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Abstract 

The health production function of the canonical health-capital model is generalized to allow the 

state of health to affect the total and marginal products of health investment.  If the total and 

marginal products of health investment are nonincreasing functions of the state of health, then 

the solution of the generalized model is locally qualitatively identical to that of the canonical 

model.  Moreover, in contrast to the canonical model, the generalized model is able to rationalize 

the cycling of the state of health and health investment observed in some individuals.  The neces-

sary conditions on the health production function for cyclical behavior are identified as well. 
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1.  Introduction 

Actions undertaken with the ultimate objective of improving health, or components of health, 

range from strenuous physical training exerted by athletes whose goal is to outperform competi-

tors, to palliative care provided to terminally ill patients.  In the first case, health may be concep-

tualized as fitness, while in the second it is the absence of pain and suffering.  In the economics 

literature health has typically been conceptualized as a good with stock properties, the amount of 

which is measured on a scale bounded below by a value corresponding to the state of being 

dead—this ignores the fact that, from a revealed-preference perspective, some health states are 

worse than death, seeing as suicides due to health concerns do occur.  Adopting this way of 

measuring health means that a professional athlete is at one end of the scale and a patient receiv-

ing palliative care is on the other.  But there is a qualitative difference between these two cases: 

in the first the person is already healthy, while in the second the person is about to die and is 

therefore provided with treatments in order to make dying as painless as possible.  Between these 

extremes there exists combinations of states of health and actions undertaken to improve them.  

For example, some non-athletes engage in physical activities for health reasons, and people 

struck by non-fatal illnesses more or less adhere to medical treatments.  Thus, a crude division of 

health-influencing actions exists between those undertaken in order to improve fitness and those 

undertaken in order to restore health. 

 Given the above, the first objective is to generalize the health-capital model of Grossman 

(1972) to allow the technology employed in the production of increments to health to depend on 

the rate of health investment and the state of health.  The canonical model, in contrast, assumes 

that the technology depends only on the rate of health investment, and typically linearly, as in, 

say, Strulik (2015).  The second is to qualitatively characterize the solution of the generalized 

model and compare and contrast it with that of the basic model. 

 In light of the first objective, it is useful to begin with a general discussion of why the 

marginal product of health investment in general depends on the state of health.  In the afore-

mentioned case of an athlete, it seems rather intuitive that improvement in fitness becomes more 
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costly as fitness improves, i.e., as fitness improves, increasing amounts of effort are required to 

further increase it.  Eventually, an athlete realizes that beyond some point, further increases in 

fitness are essentially infinitely costly.  More generally, anyone making an effort to improve 

health beyond just being “healthy” faces the same situation in which further health increases are 

more costly to achieve.  The opposite situation also occurs, namely, that in which further health 

gains are less costly as health improves.  This can happen when a person is undertaking actions 

to restore health to a state corresponding to no active illness.  Note too that people with serious 

and potentially life-threatening conditions, and thus low states of health, frequently face a situa-

tion in which medical treatments are either non-existent or ineffective.  On the other hand, per-

sons suffering from less severe, or trivial, manifestations of the same ailments are likely to be 

cured or have their health restored.  More generally, as pointed out by Kaplan et al., (2010), it is 

a well-known fact that the response to a given treatment varies between individuals, and that 

such differences are to a significant extent due to health-related factors.  Thus the novel stipula-

tion introduced here, to wit, that the total and marginal products of health investment depend on 

the state of health, stands on firm medical ground. 

 It is also useful at this juncture to put matters in more formal terms.  To this end, let  

be a twice continuously differentiable health production function.  Given the preceding discus-

sion, it is assumed to map the state of health  and rate of investment in health  into the gross 

time-rate-of-change of the state of health.  Its value is thus given by .  If health invest-

ment is taken to be the effort exerted to improve fitness, then  and  

are the corresponding assumptions.  That is, if investment in health corresponds to fitness effort, 

then the marginal product of health is negative and health investment and the state of health are 

technical substitutes.  If, instead, health investment is restorative, the corresponding assumptions 

are  and , viz., the marginal product of health is positive and health 

investment and the state of health are technical complements. 

 Before turning to the medical evidence that supports the aforesaid signs of the deriva-

tives, consider the plausibility of them from a logical or commonsense perspective.  If the effort 

F(⋅)

H I

F(H , I )

FH (H , I ) < 0 FIH (H , I ) < 0

FH (H , I ) > 0 FIH (H , I ) > 0
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required to improve fitness were instead constant or declining with respect to the state of fitness, 

there would, without further assumptions, be no physiological limit to the level of fitness that 

would be possible to achieve and, consequently, top athletes would be far more frequent.  Like-

wise, if the effectiveness of medical treatments were monotonically decreasing in health, one 

would frequently observe terminally ill patients being cured and trivially ill patients dying.  Note 

that these cases do not rule out situations in which the marginal product of health investment 

changes non-monotonically over a given range of health states, making, for example, some med-

ical treatments more effective for more severe health conditions.  Even so, the ensuing summary 

of medical evidence demonstrates that the aforesaid signs of the derivatives largely capture the 

conditions facing those striving for improved fitness and those striving to restore health. 

 First consider the evidence that supports the claims  and .  In a 

review article about the health effects of physical activity, Warburton et al. (2006) concluded that 

“… the greatest improvements in health status are seen when people who are least fit become 

physically active”.  This conclusion was repeated in a more recent review article by Warburton et 

al. (2017) too.  In addition, Fournier et al. (2010) found that pharmaceutical treatments for anxie-

ty are more effective for patients who are severally affected than for those with a mild condition. 

 The medical evidence supporting the assertions  and  is broad.  

For example, Herrmann et al. (2009), Montazeri (2009), Quinten et al. (2009), and Voutsadakis 

(2017) found that progression free cancer survival increases with quality of life and declines with 

comorbidities at the time of diagnosis.  Similarly, Herpertz-Dahlmann et al. (1996), Zerwas et al. 

(2013), Dakanalis, Bartoli, et al. (2017), Dakanalis, Colmegna, et al. (2017), and Lydecker et al. 

(2020) determined that the likelihood of a positive outcome of eating-disorder treatments de-

clines with baseline severity of the condition.  Along the same lines, Batterham et al. (2016) pro-

vided evidence that the likelihood of a permanent weight reduction among obese patients sub-

jected to dietary weight loss interventions decreases with body mass index at baseline.  And fi-

nally, Baganz et al. (2019) found that the likelihood of remission when treated for rheumatoid ar-

thritis decreases with the severity of the condition. 

FH (H , I ) < 0 FIH (H , I ) < 0

FH (H , I ) > 0 FIH (H , I ) > 0
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 Despite numerous generalizations of the canonical model of Grossman (1972)—see Bolin 

and Lindgren (2016) for a recent account of such extensions—none have allowed for the health 

production function to depend on the rate of investment in health and the state of health.  The 

generalization contemplated here is thus a rather simple one, in that it allows the total and mar-

ginal products of health investment to be functions of the state of health.  While allowing the 

production technology to depend on the state and control variables is hardly an unconventional 

assumption in other fields of economics, as shown below, it is fair to conclude that an examina-

tion of its behavioral implications is both worthwhile and overdue in health economics. 

 A generalization of a similar flavor appeared more than one-half century ago in Tread-

way (1970), who studied the local qualitative properties of the neoclassical adjustment cost mod-

el of a firm when the production function depended not just on labor and the stock of capital, 

which is the traditional assumption, but also on the rate of investment.  He showed that many of 

the heretofore refutable qualitative properties of the model became ambiguous under the more 

general assumption about the production function.  Similarly, three decades ago, Levhari and 

Withagen (1992) studied a generalization of the archetypal nonrenewable resource extraction 

model in which the biomass production function depended not only on the stock of the biomass 

(the traditional assumption), but also on the rate of management effort.  Here too, as put by 

Levhari and Withagen (1992, Abstract) “The analysis gives rise to results which differ substan-

tially from the usual outcomes in the economics of renewable resources.” 

 On the basis of the research by Treadway (1970) and Levhari and Withagen (1992), one 

might expect that some of the qualitative properties of the health-capital model would change as 

a result of the proposed generalization of the health production function.  This is indeed true, but 

only for a certain class of health production functions.  On the other hand, it is shown that if the 

total and marginal products of health investment are nonincreasing functions of the state of 

health, then the local stability of a steady state and thus the shape of the trajectories in a neigh-

borhood of a steady state of the generalized model are qualitatively identical to those of the basic 

model.  This implies that when  and , the generalized model is unable FH (H , I ) ≤ 0 FIH (H , I ) ≤ 0
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to rationalize certain observed health behaviors, but neither can the basic model.  A prominent 

example of such behavior is the repeated cycling between high and low states of health and their 

concomitant rates of investment in health that is observed in some people.  In technical terms, 

such cyclical behavior is ruled out by the fact that a steady state of the basic model, as well as 

that of the generalized model when the total and marginal products of health investment are not 

increasing in the state of health, is a local saddle point. 

 A third objective, therefore, is the identification of the conditions on the health produc-

tion function that are implied by cyclical behavior.  It turns out that the implied conditions are 

not unconventional, and, in fact, mirror the conditions facing persons striving to restore their 

health.  In particular, cyclical behavior implies that the marginal product of health is bounded 

above by the rate of health depreciation in a steady state, that the marginal product of health in-

vestment is an increasing function of the state of health, and that investment and health must be 

sufficiently complementary in a steady state.  Taken together, the contributions show that the 

generalized model has greater reach than the archetypal model, contains it as a special case, and 

is no more difficult to understand. 

 In closing the section, note that while a simple framework is adopted in what follows, in 

that the resulting optimal control model has but one state variable and two control variables, gen-

eral functional forms are maintained throughout.  Consequently, one can be confident that the 

qualitative conclusions drawn are robust and not dependent on restrictive functional form as-

sumptions.  Moreover, despite the simplicity of the generalized model, the essential features of 

the health-capital model are retained.  A further benefit of formulating the generalized health-

capital model in a simple manner is that it permits a characterization of its solution by way of a 

phase diagram.  As such, one is not required to delve into excessive technical details in order to 

understand the results, thereby permitting the paper to reach a wider audience. 

2.  A Generalized Health Capital Model and its Assumptions 

To begin, let  be the consumption rate of a composite good at time  that does not af-

fect an agent’s state of health  at time , the latter of which is hereafter referred to as 

C(t)∈! + t

H (t)∈! + t
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health.  Instantaneous preferences are represented by a felicity function , and agents are as-

sumed to care about consumption of the composite good and their health.  Thus, the value of 

 at time  is .  The state equation for health is , 

where  is a constant rate of depreciation of health,  is an agent’s health invest-

ment rate—hereafter investment—at time , and  is a health production function, mapping 

health and investment to the gross time-rate-of-change of health. 

 Furthermore, an agent’s initial health  is fixed at the value , implying that 

 is an initial condition.  Similarly, an agent’s health at the time of death  is 

given by , and is assumed to be bounded below by the value , often referred to as 

the minimum health required for life, implying that  is a terminal condition on health.  

Initially, the time of death is known and fixed at a finite value , but this assumption is 

later changed to allow for infinitely-lived agents—a case emphasized by Strulik (2015, pp. 310–

312)—in order to determine the qualitative implications of the assumption. 

 Depending on the assumption made about financial markets, the budget constraint can 

take one of two forms.  If financial markets are assumed to be perfect, then the budget constraint 

is of the lifetime variety.  Unfortunately, this assumption introduces a considerable complication 

in the model in the form of a second state variable, namely wealth, and as such, does not permit 

analysis of the resulting optimal control model by way of a phase diagram.  As a result, this as-

sumption is eschewed in favor of the assumption that perfect financial markets do not exist. 

 Without loss of generality, it is assumed that the price of consumption is unity.  Accord-

ingly, the budget constraint takes the form , where  is the constant 

(relative) price of investment and  is a constant flow of (relative) income.  This approach 

mimics that of Ferguson (2000), who sought to obtain a qualitative characterization of a simpli-

fied version of the rational addiction model via a phase diagram, Forster (2001), who studied a 

model with healthy and unhealthy consumption, and Strulik (2015), who derived a closed-form 

solution for a special case of the model studied here, among others. 

U (⋅)

U (⋅) t U C(t),H (t)( ) !H (t) = F H (t), I(t)( )−δH (t)
δ ∈! ++ I(t)∈! +

t F(⋅)

H (0) H0 ∈! ++

H (0) = H0 T ∈! ++

H (T ) HT ∈! +

H (T ) ≥ HT

T ∈! ++

C(t)+ pI I(t) = Y pI ∈! ++

Y ∈! ++
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 Pulling the above information together and substituting  in , an 

agent is asserted to behave as if solving the optimal control problem 

  

 s.t.  , , . (1) 

The following assumptions are imposed on problem (1) and discussed subsequently. 

(A1) For all , , , ,  is strongly 

concave in , and . 

(A2) For all , , ,  is strongly concave in , 

and . 

(A3) For all , there exists an interior and finite investment rate  and health 

state , and a current-value costate , that satisfy the necessary conditions 

of problem (1), where  is a parameter vector,  is a given 

value of , and  is an open  centered at  of radius . 

(A4) For all  there exists an interior and finite investment rate  and health 

state , and a current-value costate , that satisfy the steady state version of 

the necessary conditions of problem (1), where . 

 Assumption (A1) asserts that instantaneous preferences are strongly monotonic in con-

sumption and health, that is, consumption and health are goods.  It also asserts that the Hessian 

matrix of the felicity function is negative definite, and in particular, that  and 

, i.e., consumption and health exhibit diminishing marginal utility.  These are 

ubiquitous assumptions that permit one to invoke a sufficiency theorem, which is useful when 

studying the qualitative properties of an optimal control problem using general functional forms, 

as is the case here.  Finally, note that consumption and health are assumed to be unrelated or 

complements, which is the usual assumption. 

 Supposition (A2) gives the maintained assumptions on the health production function.  

Per usual, the marginal product of investment is assumed to be positive and the Hessian matrix 

C(t) = Y − pI I(t) U (⋅)

max
I (⋅)

U Y − pI I(t),H (t)( )e−ρt dt
0

T

∫
!H (t) = F H (t), I(t)( )−δH (t) H (0) = H0 H (T ) ≥ HT

(C,H )∈! ++ ×! ++ U (⋅)∈C (2) UC (C,H ) > 0 UH (C,H ) > 0 U (⋅)

(C,H ) UCH (C,H ) ≥ 0

(H , I )∈! ++ ×! ++ F(⋅)∈C (2) FI (H , I ) > 0 F(⋅) (H , I )

F(H ,0) = 0

θ ∈B(θ0;ε1) I ∗(t;θ)

H ∗(t;θ) λ∗(t;θ)

θ =def (T ,H0 ,HT ,δ , pI ,ρ,Y ) θ0

θ B(θ0;ε1) 7-ball θ0 ε1 > 0

β ∈B(β0;ε2 ) I ss (β)

Hss(β) λ ss(β)

β =def (δ , pI ,ρ,Y )

UCC (C,H ) < 0

UHH (C,H ) < 0
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of the production function with respect to health and investment is assumed to be negative defi-

nite, the latter implying that health and investment exhibit diminishing marginal productivity.  

The signs of the partial derivatives  and , and the implications of them for the 

qualitative nature of the solution to problem (1), are the focus of §4–§6. 

 Assumption (A3) is relatively mild, in that it only asserts the existence of a solution to the 

necessary conditions of problem (1).  But as shown in the next section, assumptions (A1) and 

(A2) imply that the necessary conditions are sufficient, and therefore that a solution of the neces-

sary condition is the unique, globally optimal solution of problem (1).  Finally, assumption (A4) 

mimics (A3), but applies to the steady state solution of problem (1) 

 Having dispensed with the above, the ensuing section presents basic results that are es-

sential for a qualitative characterization of the solution to problem (1). 

3.  Preliminary Results 

To begin, define the current-value Hamiltonian of problem (1) by 

 , (2) 

where  is the current-value costate variable associated with health, and has the economic inter-

pretation of the current-value shadow value of health—hereafter, shadow value of health.  Given 

assumption (A3), Theorem 10.2 of Caputo (2005) gives the necessary conditions 

 , (3) 

 , , (4) 

 , (5) 

 , , . (6) 

The above necessary conditions are also sufficient, as is now demonstrated. 

 The sufficiency of Eqs. (3)–(6) is established by showing that  is strongly concave in 

.  In order to do so, first define the function  by .  It is 

straightforward to show that the Hessian matrix of  is negative definite, and thus that  is 

strongly concave in .  Second, note that  is also strongly concave in 

by assumption (A2).  Third, it follows from Eq. (3) and assumptions (A1), (A2), and (A3) that 

FH (H , I ) FIH (H , I )

Φ(H , I ,λ) =defU (Y − pI I ,H )+ λ[F(H , I )−δH ]

λ

Φ I (H , I ,λ) = − pIUC (Y − pI I ,H )+ λFI (H , I ) = 0
!H = Φλ (H , I ,λ) = F(H , I )−δH H (0) = H0

!λ = ρλ −ΦH (H , I ,λ) = [ρ +δ − FH (H , I )]λ −UH (Y − pI I ,H )

H (T ) ≥ HT λ(T ) ≥ 0 λ(T )[H (T )− HT ]= 0

Φ(⋅)

(H , I ) V (⋅) V (H , I ) =defU (Y − pI I ,H )

V (⋅) V (⋅)

(H , I ) F(H , I )−δH (H , I )
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 for all .  And fourth, the preceding deductions show that  is a positive 

sum of strongly concave functions and hence strongly concave in .  Consequently, by 

Theorem 10.4 of Caputo (2005), a solution of the necessary conditions of problem (1) is the 

globally optimal solution of problem (1). 

 In the above proof it was shown that  for all , i.e., health is a good 

according to lifetime preferences.  This implies that  by way of the transversality 

conditions in Eq. (6).  In other words, terminal health is equal to the lower bound on health in an 

optimal plan.  The conclusion that , however, is predicated on the assumption of 

an interior solution for investment. 

 If instead a nonnegativity constraint on investment were introduced, then Eq. (3) would 

be replaced with .  But as ,  by assumption 

(A1), and  by assumption (A2), the sign of  could be positive, negative, or 

zero.  Given that  by Eq. (6), it is possible in this case that , and therefore 

by complementary slackness, that  too.  This possibility, to wit, no investment in 

health, a zero shadow value of health, and health at or above its lower bound at the last moment 

of life, will be revisited when the phase diagram is developed in the next section. 

 In order to construct the phase diagram, the necessary and sufficient conditions in Eqs. 

(3)–(6) must be reduced to a pair of ordinary differential equations and boundary conditions.  

This is accomplished by (i) differentiating Eq. (3) with respect to , (ii) solving Eq. (3) for  

and substituting it in the expression obtained in step (i), and (iii) substituting Eqs. (4) and (5) in 

the expression obtained from step (i) and rearranging terms to get 

  (7) 

 , , . (8) 

λ∗(t;θ) > 0 t ∈[0,T ] Φ(⋅)

(H , I )

λ∗(t;θ) > 0 t ∈[0,T ]

H ∗(T ;θ) = HT

H ∗(T ;θ) = HT

λFI (H , I ) ≤ pIUC (Y − pI I ,H ) pI ∈! ++ UC (C,H ) > 0

FI (H , I ) > 0 λ∗(t;θ)

λ(T ) ≥ 0 λ∗(T ;θ) = 0

I ∗(T ;θ) = 0

t λ

!I =
pI UCH (Y − pI I ,H )−UC (Y − pI I ,H )FIH (H , I )[FI (H , I )]

−1⎡⎣ ⎤⎦[F(H , I )−δH ]
pI
2UCC (Y − pI I ,H )+ pIUC (Y − pI I ,H )FII (H , I )[FI (H , I )]

−1

+
FI (H , I )UH (Y − pI I ,H )− [ρ +δ − FH (H , I )]pIUC (Y − pI I ,H )
pI
2UCC (Y − pI I ,H )+ pIUC (Y − pI I ,H )FII (H , I )[FI (H , I )]

−1 ,

!H = F(H , I )−δH H (0) = H0 H (T ) = HT
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One can also derive the above differential equations by employing Eqs. (9) and (10) from Caputo 

(2005, Chapter 18).  Note that the arguments of the functions in Eqs. (7) and (8) have been ex-

plicitly indicated, seeing as the Jacobian matrix of Eqs. (7) and (8) will be calculated in the ensu-

ing section.  Despite the complexity of Eq. (7), a great deal can be said about the local qualitative 

properties of the solution to Eqs. (7) and (8), as will be demonstrated in the ensuing sections. 

 In closing the section, note that the steady state version of the necessary and sufficient 

conditions is found by setting  and  in Eqs. (7) and (8), and is given by 

 , (9) 

 . (10) 

Finally, recall that by assumption (A4),  and  are the simultaneous solu-

tion of Eqs. (9) and (10). 

4.  Local Stability and the Phase Portrait when  and  

The present section adds the stipulations  and  to assumptions (A1)–

(A4).  As discussed in §1, said assumptions are those supported by the medical evidence when 

investment corresponds to fitness efforts or certain pharmaceutical treatments.  The local stabil-

ity of a steady state and the corresponding phase diagram follow from the properties of the Jaco-

bian matrix of Eqs. (7) and (8) evaluated at the steady state solution  and .  

By definition, the Jacobian matrix is given by 

 , (11) 

where 

 , (12) 

!I = 0 !H = 0

FI (H , I )UH (Y − pI I ,H )− [ρ +δ − FH (H , I )]pIUC (Y − pI I ,H ) = 0

F(H , I )−δH = 0

H = Hss(β) I = I ss(β)

FH (H , I ) ≤ 0 FIH (H , I ) ≤ 0

FH (H , I ) ≤ 0 FIH (H , I ) ≤ 0

H = Hss(β) I = I ss(β)

J =def
∂ !I
∂I

∂ !I
∂H

∂ !H
∂I

∂ !H
∂H

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
H=Hss (β )
I= I ss (β )

=

∂ !I
∂I
(+ )

∂ !I
∂H
(+ )

FI (H , I )
(+ )

FH (H , I )−δ
(− )

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥ H=Hss (β )
I= I ss (β )

∂ !I
∂I H=Hss (β )

I= I ss (β )

=
pI
2[ρ +δ − FH ]UCC +UHFII
pI
2UCC + pIUCFII [FI ]

−1
H=Hss (β )
I= I ss (β )

> 0
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  (13) 

Observe that  follows from assumptions (A2) and (A4), and that the sign of 

Eq. (12) follows from Eq. (9) and assumptions (A1), (A2), and (A4).  Consequently, the sign of 

the elements in the first column of  hold regardless of the additional assumptions made in the 

present section or in §6.  In contrast, the sign of  follows from the added stip-

ulation , while the sign of Eq. (13) follows from assumptions (A1) and (A2), plus 

both added stipulations.  As a result, the sign of the elements in the second column of  depend 

on one or both of the additional assumptions introduced in this section.  Finally, note that the 

sign pattern of the Jacobian matrix implies that , i.e., the steady state is a local saddle 

point.  The following proposition records this basic result. 

 

Proposition 1.  Let assumptions (A1)–(A4) hold in problem (1).  If, in addition,  

and , then the steady state solution of problem (1) is a local saddle point. 

 

 Proposition 1 asserts that if the marginal product of health is not positive and health and 

investment are technical substitutes or independent for all values of health and investment, then 

the steady state of the generalized model is a local saddle point.  But the conclusion of Proposi-

tion 1 also holds under weaker assumptions.  To see this, observe that Eqs. (11)–(13) are evalu-

ated at the steady state, implying that Proposition 1 holds if  and 

.  That is, if the marginal product of health is not positive and health and 

investment are technical substitutes or independent at the steady state, then the steady state is a 

local saddle point.  Thus outside of a neighborhood of the steady state the marginal product of 

∂ !I
∂H H=Hss (β )

I= I ss (β )

=
pIUCH 2[FH −δ ]− ρ⎡⎣ ⎤⎦ − pIUCFIH [FH −δ ][FI ]

−1

pI
2UCC + pIUCFII [FI ]

−1
H=Hss (β )
I= I ss (β )

+
pIUCFHH + FIUHH +UHFIH
pI
2UCC + pIUCFII [FI ]

−1
H=Hss (β )
I= I ss (β )

> 0.

∂ !H ∂I H=Hss (β )
I= I ss (β )

> 0

J

∂ !H ∂H H=Hss (β )
I= I ss (β )

< 0

FH (H , I ) ≤ 0

J

J < 0

FH (H , I ) ≤ 0

FIH (H , I ) ≤ 0

FH H
ss(β), I ss(β)( ) ≤ 0

FIH H
ss(β), I ss(β)( ) ≤ 0
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health could be positive and health and investment could be technical complements, opposite of 

what holds at the steady state. 

 Examination of Eqs. (11)–(13) shows that if , then .  Thus, if the pro-

duction function is independent of health, then the steady state is a local saddle point.  This ver-

sion of the model represents a slight generalization of the usual model, in that the production 

function is nonlinear in investment.  If in addition to the preceding stipulation it is also assumed 

that , then , i.e., if the production function is also linear in investment, then 

the steady state is a local saddle point.  Taken together, the assumptions  and 

 are those typically employed in the canonical model.  These two special cases are 

sufficiently important and are therefore summarized in the following corollary. 

 

Corollary 1.  Let assumptions (A1)–(A4) hold in problem (1).  If, in addition, either (i) 

, or (ii)  and , then the steady state solution of problem 

(1) is a local saddle point. 

 

 Proposition 1 and Corollary 1 show that the local stability of the steady state is identical 

in the three versions of problem (1).  But this does not imply that the solution to each is identical, 

as there in general exist quantitative differences in the solutions because of the different assump-

tions placed on the health production function.  In passing, note that the remark immediately fol-

lowing Proposition 1 applies equally as well to Corollary 1. 

 To construct the phase diagram, it follows from the implicit function theorem that the 

slope of the  isocline in a neighborhood of the steady state in the  is given by the 

elements of row 1 of , in particular, by the negative of the ratio of the element in the second 

column to that in the first, with an analogous formula for the slope of the  isocline from 

row 2.  As a result, the  isocline is downward sloping and the  isocline is upward 

sloping in a neighborhood of the steady state.  Inasmuch as  by assumption (A2), the 

 isocline emanates from the origin.  Moreover, as shown in Appendix I, the  isocline 

FH (H , I ) ≡ 0 J < 0

FII (H , I ) ≡ 0 J < 0

FH (H , I ) ≡ 0

FII (H , I ) ≡ 0

FH (H , I ) ≡ 0 FH (H , I ) ≡ 0 FII (H , I ) ≡ 0

!I = 0 HI-plane

J

!H = 0

!I = 0 !H = 0

F(H ,0) = 0

!H = 0 !H = 0
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is upward sloping and strongly convex.  Finally, by recalling that the vector field is given by the 

sign of the elements in , it is possible to draw the phase diagram corresponding to Eqs. (7) and 

(8).  It is depicted in Figure 1 and discussed in the next section. 

5.  Qualitative Characterization of the Trajectories when  and  

Begin by considering a simple case, to wit, that of an agent who plans as if death never happens, 

a possibility emphasized by Strulik (2015, pp. 310–312).  If one interprets the lower bound on 

health as the minimum required for life, then in order for this case to make sense it must be as-

sumed that (i) the initial value of health exceeds the lower bound, i.e., , and (ii) the 

steady state value of health exceeds the lower bound, that is, .  What is more, an ad-

ditional general necessary transversality condition must be satisfied, as given in Theorem 14.9 of 

Caputo (2005), namely,  along an optimal solution.  This condition 

always holds along a solution that asymptotically approaches a steady state, such as that depicted 

in Figure 1 by either of the two green trajectories.  Furthermore, the sufficient conditions in this 

case require that another transversality condition hold in the form of an inequality, as given in 

Theorem 14.4 of Caputo (2005)—it is assumed that said inequality holds.  Accordingly, a trajec-

tory that converges to the steady state is indeed the optimal solution to the posed optimal control 

problem under the present stipulations. 

 The optimal trajectory in this case is fully determined by whether the initial value of 

health is greater than or less than the steady state value of health.  In the case of an initially rela-

tively healthy agent, i.e., , initial investment is relatively low, and health monoton-

ically decreases and investment monotonically increases over time, with the opposite holding for 

an agent who is initially relatively unhealthy.  Thus, under the present stipulations, the health and 

investment trajectories of agents who plan to live indefinitely are monotonic and move in oppo-

site directions over time.  Consequently, agents invest less in their health as they become more 

healthy, refuting the claim by Zweifel (2012, p. 678) that one of the main results of the health-

capital model is “ … the prediction of a positive relationship between the (permanent, desired) 

J

FH (H , I ) ≤ 0 FIH (H , I ) ≤ 0

H0 > HT

Hss(β) > HT

limt→+∞ Φ(H , I ,λ)e
−ρt = 0

H0 > H
ss(β)
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stock of health and the derived demand for health care.”  Note, however, that the aforesaid refu-

table implication is not true in general, as shown by Caputo (2021) and in what follows. 

 Consider the alternative situation in which an agent plans for a known finite lifetime.  In 

this case an agent ends life with health equal to the minimum required for life, i.e., 

, as shown in §3.  As was the case above, it must be assumed that .  Fur-

thermore, assume that the health states  are ordered as .  Ex-

amination of Figure 1 shows that a trajectory like C is optimal, as it begins in a health state 

greater than, and terminates in a health state less than, steady state health.  As a result, the opti-

mal time path of investment is not monotonic in this case.  In particular, investment increases for 

an initial period of time, reaches a maximum, and then declines until the terminal health state is 

reached.  Thus health and investment move in opposite directions over time before maximum in-

vestment occurs, but then move in the same direction thereafter. 

 Note, in passing, that if one explicitly accounted for the nonnegativity constraint  

for all , then as shown earlier, it is possible that  and .  Given 

the preceding stipulations, this implies that a trajectory like C would again be optimal, but it 

would instead terminate along the horizontal axis with health greater than or equal to the mini-

mum required for life. 

 Now consider a different ordering of , say .  In this 

case there are more possibilities for the optimal trajectory.  For example, it is possible for a non-

monotonic trajectory like C to be optimal.  But the optimal trajectory can also mimic the down-

ward sloping portion of trajectories like B or C, with health declining and investment rising over 

time, and thus be monotonic, akin to the trajectory of an initially relatively healthy agent who 

plans to live forever.  Furthermore, the optimal trajectory could resemble the portion of a trajec-

tory like C that has a positive slope.  In this case the trajectory is one in which health and in-

vestment are both monotonically declining. 

 In each of the preceding cases, the trajectory for health was monotonic, but not necessari-

ly so for investment.  To show that this possibility may be reversed for agents who plan for a fi-

H ∗(T ;θ) = HT H0 > HT

H0 ,HT ,H
ss(β)( ) H0 > H

ss(β) > HT

I(t) ≥ 0

t ∈[0,T ] λ∗(T ;θ) = 0 I ∗(T ;θ) = 0

H0 ,HT ,H
ss(β)( ) H0 > HT > H

ss(β)
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nite lifetime, consider an ordering of  such that .  In this case, 

both health and investment could be monotonically decreasing over time, as would be the case if 

the optimal trajectory resembled the upward sloping portions of trajectories like C or D.  But it is 

also entirely possible that the optimal trajectory might mimic one akin to D.  In that case, in-

vestment decreases and health increases until the maximum state of health occurs, after which 

health decreases along with investment. 

 Finally, it is important to recall that the preceding results are conditioned on the assump-

tions  and .  Consequently, under these stipulations, the generalized 

model is incapable of explaining the repeated cycling between high and low states of health and 

the concomitant cycling of investment observed in some people.  The matter of cycling and the 

implied assumptions on the health production function are thus examined in the next section. 

6.  Cycling and the Health Production Function 

Proposition 1 shows that if  and , then the steady state is a local sad-

dle point, that is, .  Consequently, said assumptions cannot lead to the cycling of health 

and investment.  Therefore, in order to generate cycling in the generalized model, at least one of 

the aforesaid stipulations cannot hold.  Furthermore, the eigenvalues of  must be complex con-

jugates with nonzero real parts, or equivalently, a steady state must be a local spiral node, if the 

generalized model is to generate cycling in a neighborhood of the steady state.1  As a result, the 

assumption that the steady state is a local spiral node is maintained in the present section.  The 

implications of this assumption are summarized in the ensuing proposition, the proof of which is 

relegated to Appendix II. 

 

Proposition 2.  Let assumptions (A1)–(A4) hold in problem (1).  If, in addition, the steady state 

solution of problem (1) is a local spiral node, then (i) it is a locally unstable spiral node, (ii) the 

 
1  As is well known—see, e.g., Theorem 13.6 in Caputo (2005)—this follows because the method of linearization 
used here accurately predicts the qualitative nature of a steady state if the eigenvalues of the Jacobian matrix are real 
and unequal or are complex conjugates with nonzero real parts. 

H0 ,HT ,H
ss(β)( ) Hss(β) > H0 > HT

FH (H , I ) ≤ 0 FIH (H , I ) ≤ 0

FH (H , I ) ≤ 0 FIH (H , I ) ≤ 0

J < 0

J
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slope of the  isocline is positive in a neighborhood of a steady state, (iii) the slope of the 

 isocline is greater than the slope of the  isocline in a neighborhood of a steady state, 

(iv) , and (v)  and is bounded from below. 

 

 Proposition 2 provides necessary conditions for a local spiral node in the generalized 

model.  Said conditions include those that permit construction of the phase diagram for this case, 

as given in Figure 2.  The necessary condition  asserts that the steady state 

marginal product of health does not exceed the depreciation rate of health.  Thus at a steady 

state, the marginal product of health may be less than or equal to zero—which is one of the suffi-

cient conditions for a local saddle point steady state—or it may be positive but bounded above by 

the depreciation rate of health.  In contrast, the necessary condition that  

is bounded from below is the opposite of the sufficient condition for a local saddle point steady 

state.  It asserts that investment and health are sufficiently complementary in the health produc-

tion function if a steady state is a local spiral node. 

 The precise nature of the optimal trajectory depends on the initial and terminal values of 

health as well as on planned length of life, just as it did in the case of a saddle point steady state.  

In general, the typical trajectory spirals clockwise away from the steady state.  Moreover, it ex-

hibits time intervals in which health and investment are both decreasing, health is decreasing but 

investment is increasing, both are increasing, and health is increasing but investment is decreas-

ing.  Importantly, this type of solution cannot occur in the archetypal model, as shown by Corol-

lary 1.  In other words, by a generalization of the health production function to allow the total 

and marginal products of investment to depend on health, the reach of the standard model is ex-

tended to account for an observed pattern of heath and investment that cannot be rationalized by 

it. 

 Recall that the medical evidence presented in §1 supported the claim that the effect on 

health produced by certain behaviors or interventions aimed at improving health (in general) de-

pends on current health, i.e., the health production function depends on investment in health and 

!H = 0

!I = 0 !H = 0

FH H
ss(β), I ss(β)( )−δ < 0 FIH H

ss(β), I ss(β)( ) > 0

FH H
ss(β), I ss(β)( ) < δ

FIH H
ss(β), I ss(β)( ) > 0
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the state of health.  Moreover, said evidence suggests that there is a meaningful qualitative dif-

ference between efforts to improve fitness or the use of certain pharmaceutical treatments to im-

prove outcomes, versus treatments to restore health.  In particular, the former are limited by the 

facts that the total and marginal products of health investment are nonincreasing functions of 

health, while the opposite is true for many interventions aimed at restoring health.  Despite the 

fact that the archetypal health-capital model by construction does not accommodate any of these 

empirical facts, Proposition 1 and Corollary 1 imply that the local qualitative properties of the 

archetypal model and the generalized model studied herein are identical when the total and mar-

ginal products of investment are nonincreasing functions of health.  As such, the archetypal 

model can rationalize health-related behaviors and outcomes in such circumstances despite not 

accommodating the underlying medical assumptions within the model.  In contrast, observations 

of cyclical health-related behaviors and outcomes cannot be rationalized by the archetypal mod-

el, whereas Proposition 2 shows that the generalized health-capital model can indeed rationalize 

them and accommodate the implied medical assumptions. 

 In closing, note that Filed at al., (2003) and Lahti-Koski et al., (2005) presented empirical 

evidence suggesting that eating habits and weight are subject to cycling in significant parts of 

studied populations.  By Proposition 2, necessary conditions for cycling in the generalized model 

are that at a steady state, investment and health are sufficiently strong technical complements, 

and that the marginal product of health is bounded above by the rate at which health depreciates.  

Health-production technologies that are consistent with these requirements have, indeed, been 

found among patients treated for conditions where cycling has been observed, namely, eating 

disorders and overweight and obesity problems.  Thus, the generalized model developed herein 

is capable of rationalizing the observed cycling of eating habits and weight.  What is more, cy-

cling is rationalized without invoking rational addiction arguments, as in Dockner and Feicht-

inger (1993), or specific survival or utility functions, as in Suranovic and Goldfarb (2006). 

7.  Summary and Conclusion 



The Health Production Function and its Behavioral Implications 

 19 

Despite a half-century of research extending the Grossman (1972) model, one simple and intui-

tive generalization of it had yet to be contemplated, namely, allowing the health production func-

tion to depend on investment and health.  The resulting generalized model was shown to usefully 

extend the reach of the prototype version but was no more difficult to understand—indeed, it 

permitted a qualitative characterization of its solution via phase diagrams.  In particular, the gen-

eralized model was shown to qualitatively mimic the solution of the prototype model when the 

total and marginal products of investment were non-increasing functions of health.  But unlike 

the archetype model, the generalized version can rationalize cyclical solutions for health and in-

vestment, in which case the steady state value of the marginal product of health was shown to be 

bounded above by the depreciation rate of health, and health and investment were shown to be 

sufficiently complementary in the steady state. 

8.  Appendix I:  Slope of the  Isocline 

The  isocline is implicitly defined by , and seeing as  by as-

sumption (A2), the implicit function theorem gives, say,  as its  solution.  Apply-

ing the chain rule to the identity  gives the slope of the  isocline, 

to wit, , and a second application yields 

  

The denominator of the preceding expression is negative, as  by assumption (A2).  

The numerator is also negative because it is a quadratic form that is constructed with the Hessian 

matrix of , and the Hessian matrix is negative definite by assumption (A2). 

9.  Appendix II:  Proof of Proposition 2 

The characteristic equation for the eigenvalues  of  is , where  

is the trace of , hence 

 . (14) 

!H = 0

!H = 0 F(H , I )−δH = 0 FI (H , I ) > 0

I = Î(H ,δ ) C (2)

F H , Î(H ,δ )( )−δH ≡ 0 !H = 0

∂ Î H ≡ δ − FH H , Î(H ,δ )( )⎡
⎣

⎤
⎦ FI H , Î(H ,δ )( ) > 0

∂2 Î
∂H 2 ≡

−FI FHH + FHI
∂ Î
∂H⎡⎣ ⎤⎦ − [δ − FH ] FIH + FII

∂ Î
∂H⎡⎣ ⎤⎦

FI
2

≡
FI
2FHH + 2FI [δ − FH ]FHI + [δ − FH ]

2FII
−FI

3 > 0.

FI (H , I ) > 0
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It follows from Eq. (22) of Caputo (2005, Chapter 18) that  is equal to the rate of time pref-

erence, that is, .  This can be demonstrated 

by solving Eq. (9) for , evaluating it at , and then substituting it 

in .  As , the real parts of the eigenvalues are positive and equal to , 

thereby implying that the steady state is a locally unstable spiral node.  Moreover, because the 

eigenvalues of  are assumed to be complex conjugates with nonzero real parts, it follows from 

Eq. (14) that . 

 Recall from §4 that  and  hold in general under as-

sumptions (A1)–(A4).  Because , it follows from Eq. (11) that 

 . (15) 

By the implicit function theorem, Eq. (15) asserts that the slope of the  isocline is greater 

than the slope of the  isocline in a neighborhood of a steady state. 

 Because the  isocline cuts through the origin in the , as shown in §4, for 

there to exist a steady state that satisfies Assumption (A4), the  isocline must have a posi-

tive slope in a neighborhood of a steady state, i.e., the right-hand side of Eq. (15) must be posi-

tive.  Seeing as , this implies that  

from Eq. (15).  It then follows from  and Eq. (15) that the slope of the  

isocline is positive and cuts the  isocline from below in a neighborhood of a steady state. 

 The condition  places a restriction on .  To see this, use 

Eq. (11) to show that  is equivalent to 

 . (16) 

Now use Eqs. (11)–(13) to rewrite Eq. (16) in the form 

tr(J)
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I= I ss (β )

+ FH H
ss(β), I ss(β)( )−δ = ρ > 0

UH (Y − pI I ,H ) Hss(β), I ss(β)( )
tr(J) tr(J) = ρ > 0 1

2 ρ > 0

J

J > 1
4 ρ

2 > 0

∂ !I ∂I H=Hss (β )
I= I ss (β )

> 0 ∂ !H ∂I H=Hss (β )
I= I ss (β )

> 0

J > 0

− ∂ !I ∂H
∂ !I ∂I

+
!

H=Hss (β )
I= I ss (β )

> − ∂ !H ∂H
∂ !H ∂I

+
!"#

H=Hss (β )
I= I ss (β )

!I = 0

!H = 0

!H = 0 HI-plane

!H = 0

∂ !H ∂I H=Hss (β )
I= I ss (β )

> 0 ∂ !H ∂H H=Hss (β )
I= I ss (β )

= FH H
ss(β), I ss(β)( )−δ < 0

∂ !I ∂I H=Hss (β )
I= I ss (β )

> 0 !I = 0

!H = 0

J > 1
4 ρ

2 > 0 FIH H
ss(β), I ss(β)( )

J > 1
4 ρ

2

∂ !I
∂I

∂ !H
∂H H=Hss (β )

I= I ss (β )

− ∂ !I
∂H

∂ !H
∂I H=Hss (β )

I= I ss (β )

> 1
4
ρ2



The Health Production Function and its Behavioral Implications 

 21 

(17) 

where all terms are evaluated at .  Equation (17) places a positive lower bound 

on the magnitude of  and shows that  is necessary see-

ing as .        Q.E.D. 
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