 161" (lall = 1 « [la*al| = [la][* = 1)

llall=1 llall=
= 191l > 1161 = ll¢l| < 1.
Also, if A and B be two unital C*-algebras, then ¢(14) = 15, and therefore, ||¢|| = 1.

Example 3.2.15 Let & : B(K) — B(#) be a linear map which has been defined via ®(7") =
V*TV, where V is some fixed operator in B(H, k). We can see that ® is completely positive:

Let 0 < (A;;) € M,(B(K)). Then (A;;) = (By;)*(Bi;), for some (B;;) € M,(B(K)). Then
D) ((Aij)> = (q’(Aij)) = <‘I’(Zi: BZinj)> = (Zi:q’(BZinj)> =

(Z V*Bginjv> — (Z(BmV)*Bij> = (B,;V)"(By;V) >0, VneN.
k=1 k=1

That is, ® is completely positive.

Since compositions of completely positive maps are evidently completely positive, we see that

whenever A is a C*-algebra, 7 : A — B(K) is a *-homomorphism, and V' € B(H, K), then

the map a — V*r(a)V is a completely positive map. Indeed, the following theorem shows

that essentially all completely positive maps on C*-algebras are of this form:

Theorem 3.2.16 (Stinespring’s dilation theorem) Let A be a unital C*-algebra and
¢: A— B(H) be a completely positive map, where H is a Hilbert space.

Then there ezist a Hilbert space K, a unital x-homomorphism 7w : A — B(K), and

Ve B(H,K) with ||V||*> = ||¢(14)|] such that ¢(a) = V*7(a)V, Va € A.
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Note that by Proposition 3.2.6, we have |[V||* = ||¢(14)]| = ||#]]-

Proof Step 1. Construction of K:
Consider the algebraic tensor product A ® #H. Define the map [.,.] : (A@H) x (A®@H) — C

by [a @ z,b®y] = (¢(b*a)z, y)3 and
n
7 : >H(n).

Ty Yn

Y1
(")) -
H(n)

Tn Yn

> i1 B(mbiAja )z,

T n n
< ((b(ﬂib:Ajaj)) N I > = < : . > =
H(n) H(n)

v) \yn S Slabi Nz )\

(X mtinatesm) +- o+ (S smbhate.n) -
j=1

=1

X1

[z: a; ® 7, 2: b @ y| = <¢(n) ((b7ay)

Let A\j,u; € C, 7 =1,2,...,n, then

X1

[Z)\ %@%Zuzb 93] = (o (0" 10))

,ulz)\< (bja; xj,y1> +unz>\< (bra; xj,yn>H:
ZMZ)\< (ba, flf]ayz> Z/jiz)\j[aj(ngabi@yi}
=1 =1

Thus [.,.] is linear with respect to the first variable and conjugate linear with respect to the
second variable. Also

[ZCLJ@IJ,Z[%@:%} :ZZ [aj®xj,bi®yi] =
j=1 i=1

i=1 j=1
zn:zn: <¢(b a; x]v?JZ> ZZ< $]7yi>H = zn:zn: <¢(a;bi)*xjvyz‘>H
i=1 j=1 i=1 j=1 i=1 j=1
= (ot = 23 (olaitunns) =33 (o ya o5 -
i=1 j=1 i=1 j=1 i=1 j=1

[Zbi ®y¢,zaj ®$j]
i=1 j=1
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This shows that [.,.] is conjugate symmetry. Now,
n n T T
[Z% @) ®l‘z‘] = <¢<n) ((a;"aj)> 2 NN >
j=1 i=1 T, T, H
x1 I
T, T M

where a = (ay,...,a,)1xn. Since, a*a > 0 in M, (A) and ¢ is completely positive, therefore
dmy(a*a) > 0 in B(H™). Thus, [.,.] is a positive sesquilinear form. Hence, it satisfies the
Cauchy-Schwarz inequality; namely

2

)[u,v]‘ < [u, ul[v,v], Yu,v € AR H.

Therefore, if we define N := {u € AQH : [u,u] =0}, then N ={ue AQH : [u,v] =
0, Vv € A® H}. So, N is a closed subspace of A® H.
Consider the quotient space A ® H /N and define (.,.) on it by (u + N,v+ N) := [u, v].
We can see that the space (A QHIN, (., >) will become an inner product space.

Let K denote the Hilbert space that is the completion of the inner product space A® H/N.
Thus (u+ N, v+ Nk = [u,v].

Step 2. Definition of m(a) on K, and a map © : A — B(K) defined as a — 7(a), which is
unital (7(14) = Ix) and *-homomorphism (7(a*) = 7(a)*):

Let a € A. Define a linear map m(a): AQH — AR H by

a)(iai ® xz> = Zn:(aai) QR z;.

i=1
We know that ||a*a||.1 — a*a > 0. Let ¢*c = ||a*a||.1 — a*a, for some ¢ € A. Then,
||a*a||'(araj)n><n - (a;'ka*aaj)nxn - (aj(||a*a||1 - a*a’)aj>n><n = (G:C*C@j)nm = h"h >0,

where h = (cay, ..., ca,)1xn. Hence, ||a*al|¢((afa;)) — ¢((afa*aa;)) > 0, since ¢ is positive.
Consequently,

n n

[W(@)(iaj ® xj),w(a)<iai ® xlﬂ = [Z(aaj) ® xj, Z(aai) ® :L‘Z}

j=1 i=1

:ZZ< aia*aa; xj,:z:> < |]|a* GHZZ< aia; x],wl> :HGHZ[ZCL]'@l'j,ZCLi@CEi],
j=1 i=1

i=1 j=1 =1 j=1

[7(a)u, w(a)u] < ||a||*[u,u], Yu€ ARH. (3.5)

Thus, 7(a) holds A invariant. Hence, it induces a quotient linear transformation on
A ® H /N, which we still denote by 7(a). Also, (3.5) shows that m(a) is bounded.Therefore,
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7(a) extends to a bounded linear operator on X, which we still denote by 7(a).

Define a linear map 7 : A — B(K) by a — 7(a). we show that 7 is unital (7(14) = Ix) and
s-homomorphism (7(a*) = 7(a)* and a homomorphism). By definition of 7(a), 7 is unital.
Now, let by, bs,a;, € Aand z; € H, i = 1,2,...,n. Then

7T(b1()2) ( Z a; @ ZEZ> = Z(blbgai) X x; = W(bl) ( Z(bgaz) & l‘l> = W(bl)ﬂ'(bg) ( Z a; ¥ JIZ) .
i=1 i=1 i=1 =1

Therefore, m(b1by) = w(by)7(b2).

Finally, we show that w(a*) = 7(a)*. For a,a;,b; € A and x;,y; € H, 4,7 =1,2,...,n, we

have

n n

<7r(a) (J\/—I—i aj®x]-> ,N‘+i b’@yi>/c = [Z(aaﬂ@:ﬂj, i bi®yi] = Z [(aaj)®a:j, bi®yz}

j=1 i=1 t,j=1
= i <¢(bfa@j)xj7yz'>% = i <¢((a*bi)*aj)xj,yi>?{ = i [aj ® xj, (a7b;) ® yz} =
ij—1 ij—1 ij—1

[Z aj; & Zj, Z(a*bl) X y1:| = <N -+ Z a; X Zj, W(a*) (N + Z bl & yl> >IC.
=1 =1 j=1 i=1

This implies m(a*) = w(a)*. Thus 7 is a unital *-homomorphism from A to B(K).

Step 3. Construction of V' :

Now we define V: H = K viaV(z) =14z + N, Vo € H.

We have

<1A®SC+N,1A®$+N>]C: [1A®I,1A®SL’] = <¢(1T41A)Q3,SU>H: <¢(1A)l‘,l’>%.

Therefore, [[V[|* = supj, 1 (¢(1a)z,2)3 = [[¢(14)[|. For the last equality we use the fact
that if 0 < T € B(H), for a Hilbert space H, then sup,_ (T, z)3 = |[T||.
To complete the proof, we observe that for all z,y € H

(Vir(@)Va,y)pn = (m(@)Ve, Vyx = (r(a) 1a@z+N), 1a®@y+N)x = [r(a)(1a@x), 1a®y]

=[als @z, 14 @ y| = (d(15a)x,y)n = (d(a)x, y)y.
Thus, V*m(a)V = ¢(a). |

We shall call a triple (IC, 7, V') as obtained in Stinespring’s theorem a Stinespring representation
for ¢. Given a Stinespring representation (KC,7, V), let Iy be the closed linear span of

7(A)VH. Ky reduces 7(A) so that the restriction of 7 to K; defines a *-homomorphism,

m A — B(Ky) (mi(a) = 7w(a)|g, foralla € A). Clearly, VH C Ky, so we have that

V*mi(a)V = ¢(a), ie., that (Kq,m,V) is also a Stinespring representation. It enjoys one

additional property, namely, that IC; is the closed linear span of m (A)VH. Whenever the

space of the representation enjoys this additional property, we call the triple a minimal

Stinespring representation.

We are now ready to see the classical Sz.-Nagy’s dilation theorem as an operator algebraic
dilation result.
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Corollary 3.2.17 (Sz.-Nagy’s unitary dilation theorem) Let T' € B(H) with ||T|| < 1.
Then there exist a Hilbert space K containing H as a subspace and a unitary U on K, such
that T™ = PyU™|%, ¥Yn > 0. Moreover, K can be chosen to be minimal.

Proof By Theorem 3.1.12 and Proposition 3.1.6, the map ¢(p+q) = p(T') + ¢(T')*, where p
and ¢ are polynomials, extends to a positive map of C(T) to B(H). This map is completely
positive by Theorem 3.2.11. Let (IC, 7, V') be a minimal Stinespring representation of ¢. We
have ¢(p) = p(T), for all polynomials p. In particular, ¢(z") = T", where z is the coordinate
function. ¢(1) = Iy, i.e., ¢ is unital. Hence, V*V = V*[;cV = V*r(1)V = ¢(1) = I3 ; that
is, V' is an isometry. So, H can be identified with the Hilbert subspace VH C K : we have,
V*|va is a continuous (|[V*[|> = [|V||? = ||¢(1)|| = ||[Ix|] = 1) bijective linear map from VH
onto H. Thus, we can assume that V* = Py,. By setting U = 7(z) € B(K), we get that U is
unitary:

UU = (1) = I,
UU* 0 IIC.

Also, we have 7(2") = (7(2)

w(z)'n(2) =7(2)w(2) = w(zz) =
w(2)m(2)" = 7(2)7(2) = 7(22)
)

" = U". Thus,
T" = ¢(2") = V*a(z")V = V*U"V, ¥n > 0.

Now, H has been identified with VH, therefore T" = Py, U"|%, ¥n > 0.

Note that the minimality condition on (K, 7, V') is equivalent to requiring that the span of
{U"H : n € Z} to be dense in K, since H is identified with VH, 7(z") = U™ and K is the
closed linear span of 7(C(T))VH,; that is, U is a minimal unitary power dilation of 7. W

3.3 (C*-Dilation

The following theorem implies the existence of a new dilation of unital completely positive
or unital completely contractive maps on an operator system to unital C*-algebra containing
that operator system. This is a generalization of Krein’s theorem to general completely
positive maps:

Theorem 3.3.1 (Arveson’s extension theorem) Let S be an operator system contained
in a unital C*-algebra A, and let ¢ : S — B(H) be a completely positive map for some Hilbert
space H. Then there exists a completely positive map ¢ : A — B(H) such that

18] =1¢l] and ¢ =dls.
For a proof, one can refer to [2], or [17] (Theorem 7.5).

Definition 3.3.2 Let 1 € A; be a subspace (a unital operator space) of a unital C*-algebra
A. A linear map ¢ : A; — B(H) for some Hilbert space H, is said to have a C*-dilation to
A, if there exist a Hilbert space K 2 H and a *-homomorphism 7 : A4 — B(K), such that

gb(a) = Pmr(a)|7.[, Va < Al.
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Theorem 3.3.3 Let S be an operator system contained in a unital C*-algebra A, and let
¢: S — B(H) be a unital completely positive map for some Hilbert space H. Then ¢ has a
C*-dilation to A.

Proof By Theorem 3.3.1, there exists a completely positive map dA) : A — B(H) such that
O = g5|5 . Now, by Theorem 3.2.16, there exist a Hilbert space K, a unital

s«-homomorphism 7 : A — B(K), and V € B(H, K) such that ¢(a) = V*x(a)V, for all a € A.
Since ¢ is unital, then 1 = ¢(1) = V*7(1)V = V*V, so V is an isometry. In this case it is
convenient to identify H with VH C K (and therefore, we can take H C K). Consequently

(See the proof of Corollary 3.2.17), ¢(a) = Pym(a)|y, for all a € A. Thus, ¢(a) = Pym(a)|y,
foralla € S. |

Theorem 3.3.4 Let S be an operator system contained in a unital C*-algebra A, and let
¢: S — B(H) be a unital completely contractive map for some Hilbert space H. Then ¢ has
a C*-dilation to A.

Proof Let n > 1. For ¢,y : M, (S) — M, (B(H)), we have

S B(H
S (Iion) = Iiin? and lég|| < [16]|es < 1,

where, I3 is the identity matrix in M, (S) and 18M) ig the identity matrix in M,(B(H)).
Hence, ¢(,) is a unital contraction, and therefore, by Corollary 3.1.14, ¢, is positive.
Consequently, ¢ is a unital completely positive map. Thus, by Theorem 3.3.3, ¢ has a

C*-dilation to A. [ ]

Remark 3.3.5 In the proof of Theorem 3.3.4, we showed that every unital completely
contractive map ¢ : S — B(H) is a unital completely positive map. Also, by Proposition
3.2.6, every unital completely positive map ¢ : S — B(H) is a unital completely contractive
map. Thus, A unital linear map ¢ : & — B(H) is completely positive if and only if it is
completely contractive.

Remark 3.3.6 If ¢ : M — B(H) is a unital completely contractive map for some Hilbert
space H and a unital operator space M, then there is also a C*-dilation. In fact, Arveson (See
page 34 in [22]) showed that every unital completely contractive map on a unital operator
space M extends to a unital completely positive map qg on the operator system M + M*
given by ¢(a + b*) = ¢(a) + ¢(b)*. Hence, by Theorem 3.3.3, ¢ has a C*-dilation.

A matrix-valued polynomial is a function (21, 29, ..., 24) = p(21, 22, .., 24) € M,, = M, (C),
where p(z1, 22, ..., 24) = fo kg0 ks kdzfl...zgd, and Ay, .k, € M,. Equivalently, a matrix

...............

by pij(z1, 22, ..., 24) = Zﬁ kd:O(Ak1 _____ kd)ijzfl...zfjd. If T € B(H)?, then p(T) is the n x n

-----

matrix with ijth entry that equals to p;;(T).

Definition 3.3.7 Let T = (11,15, ..., Ty) € B(H)? be a d-tuple of commuting contractions.
D? is a complete spectral set for T if

|Ip(T)[| < [lpllo == sup [[p(2)]] (3.6)

z€Dd

for every matrix-valued polynomial p.
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Note that by applying the maximum modulus principle in several variables,

sup |[p(2)[| = sup [|p(2)||-
zeDd 2€Td

Considering the above remark, we have the following theorem:

Theorem 3.3.8 A d-tuple of commuting contractions T = (11, Ty, ..., Ty) € B(H)¢ has a
unitary dilation if and only if the polydisc D¢ is a complete spectral set for T; that is (3.6)
holds for every matriz-valued polynomial p.

Proof If U = (Uy,Us,...,Uy) € B(H)?is a d-tuple of commuting unitaries and p is a matrix-
valued polynomial, then (See the proof of Corollary 2.3.8)

Ip(U)| = 11(pi; (U))]] < Lo (D3 (21, 22, . 20) )| [z, = [[P]]oo-
| 2| =
Now if U is a dilation of T, then ||p(T)|| < ||p(U)||. Therefore, (3.6) holds.

Conversely, suppose that (3.6) holds for every matrix-valued polynomial p. Let M =
C|z1, .-, za] be the space of polynomials in d variables, considered as a unital subspace of the
C*-algebra C(T?), equipped with the usual supremum norm. (3.6) implies that ¢ : M —
B(H) via ¢(p) = p(T), is completely contractive. Since

o (| = 1@ = [P (THI] < [Ipl]oc
we obtain
H¢(n)H <1,Vn=>1,

and hence ¢ is completely contractive.
By Remark 3.3.6, there exist a K 2 H and a *-homomorphism 7 : C(T%) — B(K), such that

p(T) = é(p) = Pur(p)|ln, Vpe M.

Now, 7 is a *-homomorphism, and the coordinate functions 2y, ..., zg € C(T?) are all unitary,
therefore U; = m(2;), j = 1,2,...,d, are commuting unitaries. Since 7(p) = p(7(21), ..., 7(2q)) =
p(Us, ...,Uq) = p(U), we will infer that

p(T) = Pyp(U)|y, Vpe M.

This means that U is a unitary power dilation of T. ]

We now prove that for every contraction T € B(H), the map ¥ : C[z] — B(H) via
U(p) = p(T) is a unital completely contractive map. By this fact and Theorem 3.3.8, applied
to the case d = 1, we obtain another proof of Sz.-Nagy’s unitary dilation theorem (Theorem
2.2.6).

Let {e;};>0 be the standard basis in (2, and (> @ H (= (*(H)) (See page 19), be a Hilbert
space such that any h € 2 ® H is as the following

h:Z€j®hj, hjEH, ZHhJH2<OO
=0 =0
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e;®k is identified with (0,0, ..., 0, %, 0,0, ...) in £*(H), where k € H isin j+1 th place, j = 0,1, 2, ...
Let S be the unilateral shift on £% i.e., S(ag, a1, as, ...) = (0, ag, ay, as, ...). If T is a contraction
and 7 € (0,1), we let Dyp := (I —r*TT*)"/2 and define K,.(T) : H — (> @ H by

T)h =Y e, @ (r"Dyr(T")*h),
n=0

for all h € H.
Note that for any x € H

|1Dyr|f3; = (Drrw, Dora)y = (Dipa, x)p = (I=r*TT" ), 2)3 = ||2][3;—r*||T"x|f3, < [zl

Hence,

|~
" Dy ( r rt = 00.
E [|r" Dy (T) h||7—[<§ () h||H<||h||H§ : o ‘ [k _

)
That is, K,.(T)h € (2(H) (= (* @ H).
For any x,y € H,

o

(Ko(T)z, e @ Yy = Z<en ® (r"Dop(T")x), 65 @ Y)2wn = (r* Dyr (T) ', )3 =
(r* (T 2, Dy = (&, 7" (T") Dyry)ay = (2, (Ko(T))* (ex @ )2t
Thus,
(K. (T))*(ex ® y) = r*T*D,7y.

We compute:

(Ko (T))" Ky (T)h = (K (T))* (D en @ (" Dyr(T7)R) ) = S 07T Do (1 Dy (T7)h) =
n=0 n=0
Z QnTnDzT Tn ) — Z TQNT’VZ T‘QTT*)(Tn)*h _
n=0 n=0

ZTQnTn Tn “h— Zr (n+1) Tn+1(Tn+1) h=h
n=0 n=0

so that K, (7T) is an isometry. On C*(S) (the C*-algebra generated by S) we define a unital
completely positive map (See Example 3.2.15)

br: C(S) = BH), r(a) = K(T)"(a® DK(T), Yae C(S).

By computation, for all h € H and m > 1

5.5 = KLY (S™ © DT = K, (T) 3" 8 (en) ® T Dy (T7)°H) =

n=0
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K.(T)* ( Z nim @ (T"DTT(T”)*h)) = Z pRetmpntm 2 (T")*h =

n=0 n=0
Z T,2n+an+m<] . T’2TT*) (Tn)*h
n=0
_ Z r2n+an+m (Tn>>kh o Z r2n+2+an+m+1(Tn+1)*h — My,
n=0 n=0

Hence, ¢,.(S™) = r™T™, for all m € N.
Similarly, for all h € H and m, k > 1

5SS W = K, (T (S5 & D, (T)h = K, (T) 3§75 (e,) @ 1" Dy (") h) =

n=0
KAT) (3 vt ("D (T7)1) ) = D2 Ko kD2 (1~
n=~k n=~k

Z T?n—l—m—an—&—m—k(I . T‘QTT*) (Tn)*h _

n==k
Z T2n+mfan+mfk(Tn)*h - Z 742n+2+m7kTanrm7Ic+1(IﬂnJrl)*h — pmtkmpiky
n=k n=k

Hence,
¢,(S™S**) = TRk Yk € N, (3.7)

Now we define a unital completely positive map ¥ := lim, ~ ¢,, in the sense of pointwise
convergence, namely ||W¥(a) — ¢.(a)|| = 0, as 7 — 17, for all a € C*(S). Let us see first that
the limit exists:

Let € > 0, a € C*(S) and ¢(S, 5*) := Zf?;:o @;;S*(S*)7 is an e-approximation for a (we can
find such approximation, as C*(.S) is generated by S and S* and S*S = 1 so that the algebra
generated by S and S* is the span of elements of the form S*(S*)?); that is, |[a—q(S, S*)|| < e.

We have ¢,.(¢(S,S*)) = q(rT,rT*) := vaj ;i (rT) (rT*)? by (3.7):

N N N
0r(4(5.57) = D ayjér(8'S7) = Y ayr™WTTY = 3 oy (rT)' (7T = q(rT,rT”).
=0 1:j=0 i,j=0
Let r,r" € (0,1). We have
N
la(rT.rT*) = g T T < 3 o | |9 — 9|77
,j=0
N
<3 Jag| 9 -
1,7=0
N
<r—r'|( max o) Zo(z +7)  (since |r* — %] < Kl —'])
1,)=

=N(N+1)|r—7| <og'l?§1v‘aij|)'
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Hence, we can find § > 0, such that for |r — /| < 9,
\|q(rT, rT*) — q(r'T, r'T*)|| < €. (3.8)
Now, we have for |r — | < d (by (3.8))
)

|ér(a)=dr (a)l] < [|¢r(a)=dr(q(S, ST)IIHEn(q(S, S)) = (q(S, S+ o (a(S, 7)) = (a)]
< (llerll + llowlDlla = ¢(S, 5] + & < 2[|a — q(S, 57)[| + € < 3e.
Thus, lim, ~ ¢, exists. So, ¢,(a) = ¥(a) as r — 17, for all a € C*(9).
Note that for all n > 1 and (a;;) € M,(C*(S)),
Vi ((ai5)) = (Y(ayy)) = lim (dr(ayy)) = Hm (ér) e ((ai5)).

r—1-

As each ¢, is completely positive, so is .
Since |[¥(S™) — ¢,(S™)||s) — 0, as 7 — 17, and ¢,(S™) = r™T"™ for all m, we obtain
(U (pi(9))) = (pi5(T)), and hence W,y (p(S)) = p(T'), where p = (p;;). We have also V is
unital and completely contractive. As .S is unitarily equivalent to the multiplication operator
M., on H? (See Section 2.4.2), for every matrix-valued polynomial p = (p;;)?

(D) = 1%y (DI < (W [HIPI < [lp(S)]] = |lp(M)]]
= [|(pi (M) = [[(Mpy))]]
= [|@i)l[arucmy = sup (i () = sup lp(2)[- (by (1.5))

Therefore, D is a complete spectral set for T. By Theorem 3.3.8, T has a unitary dilation.

Dilation theory also plays a role in the analysis of tuples of non-commuting operators:
A row contmction is a tuple T = (11,T5,...,T,;) such that Z;l:lTjTj* < I, where

T; € B(’H) =1,2,...,d. This is equivalent to the row operator S = (77 1o -+ Ty);.4
in B(H ,7-[) belng a contraction. (In fact, for S € B(K,H), ||S|| < 1 if and only if
Iy —SS* > 0. By taking S = (Ty T» -+ Ty)y g and K = H@ | we get that S is a
contraction if and only if
Ty
. I3 Sy
=SS =Iy—(Ty To - Ti)yg | . =Dy — Y T,I7 >0.
. =
Tc}k dx1

A row isometry is a tuple V. = (1, Va, ..., Vj) such that V;*V; = §;;I, where V; € B(K), j =

1,2, ...,d. This is equivalent to the condition that the row operator R = (V} V2 o Vi) i
is an isometry. This is because
1% Ie 0 --- 0
Vs 0 Ix -+ O
2 (Vi Va o Vi)y=RR=I=| . '~ .

Vd* dx1 0 0 - Ik dxd
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Hence,
Vl*Vl Vl*VZ Vl*vd IIC 0 v 0
VeV ViV, Vs Vy o Ik -0
Vivi VgVao oo VEVa/ 4ua 0 0 - Ic/ 4
which implies that V;*V; = 6, .
Theorem 3.3.9 Let T = (11,15, ..., Ty) € B(H)¢, d > 2, be a row contraction. Then it can

be dilated to a row isometry V. = (V1, Vs, ..., Vy) € B(K)?, for some Hilbert space K.

(Th T27 ceey Td)

Proof We can similarly use the above argument for a row contraction T =
as follows:

Let T = {4 = (it, i) + ia € {1 d}, m € N} U {0}, and 79 =737, (T° = 1),
We define for r € (0,1), Dyr = (I —r* Z;l:lTij)l/Q (since I — Zj‘lzl 7517 > 0, so
I—r? Zj:l T;TF > 0) and K,.(T) : H — (*(Z) ® H via

K.(T)h =Y es @ (" Dx(T%)*h), VheH, (3.9)
BET

where |3| = m if 8 # 0 and |8| = 0 if 8 = 0. Note that (*(Z) := {f : Z — C: ||f||§2(z) =

> ser [f(B)]? < oo}, and {es : B € I} is an orthonormal basis of ¢*(Z), where eg is the
indicator function over {#}. In order to prove the convergence in (3.9), we note first that for
any r € H

<D7%Tx7 l')y

d d
= (I =Y TT ) ahw = 2l — 2 Y 175l < lallfy

J=1 Jj=1

|1Dyx]3, = (Drra, Dyra)y =

i.e., D, is a contraction and hence, for all h € H

ZHTWD (T%)*h) 3, <Z7~2‘5|||T5 h||H_‘|h||H+Zr2m

BET BET

=|rhr|%+2r2’” S (@HT) R
m=1 1

= ||h||31+§:7“2m > Z (T7T, 15 (T7) b by

m=1 B'=(i1,im—1) im=1

:||h||?H+§:r2m > Tﬂ’ZT T; (T%)*h, h)x
m=1

5/:(7:1 ----- Im— 1) im=1

<Al + ) >

m=1 B'=(i1,tm—1)

> I hll

(T7(T%)"h, hyw
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< ||h||H+Z N AT (T ) h Ry <

m=1 ﬁ”:(il ----- im—2)

< Inli + hhHZ2 =||h||HZQ — IMh

That is, K,(T)h € (*(Z) @ H.
We have similarly to previous argument,

(K. (T))*(eg @ h) = rP'TPD,xh, Vh e H.
By the similar argument, K,.(T) will be an isometry. Indeed,

> O D2(TF)*h = h, VheH. (3.10)

BeL

Because for all h € H

Z 7’2|’8|TﬁDzT(TB)*h — Z TQWTB(TB)*}L _ Z 7’2(|B|+1)T(5’1)(T(B’l))*h

BeL BeT BeT
_ Z (1B81+1)(8,2) T(ﬁ 2)) h— e — Z 7‘2(|5|+1)T(5’d)(T(B’d))*h —h+ Z rleTﬁ(Tﬁ)*h
BeT BeT 048€T
_ Z (IB+D) (8 1) )*h— Z (1B1+1)7(8,2) T( )) h— _Z P28+ (8.d) (T(ﬁ’d))*h — .
BeL BeET BET

We define W; € B((*(Z)) via Wi(es) = ey, for i = 1,2,...,d. We can see that W;W; =
0ijler(zy, using Wiei gy = ez and Wieu, i) = 0, i1 7§ i. Let C*(Wh, ..., Wy) be the C*-
algebra generated by Wi, ..., W, and

.....

b C* (Wi, W) = B(H),  én(a) = K, (T)*(a® DK, (T), VYae C*(Wi,....Wy).

By (3.10), we have
o-Wi)=rT;, 1=1,2,....d,

because for all h € H

oW = K(T)* (3 Wiles) @ (D (T7)R) ) = D7 0T D (4 Dy (T7) )

BEL BeT

=Y r"PITTDI(T ) h = r T, rPITO D2 (TP) h = r Tih.
BET BET

It is enough to construct a unital completely positive map W : C*(W4, ..., W) — B(H) such
that W(W;) = T;. This can be constructed by letting:

= li/r(r% ¢, (in the sense of pointwise convergence, refering to previous proof).
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By Theorem 3.2.16, there exist a Hilbert space K, a *-homomorphism = : C*(W7y, ..., W,) —
B(K), and K € B(H,K), such that ¥(a) = K*n(a)K, for all a € C*(W4,...,W,). K is an
isometry, since ¥ is unital. Therefore, H can be identified with KH, and then K* = Py, (See
the Proof of Corollary 3.2.17). Thus, we have T; = W(W;) = Pym(W;)|y. Now, we can define
Vii=n(W;) € B(K), i =1,2,...,d. We can see that

‘/Z*V; = (W(M/Z))*W(W]) = W(M/Z*Wj) = 52']‘71'(]@2(1')) = 5ijIIC7 and T‘z = PHV;|H, 1= 1, 2, ,d
u
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Chapter 4

Shilov Boundaries, Shilov Ideals and
Dilation

The purpose of this chapter is to illustrate how dilation theory can be applied to the study
of non-selfadjoint operator algebras and spaces, and in particular, the relation between
such spaces and selfadjoint operator algebras that they generate. We will focus at Shilov
boundaries for uniform function algebras and its non-commutative generalization.

4.1 Shilov Boundaries

We start with introducing some classical notions in uniform algebras that motivated the
introduction of non-commutative boundaries for operator spaces.

Definition 4.1.1 Let X be a compact Hausdorff space. A C C(X) is a uniform algebra if
it is a closed subalgebra of C'(X) which contains the constants (unital) and separates points
of X; that is, for every two distinct points x and y in X, there exists a function f in A such

that f(z) # f(y).

Remark 4.1.2 By Stone-Weierstrass theorem if A C C(X) is a uniform algebra, then
C*(A) = C(X), where C*(A) is the C*-algebra generated by A. Note that in Stone-
Weierstrass theorem, we have the additional condition f € A = f* = f € A, whereas
for a uniform algebra, this condition is not required.

Definition 4.1.3 Let X be a compact Hausdorff space, and let A C C(X) be a uniform
algebra. A closed (equivalently compact) subset D C X is called a boundary with respect to
A it

1£1] = max | f(@)] = max| (@) =|I7loll, ¥f € A (1)

The smallest closed such D with (4.1), denoted by dsA, is called the Shilov boundary relative
to A.

Remark 4.1.4 In the other words, dgA is the unique minimal closed subset £ C X such
that f — f|g is isometric (for all f € A).

69
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The next theorem says that the Shilov boundary always exists (Corollary 15.17 in [17]).

Theorem 4.1.5 (Shilov) Let X be a compact Hausdorff space, and let A C C(X) be a
uniform algebra. Then there exists a unique compact (equivalently closed) subset dsA C X
such that:

(i) the restriction homomorphism r : C(X) — C(9sA), r(f) = floga is isometric on A,

(i1) if D C X is another compact set such that (i) holds, then 0sA C D.

Example 4.1.6 Let A(D) C C(D) be the disk algebra, i.e., the algebra of all bounded
analytic functions on D = {z € C : |z| < 1} that extend continuously to D. By maximum
modulus principle, T = {z € C: |z| = 1} is a boundary with respect to A(D). We show that
this is the smallest of them. Let S C T be a boundary with respect to A(D), and T \ S # 0.
So, there is a zy := ¢ € T\, for some 0y € [0, 27[. Let define f € A(D) via f(z) =752+ 1.

We can see that
0 — 6y
coS
2

max|f(z)] <max|f(z)] = 2 = max[f(2)],
z€ z€ z€D

1£(e?)] = [0 1 1] =2 , VO €[0,2n].

Since zp € T and 2y & S,

which is a contradiction with the assumption on S (it has been assumed to be a boundary
with respect to A(D)).

Example 4.1.7 05C(X) = X. Because for every closed proper subset D of X, by Urysohn’s
lemma (all compact Hausdorff space are normal), there exist closed ) # D’ C D¢ and
feC(X)such that 0 < f <1, f|p =0, flpr =1. Hence, ||f|| = 1, while ||f|p]|| = 0.
That is, there is no D C X such that (4.1) holds for A = C(X). Thus, 0sC(X) = X.

Proposition 4.1.8 (Reformulation in algebraic terms) Let X be a compact Hausdorff
space, let D C X be closed, and let A C C(X) be a uniform algebra. Set
Ip:={feC(X): flp =0} a closed ideal in C(X). Then D is a boundary with respect to
A if and only if

0 C(X) > C(X)/Ip, n(f) = f+1p

s an isometry, when it is restricted to A.

Lemma 4.1.9
inf ||f + gl <|[|flpll, Vfe€ A
g€lp

Proof Let ¢ > 0, and let f € A be fixed. We have

Vz € D 3G, (open subset of X),xz € G, : |f(y) — f(x)| <e, Vy e G,. (4.2)

{G:}eep covers D, and D is compact. Therefore, there exist xy,z,...,xx € D such that
DCG, UG, U..UG,, = G. By (4.2),

[f(y) = flzj)] <&, Vye Gy



4.2. SHILOV IDEALS AND DILATION 71

Hence,
F@) <e+f(zy)l <e+lflpll, Vy € Gay.

Thus,
IfW)l <e+IlfInll, VyeG. (4.3)

By Urysohn’s lemma (X is a compact Hausdorff space, so it is a normal space), there exists
h € C(X) such that 0 < h <1, h|p =0, h|ge =1 (since D C G, DN G = (). Let
g := —hf. In this case we will have by (4.3)

inf [|f +gll <|lf =nfll=sup [f(y)I(1—h(y)) =sup[f(y)(1—h(y)) <e+][floll-
g€lp yEX=GUGE yeG
Consequently, infger, ||f +gl| < ||flpll- |
Proof (of Proposition 4.1.8) Let n be isometric on A. Therefore, ||f + Ip|| = ||f||, for all

f € A That is, infyer, |[f + g[| = || f]]. By Lemma 4.1.9, [[f|| < [f[p][. But, [|f|n[l < [If]],
hence ||f|p|| = ||f]|, for all f € A. Thus, D is a boundary with respect to A.

Conversely, if D is a boundary with respect to A, then for all g € Ip and f € A,
1 + g1l = 11(f + )|l = 11|l = Il Hence, infyez, |1f + gll > [Ifl. On the other hand,
infyer, |1/ + gll < |If]]. Therefore, infyes, [Lf + gll = L. That is, ln(/)I| = [If]], for al
f € A. Thus, 7 is isometric on A. |

4.2 Shilov Ideals and Dilation

Arveson thought to generalize the Shilov boundary to the case where the commutative C*-
algebra C'(X) is replaced by a non-commutative C*-algebra A = C*(A) generated by a unital
operator algebra A (that is a norm-closed subalgebra of the bounded linear operators on a
Hilbert space).

Definition 4.2.1 Let A be a unital operator algebra, and let A = C*(A). A closed (two-
sided) ideal I<1.A is said to be a boundary ideal for A in A if the restriction of the quotient map
n:A— A/l to A is completely isometric; that is, (7]a)m) : Mn(A) = M, (A/I) is isometric
for all n € N. The Shilov (boundary) ideal for A in A is the unique largest boundary ideal
for A in A. If J is the Shilov ideal for A in A, then C*-envelope of A is defined to be the
C*-algebra C*(A) = A/J. Remark that C*- envelope was initially defined in a different way
(See page 219 in [17]) and then proved that it is equal to A/J.

Indeed, the Shilov ideal is a non-commutative analog of the Shilov boundary. The Shilov
ideal exists and it is unique (for some special A, one can refer to Definition 2.2.1, and then
Theorem 2.2.3 in [2], also for general case of A, one can refer to Theorem 4.4 in [9]).

Proposition 4.2.2 Let X and Y be two compact Hausdorff spaces, let W be a subspace of
C(X), and let ¢ : W — C(Y) be an isometry. Then ¢ is a complete isometry.

Proof Let (w;;) € M,(W). By (1.5) in Proposition 1.4.6, we have

(@(wis)l[asncory = Sup (@ (wis) (),
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On the other hand,

y))f,O‘ = sup
£,ceCn, [lell=li¢lI=1

(¢ (wi;)W))|ar, = sup
e.cecn lgll=ligli=1

Z ¢(wij)(y)§j@‘

£,¢eCr, H£|| lI¢l|=1

(et

4,J

Hence,

||(¢(wij))||Mn(o(y)) = sup
£,¢eCn, H£|| l1¢ll= ler

sup H¢<Zwij§j<i>

£,¢eCm, JIglI=II<l1=1

o sup\zww D& -

§,CeCn J[E]I=ICl[=1  zeX

(S mec)on

‘ — sup H w;i&;Gi
CY)  gcecn, |igli=licli=1 z]: W

= sup |[(wi ()| 0z, = |[(wis)|| st (c(x)-

Example 4.2.3 If A = C(X) is a commutative C*-algebra generated by the uniform algebra
A, then the Shilov ideal for A is just the ideal I5,4 of functions vanishing on the Shilov
boundary dsA (if J is a closed ideal in C'(X), then J is of the form J = {f € C(X) : f|x = 0}
for some closed (equivalently compact) subset K C X). In this case C(A) = C(dsA) (See
Corollary 15.18 in [17]). Note that C'(X)/Ip is *-isomorphic to C'(D). Since the quotient
function from C(X) to C(X)/Ipsa = C(0sA) is an isometry, it is a complete isometry by the
Proposition 4.2.2. Therefore, I, 4 is a boundary ideal. Also, I, 4 is the largest, by the fact
that Dy C Dy <=1, CIp,: "=" is obvious. "<=": Let D; € D,. Then there is x € D,
such that = € Dsy. By Urysohn’s lemma, There is f € C'(X) such that 0 < f <1, f(z) =
and f|D2 = 0. Thus, f|D2 =0 and f|D1 7é 0. That iS, ]IDQ Z HD1'

Theorem 4.2.4 (Theorem 2.16 in [24]) Let X be a compact Hausdorff space, and let A C
C(X) be a uniform algebra. A point x € X belongs to dsA if and only if for any neighbourhood
U C X of x there is a function f € A such that |f| < ||f|| on U°.

Remark 4.2.5 By Theorem 4.2.4, we can see that 0sC(X) = X, where X is a compact
Hausdorff space (Example 4.1.7): Let x € X, and let U C X be an arbitrary neighborhood
of z. By Urysohn’s lemma (X is a normal space), there exists f € C'(X) such that 0 < f <1,
flove = 0, and f(x) = 1. Hence, ||f|| = 1 and therefore, 0 = |f| < [|f|| = 1 on U°. Thus,
z € 0gC(X). That is, X C 0sC(X). Consequently, dsC'(X) = X.

Definition 4.2.6 Let A be a x-algebra. A representation of A is a pair (7, H), where H is a
Hilbert space and 7 : A — B(#H) is a x-homomorphism. We also say that 7 is a representation

of A on H.

Definition 4.2.7 Let A be a x-algebra, and let (m, H) be a representation of A. A subspace
Ho C H is said to be invariant if w(a)Ho C Ho, for all a in A.
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Definition 4.2.8 A representation (7, H) of a x-algebra A is (topologically) irreducible if
the only closed invariant subspaces are {0} and H. Otherwise, it is reducible.

Definition 4.2.9 Let A C A = C*(A) be a unital operator algebra generating a C*-algebra
A. Let (m,H) be an irreducible representation of A. (m,H) is said to be a boundary
representation for A if the only unital completely positive map ® : A — B(H) that extends
7|4 is 7 itself.

We can also replace A by & an operator system and define a boundary representation for
S. This leads us to the following definition:

Definition 4.2.10 Let S C A = C*(S) be an operator system inside the unital C*-algebra
A that it generates. A unital completely positive map ¢ : S — B(#H) is said to have the unique
extension property if there exists a unique unital completely positive map ® : A — B(H),
that extends ¢, and moreover, this ® is a *-homomorphism.

Definition 4.2.11 Let A be a unital C*-algebra and S C A be an operator system. Let H
and C be Hilbert spaces with H C K. A UCP (unital completely positive) map ¢ : S — B(K)
is said to be a dilation of a UCP map ¢ : & — B(H) if ¢(a) = Py(a)|y for all a € S. We
write ¢ <1, or ¢ = ¢. We can also say that ¢ is a compression of .

Every UCP map ¢ : S — B(H) can be dilated trivially by forming direct sum ¢ @ ¢/,
where ¢' : § — B(H’') is another UCP map. ¢ @ ¢’ is said to be a trivial dilation of ¢.
A UCP map ¢ is said to be mazimal if it has only trivial dilations. In the other words,

2= 1 =0 ¢ for some UCP map ¢'.

Remark 4.2.12 A dilation v of ¢ need not satisfy K = [C*((S))H] := span(C*(¢(S))H),
where C*(¢(S)) denotes to the C*-algebra generated by ¥(S), however it can be replaced
with a smaller dilation of ¢ that satisfies this relation between K and H. ¢ is maximal if and
only if the only dilation ¢ = ¢ that satisfies K = [C*(¢(S))H] is ¢ itself.

Definition 4.2.13 Let ¢ : S — B(H) be a UCP map and let £ C S x H. We say that ¢ is
mazimal on E if for every 1 = ¢, we have

Y(a)h = ¢(a)h, ¥(a,h) € E.
A UCP map ¢ : S — B(H) is maximal if and only if it is maximal on & x H.

Lemma 4.2.14 For every UCP map ¢ : S — B(H) and every (a,h) € S x H, there is a
dilation of ¢ that is maximal on {(a, h)}.

Proof Because for every dilation ¢ > ¢ we have ||¢(a)h|| < ||¥]]||al| ||| = ||al|||R]|, we
can find a dilation ¢; of ¢ for which ||¢1(a)h|| is as close to sup{||t(a)h|| : ¥ = ¢} < ||al||||h]]
< 0o as we wish. Continuing inductively, we find a sequence of UCP maps ¢ < ¢ < ¢ - --
such that ¢, : S = B(H,), HCH1 CHy C -+, and

P41 (a)h]] = sup |l (a)h]] = 1/n.
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Let H := U H,, and let ¢ : S — B(?—E) be the unique UCP map that compresses to ¢, on
H,, for every n > 1. We can see that ¢ is maximal on {(a,h)}. Since if ¢ = ¢, then ¥ = ¢,
for every n > 1, and

16(a)hl| = || Py, 0(@)hl] = [|6nr1(a)h]| > [[(a)h]| = 1/n.
Therefore, ||p(a)h|| > |[¢(a)h]|. Note that
[ Pg(a)h|[* = (Pg(a)h, Py(a)h) = (b(a)h, Py Py(a)h) = (¥(a)h, Pi(a)h) =
(Y(a)h, Py(a)h) = (p(a)h, Pgib(a)h). Tt follows that
[4(a)h = d(a)hl|* = [[¢(a)h — Py (a)h|* =

[ (@)hl|* + || Pg(a)hll* — (b (a)h, Pyap(a)h) — (b(a)h, Prib(a)h) =
[6(a)|? = | P (@)h][* = |[¥(@)h][* = [|g(a)R]|* < 0
so that 1(a)h = ¢(a)h; that is, ¢ is maximal on {(a,h)} and of course ¢ = ¢. [

Theorem 4.2.15 Every UCP map ¢y : S — B(Hy) can be dilated to a mazimal UCP map
¢S — B(H) for some Hilbert space H.

Proof (Arveson) We show first that ¢o can be dilated to a UCP map ¢, : S — B(#;) that
is maximal on § x H,. For showing this assertion, let w be an ordinal sufficiently large that
there is a surjection o € w +— x, € S X Hp; hence, S x Hy = {z, : @ < w}. We claim that
there is a family of UCP maps ¢, : S — B(H,), indexed by the ordinals v < w, which satisfy
Do = Qo together with

(i) ¢o is maximal on {zz: 8 < a}, and

(i) 0 < 8 = o < o5

If the existence of this family is established, we can set ¢; = ¢,,.

Proceeding inductively, for o = 0, we set ¢, = ¢y, noting that (i) is vacuous for this case.
Assuming o < w is an ordinal for which {¢s : f < a} has been defined and satisfies (i) and (ii)
on the initial segment {f : § < a}, define ¢, as follows. If @ has an immediate predecessor
a — 1, Lemma 4.2.14 implies that ¢,_; can be dilated to a UCP map ¢, : S — B(H,) that
is maximal on {x,_1}. If o is a limit ordinal, then the Hilbert spaces Hg, § < a, are linearly
ordered by inclusion; we take H,, to be the closure of their union and ¢, : S — B(H,) to be
the unique UCP map that compresses to ¢g on Hg for every 8 < a. In either case properties
(i) and (ii) abide for the augmented family {¢s : 8 < a}. This defines {¢, : @ < w}.

Now we can use ordinary induction on the preceding result to find an increasing sequence
of Hilbert spaces Ho C H; € Hs C - -+ and UCP maps ¢, : S — B(H,,) such that ¢, < ¢,41
and ¢4, is maximal on S x H,, n = 0,1,2,.... Let H := U, H,, and let ¢ : S — B(H)
be the unique UCP map that compresses to ¢,, on H,, for every n > 1. Note that for every
dilation ¢ : § — B(K) of ¢ and every n > 1, we have ¢ = ¢, .1 and also ¢ = ¢,.1. Therefore,
by maximality of ¢, 11 on & X H,,, we will have

W(a)h = ¢pi1(a)h = dla)h, Y(a,h) €S x H, .

It follows that ngS is maximal on S x U,H,,, hence on its closure S x 7 and of course ngS > ¢o.1
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Proposition 4.2.16 Let S be an operator system, let B be a unital C*-algebra, and let
¢ : S — B be a unital 2-positive map. then

é(a*a) = ¢(a) ¢la) = dla)é(a), VaeS.

Proof Without loss of generality, we can assume that B is a C*-subalgebra of a B(H) for
some Hilbert space H. Notice that for all a € S,

1 a 1 a\ [1 a
p— >
(a* a*a) (O 0) (0 0) 20,

and since ¢ is 2-positive (in particular, it is positive by Proposition 3.2.2, so it is self-adjoint

by Proposition 3.1.4)
i (al* ) - <¢<$(>1)::qza<la>* (;fé?i)) =0

Therefore, for all h € H,

o= { (ot (50") (40),.."

(0.~0ta)n). +( ~ 6l o(@h + ola’a)h, ) = <( — 6(0)'6(@) + 6la"a) ), h> |

H
Hence, —¢(a)*¢(a)+ ¢(a*a) > 0. |

The next theorem relates maximality to the unique extension property (See [13]).

Theorem 4.2.17 A UCP map ¢ : S — B(H) is mazimal if and only if it has the unique
extension property.

Proof (Arveson) Assume first that ¢ is maximal and let ¢ : C*(S) — B(#) be a completely
positive extension of it. It is enough to show that ¢ is multiplicative. By Theorem 3.3.3,
there is a *-homomorphism 7 : C*(S) — B(K) on a Hilbert space K 2 H such that (x) =
Pyr(x)|y, for all z € C*(S). We can assume that the dilation is minimal in that £ =
[7(C*(S))H] = [C*(n(S))H]. By Maximality of ¢, = H and ¢ = 7 is multiplicative.
Conversely, suppose that ¢ has the unique extension property and let ¢ : S — B(K) be a
dilation of ¢ acting on I O H with K = [C*(¢(S))H]. We will show that K = H and ¢ = ¢.
By Theorem 3.3.1, ¢ can be extended to a completely positive map v : C*(S) — B(K).
Because the compression of ¢ to 7 defines a completely positive map of C*(S) to B(H) that
restricts to ¢ on §, the unique extension property implies that PH@@PH is multiplicative on

C*(S). Therefore, for all z € C*(S),
Pyt ()" Pyt (x) Py = Pyt (x)" Py Pyt (z) Py = Pt (a7) Py Pyt () Py = Py (z*z) Py

> Pyt ()" () Py,
by Proposition 4.2.16. Let V := zﬂ(x)PH and A := Py. For all h € H,

(V*AVh,h)y > (V*Vh,h)y.
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Therefore,

AVl [V Rl > (AVh, V i)y = (VZAVh, h)yy = (V' VR, h)y = [V,

Hence,
V|13 = AV Al > [[AV |3 > [[V R34
Thus,
[AVh[y = [[Vhll3, VheH,
or
1P (@)hlla = ()bl , h e H.
Therefor

e, Y(x)H C H, for all z € C*(S); that is, H is invariant under the set of operators
D(C*(S)) 2 ¥(S), and therefore under C*((S)). Thus, K = [C*(¥(S))H] = H and ¢ = ¢
follows. |

Theorem 4.2.18 (Existence of the Shilov ideal) For every operator system S C C*(S),
the set of all boundary ideals for S has a largest element J.

Proof (Arveson) Let ¢g:S — B(Ho) be any unital completely isometric map. It is a UCP
map, since it is a unital completely contractive, and hence it is a UCP map by Remark
3.3.5. Theorem 4.2.15 implies that ¢ can be dilated to a maximal UCP map 7 : S — B(H).
Theorem 4.2.17 implies that we may extend 7 uniquely to a representation of C*(S) on
‘H, which we denote by the same latter w. Let J := kern. J is a boundary ideal since
¢o(a) = Pyym(a)lpy,, for all a € S. Hence, [lal| = ||¢o(a)]| < |l7(a)]| < |lal| (because m
is a UCP map, then it is completely contractive). Thus, for all a € S, [|a|| = ||7(a)]|.
Similarly, ||(ai;)|| = ||7@m)((ai))||, for all n € N and (a;;) € M,(S). That is, 7|s is unital
completely isometric. Consequently, for quotient map n : C*(S) — C*(S)/kerm, n|s is a
unital completely isometric map of S. In fact, if a € S and b € ker 7, then ||a|| = ||7(a)|| =
lIm(a) + 7 (b)|| = [|w(a + b)[| < |la +b]|. So, |[a]| < infrererr[|a + || = [la + kern||, and
clearly, ||a+ker w|| < ||al, therefore ||a|| = ||a+ker 7||; that is, 77|s is an isometry. Similarly,
it is a completely isometric map. Let I be any other boundary ideal for &, and consider
q:C*(S) = C*(S)/Tviaq(s) =$:=s+1. Themap ¢ : {a+1:a € S} — B(H) defined
by 1(a) = w(a) (¢ o qls = 7|s) is unital and completely contractive, hence, it is a UCP
map, and therefore has a completely positive extension v : C*(S)/1 — B(H), by Theorem
3.3.1. Because (@) = w(a) for a € S, () = n(s) for s € C*(S) () o ¢ = ) by the unique
extension property for w. Hence a € I implies that 7(a) = &(a) = 0; that is, T C J. |

Example 4.2.19 Consider L? = L*(T, 2). If we define ¢(z) := z, for all z € T, then
{t™ : n € Z} is an orthonormal basis for L? (:"(z) = 2"). In fact, for any f € L? f =

ZZO}OO (f,1")p2 ™, where

(f,9)r =—/ f(e®g(ei?)do, Yf,ge L?

Note that f € L? if and only if >°7 _ |(f,t")12]* < co. H? = H?*(T) := span{." : n > 0}
is a closed subspace of L? and it is said to be Hardy space on T. Let Py2 : L? — L? be the
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projection onto H?; that is,

[e.9]

Ppaf =Y (f"pe ", f= ) (fi")pe
n=0

Now, we define Toeplitz operator T}, : H*> — H? with symbol ¢ € L> = L*>°(T) via
T,n = Pyz(¢n), Vne€ H”.
In this example, from now on, instead of T, , we will write T, .

Toeplitz algebra is C*(T) the C*-algebra generated by {7.}. If S = span{1,T.} (or S is
the set of all polynomials in 7}), then S C C*(T,) = C*(S). By Theorem 4.3.2 in [1], we
have

(&) = Ty + K : [ € O(T), K € K(H)}, (14)
where K(H?) is the space of compact operators on H2. Also, by Remark 4.3.3 in [1],

7:C(T) — C*(S)/K(H?), 7(f) =T+ K(H?) (4.5)

is a *-isomorphism isometric map.

Hence, by (4.4) and (4.5), we get C*(S)/K(H?) = C(T). We will show that the Shilov
boundary ideal for S in C*(S) is K(H?). Consequently, C*(S) = C*(S)/K(H?) = C(T).
(1) We show that KC(H?) is a boundary ideal for S in C*(S) For this, we must show that
G:C*(S) — cH (s S)/KC(H?) is a complete isometry when it is restricted to S, or equivalently,
7o : C*S) = C*(T,) — C(T) is a complete isometry when it is restricted to S, since
C*(S)/K(H?) = C(T). Because ||T|| < 1, there exist a Hilbert space # 2 H? and a unitary
U € B(H), such that T = Py2U"| 2, for all n € N. By Corollary 3.2.12 and (1.5), we have

@i (T aru(8) = 1 (Przpig(U)]m2) || < [[(pis (V)] < j}é}%!l(?ij( IDaa, = N @isllaa o)

(4.6)
As § is completely contractive (since ¢ is *-homomorphism, hence it is completely positive,
and therefore by Remark 3.3.5 and the fact that it is unital, we infer that it is completely
contractive.),

i) ey = (@@ (TN = Hden (@i TN < Wi (T g3 (47)

Equality in the left hand side of (4.7) comes from

@@ (TN = 1@ T DI = [T, + KEDI = (7 (Ris))I = 176 (i) = 1 (Ris)I].

since 7 is completely isometry, because 7 : C(T) — C*(S)/K(H?) = C(T) is an isometry,
and therefore by Proposition 4.2.2, it is completely isometry.
By (4.6) and (4.7),

(@i (T a8 = @i s
Since 77! o G(p(T%.)) = p, for every polynomial p, therefore

(T 0 @)y (i (TN = [[(Ri) ] = (i (T
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That is, 77! o ¢ is completely isometry when it is restricted to S.
(2) We show that KC(H?) is the largest boundary ideal: Let I O K(H?) be a boundary ideal
for S in C*(S). There is a closed subset E C T, such that I/K(H?) = Ig. Hence,

C*(8)/1= C*(8)/K(H?) [1/K(H?) = C(T) /1 = C(E).

Since I is a boundary ideal for S in C*(S), therefore quotient map 7 : C*(S) = C*(S) /1 =
C(F) is a complete isometry map when it is restricted to S. Hence, for each polynomial p,

pllem = 1Tl = llpllee) -

But this is impossible unless £ = T (See the argument in Example 4.1.6). Therefore,
I/K(H?) =Ip = {0}. That is, I = K(H?).
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