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Popular science presentation

How to make infinite apple pies
Imagine that you wake up on a beautiful morning feeling a particular craving for apple pie. You
prefer to have your pie stuffed with apples, so you would like to include two, three, four or even
more apples. Alas, as you look at your fruit basket you only spot a single, lonely apple. Normally
you might then feel compelled to make a trip to the store to get the number of apples sufficient to
quench your appetite for apples in your pie, but what if there was an alternative?

Stefan Banach (1892-1945) and Alfred Tarski (1901-1983) proved in 1924 that it is possible
to cut a ball (or an apple) into finitely many pieces that can then be reassembled into two balls
identical to the original ball, by simply rotating and moving the pieces. The proof of this requires
an axiom called the axiom of choice, which is famous for being somewhat more controversial than
the other axioms of mathematics.

An axiom in mathematics is a statement accepted by mathematicians and which serves as a
starting point for deriving further results within mathematics. Several axioms together form an
axiomatic system; the axioms of that system are used to further develop the theory by using logical
deduction. One seemingly natural axiom is the axiom of choice. Imagine that you have infinitely
many baskets of green apples where each basket contains at least one apple. The axiom of choice
states that it is possible for you to pick exactly one green apple from each basket. It does not state
how the apples should be picked, just that it is possible to do so. At first this statement seems
obvious: Just reach in and grab an apple from each basket! However, it might be more subtle
than it initially seems. Consider that there is no distinction between the green apples in a basket,
so it is not clear that there is a systematic way of determining which apple to choose. Compare
this to an alternative scenario in which we instead have infinitely many baskets each containing
one red apple and one green apple. Then there is a distinction between the apples within each
basket and you could decide beforehand to just grab the red apple from each basket. The first
set of baskets would require the axiom of choice for you to be able to pick one apple from each
basket. For the second set of baskets, there is no need to invoke the axiom of choice as there is a
distinction between the two apples in each basket.

However, it is unfortunate for you on this beautiful morning since it would not be possible
in practice to slice the apple in a way so that you could reassemble the pieces into two apples.
Because of the axiom of choice, the pieces would consist of complicated clouds of points rather
than for example normal apple slices, and your knife would need to be infinitely sharp to be able
to cut the apple into such pieces. But if the apple could somehow be sliced in such a way, it would
be entirely possible to turn it into two apples identical to the original one, all according to the
Banach-Tarski paradox. To be able to bake your stuffed apple pie the only thing you would need
to do with the special apple slices would be to rotate them and move them around. And once you
have managed to duplicate one apple, there is nothing stopping you from duplicating even more
apples – you have an infinite source of apples!

But now you might have copied more apples than you needed for the pie and have some leftovers.
You decide to make some apple jam. The recipe calls for apples, sugar and water. To follow
the recipe you need to be able to measure the appropriate volume of water. The mathematical
generalization of geometrical measures, such as distance, area and volume is called just that, a
measure. Of course, when mathematicians defined the concept of a measure, they wanted it to
behave as when you measure the volume of, say, water. If you first pour water into a cup, measure



the volume of the water, and then rotate the cup and measure the volume again, the volume will
naturally not have changed, should you not have spilled any of it during the rotation. The following
question is then very natural to ask, can every mathematical object be measured?

Tarski’s theorem is a connection between measures and the concept of duplicating apples. How
would you define a measure on an apple, when it is possible to cut an apple into finitely many
pieces, rotate the pieces and then end up with two apples? It would seem that the volume of the
apple doubles when making duplicates, but clearly 1 ̸= 1 + 1, right?

Tarski’s theorem states that if it so happens that you can copy an apple into two apples, then
there is no way to define a measurement that preserves the volume of the apple when you move
and rotate it. The single apple would have a measured volume but the slices necessary for copying
the apple would not have any volume. By that we do not mean that they would have zero volume,
but rather that it is impossible to assign the pieces a volume in any meaningful way. However, the
interesting part of Tarski’s theorem is that it states that the converse is also true. Namely that if
it is not possible to define a measure on a given object, then it is possible to duplicate it.

To be able to duplicate objects goes against all of our intuitions, yet in an axiomatic system
including the axiom of choice it is mathematically possible. If these results have any implication
on our understanding of physical reality remains to be seen. Nevertheless it is a very thought
provoking idea that remains mathematically true even though our intuitions may tell us it should
not be possible.



Abstract

In this thesis we present a proof of the Banach-Tarski paradox, a counterintuitive result that
states that any ball in R3 can be cut into finitely many pieces and then be reassembled into
two copies of the original ball. Since the result follows from the axiom of choice it is important
for assessing its role as an axiom of mathematics. A related result that we also include is that
the minimal number of pieces in such a decomposition of any ball in R3 is five. The proof uses
the paradoxicality of the free group on two generators and the existence of a free subgroup of
the special orthogonal group SO3.

We also give a proof of Tarski’s theorem, which states that the existence of a finitely
additive, isometry invariant measure normalizing a set is equivalent to that set not being
paradoxical. The proof makes use of the Hahn-Banach theorem and relies on the concept of a
group acting on several copies of a set.

Sammanfattning

I denna uppsats presenterar vi ett bevis av Banach-Tarskis paradox, ett kontraintuitivt resultat
som säger att vilken boll som helst i R3 kan delas upp i ett ändligt antal bitar och sedan sättas
ihop till två kopior av den ursprungliga bollen. Eftersom resultatet följer av urvalsaxiomet är
det viktigt för att utvärdera dess roll som ett axiom inom matematiken. Ett relaterat resultat
som vi också inkluderar är att minsta antalet delar i en sådan dekomposition av vilken boll som
helst i R3 är fem. Beviset använder paradoxikaliteten av den fria gruppen med två genererande
element och existensen av en fri delgrupp till den speciella ortogonala gruppen SO3.

Vi ger också ett bevis för Tarskis sats, som säger att förekomsten av ett ändligt additivt,
isometri-invariant mått som normaliserar en mängd är ekvivalent med att den mängden inte
är paradoxal. Beviset använder Hahn-Banach satsen och bygger på att låta en grupp verka på
flera kopior av en mängd.
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1 Introduction
In the beginning of the twentieth century Henri Lebesgue (1875-1941) formulated the measure
problem, which was to assign a non-negative real value, called a measure, to any bounded subset
of the real line. This measure should be defined such that the unit interval has measure 1, the
measure of the union of at most countably many pairwise disjoint sets is equal to the sum of each
set’s individual measure and the measure is invariant under isometries. The measure problem can
be formulated similarly for other dimensions. In the year 1905 Giuseppe Vitali (1875-1932) proved
that no such countably additive measure can exist in any dimension. Felix Hausdorff (1868-1942)
later refined this result and showed that for any dimension greater than two, there does not exist
any such finitely additive measure. Eventually in 1923 Stefan Banach (1892-1945) proved the
existence of such a finitely additive measure in R and R2. In the same year Banach met Alfred
Tarski (1901-1983) and they decided to collaborate on the subject, which resulted in the Banach-
Tarski paradox a year later. The theorem states that the unit ball can be partitioned into finitely
many pieces, called a paradoxical decomposition, and under the action of the isometry group be
reassembled into two copies of the unit ball [MMS, p. 52-53]. The reason for it being called
paradoxical is because it appears to contradict that isometries are volume-preserving.

A key part of the proof of the Banach-Tarski paradox presented in this thesis is the notion of
paradoxical decomposition. It is possible to show that an equivalence relation can be defined based
on this concept. To be able to duplicate a set it is then sufficient to find two disjoint subsets that
both belong to the same equivalence class as the superset. For a ball in R3 the required equivalence
class can be defined using the group generated by two independent rotations.

After the existence of a paradoxical decomposition of sets in R3, such as the unit sphere and
the unit ball, was shown, mathematicians became interested in understanding the minimal number
of pieces required for a paradoxical decomposition. A proof due to Wacław Sierpiński (1882-1969)
shows that there exists an eight-piece paradoxical decomposition. Ultimately, in 1947 Raphael M.
Robinson (1911-1995) improved on this result and proved that the minimal number of pieces in a
paradoxical decomposition of the unit ball is five [R, p. 246-260].

In this thesis we use ideas from [TW] to show Robinson’s result. This is done by using the
notion of a locally commutative group action and showing that the minimal number of pieces in
a paradoxical decomposition of the sphere is four. This can be used to construct a five piece
paradoxical decomposition of any ball. A geometric argument is used to prove that four pieces do
not suffice.

Moreover, we will prove a theorem of Tarski that characterises the existence of paradoxical
decompositions in terms of certain finitely additive measures. It states that the existence of such a
measure in fact excludes the possibility of a result in the same vein as the Banach-Tarski paradox.
This is a useful way to prove the non-paradoxicality of certain sets and for example that there is
no analogy of the Banach-Tarski paradox in R or R2 [TW, Chapter 12].

1.1 The axiom of choice and some of its consequences
It can be shown that the Banach-Tarkski paradox depends on the axiom of choice in the sense
that it does not follow from the Zermelo–Fraenkel axioms with the axiom of choice excluded [TW,
§15.1], although we will not show that in this thesis. It will, however, be clear that the axiom
of choice plays a vital role in the proof of the Banach-Tarski paradox that we will present. The
statement of the axiom is as follows.

Axiom 1 (The Axiom of Choice). Let I be a set and {Xi}i∈I be a collection of nonempty sets
indexed by I. Then there exists a choice function f : I →

⋃
i∈I Xi such that f(i) ∈ Xi for all

i ∈ I.

The axiom of choice has historically been more controversial than most other axioms that make
up the foundation of modern set theory, and therefore by extension mathematics. The controversy
comes, as is often the case, from the concept of infinity. If the axiom of choice were stated for a
finite collection of finite sets, there clearly would be no room for controversy. But it is certainly
not obvious to the same extent that it is reasonable to accept for any collection of sets. The fact
that the axiom of choice is necessary to show something so counterintuitive as the Banach-Tarski
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paradox can be taken as further evidence that there is something very potent about the seemingly
rather tame statement. It also suggests the importance of uncovering the implications of the axiom
of choice, namely to be able to properly assess its place at the base of mathematics.

The axiom of choice will also play a crucial role in the proof of Tarski’s theorem. It will then be
used in the form of an equivalent statement known as Zorn’s lemma. We will not include a proof
of this equivalence, but one can be found in [J, Theorem 2.1]. To be able to state it properly we
first need to make a few definitions.

Definition 1.1. A partial order is a relation that is reflexive, transitive and antisymmetric.

Definition 1.2. A total order is a partial order under which all elements are related to each other.

Definition 1.3. A totally ordered subset of a partially ordered set is called a chain.

With these definitions in place we are now ready to state the result.

Theorem 1.4 (Zorn’s lemma). A non-empty, partially ordered set in which all chains have an
upper bound contains at least one maximal element.

Whether this reformulation of the axiom of choice is more or less intuitive may not be straight-
forward to say, but what should become clear is that there is quite a bit of subtlety to these
statements. Results like Tarski’s theorem and, perhaps especially, the Banach-Tarski paradox take
this subtlety and make it a lot more clear to see.

It is sufficient to use a weaker version of the axiom of choice, called the axiom of countable
choice, to prove the following well-known theorem that will be used later on in this thesis. The
axiom of countable choice can be formulated in the same way as Axiom 1 but with I = N.

Theorem 1.5. A countable union of countable sets is countable.

The proof of this theorem is rather short, but the way in which the axiom of countable choice
is used in it is somewhat subtle, as is explained in [G, Theorem 6.6 & Exercise 6.36]. Still, both
the result and its proof are likely rather easy to accept.

It is worth pointing out that there are some other important mathematical results that are
equivalent to the axiom of choice. Among these results are that every vector space has a basis and
Tychonoff’s theorem in topology [H, Theorem 4.44 & Theorem 4.68].

1.2 Some important concepts from group theory
We want to be able to formalize the concept of moving sets around. This can be done by using
the notion of group actions.

Definition 1.6. Let G be a group and X a set. An action of G on X is a mapping α : G×X → X
defined by

α(e, x) = x,

α(g, α(h, x)) = α(gh, x)

for all g, h ∈ G and x ∈ X, where e is the identity element of G. Usually one omits writing α and
α(g, x) is shortened to gx.

By choosing the group appropriately, we can use the action of that group to move pieces of the
set around. We will now give some more definitions that will be used in this thesis.

Definition 1.7. Let G be a group acting on a set X. The orbit of x ∈ X, denoted Gx, is the set
of all elements in X which can be reached by multiplication of x on the left by an element of G,
that is, Gx = {gx : g ∈ G}.

Remark 1.8. The orbits form a partition of X induced by the equivalence relation ∼, defined by
x ∼ y for x, y ∈ X if and only if there exists a g in G such that gx = y.

Example 1.9. Let S be a non-empty set. Let Sym(S) denote the set of all permutations of S.
It is a group with composition as the operation, and is called the symmetric group on S. There is
only one orbit, namely the set S itself.
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Definition 1.10. An isometry on Rn is a bijective map f : Rn → Rn that satisfies

∥x− y∥ = ∥f(x)− f(y)∥ for all x, y ∈ Rn,

where ∥ · ∥ denotes the usual Euclidean norm in Rn.

Remark 1.11. Isometries in R3 can be characterized as compositions of translations, rotations and
reflections.

Example 1.12. Any counterclockwise rotation about the origin in R2 by θ radians can be repre-
sented in the standard basis by the matrix

A =

[
cos θ − sin θ
sin θ cos θ

]
.

Let v =

[
v1
v2

]
and ∥v∥ =

√
v21 + v22 be the usual euclidean norm on R2. Then ∥Av∥ = ∥v∥ as

Av =

[
v1 cos θ − v2 sin θ
v1 sin θ + v2 cos θ

]
so

∥Av∥ =
√
(v1 cos θ − v2 sin θ)2 + (v1 sin θ + v2 cos θ)2

=

√
v21(cos

2 θ + sin2 θ) + v22(cos
2 θ + sin2 θ) =

√
v21 + v22 = ∥v∥.

Hence any rotation around the origin in R2 is an isometry. A similiar argument shows that any
rotation around an axis in R3 is an isometry.

Definition 1.13. The set of all isometries on Rn is denoted En and forms a group under compo-
sition.

Example 1.14. Let φ : R3 → R3 and θ : R3 → R3 denote the rotation by π radians counterclock-
wise about the z-axis and the rotation by π/2 radians about the x-axis respectively. Then with
the standard basis in R3 the composition θ ◦ φ can be represented by the matrix

A =

−1 0 0
0 0 −1
0 −1 0

 .
Definition 1.15. The special orthogonal group SOn ⊆ En consists of all n×n orthogonal matrices
with determinant 1.

Remark 1.16. In the case when n = 3, SO3 is the group of length preserving rotations about a
line through the origin in R3.

2 Paradoxicality, equidecomposability and their role in the
Banach-Tarski paradox

One of the most central notions for understanding the Banach-Tarski paradox is that of paradoxical
sets. Paradoxicality is the mathematical formalization of the idea of duplicating sets using group
elements.

2.1 Paradoxicality transforms proper subsets into the entire set
We begin by defining what we mean when we say that a set is paradoxical.
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Definition 2.1. Let G be a group acting on a set X. A set D ⊆ X is said to be G-paradoxical if
there exist pairwise disjoint sets A1, . . . , An, B1, . . . , Bm ⊆ D and g1, . . . , gn, h1, . . . , hm ∈ G such
that

n⋃
i=1

giAi =

m⋃
i=1

hiBi = D.

Any group G acts on itself by left multiplication and if a paradoxical decomposition of G exist, we
simply say that G is paradoxical.

Remark 2.2. Note that we do not require the sets A1, . . . , An, B1, . . . , Bm to be a partition of D,
only that they are pairwise disjoint. However, we will later prove that it is always possible to
choose these subsets so that they partition D.

We want to be able to lift the paradoxicality of a group to the set that the group acts on. This
can be done with the following result that will be proven with the reasoning from [K, Proposition
1.6]. However, we will need to give a definition before we proceed.

Definition 2.3. Let G be a group acting on a set X. We say that x ∈ X is a nontrivial fixed point
if there exists g ∈ G \ {e} such that gx = x.

Proposition 2.4. If G acts on a set X without non-trivial fixed points and G is paradoxical, then
X is G-paradoxical.

Proof. We construct a set M by picking an element from each orbit. This is possible by the axiom
of choice. We now claim that {gM : g ∈ G} is a partition of X. If we assume that gM ∩ hM ̸= ∅
we get that

gx = hy for some x, y ∈M

⇒ x = y because there is only one element from each orbit in M

⇒ h−1gx = x

⇒ g = h since X has no non-trivial fixed points.

We now want to prove that GM =
⋃

g∈G gM = X. Pick an arbitrary x ∈ X and let y ∈ Gx ∩M .
Then we see that x = gy for some g ∈ G. This gives that x ∈ gM . By the assumption that G
is paradoxical we can find A1, ..., An, B1, ..., Bm ⊆ G and g1, ..., gn, h1, ..., hm ∈ G such that they
satisfy the equations in Definition 2.1. Let A′

i = AiM and B′
i = BiM . It can be verified that these

sets, together with the group elements gi, hi are a paradoxical decomposition of X.

As an immediate consequence we get the following corollary.

Corollary 2.5. If a group G has a paradoxical subgroup, then G is itself paradoxical.

Proof. Since any subgroup acts on the whole group without non-trivial fixed points the corollary
follows immediately.

2.2 Equidecomposability defines classes of paradoxicality
We want to find a way to categorize sets in terms of paradoxicality. To do this, the following
definition will be useful.

Definition 2.6. Let G be a group acting on a set X and let A,B ⊆ X. A and B are said to be
G-equidecomposable, denoted A ∼G B, if there exist a partition {Ai}ni=1 of A, a partition {Bi}ni=1

of B and group elements g1, . . . , gn ∈ G such that

Bi = giAi, i = 1, . . . , n.

Definition 2.7. A G-transformation between two subsets A and B of a set X is a bijection
f : A→ B such that

f(x) =


g1x, x ∈ A1,
...
gnx, x ∈ An,

where {Ai}ni=1 is a partition of A and g1, . . . , gn ∈ G.
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Remark 2.8. An equivalent definition of G-equidecomposability is that A ∼G B if and only if there
exists a G-transformation between A and B.

We will use these two equivalent definitions of G-equidecomposability interchangeably through-
out this thesis.
Remark 2.9. Intuitively, two sets A and B being En-equidecomposable means that A can be
partitioned into finitely many pieces and by rigid motions be reassembled into B.

Proposition 2.10. The relation of G-equidecomposability is an equivalence relation.

Proof. For reflexivity note that the identity element e ∈ G and eA = A so A ∼G A.
For symmetry suppose that Bi = giAi for i = 1, ..., n. But then Ai = g−1

i (giAi) = g−1
i Bi,

hence A ∼G B if and only if B ∼G A.
For transitivity suppose A ∼G B and B ∼G C. This means that there exist partitions {Ai}ni=1

and {Cj}mj=1 of A and C respectively, partitions {Bi}ni=1 and {B′
j}mj=1 of B and G-transformations

f : A→ B

f |Ai : Ai → Bi for i = 1, . . . , n

and

g : B → C

g|B′
j
: B′

j → Cj for j = 1, . . . ,m.

Hence g ◦ f : A→ C is a G-transformation such that g ◦ f |f−1(Bi∩B′
j)

: f−1(Bi ∩B′
j) → g(Bi ∩B′

j)

for i = 1, . . . , n, j = 1, . . . ,m. Thus we have shown that A ∼G C.

Remark 2.11. In the proof of the transitivity property of equidecomposability above, we see that
if A ∼G B using n pieces and B ∼G C using m pieces, then A ∼G C using at most mn pieces. The
reason that the number might be less than mn is that some of the intersections may be empty.

The following proposition characterizes the connection between equidecomposability and para-
doxicality. The proof is from [K, Proposition 1.15].

Proposition 2.12. If G acts on X, then D ⊆ X is G-paradoxical if and only if there exist disjoint
subsets A,B ⊆ D such that A ∼G D ∼G B.

Proof. Suppose there exist disjoint subsets A,B ⊆ D such that A ∼G D ∼G B. This means there
exist partitions {Ai}ni=1 and {Bj}mj=1 of A and B respectively, partitions {Di}ni=1 and {D′

j}mj=1 of
D and group elements g1, . . . gn, h1, . . . , hm ∈ G such that

Di = giAi, i = 1, . . . n,

D′
j = hjBj , j = 1, . . .m.

Hence
⋃n

i=1 giAi =
⋃n

i=1Di = D =
⋃m

j=1D
′
j =

⋃m
j=1 hjBj . Since A and B are disjoint, each Ai,

Bj are pairwise disjoint and thus D is G-paradoxical.
Now suppose D is G paradoxical. Let A1, . . . , An, B1, . . . , Bm together with group elements

g1, . . . gn, h1, . . . , hm ∈ G witness the paradoxicality of D. The sets Ai and Bj are pairwise disjoint,
however after applying the group elements, the sets in the collections {giAi}ni=1 and {hjBj}mj=1

are not necessarily disjoint. Therefore define inductively

A′
1 = A1, A′

i = Ai \ g−1
i

( i−1⋃
k=1

gkA
′
k

)
for i = 2, . . . , n.

Clearly A′
i ⊆ Ai for all i = 1, . . . , n and since the sets Ai are pairwise disjoint it follows that the

sets A′
i are pairwise disjoint. Now let Di = giA

′
i. By the definition of A′

i we remove what has
already been covered by the preceding sets {gkAk}i−1

k=1, so it follows that {Di}ni=1 is a partition of
D. By letting

A′ =

n⋃
i=1

A′
i
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we get that A′ ∼G D. Since we can define B′ in a corresponding way to analogously show that
B′ ∼G D, this concludes the proof.

With this proposition in place we can now show, using ideas from [K, Proposition 1.16], the
very useful fact that paradoxicality is a class property of the G-equidecomposability equivalence
classes of the powerset P(X).

Proposition 2.13. G-paradoxicality is a class property of G-equidecomposability.

Proof. We want to show that if D,D′ ⊆ X are G-equidecomposable and D is G-paradoxical, then
so is D′. Let f : D → D′ be a G-transformation witnessing that D ∼G D′. By the previous
proposition there exist disjoint subsets A,B ⊆ D such that A ∼G D ∼G B. Since f is a bijection,
and thus in particular injective, f(A) and f(B) are disjoint. As f is aG-transformation, f(A) ∼G A
and f(B) ∼G B. Let D′

1 = f(A) and D′
2 = f(B). Then we have that D′

1, D
′
2 ⊆ D′ are disjoint.

Hence
D′

1 ∼G A ∼G D ∼G B ∼G D′
2.

Since D ∼G D′ by assumption, we have that D′
1 ∼G D′ ∼G D′

2 by the transitivity of G-
equidecomposability. Again by the previous proposition it follows that D′ is G-paradoxical.

2.3 Paradoxical decomposition of free groups
We now introduce an important family of groups called free groups. The free group with generating
set S is the group consisting of all reduced words of finite length constructed by using letters from
{σ, σ−1 : σ ∈ S}, including the empty word denoted by e. A word is called reduced if no pair of
the form σσ−1 or σ−1σ is contained in the word. The group operation is concatenation of words
including reduction by the removal of such unallowed pairs. The rank of a free group is the number
of generators of the set S and a free group of rank n is denoted by Fn. The free group of rank
two will play a central role in the proof of the Banach-Tarski paradox that we present due to the
following result. For this proposition we follow the proof in [TW, Theorem 1.2].

Proposition 2.14. The free group F2 is paradoxical.

Proof. Let {σ, τ} be the generators of F2. If x ∈ {σ, σ−1, τ, τ−1} let W (x) be the set of words in
F2 starting with x from the left. Then F2 = {e} ∪W (σ) ∪W (σ−1) ∪W (τ) ∪W (τ−1) where the
subsets are pairwise disjoint. Furthermore, W (σ) ∪ σW (σ−1) = F2 and W (τ) ∪ τW (τ−1) = F2.
This is because σW (σ−1) consists of all words not beginning with σ as we do not allow non-reduced
words. By the same argument τW (τ−1) consists of all words not beginning with τ . Thus F2 is
paradoxical.

Corollary 2.15. If a group G has a free group of rank two as a subgroup then G is paradoxical.

Proof. By Corollary 2.5 and the above proposition the result follows immediately.

Proposition 2.16. The free group Fn is countable for all n ∈ Z+.

Proof. Let Wn be the set of reduced words of length n, and W0 = {e}. We see that

Fn =

∞⋃
i=0

Wi.

The sets Wn are finite, and thus at most countable, for all n and so the result follows from Theorem
1.5.
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2.4 The Hausdorff paradox
In this section we will prove the existence of a countable subset D of the unit sphere S2, such
that the set S2 \ D is paradoxical. The existence of such a set and the paradoxicality of S2 \ D
relies on the fact that SO3 contains F2 as a subgroup. We identify this subgroup by realizing that
there exist two independent rotations σ, τ about axes through the origin of R3. Two elements of a
group are said to be independent if no non-trivial reduced word, using as letters the two elements
and their inverses, is the identity element. Hence two independent rotations in SO3 generate a
free group of rank two. The existence of such rotations follows immediately from the proposition
below, which can be found in [TW, Theorem 2.2]. A number is called transcendental if it is not a
zero of any polynomial with rational coefficients.

Proposition 2.17. Let σ and τ be two rotations by the same angle θ. The rotations σ and τ are
independent if the axes of rotations are perpendicular and cos θ ∈ Q \ {0,± 1

2 ,±1} or cosine of the
angle between the axes is transcendental.

A direct consequence of this proposition is the following corollary.

Corollary 2.18. The special orthogonal group SO3 contains a free group of rank two as a subgroup.

We want to apply Proposition 2.4 to S2, but in order to do so we require the action to have
no non-trivial fixed points. But any non-identity rotation of the sphere about a line through the
origin has exactly two fixed points, namely the two points of intersection between the line and
the sphere. Thus we cannot directly prove that the unit sphere is SO3-paradoxical, however the
following theorem constitutes an important result regarding SO3-paradoxicality of S2 with a subset
removed. We have taken the idea of the proof from [TW, Theorem 2.3].

Theorem 2.19 (The Hausdorff paradox). There exists a countable set D ⊂ S2 such that S2 \D
is SO3-paradoxical.

Proof. Let D = {x ∈ S2 : wx = x for some w ∈ F2 \ {e} ⊆ SO3}, then D is a countable set. This
is because D is the set of all non-trivial fixed points under F2 \ {e}, which is a countable set by
Proposition 2.16, and each rotation gives rise to exactly two fixed points. What remains to show
is that S2 \D is invariant under the action of F2. Note that S2 is invariant under F2 as F2 maps
S2 onto itself. Hence it is sufficient to prove that for any rotation θ ∈ F2 the point θx lies in D
only when x lies in D.

Suppose θx ∈ D, then by definition of D there exists a w ∈ F2 \ {e} such that wθx = θx. This
implies that θ−1wθx = x. As w is a non-identity element, θ−1wθ is also a non-identity element
since the conjugacy class of the identity element consists only of the identity element itself. Thus
x is a non-trivial fixed point, so x ∈ D.

The theorem now follows by Proposition 2.4 and Proposition 2.17 since F2 acts on S2 \ D
without any non-trivial fixed points, and Proposition 2.17 states that F2 is a subgroup of SO3.

2.5 The Banach-Tarski paradox
In the previous section we proved the existence of a countable set D such that the unit sphere
with D removed is SO3-paradoxical. Now we will use the results from Section 2.2 regarding
equidecomposability to prove that S2 \D and the unit sphere S2 are SO3-equidecomposable. We
prove this using a type of proof called proof by absorption. The reason for the name is that it
shows that some sets can be absorbed and ignored in terms of paradoxicality. We will then extend
the paradoxicality of S2 to the unit ball B with the origin removed and finally show that B \ {0}
and B are E3-equidecomposable, again using proof by absorption.

The proof of the following proposition is based on [TW, Theorem 3.10].

Proposition 2.20. Let D ⊂ S2 be a countable set. Then S2 \D ∼SO3
S2.

Proof. Let l be a line through the origin that does not intersect the countable set D. Such a
line exists as there are uncountably many lines through the origin, but only countably many lines
intersecting the countable set D. For θ ∈ [0, 2π) let lθ be the rotation of θ radians about the line
l. It does not matter in which direction we rotate about l, just choose one of the two possibilities.
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For each x ∈ D let Ax = {θ ∈ [0, 2π) : lnθ (x) ∈ D for some n ∈ Z+}, where lnθ stands for
rotating about l by θ radians n times. We claim that Ax is a countable set for each x ∈ D. To see
this we note that for each q ∈ D there exists at most one angle α ∈ [0, 2π) such that lα(x) = q.
Hence each q ∈ D contributes at most countably many elements to Ax. By Theorem 1.5 it follows
that

AD =
⋃
x∈D

Ax

is a countable set.
Let φ ∈ [0, 2π) \AD, then lnφ(D) ∩D = ∅ for all positive integers n by the construction of AD.

Now consider lnφ(D) ∩ lmφ (D), where n and m are distinct positive integers. We claim that the
intersection is empty. To see this, suppose the intersection is not empty and that m < n. Take
x ∈ lnφ(D) ∩ lmφ (D). Then there exist d1, d2 ∈ D such that lnφ(d1) = x = lmφ (d2) which implies that
ln−m
φ (d1) = d2. Hence ln−m

φ (D) ∩D is non-empty, contradicting that lnφ(D) ∩D = ∅ for all n ≥ 1.
Thus if we let

D′ =

∞⋃
n=0

lnφ(D) = D ∪ l1φ(D) ∪ l2φ(D) ∪ . . . ,

D′ is a union of pairwise disjoint sets. Note that lφ(D′) = D′ \D and we conclude that

S2 = (S2 \D′) ∪D′ ∼SO3
e(S2 \D′) ∪ lφ(D′) = S2 \D,

which completes the proof.

Corollary 2.21. The unit sphere is SO3-paradoxical.

Proof. This follows from combining the previous proposition with the Hausdorff paradox and
Proposition 2.13.

We are now ready to prove the paradoxicality of any ball in the way that it is done in [TW,
Corollary 3.11].

Theorem 2.22 (The Banach-Tarski paradox). Any ball in R3 is E3-paradoxical.

Proof. We may without loss of generality assume that the ball is the unit ball B. We transfer
the decomposition of S2 to B \ {0} by using the radial correspondence P 7→ {αP : 0 < α ≤ 1}.
The origin can be absorbed by letting l be a line that does not go through the origin and letting
ρ be a rotation around l of infinite order, for example a rotation by 1 radian. We construct
M = {ρn(0) : n ∈ N}. We see that ρM =M \ {0}, and M ⊂ B for a suitable choice of l. We get

B = (B \M) ∪M ∼E3
(B \M) ∪ ρM = B \ {0},

which completes the proof.

Remark 2.23. By using the radial correspondence P 7→ {αP : 0 < α}, we get that R3 \ {0} is
E3-paradoxical. We can also in this case absorb the origin to show the E3-paradoxicality of R3.

2.6 Generalizing the Banach Tarski paradox
Up until this point we have only seen the paradoxicality of balls in R3. We will prove a stronger
version of the Banach-Tarski paradox, stating that any bounded set with non-empty interior in
R3 is paradoxical. To get there, we will prove a useful theorem which uses the idea from the
Schröder-Bernstein theorem. Whenever we have a equivalence relation on a collection of sets there
is a natural way to define another relation, denoted by ⪯, namely by letting A ⪯ B if and only if
A is equivalent to a subset of B.

Definition 2.24. Let A,B ⊆ X and G be a group acting on X. We say that A is G-sub-
equidecomposable with B, denoted A ⪯G B, if A is G-equidecomposable with a subset of B.

Proposition 2.25. The relation of G-sub-equidecomposability is reflexive and transitive.
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Proof. That A ⪯G A follows from the fact that A ⊆ A and A is equidecomposable with itself.
For transitivity suppose that A ⪯ B and B ⪯ C. This means there exist subsets B′, C ′ and

partitions {Ai}ni=1, {B′
i}ni=1, {Bi}mi=1, {C ′

i}mi=1 of A,B′, B and C ′ respectively such that

Ai = giB
′
i, i = 1, . . . , n,

Bi = hiC
′
i, i = 1, . . . ,m,

for some group elements g1, . . . , gn, h1, . . . , hm. Now consider the sets of {Bi}mi=1 for which Bi∩B′ ̸=
∅ and gather them in a collection, {Bj}kj=1. They form a partition of B′ and after applying the
corresponding group elements, h−1

j , to each of the sets in {Bi}ki=1 we will get a partition of a subset
of C ′. Thus, as A is equidecomposable with B′, we get by transitivity of equidecomposability that
A is equidecomposable with a subset of C ′.

Before proving the Banach-Schröder-Bernstein theorem we will need two useful properties of
equidecomposability. The proof of the following lemma follows almost immediately from Definition
2.7.

Lemma 2.26. Suppose G is a group acting on a set X and A,B,A′, B′ ⊆ X then:

(i) If f : A → B is a G-transformation and A′ ⊆ A, then f|A′ : A′ → f(A′) is a G-
transformation, or equivalently A′ ∼G f(A′).

(ii) Suppose A ∩ A′ = B ∩ B′ = ∅. If f1 : A → B and f2 : A′ → B′ are G-transformations, then
f : A ∪A′ → B ∪B′ defined by

f(x) =

{
f1(x), if x ∈ A,

f2(x), if x ∈ A′,

is a G-transformation. In particular A ∪A′ ∼G B ∪B′.

Proof. Suppose A′ ⊆ A and let f be a G-transformation witnessing that A ∼G B. We see from the
definition of a G-transformation that the restriction f|A′ : A′ → f(A′) is also a G-transformation.
Thus A′ ∼G f(A′).

For the second part of the lemma, suppose f1 : A → B and f2 : A′ → B′ are two G-
transformations. Then f : A ∪ A′ → B ∪ B′ defined as in the assertion of the lemma, is well-
defined as A ∩ A′ = ∅. Injectivity follows as B ∩ B′ = ∅ and so f is a bijection. As f1,f2 are
G-transformations, we see that f can be written in the same form as in Definition 2.7 and so f is
a G-transformation.

With this lemma we are now ready to prove that sub-equidecomposability is a partial order on
the equivalence classes induced by equidecomposability. The Banach-Schröder-Bernstein theorem
was first proven by Banach, however the proof we give here is from [TW, Theorem 3.6].

Theorem 2.27 (Banach-Schröder-Bernstein theorem). Let G be a group acting on a set X and
suppose A,B ⊆ X. If A ⪯G B and B ⪯G A, then A ∼G B.

Proof. As A ⪯G B and B ⪯G A, there exist subsets A′ ⊆ A and B′ ⊆ B such that A ∼G B′ and
B ∼G A′. Let f and g be the corresponding G-transformations. Begin by defining C0 = A \ A′

and for n ≥ 1 define inductively Cn = g(f(Cn−1)). Let C =
⋃∞

n=0 Cn, then we have that

A \ C = A \
∞⋃

n=0

Cn = A′ \
∞⋃

n=1

Cn ⊆ A′,

so

g−1(A \ C) = g−1

(
A′ \

∞⋃
n=1

Cn

)
= B \ g−1

( ∞⋃
n=1

Cn

)
= B \

∞⋃
n=1

g−1(g(f(Cn−1))) =

= B \
∞⋃

n=1

f(Cn−1) = B \ f

( ∞⋃
n=1

Cn−1

)
= B \ f(C),
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where in the second and fourth equality we used the fact that g : B → A′ is a bijection. Thus from
the first property of the previous lemma we have that A \C ∼G B \ f(C) and C ∼G f(C). By the
second property of the previous lemma

A = (A \ C) ∪ C ∼G (B \ f(C)) ∪ f(C) = B,

which completes the proof.

The Banach-Schröder-Bernstein theorem (Theorem 2.27) combined with Proposition 2.25 gives
the following corollary.

Corollary 2.28. Sub-equidecomposability is a partial order.

In our definition of a paradoxical decomposition we did not require the pieces used to form a
partition, however we will now prove a corollary showing us it is always possible to choose the pieces
such that they make up a partition. The proof of the corollary uses the Banach-Schröder-Bernstein
theorem (Theorem 2.27) and we have followed the proof given in [TW, Corollary 3.7].

Corollary 2.29. Let G be a group acting on a set X, and let E ⊆ X. Then E is G-paradoxical if
and only if there is a partition of E = A ∪B, such that A ∼G E ∼G B.

Proof. By Proposition 2.12, E is G-paradoxical if and only if there exists disjoint subsets A,B of
E such that A ∼G E ∼G B. Let A′ = E \B, then we have that A ⊆ A′ ⊆ E and so A ⪯G A′ as A
is a subset of A′ and A ∼G A. By the same argument A′ ⪯G E. Hence we get that

A ⪯G A′ ⪯G E ⪯G A,

and hence A′ ∼G E by the Banach-Schröder-Bernstein theorem (Theorem 2.27). Thus A′ and B
forms a partition of E such that A′ ∼G E ∼G B and we are done.

With all this in place we are now ready to prove a stronger version of the Banach-Tarski paradox
using the Banach-Schröder-Bernstein theorem (Theorem 2.27). The proof we have given closely
follows [K, Theorem 1.24].

Theorem 2.30 (The Banach-Tarski paradox - generalized version). Let A,B ⊆ R3 be two bounded
sets with non-empty interior. Then A and B are E3-equidecomposable. Moreover, any such set is
E3-paradoxical.

Proof. Let A,B ⊆ R3 be two bounded subsets with non-empty interior. As A is bounded we can
find a solid ball K such that A ⊆ K and as B has a non-empty interior we can find a solid ball L
such that L ⊆ B. Since K is bounded we can find an n such that K is covered by n copies of L. If
we let S be a set of n disjoint copies of L we get that K ⪯E3 S. To see this, create a partition of K
that consists of one subset from each of the n balls covering K by simply removing any redundant
parts if some balls are overlapping. This partition can then be moved by translations of E3 to S
by moving each of the n sets in the partition to a unique one of the n balls that make up S. By
the Banach-Tarski paradox (Theorem 2.22) we can make n copies of L, hence L ∼E3

S. Thus we
get that

A ⊆ K ⪯E3 S ⪯E3 L ⊆ B,

which shows that A ⪯E3
B. Note that we have only used that A is bounded and that B has

non-empty interior. By switching the roles of A and B and using the same argument we get that
B ⪯E3 A. By the Banach-Schröder-Bernstein theorem (Theorem 2.27) A ∼E3 B, completing the
first part of the proof.

For the second part, suppose A is a bounded subset of R3 with non-empty interior. Let L
be an open ball contained in A and L1,L2 be two disjoint open balls contained in L. Then
L1, L2 ⊆ A and A are bounded sets of R3 with non-empty interior, so by the first part of the
theorem L1 ∼E3 A ∼E3 L2, which proves that A is E3-paradoxical.
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3 Minimal number of pieces in a paradoxical decomposition
So far when showing the paradoxicality of the unit ball in R3 we only showed that it was paradoxical
using finitely many pieces, not specifying how many pieces we used. We now turn our attention to
the minimal number of pieces that are necessary for a set to be paradoxical. We shall prove that
the unit ball is paradoxical using five pieces, and that no paradoxical decomposition using fewer
than five pieces exists. In order to do so we will introduce a weaker condition than the condition
that a group acts without non-trivial fixed points. But first we need to define how we count the
pieces in a paradoxical decomposition.

Definition 3.1. Let G be a group acting on a set X and suppose E ⊆ X. We say that E is
G-paradoxical using r pieces if there is a partition {A,B} of E such that A ∼G E using m pieces
and B ∼G E using n pieces, where r = m+ n.

When we proved that F2 is paradoxical in Proposition 2.14, we did so by partitioning F2 into
five pieces. However when we constructed the paradoxicality we only used four of the pieces.
The following proposition is an improvement of Proposition 2.14 and our proof closely follows [L,
Theorem 2.1.2].

Proposition 3.2. Let σ, τ be the generators of F2. Then F2 can be partitioned into four pieces
F1, F2, F3, F4 such that

σF2 = F2 ∪ F3 ∪ F4,

τF4 = F1 ∪ F2 ∪ F4.

Hence the free group of rank two is paradoxical using four pieces. Furthermore for any word
w ∈ F2 it possible to partition F2 so that w and the identity of F2 is in the same piece.

Proof. Take any word w ∈ F2. Without loss of generality suppose that the leftmost term of w is
σ. The other cases when the leftmost term of w is τ, τ−1 or σ−1 can be treated in a similar way.
Recall that W (x) is the set of all words beginning on the left with x ∈ {σ, σ−1, τ, τ−1}.

Suppose we let F1 = {e} ∪ W (σ), F2 = W (σ−1), F3 = W (τ) and F4 = W (τ−1). Then
F2 = F1 ∪ F2 ∪ F3 ∪ F4, however it does not hold that σF2 = F2 ∪ F3 ∪ F4 as the identity belongs
to σF2 but not to the union F2 ∪ F3 ∪ F4. To fix this we remove the troublesome element of F2,
namely σ−1 and instead place it in F1. The word σ−1 is problematic as after applying σ to it, we
get the empty word. But the same problem arises again, now σF2 contains σ−1 while F2 ∪F3 ∪F4

does not. We realize that we need to remove all elements of F2 of the form σ−n.
Thus if we let

F1 =W (σ) ∪ {e, σ−1, σ−2, . . .},
F2 =W (σ−1) \ {σ−1, σ−2, . . .},
F3 =W (τ),

F4 =W (τ−1),

we see that F1, F2, F3, F4 is a partition of F2 where w and the identity belong to the same set.
Moreover σF2 consists of all words beginning with either σ−1, τ, τ−1 except words of the form σ−n

and hence σF2 = F2 ∪ F3 ∪ F4. Similarly τF4 = F1 ∪ F2 ∪ F4 and we are done.

Remark 3.3. It can be useful to rewrite the two equations as the equivalent containment relations

σF2 ⊆ F2 ∪ F3 ∪ F4,

σ−1(F2 ∪ F3 ∪ F4) ⊆ F2,

τF4 ⊆ F1 ∪ F2 ∪ F4,

τ−1(F1 ∪ F2 ∪ F4) ⊆ F4.

Definition 3.4. Suppose G acts on X and x ∈ X. The stabilizer of x, denoted Stab(x), is the set
of all group elements that fixes x. That is, Stab(x) = {g ∈ G : gx = x}.

Remark 3.5. It is easy to see that Stab(x) is a subgroup of G for all x ∈ X.
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It is possible to use the reasoning of Proposition 2.4 to show that if F2 acts on a set X without
non trivial fixed points then X is F2 paradoxical using four pieces. This can be improved and we
will prove a more general result. To prove this result, we want to be able to deal with the fixed
points of the action of F2, as the assumption that G acts without non-trivial fixed points is too
strong. We do that by introducing the notion of local commutativity.

Definition 3.6. Let a group G act on a set X. The action is said to be locally commutative if
Stab(x) is abelian for all x ∈ X. This is equivalent to the statement that any pair of elements that
have a common fixed point commute.

Before we proceed, we look at two examples, both borrowed from [TW, ch. 5].

Example 3.7. The action of SO3 on S2 is locally commutative, as two rotations have a common
fixed point if and only if they have the same rotation axis, and thus they commute. Composing
two rotations ρ, θ is the same as rotating by the sum of the rotation angles of ρ and θ . In fact,
Stab(x) is isomorphic to SO2 for all x ∈ S2. It is easy to see that ϕ : Stab(x) → SO2 such that
ϕ(ρ) is the rotation of R2 by the rotation angle of ρ, is an isomorphism.

Example 3.8. The action of E3 on R3 is not locally commutative, as two rotations around per-
pendicular lines through the origin by a suitable angle (see Proposition 2.17) have a common fixed
point but do not commute.

Local commutativity is clearly a weaker condition than the condition that G acts without non-
trivial fixed points. We see that the absence of non-trivial fixed points means that Stab(x) is trivial
for every x, and therefore it is abelian.

The following theorem is needed in order to prove the desired result.

Theorem 3.9 (The Nielsen-Schreier theorem). A subgroup of a free group is free.

We will not present a proof of the Nielsen-Schreier theorem here, however a proof can be found in
[MKS, Corollary 2.9]. With this theorem at hand, together with the notion of local commutativity,
we can improve on Proposition 2.4.

Proposition 3.10. Let F2 act with a locally commutative action on X. Then X is paradoxical
using four pieces.

Proof. In Proposition 2.4 we use the same partition of the group for each orbit and the choice
of representative for every orbit is arbitrary, however this will not work to prove this result. To
prove this result we use the reasoning from [TW, Theorem 5.5]. This proof uses different partitions
for each orbit, and the choice function can not be arbitrary. We want to be able to construct a
partition of X into sets F ′

1, F
′
2, F

′
3, F

′
4 such that

σF ′
2 = F ′

2 ∪ F ′
3 ∪ F ′

4,

τF ′
4 = F ′

1 ∪ F ′
2 ∪ F ′

4.

We note that any orbit either contains no non trivial fixed points or consists entirely of fixed points,
as if w fixes x, uwu−1 fixes ux.

In an orbit without fixed points, we can choose an arbitrary x ∈ X and assign any point y = wx
based on the location of w. The representation is unique as wx = y = ux implies that u−1wx = x
and the absence of non trivial fixed points then implies that u = w.

In orbits consisting of fixed points we need to choose the point x ∈ X and our partition of F2

wisely. Let O be an orbit of fixed points and let w be a word of the minimal length that fixes
a point in O. We use Proposition 3.2 to find a decomposition where w and e are in the same
piece. Let ρ be the first letter of w. It follows from the minimality of w that it does not end with
ρ−1, as otherwise ρ−1wρ would be a shorter word fixing ρ−1x. Let x be a fixed points of w. We
now want to be able to represent any point y ∈ X as y = νx where ν does not end in w or ρ−1.
These constraints on ν are needed for the uniqueness of this representation. Let ν be a word of
the shortest length such that y = νx. It is obvious that ν does not end with w±1. If ν ends with
ρ−1, we may use νw instead. This shows the existence of the desired representation.
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We now want to show uniqueness. We will use the fact that the only elements that fix x are the
powers of w. To show this we let u fix x. This means that w and u have a common fixed point and
hence u and w commute. We now get that u = tj and w = tk for some t ∈ F2 and j, k ∈ Z, as it
follows from Theorem 3.9 that the abelian group generated by u and w is a free group. An abelian
free group has to be of rank one, since otherwise we can pick two generators a, b and observe that
ab ̸= ba. As the whole group is generated by a single generator, it is cyclic.

By the division algorithm we get j = lk + r for l, r ∈ Z and 0 ≤ r < |k|. We also see that
x = ux = tr(tk)lx = trx, the minimality of w now gives that r = 0 and thus k divides j and u is
a power of w. We now let νx = µx = y. As both ν−1µ and µ−1ν fixes x, we see that one of them
is a positive power of w. We can assume, without loss of generality, that it is µ−1ν. We want to
show that µ or ν is an invalid representative. If all of µ−1 cancels with ν, we get that µ−1ν is an
end segment of ν, and thus ν ends with w. If not all of µ−1 cancels we get that µ−1 starts with a
ρ which implies that µ ends with ρ−1.

We now use this representation to assign νx based on the location of ν. We now want to check
that this assignment of points work. We use the trick of rewriting the equations as the equivalent
containment relations, as mentioned in Remark 3.3. Let p be one of the letters σ, σ−1, τ, τ−1.
If pν is a valid representative, the containments relations for F ′

i follow from the corresponding
containment relations for Fi, see Remark 3.3. If pν ends with w we get that pν = w because we are
adding one letter to a word that by construction does not end with w. However, this means that e
is the correct representative, and by construction of the partition of F2 we get that pνx is placed
in accordance with the relevant containment relation. If pν ends with ρ−1 we get that ν = e, x = y
and ρ = p−1, as ν does not end in ρ−1. We now get that pw does not end with w or ρ, and is
the correct representative for px = py. However, again by the construction of the partition of F2,
we get that pw is in the same piece as p = pe and py is assigned correctly, and this completes the
proof.

The corollary below easily follows.

Corollary 3.11. The minimal number of pieces in a paradoxical decomposition of the unit sphere,
S2, under the action of SO3 is 4.

Proof. As we saw earlier in this chapter, the action of SO3 on S2 is locally commutative, the result
then follows immediately from Proposition 3.10. It is easy to see that fewer than four pieces does
not suffice, as the existence of a paradoxical decomposition using fewer pieces would imply the
existence of a rotation ρ such that the ρ(S2) ⊂ S2.

We now want to show that the minimal number of pieces in a paradoxical decomposition of
any solid ball is five. We will see that the origin is a problematic point that prevents the existence
of a four piece decomposition and the fifth set will be a one point set that is translated to cover
the origin in one of the copies of the ball. We will use the reasoning from [TW, Theorem 5.7] to
show the desired result.

Theorem 3.12 (Minimal paradoxical decomposition of the ball). No ball in R3 is paradoxical
using four pieces and any ball is paradoxical using five pieces.

Proof. We can assume, without loss of generality, that the ball is the unit ball, B. To prove the
first part of the theorem we assume that there are isometries ρ1, ρ2, ρ3, ρ4 ∈ E3 and a partition of
B into sets B1, B2, B3, B4 such that

ρ1B1 ∪ ρ2B2 = ρ3B3 ∪ ρ4B4 = B

and strive for a contradiction. We see that not all of the isometries can fix the origin, as otherwise
one copy of the unit ball would be missing the origin. We can assume, without loss of generality,
that ρ4(0) ̸= 0. This gives that ρ4(B) ̸= B, which implies that there exists a closed hemisphere
H such that it is disjoint from ρ4(B) ⊃ ρ4B4. This means that H ⊆ ρ3B3, and B3 ⊇ ρ−1

3 (H).
However, it is obvious that the preimage of the closed hemisphere is a closed hemisphere. This
means that (B1∪B2)∩S2 is contained in an open hemisphere, namely the complement of ρ−1

3 (H).
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We now see that neither B1 or B2 contain a closed hemisphere, and by the contrapositive of what
we proved earlier, ρ1(0) = ρ2(0) = 0. This means that ρ1 and ρ2 map S2 to S2. We get that

S2 = (ρ1B1 ∪ ρ2B2) ∩ S2 = ρ1(B1 ∩ S2) ∪ ρ2(B2 ∩ S2) ⊂ S2.

The last step follows from the observation that ρ1(B1∩S2)∪ρ2(B2∩S2) is contained in the union
of two open hemispheres. As a set cannot be a proper subset of itself, we get a contradiction. This
proves the first part of the theorem.

We now want to partition the unit ball into 5 pieces B1, B2, B3, B4, {P} such that

B1 ∪ σB2 = B3 ∪ τB4 ∪ ρ{P} = B

where σ and τ are independent rotations and ρ is the translation such that ρ(P ) = 0. We will
divide the unit ball into layers and write it as

(⋃
r∈(0,1]A

r
)
∪{0}, where Ar is the sphere of radius

r. For r ∈ (0, 1) we use Proposition 3.10 to partition Ar into Ar
1, A

r
2, A

r
3, A

r
4 such that

σAr
2 = Ar

2 ∪Ar
3 ∪Ar

4,

τAr
4 = Ar

1 ∪Ar
2 ∪Ar

4.

For r = 1 we want to construct a partition A1
1, A

1
2, A

1
3, A

1
4, {P} such that

σA1
2 = A1

2 ∪A1
3 ∪A1

4 ∪ {P},
τA1

4 = A1
1 ∪A1

2 ∪A1
4 ∪ {P}.

We pick an orbit O consisting of non-fixed points and pick an arbitrary point P from O. We
now assign any arbitrary point Q = wP based on the first letter of w, P is of course assigned to
the one point set {P}. To assign the points in the remaining orbits, we use the same reasoning
as in Proposition 3.10. We now construct the sets B1 = {0} ∪ (

⋃
r∈(0,1]A

r
1) and for i ̸= 1,

Bi =
⋃

r∈(0,1]A
r
i . We now see that B1, B2, B3, B4, {P} are as desired, as

B1 ∪ σB2 =
⋃

r∈(0,1]

(Ar
1 ∪ σAr

2) ∪ {0} =
⋃

r∈(0,1]

Ar ∪ {0} = B.

The same reasoning can be used to show that

B3 ∪ τB4 ∪ ρ{P} = B,

and this completes the proof.

Remark 3.13. The observation made in the beginning of the proof of the nonexistence of a four
piece paradoxical decomposition can be used to show that the unit ball is not SO3-paradoxical, as
any rotation ρ ∈ SO3 fixes the origin.

It is possible to use this argument to prove that R3 is E3-paradoxical using five pieces, but
according to [TW, p. 67], this can be improved to four pieces.

4 Tarski’s theorem
This chapter treats an interesting connection between paradoxical groups and measure theory. In
particular, Tarski’s theorem characterizes the existence of a paradoxical decomposition in terms of
certain finitely additive measures, which we define below to be able to properly state the theorem.

Definition 4.1. Let G be a group and E ⊆ X. A finitely additive, G-invariant measure on X
normalizing E is a function µ : P(X) → [0,∞] that satisfies

(i) µ(∅) = 0,

(ii) µ(A ∪B) = µ(A) + µ(B) for all disjoint sets A,B ⊆ X,
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(iii) µ(gA) = µ(A) for all A ⊆ X and g ∈ G,

(iv) µ(E) = 1.

Proving the following theorem is the goal of this chapter.

Theorem 4.2 (Tarski’s theorem). There exists a finitely additive, G-invariant measure on X
normalizing E ⊆ X if and only if E is not G-paradoxical.

The proof of the ”only if” claim is short, but will nonetheless be covered at the end of this
chapter, and immediately yields the following corollary when combined with the generalized version
of the Banach-Tarski paradox (Theorem 2.30).

Corollary 4.3 (No finitely additive measure in R3). There exists no finitely additive, isometry
invariant measure on R3 normalizing a bounded subset of R3 with non-empty interior.

Proving the ”if” claim of Tarski’s theorem (Theorem 4.2) requires considerably more work and
is what the rest of this chapter will be dedicated to. The proof we present relies on the version of
the Hahn-Banach theorem presented below.

Our general approach to this topic and the proofs we give in this chapter closely follow [K, ch.
2] and [HS] unless stated otherwise.

4.1 The Hahn-Banach dominated extension theorem
The proof of the Hahn-Banach dominated extension theorem relies on the axiom of choice in the
form of Zorn’s lemma (Theorem 1.4). To be able to state and prove it we first need some definitions.
The proof we give closely follows [F, Theorem 5.6].

Definition 4.4. Let V be a real vector space. We say that f : V → R is a linear functional on V
if for all u, v ∈ V and λ ∈ R we have f(λu) = λf(u) and f(u+ v) = f(u) + f(v).

Definition 4.5. Let V be a real vector space. We say that p : V → R is a sublinear functional on
V if for all u, v ∈ V and λ ∈ R+ we have p(λu) = λp(u) and p(u+ v) ≤ p(u) + p(v).

Theorem 4.6 (The Hahn-Banach dominated extension theorem). Let V be a real vector space,
let p be a sublinear functional on V , let U be a subspace of V and let f be a linear functional on
U such that f(u) ≤ p(u) for all u ∈ U . Then there exists an extension F of f to V such that
F (v) ≤ p(v) for all v ∈ V .

Proof. We begin by showing that for any v ∈ V \U , f can be extended to U +Rv = span{U, v} in
the desired way. By the linearity and sublinearity of f and p respectively we have for u1, u2 ∈ U

f(u1) + f(u2) = f(u1 + u2) ≤ p(u1 + u2) = p(u1 − v + v + u2) ≤ p(u1 − v) + p(v + u2),

which gives
f(u1)− p(u1 − v) ≤ p(v + u2)− f(u2).

Then since u1 and u2 are arbitrary, if we let

a = sup
u∈U

{f(u)− p(u− v)} and c = inf
u∈U

{p(v + u)− f(u)},

we can further say that a ≤ c, and moreover, we can find some b ∈ R such that a ≤ b ≤ c. This
enables us to define an extension f ′ : U + Rv → R of f by f ′(u + λv) = f(u) + λb for u ∈ U \ V
and λ ∈ R. It is clear that f ′ is well-defined as well as linear by the linearity of f . We now need to
show that f ′(u+ λv) ≤ p(u+ λv) on the entire domain of f ′. First, consider the case when λ > 0.
Then we have by linearity of f , sublinearity of p and definition of b that

f ′(u+ λv) = f(u) + λb ≤ f(u) + λ
(
p
(
v +

u

λ

)
− f

(u
λ

))
= p(u+ λv).

Similarly, when λ < 0 we have that

f ′(u+ λv) = f(u) + λb ≤ f(u) + λ
(
f
(
−u
λ

)
− p

(
−u
λ
− v
))

= p(u+ λv).
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The argument above can be repeated to yield further extensions of f with the desired property
as long as the domain of the extension is not all of V . Hence any linear extension with domain
smaller than V is not maximal. We also note that the family F of such linear extensions that
can be obtained by extending in one extra dimension at a time is partially ordered. This partial
order is inclusion if we consider the functions as subsets of the Cartesian product of their domain
and codomain. It is clear that any chain in F has an upper bound, namely the union of all the
extensions in the chain, which is also in F since a union of subspaces of V is a subspace of V .
Then Zorn’s lemma (Theorem 1.4) yields the theorem.

4.2 Paradoxicality for multiple copies of a set
To prove Tarski’s theorem we will need to consider several copies of a set X, therefore we introduce
the notation In = {1, . . . , n} and denote Xn to be the product X × In. If G acts on X and if
Sn denotes the symmetric group on In then the extended group Gn = G × Sn = {(g, π) : g ∈
G and π is a permutation of In} acts on Xn by (g, π)(x, k) = (gx, πk), where g ∈ G and k ∈ In.

Remark 4.7. With our new notation, a set X is G-paradoxical if and only if X×{1} ∼G2
X×{1, 2},

which means that X is G2-equidecomposable with two copies of itself.

If A ⊆ Xn then the levels of A are those k ∈ In such that A has at least one element with
second coordinate k. A crucial ingredient for the proof of Tarski’s theorem (Theorem 4.2) is a
cancellation law for the levels of sets that are Gn-paradoxical. To prove this cancellation law we
first need a couple of lemmas.

Lemma 4.8. If there exist two partitions of X such that X = A ∪ B = C ∪D with A ∼G B and
C ∼G D, then A ∼G C.

Proof. Let f : A → B and g : C → D denote the G-transformations from A to B and C to D
respectively. Let φ denote the bijection from X to X which coincides with f on A and f−1 on
B. This is a G-transformation of X with no fixed points. In the same way for g we may obtain a
transformation which we denote ψ. Note that both φ and ψ are of order two.

Let G = ⟨φ,ψ⟩ denote the group of G-transformations generated by φ and ψ. Note that since
φ and ψ are of order two the elements in G can be written as (φψ)n or φ(ψφ)n for some n ∈ Z.
Consider the cyclic subgroup N = ⟨ψφ⟩ of G. We claim that N is normal in G, that is, for all
g ∈ G and for all x ∈ N we have that gxg−1 ∈ N . We check that the following two cases hold:

(i) (φψ)n(ψφ)m(φψ)−n = (ψφ)m ∈ N for all m,n ∈ Z,

(ii) φ(ψφ)mφ = (φψ)mφ2 = (ψφ)−m ∈ N for all m,n ∈ Z.

It is easy to see that the other case, when g is of the form φ(ψφ)n, also holds from these two. This
shows the normality of N in G.

We claim that φN = ψN . Pick an arbitrary element in ψN . It has the form ψ(ψφ)m for some
m ∈ Z. This element can be rewritten in the following way

ψ(ψφ)m = (φψ)m−1φ = φ(ψφ)m−1 ∈ φN

which shows that ψN ⊆ φN . The other inclusion follows by a similar calculation.
Let Y = X/N denote the orbit space. Since φN = ψN we see that if Nx ∈ Y is an orbit

then φNx = ψNx and thus φ and ψ induce the same transformation on the orbit space. Call this
induced transformation ρ and note that it is also of order two.

The transformation ρ has no fixed points, since if ρ(Nx) = Nx then φ(ψφ)nx = (ψφ)mx for
some x ∈ X and some m,n ∈ Z. Thus we have that (ψφ)−mφ(ψφ)nx = x. Now if we use the fact
that

(ψφ)−mφ(ψφ)n = (φψ)mφ(ψφ)n = φ(ψφ)m(ψφ)n = φ(ψφ)n+m,

we can rewrite the left hand side to obtain φ(ψφ)n+mx = x. If n+m is even then φ and φ(ψφ)n+m

are conjugates, that is, there exists a γ ∈ G such that γ−1φγ = φ(ψφ)n+m. We see that we can
choose γ = φ(ψφ)

n+m
2 . Hence we get from φ(ψφ)n+mx = x that φ(γx) = γx, but this is a

contradiction since φ has no fixed points. If n +m is odd then ψ and φ(ψφ)n+m are conjugate
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instead by choosing γ = φ(ψφ)
n+m−1

2 . Similarly as before this implies ψ(γx) = γx which again is
a contradiction since ψ also has no fixed points.

The transformation ρ partitions Y into orbits. Collect one representative from each orbit into a
set Y ′ (note that this requires the axiom of choice). Then the orbit space Y can be partitioned in the
following way Y = Y ′ ∪ ρ(Y ′) by the same argument as in Proposition 2.4. Let q : X → Y denote
the quotient map that maps an element to its orbit. Define X ′ = q−1(Y ′) and X ′′ = q−1(ρ(Y ′)),
then X = X ′ ∪ X ′′ forms a partition of X. Moreover X ′ and X ′′ are interchanged by both φ
and ψ. That is because ρ interchanges Y ′ and ρ(Y ′), and when these sets are mapped to X any
transformation on X that induces ρ on the orbit space will interchange X ′ and X ′′. This is easily
seen using the identity q ◦ φ = ρ ◦ q, and the same identity holds if we replace φ by ψ.

Now define a map α : A→ X ′ by

α(x) =

{
x, x ∈ X ′ ∩A,
φ(x), x ∈ X ′′ ∩A.

We want to show that α is a G-transformation. Since φ is a G-transformation all we need to check
is that α is a bijection.

To show injectivity the only case of interest is if x ∈ X ′ ∩ A and y ∈ X ′′ ∩ A, the other cases
are trivial. We want to show that if x ̸= y then α(x) ̸= α(y). By our definition of α we have that
α(x) = x ∈ A and α(y) = φ(y) ∈ B. It is now clear that α(x) ̸= α(y) since A ∩B = ∅.

For surjectivity we let y ∈ X ′. If y ∈ A then y = α(y). Otherwise y ∈ B, in which case
y = φ(x) for some x ∈ A. As φ interchanges X ′ and X ′′ we must have that x ∈ X ′′, and so
y = φ(x) = α(x) which shows the surjectivity of α.

Thus we have shown that α is a bijection and hence A ∼G X ′. Analogously we may show that
C ∼G X ′, yielding A ∼G C by transitivity of G-equidecomposability.

The previous lemma will be needed to prove the next lemma, which is a special case of the
cancellation law. Combining that one with one more lemma will yield the final cancellation law
that we want by straightforward induction.

Lemma 4.9. If X2n is G2n-paradoxical for some n ∈ Z+ then Xn is Gn-paradoxical.

Proof. From Corollary 2.29 we have that there exists a partition

X2n = A ∪B where A ∼G2n X2n ∼G2n B.

Now define X ′ = X × {1, . . . , n} and X ′′ = X × {n + 1, . . . , 2n}. We then get X ′ ∼G2n
Xn since

X ′ = Xn and X ′′ ∼G2n
Xn as X ′′ is just another n copies of X. Hence we have the partition

X2n = X ′ ∪X ′′ where X ′ ∼G2n
Xn ∼G2n

X ′′.

Now by using the previous lemma we can form the chain

Xn ∼G2n
X ′ ∼G2n

A ∼G2n
X2n

which implies that Xn ∼G2n X2n. This is equivalent to Xn being Gn-paradoxical.

Lemma 4.10. If Xn is Gn-paradoxical then Xm is Gm-paradoxical for every n ≤ m

Proof. We have the closed chain

Xn ⪯G2n+2
Xn+1 ⪯G2n+2

X2n ∼G2n+2
Xn,

and by the Banach-Schröder-Bernstein theorem (Theorem 2.27) we see that Xn+1 ∼G2n+2 Xn.
This means that Xn+1 is G2n+2-paradoxical, but then X2n+2 is also G2n+2-paradoxical. By the
previous lemma we now obtain thatXn+1 is Gn+1-paradoxical. The result follows by induction.

Theorem 4.11 (Cancellation law). A set X is G-paradoxical if and only if Xn is Gn-paradoxical.

Proof. If X is G-paradoxical then trivially Xn is Gn-paradoxical. For the other direction we split
the proof into two cases. If n = 2k for some k ∈ Z+ then the proof follows from Lemma 4.9 by
using induction over k.

If n is not a power of 2 then we can replace n by any larger integer that is a power of 2 by the
previous lemma, and then we may proceed as in the first case for that integer.
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4.3 Measure theory and paradoxicality
To be able to state the lemma that will be proved by invoking the Hahn-Banach dominated
extension theorem (Theorem 4.6), we need to make a few definitions.

Definition 4.12. Let E ⊆ X. The space of functions L∞(E) is the Banach space of bounded real
functions on E with the supremum norm.

We now let d∞(E) ⊆ L∞(E) be the subspace that consists of linear combinations of differences
of indicator functions of the form 1B − 1A for A,B ⊆ E such that A ∼G B. Moreover, we define
the set C = {f ∈ L∞(E) : infx∈E{f(x)} > 0}.
Remark 4.13. The set C is open. This can be seen by noting that for any f ∈ C, the open ball of
radius infx∈E{f(x)}/2 is a neighborhood of f contained in C.

Lemma 4.14. If there does not exist a finitely additive, G-invariant measure on X normalizing
E, then d∞(E) ∩ C ̸= ∅.

Proof. We will prove the contrapositive of the statement. Then we assume that d∞(E) ∩ C = ∅,
which implies that the indicator function 1E ̸∈ d∞(C) since 1E ∈ C by the definition of C.

We want to use Theorem 4.6 to show the existence of the desired measure. Therefore we define
the vector space V0 = span{d∞(E),1E} and the function f : V0 → R such that f(d + λ1E) = λ,
where d ∈ d∞(E) and λ ∈ R. Then f is well-defined because 1E ̸∈ d∞(E) and it is clear that
f is a linear functional. We also define p : L∞(E) → R such that p(g) = supx∈E{g(x)}. Then
p is a sublinear form, due to the properties of the supremum operator. To be able to extend f
by Theorem 4.6 it just remains to show that p is an upper bound for f on V0. This amounts to
showing that for any d ∈ d∞(E) there exists some x ∈ E such that d(x) ≥ 0. To see this we note
that −d ̸∈ C, so by definition of C, infx∈E{−d(x)} = − supx∈E{d(x)} < 0.

By Theorem 4.6 there then exists an extension of f , F : L∞(E) → R such that −p(−g) ≤
F (g) ≤ p(g) for all g ∈ L∞(E). This extension is now used to define a finitely additive, G-
invariant measure µ on E. Namely, let µ(A) = F (1A) for all A ∈ P(E). The idea is to first show
that µ has the properties claimed and then extend it to all of X.

By Theorem 4.6 and the definition of p we have that F (−1A) ≤ p(−1A) ≤ 0 for all A ∈ P(E).
Thus by the linearity of F we see that µ(1A) = F (A) ≥ 0, so µ : P(E) → [0,∞]. It follows
immediately from the definition of F0 that µ(∅) = 0 and µ(E) = 1. If A,B ∈ P(E) and A∩B = ∅,
then 1A∪B = 1A+1B . Thus, by the linearity of F , applying µ to both sides of this equality shows
the finite additivity of µ. To show the G-invariance of µ we add the assumption that A ∼G B.
This means that 1B − 1A ∈ d∞(E) by definition, so

µ(B)− µ(A) = F (1B)− F (1A) = F (1B − 1A) = F0(1B − 1A) = 0,

which means that µ(A) = µ(B).
Now we are ready to extend µ to a finitely additive, G-invariant measure ν : P(X) → [0,∞],

which we define by

ν(A) =

n∑
i=1

µ(A′
i)

for all A ∈ P(X) such that there exists a partition {Ai}ni=1 of A such that Ai ∼G A′
i, where

A′
i ∈ P(E) for i = 1, . . . , n. If such a partition does not exist we let ν(A) = ∞. It remains to show

that ν is well-defined, finitely additive and G-invariant.
To show that ν is well-defined, suppose we have two partitions {Ai}ni=1 and {Bj}mj=1 of A, such

that there exist G-transformations {φi}ni=1 and {ψj}mj=1 such that φi(Ai) = A′
i and ψj(Bj) = B′

j ,
where A′

i, B
′
j ∈ P(E) for i ∈ In and j ∈ Im. Then we define Ai,j = Ai ∩ Bj , A′

i,j = φi(Ai,j) and
B′

i,j = ψi(Ai,j). This means that we have

A′
i,j ∼G Ai,j ∼G B′

i,j ,

which means that µ(A′
i,j) = µ(B′

i,j). Also note that {A′
i,j}mj=1 and {B′

i,j}ni=1 are finite partitions
of A′

i and B′
i respectively. This means that, using the finite additivity of µ, we have

n∑
i=1

µ(A′
i) =

n∑
i=1

m∑
j=1

µ(A′
i,j) =

m∑
j=1

n∑
i=1

µ(B′
i,j) =

m∑
j=1

µ(B′
j),
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which shows that ν is well-defined.
For the finite additivity of ν we suppose A,B ∈ P(X) such that A ∩ B = ∅. If ν(A ∪ B) is

finite we know that ν(A) and ν(B) are finite too since we can just restrict the G-transformations
used to give the value of ν(A ∪ B) to A or B respectively. Thus if at least one of ν(A) and ν(B)
is infinite, then ν(A ∪ B) is also infinite, which means that the finite additivity holds in that
case. If, instead, both ν(A) and ν(B) are finite, then we have partitions {Ai}ni=1 and {Bj}mj=1

of A and B respectively, such that there exist G-transformations {αi}ni=1 and {βj}mj=1 such that
ν(A) =

∑n
i=1 µ(αi(Ai)) and ν(B) =

∑m
j=1 µ(βj(Bj)). But then it is clear that {Ai}ni=1 ∪ {Bj}mj=1

is a partition of A ∪B and that ν(A ∪B) =
∑n

i=1 µ(αi(Ai)) +
∑m

j=1 µ(βj(Bj)) = ν(A) + ν(B).
Finally, for the G-invariance we suppose that A ∼G B. Then clearly ν(A) and ν(B) are both

either finite or infinite. If they are both infinite, we are done. If they are both finite the G-
invariance follows from the G-invariance of µ since compositions of G-transformations are also
G-transformations.

To be able to prove the ”if” claim of Tarski’s theorem (Theorem 4.2) we need a few more
technical results.

Lemma 4.15. Consider U1, U2 ⊆ Xn and let πj : Uj → X be the restriction to Uj of the canonical
projection from Xn to X. If the |π−1

1 (x)| = |π−1
2 (x)| for all x ∈ X then there exists a Gn-

transformation ψ such that the diagram below commutes.

U1 U2

X

ψ

π1 π2

Proof. For all x ∈ X set Ax = {i ∈ {1, . . . , n} : (x, i) ∈ U1} and Bx = {i ∈ {1, . . . , n} : (x, i) ∈
U2}. We have collected all x ∈ X that have levels in U1 and U2 respectively. By assumption
|π−1

1 (x)| = |π−1
2 (x)|, which means that the sets |Ax| = |Bx|. Hence there exists a bijection

rx : Ax → Bx where rx is a permutation of In, that is, rx ∈ Sn. If we now collect all of these
permutations into a set R = {rx ∈ Sn : x ∈ X} then clearly R is finite since it is a subset of Sn.
If we now let ψ(x, i) = (x, rx(i)) then ψ : U1 → U2 is a bijection and, since R is finite, ψ is a
Gn-transformation.

Proposition 4.16. Let E ⊆ X. If a finitely additive G-invariant measure normalizing E does not
exist, then En is Gn-paradoxical for some n ∈ Z+.

Proof. If such a measure does not exist we know by Lemma 4.14 that d∞(E) ∩ C is not empty.
Thus we can choose an element f ∈ d∞(E) ∩ C and write it as

f =

m∑
i=1

λi(1B − 1A)

where λi ∈ R and Bi ∼G Ai, witnessed by the G-transformation γi : Ai → Bi. Because C is open,
there exists r > 0 such that {g ∈ L∞(E) : ∥f − g∥∞ < r} ⊆ C.

Since Q is dense in R, we can find rational numbers {qi}ni=1 such that |λi − qi| < r
m , and then

define g′ =
∑m

i=1 qi(1Bi − 1Ai). Then we get that

||f − g′||∞ = ||
m∑
i=1

(λi − qi)(1B − 1A)||∞ ≤
m∑
i=1

|λi − qi| < r,

so g′ ∈ d∞(E) ∩ C. We can assume without loss of generality that every qi is non-negative since
otherwise we could just exchange the names of Bi and Ai. Then we can find a sufficiently large
k ∈ N such that

g = kg′ =

(
n∑

i=1

1Bi
− 1Ai

)
≥ 1,
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where n ≥ m and the same term can occur multiple times in the sum. The inequality is granted by
the fact that g′ ∈ C, so its infimum is positive. To this inequality we add

(∑n
i=1 1Ai

− 1E\Ai

)
= n,

which yields

n+ 1 ≤

(
n∑

i=1

1Bi
+ 1E\Ai

)
≤ 2n, (⋆)

where the last inequality comes from 1 being an upper bound of the indicator function. Let the
sum in the inequality above be called Q.

We want to use Lemma 4.15. Therefore we define the set U2 = {(x, l) ∈ E2n : l ≤ Q(x)}
and immediately note that En+1 ⊆ U2 by the first inequality in (⋆). Next, we define a function
ζ : En → E2n by

ζ(x, i) =

{
(γi(x), 2i− 1) for x ∈ Ai,

(x, 2i) for x ∈ E. \Ai

This function is injective since γi is injective. Thus it is a bijection between En and the image
ζ(En), which we will call U1. In fact, ζ is a G2n-transformation between En and U1 since γi is a
G-transformation.

We also let π1 be the projection from U1 to E such that π1(x, l) = x for all (x, l) ∈ U1, and make
the corresponding definition for π2 as the projection from U2 to E. It is clear from the definition
of U2 that |π−1

1 (x)| = Q(x) for all x ∈ E. To see that also |π−1
2 (x)| = Q(x) we recall that x ∈ Ai is

equivalent to γ(x) ∈ Bi. Thus by the definition of ζ, |π−1
2 (x)| is going to be the number of E \Ai

and Bi for i = 1, . . . , n that x belongs to, which is exactly how Q(x) is defined too. Thus we can
invoke Lemma 4.15, which tells us that there exists a G2n-transformation ψ such that the diagram
below commutes.

U1 U2

E

ψ

π1 π2

En
ζ

Now we define χ : En+1 → (ψζ)−1(En+1) ⊆ En as the restriction of (ψζ)−1 to En+1. Thus χ
is a Gn+1-transformation. We can then create a chain of inclusions, which starts with

En+1 ⊇ En ⊇ χ(En+1) ⊇ χ(En) ⊇ · · · ,
and then we use the fact that En ⊇ γ(En+1) to continue the chain with

· · · ⊇ χ(En) ⊇ χ2(En+1) ⊇ χ2(En) ⊇ · · · ⊇ χn+1(En+1) ⊇ χn+1(En).

From this chain and by using that χ is a bijection we see that the sets χi(En+1\En) for i = 0, . . . , n
and χn+1(En+1) are pairwise disjoint.

We can now define two Gn+1-transformations ρ1 = χn+1 and ρ2(x, i) = χi−1(x, n+1). The first
one of these is clearly a Gn+1-transformation since it is just a composition of Gn+1-transformations,
and note that its image is χn+1(En+1). The second one is a Gn+1-transformation because compo-
sitions of χ are and the sets χi(En+1 \En) for i = 0, . . . , n are pairwise disjoint. We also note that
ρ1(En+1) ∩ ρ2(En+1) = ∅, so En+1 being Gn+1-paradoxical follows from

ρ1(En+1) ∼Gn+1
En+1 ∼Gn+1

ρ2(En+1).

After this preparation we are finally ready to prove Tarski’s theorem, as stated at the beginning
of this chapter in Theorem 4.2.

Proof of Tarski’s theorem. We first prove the contrapositive of the only if statement. If E is
paradoxical then we can by Proposition 2.29 find a partition E = A∪B such that A ∼G E ∼G B.
Given that the measure µ should be finitely additive, G-invariant and normalize E we get that

1 = µ(E) = µ (A ∪B) = µ(A) + µ(B) = µ(E) + µ(E) = 2,

which is a contradiction, showing that such a measure cannot exist.
We now prove the contrapositive of the if statement. If such a measure does not exist, then

by the previous theorem En is Gn-paradoxical for some n ∈ Z+ and hence by the cancellation law
(Theorem 4.11) E is G-paradoxical.
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