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Abstract

The breadth of applications of optical tweezers in life sciences is so large, that it
merited Arthur Ashkin a Nobel prize in 2018. Although optical levitation in air
was invented first, it has not managed to be so widely adopted as optical tweez-
ers. Here, I present 4 different applications to showcase the versatility of optical
levitation.

First, I show the forces acting on a particle through the construction of a fully
manipulable damped driven harmonic oscillator. The transition from the over- to
under-damped regimes is clearly recognizable and a big harmonic resonance can
be observed by eye.

Second, to measure the particle’s displacement in the previous experiment,
we focused the scattered light with a lens. Here, I noticed an intriguing spider
pattern that we fully explain by analyzing the spherical aberration of the lens. This
resulted in a clear visualization and measurement of optical aberrations.

Third, once we were free of aberrations, we were able to measure minute
movements of the particle. This allowed us to create a modern version of the Mil-
likan experiment where we add individual electrons to a single levitated droplet
and observe the quantization of the electron by eye.

Fourth, as the droplets evaporated we found a fascinating pattern in the scat-
tering intensity. This turned out to be a directional Mie scattering spectrum with
over 100 evolving Fano resonances arranged in a comb structure. We intuitively
describe this spectrum through a quantum mechanical analogy to a spherical well
potential. This converts our experiment into a “toy atom” where we see quantized
angular momentum, ground and excited states, and tunneling.

Through these 4 different applications, I provide an overview of optical levi-
tation and its wide applicability.



Keywords: Optical levitation, opticalmanipulation, dampeddriven harmonic
oscillator, optical aberration, spherical aberration, Millikan experiment, Mie scat-
tering, Fano resonance, Whispering Gallery Mode, Fano combs.

iv



Acknowledgements

First I would like to thank you for taking the time to read my thesis. I could never
have done it alone. Therefore, I would like to thank:

• Professor Dag Hanstorp for knowing how to trust people and knowing that
putting them first results in the best science. It would have been impossible
for me to find a better supervisor.

• My co-supervisor, professor László Veisz for welcoming me into his research
project.

• Aitor De Andres Gonzalez and Dr. Alexander Muschet for all the help and
company during my trips up north.

• Dr. Ricardo Méndez-Fragoso for the awesome collaboration. I’m really
happy we had that long meeting at Nexus and I truly hope you keep coming
back.

• Adriana Canales for always being there to talk about science, politics, and
life. You are a warrior. I’m really glad I stumbled into your field and forced
you into my project.

• Dr. Remigio Cabrera-Trujillo for placing his trust in me all those years back.

• The Swedish taxpayer and the Swedish Research Council for supporting my
work.

• Oscar and Janne for keeping Mondays awesome.

• Sebastian for all the lunch and coffee breaks, and for helpingme into Swedish
culture, as well as to Andeas for all the laughs.

• Jonas for all the positive energy.

• Ludi, Jakob,Annie, Julia,Miranda,David, Chaitanya, Hinduja,Megha, Rachel,
Keerthana, Veena, Meera, Pablo, Andrea, Constanza, and Raymundo for
being such a nice research group.

v



• Mats for all the technical and podcast help.

• Adri, Karen, Emiliano, Dani, and Laura for always ensuring I have a little
piece of Mexico close to me, as well as Simon and Sean, who are almost
Mexican now too.

• All my Ph.D. friends at GU and Chalmers for being on this trip with me.

• Göteborg Sim Vattenpolo for being such an awesome and welcoming team.

• My family in Mexico for always staying close and interested in my adven-
tures.

• My dad, for always being there.

• Gio for keeping holding on to that red string, even under strain.

• Mi libélula, Itzel, for staying with me against all odds.

• And, as always, to my mom, for absolutely everything else.

Javier Tello Marmolejo
Göteborg
2022

vi



List of publications

This thesis consists of an introductory text and the following papers:

I “A fully manipulable damped driven harmonic oscillator using optical lev-
itation”

J. T. Marmolejo1,2, O. Isaksson1, R. Cabrera-Trujillo3, N. C. Giesselmann4, D.
Hanstorp1.
1Department of Physics, University of Gothenburg SE-412 96 Gothenburg, Swe-
den
2Facultad de Ciencias, Universidad Nacional Autónoma de México, Ciudad de
México, 04510, México
3Instituto de Ciencias Físicas, Universidad Nacional Autónoma de México, Ap.
Postal 43-8, Cuernavaca, Morelos 62251, México
4Institut für Physik, Johannes Gutenberg-Universität, Mainz, Germany

Published by: American Journal of Physics, vol. 88, 2020, DOI: 10.1119/10.0000960.

Contribution: Conduction of the experiment. Data analysis. Main writer of the
manuscript.

II “Visualization of spherical aberration using an optically levitated droplet
as a light source”

J. T.Marmolejo1, B. Björnsson1, R. Cabrera-Trujillo2,3, O. Isaksson1, D.Hanstorp1.
1Department of Physics, University of Gothenburg SE-412 96 Gothenburg, Swe-
den
2Instituto de Ciencias Físicas, Universidad Nacional Autónoma de México, Ap.
Postal 43-8, Cuernavaca, Morelos 62251, México
3Theoretische Chemie, Physikalisch-Chemisches Institut, Universität Heidelberg,
INF 229, 69120 Heidelberg, Germany

Published by: Optics Express, vol. 28, 2020, DOI: 10.1364/OE.402759.

Contribution: Conception of the experiment. Conduction of the experiment.
Data analysis and theoretical interpretation. Main writer of the manuscript.

III “Visualizing the electron’s quantization with a ruler”

J. T. Marmolejo1, M. Urquiza‐González1,2, O. Isaksson1, A. Johansson1, Ricardo
Méndez‐Fragoso2, D. Hanstorp1.
1Department of Physics, University of Gothenburg SE-412 96 Gothenburg, Swe-
den

vii



2Facultad de Ciencias, Universidad Nacional Autónoma de México, Ciudad de
México, 04510, México

Published by: Scientific Reports, vol. 11, 2021, DOI: 10.1038/s41598-021-89714-2.

Contribution: Conduction of the experiment. Data analysis. Main writer of the
manuscript.

IV “Fano combs in the directional Mie scattering of a water droplet”

J. T. Marmolejo1, A. Canales2, R. Méndez‐Fragoso3, D. Hanstorp1.
1Department of Physics, University of Gothenburg SE-412 96 Gothenburg, Swe-
den
2Department of Physics, Chalmers University of Technology, SE-412 96, Göte-
borg, Sweden
3Facultad de Ciencias, Universidad Nacional Autónoma de México, Ciudad de
México, 04510, México

Published by: Manuscript in preparation

Contribution: Conception of the experiment. Conduction of the experiment.
Data analysis and theoretical interpretation. Main writer of the manuscript.

viii



Publications not included in this thesis:

I “Fast evaporation of optically levitated droplets seized by Mie scattering
and whispering gallery modes”

J. T. Marmolejo1, D. Hanstorp1.
1Department of Physics, University of Gothenburg SE-412 96 Gothenburg, Swe-
den

Published by: Proceedings Volume 11798, Optical Trapping andOptical Microma-
nipulation XVIII, 2021, DOI: 10.1117/12.2593659.

Contribution: Conception of the experiment. Conduction of the experiment.
Data analysis and theoretical interpretation. Presenter.

ix





Contents

Preface iv

1 Introduction 1

2 Experimental setup 5
2.1 Vertical trap . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.2 Counter-propagating trap . . . . . . . . . . . . . . . . . . . . . . . . 7

Four different applications 9

3 A fully manipulable damped driven harmonic oscillator 11
3.1 Introduction - Forces on a trapped particle . . . . . . . . . . . . . . 11
3.2 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . 13
3.3 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

4 A levitated droplet as an aberration-meter 17
4.1 Introduction - A spider appears . . . . . . . . . . . . . . . . . . . . 17
4.2 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . 17
4.3 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

5 Following on Millikan’s steps 21
5.1 Introduction - Visualizing quantum phenomena . . . . . . . . . . . 21
5.2 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . 21
5.3 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

6 The Mie Fano Comb spectrum 25
6.1 Introduction - The complicated scattering of a simple sphere . . . . 26
6.2 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . 27
6.3 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

7 Conclusions and outlook 33

xi



Bibliography 35

8 Appendix: A light introduction to Mie scattering 41

Appended Papers 47

I “A fully manipulable damped driven harmonic oscillator using op-
tical levitation” 49

II “Visualization of spherical aberration using an optically levitated
droplet as a light source” 59

III “Visualizing the electron’s quantization with a ruler” 73

IV “Fano combs in the directional Mie scattering of a water droplet” 79



1
Introduction

Arthur Ashkin’s 2018 Nobel prize motivation states “for the optical tweezers and
their application to biological systems.” This begs the question, how did a physicist
win a prize so close to biology?

The idea started with a back-of-the-envelope calculation: How much momen-
tumwould focused laser light transfer to a small dielectric particle? ArthurAshkin
and Joe Dziedzic calculated that it would be enough to push micro-metric beads
suspended in water. Soon after, they found they could indeed push them (scatter-
ing force) but, surprisingly, they also found that the beads were attracted to the
center of the beam where the intensity was the highest (gradient force). Then,
they found that by directing the laser upwards they could balance the weight of a
particle with the scattering force and trap it in air [1]. This was only possible in air
since the weight in water is negligible and the particles were always pushed away.

It took 16 years until they figured out that, by focusing the laser tightly enough,
the gradient force could overpower the scattering force and create a stable trap in
water, now called optical tweezers [2]. They soon trapped a living bacteria grown
fromDziedzic’s ham sandwich. Not living for long though, because they proceeded
to increase the laser power until the bacteria exploded, performing the first ever
“opticution” (optical execution) [3]. From there on the applications were endless.
Optical tweezers have been used to trap single cells [4], or even organelles inside
them [5]. They have been used to unzip strands of DNA [6] and to investigate
biological molecular machines as they knit DNA [7]. Ashkin and Dziedzic, guided
by curiosity, discovered a technique with endless applications and gave birth to a
new field.

My research has mostly focused on optical levitation in air and vacuum. Al-
though levitation in air was achieved first, trapping in water has many significant
advantages that have enabled its widespread application. However, the applica-
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Chapter 1. Introduction

tions of levitation in air and vacuum are growing quickly. For example, levitated
particles in vacuum have high sensitivity to acceleration useful for sensor devel-
opment and for quantum-limited sensing and detection [8]. Even precise mea-
surements of the gravitational force, important for climate change research, space
exploration, and geological surveys, can be performed through non-linear optome-
chanics of levitated particles [9]. Levitation in air can be used to measure the up-
take of water vapor by various organic aerosols [10], observe Förster Resonance
Energy Transfer (FRET) in the collision of droplets [11], and even to juggle with
light [12].

However, the difficulty in dispensing, large laser powers required and other
technical issues mean that these experiments still need a higher level of specialized
expertise. After some important improvements, these issues could be overcome
and optical levitation could become accessible enough for non-physicists to use,
as optical tweezers now are.

In this thesis, I compile 4 new experiments using optical levitation and use them
to further showcase the wide breadth of possible applications. Since the topics are
so different, every chapter includes its own introduction.

I start with Ch. 3 where I explore the forces of an optical trap. Here, we created
a fully manipulable damped driven harmonic oscillator and show a large harmonic
resonance.

The movement of the levitated particle was recorded by focusing the scattered
light with a lens. As I tried to increase the magnification of the lens, I stumbled
onto a captivating “spider” pattern. I show this in Ch. 4 where we explored optical
aberrations through the structured light scattering of a levitated oil droplet.

Oncewe had solved the aberration issue and had enoughmagnification, wewere
able to record minute movements of the droplet. This allowed us to create a mod-
ern version of the Millikan experiment. In Ch. 5 I show how we were able to
directly visualize the quantization of the electron through the quantized jumps of
a levitated oil droplet.

Finally, the slow evaporation of the oil droplets sometimes produced a strange
signal that we mostly sought to minimize. However, when we looked into it and
switched to faster-evaporating water droplets, we found an intriguing signal full
of resonances. In Ch. 6 I explain how we disentangled the complicated Mie scat-
tering by focusing on a single direction and polarization. This resulted in a comb-
structured spectrum with over 100 evolving Fano resonances. Furthermore, we
explained the whole process through a quantum mechanical analogy to a simple
spherical well potential. Thus, the experiment turns out to be a variable-sized “toy
atom” where the light rotating around the inside of the droplet is analogous to an
electron in an atomic potential. The light even shows quantized angular momen-
tum values, tunneling, and ground and excited states.

As the field of optical trapping itself, this thesis uses one central technique to ex-
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plore different research topics. The four experiments focus strongly on the visual-
ization and intuitive understanding of physical phenomena and, together, provide
an overview of the basic concepts in optical levitation.
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2
Experimental setup

The principle of an optical trap is very simple. The laser pushes particles along its
path (scattering force) and attracts them to the point of highest intensity (gradient
force). For a more detailed explanation, see Sec. 3.1 Forces on a trapped particle.
If the beam is focused tightly enough, the gradient force will be stronger than

the scattering force and particles will be trapped at the focal point. This is usually
performed with microscope objectives or short focal length lenses. If the beam is
less tightly focused, the scattering force will be stronger and it has to be balanced
out to create a stable trap.

An important rule of thumb is that the beam waist, or transverse profile, of the
trap should be comparable to the size of the trapped particle for the gradient force
to have a significant effect. If the particle is too small, it will see the beam as a
plane wave and feel no gradient force. If the particle is too large, it will see the
beam as a single ray of light passing through it and, again, feel no gradient force.

Tightly focused lasers have narrow beam waists, short Rayleigh lengths, and
small working distances. They are very good to confine small particles with very
little freedom of movement. However, the experiments presented here required
large particles (1 - 30 𝜇m), loose confinement, and long working distances. The
loose confinement and long working distances made the real movement of the
particle long enough (𝜇m - mm) to be visible through magnification or even by the
naked eye (Ch. 3 and Ch. 5). The large size of the particles produced interfer-
ence patterns of appropriate sizes, i.e. cm sized stripes (Ch. 4), and allowed us to
observe the scattering of particles larger than the wavelength (Ch. 6). Hence, we
used two different long-distance optical traps as shown in Fig. 2.1.
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Chapter 2. Experimental setup

Figure 2.1: (a) An optically levitated particle is trapped with a single vertical laser beam.
It produces an Airy pattern towards the top and a fringe pattern towards the side. It is
trapped inside a vacuum chamber and between two flat electrodes. (b) An optically levi-
tated particle is trapped by two counter-propagating laser beams. The green arrows mark
the polarization of the light. A small component of the light is transmitted back through
the polarizing beam splitter onto a screen. The inset shows the interference pattern that
results from the best alignment. Note that the figures are not to scale.

2.1 Vertical trap

The first trap we built used a single, vertically aligned laser beam focused by a 100
mm plano-convex lens into a vacuum chamber (Fig. 2.1(a)). Here, the weight of
the particle counteracts the scattering force and it is trapped slightly above the
focal point. To dispense the droplets into the vacuum chamber, we used a piezo-
controlled liquid micro-dispenser charged with a solution of 5 parts isopropanol to
1 part silicone oil. The isopropanol evaporates and ≃30 𝜇m silicone oil droplets
remain in the trap.

We placed a pair of flat electrodes with a small circular hole above and below the
trapping position. With a function generator, we applied a vertical, variable, locally
homogeneous electric field. Since the droplets have a small amount of charge, the
electric field created an electrostatic force on the droplets. The electrodes were
placed 1mmapart. AnAiry pattern appears above the particle and a fringe pattern
appears to the side. This trap was used in the work presented in chapters 3 - 5.
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2.2. Counter-propagating trap

2.2 Counter-propagating trap

Alternatively, two counter-propagating beams can balance out each other’s scat-
tering force to produce stable trapping. This is shown in Fig. 2.1(b). We first
expanded the beam to a diameter of 9 ± 1 mm and then focused it using a 100
mm and a 65 mm lens resulting in beam waists of 7.5 ± 0.8 𝜇m and 4.9 ± 0.5 𝜇m,
respectively. This setup is capable of trapping particles as big as 12 𝜇m in diameter
and down to ≃ 500 nm.
We dispense the particles into the trapping area using an ultrasonic nebulizer.

It produces a cloud of water droplets that coalesce in the trap. Once trapped, the
water droplets evaporate in seconds. If nano-particles are suspended in the water,
they will stay levitated after the water evaporates. This trap was used in all the
remaining applications.

In Ch. 6 we studied the light scattering of evaporating water droplets. We re-
quired a trap capable of trapping droplets from diameters of up to 12 𝜇m down
to full evaporation with a constant position. The optical forces change greatly
as the droplets shrink. Thus, special attention was placed on aligning both arms
and balancing their relative power to minimize the drift of the droplets in the trap
throughout the evaporation.

A coarse alignment strategy is to look at the residual light coming to the screen
shown in Fig. 2.1(b). The light recombines in the polarizing beam splitter. When
both beams come from micro-metric sources with the same spatial coordinates,
i.e. the two focal points, then the interference will produce an Airy pattern. Oth-
erwise, the two separated point sources will produce a fringe pattern. Using this
alignment technique is usually enough to trap. The optimization of the alignment
and relative power to stop droplets from drifting was performed by letting many
droplets evaporate and minimizing the drift.
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3
A fully manipulable damped driven

harmonic oscillator

3.1 Introduction - Forces on a trapped particle

There are three main forces relevant to optical trapping: the force applied by the
trapping laser, the interaction with themedium around the particle, and finally, the
weight and buoyancy. Only when trapping in vacuum can the medium be ignored,
but even then particles are usually trapped in air first to take advantage of the
damping and then taken down to vacuum.

It is possible to calculate the forces theoretically. For example, very small, di-
electric particles can be considered electric dipoles that become polarized by the
electric field of the laser. In this case, we find that the cycle-averaged force follows
the form [13]

⟨𝐹⟩ = 𝛼′

2 ∇⟨|E|2⟩ + 𝜔𝛼″⟨E × B⟩ , (3.1)

whereE andB are the electric andmagnetic fields, 𝜔 is the angular frequency of the
light, and𝛼 the complex polariziability of the particle. The first term is the gradient
force and is proportional to the real part of the polarizability, 𝛼′. The second term
is the scattering force and is related to the imaginary part of the polarizability, 𝛼″.
This shows clearly how the gradient force depends on the average gradient of the
electric field intensity. In other words, the tighter the focus, the faster the field
changes and the stronger the gradient force. On the other hand, the scattering
force is proportional to the average Poynting vector, ⟨S⟩ = ⟨E × H⟩, and can be
understood as an effective momentum transfer from the light to the particle.

However, it is not always reasonable to assume that we know the electromag-
netic field perfectly. What’s more, this only holds for particles significantly smaller
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Chapter 3. A fully manipulable damped driven harmonic oscillator

than the laser’s wavelength, which is not the case for any of the particles trapped
in this thesis. An alternative approach is to assume the form of the optic potential
and then measure its properties. Since the particle is stably trapped, the potential
must have a local minimum. As a first approximation, it can be thought of as a
parabolic potential that produces a force dependent on the displacement from the
stability position, x, and the trap stiffness, k,

Fℎ = −𝑘x . (3.2)

Of course, far away from the laser, the restoring force does not become infinite.
Fig. 3.1 shows a comparison between a harmonic and an anharmonic potential
where we assume that the force dies off at the edge of the beam waist, 𝑤𝑖/2, and
at the end of the Rayleigh length, 𝑧0/2. Then, the force can be written as

F𝑎ℎ = −𝑘 [1 − (2/𝑤𝑥)2𝑥2 + (2/𝑤𝑦)2𝑦2 + (2/𝑧0)2𝑧2] x . (3.3)

Anharmonic potentials can be useful for calibration of optical traps [14]. However,
in the present work we stayed within sufficiently small displacements to consider
the optical trap an almost ideal harmonic oscillator.

Figure 3.1: The harmonic and anharmonic potentials are very similar at small displace-
ments. At the edge of the laser, i.e. 𝑥 = 𝜔𝑥/2, the harmonic potential keeps rising while
the anharmonic potential levels off.

From Stokes’ law we know that the drag force acting on a spherical particle 𝐹𝑑
with radius r and velocity v inside a medium with viscosity 𝜂 is

F𝑑 = 6𝜋𝜂𝑟v = 𝛾 ̇x (3.4)
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3.2. Results and discussion

for a laminar flow of the air around the particle. The viscosity, 𝜂, remains approx-
imately constant for pressures above the point where the mean free path of air
molecules is comparable to the size of the trapped particle. Below that pressure,
the viscosity starts falling exponentially [1]. Thus, control over the air pressure
gives us control over the damping coefficient 𝛾.

When trapping in air the buoyancy is negligible and the weight is not. However,
the weight is constant and it simply redefines the stability position considered in
Eq. (3.2). Finally, other forces can be added. In our setup, we placed two flat
electrodes above and below the droplet. Since the droplets are slightly charged,
applying a voltage to the electrodes produces an electric field which, in turn, pro-
duces an electrostatic force F𝐸 proportional to the applied voltage.
Balancing the forces results in

𝑚 ̈x = −𝑘x − 𝛾 ̇x + F𝐸 . (3.5)

This is the equation for the Damped Driven Harmonic Oscillator (DDHO) with
a resonance frequency 𝜔2

0 = 𝑘/𝑚. Critical damping occurs when 𝛾2 = 4𝜔2
0𝑚2. At

higher friction it will be overdamped and at lower friction underdamped.
The DDHO is a fundamental concept in physics. It is consistently applied all

around from the Laser Interferometer Gravitational-Wave Observatory (Ligo)
[15] to explaining how humans walk [16]. However, a sampling of physics text-
books [17–20] shows that examples of the DDHO are mostly limited to springs,
pendulums, or electric circuits. In electric circuits we cannot see the moving ob-
ject, and the damping forces of a spring or a pendulum in air are hard to vary. Thus
there is an interest in a new example of a DDHO.

3.2 Results and discussion

In Paper I we used optical levitation to trap micro-metric oil droplets and create
a fully manipulable DDHO. It included knobs to control the driving and damping
on-demand and different spring constants to choose from.

The driving force was created by a voltage connected to the upper electrode.
Voltages as low as 20 V were enough to create a visible effect and were easily
controllable using a function generator. In this case, the electrodes were rings with
a radius of 5 mm and a separation of 20 mm instead of the flat electrodes shown
in Fig. 2.1(a). This produced weaker electric fields, and for low charged particles
voltages up to 1000 V were applied using a voltage amplifier.

The damping was varied by pumping down from slightly below atmospheric
pressure (980 mbar) down to 0.3 mbar. The spring constant (i.e. trap stiffness
in optical trapping), is set by the choice of the lens. We used a 100 mm lens which
created a weak trap with a trap stiffens of 𝑘 = 4.59 ± 0.16 nN/m. This gave the
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Chapter 3. A fully manipulable damped driven harmonic oscillator

trapped silicone oil droplet a large enough movement range to make the oscilla-
tions visible by eye.

The main result is shown in Fig. 3.2. At high pressures (Figs. 3.2(a) and 3.2(b))
the amplitude of the droplet’s oscillation (blue dots) decreases rapidly as the fre-
quency of the sinusoidal driving force increases. At low pressures (Figs. 3.2(d) and
3.2(e)) the amplitude increases close to the resonance frequency of the trap. This
is the harmonic resonance. It is visible by eye and in Fig. 3.2(e) it shows almost a
3 times increase at 30 rad/s. In between, we find the critical damping shown in Fig.
3.2(c).

Note how the phase between the driving force and the droplet’s oscillation (green
triangles) starts with an “square root” shape that levels off at high frequency. At
lower pressures the phase takes an “S” shape that reaches a half wave de-phase
(0.5 𝜋) at resonance. The blue and green fitting lines come from the analytical
solutions for the amplitude and phase shift of the DDHO (Eqs. (5) and (6) from
Paper I).

Fig. 3.2 shows a clear transition from the over-damped to the under-damped
regimes and a strong harmonic resonance at 0.3 mbar. It also shows how well
the harmonic approximation holds and provides an intuitive understanding of the
effects of the medium, even at pressures where the mean free path of the air
molecules is larger than the particle.

3.3 Conclusion

This experiment is well suited as a teaching exercise since students encountermany
different physical phenomena simultaneously. They learn about optical trapping
and they can use the diffraction patterns shown in Fig. 2.1(a) to calculate the
droplet’s size and, as a consequence, mass. Then, they can find the resonance fre-
quency manually by looking for the resonance where the particle oscillates the
most and use the equation 𝜔2

0 = 𝑘𝑚 to calculate the trap stiffness, 𝑘. The paper
also outlines a set of demonstrations that could be performed to showcase different
characteristics of the DDHO.
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3.3. Conclusion
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Figure 3.2: As the air pressure around the droplet decreases, the oscillator transitions from
over-damped in (a) and (b), to critically damped in (c), to under-damped in (d) and (e).
The blue dots mark the amplitude of oscillation and the green triangles the phase dif-
ference to the driving force during a scan of the driving frequency. The increase of the
amplitude at around 25 rad/s in (d) and 30 rad/s in (e) show the harmonic resonance.
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4
A levitated droplet as an

aberration-meter

4.1 Introduction - A spider appears

A trapped droplet is a sight worth seeing (see Fig. 4.1(a)). First, one notices the
small bright dot levitating calmly in mid air. Next come the large and intense inter-
ference patterns it projects all around it. Along the path of the laser, the droplet
acts as a spherical obstacle producing an Airy pattern. Perpendicular to the laser,
the droplet shines mostly from the top and bottom producing a fringe interference
pattern (see Fig. 2.1(a)).
We used a lens to focus the scattered light of the droplet onto a position sensitive

detector and record its movement. However, as I tried to increase the magnifica-
tion, I noticed that the light was not being focused onto a small point as expected,
but rather as circles with curious patterns. Most interesting was the “spider” pat-
tern shown in Fig. 4.1(b).

4.2 Results and discussion

In Paper II we showed that the “spider” results only from the spherical aberration
of the focusing lens and we explained how a levitated droplet turns out to be a
good probe for the optical aberrations of a lens.

Fig. 4.2 shows a ray tracing of the light coming from the levitated droplet and
being focused by a lens with spherical aberration. Instead of having a well defined
focal point, the focal point depends on the radial distance of the incoming ray to
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Chapter 4. A levitated droplet as an aberration-meter

Figure 4.1: (a)A silicone oil droplet (bright spot inside the orange circle) levitates in a ver-
tical laser trap. (b) The spider pattern resulting from focusing the fringe pattern produced
by an optically levitated micro-droplet through a lens with spherical aberration.

the center of the lens. The evolution of a fringe pattern, Fig. 4.2(a), at the marked
distances after being focused by the lens is shown in Figs. 4.2(b-g). The bottom
row shows real pictures and the top row shows schematic drawings of the pattern.

First, the pattern barrels out (Fig. 4.2(b)) until the outer rays start crossing over
other rays closer to the center, creating the “half spider” in Fig. 4.2(c). At Fig.
4.2(d) the outer rays focus to form the “spider”. The “spider” proceeds to shrink
and the now expanding outer rays produce a hyperbolic triangle pattern in the
background in Fig. 4.2(e). Finally, at the image plane of the inner rays, the “spider”
disappears in Fig. 4.2(f). At large distances from the lens, the hyperbolic triangles
flatten out and return to horizontal lines.

Through the size of the “spider” produced by different lenses, we showed how
the magnitude of spherical aberration of a lens can be visualized. We also demon-
strated that spherical aberration can be minimized by placing the flat side of a
bi-convex lens towards the droplet. We compared all our results to an aspheric
lens, which shows no spherical aberration. We also induced coma aberration by
purposely misaligning the lens and found a comet structure. It was visible with
rotations of the lens as small as 0.56∘.

Through a numerical simulation, we showed how the magnitude of the aberra-
tions can be measured. We ray-traced the fringe pattern coming from the droplet

18



4.2. Results and discussion
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Figure 4.2: The spherical aberration produces a set of recognizable patterns including the
“spider.” A fringe pattern (a) focused by a lens with spherical aberration creates a series
of recognizable patterns. The top row shows a schematic drawing of the patterns and the
bottom row shows pictures of the real patterns produced. First the image barrels (b) until
the outer rays collapse in, creating a “half spider” (b). When the outer rays focus, a full
“spider” is formed (c). These rays now defocus producing a background of hyperbolic
triangles (e) as the “spider” shrinks. Finally, the “spider” disappears (f) and the triangles
continue to straighten (g).

and passing through a simulated lens with induced optical aberrations. The aber-
rations can be described mathematically using the Zernike polynomials. These
are a family of functions orthogonal to each other on the unitary disk. They are
commonly used to simulate aberrations [21] since most aberrations are described
by one of these polynomials (see Table 4.1).
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Chapter 4. A levitated droplet as an aberration-meter

Table 4.1: Zernike polynomials and their associated optical aberration [21].

Term Name Polynomial
𝑍0

0 Piston 1
𝑍1

1 X-Tilt 𝜌 cos(𝜃)
𝑍−1

1 Y-Tilt 𝜌 sin(𝜃)
𝑍0

2 Defocus 2𝜌2 − 1
𝑍2

2 Vertical Astigmatism 𝜌2 cos(2𝜃)
𝑍0

4 Spherical 6𝜌4 − 6𝜌2 + 1
𝑍1

3 X-Coma (3𝜌3 − 2𝜌) cos(𝜃)
𝑍−1

3 Y-Coma (3𝜌3 − 2𝜌) sin(𝜃)

4.3 Conclusion

There is a long list of methods to measure the optical aberrations of a focusing
element. One example is resolution test targets, where a set of known features are
focused through the element. Some more examples are the Foucault [21, 22] and
Ronchi [23] tests, where objects are placed close to the focal point. In fact, the
so called Ronchigrams that appear after the focal point are similar to the patterns
we observe here. There are also precise interferometric methods to measure the
emitted wave-front after the lens. However, all of these methods either have mov-
ing parts, don’t give quantitative measurements, or must place objects close to the
focal point, affecting the output.

The scattering light source we describe here is so small that it can be consid-
ered as a point source but still carries light with a structure. Being a point source
eliminates from the start two of the five Seidel aberrations, field curvature and
distortion. Coma and astigmatism can be minimized through good alignment and
only spherical aberration remains. The structure of the light was then used to rec-
ognize andmeasure optical aberrations. This created a real-time, in situ aberration
measurement device that can be used simultaneously with other applications em-
ploying the lens in question.

It also provides the lab user with a qualitative and intuitive way to understand
and estimate the optical aberrations. This can help to visuallyminimize aberrations
and better align.
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5
Following on Millikan’s steps

5.1 Introduction - Visualizing quantum
phenomena

More than 100 years have passed since Robert Millikan provided evidence for the
quantization of the electron [24]. It was a groundbreaking experiment. However,
he performed a statistical analysis over hundreds of droplets, making the conclu-
sion not so straight forward. This is one reason why his work has been criticized
for possible cherry-picking of the data [25].

Other experiments related to quantum mechanics are much more straight for-
ward. Some examples are the visualization of the colorful atomic spectral lines,
quantized vortices [26], or quantum cat states [27]. These experiments help to
bring the concept of quantization to the macroscopic world.

In the case of Millikan’s experiment, it would be best to be able to show the
quantized amount of electrons on a single droplet, instead of a statistical analysis
over hundreds of droplets with different 𝑞/𝑚 ratios. This has been done previously
using optical [28–30] and electrostatic [31] levitation. However, these observations
were not direct and required the use of feedback loops, lock-in amplifiers, or post-
experiment mathematical analysis to discern the quantization.

5.2 Results and discussion

In Paper III we created a modern version of Millikan’s experiment by showing the
addition of individual electrons to a levitated droplet. The quantized additions
appear live on a screen and are visible to the naked eye.
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Chapter 5. Following on Millikan’s steps

We levitated a silicone oil droplet inside a strong, locally homogeneous electric
field (360 ± 45 kV/m). Then we changed its charge using an alpha particle radia-
tion source. As the droplet gained electrons, the electrostatic pull increased and
the droplet moved. This is shown in Fig. 5.1 where the droplet moves quantized
amounts, measurable with a ruler, every time it gains one or a few electrons. This
appears as a step function of the droplet’s position shown in Fig. 5.1(b), where the
quantized steps are marked with red horizontal lines and measure Δ𝑦 = 10.36 ±
0.26 𝜇m. Each jump corresponds to a given amount of electrons being added to
the droplet, including jumps where only one electron was added. A video of the
jumps can be found on the online version of the paper.

Balancing the electrostatic force (𝐹𝑒 = 𝑞𝐸) and the optical restoring force (𝐹𝑟 =
𝑘Δ𝑦) we obtain

𝑞 = 𝑘Δ𝑦
𝐸 . (5.1)

With this and the value of the trap stiffness 𝑘 = 5.00 ± 0.49 nN/m we calculated
the charge of the electron as 1.44 ± 0.25 × 10−19 C. It agrees within the statistical
uncertainty with the known value of 1.602 × 10−19 C [32] and confirms that we
indeed observe individual electrons.

5.3 Conclusion

We created a modern version of Millikan’s experiment with a single, optically levi-
tated oil droplet. It allows one to directly visualize charge quantization, a quantum
phenomenon, in the macroscopic world. The effect is visible by eye and a video
can be found in the online version of the paper.
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5.3. Conclusion
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Figure 5.1: The droplet jumps quantized distances as it absorbs a series of small multiples
of electrons. (a) The displacement is visible by eye on a screen and big enough to be
measured with a ruler. (b) A plot of the real displacement of the droplet. The horizontal
red lines mark the displacement caused by a single electron addition.
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6
The Mie Fano Comb spectrum

When thinking about the scattering of light by small particles, one of the most
important and exactly soluble solutions is that of a dielectric sphere and a plane
wave. This problem was approached by many physicists over a century ago includ-
ing Hendrik Lorentz, Peter Debye, and Gustav Mie, but it is now mostly known
as Mie theory [33].

In the book Absorption and Scattering of Light by Small Particles, Bohren and
Huffman [34] say about Mie theory:

It is a relatively easymatter to write the infinite series expansions of the
electromagnetic fields at all points of space. It is an even easier matter
these days to produce great reams of output from Mie computations.
A more difficult task, however, is to visualize the fields, to categorize
the significant electromagnetic modes inside and outside the sphere,
and to acquire some intuitive feeling for how a sphere of a given size
and optical properties absorbs and scatters light.

Our work regardingMie scattering tackles this “more difficult task.”We focused
on the directional Mie scattering of evaporating water droplets and managed to
select only the Transverse Magnetic modes. This yielded a simplified spectrum
arranged in combs of resonances. Inside each comb, the resonances evolve from
wide Lorentizians to sharp Fano profiles.

We then explained the full spectrum through a quantum analogy using a sim-
ple spherical well potential. The light rotating around the inside of the droplet
is mathematically analogous to an electron rotating around an atom. The system
then becomes a “toy atom” including many atomic properties such as Fano reso-
nances, quantized angular momentum, and ground and excited states.
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Chapter 6. The Mie Fano Comb spectrum

6.1 Introduction - The complicated scattering of a
simple sphere

The interaction between an electromagnetic wave and spherical particles occurs
naturally in optical traps. In fact, Arthur Ashkin observed Mie resonances in op-
tically levitated solid micro-particles in 1977 [35].

As they scanned the wavelength of the levitating laser, they observed a variation
in the scattering force appearing as a tangle of wide and sharp resonances. Soon
after, Chýlek et. al. published a Mie theory calculation to compare with Ashkin’s
data [36]. They labeled each resonance with 𝑎𝑁

ℓ or 𝑏𝑁
ℓ where 𝑎 denotes a Trans-

verse Magnetic (TM) mode, 𝑏 a Transverse Electric (TE) mode, and ℓ and 𝑁 are
the angular and radial quantum numbers. This has become standard procedure
for Mie scattering spectra. Since they are so complex and very little intuition or
recognizable patterns are available, they are commonly compared to numerical
simulations [36–39].

A subset ofMie resonances calledWhisperingGalleryModes can be understood
intuitively. They occurwhen the circumference of the particle is an integermultiple
of the wavelength. The light internally reflects around the inside of the particle and
returns in phase, creating a resonance [40–44].

The other intuitive explanation ofMie resonances is a quantum-mechanical anal-
ogy [41, 42]. Choosing the correct potential, the equation governing the electric
field in the sphere as a function of radius turns out to be identical to the radial,
time-independent Schrödinger equation in spherical coordinates. The potential
turns out to be a simple spherical well, i.e., a square potential well in spherical co-
ordinates. This allows us to use the mathematical tools of quantum mechanics to
understand the resonances as energy levels inside these quantum potentials. How-
ever, this only explains a single resonance at a time and it has not been expanded
to understand the whole spectrum.

To make Mie resonances even more interesting, they can appear as Fano pro-
files. Hugo Fano first described these asymmetric resonances in the scattering of
electrons [45]. They occur when a discrete state interferes with a continuum. In the
case of Mie scattering, sharp Mie resonances (discrete states) interact with the in-
finite sum of wideMie resonances that form a background scattering (continuum).
Individual Fano resonances have been observed in sub-wavelength particles [46]
and the full spectrum is predicted to be composed of a series of Fano resonances
[47–50].

Mie spectra are not only intriguing but also useful. The sharpest resonances
can have quality factors several orders of magnitude greater than Fabry-Perot res-
onators [40], making them ideal as sensors [43, 51] or as laser cavities [52]. Match-
ing the spectra to the simulations can also provide precise measurements of the
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6.2. Results and discussion

refractive index and size [10].
The width of the spectrum when using solid spheres depends on the tunable

range of the laser. However, much wider spectra can be achieved by using evap-
orating droplets. The problem here is that stable optical trapping becomes com-
plicated. The weight and optical forces vary considerably as the droplet shrinks,
causing it to drift in the trap or be lost. Previously, emphasis has been placed on
minimizing the evaporation by using liquids such as glycerol [37] or a salt-water
solution in a humid environment [38]. The laser heating can also be minimized
by holding the droplets in electric quadrupole traps and probing them with LEDs
[53] or weak lasers [54].

6.2 Results and discussion

In the work presented in Paper IV we built a counter-propagating optical trap ca-
pable of keeping rapidly shrinking droplets stable. This provided a consistent elec-
tromagnetic excitation and made it possible to obtain Mie spectra with a smooth
and continuous dependence on the size of the scatterer.

More importantly, we recorded the scattering intensity of the droplet with a
particular polarization and scattering direction. This resulted in a directional Mie
scattering spectrum [55] where we selected a minute component of the total scat-
tering that only included the TM modes. This intense trapping laser made this
small signal easily measurable. The selection of the modes revealed a simplified
spectrum with over 100 resonances that evolve from a wide Lorentzian shape to a
sharp Fano profile. They are arranged in consecutive combs, inside of which the
resonances are equidistant.

Fig. 6.1(a) shows the first three combs of an evaporating water droplet high-
lighted in green, orange, and purple. Notice how the combs overlap with each
other to both sides except for the left hand side of the first comb. This shows that
this is the first comb overall, not just the first one we observe, with the lowest order
Whispering Gallery Modes.

Fig. 6.1(b) shows the soft evolution of resonances inside the first comb. They
start as wide Lorentizans and end as sharp Fano profiles. The green fits were all
performed with the same Fano equation (Eq. (5) in Paper IV). This is the largest
series of Fano resonances observed in a single spectrum. Furthermore, it unites the
wide and sharp resonances commonly observed in Mie spectra as different facets
of the same effect.

As opposed to nondirectional Mie spectra [36–39], the entire spectrum can be
understood as a series of separate resonances where at most two overlap and each
can be clearly identified. Fig. 6.1(c) shows the change in circumference between
two resonances inside a comb to be of 399 ± 14 nm. This is exactly what we expect
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Chapter 6. The Mie Fano Comb spectrum

from the idea that a resonance occurs every time the circumference is a multiple
of the wavelength inside the material, in this case 𝜆/𝑛 = 399.1.

Figure 6.1: Fano Comb structure in the directional Mie scattering intensity of an evapo-
rating water droplet. (a) The first three combs composed of equidistant resonances are
highlighted in green, orange, and purple. (b) Selected resonances inside the first comb
show the soft evolution from Lorentzian to Fano profile. The fits in green used the Fano
equation. (c) The radius change between resonances as a function of resonance number.
The linear fit (orange) shows their equidistant appearance.

Fig. 6.1 reveals a Mie Fano Comb structure. Each comb is made up of strong
Whispering Gallery Modes that interfere with the rest of the background Mie
modes. This interaction results in an infinite series of Fano resonances with slowly
evolving parameters inside each comb.

To fully explain this spectrum we need to address:

• the periodic appearance of resonances inside a comb,

• the existence of separate combs,

• their Fano profiles.
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6.2. Results and discussion

We will do this by expanding on the previous quantum-mechanical analogy [41,
42] to turn our levitatedwater droplet into a variable-sized “toy atom.”As is shown
in Paper IV, the radial dependence of the electric field inside the droplet is identi-
cal to the radial, time-independent Schrödinger equation if we choose the poten-
tial 𝑉 (𝑟) = −𝑘2[𝑛2(𝑟) − 1] and define the energy as 𝐸 = 𝑘2. Then the effective
potential becomes

𝑉𝑒𝑓𝑓(𝑟) = ℓ(ℓ + 1)
𝑟2 − 𝑘2[𝑛2(𝑟) − 1] , (6.1)

where the refractive index 𝑛 is a step function with 𝑛(𝑟 < 𝑎) = 𝑛𝑤𝑎𝑡𝑒𝑟 and 𝑛(𝑟 >
𝑎) = 𝑛𝑎𝑖𝑟. This is only one step of complexity above the simple square well po-
tential. Instead of a square or a cube, imagine a 3D sphere with a lower potential
inside than outside. The added complexity comes form the centrifugal potential
expressed in the first term of the right hand side of Eq. (6.1). Together with the
quantum rotor, this among the simplest possible approximations of an atomic po-
tential that includes angular momentum.

The number ℓ arises from the associated Legendre polynomials and is related to
the angularmomentumof the light inside the droplet. Each ℓ describes a particular
effective potential and will lead to a resonance.

Fig. 6.2(a) shows four of these potentials with ℓ = 11, 20, 31 and 35. The po-
tentials appear as wedges with finite barriers where the edge of the wedge is the
radius of the sphere. For a given ℓ and a large enough radius, the wedge becomes
large enough to fit an energy level, starting the first resonance of the first comb.
Here, an energy level marks the laser energy, 𝑘2, needed to produce a resonance.
Hence, as the radius varies the energy levels slide vertically and, when they match
the fixed laser energy, a resonance appears.

In the case of an atom, these lowest resonances are known as the ground states.
Fig. 6.2(b) shows a numerical calculation of the radii of a sphere at which these
resonances appear. The green vertical lines mark the ground states that produce
the first comb, showing how they are equally spaced. The orange and purple lines
mark the resonances for the second and third combs. These are a consequence of
the boundary conditions and can be thought of as radial nodes. In the quantum-
mechanical picture, eventually the wedge is large enough to fit a second resonance,
called the first excited state. Thus, defining this through a radial number 𝑁 , we can
label each TM resonance we observe with 𝑎𝑁

ℓ . 𝑁 = 1 marks the ground state and
𝑁 = 2, 3, ... the excited states.

The argument above explains the appearance of the different combs at differ-
ent radii, but it does not explain why they die off. To understand this, look at the
potential barriers marked with magenta to the right of 𝑎1

11 and 𝑎1
20. As ℓ increases

the barriers widen and produce narrower resonances. Eventually, the barriers be-
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Chapter 6. The Mie Fano Comb spectrum

Figure 6.2: The shape of the wedged well potential defines the profile of the resonance.
(a) Four effective potentials with energy levels inside. Greenmarks the first comb (ground
state), orange the second comb (first excited state). (b)All the calculated energy levels up
to 4.5 𝜇m, showing the basis for the comb structure. (c) The directional scattering at three
selected size ranges of the droplet (blue) and showing the evolution from Lorentzian to
Fano profile of the first comb (green fits) and the appearance of the second comb starting
with a Lorentzian resonance (orange).

come so wide that tunneling through them becomes impossible and the comb dies
off. The resonances in the second comb appear above the ones from the first comb
in the wedge and have again narrow barriers. This can be seen by comparing the
barriers of 𝑎1

31 and 𝑎2
31. The wide barrier of 𝑎2

31 results again in a wide Lorentzian
resonance seen in orange in the third panel of Fig. 6.2(c). This panel also shows
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6.3. Conclusion

how the combs coexist for a range of radii before one dies off.
Finally, we can use these quantum potentials to understand the Fano nature of

the resonances. A wave approaching the droplet would travel in 6.2(a) from right
to left. When it encounters a wedge potential, some amount will reflect and an-
other will tunnel through. During a resonance, the intensity of the wave inside the
wedge increases significantly. It then leaks out of the wedge with a phase relative
to the reflected wave. As the barriers widen, the resonances become narrower
and the phase increases. This interference turns the first Lorentzian resonances
into sharp Fano profiles, as shown in 6.2(c).

6.3 Conclusion

We have revealed a greatly simplifiedMie scattering spectrum that allows us to see
recognizable patterns and the evolution of the Fano resonances. The simplicity
allowed us to expand a well-known quantum mechanical analogy to explain the
whole spectrum without the need for numerical simulations. Instead, we explain
this using a simple spherical well potential.

This makes our water droplet analogous to an electron trapped in a spherical
well model of an atomic potential. The appearance of Fano resonances in the spec-
trum indicates the existence of tunneling and makes the analogy to an atom even
closer. We have created a toy experiment that shows what energy levels a perfectly
spherical atomic potential would have if we were to vary the size of the potential.
We see already ground and excited states and angular momentum, but more ques-
tions arise instantly. What would an energy transition mean in this system? Could
we see hyperfine states? Would there be some analogy to the Zeeman or Stark
effects?

For now, I only have half an answer for one of these questions. I imagine a
transition could be produced by levitating a droplet with a dye. If we were to
excite the resonance 𝑎2

31 (see Fig. 6.2(a)), the dye could emmit light at a lower
energy compatible with 𝑎1

31. This could produce an energy transition that would
trap light in a potential with a very wide barrier, potentially producing resonances
with very high Q factors.
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7
Conclusions and outlook

This thesis can be summarised with two main ideas, the huge versatility of optical
levitation, and the added understanding obtained from visualizing physical phe-
nomena.

Arthur Ashkin won the Nobel prize because of the huge versatility of optical
tweezers in life sciences. Although optical levitation in air has some additional
complications, it is following in the steps of optical tweezers on the way to becom-
ing a more widely applicable technique. Through the four different applications
presented here, I have showcased the potential value of optical levitation to ap-
proach a wide range of problems.

I will continue to work on different applications. In particular, I will focus on
creating a high-repetition nano-target holder in vacuum. The counter-propagating
trap is capable already of trapping ≃ 500 nm particles. By optimizing the dispens-
ing and cooling, many consecutive particles could be trapped at a high frequency
to serve as targets for light-matter interactions with attosecond, high-energy laser
pulses. This is done now with nano-tips at the REAL laboratory in Umeå [56],
but the tips are too massive and provide large and energetically disperse electron
bunches. Mass-limited targets could provide more concentrated electron bunches.

The second emphasis of this work regards the visualization of physical phenom-
ena. The damped driven harmonic oscillator, optical aberrations, and the quan-
tization of the electron are all well-known and understood concepts. However,
these new approaches using optical levitation provide a direct and intuitive under-
standing. It is not necessary to understand differential equations, Zernike polyno-
mials, or quantum mechanics to see harmonic resonance, spherical aberration, or
the quantization of the electron.

On the other hand, Mie scattering is certainly well-known, but not so well un-
derstood. The mathematical solutions become complicated and the intuitive un-
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derstanding available is preciously few. This is why a simplified spectrum becomes
so relevant. By focusing on a small subset of all the scattering modes we can find
patterns and extrapolate our understanding.

The first three applications are very much self contained but show examples of
how optical levitation can be applied. The fourth regarding Mie scattering has a
much broader applicability that could help increase the use of optical levitation.

We have already shown how these resonances can easily be used to measure
the evaporation rate of droplets with nanometric precision [57]. Furthermore, the
only relevant parameter that defines the whole Mie spectrum is the complex re-
fractive index. Achieving a precise enough measurement of this value would have
a huge applicability in the chemical analysis of droplets and aerosols. This would
be particularly powerful if white light and a spectrometer are used to calculate the
refractive index at many wavelengths simultaneously. Imagine a tool where you
can simply nebulize in any liquid solution and, in seconds, it takes a spectrum and
gives you the chemical composition.

Furthermore, at the appropriate radii, the droplet becomes a resonance cavity
with very large Q factors. Performing the same experiment with a pulsed laser
could result in a Cavity Ringdown Spectroscopy measurement [58]. If the laser
excitation is turned off during a resonance, the light already trapped inside will
leak out or be absorbed slowly. I expect this would produce an exponential decay
of the scattering with a strong dependence on the imaginary refractive index and
could detect trace contaminants in a droplet.
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8
Appendix: A light introduction to

Mie scattering

This section provides an overview of Mie theory. It is not intended as a full mathe-
matical solution. Rather it aims to provide a map of how the solution is found and
is intended as a help to read Chapter 4 of Bohren and Huffman’s textbook [34].

In short, what we will do is create a base of solutions of the wave equation in
spherical coordinates, called spherical harmonics, and define the incoming plane
wave in this base,E𝑖. The orthogonality of this plane wave withmany of themodes
in the spherical harmonics results in a new base that discriminates modes based on
thewave’s polarization. We thenwrite the internal field,E𝐼 , and scattered field,E𝑠,
as a linear combination of this reduced base. From the boundary condition at the
surface of the spherical particle, we find the coefficients of this linear combination.
In particular, the scattering coefficients, 𝑎𝑙 and 𝑏𝑙, that appear here are complex
numbers that depend on the radius of the sphere. Themaxima of these coefficients
at specific radii are known as Mie modes.

The electric and magnetic fields in a linear, isotropic, homogeneous medium
with harmonic time dependency must satisfy the Helmholtz equation

∇2E + 𝑘2E = 0 , ∇2H + 𝑘2H = 0 , (8.1)

where 𝑘2 = 𝜔2𝜖𝜇 is the wavenumber, 𝜔 the light’s frequency, and 𝜖 and 𝜇 the
mediums’ permittivity and permeability.

In absence of free charge the fields are divergence free

∇ ⋅ E = 0 , ∇ ⋅ H = 0 , (8.2)

and from the remaining Maxwell equations we obtain

∇ × E = 𝑖𝜔𝜇H , ∇ × H = −𝑖𝜔𝜖H , (8.3)
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where the complex coefficient comes from the time-derivative of the wave (see
[59]).

Wewill now construct a vector functionM thatwill be a solution of theHelmholtz
equation using a scalar function 𝜓 and a constant vector c as

M = ∇ × (c𝜓) . (8.4)

Since the divergence of a curl vanishes,

∇ ⋅ M = 0 . (8.5)

Plugging M into Eq.(8.1) we obtain

∇2M + 𝑘2M = ∇2(∇ × c𝜓) + 𝑘2∇ × c𝜓) . (8.6)

Using the identity ∇2(∇ × A) = ∇ × (∇2A) with the first term of the right side,
and remembering that the vector c is constant we get

∇2M + 𝑘2M = ∇ × [c(∇2𝜓 + 𝑘2𝜓)] . (8.7)

Therefore, the solution we constructed in Eq.(8.4) will be a solution of the wave
equation as long as

∇2𝜓 + 𝑘2𝜓 = 0 . (8.8)

The choice of the generating vector c is dictated by the choice of coordinate sys-
tem and the transverse nature of the electromagnetic field. Here we choose the
radius vector r and M becomes the solution in spherical polar coordinates. From
Eq.(8.4) we see thatM is always perpendicular to r and is therefore the Transverse
Electric (TE) solution. We can construct the Transverse Magnetic (TM) solution
by defining

N = ∇ × M
𝑘 . (8.9)

Solving Eq.(8.8) using separation of variables, we obtain an even and an odd
solution

𝜓𝑒𝑚𝑙 = cos(𝑚𝜙)𝑃 𝑚
𝑙 (cos(𝜃))𝑧𝑙(𝑘𝑟) . (8.10)

𝜓𝑜𝑚𝑙 = sin(𝑚𝜙)𝑃 𝑚
𝑙 (cos(𝜃))𝑧𝑙(𝑘𝑟) . (8.11)

where 𝑃 𝑚
𝑙 are the associated Legendre polynomials and 𝑧𝑛 are any of the four

spherical Bessel functions 𝑗𝑙, 𝑦𝑙, ℎ(1)
𝑙 , or ℎ(2)

𝑙 . Note that we write the index l in-
stead of the n used by Bohren and Huffman. Combining Eqs.(8.10) and (8.11)
with Eqs.(8.4) and (8.9) we obtain four linearly independent solutionsM𝑒𝑚𝑙,M𝑜𝑚𝑙,
N𝑒𝑚𝑙, and N𝑜𝑚𝑙. These form an orthogonal basis for any electromagnetic wave in
space.
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We will now consider an incident plane wave scattered by an arbitrary sphere.
In spherical coordinates, an x-polarized plane wave is written as

E𝑖 = 𝐸0𝑒𝑖𝑘𝑟 cos 𝜃 ̂e𝑥 , (8.12)

with
̂e𝑥 = sin 𝜃 cos𝜙 ̂e𝑟 + cos 𝜃 cos𝜙 ̂e𝜃 − sin𝜙 ̂e𝜙 . (8.13)

The wave can also be express in the base of spherical harmonics as

E𝑖 =
∞

∑
𝑚=0

∞
∑
𝑙=𝑚

(𝐵𝑒𝑚𝑙M𝑒𝑚𝑙 + 𝐵𝑜𝑚𝑙M𝑜𝑚𝑙 + 𝐴𝑒𝑚𝑙N𝑒𝑚𝑙 + 𝐴𝑜𝑚𝑙N𝑜𝑚𝑙) , (8.14)

with

𝐵𝑒𝑚𝑙 =
∫2𝜋
0 ∫𝜋

0 E𝑖 ⋅ M𝑒𝑚𝑙 sin 𝜃𝑑𝜃𝑑𝜙
∫2𝜋
0 ∫𝜋

0 |M𝑒𝑚𝑙|2 sin 𝜃𝑑𝜃𝑑𝜙
, (8.15)

and with similar expressions for the remaining coefficients.
However, 𝐵𝑒𝑚𝑙 and 𝐴𝑜𝑚𝑙 vanish because of the orthogonality of sin𝜙 and cos𝜙

that appear in the spherical harmonics fromEqs.(8.10) and (8.11) and those present
in the plane wave from Eq. (8.13). Similarly, the orthogonality condition between
sin𝑚𝜙 and sin𝑚′𝜙 means that only the 𝑚 = 1 present in Eq. (8.13) survives. The
only remaining coefficients are

𝐵𝑜1𝑙 = 𝑖𝑙𝐸0
2𝑙 + 1

𝑙(𝑙 + 1) , 𝐴𝑒1𝑙 = −𝑖𝑙𝐸0
2𝑙 + 1

𝑙(𝑙 + 1) , (8.16)

Moreover, the incident field exists in all space, meaning that it must be finite at
the origin and requires the use of the spherical Bessel function 𝑗𝑙. This is marked
with the superscript (1). The resulting electric field is

E𝑖 = 𝐸0
∞

∑
𝑙=1

𝑖𝑙 2𝑙 + 1
𝑙(𝑙 + 1)(M(1)

𝑜1𝑙 − 𝑖N(1)
𝑒1𝑙) , (8.17)

with
M01𝑙 = cos𝜙𝜋𝑙(cos 𝜃)𝑧𝑙(𝑘𝑟) ̂e𝜃 − sin𝜙𝜏𝑙(cos 𝜃)𝑧𝑙(𝑘𝑟) ̂e𝜙 , (8.18)

N𝑒1𝑙 = cos𝜙𝑙(𝑙 + 1) sin 𝜃𝜋𝑙(cos 𝜃)𝑧𝑙(𝑘𝑟)
𝑘𝑟 ̂e𝑟 + cos𝜙𝜏𝑙(cos 𝜃)[𝑧𝑙(𝑘𝑟)]′

𝑘𝑟 ̂e𝜃

− sin𝜙𝜋𝑙(cos 𝜃)[𝑧𝑙(𝑘𝑟)]′
𝑘𝑟 ̂e𝜙 . (8.19)
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The azimuthal dependence of the field that appears in the spherical harmonics
is packed together in the functions 𝜋𝑙 and 𝜏𝑙 defined as

𝜋𝑙 = 𝑃 1
𝑛

sin 𝜃 , 𝜏𝑙 = 𝑑𝑃 1
𝑛

𝑑𝜃 . (8.20)

Fig. 8.1 shows a plot of 𝜋𝑙 and 𝜏𝑙 for 𝑙 ∈ [1, 4]. Notice how 𝜋𝑙 affects mostly the for-
ward and backward directions, while 𝜏𝑙 has significant magnitudes in all directions.
Notice also how the maximum value increases with 𝑙, meaning that the highest 𝑙
in the sum will have the biggest impact. Since 𝜃 ∈ [0∘, 180∘], the plots were re-
flected along the horizontal axis to represent the scattering all around the particle,
i.e. including 𝜙 = 180∘.

Figure 8.1: Plot of the azimuthal dependence of the spherical harmonics, 𝜋𝑙(cos(𝜃)) and
𝜏𝑙(cos(𝜃)). Red marks positive values and blue marks negative values.

As we will see in Sec. 6, the l number is associated to the angular momentum
of the light trapped inside the sphere during a resonance. The infinite expansion
in Eq.(8.17) shows how a plane wave already carries all angular momentum val-
ues in the same sense as an electron traveling in free space can carry any angular
momentum depending on how far away it passes from the nucleus of an atom.

Finally, both the field inside the particle, E𝐼 , and the scattered field E𝑠 will be
defined in the same base as Eq.(8.17). However, these carry additional coefficients
for the 𝑎𝑙 and 𝑏𝑙 for the scattered field and 𝑐𝑙 and 𝑑𝑙 for the internal field. These
coefficients result from the boundary condition at the edge of the droplet. The
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expansion for the scattered field is then

E𝑠 = 𝐸0
∞

∑
𝑙=1

𝑖𝑙 2𝑙 + 1
𝑙(𝑙 + 1)(𝑖𝑎𝑙N

(3)
𝑒1𝑙 − 𝑏𝑙M

(3)
𝑜1𝑙) . (8.21)

Note the superscript (3) which denotes that the spherical harmonics use the Han-
kel function of the first kind ℎ(1)

𝑙 . This is since the scattering field does not exist in
the origin. The choice of which of the two Hankel functions comes from the fact
that the one of the first kind Hankel function corresponds to an outgoing wave.
The origin of Eqs. (1) and (2) in Paper IV can be glimpsed here in Eqs. (8.18),
(8.19), and (8.21).

The scattering coefficients 𝑎𝑙 and 𝑏𝑙 are complex numbers with a norm between
0 and 1. The coefficient 𝑎𝑙 becomes 1 during a TM resonance while 𝑏𝑙 becomes 1
during a TE resonance. They are defined as

𝑎𝑙 = 𝑚𝜓𝑙(𝑚𝑥)𝜓′
𝑙(𝑥) − 𝜓𝑙(𝑥)𝜓′

𝑙(𝑚𝑥)
𝑚𝜓𝑙(𝑚𝑥)𝜉′

𝑙(𝑥) − 𝜉𝑙(𝑥)𝜓′
𝑙(𝑚𝑥) , (8.22)

𝑏𝑙 = 𝜓𝑙(𝑚𝑥)𝜓′
𝑙(𝑥) − 𝑚𝜓𝑙(𝑥)𝜓′

𝑙(𝑚𝑥)
𝜓𝑙(𝑚𝑥)𝜉′

𝑙(𝑥) − 𝑚𝜉𝑙(𝑥)𝜓′
𝑙(𝑚𝑥) . (8.23)

We used the Ricatti-Bessel functions

𝜓𝑙(𝑥) = 𝑥𝑗𝑙(𝑥) , 𝜉𝑙(𝑥) = 𝑥ℎ(1)
𝑙 (𝑥) , (8.24)

with the size parameter 𝑥 = 𝑘𝑎 = 2𝜋𝑁𝑎/𝜆 and the relative refractive index 𝑚 =
𝑁1/𝑁 in the argument. Here, a is the radius of the sphere and 𝑁1 and 𝑁 the
refractive indices of the particle and the medium, respectively.
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We implement an experimental system based on optical levitation of a silicone oil droplet to

demonstrate a damped driven harmonic oscillator. The apparatus allows us to control all the

parameters present in the differential equation that theoretically describes such motion. The

damping coefficient and driving force can be manipulated in situ by changing the pressure in the

apparatus and by applying a variable electric field. We present two different experimental

procedures. First, a transition from the overdamped to underdamped regimes is demonstrated by

gradually lowering the air pressure. The characteristic resonance associated with an underdamped

driven harmonic oscillator is observed by studying how the amplitude of the oscillation varies as a

function of the driving force. Second, in order to observe qualitative differences between the

overdamped and underdamped regimes of a harmonic oscillator, three driving functions (sine,

square, and sharp delta pulses) were separately applied, both at atmospheric pressure and under

vacuum conditions. Our overall aim is to design a hands-on apparatus that is easy to use and that

allows undergraduate and graduate students to observe and manipulate the basic physical processes

associated with a damped driven harmonic oscillator. VC 2020 American Association of Physics Teachers.

https://doi.org/10.1119/10.0000960

I. INTRODUCTION

Oscillatory motion is of great importance in the teach-
ing of physics at all levels. For example, it appears in text-
book subjects such as mechanics, electromagnetism, and
waves. Traditionally, oscillatory motion is introduced to
undergraduate students by using the simple pendulum or a
mass-spring system. In such simple cases, the equation of
motion can be easily solved since the restoring force is
proportional to the displacement, i.e., it obeys Hooke’s
law. Both the ideal undamped oscillator and the more real-
istic damped oscillator are described by a second-order
differential equation that admits closed analytical
solutions.1,2 Such a system is referred to as a harmonic
oscillator (HO). There are many diverse applications
involving HOs, including the Laser Interferometer
Gravitational-Wave Observatory (LIGO) search for gravi-
tational waves,3 nonlinear driven oscillations of the string
of a guitar,4 motion of ultracold atoms in a harmonic
trap,5 laser cooling of atoms,6 and medical-physics studies
of the human body’s response to glucose.7

A harmonic oscillator subjected to driving and damping
forces is referred to as a damped driven harmonic oscillator
(DDHO). This system is commonly used in physics as a
model to study resonance phenomena.1,8 Such phenomena
occur in many fields of science and engineering,2,9 for

example, subatomic particle resonances,10 design of pico-
gram mass sensors,11 and energy cost calculations of human
walking.12 Nevertheless, a short sampling of physics text-
books13–16 shows that most of the DDHO-related examples
are limited to springs, pendulums, or electronic cir-
cuits.8,9,17 Springs have the advantage that they are visible
and suitable for demonstrations, but their damping forces
are difficult to vary. On the other hand, parameters are easy
to change in electric circuits, but the effects they produce
are not directly observable. Finally, in pendulums, har-
monic oscillator approximation is not valid for large ampli-
tude oscillations, and the resonance condition must be
calculated numerically.18 For these reasons, visible demon-
strations of resonance behavior are difficult to achieve.

Often, students first observe evidence of a resonance in a
video of a drinking glass being shattered by a sound wave or
a bridge collapsing as a result of mechanical vibrations.
However, optical manipulation (OM) offers a different
approach to the study of oscillations and resonances. Here, a
focused laser is used to trap small particles in a harmonic
potential well. The movement of the particle is described by
the DDHO differential equation, where the main parameters
are the restoring force constant, the damping coefficient, and
the driving force. OM presents a visible approach to the
study of the motion of a DDHO for which the main parame-
ters can be easily varied.
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The use of laser light to manipulate microscopic objects
was first demonstrated in the 1970s by Arthur Ashkin and
Joe Dziedzic.19 They discovered how to exert forces on
micron-sized particles using continuous-wave laser beams.
In 1971, these authors were able to levitate several glass
spheres,20 initiating the field of optical manipulation, where
the main tools are called optical tweezers. Today, trapping
and manipulating small particles have developed into an
important research technique and, as a consequence, Arthur
Ashkin was awarded the Nobel Prize in 2018. The educa-
tional uses of OM that appear in the literature are ample.
Designs for cheap optical tweezers systems have been
reported21–23 with applications to biophysical educational
modules24 as well as demonstrations of the interaction of
ionizing radiation with matter.25 Useful resources, such as a
theoretical approach for undergraduates23 and downloadable
trapping simulation software,26 are also available.

Optical levitation under vacuum conditions was also intro-
duced by Ashkin et al.27 in experiments, where the under-
damped harmonic oscillation of a levitated droplet was
observed. In the present work, we extend these pioneering
experiments to an investigation of resonance behavior asso-
ciated with the motion of a levitating droplet. We also show
the transition between the overdamped and underdamped
regimes and make a comparison of the oscillator’s character-
istic parameters in each case.

With this purpose in mind, a versatile optical levitation
system has been developed in which the three parameters in
the DDHO differential equation are fully manipulable. The
driving force and damping coefficient can be manipulated
in situ by varying the air pressure in the trapping chamber
and the magnitude of the applied electric field. The restoring
force constant, commonly known as trap stiffness in the OM
field, can be varied by changing the focal length of the lens
that focuses the laser to form the trap. In this manner, we
were able to create an oscillator and have control over all the
parameters in the DDHO equation.

Two experiments are presented, whose results can be
recorded in a computer, magnified for view on a screen, or
viewed with the naked eye. In the first experiment, a droplet
is trapped at different pressures and made to oscillate in the
presence of a sinusoidal driving electric force. The transition
from the overdamped to underdamped regimes can be
observed at a critical pressure value of about 1 mbar. Below
this value, resonance begins to appear. Students are then able
to measure the resonance frequency empirically and use it to
calculate the restoring force constant of the system.

In the second experiment, students observe qualitative dif-
ferences between the overdamped and underdamped regimes
by driving the droplets in both regimes at atmospheric pres-
sure as well as under vacuum conditions with sine, square, or
sharp delta pulse functions. The results are in agreement
with the known theoretical results found in the literature.

Our system offers undergraduate or graduate physics stu-
dents an easily understandable approach, which connects the
fields of mechanics, optics, and fluid dynamics. At the same
time, it introduces students to the topic of optical manipula-
tion, which is widely used in modern research fields.

Our work is presented in the following manner. In Sec. II,
we briefly describe the fundamentals of DDHO theory. In
Sec. III, we present the design of our experimental setup,
and in Sec. IV, we discuss our findings and provide a discus-
sion of these results. Finally, in Sec. V, we give the conclu-
sions derived from our work.

II. THEORY

A. Damped driven harmonic oscillator

The motion of a droplet trapped in a harmonic potential
well, driven by an external force and damped by the air, is
governed by the DDHO equation

d2y

dt2
þ c

dy

dt
þ x2

0y ¼ F

m
; (1)

where y is the vertical position of the droplet with respect to
its equilibrium position, c is the air friction coefficient, x0 is
the angular resonance frequency, F is the driving force, and
m is the mass of the particle. The resonance frequency x0 is
related to the restoring force constant k by the equation

x2
0 ¼

k

m
: (2)

For a given resonance frequency x0, the particle will be in
either the overdamped or the underdamped regime, depend-
ing on the magnitude of the air friction coefficient c given by
the expressions

c2 � 4x2
0 > 0 overdamped;

c2 � 4x2
0 < 0 underdamped: (3)

There is a significant qualitative difference between these
two regimes. Figure 1 shows the theoretical response of a
particle displaced from the stability position for both over-
damping and underdamping. In the overdamped regime [Fig.
1(a)], the return to equilibrium is exponential in time while,
for underdamping [Fig. 1(b)], the return is the product of a
sinusoidal oscillation and a decaying exponential.

Another important difference between these two regimes
is the enhancement in amplitude of the resonance when the
damping is small. Solving the DDHO differential equation
[Eq. (1)] for a sinusoidal driving force F ¼ F0 sin ðxtÞ gives

y ¼ Aðx; cÞ sin ðxt� aÞ; (4)

where x is the driving frequency. The phase shift a between
the driving force and the oscillator is given by13,28

aðx; cÞ ¼ p
2
� arctan

x2 � x2
0

cx

 !
; (5)

while the oscillation amplitude A is13,28

Aðx; cÞ ¼ F0

m

sin
p
2
þ a

� �
x2

0 � x2
: (6)

Figure 2 shows curves derived using Eqs. (5) and (6).
These curves represent the amplitude of the oscillation as a
function of the driving frequency x, where each curve is
plotted for a different value of the damping constant c. The
assumed numerical value of c is indicated below each curve.
Close to the vertical line in Fig. 2(a), a gradual increase in
amplitude with respect to frequency can be observed. This
increase is only apparent in the underdamped regime and is
represented by the curves above the critical case, i.e., the
curves for c¼ 1 and c ¼ 0:4.
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B. Stokes’ law

A spherical droplet moving (at sufficiently slow speed) in
air experiences a damping force Fd due to friction given by
Stokes’ law14

Fd ¼ 6pgrv; (7)

where g is the viscosity of air, r is the radius of the droplet,
and v is the speed of the particle. The 6pgr term corresponds
to the air friction coefficient c defined previously. As air pres-
sure is decreased, air viscosity and, along with it, air friction
are reduced. For droplets with a diameter of around 20 lm,
like the ones presented here, air pressures below 1 mbar are
required to bring the motion into the underdamped regime.

Equation (7) implies that the air around the droplet is in
laminar flow, that is, the Reynolds number is small. For a
sphere moving in air, Reynolds number is defined as
Re ¼ qdv=g, where q is the density of air, d is the droplet
diameter, v is the air velocity respect to the droplet, and g is
the viscosity of air. Using standard values at normal temper-
ature and pressure (NTP), q ¼ 1:28 Kg m�3, g ¼ 1:83
�10�5 N s m�2, d ¼ 20� 10�5 m. Then, for a sphere with
velocity v¼ 0.05 m/s, we obtain Re � 0:07. The values given
here represent the largest velocity and density of the air,
respectively, in our experiment. Hence, all data shown in this
work have been obtained with a droplet moving in the lami-
nar regime.

C. Optical levitation

An optical levitation trap for spherical droplets consists of
a laser beam directed upwards and focused by a lens, as

shown in Fig. 3. Here, we assume that we are in the ray
optics regime, since all the dimensions in the experiment are
much larger than the wavelength of the laser light. The laser
light can then be considered as individual rays that carry
momentum. When laser light is absorbed, refracted, or
reflected by a droplet in the trap, there is a transfer of
momentum to the droplet. This momentum transfer creates a
vertical force, termed the scattering force, given by29

Fscatter ¼ Q
nP

c
; (8)

which pushes the droplet in the direction of the laser beam.
Here, P represents the laser power that strikes the droplet, n
is the droplet’s refractive index, c is the speed of light, and Q
is a dimensionless factor between 0 and 2. If all of the light
is reflected, Q¼ 2; if it is all absorbed, Q¼ 1; if it is all trans-
mitted, Q¼ 0.

As the droplet falls closer to the laser beam waist, the
beam profile becomes narrower, increasing the optical power
density and, with it, the magnitude of the scattering force. At
equilibrium, the upward-directed scattering force is exactly
equal to the downward-directed gravitational force, creating
a stable trapping position along the beam axis. Above this
stable point, the net force pulls the droplet down; below it,
the droplet is pushed up. The droplet is trapped in the region
above the focal point in a Gaussian beam waist, where the
size of the beam is increasing linearly with the vertical posi-
tion. By integrating the Gaussian profile over the size of the
droplet, one can show that the amount of light that strikes the
spherical droplet varies linearly, as it moves along this laser
profile. We have also experimentally confirmed that the

Fig. 1. (Color online) Theoretical temporal return to the equilibrium position of a displaced particle in an (a) overdamped and (b) underdamped harmonic oscil-

lator. The dot-dashed curve in (b) is plotted to show the exponential decay of the oscillations.

Fig. 2. (Color online) Calculated (a) amplitude and (b) phase shift, as a function of the driving frequency for a DDHO. The dashed curve shows the critically

damped case. The numbers below the curves indicate the values of the frictional damping coefficient c. The vertical solid lines mark the resonance frequency.
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restoring force is linear as the droplet is moved away from
the equilibrium point. Hence, we have a harmonic trap in the
vertical direction.

A restoring force also exists in the radial direction. A
droplet displaced from the center of a Gaussian laser profile
beam, as shown in Fig. 4, refracts more light towards the
direction it is displaced. To conserve momentum, the droplet
experiences a force in the opposite direction to its displace-
ment. This force is called the gradient force. The scattering
and gradient forces together establish a stable trapping point
in space for the droplet.

D. A charged particle in an electric field

The droplets used in our experiments are negatively
charged (as will be discussed in Sec. III) and can hence be
manipulated with electrical fields. In the centre of the ringed
electrodes, a locally homogeneous vertical electric field is
created. This can be approximated as a set of two horizontal
plane electrodes, and the magnitude of the field will be given
by

E ¼ V

d
; (9)

where V is the applied voltage and d is the distance between
the plane electrodes. A droplet with negative charge q placed

in such an electric field experiences a force in the opposite
direction of the applied field that has a magnitude of

F ¼ Eq: (10)

Here, q ¼ �Nee, where Ne is the number of excess electrons
on the droplet and the electric field E is directed downward
for positive voltages.

III. EXPERIMENTAL SETUP

A. Trapping and manipulation

The setup used in this work is shown schematically in Fig.
5(a). A droplet is levitated inside an aluminum vacuum
chamber 60 mm high, 50 mm wide, and 50 mm deep. The
chamber has a window on the lower face through which the
laser beam enters and windows on the sides to let the light
scattered from the droplet out. A removable lid on the top
surface is used to enclose the system after a droplet is
trapped. A detailed list of the components and approximate
price is provided in the Appendix.

1. Trapping

In our work, we use a continuous-wave laser at a wave-
length of 532 nm. The laser’s output power is 2 W, and it
produces a Gaussian beam profile (Laser Quantum gem532).
The laser beam is directed vertically upwards by use of a
mirror and is focused by a 100 mm biconvex lens (Lens 1)
into the vacuum chamber. A lens with long focal length was
chosen in order to create a somewhat weaker trap in the ver-
tical direction, thus enhancing the driven motion of the drop-
let in this direction. Our experience shows, however, that
lenses with focal length as short as 30 mm also allow suc-
cessful trapping. The focusing lens is placed about 70 mm
below the lower window in order to focus the laser close to
the center of the chamber. A liquid microdispenser (GeSiM
Bent Steel Capillary) is situated directly above the laser
beam and is used to dispense micron-sized droplets into it.
The dispenser consists of a capillary attached to a piezoelec-
tric crystal. By applying a voltage to the piezo crystal, a
micrometer-sized droplet is emitted. The droplet emitted
from the dispenser becomes negatively charged due to fric-
tion between the dispenser and the droplet. The emitted
droplet falls under gravity into the laser field until it is
trapped. A trapped droplet levitates above the focal point
and scatters light in all directions. The laser power needed
for trapping was in the range of 400–1000 mW. Once a drop-
let is trapped, the lid is carefully put back into place.

The microdispenser’s syringe contains a solution with a
5:1 ratio of isopropanol-to-silicone oil. The isopropanol in a
levitated droplet evaporates quickly and only the silicone oil
remains. The dispenser produces droplets with very small
dispersion in size. According to the manufacturer specifica-
tions, the minimum diameter of a dispensed droplet is
55 lm, which shrinks to about 30 lm after the evaporation of
the isopropanol. Silicone oil was chosen because of its high
vapor pressure, which stops it from evaporating in vacuum.
The silicone oil and isopropanol solution were chosen,
because its reduced viscosity facilitates the dispensing
process.

Fig. 4. (Color online) A radially displaced spherical droplet feels a restoring

gradient force towards the center of a Gaussian beam.

Fig. 3. (Color online) At the equilibrium (stability) point for the spherical

droplet, the scattering force cancels out the gravitational force. When dis-

placed, the droplet is pushed back towards the stability point via a harmonic

restoring force.
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2. Manipulation of the air damping

A vacuum pump (Pfeiffer Vacuum DUO5M) is connected to
the side of the vacuum chamber through a variable leak valve
(Leybold Gmbh DN 16 ISOKF right angle valve). The system
pump can be used to reduce the pressure in the chamber from
atmospheric pressure to 1� 10�2 mbar. A pressure gauge
(Pfeiffer Single Gauge) measures the air pressure inside the
chamber. The air was pumped out slowly to avoid strong air
currents inside the chamber that could push the droplet out of
the trap. The speed of the pumping is controlled by opening the
valve. It takes about 10 min to reduce the pressure to the mini-
mum inside the chamber without losing the droplet.

3. Manipulation of the driving force

Inside the chamber, there are two horizontal ring-shaped
electrodes (see Fig. 5). They have a radius of 5 mm and a ver-
tical separation of 20 mm. Hence, the laser beam can pass
through the center of the rings without being intercepted. The
position of the electrodes inside the chamber is such that the
lower one lies above the focal point of Lens 1. The lower elec-
trode is connected to the vacuum chamber, which in turn, is
connected to the electrical ground. The upper electrode is con-
nected to a voltage amplifier (Kepco BOP1000M) with a max-
imum voltage output of 61000 V. The power supply is fed
with a signal from a function generator (Leader LFG-1300),
which can deliver a variety of functions (AC, DC, squared,
etc.) with an output voltage in the range of 610 V. The ampli-
fier then multiplies the input times 100.

The voltage difference between the electrodes creates a
locally homogeneous, vertically directed electric field. This
field will, since the droplets carry a negative charge, produce a
driving force. The voltage needed to manipulate the droplets
depends on their charge and mass, but effects visible to the eye
could be achieved with voltage in the range 20 V to 1000 V.

B. Visualization

The technique of recording the vertical displacement of the
droplet is very similar to the one that has been presented in
detail by Isaksson et al.25 In short, a 30 mm lens (Lens 2),
placed 33.6 mm away from the droplet, focuses the scattered

light onto a position sensitive detector (PSD) (Sitek Electro
Optics AB S10006) situated at a distance of 280 mm from the
lens. The PSD is connected to a computer via a data acquisi-
tion device (National Instruments BNC-2110 connected with
a SCH68–68-EPM cable to a PCIe-6321 placed in an expan-
sion slot of the computer). A custom-made LabVIEW pro-
gram calculated the droplet’s real displacement. However, it
is also possible to project a magnified image of the droplet
onto a screen or to simply observe its oscillations directly
with the naked eye, using appropriate protective goggles.

C. Size measurement

For several applications, it is necessary to know the size
and mass of the droplet. The diffraction patterns the droplet
creates when situated in the laser beam can be used to mea-
sure these parameters with micrometer precision.

Along the direction of the laser, the droplet acts as a circu-
lar obstacle around which the reminder of the beam passes.
Such an obstacle creates an Airy diffraction pattern [see Fig.
6(a)]. The radius r of the droplet can be determined from the
first dark ring’s diameter Z by30

r ¼ 1:22
kRAiry

Z
; (11)

where k denotes the wavelength of the light and RAiry is the
distance between the object and the screen.

The light scattered from the droplet to the sides can be
modeled as two bright point sources coming from the top

Fig. 5. (Color online) (a) Sketch of the experimental apparatus. Inside a vacuum chamber, a focused laser beam creates an optical levitation trap for a micron-

sized silicone oil droplet. The droplet levitates above the focal point of Lens 1; the focal point is indicated by a dot. An illustration of the diffraction patterns

produced by the droplet is shown above the apparatus and to its left. The position sensitive detector (PSD) is shown to the right. (b) Photo of the experimental

chamber. A levitated droplet is seen as a small bright spot in the center of the image.

Fig. 6. (Color online) (a) Airy pattern produced by the droplet. The horizon-

tal line marks the diameter Z of the first dark ring. (b) Double-slit diffraction

pattern created by a levitated droplet. S is the distance between two dark

interference bands.
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and bottom of the sphere. This creates a double-slit diffrac-
tion pattern [see Fig. 6(b)], where the separation between the
two bright sources (slits) is the droplet diameter. S is the dis-
tance between the center of two dark lines, and RStripes is the
distance between the droplet and the screen. The radius r of
the droplet is given by31

r ¼ 2kRStripes

S 2þ
ffiffiffi
2
p� � : (12)

The mass m of the spherical droplet can then be calculated
using the density of silicone oil q¼ 971 kg/m3 at 25 �C in the
equation

m ¼ qV ¼ q
4

3
pr3

� �
: (13)

IV. RESULTS AND DISCUSSION

A. Resonance frequency

A sinusoidal driving force was applied to a trapped droplet
in air by modulating the magnitude of the electric field. The
frequency of the driving force was then slowly increased.
Figure 7 shows the resulting oscillations of the droplet
(decaying amplitude curve) and the driving force (constant
amplitude curve). As to be expected from an oscillator in the
overdamped regime, the amplitude of the oscillations
decreases as the frequency is increased. Additionally, fric-
tion from the air causes a lag in the motion that creates a
phase shift. This effect can be seen, for example, at t ¼ 38 s
in Fig. 7, where the crests of the oscillation and the driving
motion do not overlap.

A frequency sweep of the driving force, like the one
shown in Fig. 7, was repeated at decreasing pressures. For
every oscillation, the amplitude and phase shift were deter-
mined and plotted against the driving frequency. The ampli-
tudes were normalized to that at the lowest frequency.

Figure 8 shows a gradual transition from the overdamped
to the underdamped regimes recorded, when the air pressure
inside the chamber was decreased. Each frame shows a fre-
quency sweep at a different air pressure. The effect on the
amplitude and phase shift is apparent. The same procedure is
followed for other pressures. The circular and triangular
symbols represent the experimental data. The amplitude and
phase shift curves are obtained by use of Eqs. (6) and (7),
respectively. Both equations depend only on the restoring
constant and the damping coefficient. These constants were
found by fitting Eq. (6) to the experimental amplitude data at

each pressure. The same pair of constants were then used to
plot both the amplitude and phase shift curves.

There are some outlying points in Fig. 8, such as those
close to 34 rad/s in Fig. 8(e). These outliers are caused by so-
called whispering gallery modes,32 which occur when the cir-
cumference of the droplet exactly matches an integer multiple
of the laser wavelength. Under this condition, the optical cou-
pling into the droplet increases, causing a larger scattering
force, which in turn changes the force balance that holds the
droplet in equilibrium. This circumstance occurs, because the
silicon oil is very slowly evaporating, causing a change in the
size of the droplet. However, it was found that these outlying
points did not affect the fitting of the data to the DDHO model
and so no correction was needed. A more detailed discussion
of this effect is outside the scope of this paper, and it is left
for a forthcoming publication.

By qualitatively comparing Figs. 8 and 2, we can see that at
980 mbar and 8.7 mbar the system is overdamped, at 1 mbar
it is critically damped, and below 1 mbar it is underdamped.
Furthermore, in the underdamped regime, a resonance starts
to appear in the amplitude data. In particular, at 0.3 mbar, one
observes a significant 2.5 times increase in the peak amplitude
with respect to that at low driving frequencies.

The value of the resonance frequency can be calculated by
fitting the data using Eq. (6). Alternatively, one can empirically
find the value at which the amplitude is maximized from the
experimental data. In Fig. 8(e), the resonance occurred at a
driving frequency of w0 ¼ 30 rad/s. The droplet produced an
Airy pattern with a diameter of Z ¼ 7:7 6 0:2 cm. Hence,
using Eq. (11), it had a radius of 10.7 6 0.2 lm. Then, using
Eq. (13), we find the droplet had a mass of 5:0 6 0:2
�10�12 kg. The resulting restoring force constant derived
from Eq. (2) is k ¼ 4:59 6 0:16 nN/m. Calculating the
restoring constant using a previous procedure,25 in which a
change in laser power is balanced by the electric field, gave
k ¼ 4:10 6 0:60 nN/m.

At the resonance frequency x0 ¼ 30 rad/s, the phase shift
between the driving field and the position of the droplet is
p=2. As a consequence, the velocity of the droplet, which is
the derivative of its position, is in phase with the sinusoidally
varying electric field. Thus, the force is always pushing the
droplet in the direction of its velocity and, as a consequence,
increases the amplitude of the oscillation.

B. Overdamped and underdamped regimes

To investigate other qualitative differences between the
overdamped and underdamped regimes, a droplet was trapped
in air as well as in near-vacuum conditions, and driving func-
tions with different time structures were applied. Results of
this investigation are shown in Fig. 9. The time-dependent
position of the droplets is shown by the solid green curves,
and the dashed blue curves represent time dependence of the
applied driving force. A function generator was used to pro-
duce the following driving forces: (a) sinusoid at atmospheric
pressure, (b) sinusoid at near-vacuum (10�2 mbar), (c) square
pulsed function with a time width of 5 s at atmospheric pres-
sure, and (d) sharp delta pulse at near-vacuum.

In the case of a sinusoidal driving force in air at atmo-
spheric pressure, the damping due to friction reduces the
amplitude of the oscillation and creates a phase lag between
the value of the driving force and the position of the droplet.
The phase lag is barely present in the case of near-vacuum,
where frictional damping is negligible. This qualitative

Fig. 7. (Color online) Position of a levitated droplet at air pressure of 980

mbar decaying amplitude curve driven by a sinusoidal force constant ampli-

tude curve.
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difference is shown in Figs. 9(a) and 9(b), where the dotted
vertical lines mark the crests of the two functions. The dis-
tance between the vertical lines represents the phase shift. It
can be seen that below 1 mbar, the phase shift is close to
zero because the drag caused by the air is significantly
reduced. In contrast, at atmospheric pressure, the frictional
drag force produces a larger phase shift and a reduction in
amplitude compared to the same quantities under vacuum
conditions.

Another qualitative comparison can be made between
Figs. 9(c) and 9(d). In Fig. 9(c), a slowly varying square
pulse driving force was applied at atmospheric pressure. The
frictional damping, at this air pressure, slows down the drop-
let and its return to equilibrium, after the driving force is
removed, has an exponential behaviour, as shown in Fig.

1(a). In Fig. 9(d), a sharp delta pulse driving force momen-
tarily displaced the droplet when in near-vacuum. With small
frictional damping under the near-vacuum conditions, the
droplet returns to the equilibrium position, and an oscillation
around this point followed. The amplitude of the oscillations
decrease exponentially as the droplet is slowed down by the
frictional interaction with the air. Additional curves are plot-
ted to show the exponential decay of the amplitude of the
oscillator. This behavior coincides qualitatively with the one
displayed in Fig. 1.

V. CONCLUSIONS

The motivation for the present work was to create an eas-
ily visualizable damped driven harmonic oscillator, which

Fig. 8. (Color online) Gradual transition between the overdamped and underdamped regimes of an optically levitated droplet at five different pressures. (a) and

(b) show the overdamped regime; (c) represents a critically damped system; and (d) and (e) represent the underdamped regime. In the underdamped regime, a

resonance structure begins to appear. The circular experimental data symbols (�) represent the normalized amplitude of each oscillation, and those shown as

triangles (�) represent the measured phase shift. The pressure was maintained constant throughout each frequency sweep. The figure also shows some outlier

points, such as those at 34 rad/s in (e), which are caused by the so-called Whispering Gallery modes; see the text for discussion.
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will allow instructors to introduce the concept of a mechan-
ical resonance to students. Such a system is described theo-
retically by a second-order differential equation with
frictional damping, resonance frequency, mass, and fre-
quency and amplitude of the driving force as its parameters.
The goal was achieved by building an optical levitation
apparatus that allows us to experimentally manipulate these
parameters and, at the same time, introduce students to
optical manipulation.

By changing the pressure inside the vacuum chamber and
thereby changing the amount of frictional damping, we were
able to observe the transition between the overdamped and
underdamped regimes of the DDHO. In particular, in the
underdamped regime, a broad resonance was observed in the
oscillation data over a range of frequencies of the sinusoidal
driving force.

We were also able to show how the temporal structure of
the driving force could be changed by using a function gen-
erator. We used sine, square, and sharp delta pulse functions
in the experiment, but in general, any function could be
applied. The response to the applied driving forces was
shown to be in agreement with theory, and the results were
used to compare the overdamped and underdamped regimes
of the DDHO.

The apparatus is such that students can easily manipulate
the driving force and friction coefficient by just turning asso-
ciated “knobs.” It was very satisfying for us to see how such
a simple apparatus can be used to illustrate the physics of a
damped driven harmonic oscillator. The apparatus show-
cases oscillatory behavior in optics, fluid dynamics, and the
modern technique of optical levitation. The apparatus we
have presented can be used to study various physical effects.
For example, as a next step, we aim to investigate the whis-
pering gallery modes that can occur in this type of motion.
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APPENDIX: LIST OF EXPERIMENTAL

COMPONENTS

• Laser GEM-532 from Laser Quantum. Wavelength
532 nm and power 50 mW to 2 W. Approximate cost:
$10000.

• Droplet Dispenser Bent steel capillary (No. A010-002)
and control unit multi-dose 2 (No. A020-301).
Approximate cost: $5000.

• Vacuum Pump Pfiffer vacuum rotary vane pump. Model
Duo 5M. Approximate cost: $1500.

• PSD Sitek Electro-Optics AB one dimensional PSD, area
20 � 3 mm. Part No: S1-0006. Approximate cost: $120.

• Voltage Amplifier Kepco Model BOP1000M.
Approximate cost: $1000.

• Trapping Cell The cell is fabricated in our technical
department to an unknown cost.

• Optics Additional optics. We use two mirrors to direct the
laser and three lenses to focus the laser and to image the
droplet.

Fig. 9. (Color online) Comparison of the behavior of levitated droplets’ position (solid curve) in the over-damped and under-damped regimes for different

time-structures of the applied electrical force (dashed curve). (a) Sinusoidal driving force in air at atmospheric pressure (980 mbar). The damping reduces the

amplitude and causes a phase shift between the two curves. The dotted vertical lines mark the crests of the driving force (dotted vertical line) and the droplet’s

position (dotted line). (b) Sinusoidal driving force at near-vacuum (1� 10�2 mbar air pressure). In near-vacuum, the frictional damping is negligible. The

amplitude is larger than it was at 980 mbar and the phase shift between the curves is close to zero. (c) Pulsed square function driving force in air at atmospheric

pressure. The motion to the new equilibrium position after the driving force is removed follows a decaying exponential function. (d) Sharp delta pulse in near

vacuum (1� 10�2 mbar). The return to equilibrium is oscillatory since damping has been greatly reduced. Additional curves are drawn to show the exponential

decay of the amplitude.
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• Function Generator Leader LFG-1300. Approximate
cost: $150 (used).

• Data Acquisition Device, National Instruments NI BNC-
2110, PCIe-6321 and SHC68-68-EPM cable.
Approximate cost: $1200 (used).
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Abstract: Optical aberrations can greatly distort the image created by an optical element.
Several aberrations can affect the image simultaneously and discerning or visualizing specific
aberrations can be difficult. By making use of an optically levitated droplet as a light source, we
have visualized the spherical aberration and coma of a lens. The droplet approximates a point
source in the ray optic regime but, at the same time, creates a diffraction pattern in the far-field
region similar to that used in the Ronchi test. When focused by a lens, this micro double point
source creates patterns that resemble comets, barreling, hyperbolic triangles, and, most strikingly,
a spider. We show how all these patterns are a consequence of spherical aberration and coma.
The Zernike polynomials were used to quantify the value of several individual aberrations by
comparing them to patterns resulting from numerical simulations.

© 2020 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

The study of optical aberrations is an important part of the manufacturing and design of optical
instruments in astronomy, physics, optometry, and optical engineering [1]. In particular, spherical
aberration can be experimentally tested by some simple techniques to verify both the failure of
paraxial optics and the importance of aberrations in optical systems. A common testing technique
is the use of resolution test targets, where a set of known features are observed through an optical
element, and the faults in the image can be traced back to different aberrations.

There is another group of tests where an object is placed close to the focus point of the optical
element. One of these is the Foucault test [1,2] where the object is a knife-edge. It was originally
developed to assess the sphericity of concave mirrors for astronomical use. Another of these is the
Ronchi test [1,3] where a converging beam coming from an optical element being tested crosses
a Ronchi grating made of straight parallel lines. The beam is then projected on a surface, where
the resulting image, called a Ronchigram, is analyzed [1]. The deviation of the Ronchigram
from straight lines is a consequence of the aberrations in the tested optical element. Due to their
simplicity, both the Foucault and Ronchi tests are still some of the most widely used methods
to evaluate the aberrations of optical systems [4] and similar procedures have been used more
recently in estimations of the phase wave-front aberrations [5].

Apart from the previous classic tests, there are many other ways to quantify optical aberrations.
For example, Furlan et al. [6] propose the use of a low-cost optometric instrument. Another
technique is the use of interferometry to measure the emitted wave-front [1,7]. The deviations
from a perfect wave-front can then be traced back quantitatively to the individual aberrations by
fitting it with Zernike polynomials [8], which are a sequence of orthogonal polynomials on the

#402759 https://doi.org/10.1364/OE.402759
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unitary disk. They are commonly used to simulate aberrations in circular optical elements [1]
since most aberrations are related to a particular polynomial.
Another novel method consists of using a small particle in an optical tweezer trap as a light

source to study optical aberrations. One of the main advantages of this technique is that a trapped
micro-particle produces a tiny (µm to nm sized) and highly controllable point source. Abdelsalam
et al. [9] observed the diffraction spot of a nanosphere through a microscope objective along
the direction of the trapping laser and used the Nijboer-Zernike model to quantify the spherical
aberration of the microscope objective.
Despite the large range of testing techniques, optical aberrations are still hard to visualize.

The original wave-front cannot be seen directly, the aberration of the point spread function is
very subtle and the Ronchigrams cannot show effects of the aberration before the focus point.
Some attempts can be found in the literature that visualize spherical aberration. Escobar et al.
[10] present an experiment for the visualization of the impact of spherical aberration in the
point-spread function based on the analogy between point-spread function of spherical aberrated
systems and the defocused pattern of a 1-D slit-like screen. Another proposal to visualize and
characterize spherical aberration is given by Amir et al. [11] by using Fourier Transforms spectral
interferometry in multi-photon microscopy.

In this paper, we use the 90◦ scattered light of an optically levitated micro-metric droplet as a
light source. Since the droplet scatters mostly from the bottom and the top, it creates two point
sources micro-meters apart. This was first observed by Ashkin [12,13] in 1970 during the work
on optical tweezers that awarded him the Nobel prize in 2018. When observed perpendicularly
to the trapping laser, the particle creates a striped, double-point diffraction pattern similar to
the Ronchi pattern. The striped structure of the light in the far-field produced by this micro
double point source allows us to recognize different patterns that arise after passing through the
optical element and to quantify its optical aberrations in a similar way to the Ronchi test. Unlike
the Ronchi test, this method shows the whole focus and defocus of the light and allows us to
see the patterns formed before and around the area where the beam converges. Furthermore,
this method can also be used to test other aberrations than just the spherical aberration. We
present here what we call the barreling, spider, and hyperbolic triangles patterns created solely
by spherical aberration, as well as a comet pattern formed by coma. Numerical simulations were
performed using the Zernike polynomials confirming the same patterns. These were compared to
the experimental images to quantify the values of different aberrations. Moreover, it is shown
how these patterns can help in the alignment of optical elements even without quantitatively
measuring the optical aberrations.

2. Experimental method

Our experimental setup has already been used to study optically levitated droplets interacting
with radiation [14], as well as for the analysis of harmonic oscillations in the motion of the
droplets [15]. Consequently, we only provide a short description of the experimental setup as
used for the optical aberration analysis.

A silicone oil droplet (' 30 µm in diameter) was optically levitated in air inside an aluminum
vacuum chamber 60 mm high, 50 mm wide and 50 mm deep with windows on all sides. The trap
was created using a 532 nm CW linearly polarized laser (Laser Quantum gem532) with a beam
diameter of 0.9(1) mm directed upwards and weakly focused with a biconvex lens (f = 100 mm).
A liquid micro-dispenser (GeSiM Bent Steel Capillary) was used to dispense droplets into the
laser beam. The liquid in the dispenser consisted of a solution of 5 parts of isopropanol to 1 part
of silicone oil. Once trapped, the isopropanol quickly evaporates and only the silicone oil remains.
Measurements of the shape parameter of falling droplets performed by Malot et al. [16] found
increasing sphericity as the diameter of the droplet was reduced from 1400 to 200 µm. This
stands to reason since the surface tension of droplets increases as the diameter decreases [17].
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We therefore expect a very high surface tension in the droplets used to perform our experiments
(diameter ' 30 µm). This was experimentally confirmed by studying the diffraction pattern
formed by the laser light and by imaging the droplet using a high resolution camera.

A trapped droplet scatters mostly from the bottom and top as light enters and exits the droplet
vertically from below. Perpendicularly to the trapping laser, these two shiny spots micro-meters
apart produce an axially symmetric diffraction pattern similar to the double-slit diffraction pattern.
In Fig. 1, we show a graphical sketch of the laser, the droplet, the two light sources, and a
photograph of the diffraction pattern.

Fig. 1. A levitated droplet (left blue sphere) scatters light mostly from the top and bottom
creating a diffraction pattern on the far-field seen on the right (90◦ scattered light). The
droplet and pattern are not shown to scale.

The two points are so close together that, in a ray optics regime, they appear as a single point
source, but are sufficiently apart to create a diffraction pattern in the far-field. If a smaller source
is needed for further applications, such diffraction patterns still appear in particles as small as 5
µm [18].
Three different lenses were tested for aberrations: a 25 mm in diameter plano-convex lens

(f = 100 mm), a 50 mm in diameter biconvex lens (f = 100 mm) and a 25 mm in diameter
plano-convex diffraction-limited aspheric lens (f = 50 mm, ThorLabs AL2550G). To perform a
test, a lens was placed with its principal axis perpendicular to the trapping laser and at the same
height as the levitated droplet. The droplet was placed slightly outside of the focal distance of the
lens to produce a large magnification.

3. Spherical aberration

3.1. Experimental results

Since the ideal shape of a focusing lens is a parabola, a spherical lens will always induce spherical
aberration. This is shown schematically in Fig. 2, where the rays of light from a point source
that pass through the edges of the lens are focused before the rays passing close to the center of
the lens. Two vertical arrows mark the circle of least confusion [19], where the beam waist is
the smallest and the beam seems to focus, although the true point where the unaberrated image
would be formed is further away from the lens. The vertical dotted lines show the image planes
of the outer and inner rays, which are at different positions due to the spherical aberration.
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Fig. 2. The spherical aberration of a lens focusing a micro double point source creates a set
of recognizable structures associated to specific positions on the focusing region of the lens.
A schematic drawing (top) shows the paths of different rays emanating from a point source
and being focused by a lens with spherical aberration. Insets (a) to (g) show hand-drawings
(above) and real images (below) of the patterns visible at each marked distance from the lens.

Insets (a)-(g) in Fig. 2 show hand-drawings to highlight the features of the experimental
results (above) and examples of real images created by spherical aberration (below), together
with the names we have given them. Figure 2(a) shows the initial stripy pattern. After the lens,
in Fig. 2(b), the image barrels slightly. Then, in Fig. 2(c), the outer rays visibly cross over
the inner rays and create a new pattern on the edges of the former barreling pattern called the
half spider. At the image plane of the outer rays, this pattern on the edge converges into the
center, forming the optical aberration spider shown in Fig. 2(d). The spider then shrinks, giving
way to the hyperbolic triangles pattern that grow behind it, as shown in Fig. 2(e). The spider
pattern continues to shrink until it becomes a small dot at the image plane of the inner rays in
Fig. 2(f). Here the dominating pattern is the hyperbolic triangles. Finally, in Fig. 2(g), the spider
has completely disappeared and the hyperbolic triangles start to straighten out. At infinity the
aberration becomes negligible and the hyperbolic triangles tend to horizontal lines again.

To verify that these patterns were caused by spherical aberration, a diaphragm was placed on
the side of the lens facing the levitated droplet. Figure 3 shows the effects on the spider pattern
as the diaphragm was progressively closed. The spider pattern disappears from inside out first
(Figs. 3(I)–3(III)), revealing the horizontal stripes behind it. Then, the horizontal stripes disappear
from outside in (Figs. 3(IV)–3(VI)). Therefore, the spider is caused by aberrations from the outer
edge of the lens, strongly suggesting its origin arising from spherical aberration. Enlargements of
Fig. 3(II) are shown to the right in Figs. 3(VII) and 3(VIII) to highlight an additional structure on
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top of the spider. This additional structure consists of two sets of concentric circles coming from
two vertically separated shiny dots in the center, highlighted by the two arrows in Fig. 3(VIII).
These circles eventually merge into a single set of concentric circles near the edges of the image.

Fig. 3. Effects on the spider pattern of Fig. 2(d) as a diaphragm reduces the aperture size of
the lens (small left circle). First, the spider disappears from inside-out, showing the stripes
behind it. Then, the stripes disappear from outside-in. Enlarging II shows the overlap of the
spider with a pattern of concentric circles coming from two vertically separated dots in the
center in pictures VII and VIII. The images were taken 1.46 m away from the lens.

We performed four tests on different lenses to compare their spherical aberration, shown in
Fig. 4. Figure 4(a) shows the effects of a 50 mm biconvex lens (f = 100 mm), Fig. 4(b) of a 25
mm plano-convex lens (f = 100 mm) with its convex side towards the droplet, Fig. 4(c) the same
lens now with its plano side towards the droplet, and, finally, Fig. 4(d) of a 25 mm plano-convex
diffraction-limited aspheric lens (f = 50 mm, ThorLabs AL2550G) with its plano side towards
the droplet too. Figure 4 shows how the spider pattern becomes consecutively smaller in relation
to the barreling or the hyperbolic triangles as the spherical aberration decreases from Figs. 4(a)
progressively to 4(d). In 4(d) the spherical aberration is negligible and only horizontal stripes are
formed.

3.2. Simulation

As a next step, we proceeded to simulate these previous patterns using the Zernike polynomials
[1] to quantitatively characterize our findings. When a point source is focused by an optical
element, the ideal wave-front would be a segment of a sphere with its center at a distance l from
the lens, where the image of the point forms. Each ray of light follows a path perpendicular to the
wave-front, and they all coincide in the center. Optical aberrations alter this initial wave-front,
change the direction of propagation of each ray of light, and hence, alter the image.
Approximating our source to a point, we initially modeled our wave-front as a sphere. We

used cylindrical coordinates where z follows the principal axis of the optical lens. Placing the
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Fig. 4. Images resulting from four different lens configurations with decreasing spherical
aberration. The tests were performed on: (a) a 50 mm biconvex lens (f = 100 mm) (last
photo of (a) at 75.9% of original size); (b) a 25 mm plano-convex lens (f = 100 mm) with its
convex side towards the droplet; (c) the same lens now with its plano side towards the droplet;
and (d) a 25 mm plano-convex diffraction-limited aspheric lens (f = 50 mm, ThorLabs
AL2550G) with its plano side towards the droplet. The distance of the image to the lens,
in meters, is marked below the images. Below the position of the images the calculated
distance to the true image plane l is stated (see Sec. 3.2).
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lens on the plane perpendicular to the z axis at z = 0, the wave-front is the surface given by [20]

z = l −
√

l2 − ρ2 , (1)

where ρ is the radial distance from the center of the lens. Aberrations can be added to this
wave-front by adding specific Zernike polynomials to the surface in Eq. (1). Table 1 shows some
important Zernike polynomials [1,8,21] and their relation to specific aberrations. For example,
adding Spherical and X-Coma aberrations results in

z = l −
√

l2 − ρ2 + Z1
3 (3ρ

3 − 2ρ) cos(θ) + Z0
4 (6ρ

4 − 6ρ2 + 1) . (2)

Table 1. Zernike polynomials and their
relation to specific aberrations [1] in an unitary

circle.

Term Name Polynomial

Z0
0 Piston 1

Z1
1 X-Tilt ρ cos(θ)

Z−11 Y-Tilt ρ sin(θ)

Z0
2 Defocus 2ρ2 − 1

Z2
2 Vertical Astigmatism ρ2 cos(2θ)

Z0
4 Spherical 6ρ4 − 6ρ2 + 1

Z1
3 X-Coma (3ρ3 − 2ρ) cos(θ)

Z−13 Y-Coma (3ρ3 − 2ρ) sin(θ)

This surface can be written implicitly in the form W(ρ, θ, z) = 0 and the normal vector at any
point is given by n = ∇W(ρ, θ, z). In vector component notation, one gets

n =
©«
ρ̂

θ̂

ẑ

ª®®®®¬
= ∇W =

©«
−

ρ
√

l2−ρ2
− Z1

3 (9ρ
2 − 2) cos(θ) − Z0

4 (24ρ
3 − 12ρ)

Z1
3 (3ρ

3 − 2ρ) sin(θ)

1

ª®®®®¬
. (3)

Vector n defines the direction of a ray of light coming out of a point (ρ, θ) of the lens in the
positive z direction. Ray-tracing each point will result in a simulation of how the image will look
at a given distance to the lens.

Since the Zernike polynomials are defined in the unitary disk, the simulations were performed
with normalized radii, ρ ∈ [0, 1]. The resulting length to the image plane l and the size of
the pattern were then scaled up to their real size by multiplying by the lens’s radius. The
Zernike coefficient was not scaled up, providing a comparison of the aberration for all the tested
configurations independent of the lens’ radius.

The simulation’s known constants were the diameter of the lens and the density and placement
of the lines in the circle of light entering the lens. The parameters that defined the resulting
pattern were the coefficients of the Zernike polynomials Z1

3 and Z0
4 as well as the distance to the

true image plane l. The structure and size of the simulations was compared to the structure and
size of the observed patterns at known distances from the lens. The parameters were changed
until the best comparison of size and pattern between simulation and image was found. The
uncertainties were estimated by the sensitivity of the simulations when compared to the real
images as the parameters were varied.



Research Article Vol. 28, No. 21 / 12 October 2020 / Optics Express 30417

Figure 5 shows a comparison of the images and simulations for the plano-convex lens with
its convex side towards the drop. In this case, the lens was not rotated around the y-axis
and no coma was induced, i.e., Z1

3 = 0. The top row shows how the images are qualitatively
similar, while the bottom row shows a comparison of the obtained image diameters to scale.
The spherical aberration, expressed in its Zernike polynomial coefficient, was found to be of
Z0
4 = (2.2 ± 0.1) × 10

−4 and the distance to the image was found to be l = 2.44 ± 0.13 m.

Fig. 5. Comparison of the real spherical aberration (left half) to the simulated images (right
half) during the test for the spherical plano-convex lens with the convex side towards the
droplet. The top row shows the qualitative similarities between them. The bottom row
compares the diameters of the image and the simulation. As expected, a minimum diameter
is reached around the circle of least confusion where the spider pattern is formed. The
distance to the lens in meters is marked below the images.

Similar simulations were performed to compare the images taken from the lens with its plano
side facing the droplet and from the biconvex lens. Table 2 shows the resulting coefficients of the
spherical aberration.

Table 2. Values of the spherical aberration
obtained for three different lenses.

Lens Z0
4

Plano-convex lens

Plano side towards the droplet (0.89 ± 0.06) × 10−4

Convex side towards the droplet (2.20 ± 0.1) × 10−4

Biconvex lens (7.89 ± 0.24) × 10−4

3.3. Discussion

The transition from large to negligible spherical aberration in Fig. 4 can be seen straight away
from the decreasing size of the spider pattern. This could also be seen when measuring the circle
of least confusion produced by focusing a simple point source, but using a micro double point
source adds structure to the resulting images. This gives an important point of reference and
allows us to determine the magnitude of different aberrations by comparing the experimental
results with simulations. It also creates eye-catching patterns that serve to visualize the effects of
spherical aberration.
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We can state that these patterns are caused by spherical aberration since they disappear
gradually as an aperture is closed, hence blocking the off-axis rays. This conclusion is supported
by the good agreement with the simulation. Closing the diaphragm slightly also produced the
most spectacular pattern that we have observed, shown enlarged in Fig. 3. The concentric circles
coming from the two dots in the center are expected to be the point spread function around each
shiny spot coming from the levitated droplet.
As expected, the spherical aberration is smaller when the plano side of a plano-convex lens

faces the point source than when the convex side of the same lens faces it, as shown in Tab. 2.
This can be seen when comparing Fig. 4(b) and Fig. 4(c).

4. Coma

4.1. Experimental results and simulation

Focusing the droplet with the aspheric lens results in an image of the near field of the micro
double point source. This procedure defined the original light beam, thus marked with 0.0◦ in
Fig. 6(a). To induce coma, the lens was rotated around its vertical axis. As the lens is rotated, the
direction of the beam changed. The angle between the direction of the original beam and the
resulting beam is marked as θ. As the lens was rotated in steps of 0.56◦, the two points slowly
expand into two comets, as shown in the lower row of Fig. 6.

Fig. 6. Comet pattern resulting from a distortion on the original unaberrated double point
image created by the aspheric lens. Coma was induced by rotating the lens, as shown in the
lower axis. The inset shows a simulation of the comet pattern when adding X-coma. Taken
2.41 m away from the lens.

The comet pattern can be simulated by keeping X-coma (Z1
3 , 0) and removing the spherical

aberration (Z0
4 = 0) in Eq. (2). The result of the simulation is shown in the inset of Fig. 6. The

value of the aberration was found to be Z1
3 = (−9.0 ± 2.5) × 10

−7 at θ = 1.12◦. Z1
3 carries a larger

uncertainty because of the smaller size of the patterns and the fact that only one pattern was
being compared to the simulation, as opposed to the spherical aberrations where a sequence of
patterns was compared. The rotation of the lens slightly altered the length from the lens to the
screen. The change was at most 4.0 mm and was also included in the simulation.
In Fig. 7, we show the effects of inducing coma on an image with spherical aberration. The

first row repeats Fig. 2(c) (half-spider), Fig. 2(d) (spider) and Fig. 2(f) (hyperbolic triangles).
Each row displays the patterns obtained when the lens has been rotated in steps of 1.2.◦
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Fig. 7. Distortions on the original half spider, spider, and hyperbolic triangles patterns as
the lens is rotated, thereby inducing coma. The distance to the lens in meters is marked
above the images. See text for discussion.
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4.2. Discussion

Figure 6 shows how even an aspheric lens can produce aberrations because of a slightmisalignment.
Note that visible effects already occur at half a degree of rotation from the original image.

In the first two columns of Fig. 7, we can see how coma affects, in different ways, parts of the
image that are in the front or in the back. In the first column, the incipient spider is affected first,
while the lines on the back only start disappearing in the last two rows. In the second column,
the spider in the front survives longer, while the hyperbolic triangles behind it expand outwards.
The spider only starts disappearing in the last three rows where the hyperbolic triangles have
almost disappeared. In the third column, the right side of the image is the one that disappears,
as opposed to the first two rows where the left side disappears. Since the third column has no
overlap between inner and outer rays, it all disappears simultaneously.

5. Other aberrations

Spherical aberration and coma, which have been discussed above, are two of the five Seidel
aberrations, which are the basic optical aberrations due to the geometry of lenses or mirrors in
interaction with monochromatic light [22]. Our simulations can, however, include any term in
the Zernike polynomial including defocus, tilt, astigmatism and higher orders. Two other Seidel
aberrations, field curvature and distortion, affect the image created by different off-axis rays. Such
rays can, for example, be the ones that come from different points outside of the lens’ principal
axis when focusing a 2D image. By using a source of light that is to a good approximation a point
source, we eliminate both of these aberrations. The remaining Seidel aberration is astigmatism.

A simulation of the effects of oblique astigmatism (Z−22 ) after focusing the micro double point
source with a lens is shown in Fig. 8. In this simulation both spherical aberration and coma
were removed. This represents what we would expect to see if a correctly aligned aspheric lens
were astigmatic. The value of the oblique astigmatism coefficient was chosen to be of the same
order of magnitude as the smallest spherical aberration out of the three lenses we measured,
that is Z−22 = 1 × 10−4. These aberrations were never observed in our experimental images. In
Fig. 6(a), we were able to focus the points coming from the droplet without the appearance of
any lateral elongations as shown in Fig. 8(e). The absence of astigmatism stand to reason, since
optical lenses, as the ones used for our experiments, are produced with axial symmetry around
the principal axis of the lens.

Fig. 8. Expected effects of oblique astigmatism (Z−22 = 1 × 10−4) on the focusing of the
micro double point source. The top row shows the patterns formed and the bottom shows
the size of each pattern to scale.
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6. Conclusions

Today, optical manipulation is a common technique, but, to our knowledge, the 90◦ light scattering
of such a system has not been used before to assess optical aberrations of lenses. The use of this
micro double point source adds structure to the focused light and has allowed us to visualize
eye-catching patterns resulting from different optical aberrations.
Of the five Seidel aberrations: spherical aberration, coma, astigmatism, field curvature and

distortion, we focused only on coma and spherical aberration in this work since these two were
sufficient to reproduce all the patterns we could see or induce. Field curvature and distortion are
removed by using a point source, and the expected effects of astigmatism were not observed.
The findings are useful in two separate ways. First, recognizing these patterns can help the

user of an optical lab to have an intuition of the aberration and alignment of an optical element in
situ and straightaway. The comet pattern shows how even diffraction-limited lenses can induce
aberrations when badly aligned and the pattern is recognizable even with rotations as small as
half a degree. On the other hand, the whole sequence from barreling to spider to hyperbolic
triangles comprises a new way to isolate and visualize spherical aberration, an aberration which
is commonly very hard to observe.
Second, the measurements of coma and spherical aberration presented in this work are a

proof of principle of a new way to characterize different optical aberrations. The effects of the
aberrations can be measured in real-time, as opposed to other methods (e.g. interferometry),
and are much easier to see (e.g. fitting a diffraction spot). Moreover, in our method, the light
carries its own structure, as opposed to the Ronchi method where it has to be introduced by
placing an obstructing structure in the beam path. This freedom has allowed us to use this
light source to check the alignment of an optical element and could be valuable for further
applications. An image recognition system could be applied in conjunction with these results in
the characterization or in real-time, in situ aberration correction of optical elements.
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Visualizing the electron’s 
quantization with a ruler
Javier Tello Marmolejo1*, Mitzi Urquiza‑González1,2, Oscar Isaksson1, Andreas Johansson1, 
Ricardo Méndez‑Fragoso2 & Dag Hanstorp1

More than 100 years ago, Robert Millikan demonstrated the quantization of the electron using 
charged, falling droplets, but the statistical analysis on many falling droplets did not allow a direct 
visualization of the quantization of charge. Instead of letting the droplets fall, we have used optical 
levitation to create a single droplet version of Millikan’s experiment where the effects of a single 
electron removal can be observed by the naked eye and measured with a ruler. As we added charges to 
the levitated droplet, we observed that its equilibrium position jumped vertically in quantized steps. 
The discrete nature of the droplet’s jumps is a direct consequence of the single‑electron changes in 
the charge on the droplet, and therefore clearly demonstrates the quantization of charge. The steps 
were optically magnified onto a wall and filmed. We anticipate that the video of these single electron 
additions can become a straightforward demonstration of the quantization of charge for a general 
audience.

The idea of quantization is one of the most important concepts in physics and an essential component of our 
conceptualization of the microscopic world. Nevertheless, because of the very fact that it concerns the micro-
scopic world, macroscopic observations of quantization are rare.

Since their invention in 1970 by Nobel Prize winner Arthur Ashkin, optical trapping techniques have allowed 
us to isolate and manipulate micro- and nano-particles1. This can now be performed so precisely that relatively 
large objects can be employed to explore quantum phenomena. Examples include the search of milli-charged 
 particles2, collisions of ultracold ground-state  molecules3, and the investigation of macroscopic quantum  states4. 
These experiments, along with others like the visualization of quantized  vortices5 or of quantum cat  states6, 
continue to bring the concept of quantization to the macroscopic world.

In this paper, we add a new macroscopic visualization of quantization through a modern single-droplet ver-
sion of Millikan’s  experiment7. In past experiments, quantized amounts of electric charge in the form of electrons 
have been added to trapped particles using  optical8–10 and  electrostatic11 levitation. However, these observations 
were not direct and necessitated the use of feedback loops or post-experiment mathematical analysis to discern 
the quantization. The technique we present here is direct and shows the magnified effect of adding individual 
electrons to trapped particles live on a screen and visible with the naked eye.

The quantization was observed in the stability position of a 29.5± 1.4µ m silicone oil droplet optically levi-
tated between two horizontal electrodes. A potential difference between the electrodes produced a vertically-
directed and locally homogeneous electric field around the droplet. The net amount of charge on the droplet 
created a force that displaced it in the vertical direction. Since the optical trap held the droplet in a harmonic 
potential, the displacement was proportional to the force, which, in turn, depended on the droplet’s net amount 
of charge. The position dependence of the droplet’s net charge was sufficiently enhanced to clearly observe the 
result of depositing individual electrons on the levitated droplet.

The technique we used to visualize the effect of adding individual electrons to the droplet requires three 
elements: (i) an optical levitation trap with a very low trap stiffness (i.e. the spring constant of the harmonic 
potential) to make the movement per unit force large, (ii) a strong electric field, and (iii) a method of adding 
individual electrons to the levitated droplet.

We created the trap by directing a 532 nm continuous wave laser beam (LaserQuantum gem532) vertically 
upwards and focusing it with a 100 mm plano-convex lens. The long focal distance produced a weak optical trap. 
The laser beam had a diameter of 0.9 mm, resulting in a numerical aperture (NA) of 4.5× 10−3 and in a trap 
stiffness of 5.00± 0.49 nN/m (see Suplementary Information).
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We produced the electric field by applying a voltage difference of 666 ±0.5 V across a pair of horizontal 
electrodes with a vertical separation of 1.0 mm. The laser passes through each electrode via a circular hole with 
a radius of 1.0 mm. The small distance between the electrodes and the large voltage difference were chosen to 
produce a strong electric field.

We used a numerical simulation to determine the magnitude and homogeneity of the electric field. We defined 
a working volume between the electrodes inside of which we know the experiment took place. In this volume, 
the electric field was found to have a vertical direction and a magnitude of 360± 45 kV/m. In a smaller volume 
sufficient for the droplet to make a couple of jumps, the homogeneity of the field is even greater, which results 
in equispaced jumps (see Supplementary Information).

We added individual electrons to a previously neutralized droplet (see Supplementary Information) using a 
241Am alpha radiation source. The emitted alpha particles produced free electrons in the trap either directly by 
striking the droplet or indirectly by striking the electrodes or ionizing the air in the trap. The free electrons were 
subsequently deposited on the surface of the droplet. In this manner, we were able to change the charge on the 
droplet in randomly distributed steps of either single or small multiples of the elementary charge.

We projected an image of the droplet onto a wall in the laboratory using an aspheric planoconvex lens (f = 
50 mm, Thorlabs AL2550G) with a magnification of 73± 1.4 . With this magnification, we were able to observe 
micro-metric movements of the droplet with the naked eye. The light scattered from the droplet comes mostly 
from the bottom where the laser beam hits the droplet and the top where the beam leaves the droplet. Hence, 
the image of the droplet is observed as two separate images on the screen, as seen in Fig. 1.

When we set the alpha radiation source at the appropriate distance from the droplet, it gains charges ran-
domly. This causes it to jump discontinuously from one equilibrium point to another. We filmed a video of 
a series of electron additions (see online). Some selected frames are shown in Fig. 2a. Between each of the 
frames, the droplet gained an additional amount of charge causing it to jump from one equilibrium position 
to another. Equally spaced horizontal reference lines are added to Fig. 2a. The separation between the equally 
spaced horizontal lines corresponds to the distance the droplet moves when absorbing a single elementary charge. 
The quantization of the charge immediately stands out. The position of the droplet always falls on one of the 
horizontal lines and, by simply counting the number of lines between the steps, one can determine the number 
of electrons the droplet has gained.

Figure 2b presents the position as function of time for the droplet shown in the video. The magenta equally 
spaced lines represent the displacement, �y , caused by a single electron addition and all the steps are multiples 
of this distance. In this graph, one can clearly see the full series of 8 steps that fall on a horizontal line, where the 
droplet gains 2, 3, 1, 1, 4, 6, 3, and 9 electrons. Once again, one can observe the quantization of the electronic 
charge arising from the discrete nature of the individual steps.

We determined the displacement �y by fitting the positions of the droplet to a step function, which is shown 
in Fig. 3a. The fit produced a value of �y of 10.36± 0.26 µ m, which is almost three times smaller than the drop-
let’s diameter. The two fit variables were a global single electron displacement �y , and an individual number of 
electrons added for each point in time. The uncertainty in �y stems mostly from the droplet’s oscillation around 
the stability positions.

Figure 1.  Schematic of the experimental setup. A silicone oil droplet is levitated between two flat, horizontal 
electrodes with a separation of 1.0 mm and a voltage difference of 666 ±0.5 V. A 241Am alpha radiation source 
is placed close to the droplet in order to create free electrons. Some of these electrons become attached to the 
droplet and change its net charge. The levitated droplet scatters mostly from the bottom and top where the laser 
enters and exits the droplet. This creates a double point image when focused by a lens.
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Figure 2.  Visibly quantized steps of a levitated droplet as it gains electrons. (a) Screenshots of the droplet’s 
projection on the wall before and after steps a (+ 1e), b (+ 1e), c (+ 4e) and d (+ 6e). Black horizontal lines mark 
the displacement caused by a single electron addition and are set to the lower bright image of the droplet. The 
last image to the right shows a mm ruler that had been attached to the wall. (b) Real displacement of the droplet 
(green) calculated from the video of the displacement on the wall.

Figure 3.  Discrete steps in the vertical position of droplet in the trap. (a) The green line shows a fit of the data 
shown in Fig. 2b using a step function. The height of the steps is an integer multiple of the single electron step 
fitting parameter (see discussion in text). The magenta line shows a plot of the residue between the data and the 
fit. (b) Histogram of the residue measured in units of electron steps. The normal distribution around zero results 
from the discrete nature of the steps.
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The residue between the fit and the data is plotted in magenta at the bottom of Fig. 3a and a histogram of this 
residue is plotted in Fig. 3b. The histogram follows a normal distribution around zero and its FWHM is less than 
half an electron step, providing further evidence that we are observing quantized steps.

To confirm that these steps were indeed caused by electron additions, we used them to calculate the charge 
of the electron. Balancing the electrostatic ( Fe = qE ) and optical restoring ( Fr = k�y ) forces results in

where q is the charge of the electron, �y the displacement caused by a single electron addition, k the trap stiff-
ness and E the magnitude of the electric field. The method to determine the trap stiffness is described in the 
methods section. Using Eq. (1), we calculated the charge of the electron to be of 1.44± 0.25× 10−19C , which 
agrees within the statistical uncertainty with the known value of 1.602× 10−19C12. The uncertainty was calcu-
lated through error propagation in Eq. (1) where the biggest contributors were the uncertainties of the electric 
field and the trap stiffness.

The series of electron jumps serve as straight forward evidence of the quantization of the electric charge. We 
have magnified the effect to a level where the step caused by adding a single electron can be seen with the naked 
eye and measured with a simple ruler. The discrete steps are the result of the charge on the droplet changing by 
a single electron. In contrast, other methods of observing the effects of quantization such as the photoelectric 
effect or atomic emission lines are indirect in the sense that they involve the use of many photons or electrons. 
Our experiment allows one to directly visualize charge quantization, a quantum phenomenon, in the macro-
scopic world.

Data availibility
All relevant data generated or analysed for this study are available within the article and the associated Sup-
plementary Information. Any other data are are available from J.T.M (javier.marmolejo@physics.gu.se) upon 
reasonable request.
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When light scatters off a sphere, it produces a rich Mie spectrum full of overlapping wide and sharp
resonances. This spectrum is so complex that it has only been fully understood through numerical
simulations of Mie scattering. On the other hand, individual resonances can be understood through
a quantum mechanical analogy and are known to result in Fano profiles. However, only few Fano
resonances are commonly observed in Mie spectra, recognizable patterns have not been found,
and the quantum analogy is still limited to individual resonances. Here we explain the full Mie
spectrum through the directional Mie scattering of evaporating, optically trapped, water droplets.
This is possible since we observe a simplified spectrum by isolating the Transverse Magnetic modes.
The spectrum is organized in distinct, consecutive Mie Fano Combs. Each comb is composed of
equidistant resonances that smoothly evolve from wide Lorentzians into sharp Fano profiles. We
then explain all these characteristics by expanding the previous quantum-mechanical analogy to the
full spectrum. This approach highlights the Fano nature of Mie scattering through the evolution of
Fano profiles inside a comb. The analogy also allows us to understand the complex electromagnetic
scattering problem without the need for numerical simulations.

I. INTRODUCTION

The scattering of an electromagnetic wave by a dielec-
tric sphere was first calculated by Gustav Mie in 1908 [1].
Despite the simplicity of a sphere and a plane wave, this
problem leads to a rich spectrum of radius-dependent
resonances called Mie resonances. For particles signifi-
cantly larger than the wavelength, some of these reso-
nances cause the light to internally reflect around the
circumference of the sphere. This creates a surface ef-
fect called Whispering Gallery Modes that appears every
time the circumference is a multiple of the wavelength
inside the material [2–6].

Mie resonances are not only found in spheres but also
in other geometries such as discs [7] or toroids [5]. Their
quality factors can be several orders of magnitude higher
than Fabry-Perot resonators [2], making them ideal as
sensors [5, 8] or as laser cavities [9]. They are also suit-
able for obtaining self-hybridized polaritons to poten-
tially change the material properties of a sample [10, 11].

∗ javier.marmolejo@physics.gu.se

These resonances are particularly relevant in the field
of optical trapping. In fact, Arthur Ashkin observed Mie
resonances in the scattering force of an optically levi-
tated solid micro-particle [12]. For solid spheres, the ra-
dius is fixed and Mie resonances can be found by varying
the trapping wavelength of the laser, but the spectrum’s
range is limited by the tunable range of the laser.

Varying the size is analogous to scanning the wave-
length. Thus, much wider, radius-dependent Mie spectra
can be achieved using evaporating droplets at a constant
wavelength. However, stable optical trapping of evap-
orating droplets can be complicated. The weight and
optical forces vary considerably as it shrinks, causing the
droplet to drift in the trap or be lost. One solution is to
use liquids with slow evaporation rates such as glycerol
[13] or salt-water solution in a humid environment [14].
Droplets can also be trapped in electric quadrupole traps
and probed by LEDs [15] or lasers [16]. Here we built a
counter-propagating optical trap to observe the Mie res-
onances of evaporating water droplets. The trap keeps
rapidly shrinking droplets stable and provides a consis-
tent electromagnetic excitation. This makes it possible
to obtain a Mie spectrum with a smooth, continuous,
dependence on the size of the scatterer.
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FIG. 1. Counter-propagating trap used to record directional Mie spectra and evaporation videos of water droplets. Importantly,
both laser arms are vertically polarized. The polarizing beam splitter 2 divided the Iφ and Iθ polarization components of the
scattering of the droplet. Iθ was focused onto a position sensitive detector to gather the directional scattering intensity. Iφ was
projected onto a transparent screen to calculate the radius of the trapped droplet using the generated interference pattern.

Once Mie spectra are obtained experimentally, the
common approach is to compare them to numerical sim-
ulations obtained from Mie theory [13, 14, 17–19], which
usually show excellent agreement. However, although the
simulations can reproduce the experimental spectra, they
do not reveal an intuitive understanding of the compli-
cated structure. Especially since it results from a multi-
tude of overlapping resonances.

Instead, an individual Mie resonance can also be un-
derstood through a quantum mechanical analogy [3, 4].
By choosing an appropriate potential for the Schrödinger
equation, it turns out to be identical to the equation
that governs the electric field inside of a particle along
the radial coordinate. This allows us to understand indi-
vidual resonances with the tools from quantum mechan-
ics. However, Mie spectra are a result of many overlap-
ping resonances and only understanding a single reso-
nance falls short. Here, we expand this analogy to many
resonances at once to explain the full Mie spectrum we
observe.

Another connection to quantum physics comes in the
form of Fano profiles, first observed in the scattering of
electrons [20]. The Fano nature of Mie resonances in sub-
wavelength particles was predicted [21] and observed [22]
when focusing on a singled out angular direction and
polarization. To observe Mie Fano resonances at wide
angles, special geometries have been engineered such as
ring/disc cavities [7] or multilayer nanoshells [23]. How-
ever, although the full Mie spectrum is predicted to be
composed of a series of Fano resonances [24–27], these ex-
periments only show a small number of Fano resonances
at a time.

In this paper, we measured the scattering of evaporat-
ing water droplets on a specific direction and polarization
to obtain their directional Mie scattering spectrum. This

isolates the Transverse Magnetic (TM) modes and leads
to the emergence of structured resonances all the way
down to their lowest order Whispering Gallery Modes.
We show that Mie resonances are indeed a series of evolv-
ing, equidistant Fano resonances organized in consecutive
Mie Fano Combs. The Fano combs observed here ap-
pear naturally in a simple water sphere, in contrast to
previous predictions of Mie Fano Combs in purposefully
engineered plasmonic particles [28]. Each comb shows a
series of resonances that raise and fall in amplitude and
smoothly turn from wide Lorentzians to sharp Fano pro-
files. We then provide a theoretical understanding by
expanding the previous quantum-mechanical analogy in
a way where it is now possible to fully explain the now
simplified directional Mie spectrum and its Fano Comb
structure.

II. EXPERIMENTAL SETUP

We built a counter-propagating optical trap (Fig. 1)
where we levitated water droplets in air and measured the
scattering intensity of the droplets as they evaporated.
Our trap is capable of trapping droplets from radii of '
6 µm down to full evaporation with a constant position.
By keeping the shrinking droplet stable with respect to
the laser trap, we ensured a consistent electromagnetic
excitation throughout the process.

We divided a 532.0 nm, continuous-wave, linearly po-
larized laser beam (Laser Quantum gem532) into two
vertically-polarized arms and focused them into the same
spot from opposite directions inside the trapping cham-
ber.

We focused each arm using a 100 mm and a 65 mm
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lens, resulting in beam waists of 7.5±0.8 µm and 4.9±0.5
µm, respectively. Since the optical forces change signifi-
cantly as the droplet shrinks, a careful balancing between
the intensities and alignment of both arms was needed to
keep the position of the evaporating droplet stable.

We used an ultrasonic nebulizer (MY-520A) to dis-
pense a cloud of water droplets into the trapping cham-
ber. Droplets randomly fell into the optical trap and
merged into the largest droplet the trap could hold. Af-
ter the cloud settled, the remaining droplet quickly evap-
orated (' 10 s).

We collected the light scattered from the droplet using
a 50 mm, diffraction-limited aspheric lens (Lens 1). It
had a diameter of ø= 25 mm and was placed 52 ± 1
mm away from the droplet perpendicular to the trapping
lasers, i.e. θ = φ = π/2, with an acceptance angle =
13.5◦ ± 0.3◦. The inset of Fig. 1 shows the polarization
components Iθ and Iφ of the scattering perpendicular to
the vertically polarized excitation beam.

We projected the far-field diffraction pattern created
by the droplet onto a screen and used it to calculate
the absolute radius of the droplet (see Appendix A: Size
measurement).

III. ISOLATING THE TM MODES

To see Fano resonances, we focused on the directional
Mie scattering spectrum. This means that we measured
the scattering only with a given polarization, along a
given direction, and with a small acceptance angle.

From Mie theory, the polarization components Iφ and
Iθ of the scattering of a sphere with an incident plane
wave traveling along the z-axis with polarization along
the x-axis are [29, 30]

Iφ =
λ2

4π2r2
|S1|2 sin2(φ) ,

Iθ =
λ2

4π2r2
|S2|2 cos2(φ) ,

(1)

where r, θ, and φ are the spherical coordinates with the
origin at the center of the sphere. S1,2 are

S1 =
∑
`

2`+ 1

`(`+ 1)
[a`π`(cos θ) + b`τ`(cos θ)] , (2)

S2 =
∑
`

2`+ 1

`(`+ 1)
[a`τ`(cos θ) + b`π`(cos θ)] , (3)

π`(cos θ) =
P 1
` (cos θ)

sin θ
, τ`(cos θ) =

d

dθ
P 1
` (cos θ) , (4)

where Pm=1
` are the associated Legendre polynomials

and ` is an integer larger than zero since ` = 0 is for-
bidden [10]. The number m becomes 1 because of the
orthogonality condition with the incident wave [31].
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FIG. 2. In the direction of observation only τ` is relevant. The
graphs show |π`| and |τ`| for ` = 20. The acceptance angle
is plotted with red dashed lines. Note that θ ∈ [0◦, 180◦].
However, we reflected it along the horizontal axis to represent
the scattering at φ = −90◦.

S1,2 are functions of the scattering coefficients a` and
b`. These are complex numbers that depend on the
sphere’s radius.

In the direction we observe (θ, φ ' π/2), sin2(φ) ' 1
and cos2(φ) ' 0. Indeed we observe experimentally that
Iφ >> Iθ. We selected the dimmer scattering compo-
nent, Iθ, which depends only on S2.

The resonances result from two linearly independent
modes inside the sphere, i.e. the spherical Transverse
Electric (TE) and Transverse Magnetic (TM) modes. For
a TM resonance a` = 1 and for a TE resonance b` =
1. However, in the direction of observation π` becomes
negligible compared to τ` (see Fig. 2). Therefore, we only
observe the TM modes associated with a`. This selection
of one of the modes gives a simplified directional Mie
scattering spectrum. The scattering, Iθ(t), of a shrinking
sphere is shown in Fig. 3.

IV. MIE FANO COMB STRUCTURE

By measuring the size of the droplets (see Appendix
A: Size measurement), we now plot the intensity as a
function of radius in Fig. 4(a), creating a size-dependent
spectrum. The size parameter x = ka is plotted on the
upper x-axis. The resonances from Fig. 3 spread out and
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FIG. 3. The scattering of an evaporating water droplet produces a directional Mie scattering spectrum. The scattering intensity,
Iθ, of the droplet is shown in blue. It contains a series of resonances that occur when the circumference is an integer multiple of
the radius, resulting in constructive interference and a Whispering Gallery Mode (a). When the circumference doesn’t match,
the scattering is lower (b). The droplet’s radius is marked with orange dots fitted with a logarithmic function (green). As the
evaporation of the droplet accelerates, the Mie resonances occur consecutively faster. After the red dashed line, the interference
pattern becomes too large and the size cannot be calculated directly from the scattering. Instead we extrapolated the size from
the fit.

now appears as a periodic structure. As opposed to non-
directional Mie spectra [13, 14, 17, 18], the entire spec-
trum can be understood as a series of separate resonances
where at most two overlap, and each can be clearly identi-
fied. We observe three distinct, overlapping combs inside
of which the resonances are equidistant. The reason for
the existence of the three observed combs is discussed in
terms of a quantum mechanical analogy in Sec. VI. The
leftmost comb does not overlap with a new one to its left,
meaning that this is the first comb with the lowest order
Whispering Gallery Modes. These modes cannot exist
for smaller spheres since the wavelength becomes compa-
rable to the circumference and light cannot coil around
the surface of the sphere.

Each comb is composed of distinct Fano resonances
that evolve from being symmetric (Lorentz form) to the
asymmetric shape that is a signature of a Fano resonance.
Fig. 4(b) shows selected resonances fitted using Fano’s
equation including a non-interacting component of the
background [24]

σ(Ω) = D2
[ (q + Ω)2

1 + Ω2
η + (1− η)

]
, (5)

where q = cot(δ) is the Fano parameter, δ is the phase
shift with the continuum, η ∈ [0, 1] is an interaction
coefficient, and D2 = 4 sin2(δ). Fano resonances are
usually written as a function of the energy, E, with
Ω = 2(E − E0)/Γ, where Γ is the resonance width and
E0 the energy of the resonance. In this case, we have
replaced the energy in Ω with the radius of the sphere.

The fitting of each individual resonance confirms pre-
dictions of Mie scattering being composed of a series of
Fano resonances [24–27]. Additionally, it unites the wide
and sharp resonances commonly observed in Mie scatter-

ing spectra as the same phenomenon through a smooth
transition of the parameters in Eq. (5).

Fig. 4(c) shows the constant separation between reso-
nances, where we plotted the center of each resonance in
the second comb obtained from the fit of Eq. (5). The
slope is ∆ = 63.6 ± 2.3 nm resulting in resonances oc-
curring every change in circumference of 2π∆ = 399 ±
14 nm. In other words, the light coils around the droplet
and constructive interference occurs every time the cir-
cumference is a multiple of λ/n = 399.1 nm, taking n =
1.333.

V. QUANTUM MECHANICAL ANALOGY

Common practice would be to perform a simulation of
Mie scattering to compare to the spectrum in Fig. 4(a).
However, simulations do not provide an intuitive under-
standing of the spectrum and the relation to the Fano
equation is usually shown analytically [25, 26]. Instead,
we explain the full spectrum of resonances through an
extension of the well-known quantum mechanical anal-
ogy [3, 4] previously used to explain one single reso-
nance. Here, resonances correspond to energy levels in-
side wedged potential wells, see Fig. 5(a). These wedges
result from a finite spherical well, i.e. a simple square
well in radial coordinates. The Fano behavior is under-
stood as the interference of a resonant and a reflected
wave, and the Fano Combs result from the existence of
multiple energy levels inside a single well. These are num-
bered by the radial number, N, and are known in atomic
physics as ground state (N = 1) and excited states (N =
2, 3, ...). The radii at which each resonance occurs (or
“energy levels”) shown in Fig. 5(b) were calculated us-
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FIG. 4. Fano Comb structure of the directional Mie scattering. (a) Directional scattering intensity, Iθ, as the droplet shrinks.
Highlighted are the first three combs composed of equidistant, evolving Fano resonances. (b) Evolution of the resonances from
Lorenztians to Fano through five selected segments of the first comb. For each resonance, a fit to the Fano equation, Eq. (5), is
shown as a solid green line. (c) The radii obtained from the fittings of Eq. (5) in the second comb plotted against the number
of the resonance in the comb. The linear fit (orange) shows the equidistant appearance of the resonances inside a comb.

ing Mie theory (see Appendix B: Calculating the energy
levels).

From Maxwell’s equations, we know that for a non-
magnetic, uncharged sphere with radius a, the electric
field must follow the equation

∇× (∇×E)− k2n2(r)E = 0 , (6)

where E is the electric field, k = 2π/λ the wavenumber,
and n(r) the refractive index. In this case, n is a step
function with n(r < a) = nwater and n(r > a) = nair.

This results in two linearly independent solutions,
M `,m(r, θ, φ) and N `,m(r, θ, φ), corresponding to the TE
and TM modes respectively and given by [3]

M `,m(r, θ, φ) =
eimφ

kr
S`(r)X`,m(θ) , (7)

N `,m(r, θ, φ) =
eimφ

k2n2(r)

[1

r

∂T`(r)

∂r
Y `,m(θ)

+
1

r2
T`(r)Z`,m(θ)

]
,

(8)

where X`,m, Y `,m, and Z`,m are the angular solutions
of Eq. (6) with ` the main angular momentum number
and m the longitudinal projection. In particular, S`(r)
satisfies the differential equation

d2S`(r)

dr2
+

[
k2n2(r)− `(`+ 1)

r2

]
S`(r) = 0 . (9)

We will focus on S`(r) for simplicity. As long as we con-
sider the refractive index to be a step function, dn(r)/dr
vanishes, and the treatment for TE and TM modes is
analogous.

Eq. (9) is very similar to the radial Schrödinger equa-
tion. In fact, if we define the energy as E = k2 and
choose a square potential well

V (r) = −k2[n2(r)− 1] , (10)

then the radial, time-independent Schrödinger equation
with a central potential and with ~/2µ = 1 becomes

d2Ψ(r)

dr2
+

[
k2[n2(r)− 1]− `(`+ 1)

r2

]
Ψ(r) = −EΨ(r) ,

(11)
which is identical to Eq. (9). The effective potential
becomes

Veff (r) =
`(`+ 1)

r2
− k2[n2(r)− 1] . (12)

With this analogy, we can use the interpretation of
resonances from quantum mechanics to understand the
spectrum we observe. The effective potential is a spher-
ical well potential. In the radial coordinate, it appears
as wedges resulting from the sum of an attractive square
well and the centrifugal potential with ` as the quan-
tum number for the angular momentum. A bound en-
ergy level in this potential can be understood as the light
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FIG. 5. The shape of the wedged well potential defines the
profile of the resonance. (a) Veff (r) for ` = 11, 20, 31 and 35.
The energy levels inside the wedge are plotted with horizontal
lines using green for the first comb and orange for the second
comb. The magenta lines mark the potential barriers for the
first two levels. The energy level a131 is dashed to mark that
it does not resonate with the laser. See the Supplemental
Material [35] for a video of the energy levels in a growing
sphere resonating with the laser. (b) All the calculated energy
levels up to 4.5 µm, showing the basis for the comb structure.
(c) The directional scattering at three selected size ranges of
the droplet (blue) and a fit using Eq. (5). The resonances in
the first comb are fitted with a green line and the resonance
in the second comb is fitted with an orange line.

trapped inside the droplet, continuously reflecting on the
inner surface. The rotation around the circumference
gives the light angular momentum.

Fig. 5(a) shows four wedged potential wells (blue) and
their calculated energy levels for spheres of different radii.
The rightmost edge of the well has a straight, vertical
barrier. This is the surface of the droplet where the re-
fracted index changes value.

An energy level represents the energy, k2, of the laser
needed to produce a Mie resonance inside a sphere of that
size. The gray line represents the energy of the 532.0 nm
trapping laser and a resonance occurs when one of the
energy levels of the well matches the energy of the laser.
The horizontal green and orange lines represent energy
levels of the droplet. The width of the potential barrier
for the first two resonances is marked with magenta. Ap-
propriate radii were chosen for each potential to make the
energy levels match the energy of the laser. The full Mie
spectrum results from the sum of all the resonances that

occur as the potential varies and different energy levels
match the energy of the laser.

Fig. 5(b) marks all the calculated energy levels up to
4.5 µm. It shows the three distinct combs, 1st in green,
2nd in orange, and 3rd in purple.

Fig. 5(c) shows the observed scattering for three se-
lected resonances. The green fitting lines mark the res-
onances from the first comb and are related to the first
energy level inside a wedge, a1` . When the well becomes
wide enough, an additional energy level appears, a2` , and
the second comb begins, shown in orange. In this way,
each specific mode is defined through the double index
aN` (a for TM) and bN` (b for TE) where N is the radial
quantum number [10, 14] arising from the roots of the
boundary conditions. Notice that the equations giving
the resonances do not depend on the value of “m” due to
the angular degeneracy in the Eq. (6) and the spherical
geometry of the scattering target.

The first resonance, a111, has a narrow barrier (ma-
genta line), resulting in a wide, Lorentzian resonance.
For the next resonant levels, a120 and a135, the barrier
becomes wider and results in narrower resonances. Here,
the intensities of the reflected and resonant waves become
comparable. Thus, the phase shift before and after the
resonances leads to constructive and destructive interfer-
ence, producing the asymmetric Fano profiles shown in
Fig. 5(c).

As the barrier widens, the resonances begin to narrow
and shrink. Then, new resonances start to appear result-
ing from the second energy level, exemplified by a231 in
Fig. 5(a). It is again trapped behind a narrow barrier,
producing a Lorentzian resonance and starting the sec-
ond comb (rightmost panel of Fig. 5(c) in orange). Both
sets of resonances (a1l and a2l ) overlap until the barriers
of the first energy levels eventually become so wide that
tunneling becomes impossible and the first comb dies off,
as shown in Fig. 4(a). The process repeats all over again
for each set of higher energy levels, resulting in the se-
quence of combs.

Note that at the radius where a231 resonates, the energy
level a131 also exists. However, it does not match the
energy of the laser and therefore does not show in Fig.
5(c). The evolution of the potential wells of a growing
sphere and their energy levels consecutively interacting
with the laser is best understood through the video shown
in the Supplemental Material [35].

VI. CONCLUSION

We have revealed a directional Mie spectrum with a
simpler structure than previous Mie scattering spectra.
We achieved this by stably trapping evaporating water
droplets, measuring their directional scattering, and iso-
lating the TM modes.

The periodic appearance of the Mie resonances can
be used as a ruler to measure the evaporation rates of
droplets with nano-metric precision. Additionally, the
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spectrum is highly dependent on the refractive index and
its spatial distribution. It could be used to measure the
concentration of biological or chemical substances on the
surface of evaporating droplets.

We confirmed that Mie resonances are composed of a
series of Fano resonances, found that they are arranged
in consecutive combs, and explained all of these charac-
teristics through a quantum mechanical analogy. This
makes it possible to fully explain Mie spectra without
the need for numerical simulations.

Finally, the spectrum results from a simple, finite
spherical potential well. This is just one level of com-
plexity above the classical square potential well taught
in all quantum mechanics courses. Thus, this experi-
ment becomes a toy atom where light is trapped inside a
droplet in the same way as an electron would be trapped
in a spherical well model of an atomic potential.

VII. DATA AVAILABILITY

The data shown in this paper as well as the video of
the interference fringes of the evaporating droplet can be
found here.
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Appendix A: Size measurement

To calculate the size of the droplet during the evapo-
ration, we projected the other component of the polar-
ization, Iφ, onto a screen and filmed it. This far-field
scattering of a trapped sphere results in a fringe pattern
since the sphere scatters predominantly from its poles
along the direction of the laser [32, 33]. Fig. 6 shows
interference patterns for consecutively smaller spheres.
A histogram of the intensity (orange line) was used to
calculate the distance S between the stripes. We used
this “double-slit approximation” to calculate the abso-
lute radius of the droplet, a, using the wavelength, λ, the

distance to the screen, d, and the equation

a =
2dλ

S(2 +
√

2)
. (A1)

Appendix B: Calculating the energy levels

Following the procedure used by Johnson, B. R. [3],
we obtain the solutions of the Eq. (9) using the quan-
tum analogy expressed in Eq. (11) with the potential in
Eq. (12). The solutions for TE modes with the radial
function S`(r) obey Eq. (12). The solutions for the TM
modes with the radial function T`(r) take into account
the derivative of the refractive index. In our case, the
refractive index is a step function and consequently the
differential equations are the same except at the bound-
ary of the droplet. Then, the solutions for the radial
part for each ` are in terms of the regular Riccati-Bessel
functions [34] for r < a

Ψin = ψ`(nkr) , (B1)

and the regular and singular functions for r > a

Ψout = B`ψ`(kr) + C`χ`(kr) . (B2)

We obtained the matching coefficients B` and C` for the
two regions with the condition that the wave function
and its derivative must be continuous. The resonance
condition for each potential is obtained if we extend the
potential barrier to infinity where the solutions must have
a decreasing exponential behavior. It implies that the
coefficient B` must be zero, and therefore the condition
for the resonant states for the TE modes is

ψ`(nx)χ′`(x)− nψ′`(nx)χ`(x) = 0 , (B3)

and for the TM modes is

ψ`(nx)χ′`(x)− 1

n
ψ′`(nx)χ`(x) = 0 , (B4)

where x = 2πa/λ = ka is the size parameter. This pa-
rameter highlights the relationship between particle ra-
dius and excitation wavelength.

For both modes, resonant states can only exist when
they are between k2(1−n2)+`(`+1)/a2 and `(`+1)/a2.
With this process, we obtained the resonant states for
each potential indexed by `. Subsequently, with a fixed
wavenumber, k = 2π/532 nm, we swept the size of the
droplet. Consequently, the shape of the potential changes
and its corresponding bound states move until the latter
coincides with the k2 value of the laser (see online video).
As the droplet grows, it can be observed that when con-
sidering the different values of `, the combs corresponding
to the different energy levels that are observed in Fig. 5a
are formed, which are in agreement with their counter-
part in Fig. 4a. We used the colors green, orange, and
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FIG. 6. The fringe interference pattern used to measure the size of the droplets enlarges as the droplet shrinks. A histogram
of the intensity is plotted (orange) with its maxima marked with magenta dots.

purple in those figures to show this correspondence be-
tween experiment and theory. It is worth mentioning that
the asymptotic behavior of the condition in Eqs.(B3) and

(B4) for the size parameter x is linear, and this explains
the equal spacing between the resonances shown in Fig.
4(c).
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