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Graded Modal Type Theory, Formalized
OSKAR ERIKSSON

Department of Computer Science and Engineering
University of Gothenburg

Abstract

A graded modal type theory equips a type theory with a semiring of grades, which enables
encoding additional information of some kind. A typical application of such a system is
to encode quantitative information, specifically how many times variables are used or
referenced at runtime. Concrete examples include erasure or linear types. In this thesis,
we present such a type theory with dependent types, designed primarily with encoding
quantitative information in mind. The theory supports II-types, ¥-types, unit, and empty
types, as well as a hierarchy of universes. It also supports natural numbers, and special
attention is given to establishing a method for counting variable uses for the recursive
eliminator of this type. We prove some key meta-theoretical results for this system, as
well as two main correctness results. Firstly, we show correctness for erasure in the sense
that it is safe to remove erased information during compilation without affecting the result
of evaluation. Secondly, we show that the system is capable of correctly tracking how
many times variables should be referenced through an abstract machine in which heap
lookups (corresponding to variable references) are tracked. The thesis is accompanied by
an Agda formalization in which the results have been mechanized.

Keywords

graded modal type theory, quantitative type theory, dependent types, erasure, linearity,
abstract machine, formalization
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Chapter 1

Introduction

It is well-established that static type systems allow certain classes of bugs to be eliminated
by giving the programmer guarantees about the behaviour of their programs. The class
of bugs which can be avoided in this manner depends on what kind of information the
type system allows to be encoded. Dependent types are a powerful example of this by
allowing types to depend on values. The classic example is the data type of vectors, lists
of a given length, here defined in Agda:

data Vec (A4 : Set) : N — Set where
[] - Vec A0
it {n: N} - A — Vec A n — Vec A (suc n)

The length of the vector is encoded in the type which can be leveraged by the programmer,
for instance, by defining a safe head function:

head : Vec A (suc n) — A
head (z :: zs) = x

The type system guarantees that this function can only be applied to non-empty lists,
so its behaviour for empty vectors does not need to be defined. Another example is the
append function, where the type guarantees that the length of the resulting vector is the
sum of the lengths of the input vectors:

++_-:Vec An — Vec A m = Vec A (n + m)
[ ++ ys = ys
(z ::as) ++ ys = x =2 s ++ ys

Guarantees like these come with a cost: unlike the usual definition of lists, vectors carry
around information about their length. In fact, since a vector of length n consists of n + 1
sub-vectors it carries with it all numbers from 0 to n — a substantial memory overhead
compared to lists [Brady et al., [2003]. While these are important for type-checking, these
examples do not use them in the actual implementations, meaning that they serve no
purpose after type-checking. Consequently, it should be safe to remove them during
compilation, turning vectors into lists at runtime and avoiding the unnecessary space
overhead while keeping the guarantees given by the type.

Removing such computationally irrelevant information is known as erasure. Agda has
support for erasure via annotations on types, marking arguments as being computationally
irrelevant or “erased” |[The Agda Team)| [2024]. Such arguments are used during type-
checking but are removed during compilation (at least by some of the compiler backends).
For the vector type, a version with erased length information can be defined as follows,
the only differences are the @0 annotations on the length arguments.

3



4 CHAPTER 1. INTRODUCTION

data Vec (A : Set) : @0 N — Set where
[]: Vec 40
o1 {@ n: N} - A— Vec A n — Vec A (suc n)

head : {@0 n : N} — Vec 4 (suc n) — A
head (z :: ws) = z

4++_:{@ nm: N} - Vec An— Vec A m — Vec A (n + m)
[ ++ ys = ys
(z ::xs) ++ ys =z - s ++ ys

Of course, one cannot mark anything as erased; the type-checker only allows such
annotations for arguments that it can determine to be used zero times at runtime. The
following definition of a length function is rejected by Agda since the length index is used
in a computationally relevant way.

length : {@0 n: N} - VecAn = N
length {n = n} xs = n

This does not mean that the argument needs to be completely unused, that is, not appear
in the code, but it may only appear in other erased contexts such as an erased function
argument.

Going beyond erasure, one can imagine type systems tracking other numbers of uses
as well. Typical examples of this include linear types [Wadler) 1990] for which arguments
are required to be used exactly once, or affine types for which they are used at most once.
One could also go in the opposite direction of erasure and instead track computationally
relevant arguments, that is, arguments that are used at least once. One might also
consider combinations of these |[Choudhury et al. 2021; |Abel and Bernardy, 2020]. All of
these, including erasure, are examples of type systems tracking quantitative information.

One application of such systems is utilizing the information about runtime usage in
optimizations like the one already discussed for erasure. For linear or affine types, one
can apply the knowledge that certain data is used at most once to perform safe in-place
updates, achieving similar space optimizations [Bernardy et all [2017} |Lorenzen et al.,
2024]. Another use case is to take advantage of how the increased expressiveness of the
type system allows more static guarantees such as implementing session types for ensuring
correctness of communication protocols [Brady, 2021] or ensuring that indices are used
only once in a library for tensor algebra [Bernardy and Jansson, [2025].

Dependent type systems with the capability to correctly track such quantitative
information is the main topic of this thesis. The approach considered is graded modal type
theory in which the type system is equipped with a semiring which is used, in this case, to
encode information about how many times variables are referenced. The implementation
of erasure in Agda is based on such a system. Graded modal type theory is described in
more detail in Section [L.1}

The contents of this thesis have been formalized using Agda. This includes all
definitions and results presented in the appended papers unless stated otherwise. The
formalization is described in more detail in Section 2.3

1.1 Graded Modal Type Theory

A graded modal type theory, or just graded type theory, is a type theory equipped with
some algebraic structure. Its elements, grades, are used to annotate certain terms and/or
types in order to encode some kind of information. Typical examples are quantitative
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information |[McBride| 2016} |Atkey}, 2018; |Choudhury et al., 2021; Moon et al., 2021]
as discussed above or confidentiality classification for ensuring that secret information
cannot be leaked |[Choudhury et al.l |2022; Orchard et al.,2019]. In this thesis, the focus is
primarily on the former. Usually, the algebraic structure is not fixed and the type theory
can in this regard be considered to be parametrized over the structure. It can then be

instantiated with different concrete structures depending on the kind of information that
should be encoded.

While the specifics of how graded type theories are defined differ depending on the
intended applications, some aspects are notably common. For one, the algebraic structure
is normally a partially ordered semiring. That is, it has addition and multiplication
operators with multiplication distributing over addition as well as a unit (1) and zero (0)
grade. The operators and order relation are used to define the typing rules as explained
below and the type of information one can encode thus depends on how the operators
and order are defined. A few semiring instances of note for this thesis are sketched in
Section For some applications, the semiring is given some additional structure. As an
example, quantitative type theory (QTT) imposes that p + ¢ = 0 should only be allowed
if p = g = 0 [McBride, 2016] and pg = 0 only if either p or ¢ is equal to zero [Atkey,
2018]. In information flow applications, the grades are often assumed to form a lattice,
representing security levels [Choudhury et al. 2022; |Orchard et al., 2019)].

In its simplest form, one might describe a graded type theory as assigning a grade to
any free variable, such as a function argument, in addition to a type. The grade signifies
some information about how the variable should be used. For quantitative settings, this
means that the grade represents how many times the variable should be, or is allowed
to be, referenced while information flow instances assign a constraint on what security
clearance is needed in order to reference the variable. Besides assigning grades to variables,
some theories allow assigning grades to constructor arguments, similarly signifying how
these should be used.

In some systems these grades can be inferred [Tejiscak, 2020] while others require the
syntax to be annotated with grades. In such cases, annotations might be needed only on
types as for Moon et al|[2021] or in the Agda example above. There, we annotated just
some function domains, marking the natural number arguments with grade @0, indicating
that they are referenced zero times at runtime. In other cases, further annotations are
required also on terms, for instance, functions (lambdas) and/or applications |[Choudhury’
et al., 2022, 2021). In this thesis, the latter approach is used.

Regardless of where grade annotations are required, the type system is tasked with
ensuring that they are correct. There are, in principle, two main styles of defining
the typing rules for grades. The first [McBride, [2016; (Choudhury et al., 2021] can be
described, more or less, as counting variable uses with the given semiring. A single variable
occurrence is assigned grade 1 and a lack of occurrences is assigned grade 0. Several
occurrences, in particular from sub-terms, are added using the addition of the semiring.
The multiplication represents the uses of one term by another with the key example being
function applications. A function using its argument p times will use a variable pq times
if that variable is used ¢ times in the function argument. A notable special case of this
is when p = 0, representing an unused (erased) function argument. In this case, the ¢
variable uses of the function argument end up not being counted. This represents that
erased information is allowed to be used in other erased contexts.

Depending on the application, it might not be desirable to fully distinguish between
all grades. This is the case, for instance, for affine functions which can use their argument
either zero or one times, meaning that there might be several valid grade assignments.
In particular, both erased and linear function arguments may be considered to be affine.
This kind of compatibility between grades is expressed through the partial order with the
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grade typing allowing a form of subsumption or weakening by allowing a variable used
at grade p to also be used at a lower grade ¢q. For instance, code accessing a variable
of a high confidentiality level will continue to work if the variable is assigned a lower
confidentiality level.

The second style of defining grade typing is in many ways similar to the first but
with the typing judgement too annotated with a grade, in this thesis referred to as the
mode (possibly with restrictions on which grades are allowed as modes) [Atkey] [2018;
Choudhury et all [2022]. Variable counting mostly progresses as before but the grade
corresponding to a single occurrence is now given by the current mode. In an information
flow interpretation, the mode might be interpreted as the security clearance of the current
observer; a well-typed program does not reveal any secrets of a higher security level than
the current mode. This formulation also allows different rules under different modes. For
instance, Atkey| [2018] allows different forms of eliminations for ¥-types (referred to as
dependent tensor product types) under erased and computationally relevant modes. This
thesis uses both approaches, with Paper [A] mostly using the first while Paper [B] uses the
second.

The description above has not been specific to dependent types and is applicable both
for simple and dependent types. In terms of grade typing, dependent types introduce one
complication that does not appear for simple types, however. Namely, since types may
depend on values they can use or reference variables which may affect how variable counting
should be performed. A simple approach to this is to consider types to be computationally
irrelevant, meaning that uses of the function argument [Atkey, 2018} Choudhury et al.,
2022} |2021] are not accounted for in the (dependent) codomain of II-types. An alternative
option is to annotate the II-type with two grades, one corresponding to the grade of
function argument in the function body as before and the other corresponding to the use
of the function argument in the type of the codomain [Moon et al., [2021}; |Abel, 2018§].
This is the method used in this thesis.

1.2 Some Instances of Graded Modal Types

Some parts of this thesis put particular emphasis on specific instantiations of graded
type theories. These are erasure, affine types, and linear types, all of which have been
discussed above. Here, we will see how one can instantiate a graded modal type theory
with semirings in order to achieve these interpretations. Note that while the instantiations
shown here are consistent with the type theory presented in this thesis, other instantiations
may be more suitable for other systems.

An instance for erasure is the two element semiring {0,w} where w serves as the unit
grade. Addition and multiplication are defined as shown in Table [I] and w < 0. The
grade 0 corresponds to the annotation @0 from the Agda examples and denotes erased
information. Conversely, the grade w can be seen as representing computationally relevant
information but, the partial order also allows computationally irrelevant information to
be marked with w. A more accurate interpretation of w is thus that it represents any
number of uses, including zero.

Table 1: Addition and multiplication for a semiring for erasure.

g€ O+
£ olo
€ g€

For affine types, one can use the three element semiring {0, 1,w} with addition and
multiplication as shown in Table[2land w < 1 < 0. The grades 0 and w can be interpreted
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similarly to the erasure instance and grade 1 represents zero or one use since 1 < 0. A
linear-types instance can be retrieved by changing only the partial order to 1 > w <0
with 0 and 1 being incomparable. Here, w still represents any number of uses since it is
smaller than all other grades but 1 no longer allows zero uses and thus represents linear
information.

Table 2: Addition and multiplication for semirings for affine or linear types.

+10 1 w 0 1 w
010 1 w 0[O0 0 O
1 |1 w w 10 1 w
wlw w w wl|l0 w w
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Chapter 2

Summary of Included Work

This thesis is a collection thesis consisting of the two papers “A Graded Modal Dependent
Type Theory with a Universe and Erasure, Formalized” and “A Resource-Correct Graded
Modal Dependent Type Theory with Recursion, Formalized” which are included in Part
This chapter gives a summary of the contents of the articles and their results. Both articles
are formalized in Agda and an overview of their formalizations is given in Section [2.3

2.1 A Graded Modal Dependent Type Theory
with a Universe and Erasure, Formalized

Paper [A] consists of three main parts. In the first part, we define a graded modal dependent
type theory and prove some of its meta-theoretical properties. Our main motivation
is erasure, but the theory is intended to be useable also for other instances, including
non-quantitative ones. The type theory we consider consists of a single (Russell) universe,
graded II-types, two kinds of ¥-types (one with a form of pattern matching and one with
projections and n-equality), natural numbers and an empty type. We annotate both types
and terms, notably lambda abstractions and applications, as well as the eliminators for
natural numbers and Y-types, assigning grades to the variables bound by the terms. The
eliminator for the empty type is also annotated with a grade representing the uses of the
impossible branch. Of particular note is that this allows impossible branches to be erased.

Our structure of grades, which we refer to as a modality, is a partially ordered semiring
with meets. Thus, any two grades always have an infimum in our setting. The purpose of
this is to support programs with branching behaviour that have different variable uses in
the branches—taking the infimum yields a grade that is compatible with either branch.
In our case, the most notable example of this are Y-types with projections as the two
components of a pair can be seen as two different branches depending on which projection
is applied.

We define our judgement for grade typing, separately from the usual typing.
The normal typing judgments are mostly defined without concern for grades but ensure
that grades on lambdas and applications match. The grade typing judgement is referred
to as the usage relation and we say that t is well-resourcedﬂ whenever v » t holds for
some context «v which assigns grades to the free variables of ¢t. For the most part, the
usage relation is defined in a standard way for a non-moded form of grade typing (that is,
as outlined in Section . A notable exception is pairs which allow projections where,

IThis terminology hints at a quantitative interpretation of variables “consuming” some resource
as the term is evaluated. For a well-resourced program, there are sufficiently many resources
available to evaluate the program. This interpretation is discussed more in Paper E}

9



10 CHAPTER 2. SUMMARY OF INCLUDED WORK

as explained above, the grades of the two components are combined using meet instead
of addition. For the ¥-type with pattern matching, we generally allow matching on an
erased term as long as the two components of the pair are just used in erased positions.
In this case, we speak of an erased match. This concept would also apply to other types
with a single constructor, but we only consider -types in this work.

Some attention needs to be given to the usage rule for the eliminator for natural
numbers where the recursion, and its unknown depth, makes variable “counting” less
straightforward. In order to assign grades for such programs, our definition of modalities
comes with an additional operator, which is required to satisfy some properties and is
used only for this purpose. However, as discussed in Paper [B] this solution is not fully
suitable for interpretations beyond erasure.

Having defined our graded type theory, we prove some of its meta-theoretical properties.
In particular, we show a substitution lemma, subject reduction, and decidability of the
usage relation.

The second part is a case study of a particular use case of the type theory we introduced
in the first part, namely erasure. Here, we consider only instantiations of the theory
with modalities where the zero satisfies some additional properties. We say that such
modalities have a well-behaved zero. We compile programs in the graded source language
to an untyped target language such that parts of programs that are marked as erased
are replaced with a special term representing an undefined value. Since erased parts are
unused during evaluation, this should be safe in the sense that it does not affect the
outcome of running the program.

That erasure is indeed safe is proven for the case of programs of type N by a logical
relation argument. The logical relation, relating terms of the source and target languages,
is defined by recursion over (a structure representing) the type of the source language term.
It is defined in such a way as to make sure that related natural number terms reduce to
the same numeral. The fundamental lemma of the logical relation states that well-typed
and well-resourced terms are related to their compiled counterpart from which it follows
that programs of type N evaluate to the same numeral before and after compilation.

Our correctness theorem holds both for closed and for open programs under the
assumption that all free variables are used only in erased positions. In the latter case, we
require that the types of all free variables, which might represent postulates, are logically
consistent with each other and the base theoryE] We also disallow erased matches. While
we show that this is a necessary assumption for our correctness theorem to hold, we
conjecture that a weaker version, with canonicity only for the target language, holds even
if such matches are allowed.

Finally, in the third part, we extend the theory with graded Y-types where the first
component of pairs is assigned a grade representing how it should be used. In order to
support this, the usage relation is modified to the style with a mode (in our case,
only 0 and 1 are allowed as modes). This change is most notably used to allow taking the
first projection of a pair with an erased first component in erased settings (mode 0) while
disallowing it in non-erased settings (mode 1). We show that the meta-theoretical results
still hold with this change for modalities with a well-behaved zero and we similarly show
that the results of the erasure case study still hold.

Statement of contributions The paper is written by Andreas Abel, Nils Anders
Danielsson and me. The technical content of the first two parts was devised by me and
Andreas and formalized by me while the third part was done by Nils Anders. The initial
draft relating to the first two parts was written by me and the third part by Nils Anders.
All authors revised the initial draft.

2The base theory has been shown to be consistent.



2.2. A RESOURCE-CORRECT GRADED MODAL DEPENDENT TYPE THEORY WITH RECURSION,
FORMALIZED

2.2 A Resource-Correct Graded Modal Depen-
dent Type Theory with Recursion, Formal-
ized

Paper [B| builds on the work done in Paper [A] by showing that the graded type theory
presented there is correct in a wider sense than erasure and also addresses an issue with
the usage counting for the eliminator for natural numbers. The setting is almost the
same as in Paper [A] but now includes a hierarchy of universes as well as two kinds of unit
types, matching the two kinds of >-types. While these additions round off the feature
set of the type theory we study, neither of them has a major impact on results or proof
techniques in this paper. As in the erasure case study, we work only with modalities with
a well-behaved zero. Our presentation uses the moded usage relation defined at the end
of that paper, but the results also hold for the variant without modes.

The main goal of this paper is to prove correctness for modalities with quantitative
interpretations. We do this by defining a heap- and stack-based abstract machine where
the heap tracks variable lookups. When new entries are added to the heap, they are
assigned a grade representing how many lookups are expected or allowed. After a lookup
has been performed, “fewer” further lookups are expected, and the corresponding grade is
thus updated accordingly. The machine also prevents lookups that would cause entries to
be used too many times. For instance, looking up an entry with grade 0 once is prevented.
We thus require the modalities we work with to support a form of partial subtraction
where lookup is allowed only when subtraction is defined, and the grade of the entry is
updated to be the result of the subtraction.

Entries are added to the heap when evaluating, for instance, function applications
where the function argument is placed on the heap. The grade annotation on applications
represents how many times the function argument should be used or referenced, and
that grade is accordingly associated with that heap entry. The expectation is that
once evaluation finishes, the entry will have been looked up that many times, or, more
accurately, a compatible number of times. This is expressed as the grades of the final
heap being bounded from above by 0. In particular, for the linear types modality, all
linear arguments must, at the end of evaluation, be associated with grade 0, meaning that
they have been looked up exactly once. For the affine types modality, however, entries in
the final heap may also be assigned grade 1, since 1 < 0, but its subtraction ensures that
any affine argument can only have been looked up at most once.

As in Paper [A] our results hold both for closed programs and for open programs
where all free variables are used only in erased positions. In the latter case, we again
assume that programs are typed in a consistent context and the matching on erased pairs
or unit elements is prohibited.

As mentioned in Section our method of usage counting for the eliminator for
natural numbers in Paper [A] is unsuitable for modalities with interpretations that go
beyond erasure. In particular, we show here that the addition function for natural numbers,
defined in the usual way, is not considered to be linear in that system. Furthermore, adding
a number n to itself is incorrectly[ﬂ considered to be a linear function in n. Consequently,
our correctness theorem for the abstract machine is not proven using the usage rule from
Paper [A]

Instead, we define a new usage rule. The idea behind it is that while counting variable
uses for a recursive function is difficult due to the unknown recursion depth, it is possible
to do for a known recursion depth by unfolding the recursion. A valid usage count is then

3Tt is possible to define a linear function for doubling a natural number but defining it by
addition in this way should not be linear.
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one that is compatible with any recursion depth, that is, a lower bound of all (infinitely
many) possibilities. In particular, our usage rule takes the infimum. Our correctness
theorem is proven for this rule given some additional assumptions about infima for the
modality. The main meta-theoretical results and the results from the erasure case study
of Paper [A] are also shown to still hold under the same assumptions. We also sketch how
this method might be used for usage counting for other inductive data structures, but we
do not formalize this claim.

Statement of contributions The paper is written by me, Nils Anders Danielsson
and Andreas Abel. I was responsible for most of the technical content and formalization
with input and guidance from Nils Anders and Andreas. The initial draft of the paper
was written by me and was revised by all authors.

2.3 The Formalization

Both papers are accompanied by Agda formalizations in which all results have been
proven. In both cases, formalized definitions and results are highlighted in blue which
link (in the digital version) to an HTML renderingﬁ‘] of the corresponding Agda code. The
formalization of Paper [B| [Eriksson et al. 2025] is an extension of the one of Paper
[Abel et al., [2023] and so includes the results of both. It is developed using the --safe
flag, which turns off features known to be inconsistent, as well as the ——without-K flag,
which (mainly) disables uniqueness of identity proofs [The Agda Team), 2024].

The formalization is based on an earlier formalization of dependent type theory,
originally by |Abel et al.| [2017] with later contributions by Gaétan Gilbert and Wojciech
Nawrocki. This formalization was for an ungraded system with the main goal of proving
decidability of type equality. This was done through a logical relation which additionally
allowed showing several meta-theoretical results about the type theory such as subject
reduction, admissibility of substitution, normalization, and consistency which we have
made use of[]

The full formalization now consists of around 140000 lines of code, which can be
compared to 49000 for Paper [A] and 15000 for the original development. It should be
noted, however, that this number includes parts of the formalization not covered by this
thesis. A notable example is that the formalization includes identity types (added by Nils
Anders Danielsson). While these are not covered by the included papers, (variants of)
the results presented in them also hold when identity types are considered.

4Available at: https://graded-type-theory.github.io/graded-type-theory/1ic2025/
5In the latest version of our formalization, some of these results are proven without using the
logical relation.
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Chapter 3

Discussion

We conclude this part by discussing some of the topics covered by this thesis as well as
possible directions of future work within the scope of the formalization project. Further
discussion can be found in the appended papers.

3.1 Canonicity for Open Terms

In both papers we show a form of canonicity for natural numbers. Such results are to
be expected for closed terms but usually do not hold for open terms. While one would
typically only run closed programs, one might want to add postulates to the theory which
would act as free variables. The reason canonicity breaks in this case is that evaluation
gets stuck upon reaching such a postulate. For instance, in a context where variable x
has type N, the program z is well-typed but will not evaluate to a numeral. Our proof
avoids such settings by requiring that free variables may only be used in erased positions;
in contrast, in the example above, x is computationally relevant.

Our argument relies on the consistency of all added axioms. Without this assumption,
it would be possible to construct a natural number term using the eliminator for the
empty type that does not evaluate to a numeral. The same is true for closed programs
but |Abel et al.| [2017] establish that our base type theory is consistent. Note that this still
allows using the eliminator for the empty type to rule out impossible branches. This is
essentially what happens behind the scenes in the head function from Chapter (1] in order
to rule out the nil branch. Canonicity is not broken since such branches never will be
evaluated.

We also require that erased matches are disallowed. In the source language (given the
reduction rules we are using) this is necessary since matching gets stuck if the scrutinee
does not reduce to a canonical value (for instance, a pair). However, in the target language,
such erased matches are compiled away, allowing evaluation to progress. We believe that
such matches should be safe in the target language since matching on a single constructor
data type does not incur any branching and the result of matching (for instance, the
components of the pair) is not used. In Paper Bl we consider only the source language and
therefore only consider the case without erased matches as they invoke the same issues as
in Paper [A]

Postulates do not need to be erased in order to still obtain canonicity. |[Coquand et al.
[2017] have shown a similar result under the assumption that the types of all free variables
are negative (either the empty type or a function with a negative type as codomain). The
argument is similar to the one for erased axioms, namely that an element with a negative
type has no computational content. Specifically, one cannot use such axioms to produce
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natural numbers. Like us, this argument is done under the assumption that all postulates
are consistent for similar reasons.

3.2 Formalizations of Type Theory

There are several formalization projects covering topics related to this thesis. Already
mentioned is |Abel et al. [2017] on which our formalization is built.

Wood and Atkey| [2021] have formalized, in Agda, a graded system with simple types.
Notably, they establish some meta-theory regarding substitution for graded systems which
forms the basis for the substitution lemma presented in Paper |[A]l Torczon et al.| [2024]
present another simply typed graded system, formalized in Rocq, for effects and coeffects.
They show that their system correctly tracks how resources are used during evaluation.
In contrast to the heap-based call-by-name evaluation we use in Paper [B] their evaluation
method is environment-based call-by-push-value. Supporting dependent types, |Liu et al.
[2024], |2025] have formalized, in Rocq, a graded type theory. Their main focus is on
indistinguishability, ensuring that an observer cannot distinguish between two programs
which use information that is secret to the observer. In their system, grades affect equality
in order to enable programs with no discernable difference to the observer to be treated
as equal.

Another notable example is the MetaRocq (formerly MetaCoq) project, formalizing
Rocq in Rocq. Though not a graded system, parts of the project cover extraction which
supports a form of erasure. Extraction is supported to an untyped lambda calculus,
similar to the one we employ in Paper [A] and extracted programs are shown to preserve
the behaviour of the source program [Sozeau et al., 2019]. Extracted programs can be
further extracted into OCaml and this procedure has also been formally verified [Forster;
et al., 2024].

3.3 Future Work

While the focus of this thesis has been primarily on quantitative modalities, the original
design was intended to be applicable in other cases as well. Paper [A] discusses to some
degree how our results can be interpreted for a specific information flow instance, but a
more general investigation on to what degree our system (correctly) handles such instances
is missing. This could tie in to generalizing the mode system for the usage relation. At
present, only grades 0 and 1 are supported while one might want modes corresponding to
any grade in a security instance, denoting the security clearance of the user. In addition,
the moded usage relation is only supported for modalities with a well-behaved zero in
order to show important meta-theoretical properties. While this assumption works well for
quantitative instances, this might not be the case for all instances of interest. Changing
the mode system could thus enable support for a wider class of modalities.

Other directions for future work are more direct extensions of the results presented in
the papers. For Paper [A] the main open issue is to prove our conjecture that one can
obtain canonicity in the source language also in the presence of erased matches. At this
point, erased matches are not limited to X-types but also include identity types which
complicate matters further. In Paper [B] we sketched how one could define a usage rule for
inductive data types beyond natural numbers, but our results are not formalized and some
details are not spelled out. Adding general inductive types (in some form), extending the
correctness proofs presented in this thesis, could be a way forward in this regard.
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Abstract

We present a graded modal type theory, a dependent type theory with grades that can
be used to enforce various properties of the code. The theory has II-types, weak and
strong Y-types, natural numbers, an empty type, and a universe, and we also extend the
theory with a unit type and graded X-types. The theory is parameterized by a modality,
a kind of partially ordered semiring, whose elements (grades) are used to track the usage
of variables in terms and types. Different modalities are possible. We focus mainly on
quantitative properties, in particular erasure: with the erasure modality one can mark
function arguments as erasable.

The theory is fully formalized in Agda. The formalization, which uses a syntactic
Kripke logical relation at its core and is based on earlier work, establishes major meta-
theoretic properties such as subject reduction, consistency, normalization, and decidability
of definitional equality. We also prove a substitution theorem for grade assignment, and
preservation of grades under reduction. Furthermore we study an extraction function that
translates terms to an untyped A-calculus and removes erasable content, in particular
function arguments with the “erasable” grade. For a certain class of modalities we prove
that extraction is sound, in the sense that programs of natural number type have the same
value before and after extraction. Soundness of extraction holds also for open programs,
as long as all variables in the context are erasable, the context is consistent, and erased
matches are not allowed for weak X-types.



1 Introduction

Some strongly typed programming languages come with static analyses that determine
how variables are used in an expression. The results of these analyses may contribute to
the decision of whether a program is accepted, or they might inform compiler optimizations
or give extra guarantees about accepted programs. Some of these analyses are:

1. Variance: Coq [2023] and Agda [2023] have positivity checking for (co)inductive
types, and Scala has variance checking for higher-order subtyping [Steffen) [1998;
Stucki and Giarrusso, 2021].

2. Irrelevance: Agda allows function arguments to be declared proof-irrelevant [Pfen+
ning, [2001}; |Abel and Scherer} 2012].

3. Erasure: Agda and Idris [Brady, 2021] allow function arguments to be declared
irrelevant for execution, hence erasable during compilation |Tejisc¢ak, 2020].

4. Linearity: In Haskell [Bernardy et al. [2017] and Idris variables can be declared to
be linear.

Both erasure and linearity are supported by Quantitative Type Theory (QTT) [Atkey,
2018], in which a semiring of quantities is used to keep track of how variables are used.
QTT is based on earlier work by McBride| [2016], and there is related work in simply-typed
settings by Brunel et al.|[2014], Ghica and Smith| [2014] and Petricek et al. [2014]. It has
further been observed that information-flow analyses fit the same framework, by viewing
the lattice of security levels as a partially ordered semiring [Orchard et al., [2019; |Abel
and Bernardy, [2020; Choudhury et al.l |2022]. We use the term graded modal type theory
[Moon et al., [2021] for a type theory with grades taken from a semiring of some kind.

In this work we study a graded modal type theory with full-fledged dependent types,
i.e., II- and X-types, a universe, and a type of natural numbers that permits large
elimination. We follow Abel [2018] and Moon et al. [2021] in allowing resources to be
tracked in types in addition to in terms (but we do not require such tracking).

The type theory comes with a meta-theory, including soundness of substitution,
subject reduction, normalization, and decidability of definitional equality, proved via
logical relations. The meta-theory is fully formalized in Agda: we build on an Agda
formalization originally due to |Abel et al. [2017].

Our framework supports quantitative instances such as erasure and linearity, and
information-flow instances. However, it does not support instances that affect the
definitional equality, like (compile-time) irrelevance.

Different instances of the framework lead to different guarantees for accepted pro-
grams. For example, quantitative instances can enable certain runtime optimizations,
like deallocation of a linear resource after the first access [Atkey, 2018} |(Choudhury et al.,
2021] (but we do not prove that this is possible for our framework). In this article we
focus on instances that allow erasure interpretations and show that actual erasure of
parts marked as erasable does not alter program behaviour. As opposed to syntactic
arguments based on reduction relations [Mishra-Linger and Sheard, 2008} McBride, 2016;
Tejiscak, 2020], we employ a logical relation between our type theory and an untyped
target language. This soundness proof is also fully formalized in Agda, resting on the
formalized meta-theory to define the logical relation by recursion on types.

The novelty in our formal treatment of erasure is that we are not only considering
closed programs, but also open programs as long as all their free variables are marked
as erasable, and, importantly, that the open programs live in consistent contexts. The
empty type is inhabited in inconsistent contexts, so in that setting impossible branches
in programs cannot be ruled out. Several implementations of type theory support the
compilation of programs that contain axioms. For instance, Coq allows the compilation of
programs that contain “logical axioms”, and the manual warns that “inconsistent logical
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axioms may lead to incorrect or non-terminating extracted terms” |[The Coq Development
Team), [2023]. We prove formally that it is fine to use consistent axioms, as long as the
axioms only appear in erasable positions.

We support two variants of our framework, one with and one without erased matches
for weak Y-types: if such matches are allowed then matching on an erased pair is permitted
if the obtained components are only used in erased positions. Erased matches are akin
to Coq’s singleton elimination for single-constructor propositions, and are allowed in
some graded modal type theories [Tejiscak, 2020; [Moon et al., [2021; /Abel and Bernardy,
2020] but disallowed in others [Atkeyl 2018; Choudhury et al., 2021, [2022]. Our proof of
soundness of extraction does not work for open programs if erased matches are allowed,
but we suspect that soundness could be proved also in this case (see Section .

Following |Abel [2018] and Moon et al.| [2021] we annotate a II-type with two grades:
one is used for terms of that type, whereas the other is used for the codomain of the
[I-type. We do not make active use of the feature in this text, but we believe that it could
be useful for some type theories where types are relevant for computation, for instance
due to the presence of type-case |Crary et al. 2002], or for some variants of cubical type
theory |Cohen et al., 2015].

We make the following contributions:

1. We extend the ordered semiring of grades with operations and laws used for the
recursor for natural numbers (Section , refining previous work that used star-
semirings to model recursion [Brunel et al.l [2014].

2. In Section 4] we present a graded modal type theory with large eliminations that
allows separate usage tracking for terms and types [Abel, [2018; |[Moon et al., 2021],
with a fully formalized meta-theory. To the best of our knowledge, this is the first
full formalization of the meta-theory of a graded dependent type theory with a
universe and large eliminations.

3. Section [5| contributes a grading judgement that enjoys substitution and preservation
under reduction akin to the work of Wood and Atkey| [2021]. The judgement
classifies usage of free variables in expressions and is decidable.

4. In Section [6] we consider the special case of erasability accounting and give a
formalized proof of the correctness of erasure using a logical relation.

5. A discussion of our design choices and alternatives follows in Section [7] in particular
concerning the grading of the recursor for natural numbers, but also erased matches
and unit types.

6. In Section [§] we consider an extension by graded %-types along the lines of [Atkey
[2018] and |Choudhury et al.| [2021] that allows us to model record types with erased
fields. This extension has been formalized as well.

Our formalization |Abel et al., [2023] is a fork of a formalization of decidability of
type conversion originally due to |Abel et al.|[2017]. In total, it consists of around 49000
lines of Agda code (including comments), compared to 15000 lines of code in the original
development. Definitions and theorems in this paper link to their formalization in an
HTML rendering of the |Agda code. Such links are marked in blue. (In some cases where
one definition or theorem in the paper corresponds to several pieces of code we have only
linked to one of those pieces.)

Note that there are differences between the presentation in the text and the formal-
ization. For one, there is a single formalization with parameters that make it possible to
control whether the theory should include things like erased matches for weak Y-types
(Section , a unit type with n-equality (Section , graded >-types with or without
n-equality and with particular grades (Section [§), and one or two modes (Section [8).
Another difference is that the formalization uses well-scoped syntax, whereas the text
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does not. In order to aid readability we do not include side conditions related to things
like sizes of contexts in the text[]

In the following section, aimed at domain experts, we locate our work more precisely
in the context of contemporary research. This section may be skipped at first reading,
the technical content starts in Section [3l

2 Relation to the State of the Art

Our work is a contribution to an active research field about modalities and type systems.
We contribute to a corner of the field where modalities are semirings, or, as a special
case for information-flow analyses, lattices of security levels. There are other conceptions
of modalities, such as “Fitch-style” multi-modal type theory [Gratzer et al., |2021],
where modalities are morphisms between modes, or (idempotent, monadic) modalities in
homotopy type theory [Rijke et al. 2020], which are type functors that satisfy certain
properties.

In the following we locate our work more precisely in the design/feature space by
presenting and motivating some design decisions.

2.1 Form of Judgement: Separate and One-Sided Usage
Accounting

Our central judgement is where ¢ is an expression (term or type) and v is a usage
context assigning each free variable in t a grade p. We separate this judgement from the
usual typing judgement that expresses that ¢ has type B in typing context I
which assigns a type to each variable that is in scope for ¢t and B.

Alternatively, we could have considered a single judgement where & = AT
is a context mapping variables to pairs pA of their type A and their grade p. This is the
dominant conception in the literature [Pfenning), 2001; |Reed and Piercel |2010; [Petricek
et al., [2014; \Ghica and Smith) 2014 Bernardy et al., [2017; |Choudhury et al., [2021]. For
simple type systems, this view is equivalent to ours, since there in the judgement ® -¢: B
grades only apply to the term ¢, not to the type B that does not mention any of the
variables declared in ®.

However in dependent type systems, where I' - ¢ : B usually implies I' = B : Type,
the separation becomes conceptually important, because ® + ¢ : B may often not
imply ® - B : Type. It does S(ﬂ e.g. in |Pfenning’s modal type theory of intensionality,
extensionality and proof irrelevance [2001], but it does not necessarily do so for quantitative
modalities that denote how often a variable is used in an expression[’

McBride, [2016] pioneered an approach in which terms ¢ and their types B are considered
in two different worlds: ¢ in a “material” world where the resources « for ¢ are consumed
by the construction of ¢, and B in a “mental” world where resources do not matterE]
Consequently, he introduced a grade 0 for “no consumption” and a judgement we would
write as @ ¢ : 0B. The latter is essentially bare typing I' -¢: B and ® is there of the

!The file README . agdal in the formalization contains more details about the differences. It also
contains counterparts to all the links, so if the links no longer work, then one can use README. agda
instead.

ZPfenning’s Lemma 2 states this in a form we would write as ® - ¢ : ¢B but this form is
essentially an abbreviation for what we would write as ®/q -t : B with a “left-divided” context
®/q he writes as ®©/©,

3For instance, in x: A I reflz : Eqx x, the term mentions = once while its type does so twice.

4McBride uses the words “consumption” and “contemplation” for what we paraphrased here
as “material” and “mental”.
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form OI', i.e. resource-free. His typing rules are formulated via a two-sided judgement
, where both the hypotheses and the conclusion are annotated with grades
ranging over a “rig” (a kind of semiring), in particular {0,1,w} (“none-one-tons”)[| The
judgement vI" - ¢ : ¢ B was to mean, paraphrased, that “to produce g copies of the output
t we need y(x) copies of each input (x : A) € I'. In that sense, grades may also be called
multiplicities.

The two-sided form ® + t : ¢B has been considered for information flow tracking
[Volpano et al., |1996; Choudhury et al., [2022], where ¢ is the security level of the output
and ® declares the security levels of the inputs. However, as |Atkey observed [2018],
McBride’s calculus failed the substitution property for ¢ = w (unrestricted use). |Atkey
fixed this by giving up the general “q copies” intuition and restricting the right-hand side
quantity ¢ to {0,1} where the unit 1 represents the “material”, resource-aware world and
0 the “mental”, purely logical one.

Atkey[s formulation is equivalent to splitting the judgement into a one-sided one,
~I' F t : B for world 1, and a non-resourced one, I' - ¢t : B for world 0. From here,
we proceed and separate resourcing/usage into its own judgement v » t. This works
for us because we ensure that ¢ contains enough annotations such that this judgement
can be defined without reference to types. However, note that some of [Atkey/s term
formers may only be used in the non-resourced setting, for instance the projections for
his dependent tensor products. The corresponding - and 7-rules are also only present in
the non-resourced setting. Our system does not support this (see also Section .

In Section [8] we consider a variant 7 »"™ ¢, which resembles Atkey’s two-world account-
ing. In that setting we support graded 3-types, which are similar to Atkey’s dependent
tensors. However, instead of having a single family of types which is “strong” in the
non-resourced setting and “weak” otherwise, we have one variant which is always strong
and one which is always weak: the first projection for the strong graded X-type Eg@o FG
is only available in the erased setting, but the n-rule for this type is always active. We
discuss under what conditions n-expansion is resource-preserving for the strong graded
Y-types.

Fu et al. [2022] present a linear dependent type theory for quantum programming
with a base type for qubits which is subject to linearity. Their solution for the coexistence
of linearity and dependency is different: Expressions occurring in types must belong to
the “intuitionistic fragment” of the language, in particular not contain qubits or other
entities that must adhere to the linearity discipline. Whenever an expression travels from
the term- to the type-side of a judgement, such as in the Il-elimination rule, its linear
parts are erased by the Sh(-) operation. The intuition is that Sh(-), stripping the qubits,
only leaves the shape of a value. Integrating an erasure operation into the typing rules is
beyond the capabilities of our system.

2.2 Usage Accounting Also in Types

We take a further step by allowing (but not requiring) an independent usage declaration
6 » B for the type B of t, rather than ignoring variable usage in B. This has been
pioneered by Abel [2018] and Moon et al.| [2021]. The latter maintain a triple (A,~, )
in the typing judgement I' - ¢ : B, where v and § are the resource vectors of ¢t and B,
respectively, and A is a triangular resource matrix for I', declaring how each hypothesis
in I' depends resource-wise on the previous hypotheses. The full potential of usage
accounting in types has not been explored yet, and we do not contribute such applications
in this work either. However, Moon et al.| presented some experiments on optimizing
type-checking based on usage annotations in types.

SQuantity 0 for no use (“none”), 1 for a single use (“one”), and w for unrestricted use (“tons”).
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There is another reason why we account for usage also in types: ignoring usage in
types—or at least in terms that stand for types—can be unsound in extensions of type
theory with aspects of homotopy type theory or cubical type theory (CTT). Abel et al.
[2021] discuss a variant of CTT with support for erasure. They present examples showing
that if the rules for erasure are not set up properly, then one can construct two booleans
that are provably distinct but equal after erasure. The examples do not rely on CTT, it
suffices to have an erased univalence axiom [The Univalent Foundations Program, 2013].

The usage rules that we present for the II and ¥ type constructors in Section
are similar to those presented by |Abel et al., with one important difference: our type
constructors are annotated with two grades instead of one. However, our formalization
is parameterized by a [relation| between those two grades which in particular makes it
possible to force them to be equal.

2.3 Semantics Refines Resource-Free Semantics

We maintain the standard definitional equality judgement I' ¢ = t' : B of type theory.
This means that modalities do not interact with equality, limiting the expressiveness of
our framework. For instance, it cannot model proof irrelevance [Pfenning, 2001} Abel
and Scherer}, 2012; Choudhury et al., 2022] or variance [Steffen) 1998; |Abel, 2006; Stucki
and Giarrusso|, 2021]—the latter is an unsolved problem for dependent types. However,
this limitation allows us to employ a standard semantics of dependent types and terms,
ignoring grade annotations at first. The resource-aware semantics is then a refinement of
that first semantics, faithful to our separation of the usage relation v » ¢ from the typing
relation I' - ¢ : B. Such a two-phase approach has been employed by |Atkey| [2018] who
first gives a standard categories with families (CwF) semantics to the types and terms
of his Quantitative Type Theory (QTT), and then refines CwF's to quantitative CwFs
to prove resource-correctness of terms. In our case, the resource-free semantics is given
by a reducibility logical relation following Abel et al.| [2017], and we refine it for erasure
instances by an erasure logical relation defined over reducible types.

With simple types, well-typed terms x1:p1A1,...,%n:p1 A, F t: B in the one-sided
judgement can be interpreted as morphisms [t] : DP1[A1] x --- x DP[A,] — [B] for a
graded comonad D |Ghica and Smith, |2014; Petricek et al. 2014]. Thus it is natural to
refer to the semiring elements p; as grades. We adopt this terminology even if we do not
see how this semantics formally extends to dependent types in the general case.

2.4 Formalization

We have fully formalized our results in Agda |[The Agda Team| 2023]. A prime motivation
for having mechanized proofs is correctness. It has already been mentioned that the sub-
stitution property failed in the work of McBride| [2016]. With a mechanized formalization
one can also build on and change previous work without knowing every detail of every
proof: if anything breaks, then one is informed of this (barring any bugs in proof checkers).
Our formalization started out as a fork of the formalization originally due to |Abel et al.
[2017]@ and our formalization could in turn be the starting point for further work.

2.5 Universes and Large Eliminations

Our development includes a universe and a recursor for natural numbers that can compute
values and types, the latter being known as large elimination. Thus we ensure that our

6Qur fork is based on commit |bb69ad3f39, which includes further developments, some by Oskar
Eriksson, Gaétan Gilbert and Wojciech Nawrocki.
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results are general enough and scale to full-fledged dependent types. This generality
eliminates common short-cuts in establishing the meta-theory. For instance, Moon et al.
[2021] prove strong normalization via an embedding of reduction into a non-dependent
polymorphic language, adapting the work of |Geuvers| [1994]. Such techniques are not
available with large eliminations; we instead pursue the more stony path of dependent
logical relations outlined by [Abel et al.| [2017]. However, this gives us a meta-theory with
subject reduction, normalization, and decidability of judgemental equality, via a typed
reducibility logical relation.

Atkey| [2018] presents a more extensional semantics using quantitative CwFs, which
also lends itself to large elimination. This semantics is used to show that linear execution
(BCI algebras with some extra structure) forms a model of QTT. A reviewer suggested
that one could also derive meta-theoretic results like decidability from a suitable CwF,
however, as far as we know this has not been spelled out.

2.6 Instance: Erasure, Justified by a Logical Relation

In Section [6] we introduce the erasure lattice w < 0 (retained vs. erased) as a possible
instance of our generic graded type theory. The same instance can also be understood as
the 2-point security lattice L < H (public vs. private).

We demonstrate that erasure of 0-annotated function arguments is sound, i.e., preserves
canonical forms at base type, via an “erasure” logical relation indexed by the reducible
types|]

There is also the syntactic path to correctness of erasure, by showing that reduction
is simulated in the target language [Letouzey, [2003; Mishra-Linger and Sheard) [2008;
McBride, [2016} ' Tejiscak, [2020]. The syntactic approach does not rely on normalization
or semantics and can thus scale to non-terminating languages. However, statements like
“if a source term has a value, then the corresponding target term has a value” may not
be enough: it could be the case that a source term does not have a value, and still the
corresponding target term has a value. In the presence of erased matches that can be the
case for an open term in a consistent, erasable context (see Section . We do not solve
this problem, but we discuss it.

Choudhury et al.| [2021] consider a quantitative dependent type theory GRAD (without
universes) with a heap semantics. They prove that quantities correctly predict the number
of run-time accesses to heap-stored variables by giving a reference-counting reduction
semantics. To show that reductions preserve typing, they extend GRAD by definitions
in the sense of delayed substitutions. It could be worthwhile to investigate whether a
(Kripke) logical relation could be utilized for the heap soundness proof of the original
GRAD, without delayed substitutions.

3 Modalities as Ordered Semirings

We begin by giving the definition of modalities as semiring-like structures. The definition
largely follows that of Abel and Bernardy| [2020] but is also based on McBride’s modality
for erasure and linearity [2016], its extension by |Atkey [2018], and the quantitative coeffect
calculus of Brunel et al. [2014], all of which use similar algebraic structures.

Definition 3.1. A modality is a 7-tuple (M, 4, -, A, {®; }rea, 0, 1), consisting of (from
left to right) a type M, three binary operations (addition, multiplication, and meet), a

A reviewer pointed out that a similar result could perhaps be obtained for QTT by instantiating
its realizability semantics [Atkey, 2018 Section 4] so that !,z is a dummy for p = 0.
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collection of binary operators (one for each r € M), and zero and unit elements, satisfying
the following properties:
e (M,+,-,0,1) forms a semiring: Addition is commutative and associative with 0 as
identity. Multiplication is associative with 1 as identity and 0 as absorbing element
and is distributive over addition. Like McBride [2016] we do not require 0 # 1,
thus, the unit type is a valid (but trivial) modality.
As usual, we will typically abbreviate multiplication of p and ¢ as pq.
e (M, A) forms a semilattice: Meet is commutative, associative, and idempotent. The
semilattice induces the usual partial ordering relation: p < g iff p =pAq.
e For all p, ¢, and r, z = p ®, ¢ is a solution to the following inequalities:

r<q+rzx (3.1)
r<p

¢ Both multiplication and addition distribute over meet. Additionally, ®, is sub-
distributive over meet, multiplication is right sub-distributive over ®,., and addition
is sub-interchangeable with ®,.:

(pADP)®q < (p®rq) AP & q)

P& (gNd) < (P& q)A(p®rq)
(p@®r-p)g < pg@®, p'q

p® q)+@ & d) < (p+p) & (¢+4)

e Equality is decidable. This property is used in decision procedures for typing and
usage as well as to differentiate between 0 and other grades in the erasure case
study.

We will typically use M to refer both to the modality and the underlying type. As
we will see, the elements of M are used to give modal interpretations to programs and
in particular to free variables. Which interpretations are available is determined by the
specific modality instance that is used.

The operators represent different ways of combining interpretations. Addition combines
grades of subterms when both are used, for instance for components of a weak pair, and
meet when only one is used, for instance for components of a strong pair or for branches
in a case distinction. Multiplication allows us to scale by the number of uses. The
operator family ®, has a more specific use and will be used to combine grades for use
with the natural number eliminator. For this reason, we will verbalize these operators as
“natrec-star”.

The modality properties are used for our proofs of the grade analogues of subject
reduction and the substitution lemma. For instance, the (sub-) distributivity properties
for meet ensure that laddition, multiplication), and natrec-star| are all monotone operations.
For the most part, this definition thus matches the one of |Abel and Bernardy, [2020] with
the main exception being the natrec-star operator, which is used for natrec.

Following |Petricek et al. [2014] and |Abel and Bernardy| [2020] we introduce grade
or usage contexts, analogous to typing contexts, that map free variables to grades. For
such contexts the operators are lifted to act pointwise in the following way (the ordering
relation is also lifted):

(v +0)(x) =~(z) +0(z) (p-7)(@) =p-(z)
(Y AO) (@) = v(x) A d(x) (v @ 0)(z) = v(z) @ 0(x)

Note that the lifting of ®, is still indexed by a single grade, not a context, and the left
argument of multiplication is also a single grade. Since the operators are defined pointwise,
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all properties can similarly be lifted to also hold for contexts. Usage contexts of a given
size form a left semimodule over the semiring, with the zero context, 0, as zero [McBride,
2016).

The already mentioned trivial (one element) modality which reduces the system to
the underlying non-graded system is a valid instance. A more interesting example is the
two-element set {0,w} with 0 as the additive unit, w as the multiplicative unit, w+w = w,
and w < 0. For this instance the only lawful definition of ®, is A, independent of r. A
possible interpretation of this instance is lerasure/ which is the focus of our case study in
Section |§|, but the same instance can also be used for information flow in the lattice L < H
(see Section [7.4)). For the three-element set {0,1,w} with 1 +1 =14 w =w+w = w,
0 as the additive unit, 1 as the multiplicative unit, and ww = w the choice of partial
order gives different interpretations. Notably, w < 1 < 0 represents affine| types whereas
0 > w < 1 gives linear types. In either case one can show|that setting p ®y ¢ = p A ¢ and
p®1q=p+wqand p®,q = w(pAq) gives the largest solution to Eqs. and and
the distributivity laws. The affine and linear types interpretations can also be lcombined
using the four-element set {0,1,0l,w}, where 1 and Ol represent linear and affine uses,
respectively. For this instance p + ¢ = w unless either p or ¢ is 0, and multiplication is
given by Ol - 0l = 0l and p - ¢ = w otherwise, with the obvious exceptions for 0 and 1. The
partial order is the reflexive, transitive closure of w < 0l and 1 > 01 < 0, and the largest
solution to Egs. and and the distributivity laws are given by p®9q¢ =p A ¢
and p®1 ¢ =p-+wqand p®y ¢=pAwqand p®, q=w(pAQq).

Bounded, distributive lattices with decidable equality can be turned into modalities
where addition is meet and multiplication is join, the top element is the unit of addition
(0), and the bottom element is the unit of multiplication (1). As for the two-point lattice
we have that ®, is A. Lattices are used in information flow applications, which we discuss
further in Section [T.4l

4 Type Theory with Grades

The language we consider, )\/ZVI,IUN, is an extension of the language originally used in the
formalization by |Abel et al.| [2017]. Its syntax is shown below. The language includes
the single (Russell) universe U, natural number type N, and II-type of the original
formalization by |Abel et al. [2017], as well as the later additions of an empty type (L)
and strong E-typesﬁ This work additionally adds weak Y-types and graded modalities.
Since different instances of the modality M give different interpretations, A%}EUN is more
accurately seen as a family of languages ranging over the possible instances.
Expressions (terms and types) are given by the following grammar:

A B, f,u,v=|U|N|L|IYAB|SLAB | AB
| i | APt | tPu| (t,u)g | fstt|sndt| (t,u)g | prodrecl Atu

| zero | suct | natrec], Atuv | emptyrec, At

Note that there are two kinds of X-types and pair constructors, annotated with & and ®
for strong and weak »-types, respectively. Often we will not need to differentiate between
the two and simply write ¢ A B, or EZ A B, and similarly for pairs. We include two kinds
of ¥-types because the types have different characteristics: the strong kind comes with
projections and n-equality while the weak one comes with pattern matching (prodrec) and
optionally erased matches (and Agda supports all of these variants).

8The empty type was added to the formalization by Gaétan Gilbert in 2018. Wojciech Nawrocki
added strong ¥-types and a unit type in 2021. The unit type is discussed in Section
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We use de Bruijn-style nameless syntax and write x; for the variable with index i.
The subterms which bind new variables are the second argument B to II and X-types,
the body t of lambda abstractions, and the first argument A to natrec and prodrec which
each bind one variable, as well as the third arguments u to natrec and prodrec which bind
two variables. Since the original formalization [Abel et al. 2017] the formalized language
has been updated to be well-scoped by construction, so subterms are guaranteed to not
introduce more variables than specified.

Some terms are annotated with grades, indicated by p, ¢, and r. These are elements
from the modality and are used to give programs their desired interpretations based on
the chosen instance. The meaning of an annotation varies somewhat between terms and
will be detailed in Section [

There are three weakening| constructors: identity (id), with no effect, shifting (1), for
increasing variable indices by one, and lifting (f}), which is used when a weakening is
pushed under a binder. The application of a weakening p to a term ¢ is denoted by ¢[p].

For variables we have x;[p] = x;|,, with the following definition of i[p]:

iidl=i il =ild+1  Ofel=0  (i+D)el =il +1

For other terms the weakening is applied to each subterm, lifted n times for subterms in
which n new variables are bound.

Substitutions| are functions from variable indices to terms. The weakening constructors
above can be implemented for substitutions, and we overload the notation. We also use
the notation t[o] for the application of a substitution o to a term ¢. This operation
can be implemented similarly to the application of weakenings, with the variable case
x;[o] = o(i). Given a substitution o and a term ¢ one can form the extended substitution
o,t: (0,t)(0) =t and (0,t)(i + 1) = o(i). Note that the substitution (id,u) replaces
xp with u and reduces the indices of all other free variables by one. To avoid clutter
we will often drop the identity substitution. For instance, we can write t[u] instead of
t[id, u]. Given a substitution o we let head o = ¢(0) and (tailo)(i) = o(i + 1). Note that
head (0,t) =t and tail (o,t) = 0.

)\/E\}EUN is dependently typed with the typical judgements: - I'| for well-formed contexts,
[' - A for well-formed types, [' - ¢ : Al for well-formed terms of type A and ' A =B
and I' - ¢ = u : A for type and term equality. Their inductive definitions are given in
Figures [1I] and 2] |Contexts| are lists of types, each giving a type to a free variable. We
write € for the empty context and I', A for the context I' extended with A. In that context,
xo has type A[fid] and T" contains type information for the remaining free variables as
expressed by the relation z; : B € T defined in Fig. [I}

For the most part these judgements are unchanged by the addition of grades and are
defined as expected. In some rules certain grades are required to match, for instance in
the typing rule for lambda abstractions, where the annotation on the lambda is required
to match one of the II-type’s annotations. The remaining work of ensuring correctness of
grade annotations is instead handled by the usage relation, which is defined in Section [5]

Some rules contain more assumptions than one might expect. For instance, the type
equality rule for II-types contains the assumption I' = F', which one might believe could
be inferred from the second assumption, I' - ' = H. In the formalization the extra
assumption is used in the proof of a [weakening lemmal which proceeds by induction on
the structure of the derivation. However, one can prove a |derived rule without this extra
assumption (our proof of this fact indirectly uses the weakening lemma).

One can also note the differences between weak and strong Y-types. Some rules are
shared between the two variants, while some only apply to one of them. In particular, the
rules involving projections—including the rule for n-equality—are only valid for strong
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FIT THA FT FT FT r-r I,FFG

Fe FT,A r=u I'FN k1 -1 FG
'-rF TI,FFG 'HA:U it Ael
TFYIFG TFA zo: A[fid] €T, A w1 : A[fid] € T, B
r-rF:U IJFFG:U r-rF:U IJFFEG:U FT FT
-1 FG:U r-FG:U I'-N:U r-1:u
I'rt:A TTHFA=B FI' z;: Ael '-F T FFt:G
I'+~t:B I'ta A L=t PG
I'FF T,FFG I'FF T,FFG
FEt:IFG Thu:F 'Ft:F T'Fu:G[t r=t:3 FG
I'FtPu: Glul L'k (tu), : XIFG I'tfstt: F
I'FF T,FFG TF T,FFG T,2'FGFA
T-t:2 FG THt:Y' FG T,F,GFu: AR%d, (21, 20) T
I'Fsndt: G[fstt] I' - prodrec! Atwu : At I'tzero: N
I'NFA TFz: Afzero]
I'n:N N, Ak s: At%d,sucz;] TFn:N 'A TkHt:L
I'Fsucn:N [+ natrec? , Azsn : Aln] [' - emptyrec, At : A

Figure 1: Well-formed [contexts, - I', types, I' - A, variables, z; : A € T', and terms,
't¢: A

Y-types. Rules involving prodrec are only given for weak >-types (see Remark for
some discussion of this).

We have typeset certain grade and X-type annotations in colour to highlight some
“non-standard” aspects of the rules.

Remark 4.1 (Atkey’s Dependent Tensor Product Types). Our X-types differ from the
dependent tensor product types (x P S)® T of Atkey| [2018]. In Atkey’s case, the grade p
is the multiplicity of the first component of the pair, whereas in our case this multiplicity
is always 1, and the ¢ in EZ F G is the grade of the first component in the type G. Note
that [Atkey, while including syntax and rules for the dependent tensor product, does not
spell out its semantics in the given quantitative CwF model. We describe a variant of our
theory with support for something similar to the tensor products of |Atkey}|—inspired by
his work—in Section [§

Remark 4.2 (Eliminator for ¥g, Projections for ¥g). One can define a variant of prodrec
for strong X-types by prodrectu = u[fstt,sndt], and one can derive a typing rule for this
construction which is similar to the one for weak YX-types. However, this construction
does not|in general satisfy the usage rule that we give for weak >-types in Section [5 One
can also define projections for weak Y-types using prodrec, but n-equality does not| hold
in general for those projections (when they are defined as in our formalization).
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'+ T't+F=H T .FFG=EFE '+ T'FF=H T, F-G=F
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I'rF TTHFF=H:U 'rF THFF=H:U '-F T,FFG
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THf=g:MFG Tra=b:F T, F & (f[tid]) Pzo = (g[tid]) Pzo : G
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'-r I'FFG TFHt:F THFF TI'FFG r-r I FFG
I'Fu:G[t] F'kt=u:%! FG FFt:F T'hFu:Gl
Ik fst(t,u)e =t: F MFfstt =fstu: F T'Fsnd(t,u)e =u: Gfst(t,u)]
I'cF T,FFG '-F T,FFG TI,9.FGFA=A
't=u:% FG THt=¢:% FG T,FGFu=1u: AR, (z1,20) ]
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Thu:% FG DFfstt=fstu:F THt:F THt:G
I'Fsndt =sndu : Glfstt] [,F,GFu: A[t%d, (z1,20) ]
FFt=u:%! FG T I prodrec? A (t, ') u = ult,t'] : A[(t,t)]
r-r IFFG I'NFA T z: Afzero]
FHt=t:F Tru=u:G]t I,N,AF s: A[t%d, sucz]
L'k (tu), =) :STFG '+ natrec] . Az szero = z : Alzero]
I'NFA Tk z: Afzero]
'Fm=n:N )N, Ak s: At?%d,sucz;] TFn:N
'k sucm =sucn:N [k natrec) Az s (sucn) = s[n, natrec) . Az sn]: Afsucn]

I'NFA T,NFA=A Tkz=2": Azero]
I'N,AFs=s:A%d,sucz;] ThFn=n':N 'HrA=B TFkt=u:l

'+ natrec), Azsn = natrec]  A'2's'n’: A[n] T emptyrec, At = emptyrec, Bu : A

Figure 2: Equality of types, '+ A= B, and [terms, ' Ht =u : A.
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'HrA— B:U 'rt—u:A T'HFA=B 'rt—wu:MJFG Tha:F
'HrA—B 't—wu:B I'FtPa — uPa: Gld]

'-rF T'FFG TFHt:F

'-rF INFFG TFFt:G T'ka:F F'Fu:G[t] TF(u): XL FG
I'E (Wt)Pa — t[a] : Gla] IFfst(t,u)e —t: F
'-rF I''FFG T'FHt:F

IFF ILFFG THt—u:3 FG Thu:Gl] TF(tu):3 FG

[k fstt — fstu: F I'Fsnd(t,u)e — u: Gfst(t,u)]

'-F T,FFG TS FGFA TFt:F
'FF T,FFG Trt—u:%2 FG TF{:Gt] T,FGFu: AR%d, (z1,20) ]

I'Fsndt — sndu : G[fstt] '+ prodrec? A (t,t') u — ult,t'] : A[(t,t')-]

I'~F T,FFG TI,9.FGFA
I'F,GFu:AR3d, (z1,20)] THt—¢:S FG
' + prodrec? Atu — prodrec? At' u : Alt]

I''NFA TF z: Alzero]
I'tA ThHt—u:L I,N, Ak s: A[t%id, sucz]

' - emptyrec, At — emptyrec, Au : A ' natrec? . Az szero — 2 : Alzero]

I,NFA TFz:Afzero] T,N, At s: A[t?d,sucz;] T'Fn:N

' - natrec , Az s (sucn) — s[n, natrec) , Azsn] : Alsucn]

I'NEA Tk z: Alzero]
I,N,AF s: A[t?d,suczy] I'Fn—n':N

I+ natrec)  Azsn —> natrec)  Azsn': Aln]

Figure 3: Weak head reduction of types, ' H A — B, and terms, I' -t — u : A.

The operational semantics of )\%EUN is given by call-by-name weak head reduction
relations. The reduction relations for types and terms, 'F A — Band['Ft — u: A
(see Figure [3]), as well as their reflexive transitive closures, ' - A —* B and ' -t —*
u @ A (omitted from the paper), are typed, following |Abel et al.|[2016, 2017]. Terms
that are in weak head normal form (WHNF') do not reduce, and reduction to WHNF is
deterministic.

THEOREM 4.3, If ' H t —* uw : A with t in WHNF, then t = u. Similarly, if
I'A—* B with A in WHNF, then A = B.

THEOREM 4.4. If Tt —*u: A and T+t —* ' : A" with w and v’ in WHNF, then
u=u'. Likewise, if T A —* B and ' v A —* B’ with B and B’ in WHNF, then
B=D.

Admissibility of substitution, subject reduction, normalization, and decidability of
equality| are proved via a reducibility logical relation adapted from the work of |[Abel et al.
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[2017], see Section |A] Furthermore type-checking is decidable for a class of expressions
which excludes some redexes.

5 Assigning Grades

We are now ready to explain the purpose of the different annotations and we will do so
in parallel with introducing the usage relation which is used to ensure that terms are
correctly annotated. Note that because the usage relation is separate from the typing
relation—it is a grade assignment system—the logical relation in the previous section can
be defined without reference to usage contexts. Also note that, unlike for typing, there is
only one relation for both terms and types. Depending on the application, it might thus
make sense to require § » A, and n; » B; for all z; : B; € I' in addition to '+ ¢: A and
v » t (checking that the type of ¢t and all types in I" are well-resourced).

Definition 5.1. Given a usage context v and term ¢, we say that ¢ is well-resourced with
respect to «y if v » t. That judgement is defined inductively in Fig.

Similarly to the typing judgements of the previous section, the context is used to keep
track of the grades associated with the free variables of a term. Following the study of
erasure in Section [6, we will stick to a quantitative view where the grades are used to
keep track of how many times some resource (term) is referenced or used. It should be
noted, however, that the system allows for non-quantitative interpretations as well (see
Section .

Starting with the simplest cases, the constants, U, N, 1, and zero, are well-resourced
with respect to the zero context 0. It associates 0 with every variable in scope, none
of which appears in a constant. A variable z; is well-resourced with respect to the
unit-vector context e; that maps index i to 1 and everything else to 0, representing a
single variable occurrence. These rules are not as restrictive as they may first appear since
the subsumption rule (on the bottom right) allows us to pass to any pointwise smaller
context. Note that the direction of the order relation is different from what one might
first expect. For quantitative modalities a smaller grade represents a resource that is
allowed to be used more times.

For lambda abstractions APt the annotation p represents how many times the newly
bound variable (the function argument) is allowed to be used in the body ¢. Through the
typing rules discussed in the previous section, this is also the meaning of p in the function
type II) F G. The annotation ¢ represents how many times the function argument is
allowed to be used by the co-domain G of the function. Analogously, the annotation ¢ on
pair types %9 F' G specifies how the first component is used in the type G of the second
component. For ¥ and II, as well as for weak pairing (¢, u)g, the resulting number of uses
is given by adding the uses of the subterms. One can imagine a modality interpretation
where the two annotations p and ¢ on the Il-type should not be independent of each other,
see Section [2.2] for one example. Such cases could be handled by parameterizing typing
by a suitable relation between p and ¢ (and the formalization has such a parameter).

Applications tPu also add the contexts of the two subterms together but with one
crucial difference: the context of the function argument u is first scaled by the annotation
p put on the application, which represents the number of times the function argument
is allowed to be used. This corresponds to the function argument possibly occurring
multiple times once S-reduction has been performed.

In the pairing rule for weak pairs (¢,u)g the contexts of the two components are
simply added together as described above. When such pairs are deconstructed via prodrec
both components are used, and the usage rule for the pair constructor accounts for both
components.
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vy F ,q» G v F ,q» G

/

0»U 0»N 0» L v+ >HgFG v+ orXIFG e »x;
Y, pw»t vt > U Yot U vt > U Yot
v APt v+ powtPu YO (tu)g YA (tu)g v fstt
vt Yot ST e U n,q» A vt
— Prodrecr _ _
v »sndt 77 + 0 » prodrec! Atu 0 » zero 7 »suct
Yz , D, > S nen 0,g» A Yot or A Yot
(v An) ®, (0 +pn)»natrec]  Azsn py » emptyrec, At >t "

Figure 4: The grade assignment relation |y » ¢.

The grade annotation r on prodrec] t u stands for the number of times the components
of the pair can be used, and the context corresponding to the argument ¢ is scaled
accordingly. The annotation ¢ represents how many times the pair can be used in the
type argument. Note that while we check that the type argument uses resources correctly,
its resources are not included in the conclusion of the rule for prodrec, because type
annotations do not contribute to computation. The configurable side condition Prodrecr
defines which grades  may be used. If » = 0 is admitted (when 0 # 1), then we say that
erased matches are allowed for (weak) Y-types. Erased matches are discussed further in
Sections [6] and [7.2l

In contrast to weak pairs, for strong pairs (¢,u)g we instead take the meet of the
two contexts. Strong pairs can only be used through projections, and when a projection
is used one component is discarded. The meet of v and ¢ is an approximation to both
contexts. If, for instance, a variable occurs linearly in one of the components it will only
be treated linearly in the pair if it also occurs linearly in the other component (when the

linear types modality from Section [3|is used).

The eliminator for the empty type, emptyrec, At, is similar to prodrec. However,
because uses of this eliminator correspond to dead or impossible branches, we do not
restrict the annotation p, allowing the context to be scaled by any amount. In particular,
p = 0 means that we do not count any resources. A use of this can be found in a safe
head| function for (sized) lists, which takes an erasable proof which shows that the list is
non-empty, and uses this proof in an application of emptyrecy. As for prodrec, we also
check the usage in the type argument A.

This leaves only natrec, which is the only term in our language with recursive and
branching semantics, both of which give rise to complications. The usage relation has
primarily been defined with subject reduction in mind. For terms with (at most) one
rule for S-reduction, doing so is straightforward, but for natrec there are two reduction
alternatives and we must make sure to include enough resources for either. In addition,
the resources consumed by the natural number must also be accounted for.

There are thus three constraints that the context in the conclusion of the rule, call it
must satisfy. For the resources of the natural number argument we get x < 7, and because
natrec),, A z s zero reduces to z, we get x < ~. In the successor case, natrec), A z s (sucn)
reduces to s[n, natrec),, Az sn], which uses the resources & + pn + rx (if we assume that
a suitable substitution lemma holds), and this gives us the inequality x < 0 + pn + 'y
with x on both sides.
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If the number of iterations, i.e., the value of n, is known, it would be possible to
unfold the above definition and arrive at a non-implicit expression for y, but since this is
not always the case we employ a different strategy. A similar problem has been solved by
Brunel et al. who include a fixed-point operator and case branching on natural numbers
in their calculus [2014]. Translated into our setting, their approach roughly corresponds
to setting x = 7*(n Ay A (d + pn)), where the unary star-operator satisfies * =14 7%,
Using this rule, however, it seems to be difficult to prove subject reduction in general
(but see Section H

We have been unable to find a general solution to these inequalities that can be
expressed using only addition, multiplication and meet. Instead we include ®,., a family
of operators, which provides such a solution. The characteristic inequalities, p ®, ¢ < p
and p ®, ¢ < ¢+ r(p ®, q), are motivated by the above reasoning, and allow us to prove
subject reduction. In particular, with x = (y An) ®, (§ + pn) we have x <+, x < n and
X < d 4+ pn + rx as desired (note that v An < ). The distributivity and interchange
properties specify how &, relates to the other operators. These are primarily justified by
being used in our proof of the substitution lemma and, consequently, subject reduction.

For some modalities there may be some amount of freedom in how to define ®,.. Since
subsumption can always be used, a greatest definition which produces valid solutions to
the inequalities is in some sense best, unless smaller solutions are required to achieve
some other desired property.

The usage judgement is algorithmic in the sense that it induces an algorithm for
computing a usage context recursively from the term. This is possible since all variable-
binding subterms have a corresponding annotation giving the newly bound variable its
grade. If one can decide whether Prodrecr holds for any r, then it is|decidable whether a
given term is well-resourced. For details, see Section

The definition of the usage relation was mainly motivated by a desire to ensure
that subject reduction holds, but before we prove that we consider substitutions and a
substitution lemma. The usage relation is designed with the substitution lemma in mind as
well, in particular the application, prodrec and natrec cases where substitutions correspond
to scaling a context. When substitutions act on terms they can be considered as maps
between terms that (typically) change the number of free variables, or, alternatively, as
maps between typing contexts (under which the terms are well-formed). In the same way,
substitutions correspond to mappings between usage contexts and these maps turn out to
be linear [Wood and Atkey, |2021; |Abel and Bernardyl |2020], in the sense that they can
be represented by matrices that contain grades. By treating usage contexts as vectors for
which the ¢-th component is the grade associated with x;, substitutions become matrix
multiplications.

The key to this is, of course, that the matrix must be chosen in such a way that it
accurately represents the substitution. We generalize the usage relation to substitutions,
with ¥ » ¢ meaning that substitution matrix ¥ corresponds to substitution o.

Definition 5.2. W » o iff Va;. ;¥ » z;]0].

Here e;V is the i-th row of ¥. In other words, a valid substitution matrix should have
rows corresponding to valid contexts for each term in the substitution.

The identity substitution corresponds to the identity matrix and a matrix for the single
term substitution (id, u) of the kind that occurs during S-reduction can be constructed by
appending a context matching u to the bottom of the identity matrix. The substitution
lemma for grade usage can now be formulated.

9Even if subject reduction would not hold in our system with this rule, this does not mean
that the system used by Brunel et al. does not have subject reduction. Our form of natrec is not
definable in their system since their rules for case branching correspond to p always being 1 in our
system.
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THEOREM 5.3. If y» t and U » o then vV » t[o].
Proof. By induction on v » . O

Note that for S-reductions, with v,p » ¢ and 6 » v and the matrix constructed as
above, we get v + pd » t[u], and v + pd is the context that is used for applications in the
usage relation. Observations of this kind are key for subject reduction.

THEOREM 5.4L If y»t and Tt —> u : A then v » u.
Proof. By induction on I' -t — u : A using Theorem [5.3] O

Since valid substitution matrices consist of usage contexts corresponding to substituted
terms, context inference can be used to infer a substitution matrix from a substitution,
see Section [Bl

6 Erasure Case Study

In order to show our system in practice, we now turn our attention to a specific use case
of )\%IIUN , using a modality for erasure. The goal is to use annotations to keep track of
parts of programs that are not used during evaluation and thus can be safely removed.
We will perform this erasure while compiling programs to an untyped lambda calculus
and finally prove the process to be sound in the sense that it does not affect the outcome
of evaluating the program.

We could perform this case study using the erasure modality introduced above.
However, the zero can be interpreted as erasure for other modalities as well, if the zero
satisfies certain properties:

Definition 6.1. A modality is said to have a well-behaved zero if the following properties
hold:

e Addition is positive: if p4+ ¢ =0, then p = 0 and ¢ = 0.

e Meet is positive: if p A ¢ =0 then p=0 and ¢ =0.

e The zero-product property holds: if pg = 0 then p =0 or ¢ = 0.

e The multiplicative zero and unit are distinct, that is, 0 # 1.

The first property is discussed by McBride [2016] and the third one by |Atkey| [2018].
McBride also discusses the requirement that 0 should be maximal (minimal in his setting):
this follows from the second property.

For the remainder of the section, we will work with an arbitrary modality with a
well-behaved zero. The modalities for lerasure, linear types), affine types and linear or
affine types| introduced above all have a well-behaved zero.

Though the modality may contain any number of elements, for erasure we only need
to keep track of whether a variable is used or not during evaluation. The annotation
0 will be used to represent the latter and any other annotation will be interpreted as
the former. For convenience, we will borrow the notation of the erasure modality and
denote any non-zero grade as w. Through subsumption, variables that are not used may
be labelled as either used or not (note that 0 A 1 < 0), giving the programmer a choice of
whether they want them to be erased or not.

We first show that our intended interpretation seems reasonable by the following
lemma.

THEOREM 6.2. If v » x; then vy(z;) # 0.

Proof. From 7 » x; we can conclude that v < e;, and in particular vy(z;) < 1, but for a
well-behaved zero 0 £ 1. d

17 (A)


https://graded-type-theory.github.io/graded-type-theory/icfp23/Graded.Substitution.Properties.html#subst%E2%82%98-lemma%E2%82%81
https://graded-type-theory.github.io/graded-type-theory/icfp23/Graded.Reduction.html#usagePresTerm
https://graded-type-theory.github.io/graded-type-theory/icfp23/Graded.Modality.html#Has-well-behaved-zero
https://graded-type-theory.github.io/graded-type-theory/icfp23/Graded.Modality.Instances.Erasure.Modality.html#erasure-has-well-behaved-zero
https://graded-type-theory.github.io/graded-type-theory/icfp23/Graded.Modality.Instances.Linearity.html#linearity-has-well-behaved-zero
https://graded-type-theory.github.io/graded-type-theory/icfp23/Graded.Modality.Instances.Affine.html#affine-has-well-behaved-zero
https://graded-type-theory.github.io/graded-type-theory/icfp23/Graded.Modality.Instances.Linear-or-affine.html#linear-or-affine-has-well-behaved-zero
https://graded-type-theory.github.io/graded-type-theory/icfp23/Graded.Modality.Instances.Linear-or-affine.html#linear-or-affine-has-well-behaved-zero
https://graded-type-theory.github.io/graded-type-theory/icfp23/Graded.Usage.Properties.Has-well-behaved-zero.html#valid-var-usage

ue = (NPt)® = At® zero® ‘= zero

N* =4 (t%u)® =1t*4 (suct)® = suct®

1 =4 (tYu)® =t*u® (natrec}, Az sn)® := natrec z®* s* n®
(I FG)* =4 (t,u)® = (t*u®) (emptyrec, A1) =4

(X1FG)® =4 (fstt)® = fstt® (prodrecd Atwu)® := prodrec(4,4)u®
z? =y (sndt)® :=snd¢* (prodrecl, Atu)® := prodrect®u®

Figure 5: Extraction/erasure function. Here w stands for any grade distinct from 0.

In short, the lemma states that when the usage relation checks a variable its grade
must not be 0. This does not necessarily mean, however, that all occurring variables
are computationally relevant. As an example of this, consider the polymorphic identity
function id == A°A“zy with an erased type argument (using the two-element erasure
instance for concreteness). This term has type IIf U (IIL zp z1) and is well-resourced with
respect to the zero context. In the context €, U, zg the term (A°A“xq) Yz “2¢ has type
x1. Since the type argument x; is not used during evaluation it should be erasable and
indeed, this term is well-resourced with respect to the context €,0,w (where xg is marked
as relevant and x; as erasable):

€,0,0 » N0\ €,w,0» 21
€,0,0» (\ON\“zg) Oy €,0,w » xq

€,0,wr (NA20) Oy Y

The key is that for erasable applications, any context can be used to check the function
argument since it will anyway be scaled by 0. Erasable variables are thus allowed to occur
in places such as erasable function arguments.

Since we are now able to track whether a term is computationally relevant or not, we
can move on to the task of erasing unneeded parts. As already mentioned, we do this by
compiling )\%{[UN to an untyped lambda calculus. The syntax of this target language is
the following:

viw = x; | At | tu]| (t,u) | fstt | sndt | prodrectw | zero | suct | natrectuv | 4

This language is, except for the lack of types and grades, very similar to A%}EUN , but
it also includes 4, which represents an undefined value. Like A/Z\}EUN, the operational
semantics is call-by-name, reducing terms to WHNF.

The compiler is implemented as a function _°*, taking A%}?UN terms to terms of the
target language.

Definition 6.5. The extraction function _* is defined by recursion over terms in Figure

Because the structure of the languages is similar, the definition is mostly straightfor-
ward but there are two things to note. Firstly, all types are extracted to 4 since there is
no proper representation of types. Secondly, for two terms we make a case distinction on
the annotation, namely applications and prodrec. For erasable applications, the argument
is simply replaced by 4. Likewise, for prodrec with an erasable pair, the pair argument is
replaced by (4,4%).

As an example, consider id "N “zero, the identity function applied to N and zero. This
(closed) term has type N and is well-resourced. As we saw above, the type argument is
erasable and indeed, we have ((A"\*zq) "N“zero)® = (A A zq) 4 zero.
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If correctly designed, the extraction function should satisfy two main properties: that
it erases everything erasable and that it is sound in the sense that it does not affect the
outcome of evaluating the program. The first property is straightforward to prove.

THEOREM 6.4. If v » t and v(x;) = 0 then x; does not occur in t°.
Proof. By induction on v » ¢ using Theorem O

For the example we can see that extraction is sound: the term reduces to zero both
beforel and after| extraction. In the remainder of this section we shall demonstrate that
the extraction function is sound in general, meaning that programs retain their value
under erasure.

We could restrict the term programs to closed expressions of type N. However,
in practical dependently typed programming it can be convenient to work under extra
assumptions that are not computationally relevant but can be used to establish correctness
properties. For example, one might want to use the law of excluded middle, a choice
principle, some other extension of type theory, or simply a correctness conjecture that one
intends to prove later. The erasure grades allow us to track which assumptions are not
computationally relevant as they only appear in erased parts. Thus, we aim at correct
erasure for programs Ag F ¢ : N with 0 » ¢, meaning that assumptions from Ag appear in
t only in erased positions.

However, we have to be careful so that ¢ does not get stuck through a match, in a
non-erased position, on an erased term. In our case, there are two sources of such erased
matches:

1. Eliminating the empty type with emptyrec,. We exclude this by requiring our

assumptions to be consistent, i.e., there should be no u such that Ag Fw: L.
2. Eliminating an erased weak pair with prodrec?: prodrec does not reduce if applied to
a neutral pair. We disallow matching on erased weak pairs in non-erased positions
by requiring Prodrec0 to be false unless Ag is empty (in which case there are no
neutral terms to get stuck on).
Some further discussion can be found in Section [7.2

Our soundness proof uses a logical relation for erasure which we will simply call the
logical relation. The logical relation relates a term ¢ in the source language with a term
v in the target language. It might seem natural to define the relation by induction on
the type of t, but dependent types do not directly give us a suitable induction principle.
Instead we use a logical relation for reducibility based on the one presented by |Abel et al.
[2017].

We highlight only the key ideas of the reducibility relation that are relevant here.
Further details can be found in Section [A] An expression A is a reducible type of level
¢ in context I', written I' IF, A if, roughly speaking, A reduces to a canonical type
with reducible subexpressions or a neutral type. Type families G are reducible if all of
their instantiations G[a] with reducible terms a are reducible; this gives us the required
induction principle for II- and >-types.

The relation is defined inductively with one case for each type former. We will use
labels such as (N) and (II}FG/.Z /¥4) to indicate the different cases. In the latter case,
A reduces to II} F G, .Z is a proof that F is reducible and ¢(a) is a proof that Gla]
is reducible for any reducible term a of type F' (when we write things like ¥(a), a is
implicitly required to be a reducible term). In the full definition there are additional
requirements for being a reducible II-type. Additionally, the proofs that F' and Gla] are
reducible hold for arbitrary weakenings. These differences are omitted here and in the rest
of this section because we do not need this extra information and we refer to Section [Al
or the formalization for details.
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The relation is indexed by the type level £ which can be either 0 or 1. In the spirit of
Russell universes, reducibility at a lower level can be embedded at a higher level. This is
written (emb/.7), where o is the proof of reducibility at the lower level. Reducibility
of terms ¢ of type A, written I' -y ¢ : A/ o/, is defined through induction-recursion
by recursion over @7, a proof that A is reducible. Fundamental lemmas establish that
well-formed types and [well-typed terms| are reducible. For details, see Section [A]

The reducibility relation contributes an induction principle which makes it possible
to define the erasure relation recursively by cases on the type. In the following, for any
judgement J, we will write & :: J to indicate that < is a proof of J. For the remainder
of this section, we fix a consistent context Ag with - Ag.

Definition 6.5. The logical relation for erasure, t ®, v : A / o/, where t and A are )\/E\}EUN
terms and v is a target language term, is defined by recursion on &7 :: Ay Iy A as follows:
o [f o/ =(U)thent®,v:A/ o iff Agkt:U.
o If o/ = (N) thent®,v: A/ iff t ®y v, which is inductively defined to hold iff
— AgFt —"*zero: N and v —* zero, or
— AgkFt—*sucu:Nand v —* sucw and u ®y w.
o If & = (IILFG/F/9) thent ®yv: A/ o iff t“a ® vw : Gla] / 4 (a) for all a
and w with AglFpa: F/.% anda®, w: F/ Z.
o If 7 = (II}FG/Z)¥) thent ®yv: A/ o iff t"a ®, v : Gla] /4 (a) for all a
with AglFpa: F /7.
o If o/ = (X/FG/F/9) then t ®y v : A/ < iff there are terms t1,t2, v1, v such that
— AQ Ft—* (tl,tQ) : EQFG,
— v —* (v1, v2),
— Aglke ty 2F/f,
-t ®pv: F /%, and
- tQ ®g Vo G[tﬂ /g(tl)
o If o = (emb/o’) thent ®yv: A/ Tt ®yv:A/ A"
o If o/ =(1)or.o/ =(NeK) then t ®, v: A/ o does not hold.

For base types, the idea is that both terms should represent the same value of the
right type. In the universe case, ¢ is only required to have type U. Since ¢ is then a type,
and there are no types in the target language, there is no requirement on v. The natural
number case is defined recursively. Either both terms reduce to zero, or to the successor
of some terms which in turn need to be related.

II}-types are treated differently depending on whether the function argument is
erasable or not. Non-erasable applications (p = w) need only be related when the
arguments are related. For erasable functions (p = 0) the function argument on the
target language side is replaced with 4 and the relatedness requirement is dropped. This
matches the application cases of the extraction function. ¥-types are fairly similar to the
base types and no difference is made between weak and strong variants: related terms
should reduce to pairs whose components are pairwise related. The embedding case is
defined recursively. Finally, for the empty type and neutral types, no terms are in the
logical relation. The reason for the former is that the consistency of Ay ensures that
there are no terms of type L. Neutral types are excluded as part of a simplification of
only considering non-neutral terms. A consequence of this simplification is that we can
only prove the fundamental lemma for empty contexts Ag or when erased matches are
disallowed for weak X-types (see also Section .

In order to prove the fundamental lemma we generalize the relation above so that it
holds under substitutions to Ag. Let us first define a logical relation for substitutions.
For this we use another reducibility relation: validity of substitutions. A substitution o
from I' to A is valid, written A IF° o : I' / 7| if every term in o is reducible. Here .7 is a
proof that I' is valid, and A is implicitly required to be well-formed. Validity of contexts,
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written  [F" I', means that every type in I' is valid, written I' I A /.7 This in turn
means that A is reducible under any valid substitution. Again we refer to Section [A] for
details.

Definition 6.6. The logical relation for substitutions, o ®, ¢’ : I' « v/ T | ., relates

substitutions o and o’ from A%}?UN and the target language, respectively, under contexts

I' and . It is defined by recursion on 7 :: [FV ', using . :: Ag I 0 : ' / 7, as follows:
o If 7 = (e) then o ®y 0’ : € «€¢ /.7 /& holds unconditionally.

o If 7 = (7' ) then 0 ®; o' : (I',A) « (v,p) /] T /7 iff tailo ®y tailo’ : T «

v/ " /tail # and either p = 0, or p = w and head 0 ® head o’ : Altail o] / < (tail o).

Similarly to the definition of valid substitutions the idea is to think of substitutions
as lists of terms, one for each free variable. These are required to be pairwise related,
except for terms corresponding to erasable variables. The motivation for this is related
to Theorems [6.2] and since erasable variables will not occur in non-erasable settings,
and not at all in the target language term, one should be able to substitute anything (of
the correct type) for them without consequence.

The final piece of the logical relation is erasure validity, which both expresses the
closure of the logical relation under substitutions and our goal that terms should be
related to their extracted counterparts.

Definition 6.7. Given 7 :: IF' " and & :: T'IF] A / 7 the validity relation for erasure,
yoTlrpt: A/ T /o, is defined to hold iff for all substitutions o, ¢’ such that
S ANl o:T )T ando®, 0 : T «v /T /% we have t[o] ®, t*[0’] : Alo] ] (o).

Before proving the fundamental lemma we prove a couple of crucial properties. The
first expresses that related terms should correspond to the same value in the sense that
they reduce to the same weak head normal form. In other words, we may replace a term
with any other term in the same reduction chain without leaving the relation.

THEOREM 6.8, If & =T IFg A and Agt —*t' : A and v —* v and t’ ®,v' : A/ o
thent ®,v: A/ .

Proof. By induction on t’ ®, v : A/ . O

The second can be seen as a different form of the subsumption rule in the usage
relation, allowing us to change the quantity or grade context in the substitution and
validity relations.

THEOREM 6.9. If 7 = IF' T"and ¥ = Ao IF° 0 : '/ T and o =T k) A/ .7, and
v(z;) = 0 implies 6(x;) = 0 for all x;, then

e ifo®po :Tay/ TS theno ®po' :T «6/T /.7, and

e iforTIyt:A) T | thenyw Tyt A) T | .

Proof. For substitutions, by induction on 7. The validity case then follows. O

This property is important for our proof of the fundamental lemma since it allows us
to re-fit a proof of related substitutions to the correct usage context for each subterm.

THEOREM 6.10. (The fundamental lemma.) If T' =t : A and v » t, then there are
T wFT and o =T IH) A) T such that y» Tl t: A) T | .
Proof. By induction on I' - ¢ : A using Theorems and O

The fundamental lemma implies that for any related substitutions o and o', t[o] is
related to t*[o’]. We would like to apply this result to identity substitutions, but naturally
first need to show that these are related. More generally, all valid substitutions from
erasable contexts are related.

21 (A)


https://graded-type-theory.github.io/graded-type-theory/icfp23/Definition.LogicalRelation.Substitution.html#%E2%8A%A9%E1%B5%9B_
https://graded-type-theory.github.io/graded-type-theory/icfp23/Definition.LogicalRelation.Substitution.html#_%E2%8A%A9%E1%B5%9B%E2%9F%A8_%E2%9F%A9_%2F_
https://graded-type-theory.github.io/graded-type-theory/icfp23/Graded.Erasure.LogicalRelation.html#_%C2%AE%E2%9F%A8_%E2%9F%A9_%E2%88%B7%5B_%5D_%E2%97%82_%2F_%2F_
https://graded-type-theory.github.io/graded-type-theory/icfp23/Graded.Erasure.LogicalRelation.html#_%E2%96%B8_%E2%8A%A9%CA%B3%E2%9F%A8_%E2%9F%A9_%E2%88%B7%5B_%5D_%2F_%2F_
https://graded-type-theory.github.io/graded-type-theory/icfp23/Graded.Erasure.LogicalRelation.Reduction.html#redSubstTerm*
https://graded-type-theory.github.io/graded-type-theory/icfp23/Graded.Erasure.LogicalRelation.Subsumption.html#subsumptionSubst
https://graded-type-theory.github.io/graded-type-theory/icfp23/Graded.Erasure.LogicalRelation.Fundamental.html#Fundamental.fundamental

AFt—t N AFt—t: N v— v v —%

AFt—5¢:N At suct —® suct’ : N v —5 sucv —% sucv’

Figure 6: Extended reduction relations, A F¢ —* « : N and t —* w.

THEOREM 6.11. If 7 = IF' T and ¥ :: Ao 0 : T ) T then o ®p 0’ : T «0/ T | . for

all o'.
Proof. By induction on . O

THEOREM 6.12. If AgFt: A and 0 » t then there is & :: Ag IF1 A such that t ®y t° :
A .

Proof. By the fundamental lemma applied to identity substitutions and Theorem [6.11] [

With the fundamental lemma proven, we can finally move on to showing that the
extraction function is sound for programs computing natural numbers. Since terms in
both the source and target language only reduce to weak head normal form, the final
result of evaluating such a program will either be zero or suct for some ¢ which might
not be in WHNF. In other words, reducing a term to WHNF is not enough to determine
whether two terms in WHNF represent the same number or not. To circumvent this we
extend the reduction relations of both the source and target languages to allow reduction
under suc, see Fig. [6] with reflexive-transitive closures —** as expected.

k+1

Writing n for the numeral suc” zero, where suc® ¢ is ¢ and suc**! ¢ is suc (suc* t), we

give the soundness theorem.

THEOREM 6.13. Let A be a consistent context. If ProdrecO is false or A is empty,
and furthermore A F t : N and O » t, then there is a natural number n such that
AFt—n:N andt®* —° n.

Proof. By Theorem we have t ®; t* : N/ (N). The proof proceeds by induction on
this derivation. O

7 Discussion

In total the formalization, including the erasure case study, the extensions discussed in
Sections and |8, and various other additions, consists of roughly 39000 lines (2000 kB)
of Agda code (comments and empty lines not included). This can be compared to the
roughly 13000 lines of code (700kB) forked from the development of |Abel et al.| [2017]
(including some later extensions).

While some time was spent modifying the Agda development, we believe that extending
a pre-existing formalization overall provided great benefit, as it simplified the development
process in several ways. For instance, we did not have to define the language from scratch
and the code already included proofs of many non-trivial properties. We also found the
reducibility relation useful as the starting point for defining the logical relation in the
erasure case study.

22 (A)


https://graded-type-theory.github.io/graded-type-theory/icfp23/Graded.Erasure.SucRed.html#_%E2%8A%A2_%E2%87%92%CB%A2_%E2%88%B7%E2%84%95
https://graded-type-theory.github.io/graded-type-theory/icfp23/Graded.Erasure.SucRed.html#_%E2%87%92%CB%A2_
https://graded-type-theory.github.io/graded-type-theory/icfp23/Graded.Erasure.LogicalRelation.Subsumption.html#erasedSubst
https://graded-type-theory.github.io/graded-type-theory/icfp23/Graded.Erasure.LogicalRelation.Fundamental.html#Fundamental.fundamentalErased
https://graded-type-theory.github.io/graded-type-theory/icfp23/Graded.Erasure.Consequences.Soundness.html#Soundness.soundness-%E2%84%95

7.1 Natrec-Star

Formalizing the modality structure and usage relation required relatively little effort,
with one main exception. Finding a satisfying and non-restricting way to formulate the
usage rule for natrec (including the properties of natrec-star) was non-trivial. Several
different options were tested, and ultimately discarded, before we settled on the present
solution. However, we review some of our experiments here because they provide methods
for defining natrec-star.

7.1.1 Lower-Bounded Structures

In a structure with a global least element, call it w, the characteristic inequation x <
p A (g + rz) has the solution = w. However, one cannot simply set p ®, ¢ = w because
this violates the distribution property (p ®, p')q < pg®, p'q for ¢ = 0 (unless 0 = w). The
refinement p ®, ¢ = w(p A q) does satisfy all necessary properties, but it is not in general
the greatest solution (for instance| for the affine and linear types modalities).

7.1.2 Recursive Definition

Since the characteristic inequation has the form of a post-fixed point = < f, ; »(z) with
Ip.gr(®) =D A (q+rz), we might try to find a solution for x by iteratively applying fp ¢.r
to a start value. Concretely, we define the sequence x,, by xo = 0 and 11 = fp gr(zn). If
for every r there is some n such that, for all p and ¢, this sequence becomes stationary for
n (Tn = Tp41), then we can define p ®, g := z,,. This satisfies the inequality by definition,
and we can prove the distribution and interchange properties by induction on the numbers
n. However, in infinite modality structures such a fixed point may not exist, for instance
in M = NU {oo} with standard addition and multiplication and the flipped natural
ordering. Yet, when natrec-star is definable this way, it can be a reasonable option. In
particular, when 0 is the top element, then we get the greatest solution to z < fp 4 ().

7.1.3 Bounded Star-Semiring

The recursive inequality invites the introduction of a recursive operation and the previous
definition was one attempt at this. It is perhaps not a very natural definition, as it is
very tailored to the specific inequalities. As an alternative we can extend the semiring to
a star semiring with a unary operator _* satisfying p* = 1 4 pp* = 1+ p*p. (Note that
the proofs mentioned below only use p* = 1 4 pp*.)

This alone does not appear to be enough to find a solution in general, but with some
further assumptions about the star operator, p ®, ¢ := r*(p A q) is a candidate. With this
definition Equation can easily be shown to hold. If in addition p* < 0 or p* < 1 hold
for all p, then Equation holds.

Unlike the recursive variant, this allows us to find a definition for N U {co} (with
0* =1 and p* = oo for p # 0). In this case oo is a lower bound, so co(p A q) also provides
a possible definition. These definitions turn out to be equal unless » = 0, in which case
the star-based operator gives a larger solution. It is also the case in general that the
star-based solution is |greater than or equal to| the one for bounded structures.
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7.1.4 Excluding Natrec-Star

Another approach is to have modalities without natrec-star operators and instead use a
usage rule for natrec with an inequality as a side condition:

Yz O, p, 7> S nen f,qg» A

recl A X SYANNA(S+pn+rx)
X » natrec, (Azsn

Our formalization supports this variant| of the usage rule, and key results like Theorems
and still hold in this settingm However, our procedure for usage inference uses the
natrec-star operators (see Definition [B.1]).

7.2 FErased Matches

In our case study on erasure (Section |§[) we identified two possible sources of erased
matches and imposed restrictions to prevent problematic uses of these. [Letouzey| [2003]
discusses similar issues in the context of extraction for Coq.

The first source of erased matches is emptyrecy At, which allows a term t to be
considered unused or erasable in impossible branches. Requiring consistent contexts
allows such programs to be written but ensures that any impossible branch will never be
executed when the program is run.

Few other works appear to have investigated (elimination of) the empty type in a
graded setting. Wood and Atkey| [2021] do this for a system with simple types but do not
allow this style of treating impossible branches as erased. The usage rule corresponding
to their system adds an arbitrary context to that of ¢ instead of scaling with some p as
we do.

The other source of erased matches is prodrec, which was restricted to disallow
matching on erasable pairs in non-erased settings. Previous work has studied systems
both where matching on eliminated pairs [Moon et al 2021] or forced patterns [Tejiscakl,
2020] is allowed and systems where it is not |[Choudhury et al., 2021], but the consequences
of making either choice appear to be less studied.

Our formalization includes the ability to restrict what values the r annotation on
prodrec is allowed to take. For erasure, we can thus instantiate our system in two ways,
either by allowing r = 0 or not, giving us the ability to explore the consequences of the
choice.

As an example of the consequences of allowing or disallowing erased matches for
prodrec, consider the following, weaker version of our soundness theorem, Theorem [6.13]
where only the source language is considered.

THEOREM 7.1. If T is consistent, I' =t : N and 0 » t hold, and ProdrecO is false, then
there is a natural number n such that ' =t —°n : N.

If the requirement about Prodrec( is dropped, then the theorem does not hold. A
counterexample is ¢ := prodrec) N xq zero, which does not reduce to a numeral, but for
which we have €, Z% NNF¢:Nand 0 » t, and the context e, E% NN is provably consistent.
While this shows that canonicity for natural numbers is lost when erased matches are
allowed, it is notable that this is not a counterexample to canonicity for programs compiled
to the target language. In this example zg is erased and thus compiled to (4, 4), which
allows the compiled program to evaluate to zero.

10For the extension with two modes discussed in Section |8 we use an extra assumption, p+q < p,
to prove a key substitution lemma in the setting with the alternative usage rule for natrec. We do
not know if this assumption is essential.
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Our choice to disallow erased matches for weak Y¥-types in the case study was driven
by provability of the fundamental lemma. The general proof strategy consists of letting
t and t* reduce as much as possible and use Theorem but this strategy fails since
prodrec At u might not reduce even though (prodrect A¢u)® does. In fact, the fundamen-
tal lemma cannot hold if erased matches are allowed for weak >-types| since there are no
neutral elements of type N in the logical relation.

Although the fundamental lemma does not hold, we conjecture that canonicity for
natural numbers does hold for the target language even in the presence of erased matches.

7.3 Unit Type

The difference between the two kinds of pairs might be familiar from linear logic, where the
weak and strong pairs correspond to multiplicative and additive conjunction, respectively.
Could one also have two distinct unit types, to match the two X-types?

A weak or multiplicative unit type might come with the following rules (plus a few
more):

vyt Iru n,q» A ITgHA Fkt:Tg 'Fowu: Afxg)
0» xg v+ & » unitrec? Atu ['F unitrec? Atu: Alt]

The eliminator unitrec extends the pattern of prodrec to the nullary tuple xg.
Conversely, a strong or additive unit type might not include an eliminator but instead
allow n-equality and the following usage rule:

T'Ht:Tg I'Hu:Tg
v xg FEt=u:Tg '

The value g, acts as a “sink”, allowing a program to “consume” any variable an arbitrary
number of times.

Our formalization currently contains Tg,, but with the usage rule 0 » xg,, from which
the rule above can be derived if 0 is the largest element in M (because then v < 0).
Under this restriction, which holds for the affine types modality but not the linear one,
typed n-expansion I' =t — g, : Ty, is usage preserving, and we have proved that there
is a type- and resource-preserving procedure that takes a well-typed, well-resourced term
to its n-long normal form.

To get the usage rule v » x¢ and still support usage inference, one could perhaps
annotate xg with the vector of resources to be consumed. We did not pursue this approach
further, as it would require a large change to our formalization.

7.4 Information Flow Interpretation

The erasure lattice w < 0 also serves as a two-point information flow lattice L < H where
publicly available resources are labelled with L and private (confidential) resources are
labelled with H. A program t is viewed from the public perspective, and a context =
with v » t describes how it accesses its resources (its free variables). The law L+ H =L
expresses that a resource that is accessed both publicly and privately must be publicly
available. Our fundamental lemma for the erasure logical relation (Theorem implies
a form of non-interference: the result of computing a natural number does not depend on
the values of H-labelled resources.

In a two-sided formulation vI" F ¢ : pA one can view programs from perspectives p
other than L = 1. Depending on what rules are used one may have that a variable x
can be accessed if and only if y(x) < p. For p = H this means that any variable can be
accessed.
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We can simulate the two-sided approach by shifting the perspective from 1 to p
by dividing v by p. This happens pointwise, so (v/p)(x) = v(z)/p. Let us say that a
modality supports division by q if there is a function — /¢ such that the Galois connection
Vp,r. p/qg < r <= p < q-r holds. Note that p/q is the least| r such that p < ¢ -r,
and that —/q is monotone. The erasure modality supports division by L (p/L = p) and
H (p/H = L): the latter equality entails that all resources are accessible from a private
perspective.

This shift of perspective can be carried out in finer information flow lattices. Recall
that bounded, distributive lattices with decidable equality can be seen as modalities where
1 is the least element, O is the greatest element, addition is meet, and multiplication is
join. One example of such a lattice is the total order 1 =L <M < H = 0, where we have
added a medium clearance to the low and high ones. It is straightforward to derive the
following division laws in such lattices (the last three are given under the assumption that
the modality supports division by p, and for the last one we additionally assume that
p # 0 and that the zero-product property holds for the modality): p/1 = p and p/0 = 1
and p/p =1 and 1/p = 1 and 0/p = 0. For the lattice L <M < H we get that L/M =L
and M/M = L and H/M = H, so shifting the perspective to M makes M-labelled resources
available.

8 Extension: Modes and Graded X-Types

Let us now present an extension of the theory with support for graded X'-types, -types
where the first component has a grade. The type Ez’p F G is a variant of Xf F' G where
the first component, of type F', has grade p. If the erasure modality is used then E%,o e
is a X-type with an erased first component. This kind of type can be used to have an
erased component (perhaps a proof of an invariant) in a data structure.

Note that it might not make sense to apply fst to a value of type ch,o NN (say): if the
first component is erased then there is nothing to return. So, in order to support graded
Y-types we follow Atkey| [2018] and switch to a usage relation with one of two /modes: Om
(erased/compile-time) or 1y (present/run-time). The idea is that fst is allowed for the
graded Y-type 2340 F' G only if the mode is Oy, whereas there are no extra restrictions
for Eg@p F G when p # 0.

In this section we work with modalities with well-behaved zeros (Definition , ie.,
modalities for which 0 # 1, addition and meet are positive, and the zero-product property
holds. We require that 0 # 1 to ensure that the modes Oy and 1y correspond to different
grades.

As mentioned above, the modalities for erasure, affine types, linear types, and linear
or affine types discussed in Section [3| all have well-behaved zeros, and we have proved a
subject reduction lemma for arbitrary such modalities (Theorem . However, note that
our main soundness theorem (Theorem is focused on erasure. We do not claim that
the definitions below make sense in all contexts for all modalities with well-behaved zeros,
and we use erasure to motivate the definitions.

Modes can be turned into values of type M: Oy = 0 and 1y = 1. Values of type M
can also be translated to modes (0 = Oy, and p = 1y if p # 0), and modes can be scaled
by values of type M (Om ® p = Op and 1y Op= D).

The syntax is modified a little to support ZZ};F G the projections fst and snd, the
pair constructor, and prodrec are all annotated with a grade corresponding to p (in
addition to any prior annotations). The [type system and reduction relations are mostly
unchanged, except to ensure that the p annotations match when appropriate—see the
formalization for details. However, the usage relation is modified more drastically. Its
definition is inspired by the type system presented by |Atkey| [2018].
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Figure 7: Moded grading v »"" t. New variable occurrences are highlighted in colour.

Definition 8.1. Given a usage context v, a mode m and a term ¢, we say that t is well-
resourced with respect to v and m if v »™ t, where the relation » is defined inductively in

Figure[7]

The variable rule uses the usage context me;. If m is 1, then we get the same context
as before, but if m is Oy, then we get Opme; = 0, so the variable is not counted. In the
antecedent of the rule for A-abstractions the grade of variable 0 is mp: if m is Oy, then
mp = 0, which matches the variable rule’s grade context for Oy. Multiplication by 77 is
used in this way also in other rules.

Note that m ® p is Op exactly when m = Oy or p = 0. This construction is used when
we want to ensure that things are checked in the erased mode Oy if either the mode is
already Opm, or some argument is erased, for instance for II{ F' G, 2%70 F G and t%.

The usage rules given above are partly based on Agda’s rules for erasure [Abel et al.
2021]. Agda supports cubical type theory, which imposes restrictions on what rules one
can use for erasure (see Section [2.2)). We have tried to be compatible with the rules of
Agda. In particular, the rules for II and ¥ are based on those of Agda. In Agda p and q
are required to be equal, and the formalization has a parameter which makes it possible
to enforce this requirement.

The term fst, ¢t can only be used if the mode is m © p, so if p = 0, then the mode must
be Op. There is also a side condition: if m ® p is 1, then p < 1 must hold. This condition
is used in the proof of Theorem Note that for the erasure, affine types, linear types,
and linear or affine types modalities, the only grade that is not bounded by 1 is 0.

The first component of a pair of type E%pFG is associated with a grade p, and
correspondingly the rules for the pair constructors include scaling by p in their conclusions.
Scaling by p is also used in the rule for prodrec: note that if p is 0, then there must be no
(counted) uses of the variable corresponding to the first component in w.

The rules for prodrec, natrec and emptyrec still include assumptions about the motives
(“A”), but now these assumptions use the mode Oy, and in the case of prodrec and natrec
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the last grade in the usage context is 0: the grade ¢ is no longer used. Note that 0 »'™ A
holds exactly when Prodrecr holds for all subterms in A of the form prodrecy , Bt u.

We can prove a substitution lemma for the theory with graded X-types, and using
that we obtain the following variant of subject reduction for usage:

THEOREM 8.2. If y»™ ¢t and 't — u: A then v »™

The extraction function from Section [6]is modified for some term formers corresponding
to graded Y-types. Erased first components are erased entirely, and fstg ¢ is replaced by %
(here w stands for any grade distinct from 0):

((t,u)o)® = u® (fstot)® =4 (sndpt)® = t°
((t,u)w)® = (t*,u®) (fst, t)® == fstt® (snd, t)® :=snd ¢*
(prodrecy , Atwu)® := prodrec(4,4)u® (prodrecl, ., Atu)® := prodrect® u
(prodrecwoAtu) := prodrec (4,t%) u

With these definitions in place we can state the main soundness theorem for the
theory with graded X-types (the statement is identical to that of Theorem [6.13). We do
not include a proof here but refer to the formalization for details.

THEOREM 8.3|. Let A be a consistent context. If ProdrecO is false or A is empty,
and furthermore A F t : N and 0 » t, then there is a natural number n such that
AFt—n:N andt®* — n.

Note that the reduction relation does not include n-expansion. Just like in Section
we can prove that there is a type- and resource-preserving procedure that takes a well-typed,
well-resourced term to one of its n-long normal forms. However, there are some restrictions.
The linear identity function A'zq of type II} (EZI,,p NN) (Eg@p NN) is definitionally equal
to the n-long normal form \!(fst, z¢,snd, x0)g&,p, Which is well-resourced in the empty
context iif and only if p =1 or 1 < 0 = p. We have proved that well-typed, well-resourced
terms have n-long normal forms if the theory is restricted so that, if Eq &p is allowed, then
p=1or1<0=p. For the |erasure modality these conditions always hold, without any
restrictions. For the affine types modality the conditions hold if ¥  is disallowed. And
finally the conditions hold for the linear types modality, and the hnear or affine types
modality, if Zq &p is only allowed when p = 1. Note that there are no restrictions for E?@ P

The graded X-types discussed here are similar to the tensor products presented by
Atkeyl| [2018], but there are some differences. |Atkey| has a single tensor product/>-type
with a single usage annotation. In his theory the projections fst and snd are allowed only
in the erased fragment (when the mode is Oy ), whereas a construction similar to prodrec is
always allowed (but there is nothing like the “third grade r”, and erased matches are not
supported). The usual n-equality rule for X-types is available for tensor products only in
the erased fragment: |Atkey| does not separate usage from typing, so it is straightforward
to restrict an equality rule in this way.

9 Conclusions

We have presented a dependently typed core language with grades for variable usage,
generic over a semiring-like modality structure. The language features II, weak and
strong 3, a universe, an empty type, and an infinite base type with induction. We have
formalized the meta-theory up to normalization and decidability of definitional equality
in Agda, including standard results such as substitution lemmata, subject reduction, and
consistency, building on the work of |Abel et al. [2017]. We further added a usage calculus
and showed its correctness via a subject reduction result. As an instance of our generic
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usage calculus, we studied modalities able to track erasure and proved their soundness
with respect to program extraction by a logical relations argument.

Some loose ends that could be investigated in future work:

e Prove that extraction is sound also in the presence of erased matches for weak
Y-types.

e Add an equality (identity) type to the language.

e Add a weak unit type. One may think that such a type could be encoded using
Id N zero zero, but experiments in Agda suggest that this might not be possible,
depending on what usage rules the identity type comes with, and what usage rules
are desired for the unit type.

e Formalize other modality instances, for instance linearity or strictness. A serious
soundness argument for linearity might involve a more low-level semantics for the
target language, with an explicit heap [Choudhury et al., 2021].

a lot of work, but one could work against an abstract constraint solver whose
correctness is stipulated.

e Investigate the interaction of modalities with meta-variables used for type re-
construction in real-world dependently typed languages such as Agda and Idris.
Implementations already exist, but theoretical work is still lacking.
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A A Logical Relation for Reducibility

In our erasure case study we used the reducibility relation of |Abel et al. [2017] (with later
additions) to define the logical relation. In this work some, mostly minor, modifications
have been made to the relation to account for the addition of grades and weak X-types
to the language. For completeness we present some details of the reducibility relation
here, but we refer to [Abel et al.|for deeper discussion and motivations. Note that the
presentation in this section (like in the rest of the paper) has not been automatically
generated from the formalization, and there could be small mistakes in it: the Agda code
is the authoritative source for the definitions and theorems.

The definitions we give here are somewhat simplified, with some parts omitted which
are used to prove the fundamental lemma of the logical relation, but that we did not need
to define the logical relation for erasure. Our presentation also uses the standard equality
relations for terms and types. In the formalization the logical relation is parameterized
by a collection of equality relations that satisfies a number of properties. We refer to the
formalization for full details.

Borrowing the notation of [Abel et all "' F ¢ :—*: u : A denotes the conjunction
of TFt: A TFu:Aand '+t —*u: A Similarly, ' - A :—": B denotes the
conjunction of ' A TTH Band ' A —* B. We also use |p : A D T to denote that p
is a weakening from context I' to context A.

What we call the reducibility relation actually consists of four relations, [I' IF, Al
Dikpt: A/ A U'IFp A=B /) o/, and U Iyt = u: A/ o/, for reducible types, terms,
equality of reducible types, and equality of reducible terms, respectively. All relations
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Figure 8: Reducibility of types, [ I, A.

are parameterized by a type level £ which can take the values 0 (the level of the single
universe) or 1. As with the typing relations above these are defined simultaneously, but
we present them one by one, starting with the inductive definition of reducibility of types.
The other relations are defined by recursion on &7, a proof that the type A is reducible.

In these definitions we make use of some implicit quantifications. For instance,
Vp: A DT in the II case of the definition of I" Iy A should be interpreted as quantifying
over all contexts A, all weakenings p from I" to A, as well as a proof of p: ADT.

The notation & :: ' Ik, A is used to indicate that 7 is a proof that A is a reducible
type, and Net¢ means that ¢ is a neutral term (a term that has a variable in a weak head
position). If ¢ is a proof that a type family G is reducible (as, for instance, in the IT
case of Definition we write ¥(p, a) for the proof that G[p][a] is reducible. Note that
we leave some requirements, such as a being reducible and the target context of p being
well-formed, implicit.

Definition A.1. Given a context ', reducibility of type A in I' at type level £ is expressed
by the relation I' Iy A, defined inductively in Figure

As the name suggests the reducibility relation essentially represents terms that reduce
to canonical form (or to neutrals). For II- and ¥-types we also require that the types of
the domain and codomain are reducible under any weakening (and for the codomain for
all reducible instantiations of the domain). U is only reducible at level 1, and there is
one rule for lifting reducibility at level 0 to level 1, but otherwise the rules are applicable
at both levels. Because we will define other relations in terms of this one, we will use
the labels on the inference rules to refer to the individual cases. Note that some labels
also include extra information, like terms or proofs. In the formalization these labels
correspond to constructors.

Without going into further details, we now define the remaining three reducibility
relations: reducibility of terms, I' IFy ¢ : A/.o7, equality of reducible types, I' -y A = B /.o,
and equality of reducible terms, I' lF; ¢t = u : A / 7, all of which are defined by recursion
on &/, a proof of the reducibility of A.
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Definition A.2. Given a context I' and 7 :: I I, A, reducibility of term t of type A in I’
at type level / is expressed by the relation ' Ik, ¢ : A / o7, which is defined by recursion
on &/ as follows:

If # =(U)thenT'Ikyt: A/ i T Ft:—*: ¢ : U for some ¢ that is either a
type constructor or a neutral and I' I ¢.
If = (N) thenT'IFy¢t: A/ o iff I Iy ¢, which is inductively defined to hold if
and only if ' ¢ :—*: w : N and

— u = zero, or

— u=-sucu’ and I" IFy o/, or

— Neuw.
If o =(L)thenT'Ikyt: A/ o/ if THt:—*: u: L and New.

o If &/ =(NeK) then'lFyt: A/ &/ iff T'Ht:—*: u: K and Neuw.

If of = (I\FG/F/9) then T lFo t : A/ o iff

— Dht:—*u: I FG foru= M or Neu,

— forallp: ADTandFAand Alrpa: Flp|/Z (p )andAIl—gb Flp]/-Z (p) and
AlFpa=b:Flp] /] F(p) we have A I-; u[p]Pa = ulp| b : (G[fp])[a] / 4 (p,a),
and

—forall p: ADT and - A and A kg a : Flp] / F(p) we have A I, ulp]Pa :
(GlD)lal / 9 (p, ).

Ifo =3 FG/F/9) then T It : A/ o T Ft:—*: u: X’ FG such that

— either New or u = (u,ug),

— I'lrp fstu : F[id] / % (id), and

— Ty sndu: (GIid])[fstu] / 4 (fid, fst u).

If o = (X FG/Z/9) then T Ikpt: A/ o it T Ft:—* u: XL FG such that

— either New or u = (u,u2),

— I'lFpuy @ Flid] / #(id) and

- T H—g ug (G[ﬂld])[ul] /%(ﬂid,ul).

If o =(emb/&’) thenT'lkpt: A/ o ff Tlkgt: A/ .

Definition A.5. Given a context I' and « :: I' IF, A, equality of reducible types A and
B in T at type level / is expressed by the relation I' Iy A = B / &7, which is defined by
recursion on &7 as follows:

If o = (U) then Ty A= B / o iff B = U.
If o = (N) then [ lky A= B / o/ i T+ B —* N.
If of = (L) then Tl A=B /o iff T B —* L.
If = (NeK) thenI'lty A= B/« if T' v B :—*: M for some Ne M with
'-K=M:U.
If o = (U)FG/F/¥) then T Iy A = B/ o iff there are F’, G’ such that
~IFB - ILF @,
S TFILFG =T F' &,
— forall p: ADT and F A we have A by Flp] = F'[p] / F (p), and
—forallp: ADTand - A and A lkpa: Flp] / F(p) we have A I-y (G[ftp])[a] =
(G'The])lal / 4 (p, a).
If = (X/FG).F/9) then T Iy A = B/ o iff there are F', G’ such that
- THFB—*XIF &,
- THXYIFG=X]F G,
— forall p: ADT and F A we have A by Flp] = F'[p] / Z (p), and
—forallp: ADTand - A and A lkpa: Flp] / % (p) we have A I-y (G[ftp])[a] =

(G'[npD)lal / ¥ (p, ).
If o = (emb/o/’) thenT'IHy A=B /& iffTlkg A=B /.
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Definition A.J. Given a context I' and & :: I' I, A, equality of reducible terms ¢ and u
of type A in T" at type level £ is expressed by the relation I' Iy t = u : A / &7, which is
defined by recursion on &7 as follows:

o If &/ = (U) thenT'IFpt =u: A/ o iff there are terms ¢, ' such that

— Tkt —*t:U,

—Ihwu:—*u : U,

— t' and v/ are either type constructors or neutrals,
— I+t =4 :U,

— T =Tkt

— I'lFp u, and

—Tlt=u/ 7.

If o =(N)thenT'lFpt=u:A /o ff I' Iyt =, which is inductively defined to
hold iff there are terms t; and u; such that

— Ikt —*t1 N,

—T'Fu:—* u; : N,

— I't1 = up : N, and either
* 11 = uy = zero,
% t1 = sucty and uy; = sucug and I' IFy to = usg, or
x Net; and New;.

If o = (L) thenTlrpt =wu: A/ iff there are terms ¢',u’ such that

—Ihti—*t: 1,
—Thu:—*d 1,
— I+t =4:1, and
— Net’ and New'.

If = (NeK) then "Iyt =u: A/ o/ iff there are terms t',u’ such that

— Ikt —*t K,
—Thu:—*u: K,
—I'Ft =4 : K, and
— Net’ and New'.

If  =(I}FG/F/¥) then T Iyt =u: A/ o iff there are terms ¢/, v’ such that

FEt:—* ¢ 1) FG,

—Thu:—*d I} FG,

— t" and v/ are either lambda abstractions or neutrals,

—T'Ht¢=d 1} FG,

— Tt A) o,

—Tlrpu: A/, and

—forallp: ADT and - A and A by a: Flp| / F(p) we have A by t'[p]Pa =
u'[p]Pa: (G[o))la] / 9 (p,a).

o If 7 =(X!FG/F/¥4) then ' lkyt = u: A/ o iff there are terms t', v’ such that

Ft:—*t: 3! FQG,
—Tru:—*u: X FG,
— t' and v/ are either pairs or neutrals,
—THt=4:% FG,
Tt Ao,
- T H—g u:A / JZ%7
— DIk fstt' : Flid] / .Z(id),
~ Tk, fsto : Flid] / Z(id),
— DIk fstt! = fstu’ : Fid] / #(id), and
[ lkpsndt’ = snda/ : (G[hd])[fstt'] / 4 (1d, fstt').

o If 7 =(XLFG/F/¥4) then T lkyt = u: A/ o iff there are terms t', v’ such that

—Tkt:—*t:%! FG,
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—Thru:—*d: 3. FG,
B R VES Y el
— Dt Ao,
—Tlu: A/ o/, and
— either Net’ and Ne/, or
t = (tl,tg), u = (’LL1,’LL2),
T ket : Flid] | Z(id),
[k 2 Flid] /.2 (id),
[ kg to 2 (GMd])[t1] / 9 (1id, t1),
Llkg ug = (GMid])[ud] / ¢ (id, ua),
Tkt = up : Flid] / Z(id), and
Ilkg to = ug : (GNid])[t1] / 4 (Nid, t1).
emb/o/’) thenT'lHjt=u: A/ A i TIkgt=u:A/ o

*

P T G S R G

o If o/ =

With regards to modalities there are not any major changes to the relations. The
only requirements we have added are that some grade annotations must match (similarly
to the changes to the typing relations).

For X-types themselves no distinction is made between the weak and strong variants,
but the definitions differ for terms of X-type. In both cases the terms should reduce to
WHNFs. For strong Y-types we require that their components as given by the projections
are reducible (and, for equality, equal). In the weak case the WHNFs must either be
pairs, in which case the components are required to be reducible (and possibly equal),
or neutral, in which case we require nothing else. For equality there is no case for one
neutral term and one term that reduces to a pair, because such terms would never be
equal.

Remark A.5 (Weak and Strong Y-types in the Logical Relation). The eliminator
for Y-types is restricted to weak products. One reason for this is that it does not
appear to be possible to prove the prodrec case of the fundamental lemma for the
logical relation for terms of type Xg. The proof strategy used for Xg is to use the
fact that for non-neutral, reducible ¢ we have I' - t —* ({1,t2)g : L& F G and thus
[ I prodrec! Atu —* ulty,ts] : A[t]. It can then be proved that ulty,ts] is reducible,
and reducibility of prodreci Atwu then follows. For strong Y-types, this strategy does not
work since we only get that fst¢ and sndt are reducible. One could allow prodrec to be
used for both weak and strong >-types by letting terms of the two variants have the
same definition of reducibility (the one we currently have for Xg). This would, in turn,
lead to problems with the n-equality case of the fundamental lemma. One could choose
to discard n-equality for strong >-types but doing so would obviously be a rather large
change of the system.

It is not possible to directly prove the fundamental lemma for this logical relation,
because the inductive hypothesis is too weak to handle binding subterms. Instead |[Abel
et al.|introduce another set of relations, for valid terms, types, contexts and substitutions,
and equality of those things [2017]. We have not needed to make any modifications to
these relations but made use of them in the erasure case study, so we will briefly introduce
parts of them. The basic idea is to make the reducibility relation closed under valid
substitutions. The fundamental lemma for reducibility then becomes a special case of the
fundamental lemma for validity, applied to the identity substitution.

We begin with validity of contexts. Similarly to reducibility of types, this will serve as
the basis of the relation, with the other relations defined by recursion on this one. Again,
some of these definitions are made simultaneously, see the formalization for details.

33 (A)



Definition A.6. Validity of contexts, IFY T', is defined inductively as follows:

T F' T o =TIy AT
T, A

(€) (T, )

IF €
We can then define validity of substitutions and of equal substitutions.

Definition A.7. Validity of substitutions, A IF* ¢ : I' / 7, is defined by recursion on
T IFU T as follows:
o If 7 = (¢) then AIF° o : ¢/ .7 holds unconditionally.
o If 7 = (7', o) then A I+* ¢ : T,A /7 holds iff A ¥ tailo : ' / 7" and
A lkp head o : Altail o] / o/ (tail o).
Given .7 :: A IF° ¢ : T/ 7, validity of equal substitutions A IF o =0¢':1 /7 /.7 is
defined by recursion on .7 :: [FY T as follows:
o If 7 = (¢) then AlF° 0 =0":¢/.7 /.7 holds unconditionally.
o If 7 = (T, o) then Al-* 0 =o' : T,A/ 7 /. holds iff A I tail 0 = tail o’ :
'/ 7' /tail # and A l-p head o = head o’ : Altail o] / <7 (tail o).

Here tail ., for ¥ = AIF* 0 : T, A/ .7, is a proof showing that tailo is a valid
substitution. The idea behind these two relations is to treat substitutions as lists of terms,
all of which need to be reducible.

Finally we can define validity of types, terms, and their equalities.

Definition A.S. Let F ::IF*T'. ThenI'IF] A/ 7 iff for all & :: AlF* 0 :T' /7 we have
o (o) :: Alrp Alo], and additionally for all AIF° ¢’ : T/ F and AlFP o =0":T7 /7 |
we have A by A[o] = Alo’] / @/ (o). Furthermore, for o =T'IF) A/ .T:
o I'IF)t: A/ /o holdsiff forall & :: AIF* ¢ : '/ .7 we have A Ik t[o] : Alo]/ (o),
and additionally for all AlF¥ ¢/ : T /T and AIF o =0 :T /T /. we have
Alby tlo] = tlo'] : Alo] | (o),
e I'lF) A=DB /7 /< holds iff for all ¥ :: AIF° ¢ : ' / .7 we have A Iky Alo] =
Blo] / &/ (o), and
e I'lFjt=u:A/.7 /< holds iff for all ¥ :: AIF° ¢ :T' /.7 we have A I, tlo] =
ulo] : Alo] / (o).

Again we refer toAbel et al.| [2017] or the formalization for the details, but the validity
relation is essentially reducibility under a (valid) substitution.

For this relation, the fundamental lemma can be proven, and as mentioned before,
the fundamental lemma for reducibility follows as a special case.

THEOREM_A.9L

If '+ A then ' I A.
IfTHt:Athenof =T IFf Aand Ik t: A/ of.
IfTHFA=Btheno =TIk AandTl-y B andT'l-i A=B/ o .
IfTHt=u:Athen o =TIk AandlIFit=u:A/ .

Using the logical relation and the fundamental lemma, |Abel et al.|are able to show
several properties of the language that they study, culminating with decidability of type
conversion. These properties still hold, with minor changes, after the addition of grades.

B Usage Inference

The observation that the usage relation is algorithmic can be formalized via the following
function, which infers a usage context from a term.
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Definition B.1. The usage inference function |_|, which computes a usage context from a
term, is defined recursively as follows:

U =0 |zero| =0
IN|:=0 |suct| := |t]
|L|:=0 Inatrec! Az sn| = (|z| A|n|) ®, (tail (tail |s|) + p|n|)
I F G| == |F| + tail |G| |(t,u)g| = |t| + |ul
|X?F G| = |F| + tail |G| [(t,u)g| = |t| A |ul
|zi| = e; fstt| == |t]
|APt] == tail |¢] |snd ¢| == |¢]
[tPu| = |t| + plu] |prodrec! Atwu| := r|t| + tail (tail |u|)

lemptyrec, At| == plt|

Here (tail v)(z;) = y(2i+1). Note that || makes no checks on the annotations and will
produce a context whether a term is well-resourced or not. However, if the annotations
are correct, then the produced context will not only be valid but will also be an upper
bound on valid contexts. In other words, for any well-resourced term, we can always find
the most specific context.

THEOREM B.2. If v » t for some v, then [t| » t and v < |t|.
Proof. By induction on  » ¢ using the monotonicity of the operators. 0

Additionally, we get decidability of the usage relation (if one can decide whether
Prodrecr holds for any ).

THEOREM B.3. For any usage context vy and term t, |t| » t and v » t are decidable.

Proof. A lemma showing that either |¢| » ¢, or that v » ¢ does not hold for any -, can be
shown by induction on . Decidability of 4 » ¢t can then be proved using decidability of
the partial order and Theorem O

By viewing substitution matrices as lists of usage contexts, a similar approach can be
taken for inferring a substitution matrix from a substitution.

Definition B.4. The substitution inference function ||_||, which infers a substitution matrix
from a substitution, is defined such that for a substitution taking terms of m free variables
to terms of n free variables, ||o|| is an m x n-matrix such that the i-th row is |z;[o]|.

Similarly to the situation for contexts there is no guarantee that ||o| is a valid
substitution matrix for o, but it is if a valid substitution matrix exists.

THEOREM B.5L If U » o for some ¥, then ||o|| » o.

Proof. By applying Theorem to every term in ¢ and its corresponding row in ¥. [J
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Abstract

We present a graded modal type theory and prove that it handles resources correctly,
in the sense that an abstract machine accesses resources the “correct” number of times.
The theory is parametrized, and can for instance be instantiated with modalities for
erasure, linear types, or affine types. Compared to previous work our theory supports
what we believe to be a unique combination of features: (1) a flexible eliminator for
natural numbers that enables different resource-usage patterns and works correctly in a
setting with linear types, (2) an eliminator for empty types that allows the eliminated
argument to be erased, supporting the use of erased information to discard impossible
branches, and (3) universes that allow the definition of types using (for instance) recursive
functions. The paper is accompanied by an Agda formalization.



1 Introduction

In graded modal type theories the type system is equipped with an algebraic structure,
typically some form of semiring, containing grades. Grades can be used for data privacy
[Choudhury et al., 2022 Volpano et al., [1996; Moon et al., [2021], for memory safety
[Bernardy et al. 2017; Lorenzen et al. 2024], to enforce correctness (for instance of
communication protocols) [Brady} 2021; Bernardy and Jansson) 2025, and for quantitative
aspects like erasure, linear types and affine types [McBride, 2016; Atkey, 2018; |Abel et al.,
2023b; |Choudhury et al., [2021; [Moon et al.l 2021; |Abel and Bernardyl, 2020; |Brunel et al.,
2014; Ghica and Smith| 2014].

In the case of quantitative aspects one might like to ensure that variables are referenced
the “right” number of times during evaluation, as specified by an operational semantics.
This approach is taken for instance by Choudhury et al.| [2021], who define a heap-based
abstract machine with the capability to count heap lookups, corresponding to variable
uses, and prove a notion of correctness.

Following [Choudhury et al.| we present such an argument for a graded modal type
theory based on the work of |Abel et al.|[2023b]. Compared to previous work our theory
supports what we believe to be a unique combination of features:

Recursion. We support a flexible eliminator for natural numbers, see Section 4. We
say that it is flexible because it supports multiple usage patterns. For instance, when the
linearity modality is used one can define functions that are linear in the natural number,
but it is also possible to track linear uses of variables in the zero and successor branches
(if only erased recursion takes place).

Abel et al|[2023b] present a similar eliminator, but as we discuss this eliminator
is problematic in a setting with linear types. We present an alternative approach and
prove its correctness. We view this as a step towards a more general theory of recursive
data types in graded type systems, and in Section [6] we sketch how the proposed method
might be adapted to other inductive types. Other graded type theories with support for
recursion for natural numbers, or other recursive types, are discussed in Section

Empty type. Following Abel et al.| [2023b] we include an eliminator for empty types
that allows the eliminated argument to be erased. Such an eliminator supports the use of
erased information to discard impossible branches. Due to the presence of this eliminator
we make use of the consistency of the type theory in our correctness proof. Without
consistency, the eliminator could be used to construct a function which is considered to
be linear but does not use its argument during evaluation.

Universes We support universes that allow the definition of types using (for instance)
recursive functions, building on the work of |/Abel et al. [2017]. Note that the inclusion of
universes tends to complicate the meta-theory.

Our correctness proof is mechanized in Agda. We believe that this is the first complete
formalization of correctness for linearity for a graded type theory with dependent types:
the work of (Choudhury et al|[2021] is partly formalized.

Before we present our approach to the eliminator for natural numbers in Section
we present the type theory—without the eliminator—in Section [2] and in Section [3| we
present an abstract machine for that theory, along with a correctness proof.
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1.1 Formalization

With the exception of Section [6] this work is fully formalized in Agda, building on the
formalization of graded type theory by |Abel et al. [2023a]. Our formalization is not
directly based on the formalization accompanying their paper, but rather on a more recent
version to which some additional contributions have been madel[l]

The formalization contains the file README. agda which lists our definitions, theorems
and claims in the order they appear in the paper, linking to their formalized counterparts.
Where applicable, the file also includes some discussion about how the formalized statement
relates to the version in the paper, in particular if there are differences between the
formalization and the paper. The paper provides links to an HT'ML rendering of this file
for each entry. We mark such links in |bluel

In some regards the presentation in the paper differs from the formalization. Notably,
the formalized syntax is well-scoped. Several definitions and properties therefore have
hidden side conditions or assumptions enforcing well-scopedness which are left out of the
paper for the sake of readability. Another notable difference is that the formalization
supports identity types. We have chosen to exclude them from the paper but our results
hold also when they are included. We refer the interested reader to the formalization for
details [Eriksson et al.l 2025]. These differences, as well as others, are explained further
in README. agda.

2 A Graded Modal Dependent Type Theory

We base our work on the graded modal type theory by |Abel et al| [2023b] and its
formalization. In this section we will provide some background by describing the key
parts of the language. Readers who are already familiar with this work can safely skip
this section. Conversely, we refer the reader who is interested in more detail to the
formalization [Eriksson et al., 2025] or |Abel et al. [2023b] (but note that, as mentioned,
there have been some additions to the formalization since their work). The description
we give here will be limited to the fragment that we cover in Section |3l In particular, it
does not include the eliminator for natural numbers, which we will return to in Section
nor identity types, which are excluded for brevity.

2.1 Modalities

One key aspect of the language is the modalities. Modalities are semiring-like structures
whose elements (called grades) are used to annotate certain terms of the language. For our
purposes, we will primarily be interested in modalities with a quantitative interpretation,
allowing us to express how many times some resource will be used when the program
is evaluated. We restate the definition of modalities from |Abel et al.| [2023b] here,
reformulated slightly:

Definition 2.1. A modality structure is a 6-tuple (M, +,-, A, 0,1) consisting of (from left
to right) a type M, three binary operations (addition, multiplication and meet) and zero
and unit elements, satisfying the following properties:
o (M,+,-,0,1) forms a semiring: Addition is commutative and associative with 0 as
identity. Multiplication is associative with 1 as identity and 0 as absorbing element
and distributes over addition. As usual, we will often abbreviate multiplication of p
and g as pq.

!Some notable additions: An identity type by Nils Anders Danielsson, support for two kinds of
unit types, matching the two kinds of X-types, by Oskar Eriksson (Abel et al. [2023b] support one
unit type), and a hierarchy of universes by Nils Anders Danielsson and Ondfej Kubanek.
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e (M, A) forms a semilattice: Meet is commutative, associative and idempotent.
¢ Both multiplication and addition distribute over meet.

In comparison with the definition of |Abel et al.| [2023b] we have omitted the operator ®
used to assign grades to the eliminator for natural numbers. We will return to this in
Section |4l The definition used in the formalization requires modalities to come with an
additional special grade, satisfying some properties, which is used to assign grades to the
eliminators for identity types. Since we do not discuss identity types, we have omitted
this here.

For our purposes, we may think of grades as representing a quantity—the number of
times some resource, like a function argument, is used. In this regard, a useful mental
picture is that of grades representing a set of natural numbers corresponding to how many
times some resource should be used | This view uses sets of numbers rather than single
numbers because grades do not necessarily represent an exact use count. Indeed, we will
often let our modalities include the grade w, representing any number of uses which is
represented by the set of all natural numbers in this view.

From the perspective of grades representing quantities, the grades 0 and 1 represent
no uses and a single use of some resource, respectively. Addition represents the combined
resource usage from different places (usually from two sub-terms) while multiplication
represents a single resource being used several times (the main example of this is appli-
cation). Meet is used both directly and indirectly via the partial order that is induced
by the semilattice structure: p < ¢ iff p = p A ¢ We interpret this relation as a form of
compatibility between grades, in the sense that if p < ¢ then a resource that is used ¢
times may alternatively be thought of as being used p times (see the example modalities
below for more concrete examples of this). With this interpretation, the meet operator
can be thought of as representing the usage count of a branching computation. If one
branch uses some resource p times and the other ¢ times then p A ¢ will give a usage count
that is compatible with either branch (since p A ¢ is smaller than or equal to both p and
q). In the view of modalities as sets of natural numbers, the partial order represents the
superset relation—a grade is compatible with another if its allowed usage counts are fully
included in the other.

In our resource correctness proof we will make use of some additional properties. The
purpose of these is to give 0 its intended quantitative interpretation of representing no
uses of some resource, in particular that resources cannot “disappear” by adding or scaling
them. The properties we use coincide with those for modalities with a well-behaved zero
as defined by [Abel et al. [2023b|, and those are in turn based on similar assumptions used
in QTT |[McBride, 2016} Atkeyl 2018]. We restate their definition of modalities with a
well-behaved zero here (we have reformulated it slightly):

Definition 2.2. A modality is said to have a well-behaved zero if it satisfies the following
properties:

e If p4+¢q=0then p=0and q=0.

e If pg = 0 then either p =0 or ¢ = 0.

e IfpAg=0then p=0and g =0.

e 1#£0.

Below we will only consider modalities with a well-behaved zero. We also assume that
equality with zero is decidable.

Let us now consider some concrete modalities [McBride, [2016] and their intended
interpretations. The two element modality {0,w} with 0 as the multiplicative zero and w
as the unit, w + w = w and w < 0 allows an interpretation of |erasure. The three element

2Note that this should only serve as a form of intuition for modalities in a quantitative sense.
It is not the case| that sets of natural numbers form modalities in general.
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modality {0,1,w} with 0 and 1 as zero and unit, respectively, and 1 +1 = 1+ w =
w4+ w = ww = w gives a choice for the partial order. We will refer to the instance with
w < 1 <0 as the affine types modality and the instance with 0 > w < 1 with 0 and 1
incomparable as the [linear types modality. The difference between these is how the grade
1 is interpreted. In the former case, 1 is compatible with 0, allowing it to be thought of
as representing either 1 or 0 uses, whereas in the latter case, 1 is not compatible with
any other grade so it represents exactly one use. Both these instances can be generalized
to include grades for all natural numbers. Addition and multiplication then becomes
the usual addition and multiplication for natural numbers and w +n = w and wn = w
if n # 0 (and 0 otherwise). The partial order can be chosen such that it becomes the
usual order for natural numbers, but flipped, or with all natural number grades being
incomparable with each other with w as the least grade in both cases. In the former
case the interpretation of grade n becomes |“at most n uses” while the latter case gives
“exactly n uses”, analogous to the affine and linear instances respectively. We will refer to
these modalities to provide concrete examples, most notably the linearity and affine types
instances.

2.2 Syntax, Typing and Usage

The language we are considering is a dependently typed language with II- and Y-types, a
natural number type, unit and empty types as well as a hierarchy of Russell universes. The
syntax is given in Fig. [Il Matching the formalization, we use a nameless representation
of variables as de Bruijn indices, writing x; for the variable with index ¢. There are two
different kinds of ¥ and unit types, weak with a form of pattern matching (using prodrec
and unitrec) and strong with projections and n-equality. We keep the two types separate
because of their different behaviour in terms of resource usage, as we discuss further
below. We therefore label ¥ and unit types as well as pairs and unit elements with ® or
& to indicate the weak and strong versions, respectively. In cases where no distinction is
needed, we may omit the label.

Some terms are annotated by grades indicating, for modalities with a quantitative
interpretation, how many times some resource should be used. For lambdas and pairs,
the grade represents how many times the function argument is used and the number of
times the first component should be used, respectively. Their eliminators—applications,
projections and prodrec—each have a corresponding annotation. II}- and X{-types have
two annotations, with p having the same meaning as the grade on lambdas or pairs, and ¢
instead representing the number of times the function argument is used in the codomain
or how many times the first component is used in type of the second component. In
addition to the grade already mentioned, the eliminator for ¥g-types, prodrec? has one
more annotation, 7, which represents how many times the components of the pair is
used by wu, similarly to how the annotation on application represents how many times
the function argument is used by the function. Similar annotations are found on the
eliminators for the weak unit type (unitrec,) and the empty type (emptyrec,), indicating
how many times their arguments are used.

Weakenings are defined in Fig. [l They act on indices in the following way:

ifid] = i ilte] = ilp] +1 0] = 0 (i + Do) = ilp] + 1

The identity weakening id leaves variable indices unchanged, 1p applies p and then
increases all indices by one, and 1{}p leaves 0 unchanged and applies p to all other indices
and increases them by one. We write [p| or {[p| for the application of weakenings to
indices or terms and 1" p| and [}" p| for multiple applications of 1 and 1.

Substitutions are maps from variable indices to terms and we write t|o| also for the
application of a substitution o to t. Given a substitution ¢ we will write o, ¢ for the
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s == ®|& X-type strength m == 0|1 Mode

A, B, t,u u= x; | NPt | tPu | (Pt,u)s | fst, t | snd, t | prodrec? Atu Term
| *s | unitrec, Atu | emptyrec, At | zero |suct

| U |TIFAB|X,AB|Ts| L|N Type formers

Figure 1: The syntax of the language as well as weakenings, typing and usage contexts,
and modes.

substitution that replaces 0 with ¢ and the remaining indices by o (after re-indexing). For
the common case of only substituting xp with a term u we will write ¢[u| instead of ¢[id, u].
We may also compose substitutions| (or substitutions and weakenings) in the usual way,
tlo o o' = (t[o’])[o]. The weakening operators are overloaded for substitutions.

The type system consists of five judgments: | ['| for well-formed contexts, ' - A and
It : A for well-formed types and terms, and ' - A = Bland |I' -t = u : Al for equality
of types and terms. Contexts I'; A are snoc-lists of types, see Fig. [l The definition of the
typing judgments, shown in Figs. 2] and [3] should be unsurprising except for the inclusion
of grades: typing ensures that the annotations on constructors match the annotations on
the corresponding eliminators (for instance, (APt)?%u is well-typed only if p = ¢g).

Typing does not ensure that assigned grades are correct (i.e. that resources are used
as many times as indicated). This is instead handled through the usage relation, y »" t,
defined in Fig. [4 It checks that t is well-resourced under grade context - which assigns
a grade to each free variable in ¢, corresponding to the number of times it should be
used (when a single copy of ¢ is evaluated). Similarly to typing contexts, grade contexts
are lists of grades, see Fig. . We write y(z) for the grade v associates to . We define
addition), v+ 4, and meet| vy A & between contexts of the same size by pointwise application
of the respective operator. Similarly, scaling, p - v of a context by a grade is defined by
pointwise multiplication from the left and we also lift the order relation), v < §, pointwise
to contexts.

We are using the extended usage relation from Abel et al.|[2023bl Section 8] which
checks that ¢ is well-resourced at a given mode m which can be either 0 or 1. Mode 1 is in
some sense the default mode, representing computationally relevant settings while mode
0 represents erased settings and is used to check terms with no computational relevancy
such as the function argument of an erased application. Intuitively, no variable uses
should be counted in this setting since the term will not be evaluated, and we may also
be a bit more permissive in the erased mode, owing again to the idea that erased terms
are not evaluated. We can convert| grades into modes with p = 0 iff p = 0 and 1 otherwise.
In the other direction we implicitly convert| mode 0 to grade 0 and mode 1 to grade 1.

For quantitative modalities we may think of the usage relation as counting how many
times resources, or variables, are used [Abel et al., [2023b]. To that end, a variable x; is
well-resourced with respect to the context me; which maps index 7 to m and everything
else to 0. In other words, this assigns grade 1 to x; under mode 1 and grade 0 under mode
0. For the constructors, or values, the general principle is that a usage context is assigned
to each sub-term, using a corresponding grade annotation to assign a grade to any free
variables. The contexts of all sub-terms are then scaled by a grade corresponding to how
many times it should be used and then added together. In particular, this means that

6 (B)


https://graded-type-theory.github.io/graded-type-theory/lic2025/README.PaperB.README.html#de-Bruijn-index
https://graded-type-theory.github.io/graded-type-theory/lic2025/README.PaperB.README.html#Weakening
https://graded-type-theory.github.io/graded-type-theory/lic2025/README.PaperB.README.html#Universe-level
https://graded-type-theory.github.io/graded-type-theory/lic2025/README.PaperB.README.html#Con
https://graded-type-theory.github.io/graded-type-theory/lic2025/README.PaperB.README.html#grade
https://graded-type-theory.github.io/graded-type-theory/lic2025/README.PaperB.README.html#Con%E2%82%98
https://graded-type-theory.github.io/graded-type-theory/lic2025/README.PaperB.README.html#Strength
https://graded-type-theory.github.io/graded-type-theory/lic2025/README.PaperB.README.html#Mode
https://graded-type-theory.github.io/graded-type-theory/lic2025/README.PaperB.README.html#Term
https://graded-type-theory.github.io/graded-type-theory/lic2025/README.PaperB.README.html#_%5B_%5D%E2%82%80
https://graded-type-theory.github.io/graded-type-theory/lic2025/README.PaperB.README.html#_%E2%82%9B%E2%80%A2%E2%82%9B_
https://graded-type-theory.github.io/graded-type-theory/lic2025/README.PaperB.README.html#%E2%86%91%CB%A2
https://graded-type-theory.github.io/graded-type-theory/lic2025/README.PaperB.README.html#%E2%8A%A2_
https://graded-type-theory.github.io/graded-type-theory/lic2025/README.PaperB.README.html#_%E2%8A%A2_
https://graded-type-theory.github.io/graded-type-theory/lic2025/README.PaperB.README.html#_%E2%8A%A2_%E2%88%B7_
https://graded-type-theory.github.io/graded-type-theory/lic2025/README.PaperB.README.html#_%E2%8A%A2_%E2%89%A1_
https://graded-type-theory.github.io/graded-type-theory/lic2025/README.PaperB.README.html#_%E2%8A%A2_%E2%89%A1_%E2%88%B7_
https://graded-type-theory.github.io/graded-type-theory/lic2025/README.PaperB.README.html#%E2%8A%A2%CE%BB%CA%B3t%E1%B5%96u%E2%86%92p%E2%89%A1r
https://graded-type-theory.github.io/graded-type-theory/lic2025/README.PaperB.README.html#_%E2%96%B8%5B_%5D_
https://graded-type-theory.github.io/graded-type-theory/lic2025/README.PaperB.README.html#_%E2%9F%A8_%E2%9F%A9
https://graded-type-theory.github.io/graded-type-theory/lic2025/README.PaperB.README.html#_%2B%E1%B6%9C_
https://graded-type-theory.github.io/graded-type-theory/lic2025/README.PaperB.README.html#_%E2%88%A7%E1%B6%9C_
https://graded-type-theory.github.io/graded-type-theory/lic2025/README.PaperB.README.html#_%C2%B7%E1%B6%9C_
https://graded-type-theory.github.io/graded-type-theory/lic2025/README.PaperB.README.html#_%E2%89%A4%E1%B6%9C_
https://graded-type-theory.github.io/graded-type-theory/lic2025/README.PaperB.README.html#%E2%8C%9E_%E2%8C%9F
https://graded-type-theory.github.io/graded-type-theory/lic2025/README.PaperB.README.html#%E2%8C%9C_%E2%8C%9D

x;i:Ael
X():A[Tid] el A Xi_:,_l:A[Tid] ecl'.B
'+HA
Fe FT.A
'A
FT FT FT FT
'y, I'EN - _1L I'ET,
I'A+B I'A+B I'HA:U;
-1 AB r=3, AB T'HA
FT FT FT FT
'FU; U I'EN:Up ' L1:Ug I'ETs:Up
r-A-:U, I'"AFB:U, r-A:u, I''AF B:U,
LT A B = Uy, =%, AB: Uy,
't A I'A=18B FT xi:Ael FT I'¢:N
I'¢t:B I'kx: A I'zero: N I'suct: N
I'"ArB INArt¢:B INAr B FHt: A '+ wu: B[t]
LNt I AB LE(Ptu)s: X1,AB
Lt 10 AB 'Fu:A I'ArB FI—t:ZZ@pAB
'+ tPu : Blu] DEfst,t: A
I'A+B FI—t:Z‘ZépAB TFA 'H¢: L
I' -snd, t : B[fst, t] I' - emptyrec, At: A

Iy AB-C T'tt:3 AB T.ABFu:C[?d,(Px;,x0)e]
I' F prodrec? C' t u : C[t]

FT FT®|_A Fl—tT® FFUIA[*@]
| R I I' - unitrec, At u : Alt]

Figure 2: Well-formed variables, x; : A € I', contexts, - I, types, ' F A, and terms,
I' =1t : Al Here |l; U [5 denotes the maximum of [; and Is.


https://graded-type-theory.github.io/graded-type-theory/lic2025/README.PaperB.README.html#_%E2%88%B7_%E2%88%88_
https://graded-type-theory.github.io/graded-type-theory/lic2025/README.PaperB.README.html#%E2%8A%A2_
https://graded-type-theory.github.io/graded-type-theory/lic2025/README.PaperB.README.html#_%E2%8A%A2_
https://graded-type-theory.github.io/graded-type-theory/lic2025/README.PaperB.README.html#_%E2%8A%A2_%E2%88%B7_
https://graded-type-theory.github.io/graded-type-theory/lic2025/README.PaperB.README.html#_%E2%8A%94_

TFA=B]| [TFt=u:A]
'A=B:U r-A '-A=B '-A=B '-B=C
'HA=B rFA=A4 'FB=A '-A=c=C
r-A=4 N"A-B=D5B r-A=4 N"A-B=5B
THILAB =T A B TFx! AB=x1 A'B
't: A 'rA TFt=u:A 'bt=u:A Thu=v:A
FFt=t: A lFu=t:A 'kt=v:A
r-A=4":U,; r-A=4":U,
"ArB=DB:U, I"ArB=DB:U,
THFIZAB =12 A B : Uy, TEX! AB=x1 A B :Uyy,
F-t=t":1I1AB
't=u:N 't:Tg ThHu:Tg FFu=u:A
FFsuct=sucu:N FFt=u:Tg [+ tPu = tPu’ : Blu]
AFB TFt:IIJAB Thu:llJAB
NArB T.AFt:B TFru:A . AF t[1id]Pxg = u[tid]Pxo : B
I'F (APt)Pu = t[u] : Blu] Ftt=wu:lIJAB
INNArB TFt:A
"AFB Trt=t:A Tru=4u:B[t I'Fw: B[t

LE(Ptu)s = (Pt o), : X4, AB

T'"A+B Fl—t:ZgszB
MEfstyt =fst,u: A

TFu:x )
I' Fsnd, t = snd,, u : Bifst, t]

I'-fst, (Pt,u)e =t: A

AB rNA+nB

Pht=u:X{ AB

Fl—t:uzzgzypAB

I.AFB Trt:A Tru:B[
I' Fsnd,, (Pt,u)g = u: Blfst, (Pt,u)g]

PT@"A:A/ I‘I—t:t':T®
ICEu=u":Axg]

MEfstyt =fst,u: A

I'ArB Fl—t:u:EgcpAB
I' - snd, t = sndy, u : Blfst,, ]

I'rA=1B 'Ft=wu:1

' I unitrec, At u = unitrec, A" t' v : Alt]

.4 AB+C Trt:A Tkt:B[
T A Bt u: C[t%id, (Pxi,%0) ]

I - emptyrec, At = emptyrec, Bu: A

' TegFA TrFu:Afxg]

[ I prodrec? C' (Pt,t)g u = ult,t'] : C[(Pt,t')g]

Il ABFC=C'" Thrt=t:5% AB
I A.BFu=u":C[%d, (Px1,x0)s)

T I prodrect C't u = prodrec? C' t' v’ : C[t]
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Figure 4: The usage relation, [y »™ ¢l

constant terms are assigned context 0 which maps grade 0 to every index. The scaling is
notable only for the first component of pairs as all other constructors expect their contents
to be used once, meaning that scaling is by 1. Strong pairs differ somewhat from this
general principle. Since these only allow projections, only one of the components will be
available from a single copy of the pair, while the other is discarded. To account for this
we take the meet of their contributions instead of their sum, thus ensuring a compatible
usage count regardless of which projection is taken. A similar exception occurs for *g,
the element of the strong unit type, for which there are no restrictions on the usage count
in mode 1, allowing it to consume any amount of resources. Under mode 0, the usage
context is restricted to 0 in order to preserve the invariant that variables are considered
unused in mode 0.

Eliminators also generally follow a common pattern. Since eliminators possibly use
several copies of one of their sub-terms (as indicated by an annotation), the corresponding
usage count is scaled be the same factor. For instance, an application tPu uses the
function argument p times, meaning that p copies of v are needed. This is reflected by
the usage rule saying that one copy of u requires ¢ resources but one copy of tPu requires
v + pd resources, corresponding to one copy of t and p copies of u. We also see that u
is checked in mode mp, rather than m, ensuring that it is checked in the erased mode
when p = 0. The eliminators corresponding to pattern matching, prodrec, unitrec and
emptyrec all behave in the same way, requiring, for instance, r copies of a weak pair ¢
since the components are used r times in u. For the projections, the usage count of fst, ¢
or snd, ¢ is the same as that for ¢ which, as mentioned, is a context compatible with either
component of ¢. For the first projection the side condition restricts p to be bounded by 1
when checked in mode 1. This is because only one of the p copies of the first component
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remains after taking the projection. The side condition ensures that this discarding is
allowed by requiring compatibility between p and 1.

We are left with one usage rule, subsumption, which justifies the idea that the
modality’s partial order represents compatibility. It allows us to consider any term ¢
using - resources as instead using § resources whenever § < . In particular, a single
variable occurrence can be assigned grade w (in any of our example modalities) and for
a constant term one can similarly consider any variable to be used w times. Under the
affine types modality a variable may be assigned grade 1 even if it is not used—giving 1
the interpretation of a variable that is used either 0 or 1 times—while such an assignment
is not allowed when the linearity modality is used.

Finally we note that some of the eliminators have side conditions. These involve
custom predicates that make it possible to disallow certain invocations of eliminators, for
instance those that use erased matches |Abel et al., 2023b].

Since a usage context corresponds to the number of variable uses we can define
weakening for these contexts by inserting grade 0 at the correct positions to account for
the non-occurring variable indices they introduce. We write ~y|p|| for this operation and
define it as follows:

v[id] =~ v[Tpl = ~[p]- 0 (v-p)[pl =lpl. P

As one would expect, usage is preserved by weakenings. That is, if v »™ ¢ then y[p] »™ t[p]
for any weakening p.

The reduction relation I" E ¢t — u : Al evaluates terms to weak head normal form
(WHNF) in a call-by-name style. Notably, the reduction relation is typed, meaning that
only well-typed terms will reduce. The reduction rules are otherwise reasonably standard
and shown in Fig. 5l As usual, I' -t —* u : Al denotes the reflexive, transitive closure of
reduction. As shown by [Abel et al.|[2017]—for a somewhat different theory—reduction is
deterministic| and all well-typed terms reduce to weak head normal form! (but not further.

3 A Resource Aware Abstract Machine

Abel et al.|[2023b] show that a usage preservation lemma holds for all modalities, and
that the usage relation captures the concept of erasure correctly for modalities with a
well-behaved zero. However, they explicitly leave “a serious soundness argument for
linearity” for future work. The goal of this section is to provide such an argument.

When the linearity modality is used our intended interpretation of v »! ¢ is that, if
~v(i) = 1, then x; is used linearly (exactly once) in t. We specify what it means to be used
through an abstract machine that keeps track of resource usage, and then we prove that
the number of times a variable is used is consistent with the usage relation. Our proof
holds for the linearity modality in particular but also for a larger class of modalities with
a well-behaved zero which allow a form of subtraction which we define below.

3.1 Subtraction of Grades

While we will be using grades to represent how many times a resource may be used, they
do not a priori provide a way to track how this number changes as resources are used.
There are two questions that we would like to be able to answer. Firstly, “given p copies
of some resource, are there g copies available?” and secondly, “if so, how many copies
would be left if we used those g copies?”. The second question seems to suggest some form
of subtraction, but defining subtraction as a binary operator in the usual sense would be
problematic since a modality with a well-behaved zero only has an additive inverse for
Z€ro.
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2 AB-C T.ABtu:C[H%d, (Pxi,x0)eg] THt—t:3L AB
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I - unitrec, At u — unitrec, At' u : Alt]

. TokA  DFu: Al T-FA Trtst:L
I' F unitrecy A *g u — u : Af*g) I - emptyrec, At — emptyrec, At' : A
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I'Ft: A 'Ft—u:A 'cu—"v:A
F'Ft—="t: A 'Ft—="v: A

Figure 5: Weak head reduction of terms in one step, I' -t — v : A, and many steps
't —="u: Al

It seems reasonable to say that we should be allowed to use ¢ copies of p if there is
some r such that p = r 4+ ¢. This could be interpreted in the following way: “having p
copies” is the same as “having ¢ copies (to be used now) and an additional r copies (left
for later use)”. Taking subsumption into account we can refine this to p < r + ¢ with the
interpretation changing from “is the same as” to “is compatible with”. This alone is not
enough to uniquely define subtraction, as there may be several r such that p < r + q. For
instance, for the linearity modality we have w <1+ 1 and w < w + 1. We can think of
each such r as a number of copies that is safe or compatible to have left after ¢ copies are
used. In the linearity example, using 1 copy out of w it is safe to consider this as leaving
us with either w copies or 1 copy. Of course, in the latter case we will be prevented from
using more than 1 copy in the future. In order to avoid this we want to always pick the
least candidate for r as this will leave us with as many copies to use as possible. With
this in mind, we define subtraction in the following way:
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Table 1: Subtraction for the five example modalities (subtraction is undefined for cases
not mentioned). For the linearity and affine types modalities, their definitions are the
same. The same is true for the two natural number modalities regardless of how the
order relation is defined. Here, m & n and n < m refer to the usual subtraction and order
relation for natural numbers.

Erasure Linear/Affine Nat

W—w=w | w—w=w 1-1=0|w—-—w=w

w—0=w |lw—-—1=w 1-0=1|w—n=w

0—-0=0 |[w—0=w 0—-0=0|m—-mn=mon,ifn<m

Definition 3.1. The relation p — ¢ < r holds iff p < r 4 ¢. The relation p — ¢ = r holds
iff 7 is the least grade such that p — ¢ < r, i.e. iff p — ¢ < r and for every 7’ such that
p—q <7 wehaver <r’.

Subtraction then satisfies the following properties:

THEOREM 3.2 For any modality, the following properties hold:
e Subtraction is functional: If p—q=1 and p—q=1" thenr =1,
e Subtraction is monotone in its first argument: Ifp < p andp—q=r andp' —q=r
then r < 7',
Subtraction is antitone in its second arqument: If ¢ < q andp—q=r andp—q =1’
then r < r'.
Subtraction by 0 is always defined and is the identity: p — 0 = p.
If p is the least element of the modality then p — q = p for any q.
If the modality has a well-behaved zero and 0 — p = q then p = q = 0.

/

For our purposes the last two properties are perhaps the most notable. The first says
that the least element of a modality represents an unlimited amount of resources. This
is consistent with the interpretation of the partial order representing compatibility, as
the least grade must be compatible with any (other) number of uses. Conversely, the
last property implies that the grade 0 really does represent no available resources as
attempting to use any (non-zero) number of resources is disallowed when 0 resources are
available.

We say that a modality supports subtraction if p —q < r’ implies that there is some r
such that p — ¢ = r. We have not proved that this holds for all modalities. Below we only
consider modalities that support subtraction. Note that all modalities mentioned above
support subtraction, see Table

3.2 The Abstract Machine

We will now define an abstract machine for the step-wise evaluation of terms. Structure-
wise, it is similar to the lazy abstract machine by [Sestoft| [1997] but adapted to a
call-by-name setting. We choose to use call-by-name to mirror the reduction mentioned
above, simplifying the proof of bisimilarity, but we suspect that we could achieve similar
results for call-by-value or call-by-need with relatively small changes. In regards to
resource tracking we draw inspiration from |Choudhury et al.| [2021].

For the moment we will only consider evaluation of closed programs, but we generalize
to open programs in Section [5

We follow [Sestoft| and use machine states with four parts: a heap, an evaluation stack,
the term that is being evaluated (the head) and an environment, a mapping from variables
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e = (t,p) Heap entries
H:=¢|HZ¢e Heaps
c = o’y [p] | fst, ® | snd;, e | prodrec? A e u [p] Continuations

| unitrec, A e u [p] | emptyrec, A e [p] | suce
Su=¢€lc.S Stacks
s = (H; t; p; S) Machine states

Figure 6: The syntax of the abstract machine.

HrFy,—%¢; H
| |

p—q=r H&y;—9(t,p); H
H.(t,p)? Fyo =7 (t,1p) s H.(t,p)" H.e? b yipr =7 (t,1p) ; H'. €
H.(t,p)P Fyor (t,1p) H.ebyiy = (t,1p)

Figure 7: Heap lookup relations H + vy; —% e ; H'|and H I y; — e for lookup of ¢ copies
with heap update and lookup without heap update respectively.

to pointers. The syntax for machine states, heaps and stacks is given in Fig. [f] We use
de Bruijn indices as pointers (writing y; for the pointer with index ). Like the syntax,
the abstract machine is intrinsically well-scoped. For readability we do not include side
conditions or assumptions related to this in our presentation. Note however that this
ensures that pointers in entries can only refer to preceding entries. This allows us to use
weakenings to represent environments. Heaps are then essentially lists of entries (which
consist of a term and a weakening) together with a grade indicating how many copies of
the entry are available.

The statement H + y; —% e : H', defined in Fig. [7, means that it is possible to
dereference the pointer y; into the heap H, obtaining the entry e and a new heap H'. In
the new heap, the usage count of the entry has been decreased by ¢. This kind of lookup
can faill if the heap does not contain sufficiently many copies of that entry, i.e. if it is not
possible to subtract g from the number of available copies. In the returned heap H' the
usage count of the looked up entry has been updated. We also define a separate lookup
relation |[H F y; — e that always succeeds| and does not involve a heap update, see Fig.

The evaluation stack is a list of continuations that represent the context “around” the
term that is currently being evaluated, see Fig. [6] Mostly these are eliminators with the
scrutinee removed, sometimes along with a weakening for translation between variables
and pointers. For instance, when an application is evaluated the function argument is
put on the stack while the function is evaluated. While most continuations correspond to
eliminator terms, there is one exception: the continuation suc e, which corresponds to the
successor constructor. We use this to fully evaluate programs to numerals.

We note that a machine state can be seen as a decomposition of a (closed) term
that can be recovered from the machine state. From this perspective heaps can be
seen as substitutions where each variable is replaced by its corresponding entry in the
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left =1t (prodrect A e u [p]) t = prodrec? A[f}p] t u[f}?p]
(e-S)t=(S) ((e)t) (unitrec, A @ u [p]) t = unitrec, A[{}p] t u[p]
[ou o)t = (u [p]) emptyrec, A o [o]) t = emptyrec, Al] 1
(fst, @) t = fst, (suce)t =suct
(sndy, o)) t = ndp t

Figure 8: Applying a |stack or continuation| to a term.

heap. Concretely, we define such substitutions| recursively by (e) = id and (H. (¢, p)P) =
(H),t[(H) o p]. We sometimes leave out the brackets when it is clear from the context
that a heap is used as a substitution: we write ¢t[H| rather than t[(H)]. Stacks make
up the “spine” of a term, missing only the scrutinee to form a complete term. We will
write (5) ¢ for the term we get by plugging in ¢ as the missing scrutinee as shown in
Fig. [8l Given a state s = (H; t; p; S) the corresponding term can then be recovered as
(s) = ((S) (t[p]))[H] (note the use of p to translate the variable indices of ¢ to pointer
indices).

Going in the other direction there can of course be several different states all corre-
sponding to a term ¢. The most natural is perhaps (€; ¢; id; €) which we call the nitial
state of ¢ and denote by (t). It is worth noting that the process of turning a heap into a
substitution removes the resource tracking information. This makes applying substitutions
or recovering a term potentially unsafe operations since they risk using resources more
times than allowed. As such, care should be taken in how these operations are used.
Notably, we will not make use of these when defining reduction for the machine.

Before we define the semantics of the machine, we note that since eliminators do not
necessarily use their scrutinee only once, the semantics should provide a way of evaluating
several copies at once. In particular, when evaluating prodrec? A xg u, if the evaluation
does not get stuck then we will eventually need to look up (the pointer corresponding
to) xo in the heap, giving a pair whose components are used an unrestricted number of
times in u. Since these are used an unrestricted number of times we should not allow
lookups of entries which may not be used unrestrictedly. For that reason we keep track
of the number of copies of the head that the current state is using. For similar reasons
Choudhury et al.| [2021] parametrize their reduction relation by a grade r, indicating
the number of copies that are currently being evaluated. We will use a slightly different
approach by instead noting that this information can be retrieved from the stack.

We write | S| = p (see Fig. E[) to denote that a given stack indicates that p copies
should be evaluated and [similarly for continuations. We will refer to the grade p as
the multiplicity of the stack or continuation. For the continuations, the multiplicity is
determined by examination of their usage rule, similarly to what we did for prodrec above.
For a stack, all its continuations are taken into account by multiplying their multiplicities.
Note that the multiplicity relation is functional. We will therefore use |S| to denote the
multiplicity of S with the implicit assumption that it exists. In fact, with the current
definition, the stack multiplicity always exists| but this will no longer be the case once the
eliminator for natural numbers is added.

We will define the semantics of the machine in a way that mirrors the call-by-name
weak head reduction of the language. This means that we will define it as a small step
semantics in a call-by-name style. This allows us to translate already known properties of
the call-by-name reduction to the semantics of the machine via a bisimilarity argument.
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IS|=p  le[=4q

lel =1 le. S| = pq
e[ =p
|oPu [p]| =1 |fst, o] =1 snd, o] =1 |prodrect A e u [p]| = r
lunitrec, Aeu [p]| =p lemptyrec, A e [p]| =p |suce| =1

Figure 9: Multiplicity of stacks and continuations.

For a given machine state, we can think of one evaluation step as doing one of three
things:

1. looking up the value of a variable in the heap,

2. putting a continuation on the stack, or

3. popping a continuation off the stack.

It turns out to be convenient to know not only that one state reduces to another but also
in what way. In particular, we separate the third from the others and define the relation
s —. s’ capturing reductions in the first two groups and s —, s’ capturing those of the
third, see Fig. We denote the union of these by s — s’/ and will refer to it as the
weak head semantics of the machine. As usual, notation like s —* s’ is used for reflexive,
transitive closures.

The first relation concerns cases where the head of the state is either an eliminator or
a variable. For eliminators, a corresponding continuation is put on top of the stack and
evaluation continues with the scrutinee in head position. In the variable case, we look
up |S| copies of the pointer corresponding to the variable and continue evaluating the
result under the updated heap. As mentioned above, |S| corresponds to the number of
copies that is currently being evaluated and thus how many copies that should be looked
up. Importantly, the variable rule can fail if an attempt is made to look up more copies
than are available (as defined by the subtraction relation of the modality) in which case
evaluation would halt.

The second relation concerns cases where the head of the state is a value. These rules
can fail if the top of the stack does not match the head term, for instance in the case of a
projection with a lambda in head position. In the case of a match the continuation on
top of the stack is popped off, and new entries are possibly put on the heap. The number
of copies put on the heap are given by the grade annotations of the continuation—in
analogy with the usage relation—scaled by the stack multiplicity.

We scale because we do not necessarily evaluate 1 copy. For instance, consider the
case where the linearity modality is used and |S| = w. This indicates that some eliminator
on the stack uses its argument w times. If a linear function application is evaluated under
the stack S, and only one (1) copy of the argument is put on the heap, then this argument
cannot be used (except for in erased settings, see below): heap lookup requires that we
can subtract |S’| from the heap entry’s grade, where S’ is the current stack.

When new entries are put on the heap, the pointer indices of all previous entries are
shifted. The environment of the state is thus updated to account for this. Similarly, all
environments in the current stack are updated. We write this as |S|p| which is defined as
replacing every environment p’ occurring in S with po p'.
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(H; t; p; suce.S) —, (H; suct; p; S) if Numeralt

Figure 10: The machine reduction relations for eliminators, s —. s, values, s —, s/,
and numerals s —, s'. The stack suc” e consists (only) of k copies of suc e.

The observant reader might have noticed that it is possible to look up zero copies of a
heap entry whenever the stack multiplicity is 0. As can be gleaned from its definition, the
multiplicity of a stack is zero if (and only if ) it contains prodrec,, unitrecy, or emptyrec,
i.e. in the case of an erased match [Abel et al.| [2023b] on a weak pair, for the weak unit
type, or for the empty type. In either case, this indicates that the current head is an
erased term which does not have any computational relevance. While lookups may still
happen there is no risk of any data on the heap being used more times than allowed as
any heap insertions will put in 0 copies. Nevertheless, depending on what the theory is
used for one might not want to allow such lookups in erased contexts. Erased matches can
be disallowed using the corresponding side conditions in the usage relation. The results
we present here hold regardless of whether erased matches are allowed or not but we will
return to this matter in Section Bl when we extend the machine to handle evaluation of
open terms.

We will also make use of a variant of the semantics for which we do not keep track of
resource usage: s --» s'. Since the variable case is the only one in which this is done we
can define this simply by replacing the variable rule of the weak head semantics with the
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following one:

HE vy = (t,0")
(H; %33 p; S) -==+c (H; t; p; S)

As Theorems and will show, the weak head semantics mirrors the call-by-
name weak-head reduction of the language. In order to prove our correctness theorem,
Theorem this is not quite sufficient. The reason is that evaluation to WHNF could
leave us with states for which the head still contains references to the heap, representing
resources that have not yet been used. Since our goal involves verifying that the number of
times variables are used is correct we want evaluation to continue until no such references
remain. We will therefore evaluate programs (terms of type N) to numerals.

For this purpose, we define an additional reduction relation s —,, s, see Fig. This
allows suct to be evaluated further if £ is not a numeral. Note that we only allow evaluation
under suc when the stack is suc” e, the stack consisting only of k successor eliminators.
We add this stipulation to ensure that the reduction semantics stays deterministic once
we add the continuation for the natural number eliminator. Using this, we define an
extended reduction relation s — s'| to be the union of s —, s’, s —, s’ and s —, s’. We
will refer to this as the full semantics of the machine.

Our goal is to show that this semantics is correct in the sense that all programs (of
type N) evaluate to a numeral and use resources correctly: evaluation should not get stuck
because the heap did not contain enough resources, and once evaluation finishes, the heap
should have no leftover resources that were expected to have been used. Note that the
latter condition does not mean that the heap should not have any resources remaining
(i.e. that all entries are annotated with 0): for the linearity modality it should be fine to
have entries annotated with w, because w stands for any number of uses, including none.
It suffices if all heap entries are annotated with grades that are compatible with 0, i.e. at
most 0. Note that for the linearity modality 0 < 0 and w < 0, but 1 £ 0.

As we will see, evaluation with the full reduction strategy can be summarized in the
following way: First evaluation uses the weak head semantics until a state with suct in
head position is reached (we may also reach zero right away in which case evaluation
halts). At this point, a successor continuation is put on the stack and evaluation continues
using the weak head semantics. This repeats until a state with zero in head position is
reached, at which point evaluation finishes by popping all successor continuations off the
stack (one by one). In other words, most interesting steps of evaluation are covered by
the reduction steps of the weak head semantics. Although our main goal involves full
reduction, we will therefore spend most of our effort considering only weak head reduction.

In particular, we will show that in each iteration of the procedure described above
weak head reduction will lead to a state with either zero or suct as the head, and use
this to show that full reduction matches the procedure described above. Looking at the
reduction rules, we can see three ways| in which weak head evaluation can get stuck or
terminate (two of which were mentioned above):

1. variable lookup fails because there are not enough resources on the heap,

2. there is a value in head position with a non-matching continuation on top of the

stack, or

3. there is a value in head position and the stack is empty.

In the next few sections we will consider these reasons one by one, leading up to our main
correctness proof. The first reason is perhaps the most interesting as it means that a
term is trying to access more resources than allowed—for instance attempting to access a
linear resource more than once. We will show in Section [3.3] that well-resourced states
cannot get stuck in this way. The second reason is an indication of a malformed state,
such as applying a projection to a lambda abstraction. As we will show in Section [3.4
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Figure 11: Usage relations for heaps, vy » H|, continuations, |y »" ¢, stacks, vy » S, and
states, » s.

such situations are ruled out by typing. Conversely, the final reason is the expected way
for evaluation to terminate and in Section we show that all “sufficiently well-behaved”
programs indeed terminate in this way and in the process use any resources as many
times as specified.

3.3 Usage for the Machine

In order to rule out the possibility of evaluation getting stuck because the heap does
not contain enough resources, we will define a usage relation for machine states. The
idea is to keep track of both the resources available in the heap and the resources that
will be consumed by the head and stack, and make sure that these are compatible, i.e.
that the heap contains at least as many resources as will be consumed. We partly follow
Choudhury et al. [2021].

The first step is to define a usage relation for heaps, representing the available resources,
see Fig. We write this as v » H|with the interpretation that v represents the number
of available copies of each entry. When a heap entry (¢, p)?, with § »? ¢ is added to H, the
new entry is assigned grade p in the context, representing that its has p copies available.
For all preceding entries, however, the number of available copies seem to decrease (from
v + pd[p] to ). This is done to account for any resources that the p copies of ¢t may
consume, making them unavailable to be used elsewhere. As for terms, we allow a form
of subsumption for heaps. This one goes the other way around, because while the usage
relation for terms represents resources that will be consumed, usage for heaps represents
resources that are available.
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The head and stack make up the “consuming” parts of a state. The usage relation
from Fig. [] describes the resources consumed by the head. The same usage relation
also forms the basis for finding the usage counts of the stack. In short, the resources
consumed by a continuation are the same as the ones for the corresponding term with the
resources for the scrutinee removed and the assumptions regarding eliminators’ motives
dropped. This is expressed by v »"" ¢, defined in Fig. Since we are currently only
considering the abstract machine from the perspective of the weak head semantics, the
continuation suc e will never be placed on the stack. Consequently, it has no usage rule.
For stacks, the usage counts of all continuations are simply added together, scaled by the
stack multiplicity to account for the number of copies being evaluated, see Fig. We
write this as y » 5.

With this, we can express both how many resources a state has available for use and
how many it will need to be evaluated. For a well-resourced state, these should be in
balance, i.e. there should always be enough resources available. We define usage of states,
» s in Fig. The first three conditions ensure that the heap, head and stack are all
well-resourced with respect to certain usage contexts. The side condition is key for this
definition. The right hand side, |S| - d[p] + n represents the total number of resources that
will be consumed by the (|.S| copies of) the head and the stack, so this condition ensures
that the heap contains at least as many resources as will be consumed. The idea is that
this invariant should be preserved as the state gets evaluated, and we will now show that
this is indeed the case. First we present a lemma for a corresponding property for heap
lookups:

LEMMA 3.3, If HFy; =9 (t,p); H and v» H and v(i) — q < r then there is a context
§ such that 6 w9t and v + qd[p] » H', where ' is the context that assigns grade r to i
and is otherwise equal to 7.

This lemma implies that when an entry is looked up in a well-resourced heap, then the
obtained term and the updated heap are both well-resourced. Earlier we remarked that
as we put things on the heap, resources become unavailable as they get “reserved” by
the new entry. Here we see these resources become free again as entries are taken out of
the heap. We also see that for the updated heap, the number of available copies of the
looked-up entry is now r (due to well-scopedness ¢ cannot refer to y;, so d[p] associates
grade 0 to ).

With this taken care of, we can now show that the property of being well-resourced is
preserved by reduction.

THEOREM 3.4. If » s and s — s' or s =* s then » 5.

Note that this does not say that the number of resources that are available or will be
consumed is preserved but rather that after each reduction step, there are still sufficiently
many resources available.

To conclude this section, we shall prove what we set out to show: reduction cannot
get stuck due to a failing heap lookup. In particular, heap lookup does not fail for
well-resourced states:

THEOREM 3.5. If » (H; x;; p; S) then there is an entry e and heap H' such that H
. ISl . . H
Yilp] —~e .

Taken together with Theorem we see that starting with a well-resourced state,
reduction will never fail because the variable rule could not be applied due to insufficient
resources.
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Figure 12: Typing for heaps, - H : I, continuations, H - ¢ : (t : A) ~ B, stacks,
HFES:(t:A)~ B, and states, s : A.

3.4 Typing for the Machine

We will now move on to show that we can also rule out the possibility of evaluation
stopping because of a value in head position with a non-matching continuation on top
of the stack. As already hinted at, we will do so by first defining a typing relation for
machine states, in much the same way as we defined the usage relation.

We write - H : ' to mean that heap H is well-typed. The “type” of a heap is a
context I' containing the types of all entries in the heap, see Fig. Each entry is checked
in an empty context—recall that while the contents of an entry may be an open term this
is merely part of a representation of a closed term.

Stacks and continuations are in some sense incomplete terms, waiting for a scrutinee
to be applied. We define typing for these in much the same way as for usage, that is
in the same way as the corresponding term but without requiring that the scrutinee is
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well-typed. Unlike usage however, the scrutinee is still considered, because the type of
a continuation (or stack) could depend on it: H ¢ : (¢t : A) ~ B means that ¢ is a
well-typed continuation that, under the heap H, takes a scrutinee t of type A to a term of
type B (which may depend on t). Like entries, sub-terms of the continuations are checked
in the empty context. We show the definition in Fig. along with typing for stacks,
HES:(t:A) ~ B. As with usage, the successor continuation is not included since
we are currently only concerned with the machine from the perspective of weak head
reduction.

Typing of machine states, | s : A, makes use of the typing relations for continuations
and stacks, see Fig. The type of a state corresponds to the type of the term that is
being evaluated. In particular, if - s: A then € |- (s) : A. Like usage, typing is preserved
by reduction.

THEOREM 3.6, If Fs: A ands— s ors—*s then Fs : A

For a well-typed state with a non-empty stack, the type of the head (with a certain
substitution applied to it) and the “input type” of the top-most continuation must match.
This allows us to show that well-typed states cannot get stuck because of a non-matching
continuation. Concretely, well-typed states with values in head position and non-empty
stacks always reduce:

THEOREM 3.7. If = (H; t; p; c.S) : A where t is a value then there is some state s such
that (H; t; p; c. S) — s.

Taking Theorems [3.6] and [3.7] together we can see that for well-typed states, evaluation
cannot get stuck due to a mismatch between the head and the stack. In fact, for states
which additionally are well-resourced we have the following property.

THEOREM 3.8 If Fs: A and » s for some state s that does not evaluate further then
the head of s is a value and its stack is empty.

3.5 Bisimilarity and Termination

At this point we have shown that there is only one way in which (well-typed and well-
resourced) programs can terminate, but it remains to show that all programs do terminate.
We mentioned already an analogue of this for the main call-by-name reduction in Section
We will use this property by first showing that the machine and the call-by-name reduction
relations are bisimilar (we will refer to the reduction from Section 2] as call-by-name
reduction even though the semantics of the abstract machine is given in the same style).
The first direction, showing that machine evaluation steps are matched by call-by-name
reduction steps, is relatively straightforward:

THEOREM 3.9. For any machine states s and s':
If s —¢ 8 then (s) = (5').

If Fs:Aands—, s theneb (s) — (') : A.
If Fs: A ands— s then eb (s) —=* (s') : A.
If Fs:Aands—*s then et (s) =* (5) : A.

Note that —. steps correspond to zero call-by-name reduction steps, while —, steps
correspond to one step.

For the other direction we note that for machine states with values in head position
there is a similar one step to one step correspondence between reduction for values and
call-by-name reduction. States with values in head position are said to be in normal
form. For a general (sufficiently well-behaved) machine state, one step in the call-by-name
semantics corresponds to some number of steps using —. to reach a state in normal form,
followed by a single step using —,,.
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First we relate reduction without resource tracking to reduction with resource tracking.
As noted above variable lookups cannot fail for reduction without resource tracking, and
by Theorems [3.4] and we know that this is the case also for the resource tracking
semantics if states are well-resourced. Consequently, apart from the resource information
in the heap, the two semantics behave in the same way for well-resourced states. We
prove the following bisimilarity property, where H ~ H' denotes pointwise equality of
heaps ignoring the grade annotations on heap entries.

THEOREM 3.10.
e If s — (H;t; p; S) then there is a heap H' such that s --» (H'; t; p; S) and
H~ H'.
e If (H; t; p; S) --» (H'; t/5 p/; S") and v » H" for some heap H" with H ~ H" then
there is a heap H" such that (H"; t; p; S) — (H"; t'; p'; S').

Let us now prove that every sufficiently well-behaved state can be evaluated to normal
form using —.. For any state there are three possibilities:

1. The head is a value, in which case we are done.

2. The head is an eliminator, in which case we put the corresponding continuation on

the stack and continue.

3. The head is a variable, in which case we look up the variable and continue.
This procedure terminates: in the second case the heap stays unchanged and the head
becomes smaller, and in the last case we may evaluate the looked up entry in a smaller
heap since it can only contain references to preceding entries. We get the following:

THEOREM 3.11. For any machine state s:
e There is some state s in normal form with s --+% s'.
e If » s then there is some state s’ in normal form such that s —% s'.

As mentioned above we also have the following:

THEOREM 3.12. For any machine state s in normal form with s : A andet (s) = u: B
there is some s’ such that s —, s’ and (s') = u.

Putting the pieces together we get the following theorem:

THEOREM 3.13| Ifeb (s) > u: A and b s: B and » s, then there is some state s’ such
that s =* s’ and (s') = w. If additionally u is in WHNF then s’ does not evaluate further:
the head of s' is a value and the stack is empty.

As a corollary we get that evaluation with the weak head semantics terminates:

COROLLARY 3.14. If - s: A and » s then s —* s’ for some state s' = (H; t; p; €) where
t is a value, and s’ does not evaluate further.

3.6 Resource Correctness

In the last few sections we have exclusively been looking at the weak head semantics
of the machine but it is now finally time to turn our attention to the full evaluation to
numerals. First we will show that every state of type N evaluates to a numeral. The basic
idea is to apply Corollary to reach a state with either zero or suct in head position.
In the latter case, a successor continuation is placed on the stack and Corollary is
applied again repeatedly until the head becomes zero, at which point the continuations
are popped off the stack.

One problem is that our proof of Corollary relies on there not being any successor
continuations on the stack (this is ruled out by the state being well-resourced and well-
typed). In particular, our proof uses Theorem which does not hold| if successor
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continuations are allowed on the stack. We circumvent this problem by making sure that
the stack is empty when Corollary is applied and use the following lemma to add the
continuations (the stack S.suck e refers to the concatenation of stacks S and suc” e):

LEMMA 3.15. If (H; t; p; S) —* (H'; t'; p/; S') then
(H; t; p; S.suck &) —* (H'; t'; p/; S'.suck o).

This allows us to add any number of successor continuations at the bottom of a stack
while preserving evaluation. We can thus apply the procedure described above to show
that all states evaluate to numerals:

THEOREM 3.16 If s : N and » s then there is a numeral n and heap H such that
s = (H;n; p; €) and » (H; n; p; €).

Notably, this means that evaluation does not get stuck because some resource is attempted
to be used more than allowed. In particular, a linear application places a single copy of
the function argument on the heap (assuming that the stack multiplicity is 1), and we
now know that evaluation will use it at most once.

Of course, there is still one part missing—namely that the argument is used at least
once. This follows more or less directly from Theorem by noting that since n is a
numeral and the stack is empty, the state we end up in consumes no resources. Since
the state is well-resourced this means that v » H for some context v < 0 from which it
follows that the number of copies of each entry in H is bounded by 0.

THEOREM 3.17. If ew! t and e -t : N then there is a numeral n and heap H such that
(ty —* (H; n; p; €) and the grade associated with each entry in H is bounded by 0.

For the linear types modality, the final heap cannot contain any remaining linear entries.
Thus, any such entries that were placed on the heap must have been looked up exactly
once (recall that one cannot get w by subtracting from 1 or 0).

We end this section by applying the theorem to a concrete example. While weak pairs
do not have projections as primitive operations, we can define the first projection (for
simplicity restricted to pairs of natural numbers with grade 1 for the first component)
using prodrec by proj; t = prodrec; N ¢ x;. Because this function discards the second
component we would expect it to be disallowed when we use the linear types modality,
and we will show this using Theorem [3.17] Specifically, we will show that one cannot
construct a usage rule for proji, that is, that usage rules like the following one are not
admissible for any context d:

vyt
0»" proji t

Let us evaluate proj; (1zero,suc zero)s using the machine. During evaluation two
entries are added to the heapl, both containing zero and both assigned grade 1. The
machine then looks up a single copy of the entry corresponding to variable x;, resulting in
the machine terminating with zero in head position and an empty stack. In the resulting
heap, one entry is associated with grade 0 and the other is associated with grade 1,
indicating that one more copy is available. By Theorem we then get 1 < 0, but this
is not true for the linear types modality. Thus proj; is not well-resourced when that
modality is used.

4 Usage Counting for Natural Number Recursion

In the previous sections we omitted the eliminator for natural numbers. In this section
we extend the syntax of our language with such a term, natrec;, Az sn (its typing and
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['F z: Alzero] I.N. Ak s: A[t%id, suc x] I'n:N
['Fnatrec;, Az sn: An]

I'NFA=A
IFz=2:Alzero] T.N.AFs=s:A[ft%d,sucx;] Thrn=n":N

I - natrecy A z sn = natrecy A" 2" ' n’ : A[n]

'k z: Alzero] I.N.AF s: A[t%id, suc x;]

' - natrec, A z s zero = 2 : A[zero]

'k z: Alzero] I.N. At s: A[t%id, suc x| 'Fn:N

' - natrec, A z s (sucn) = s[n, natrec;, A z s n| : Alsucn]

'k z: Alzero] I.N. A+ s: A[t%id, suc x] F'kn—n:N

[ I natrec;, A z s n — natrec), Az sn' : A[n]

Thz:Afzero] T.N.AF s: A[t%id, suc x|

' - natrec, A z s zero — 2z : A[zero]

'z : Alzero] I.N.AF s: A[t%id, suc x;] '-n:N

[' - natrec, A z s (sucn) — s[n, natrec;, A 2z sn] : Afsucn]

Figure 13: Typing, term equality and reduction rules for natrec.

reduction rules are shown in Fig. , and discuss how to properly count usage for it.
We take the method used by Abel et al,| [2023b]| as our starting point. As we will see
this approach fails to capture, for instance, linearity. We will instead propose a different
method for usage counting for natrec, and extend the abstract machine and its correctness
proof to show that the method works correctly.

4.1 Natrec-star

Abel et al.| [2023b] state the usage ruleﬂ for natrec using an additional operator ®
named natrec-star. The operator is assumed to satisfy some distributivity properties, an
“interchange” property, as well as the two inequalities p®,q < p and p®, ¢ < g+ 7r(p®, q).
These are used to prove a substitution lemma and subject reduction for usage. |Abel
et al| present both a system with modes and one without. We focus on the system with
modesf_‘r] in which they use (basically) the following usage rule, with ®, lifted pointwise to

3They also present an alternative usage rule [Abel et al., 2023b, Section 7.1.4]. [Similar issues
apply to that one.
4The described problems [apply also to the system without modes.
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contexts:

o S Ys.mp. M »"" s ne"n 6.0»° A

(2 A1) @ (s +pn) »"™ natrec, Az sn

Here z and s are the zero and suc branches, respectively, and n is the natural number
argument. The s argument binds two variables, one corresponding to the predecessor
of the natural number, and one corresponding to the recursive call. These are assigned
the grades p and r, respectively (predecessor and recursive call). Similarly to other
eliminators there is an explicit motive A.

A detailed explanation of this rule is given by |Abel et al.| Their focus is on proving
that usage is preserved by reduction, and that erasure “works”. However, the rule is not
sufficient to express linearity correctly.

One problem arises when considering addition of natural numbers, defined in the
following way: plus k n = natreci N k (suc xg) n. This corresponds to the following Agda
program, which one might expect to be linear in both arguments:

plus: N—- N —= N
plus k zero =k
plus k (suc n)= suc (plus &k n)

For the linearity modality, however, the suggested definition of ® is p ®9 ¢ = p A ¢ and
p®1q=p+wqand p®, q=w(p+q), which is the (pointwise) largest possible definition
[Abel et al.l 2023a]. This would give plus the following admissible usage rule:

vk o»mn

YyANI»" pluskn

For plus xg x; the usage count of both xg and x; is then 0 A 1 = w. This is safe but
suboptimal since it fails to capture linearity. A more problematic situation is provided by
plus Xg Xg, for which the [usage count is 1 A 1 = 1, despite the fact that the variable is
used twice (i.e. w times). One could perhaps solve this by choosing a different definition
of natrec-star than the largest legal one, in such a way that the usage count becomes w
for plus xg xg. However, with any definition of natrec-star the usage count for plus xg x1
will be w for both xg and x;: above the largest definition is used, so no other definition
would work better.

4.2 A Resource-Correct Usage Rule

Let us now define an alternative usage rule for natrec. If the pattern of the other
eliminators for “positive” types is followed, then the usage count for natrecj, A z sn should
be the usage count for n scaled by some factor plus the usage contributions from z and s
(as usual there is no contribution from the motive A). If we leave the other parts of the
usage rule above unchanged, then we get a rule of the following form:

O ~Ys. mp.mr »" s n»"n 0.0»" A

m T
xn + x »" natrec, Az sn

Here x is some grade indicating the number of copies of n that are used and y is a context
representing the usage contributions from z and s.

The main difficulty in finding proper values for z and y comes from the recursion:
whatever usage counts we choose to assign, they should work for all values of n, i.e.
regardless of how deep the recursion is. (Perhaps one could have some kind of “dependent
grades”, but that is not a design we are aiming for at the moment.) We can view this as a
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form of branching where each branch corresponds to a given number of unfoldings before
the base case is reached and the total usage count should be compatible with any branch.

Starting with x, we let x; be the usage contribution by z and s given ¢ unfoldings.
First, xo corresponds to the zero case where only z is used so we get xo = 7,. Similarly,
Xi+1 corresponds to a successor case which uses s once (with 75 resources) and the
recursive call r times. A single recursive call uses y; resources, so we get X;+1 = Vs + I'Xi
(assuming a substitution lemma like the one proven by |Abel et al. [2023b]). Doing the
same analysis for x we get zg = 1 since in the base case n is “consumed fully” by the
match, and x;41 = p+ rz; since n is used p times by s and the recursive call is again used
7 times.

Normally we would be able to use the meet operator to combine the usage counts of
several branches in a way that ensures compatibility with them all but for an infinite
number of branches this is not an option. Instead we let x and x be the greatest lower
bounds of x; and x;, respectively. Given a grade sequence (function from Nat to M) p;
we let p = /\. p; mean that p; has a greatest lower bound pEl and jsimilarly for contexts.

In conclusion, we get the following usage rule:

Y »" 2

Ys. mp. M »"" 5 ne"n 0.0»° A

=N\ nr;rl =A.nr: 7
$n+x>mnatrec;A25n /\Z v b, X /\z i "z Vs

Here we have defined a function nr; as follows (and allow it to be lifted pointwise to
contexts in its last two arguments):

nro 74z 4s = 4z

Nri+1 GzQs = Qs + 7 - NT; 7qz s

With this rule we can prove subject reduction for the usage relation given some
additional assumptions for the modality:

Definition 4.1. A modality is said to have well-behaved greatest lower bounds if it satisfies
the following propertiesﬂ
o If p=A,pi then ¢+p=A,(q+pi)
o If p= A, pithen ¢-p=A\;(q-pi).
o It p= A;pi then p-q = N\;(pi - ).
o If p= A\,nr; rqzqs and p’ = A, nr; 7 ¢, ¢ then there is some p such that p+p' < p
and p = A\;nr; 7 (g2 + ;) (gs + ¢)-

The first three properties are essentially generalizations of distributivity over meet to
greatest lower bounds of grade sequences. The final property corresponds to the following
“sub-interchange”| property between addition and meet which follows from the modality
laws: (pAq)+ (P'Ng) < (p+p')A(¢+¢). Unlike the preceding three properties we
restrict this property to sequences of the form nr;. This is for practical purposes as proving
constructively that our main modalities satisfy the sub-interchange property for arbitrary
sequences does not seem feasible. All modalities we have mentioned above [satisfy these
properties.

We can prove subject reduction for modalities with well-behaved greatest lower bounds,
using the following “characteristic inequalities” (which also appeared above for natrec-
star): if ¢ = A\, nr; r ¢, gs then ¢ < ¢;/and g < gs+7¢. In addition, the main results of

>That is, p < p; for all 4 and for any ¢ such that g < p; for all  we have ¢ < p.
®Addition or multiplication of a sequence by a constant grade is defined as pointwise addition
lor multiplication. |
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et al.| [2023b] still hold with this rule for such modalities, in particular the substitution
lemmal and Icorrectness of erasure.

It remains to show that the kind of resource correctness that was discussed in Section [3l
also holds. However, let us first return to plus, for which we now get the following usage
rulet

vk 6»"n

pd +n»" pluskn

p=/A\;nr; 110, n=A,nr; 170
For any modality the greatest lower bounds of nr; 110 and nr; 10 are 1 and ~, respec-

tively, so the usage rule simplifies to the following one:

vk o»mn

~y+0» " pluskn

Note that this rule indicates that both arguments are used once.

4.3 Resource Correctness for the Natural Number Elimina-
tor

Having shown subject reduction we move on to showing that we get the same kind of
resource correctness as before also in the presence of natrec by extending the abstract
machine accordingly. Our proof assumes that the modality has well-behaved greatest
lower bounds, so below we restrict ourselves to such modalities.

A natural first step is to add a corresponding continuation natrec;, Az se [p] and define
its multiplicity. For completeness we also note that application of the natrec continuation
to a term is defined in the following way: |(natrec, A z s @ [p]) ¢ = natrec], A[{}p] z[p] s[1*p] L.
The usage rule we defined above indicates that the multiplicity should be the greatest
lower bound of nr; 7 1p, so we extend the multiplicity definition above (Fig. @ with:

= /A\,nr; rl
\natrec;Azso[pHqu Ainrirlp

Since this greatest lower bound |does not necessarily exist| for all modalities, the stack
multiplicity is no longer guaranteed to exist. It is still the case, however, that stack
multiplicity is [functional since the greatest lower bound is unique| if it does exist. We
therefore still write |S| as before for the unique multiplicity of a stack, with an implicit
assumption that this multiplicity exists.

We get three new [reduction rules: one for putting the continuation on the stack and
two for popping it off, corresponding to the zero and successor case, see Fig. In
the successor case, two new entries are put on the heap. The first contains ¢ (scaled
by the current stack multiplicity) copies of the natural number, where ¢ = A, nr; 71p
corresponds to all of the number’s uses (both by s and by the recursive call). The second
entry contains r copies of the recursive call, which is not yet computed since we are in a
call-by-name setting. Its natural number argument refers to the previous entry, prompting
a lookup if the recursive call gets evaluated. The reduction relation is still deterministic,
because of the constraint on the reduction rule that puts suc e on the stack.

A consequence of the addition of natrec is that the circumstances under which reduction
can get stuck are now slightly different. A state with a value in head position and a
non-empty stack is now stuck if it is not the case that (1) the stack and head match and
(2) the stack multiplicity exists. Similarly to what we did in Section [3] we will show that
for well-resourced and well-typed states, this cannot happen.
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‘s—)es’,s—n,s"

(H; natrec, Az sn; p; S) —e (H;n; p; natrec, Az se[p].S)
(H; zero; p; natrecy Azse[p'].S) —, (H;z; p'; S)
(H; suct; p; natrec;, Azse[p/].S) —, (H';s; 12p/; S[1?id])

if ¢ = Anrirlp
H' = H.(t,p)i%. (natrec) A[f1id] 2[tid] s[ntid] xo, 1) 5"

Figure 14: Extension of the machine reductions for eliminators and values from Fig.
by natrec.

The usage relation for continuations, Fig. is extended with the following rule:

Yoz Ys. mp.mr »" s n.0»’ A

x[p] »™ natrec;, A z s e [p] X = A r 2
This rule is obtained from the usage rule for the corresponding term through the removal
of the contribution from the scrutinee (i.e. the natural number argument). The only
difference from the pattern established above is that we have included the assumption
that the motive is well-resourced. This is used to conclude that the recursive call is
well-resourced when added to the heap.

We can now see that for well-resourced states, the stack multiplicity always exists. We
get that well-resourced states do not get stuck due to the stack multiplicity not existing;
and that the theorems in Section still hold.

Adding typing for the natrec continuation is similarly straightforward. We use the
following typing rule:

ek z[H op|: Alzeroo {H o 1]
e. N AN H o hp] F s[12H o 4%p] = A[(1%id, sucxq) o 1 H o 1p]
H - natrec, Az se[p]: (t:N)~ A[t[H] o ftH ofp]

Again, this is exactly what is expected following the pattern established above. We can
now prove everything from Sections to as stated. In particular, the main resource
correctness result, Theorem still holds.

To wrap this section up, let us return to the addition example presented above. Let us
evaluate plus kn, for closed numbers k and n. The evaluation progresses by recursion over
n, with each iteration inserting a natural number in the heap as well as an (unevaluated)
recursive call: both assigned grade 1. Note that even though the natural number is unused
by the successor branch (p = 0), it is used once by the recursive call through matching.
The correctness theorem shows that once this evaluation finishes, lookups will have been
performed in such a way that all these entries will have remaining uses bounded by 0. In
particular, for the linearity modality it must then be the case that there are 0 copies left
since one cannot obtain w from (repeated) subtraction from 1.

4.4 Usage Counting for the Natural Number Eliminator

We have shown in Section [4| that our proposed usage rule for natrec gives an accurate
estimate of the usage count, the usage rule itself is perhaps not very enlightening as it is
typically not immediately clear what the greatest lower bound of nr; r ¢, gs is (or whether
it even exists). As it turns out, for all mentioned modalities these limits do exist and, as
we will see for the linear and affine types modalities, are w in most cases. This should not
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be too surprising as the exact usage count can depend on the specific number of recursive
calls (i.e. on the eliminator’s natural number argument), and little can therefore be said
about the usage count in the general case. However, for a few values of r, ¢, and ¢s we get
a greatest lower bound that is different from w. In fact we already saw one such example,
when we concluded that plus uses both its arguments linearly.

For the linear types modality the greatest lower bound of nr; r ¢, ¢gs will be 0 if
nr; r q, gs = 0 for all 7 and likewise 1 if nr; r ¢, gs = 1 for all 7. The affine types modality is
a little more lenient. It is still the case that the greatest lower bound of nr; r ¢, gs will be
0 if nr; r ¢, gs = 0| but we now get 1 as the greatest lower bound [if nr; 7 ¢, gs = 1 or 0 for
all 7. In both cases a straightforward analysis reveals that we get 0 as the greatest lower
bound jonly for nr; 700 and 1 for nr; 110 and nr; 01 1. For the affine types modality, we
additionally have 1 as the greatest lower bound of nr; 001 and nr; 010.

The practical consequence of this is that natrec uses its natural number argument
linearly only when p = 0 and » = 1 or if p = 1 and r = 0 (recall that the number of uses
of the natural number is given by the greatest lower bound of nr; r 1p). The former case
corresponds to the successor branch using the recursive call linearly and using the natural
number only in erased positions (or not at all). The addition function discussed above is
an example of this. The latter case conversely corresponds to the natural number being
used linearly and the recursive call being erased. An example of this is the predecessor
function pred n = natrec} N zero x; n. This corresponds to the following Agda program,
which one might expect to be linear:

pred : N = N
pred zero = zero
pred (suc n)= n

This is indeed the case as the following usage rule| is admissible:

y»"n

~v»"™" predn

In the affine types case, both linear cases are naturally also considered affine uses
together with the case p = r = 0, when both the natural number and the recursive call
are erased in the successor branch. We can also see that the natural number argument is
never considered to be erased.

We can similarly see under what conditions the zero and successor branches are used
linearly. Associating v, with the usage counts of the zero branch and s with the successor
branch we have that for = 0, their contribution (x in the usage rule above) is 7, A vs. In
this case the recursive calls are not used so only one of the zero and successor branch will
be used (but we do not know which). For r = 1 we get , + w~s, where every recursive
call is used once so the zero case will inevitably be used once while the successor cases
could be used any number of times. Finally, when r = w, the recursive calls are used an
unrestricted number of times so we get w(~, + 7s), using both branches an unrestricted
number of times.

5 Resource Correctness for Open Programs

So far we have assumed that the programs we are evaluating have been closed. In this
section we will modify the abstract machine to also evaluate open terms. Of course, given
an open term t for which we have concrete values for each free variable one can simply
construct a heap H containing them and evaluate the state (H; t; id; €). The situation we
will consider here is when this is not case, such as when some “postulated” properties are
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used in ¢. Naturally, evaluation of such a program would get stuck whenever postulates
are encountered, so we will assume that any free variables are only used in erased positions.
This is similar to the erasure case study of |Abel et al.| [2023D].

For simplicity, we will keep the same correspondence between variable and pointer
indices and will therefore let heaps contain a kind of “dummy entry”, o, representing that
a pointer does not point at anything:

H:=¢|Hc|H.o Heaps

The substitution interpretation of heaps is updated with the following equation for
dummy entries: (H.o| = {+(H). This means that variables corresponding to dummy
entries are untouched (apart from possible re-indexing). The result of applying a heap as
a substitution to a term, or translating a state to a term, is thus a term that contains as
many free variables as there are dummy entries in the heap. Similarly, the [initial state| of
t (with n free variables) is now (e.o..... o; t; id; €), where the heap consists (only) of n
dummy entries.

The semantics of the abstract machine is unchanged. Notably, variable lookup fails
for dummy entries so evaluation can get stuck for states with variables in head position,
either if there are not enough copies of the corresponding entry, or if the corresponding
entry is a dummy entry (but we will show that neither case is possible for well-formed
states).

Typing for states is mostly unchanged, but since states no longer correspond to
closed terms, checking is no longer done under the empty context, but rather under
some context A that contains the types of all preceding dummy entries. Consequently,
the typing judgment| for heaps now reads A F H : I', with I representing the types
of the entries as before, and A representing the types of dummy entries[] see Fig.
Similarly, the judgments for continuations and stacks now read A;H Fe: (t: A) ~ B
and A;HE S :(t: A) ~ B, see Fig.

As before, typing is [preserved by reduction and states with a value in head position
and a non-empty stack always reduce if the stack multiplicity exists (i.e. Theorems
and still hold).

Usage for states is also mostly unchanged. The only difference is that the usage
relation for heaps is extended with the following rule to account for the dummy entries,
which are naturally considered to contain 0 copies (of nothing):

y» H
v.0» H.o0

We would like the properties we proved in Section to still hold. For Theorem
(usage is preserved by reduction) this is indeed the case. However, showing that heap
lookups always succeed for well-resourced states (Theorem [3.5) poses some difficulty, as
there is now an additional way for lookup to fail. An example of this is provided by the
program unitrecy Nxg zero, which matches on a possibly erased variable xg before returning
zero, roughly corresponding to the following Agda program:

example : @ T — N
example x = zero

Before this would lead to a lookup of 0 copies of the corresponding entry, but now it can
also lead to a failed lookup, if x¢ refers to a dummy entry.

"Thinking of the heap as a substitution, this can be read as H taking terms from context I' to
context A.
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AFH:T A+ t[Hop]: A[H] AFH:T 'FA
ebe:e AFH. (t,p)P:T. A A.A[H|FH.o:T. A

A;Hl—e:(t:A)WB‘

AAFB  ArulHop:A A AF B
A; H = oPu [p] - (t: 1T A B) ~ Blu[H o p]] A;HEfstye:(t:53 AB)~ A

A.AFB
A;H Fsndye: (t: 25 AB) ~ B[(fst, t)[H]]

A.A.BFulft’H o 2p] : C[1%d, (Px1,x0)g o M H o fip] A, zg’p A B C[{ H o]
A; H F prodrec? Ceu p] : (t: X , AB) ~ C[t[H] o H o {p]

At z[H op|: Alzero o H o p]
AN A H o ftp] b s[h2H o 42p] : A[(1%id, sucx1) o +H o fp]
A; H +-natrec, Azse[p]: (t:N)~ Alt[H] ot H o {p]

AF ulH op|: Al*g o 1 H o f1p] A. Tgk AtH o {p)
A; H = unitrecy, Aeu[p]: (t: Tg) ~ A[t[H] o H o p]

At A[H o p]
A; H = emptyrec, Ae[p] : (t: L)~ A[H o p]

A;HES:(t: A) ~ B

A;HFe:(t:A)~ B A;HES:((e)t: B)~C
A;HEe:(t:A)~ A A;HEe S:(t:A)~C

AFH:T AFtHop|:B A;HES: (tlp]: B)~ A
AF(H;t;p; S): A

Figure 15: Typing for heaps, A - H : I, continuations, A; H e : (t : A) ~ B), stacks,
A;HES:(t:A) ~ B, and states, /A F s : A.

In a well-resourced heap, v » H, the entry of v corresponding to a dummy entry fis
always 0. Thus attempted lookups of dummy entries will only occur when the stack multi-
plicity is 0, which can happen if the stack contains either unitrecy A ew [p], prodrecy Aeu[p)
or emptyrecy A e [p]. (Note that the multiplicity of natrec is never 0 since the greatest
lower bound of nr; r 1p is not 0 for any modality with a well-behaved zero.) These all
correspond to having encountered an erased match. The problems that arise with erased
matches are similar to those encountered in the erasure case study of |Abel et al. [2023b)].
Like them we disallow certain erased matches when evaluating open terms: we do not
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allow any occurrences of prodrecy A ¢ u or unitrecy A ¢t u in non-erased positions. For the
empty type eliminator we can make the same restriction, but occurrences of emptyrec can
also be ruled out by assuming that the program is evaluated in a consistent context (a
context I' is consistent if there is no term ¢ such that I' ¢ : 1). We will take this route
here, but we note that whenever we assume a consistent context we could alternatively
assume that there are no erased matches in non-erased positions for emptyrec.

With this in mind, we now get the following variant of Theorem

THEOREM 5.1. If A is consistent, erased matches are disallowed, » (H; x;; p; S) and
A& (H; x;; p; S) : A then there is an entry e and heap H' such that H b Yilp] —lSle: H.

For similar reasons, we widen the definition of normal form states to also include
states with a variable in head position that points to a dummy entry. Theorem then
holds as stated and the bisimilarity properties hold with the change that programs are
evaluated in an open context A.

Using the same argument as before, we then get almost the same resource correctness
property as above. The only differences are some added assumptions about consistency
and erased matches and that the resulting heap may additionally contain dummy entries.

THEOREM 5.2, If A is consistent, erased matches for prodrec and unitrec are disallowed,
0»'t, and At :N, then there is a numeral n and heap H such that (t) —* (H; n; p; €)
and the number of copies of each (non-dummy) entry in H is bounded by 0.

As a reminder, an erased match here refers to an occurrence of prodrec) or unitrecy. These
can be disallowed using the corresponding side conditions of the usage relation. Note that
the assumptions of this theorem (a consistent context, no erased matches, all free variables
are erasable) are similar to those of the proof of soundness of erasure given by Abel et al.
[2023b, Theorem 6.13]. All the assumptions are necessary: If any one assumption is
removed, then the final state of the evaluation does not necessarily contain a numeral
in head position, and the stack is not necessarily empty. Furthermore, for modalities
satisfying 1 £ 0 (for instance the linear types modality) the resource correctness result
also does not necessarily hold, that is, the grades associated with the entries of the final
heap are not necessarily bounded by 0.

We can thus draw basically the same conclusions for programs that use erased
assumptions as we did for closed programs, given that such assumptions are consistent
and that certain erased matches are not allowed. We could alternatively drop the
assumption that A is consistent and instead disallow erased matches for emptyrec and get
the same result.

6 Usage for General Recursive Data Types

Our only recursive data type is the type of natural numbers, and the formulation of its
usage rule is somewhat different from those of the other types. Although the investigation
we did in Section 4] was specific to natrec we believe that a similar approach is feasible
also for (some) other recursive data types, and we sketch in this section how this could
perhaps be done for the simple case of a type of binary trees. Note however that the
formalization does not contain this data type, and the ideas we sketch here have not been
formalized.

The type we consider is that of binary trees with no dataﬁ and an eliminator treerec
in the same style as natrec, corresponding to the following Agda code:

8Though not a particularly interesting type it is not useless—the formalization uses well-founded
induction over such trees for some arguments.
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data Tree : Set where
leaf : Tree
node: Tree — Tree — Tree

treerec :
(P : Tree — Set) — P leaf —
((t1 t2 - Tree) = P t; — P to — P (node t; t2)) —
(t: Tree) - Pt
treerec P [ n leaf =1
treerec P I n (node t; to)= n t; to (treerec P [ n t;) (treerec P [ n tp)

We annotate treerec with two grades p and r, where p corresponds to the uses of the
two sub-trees and r to the two recursive calls. The two subtrees are not given individual
grades, analogously to the usage rule for prodrec, in which the two components of a pair
are not given separate grades (except that one grade is scaled).

Following the style used for natrec, the usage count for the eliminator should consist
of one part pertaining to the usage contributions of the tree, and one part pertaining to
the contributions of the node and leaf branches, that is something like the following:

™l Yn- mp. mp. mr.mr v n ne"t 0.0 A

xn + x »" treerec;, Alnt

Here we should find some suitable choices for x and x, where  depends on p and r, and
x depends on 7, v and ;.

For natrec we found z and x by considering all possible unfoldings, taking the greatest
lower bound of the usage counts corresponding to all cases. We would like to do the
same here but listing all cases is a bit more tricky than for the natural numbers where a
suitable order was quite obvious. There are probably several ways in which one can do
this but we will enumerate the cases based on the size i (number of nodes) of the tree.
As before we will let z; and x; denote the uses of the tree and the usage contribution of
the leaf and node branches for trees of size i, respectively.

When i = 0 we have the empty tree, so the leaf branch [ is used once, and the tree
is used once through matching. We get that yo = v and zg = 1. In the node case we
have a tree of size ¢ 4+ 1, consisting of two sub-trees with sizes j and k such that i = j + k.
Here the node branch is used once, providing -, resources, and the two recursive calls
are used r times, providing ry; and ry; contributions, respectively. In total we get
Y +7r(xj + xk)- Since the size distributions of the two subtrees is unknown, we take the
j+k

(

man-plus convolution /\;:k] Xj + Xk), i-e., the meet over the possible distributions, to

ensure compatibility in any case. This gives x;11 = + 7 /\;:k] th (xj + x&)- The uses of
the tree argument similarly give p uses of ¢t and r uses of the recursive calls, so we end up
. 1=7+k
with ;41 =p+7r /\;7k]+ (xj + xp).
As for natrec, the idea is to choose z and x to be compatible with all z; and y;. Taking

the greatest lower bound as before we get the following usage rule:

Yo"l Ap.mp.mp.mr.mr»™n pe™t 9.0>0A{x:/\itrirlp
xn + x »" treerecy Alnt X = N\;tri 77"

Here we have defined tr; analogously to nr;:

tro rqign = q
i1 7@ an = g+ 7 N\j o (b0 7 @1 G0 + tr 7 Q1 Gn)
We suspect that using this usage rule it is possible to both show subject reduction and to
extend the abstract machine argument, and believe that the same technique is applicable

to (some) other recursive types as well. However, we acknowledge that we have not proved
these things, and we might have missed something.
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7 Related Work

This work adds to a large collection of theoretical investigations of graded type theory
that occupy various points in the design space in regards to, for instance, the types
that are included, support for erased matches, and usage counting in types as well as
terms [Brunel et al., 2014; Ghica and Smith| 2014} [McBride, |2016; Atkey, 2018} |Abel
and Bernardyl, 2020; [Moon et al., [2021; Choudhury et al., |2021; |Abel et al., 2023b]. The
dependently typed functional language Idris 2 |Brady, 2021] is a practical implementation
of graded type theory, incorporating many of the language features that we investigate in
this work, albeit restricted to the one-none-many modality of Quantitative Type Theory
(QTT) [Atkey, 2018].

We build on the formalization presented by |Abel et al.| [2023b], and do not repeat the
discussion of related work presented in that text. Here we discuss correctness for graded
modal types, in particular for quantitative interpretations, and we also discuss graded
type theories with support for some form of inductive data types.

7.1 Resource Correctness

Our correctness proof is in large part based on the work of (Choudhury et al.| [2021] who,
like us, define an abstract machine that tracks usage counts for variables and prevents
lookups if allowed usage would be exceeded. In many respects we follow their approach;
in particular, we use call-by-name reduction, we use similar methods to track resources
in heaps and to check that sufficient resources are available in each evaluation step, and
we base our correctness proof on a bisimilarity argument. Yet in some respects, we
departed from their design. For one, in contrast to their big-step semantics we define a
small-step semantics that handles continuations explicitly and is thus perhaps closer to
an actual machine. We also use slightly different approaches for tracking variable uses.
For instance, while our use of a stack-based machine allows us to infer how many copies
that are currently being evaluated, their reduction relation is annotated with a grade
for this purpose. Heap lookups are also defined differently where they allow lookups of
r copies whenever there are ¢ + r copies available and the resulting heap has ¢ copies
remaining. While this is similar to our case, this does not uniquely determine the number
of remaining copies. We defined subtraction by always taking the least such ¢, allowing
our reduction to be deterministic, though we could likely have gotten similar results for a
reduction that is non-deterministic in the grade updates of the heap as well. Another
notable difference is that we work in somewhat different settings. In particular, unlike
Choudhury et al. [2021], we cover natural numbers, strong Y-types, and an empty type
while they on the other hand cover sum types which we do not.

In terms of correctness in an operational sense, a more common method appears to be
to show a form of subject reduction for resources, that is, that the amount of resources
used by a term is preserved by reduction. This is the case, for instance, for |[Orchard
et al.[[2019] and Moon et al. [2021]. As we have argued in Section subject reduction
alone is not sufficient for showing correctness in a quantitative sense, though it may serve
as a reasonable “sanity check” as part of a larger correctness argument. For instance,
Abel et al.| [2023b] do not only prove subject reduction, but they also show correctness
for erasure in the sense that removing erased content during compilation is safe. |Atkey
[2018] shows resource-correctness for QTT, a dependent type theory with linearity and
erasure, by means of a logical relation between a set-theoretic model of QTT and an
interpretation into linear combinatory algebras called BCI algebras. This logical relation
is constructed as an instance of a generic model that uses categories with families enriched
with quantitative information.
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Another option is to approach the correctness argument from a non-operational angle.
This is done, for instance, by |Abel and Bernardy [2020] who define a relational semantics
that is used to obtain “free theorems” for linear (non-dependent) function spaces, in
particular that a linear function of type A x A —! A x A (polymorphic in A) must be
either the identity or the swap function. This notion of correctness is different from the
one that we used. While we can conclude that applications of such a linear function would
lead to one lookup of the linear argument it does not follow (at least not directly) that
the function is either identity or swap.

7.2 Natural Numbers and Recursion

Let us now discuss some existing methods for integrating one or more inductive data
types into graded type theory. We have already discussed in some detail how the natrec-
star operator due to |Abel et al. [2023b] would, at least as presented, be insufficient for
quantitative settings in general. However, the main correctness argument of [Abel et al.
concerned erasure, and we can note that for the erasure modality the usage rule we suggest
here coincides with one of theirs.

While QTT[Atkeyl 2018] does not include recursive data types, Idris 2 |[Brady), [2021]
has support for linearity and erasure, based on QTT, and allows user-defined data types.
To our knowledge the exact rules for how quantities and data types interact in Idris are
not documented. However, we have implemented variants of natrec;, corresponding to the
different values of p and r for the linear types modality. Through our testing, it appears
that our usage rules coincide with those used by Idris in this case.

Nakov and Forsbergl [2021] extend QTT with polynomial functors, allowing the
encoding of inductive data types. These data types come with eliminators that are linear
in the matched argument for which usage rules can be derived. As a concrete example
they consider the natural numbers, deriving a usage rule for which the successor branch
may use the natural number 0 times and the recursive call 1 time. In our setting, this is
the same as setting p = 0 and r = 1 (see Section . In our case we also get linear usage
of the scrutinee when p = 1 and r = 0 (this case is not discussed by |[Nakov and Forsberg).

Atkey| [2024] adds some inductive types to (a variant of ) QTT in a systematic way. The
focus is on polynomial-time computation, and the data types’ eliminators are restricted
to allow recursion only in the erased fragment. While perhaps a bit restrictive for working
with recursive data types, the method used should be generally applicable, in particular
showing how usage counting could be done for non-recursive types (it should also be
noted that adding unrestricted support for data types was not a stated goal of this work).
In addition to the restricted data types there is a type of natural numbers with support
for recursion: The eliminator’s successor branch only allows uses of the natural number
in erased positions, while the recursive call is used once. In addition, both the zero
and successor branches are restricted to have no uses of any other variables. The first
restriction appeared also in the approach used by [Nakov and Forsberg [2021], and the
second corresponds to having v, = 7 = 0 in our setting.

Another approach is taken by Brunel et al.|[2014], who only support pattern matching
on natural numbers and thus does not allow recursion directly. Recursion over natural
numbers can instead be achieved by combining matching with a fixpoint combinator for
which the “recursive call” is assigned a grade p. The total usage count ¢ of the fixpoint
combinator is then given as a solution to ¢ < 1 + pg (we have flipped the inequality
operator here to be consistent with our definition of subsumption). This approach
may seem rather different from ours, but we recognize this inequality (at least up to
commutativity of multiplication) as the characteristic inequality we obtained from our
greatest lower bounds.
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Going back to QTT, a different extension is given by Huang and Yallop| [2024]. They
extend QTT with a type of lists together with an eliminator, and suggest that the method
that is used should be extendable to arbitrary inductive families. In contrast to us, the
eliminator is not annotated with grades indicating how many times resources are used by
the eliminator. Instead, this information is encoded in the constructors, allowing them
to contain several copies of the head and tail of the list (similarly to our X-types). The
eliminator is then linear in the sense that it uses the supplied list once and requires that
all available copies of the head and tail are used (up to subsumption).

8 Conclusions

We have investigated a graded modal language with dependent types in the style of [Abel
et al.|[2023b], proving its usage accounting to be correct with respect to an operational
semantics for a certain class of modality instantiations with quantitative interpretations.
In particular, we can instantiate this result with modalities for erasure, linearity and
affine types. We have also considered how one can support recursive types in this kind of
system, in particular natural numbers, and how to correctly define usage counting for
their eliminators. We believe that our method is applicable to a larger group of inductive
types, and have sketched how it might be applied beyond natural numbers.

Our work is built on the Agda formalization by Abel et al.| [2023a], which we have

extended, and the formalization is available for further extensions.

Some possible directions for future work:

¢ One obvious idea is to try to add support for more recursive types to the formal-
ization, perhaps a universe of types in the style of (Chapman et al|[2010]. Note,
however, that it should be possible to encode some recursive types using natural
numbers and large elimination, for instance vectors. One could also consider how
to adapt our method to support constructors that take several copies, as supported
by Huang and Yallop [2024].

e Our abstract machine is rather high-level. It might be worthwhile to develop similar
results for a more low-level machine that uses a more realistic evaluation strategy,
and that incorporates actual erasure. It could also be interesting to make actual
use of the support for linear or affine types, for instance by adding support for safe
mutability in the style of Bernardy et al.| [2017].
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