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Mathematical Modelling of Cellular Ageing : a
Multi-Scale Perspective

Barbara Schnitzer

Division of Applied Mathematics and Statistics
Department of Mathematical Sciences

University of Gothenburg and Chalmers University of Technology

Abstract
In a growing and increasingly older population, we are progressively challenged
by the impact of ageing on individuals and society. The UN declared the years
2021-2030 as the Decade of Healthy Ageing, highlighting the efforts to minimise
the burden of ageing and age-related diseases. A crucial step towards this
goal is to elucidate basic underlying mechanisms on a molecular and cellular
level. While much is known about individual hallmarks of cellular ageing, their
interactive and multi-scale nature hinders the progress in gaining deeper insights
into the emergent effects on an organism.

In the five papers underlying this thesis, we aimed to study protein damage
accumulation over successive cell divisions (replicative ageing), as one emergent
factor defining ageing. We combined experimental data in the unicellular model
organism yeast Saccharomyces cerevisiae with mathematical modelling, which
offers systematic and formal ways of analysing the complexity that arises from
the interplay between processes on different time and length scales. In that way,
we showed how interconnections in the cellular signalling network are essential
to ensure a robust adaption to stress on a short time scale, being crucial for
preventing and handling protein damage. By linking different models for cellular
signalling, metabolism and protein damage accumulation, we provided one of
the most comprehensive mathematical models of replicative ageing to date.
The model allowed us to map metabolic changes during ageing to a dynamic
trade-off between protein availability and energy demand, and to investigate
global metabolic strategies underlying cellular ageing. Going beyond single-cell
models, we examined the synergy between processes that create, retain and
repair protein damage, balancing the health of individual cells with the viability
of the cell population. Taken together, by constructing, validating and using
mathematical models, we unified different scales of protein damage accumulation
and explored its causes and consequences. Thus, this thesis contributes to a
more comprehensive understanding of cellular ageing, taking a step further
towards healthy ageing.
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Sammanfattning på svenska
Påverkan av åldrandet är oundvikligt i vår växande och allt äldre befolkning, och
blir alltmer en utmaning på individ- och samhällsnivå. FN förklarade åren 2021-
2030 som Årtiondet av Hälsosamt Åldrande, och lyfter fram ansträngningarna
att förstå hur vi kan undvika åldersrelaterade sjukdomar och åldras på ett
hälsosamt sätt. Ett avgörande steg mot detta mål är att belysa grundläggande
molekylära och cellulära mekanismer som bidrar till ackumulering av skador
och en gradvis förlust av cellfunktionalitet.

Syftet med denna avhandling är att undersöka samspelet mellan ackumulering
av proteinskador, metabolism och signalvägar och hur de tillsammans karak-
teriserar cellulärt åldrande. Vi kombinerade biologiska experiment i jäst som
modellorganism för mänskligt åldrande med matematisk modellering, vilket är
ett kraftfullt verktyg att systematiskt och formellt analysera komplexiteten som
uppstår från samspelet mellan olika processer på olika tids- och längdskalor.
På det sättet visade vi hur interaktioner mellan signalvägar är viktiga för att
reglera en robust anpassning till stress på en kort tidsskala och att säkerställa
en effektiv hantering av potentiellt farliga proteinskador. Vi kopplade modeller
av det regulatoriska och det metabola nätverket med en modell för ackumu-
lering av proteinskador till en mer omfattande flerskalig modell av åldrande.
Modellen gjorde det möjligt att kartlägga metaboliska förändringar under ål-
drandet till en dynamisk balans mellan proteintillgänglighet och energibehov,
och att undersöka globala metaboliska strategier som ligger till grund för cel-
lulärt åldrande. Utöver encellsnivån byggde vi en modell för att undersöka hur
synergin mellan skadeansamling, skadereparation och asymmetrisk skadeseg-
regation vid celldelning kan förbättra hälsan hos enskilda celler och samtidigt
säkerställa cellpopulationens livskraft. Sammanfattningsvis kunde vi med hjälp
av matematisk modellering utreda orsaker och konsekvenser av proteinskada
i celler och cellpopulationer, och på så sätt förena olika skalor av åldrande.
Denna avhandling bidrar därför till en bättre förståelse av cellulärt åldrande
och tar oss ett steg närmare hälsosamt åldrande.
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Zusammenfassung auf Deutsch
Wir leben in einer wachsenden und immer älter werdenden Bevölkerung. Was
zunächst als ein wichtiger Fortschritt in der Gesundheitsversorgung gesehen
werden kann, stellt uns andererseits vor zunehmende Herausforderungen auf
individueller und gesellschaftlicher Ebene. Die Vereinten Nationen haben deswe-
gen die Jahre 2021-2030 zum Jahrzehnt des gesunden Alterns erklärt. Um
altersbedingte Krankheiten zu vermeiden und um gesund zu altern, ist das Ver-
ständnis grundlegender molekularer und zellulärer Mechanismen von Bedeutung,
welche letztendlich dafür verantworlich sind, dass Zellen Schäden ansammeln
und ihre Funktionalität verlieren.

Das Ziel dieser Dissertation ist es besser zu verstehen, wie der Stoffwechsel und
das Signalnetzwerk der Zelle sowie die Anhäufung von geschädigten Proteinen
den Alterungsprozess auf zellulärer Ebene charakterisieren. Diese Prozesse bewe-
gen sich auf unterschiedlichen Zeit- und Längenskalen und sind stark miteinan-
der gekoppelt. Wir haben deshalb mathematische Modelle entwickelt, die eine
systematische und formale Analyse solcher mehrskaliger komplexer Prozesse
erlauben, und diese mit biologischen Experimenten in einzelligen Hefepilzen
kombiniert. Auf diese Weise haben wir gezeigt, dass eine Vernetzung in der zel-
lulären Signalübertragung notwendig ist, um eine robuste Anpassung an Stress
zu regulieren und somit einen effektiven Umgang mit potenziell bedrohlichen
geschädigten Proteinen sicherzustellen. Durch die Verknüpfung verschiedener
Modelle für das Signalnetzwerk, den Stoffwechsel und die Anhäufung von Pro-
teinschäden haben wir ein umfassendes mehrskaliges mathematisches Modell des
Alterns konstruiert. Dieses Modell hat es möglich gemacht, metabolische Verän-
derungen während des Alterns mit einem dynamischen Gleichgewicht zwischen
Proteinverfügbarkeit und Energiebedarf zu erklären, und globale metabolis-
che Strategien zu untersuchen, die der Zellalterung zugrunde liegen. Über
die Zellebene hinaus haben wir mit einem weiteren Modell die Synergie zwis-
chen Akkumulation und Reparatur von Proteinschäden und asymmetrischer
Zellteilung simuliert. So konnten wir zeigen, welche Faktoren die Vitalität
einzelner Zellen verbessern und gleichzeitig die Lebensfähigkeit der Zellpopula-
tion sicherstellen. Zusammenfassend konnten wir mit Hilfe von mathematischer
Modellierung ein umfassenderes Verständnis der Ursachen und Konsequenzen
von Proteinschäden in einzelnen Zellen und Zellpopulationen gewinnen. Diese
Doktorarbeit leistet somit ein Beitrag zum Verständnis von Alterungsprozessen
im Zeitalter des gesunden Alterns.
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doi: 10.3389/fphys.2018.01964.
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1 Introduction

The language of mathematics is universal and has served to describe innu-
merable phenomena in nature extremely well. Researchers in natural sciences
have been puzzled and inspired by the ability to put the complex world into
comparably simple formulae [2, 3]. To date, mathematical theories have resulted
in numerous fundamental laws of physics, formalising for instance conservation
laws, thermodynamics, electromagnetism, and mechanics on small and large
scales, that have helped to understand basic forces and building blocks of life.
No living system is able to escape those fundamental laws of physics, yet we are
far from grasping what life is. A major reason for that is that biological systems
are more than the sum of fundamental laws and contain intricacies, which arise
from a large number of underlying molecules and biochemical processes, that
are inherently non-linear and stochastic, are out-of-equilibrium, act on different
time and length scales, and most importantly are highly interconnected [4, 5].
Although single processes might individually follow comparably simple rules,
the interaction and anticipation between them entail emergent behaviour that
cannot be explained by the individual rules, constituting a crucial property
of complex adaptive systems [6, 7]. The molecules ultimately self-organise to
larger structures, such as organelles or cells, that are able to robustly adapt to
permanently changing conditions, and collectively make living tissues, organs
or whole organisms.

Due to the complex adaptive nature of biological systems, fundamental laws of
biology are hard to deduce. Nonetheless, based on a similar idea, life sciences
make use of mathematical models, defined as a mathematical representation
of a system or the state of a system. In contrast to laws, models are typically
not universal, are based on assumptions and are tailored to the particular
biological problem at hand. They can be anything from abstract phenomeno-
logical models that qualitatively capture logical steps, to detailed dynamic and
spatial models with interpretable and quantifiable variables. Analytical and
numerical analyses of the constructed mathematical equations are powerful
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2 1. Introduction

tools to study a biological system and its behaviour. They can provide insights
into underlying mechanisms, correlations and causation, and can pinpoint miss-
ing logical connections in the current understanding of a system. Ultimately,
mathematical models enable systematic testing of hypotheses that are hard to
assess experimentally and have the potential to formalise and grasp the inherent
complexity of biological processes.

Constructing such models can however be challenging. Every problem is individ-
ual, has different biological prior knowledge and requires different assumptions
and simplifications, in order to ensure mathematical and computational fea-
sibility. After all, "the development of a mathematical model of real world
phenomena is always a compromise between simplicity and realism" [8]. To
find the right balance, it is inevitable to have sufficient biological knowledge.
Integrating experimental data is crucial for optimising models and making them
more realistic. Therefore, the research process is ideally a synergy between
mathematical modelling and biological experiments, constituting the basic idea
behind Systems Biology approaches [9, 10] (Figure 1.1). In this way, mathe-
matical models can unfold their full potential, in order to formally rationalise
biological data and support experimental design.

Even though mathematical models are approximations of the real system,
they have been successfully applied in many fields of biology [11, 12]. They
have provided useful insights in basic cellular processes, such as the cell cycle
[13], cellular rhythm [14], cell polarisation [15], signalling systems [16] or the
metabolism [17]. Mathematical models can further link cellular processes to
complex diseases, such as neurodegenerative diseases [18], diabetes [19] or
cancer [20]. By enabling interventions in the behaviour of the system in a
predictive and rational manner, such theoretical approaches can eventually aid
drug development [21, 22]. Overall, the range of applications is constantly
growing [23], and the potential is huge.

Specific aims

In this thesis, we use mathematical modelling to shed light on features of
cellular ageing and to unravel its complexity, that arises from effects on different
time and length scales. Ageing is one of the highest risk factors for human
diseases, and elucidating its numerous and diverse facets is important to learn
how to minimise its burden on human health and the implications on human
society. While mathematical modelling is an established method also in ageing
research [24, 25], it has often been applied to isolated ageing factors and not
fully exploited to gain a holistic view on ageing [26]. Here, we address this
problem by presenting more comprehensive multi-scale models of ageing.

3

Figure 1.1: Systems biology. Mathematical modelling can help to understand
complex biological systems. By describing the biological problem with mathematical
equations and solving or simulating the system, one can learn underlying mechanisms
and predict novel features of the system. Ideally, the workflow is an iterative process,
with experimental observations feeding into the model, and model predictions feeding
into experimental design.
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4 1. Introduction

The specific aims of the thesis are:

1. to study the metabolic and regulatory networks together with
protein damage accumulation in the context of ageing in indi-
vidual cells and cell populations, by developing mathematical
models on multiple scales (paper I-IV).

2. by using the constructed models and experimental data, to
elucidate

• the age-related stress response (paper I, III, V).
• robustness against ageing factors (paper I, II, IV).
• metabolic changes during ageing (paper III, IV).
• strategies to promote healthy ageing (paper II, III).
• evolutionary aspects of ageing (paper II, IV).

Outline of the thesis

To define ageing more closely, I provide an introduction to relevant biological
concepts of cellular ageing as the accumulation of protein damage in chapter
2, focusing on the baker’s yeast Saccharomyces cerevisiae as a model organism
for human ageing. After having explained the biological problem we face in
more detail, I show in chapter 3 which types of models are most commonly used
in the field and present the mathematical foundation of three specific model
types that were applied in this work. I summarise and discuss the results of
our work in chapter 4, ordered by the corresponding five publications (I-V). I
demonstrate what we learned about ageing by constructing and using individual
mathematical models and by combining them to hybrid, multi-scale models
as one of the major contributions of this thesis. In chapter 5, I conclude the
thesis by setting our results into the bigger context of cellular ageing and by
providing future perspectives for using mathematical models in ageing research,
emphasising the power of interdisciplinary research.

2 Biological features of replica-
tive ageing

The quest for immortality can be traced back to mythologies and has fascinated
humanity ever since. People believed in alchemy that claimed that eternal youth
can be reached by for instance drinking an elixir of life, eating golden apples or
bathing in the fountain of youth. Not surprisingly from a modern perspective,
only when hygiene and medical treatments significantly improved, human life
expectancy eventually started to rise and is still rising [27]. As a consequence
and along with that, also ageing became more and more apparent. Today, ageing
is one of the highest risk factors for human health, and age-related diseases, such
as cardiovascular and neurodegenerative diseases or cancer, constitute a major
challenge for human society [28]. Systematically studying and understanding
processes underlying ageing is therefore crucial to minimise their negative
impact, with the goal to maximise the healthy lifetime.

Hitherto, drivers of ageing on a molecular and cellular level have been exten-
sively studied, supported by the rapid development of advanced experimental
techniques. Nine major hallmarks of ageing have been uncovered [29, 30]: loss
of proteostasis, mitochondrial dysfunction, telomere attrition, deregulated nu-
trient sensing, epigenetic alterations, genomic instability, altered intracellular
communication, stem cell exhaustion and cellular senescence. Those can be
summarised as the decline in functionality and fecundity of cells in an organism
eventually leading to cell death, constituting the most commonly used definition
of ageing today.

At the same time, it became clear that ageing constitutes a complicated network
of interconnected processes, that occur on different time and length scales [8,
26, 31]. Hence, it is not sufficient to investigate isolated features to understand
ageing as a whole. In particular, ageing is a phenomenon that affects not
only the individual cell but also the cell population and the entire organism.
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6 2. Biological features of replicative ageing

Therefore, despite the knowledge we have gained, a holistic understanding of
ageing is still limited by the dimension, intricacy and interconnectivity of the
ageing network.

In this chapter, I give a more detailed biological introduction to the accumulation
of protein damage as one important emergent process defining ageing in our
work (section 2.2) and set it into relation to an established theory of why we
age: the disposable soma theory (section 2.3). I explain how cellular ageing
can contribute to the viability of a cell population even though presumably bad
for an individual cell. To start with, I shortly motivate why all our studies are
based on the budding yeast S. cerevisiae as a model organism (section 2.1).

2.1 Budding yeast as a model organism to study
ageing

Yeast cells have been a valuable model organism to elucidate numerous problems
in cell biology due to the balance between its comparably simple structure and
its genomic proximity to mammalian cells [32]. Besides many others, it has
contributed to gaining knowledge in cell cycle regulation, nutrient signalling,
basic mechanisms of vesicle trafficking or autophagy [33, 34]. Yeast was the
first eukaryotic organism with a fully sequenced DNA [35], and by now, due
to its success as a model system, numerous processes in yeast cells are very
well-studied [33, 36, 37].

The budding yeast S. cerevisiae, a specific species of yeast, is particularly useful
for studies concerning ageing, a universal phenomenon with many evolutionarily
conserved features [38–40]. It is one of the simplest unicellular eukaryotic
organisms that is subject to the same decline in cellular functionality and
fecundity over time and cell divisions as other higher eukaryotes [41–43]. As a
consequence, yeast cells can only produce a finite amount of offspring before
entering senescence, denoted as the replicative lifespan, and non-dividing cells
can only survive a limited amount of absolute time, denoted as the chronological
lifespan [44, 45]. By those measures, ageing in yeast becomes ultimately
quantifiable. In contrast to human cells, systematic and large-scale experiments
over the whole lifespan in yeast are facilitated due to a comparably short
replicative lifespan of an average 24 divisions and a total lifetime of around 1.5
to 2 days when grown under optimal conditions [41, 46]. Furthermore, it is
easy to manipulate the yeast genome in experiments and to study the effects
on lifespan. Together with the extensive available literature, the complexity of
ageing therefore becomes increasingly tractable, making yeast a powerful tool
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to investigate ageing on a systems level. An important example in the context
of this thesis is the accumulation of protein damage over the replicative lifespan,
which has been observed both in yeast cells and in higher organisms [47, 48].

2.2 Protein damage accumulation as a major
driver of replicative ageing

Proteostasis refers to the control and maintenance of a healthy, functional
collection of intracellular proteins (proteome). The cell is a highly dynamic
environment, and intrinsic and extrinsic stress factors permanently perturb the
system, eventually leading to misfolded or damaged proteins [49]. Upon that,
proteins often lose their function in the cell or have a toxic gain-of-function,
challenging proteostasis [50]. To counteract, cells have developed a complex
and interconnected network of control and repair mechanisms that govern the
fate of proteins and create robustness to perturbations [51]. However, even in
the presence of those mechanisms, protein damage accumulates and represents
a major driver of ageing.

2.2.1 Protein damage as a consequence of metabolic stress

One important source of protein damage is stress generated by the metabolism.
The cellular metabolism is primarily responsible for breaking down nutrients to
small energy carriers, such as ATP or NADH, that are motors during growth,
biogenesis and a variety of other cellular functions [52]. The metabolism plays
a pivotal role for the cell and needs to be adaptable and robust. Thus, many
metabolic reactions are controlled and regulated by enzymes. The metabolic
network has been extensively studied in numerous organisms, resulting in
genome-scale reconstructions that encompass detailed biochemical, physical
and genomic information of the system [53–56]. Those large networks typically
consist of several thousands of metabolites and reactions. The central part of the
metabolism in yeast can be divided into two different strategies to create energy
from carbon sources: fermentation and cellular respiration [52]. Fermentation is
anaerobic and therefore does not require oxygen. It is faster in providing energy
but has a lower energy yield per glucose unit than respiration. Fermenting
cells produce carbon dioxide and ethanol and are therefore widely exploited in
industrial production applications, but also in brewing and baking. In contrast,
respiration is a slower process with a higher energy yield per glucose unit, that
furthermore requires oxygen. However, even in the presence of oxygen, it can
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be beneficial for cells to utilise fermentation, known as aerobic fermentation or
the Crabtree effect [57].

The metabolism, although essential for the cell, also produces molecules that
are precursors of damage. The most well-studied related byproducts are free
radicals. More specifically, reactive oxygen and nitrogen species (ROS/RNS)
can be produced from reactive electrons that leak from the electron transport
chain during respiration in the mitochondria [58, 59], such that cells are con-
stantly exposed to ROS/RNS. In aged cells, this can be further reinforced by
defective mitochondria [60]. Examples for ROS/RNS are superoxide anions
(O−

2 ), hydrogen peroxide (H2O2) and the hydroxyl radical (OH·), which can
react with other molecules in the environment [61]. In particular, proteins can
get oxidised and in that way damaged and dysfunctional. Over time, ROS levels
raise and progressively impose intrinsic stress on the cell, thereby accelerating
ageing [60, 62]. Besides the toxic effect of free radicals, there is however evidence
that low levels of ROS act as a signalling mechanism to induce stress response
and antioxidant defence mechanisms, indicating a dual role of ROS in ageing
[63, 64].

Eventually, yeast cells were shown to adapt the metabolic phenotype and undergo
distinct metabolic phases in the course of their replicative life, switching from a
predominantly fermentative to a predominantly respiratory metabolism [65],
emphasising the tight connection between metabolism, growth and ageing on a
long time scale [66, 67].

2.2.2 Cellular response to stress

Internal stress, such as metabolic stress, but also external stress factors, such
as nutrient scarcity or shifts, can be detrimental to the functioning of a cell. To
counteract, cells need to be able to reallocate resources and provide energy for
defence mechanisms or adaption. Therefore, cells have developed an extensive
and broad signalling network that regulates intracellular adjustment upon stress
[37, 68].

In general, signalling proteins are able to sense the occurrent intra- or extracel-
lular environment and transmit the signal further to other proteins. Typical
signalling cascades rely on delocalisations or posttranslational modifications
by changing for instance phosphorylation or oxidation status. Eventually, the
signal reaches corresponding transcription factors that are activated, and subse-
quently mediate gene expression or repression of specific target genes. In turn,
the change in gene expression results in an updated proteome, that drives the
adaption. A simplified scheme of the interaction between the metabolic network
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Figure 2.1: The interaction between the signalling network and the meta-
bolism. Cells sense changes in the extra- and intracellular environment via signalling
network, causing an adaption of the proteome, that in turn regulates the metabolism
and defence mechanisms. In that way, cells remain agile and can counteract potential
dangers, such as protein damage, brought on by stress.

and stress signalling is presented in Figure 2.1.

The type of environmental condition determines the specific cellular response via
activation of corresponding signalling pathways. Even though signalling systems
are typically represented and analysed in individual pathways, there is a high
level of interconnectivity and crosstalk between them [69]. Disrupted signalling,
as one of the hallmarks of ageing, has drastic consequences on the health of cells
and accelerates ageing. Nutrient and oxidative stress signalling pathways, in
particular, represent central regulatory systems in ageing, which are functionally
and structurally conserved and have been connected to longevity [70–73]. While
each related pathway comprises numerous proteins and interactions, I only
mention few key players in yeast in the following.

A well-studied phenomenon is lifespan extension upon starvation or caloric
restriction. Under low nutrient availability, several signalling pathways get
activated and induce changes in cellular metabolism and resource allocation.
The protein Snf1 (homolog of mammalian AMPK) is an important regulator
of the metabolism under glucose repression. In that condition, activated Snf1
inhibits the transcriptional repressor Mig1, causing the expression of genes that
enhance respiration and the utilization of other carbon sources [37, 74]. Ageing
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The type of environmental condition determines the specific cellular response via
activation of corresponding signalling pathways. Even though signalling systems
are typically represented and analysed in individual pathways, there is a high
level of interconnectivity and crosstalk between them [69]. Disrupted signalling,
as one of the hallmarks of ageing, has drastic consequences on the health of cells
and accelerates ageing. Nutrient and oxidative stress signalling pathways, in
particular, represent central regulatory systems in ageing, which are functionally
and structurally conserved and have been connected to longevity [70–73]. While
each related pathway comprises numerous proteins and interactions, I only
mention few key players in yeast in the following.
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inhibits the transcriptional repressor Mig1, causing the expression of genes that
enhance respiration and the utilization of other carbon sources [37, 74]. Ageing
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and chronological lifespan extension are tightly linked to active Snf1 signalling
[75, 76]. Another important sensor of nutrient availability is Tor1/2 (homolog of
mammalian mTor), as part of the Tor pathway, that upon activation stimulates
cell growth and inhibits autophagy [77], a process responsible for the controlled
recycling of cellular components. Under nutrient depletion, Tor is instead
inhibited and leads to prolonged chronological and replicative lifespans [78,
79]. Tor acts via Sch9, which is additionally controlled by PKA. An activated
PKA pathway promotes fermentative metabolism, rapid cellular growth and
proliferation in response to nutrient availability [37, 74]. Similar to before,
under nutrient stress, PKA is inhibited such that the transcription factors
Msn2 and Msn4 act to induce expression of a wide range of stress response and
tolerance genes, eventually leading to increased chronological and replicative
lifespan [78, 80]. Under oxidative stress, Msn2 and Msn4 are instead activated
via Yap1 signalling [81]. Together with the Sln1 pathway, the Yap1 pathway
also mediates a specific oxidative stress response, promoting gene expression of
antioxidants that are able to neutralise ROS/RNS, prevent damage formation
and regulate lifespan [61, 68].

2.2.3 The protein quality control system

To combat the loss of proteostasis associated with ageing, stress signalling
promotes the production of proteins that directly face the proteotoxic stress,
as part of the temporal and spatial protein quality control (PQC) system [51,
82–84].

Molecular chaperones are a central part of the PQC. Besides mediating the
proper protein folding in the first place, they are able to recognise and refold
misfolded proteins. If the latter is not possible, they aid their degradation and
the recycling of the contained macromolecules in synergy with the ubiquitin-
proteasome system (UPS). In addition, the clearance of damaged proteins can
also be mediated by the autophagy pathway [77, 85]. Chronic or versatile
stress and exhaustion of the PQC can lead to aggregation of misfolded proteins
into larger clusters [85]. Aggregation is often recognised as toxic and has been
connected to various age-related diseases, such as Parkinson’s, Alzheimer’s and
Huntington’s disease [86, 87]. To minimise the proteotoxic burden, cells further
rely on a spatial PQC system, regulating the location of misfolded or aggregated
proteins. More specifically, the major deposits, where damaged proteins and
aggregates are sequestered, are the insoluble-protein-deposit (IPOD) and the
intranuclear and juxtanuclear-quality-control (INQ/JUNQ) [88].

Yet, during ageing, the PQC is not able to keep up with repairing or degrading
damage in the cell [49]. Moreover, some damage is simply irreversible. At

2.2. Protein damage accumulation as a major driver of replicative ageing 11

the same time, the PQC itself is subject to increasing damage, reducing its
capacity. Upregulating the activity of chaperones or the degradation machinery
was therefore shown to correlate with longevity [82, 84, 89]. Ultimately, damage
accumulation over the progressing lifespan cannot be prevented.

2.2.4 Damage retention to establish asymmetry in defec-
tive components at cell division

A substantial additional contribution to an increased protein damage burden
during ageing is its asymmetric segregation at cell division, called retention [48,
90–92]. The result is an aged mother cell with elevated damage levels and a
young daughter cell with low damage levels which is consequently rejuvenated
and has a full replicative potential. Retention of damage becomes less efficient
the older the mother gets, so that eventually also rejuvenation becomes less
effective. Daughter cells are then born prematurely old and have a reduced
replicative potential [93]. However, a prematurely old cell can in turn produce
a rejuvenated daughter cell in the next generation, referred to as second-degree
rejuvenation. The rejuvenation mechanism is crucial for the survival of the
cell lineage, as it constantly ensures young and healthy cells in the population
[94–96].

Rejuvenation caused by damage retention can be understood as a population-
level response to damage accumulation and accelerated ageing in single-cells,
like a mother’s sacrifice for its progeny [91].

Many studies have investigated molecular mechanisms underlying retention
of protein damage (Figure 2.2). In budding yeast, the daughter cell grows
out of a bud neck on the progenitor cell and is typically small compared to
its mother when separating (ratio approximately 2:1, [97]). The physical size
difference alone can passively establish the asymmetry, explained by diffusion
through the narrow bud neck [98–100]. However, there are various additional
active mechanisms that reinforce the asymmetry. The spatial PQC system,
which selectively collects damaged proteins or aggregates in larger clusters and
stores them at confined spots in the cell, prevents damage from leaking over
to the daughter cell compartment [88, 101]. Further, damaged proteins can
be transported back to the mother cell compartment along actin cables [102].
Thus, damage retention is ultimately a synergy between passive and active
mechanisms. Similarly, organelles can be selectively retained in the mother,
such as defective mitochondria that are precursors to more damage [103].
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Figure 2.2: Damage accumulation and retention as a driver of ageing. Cells
accumulate protein damage (black dots) over their replicative life. Due to retention
mechanisms, daughter cells remain mostly damage-free, unless the mother cell is
already old. Besides passive retention caused by the size asymmetry and the narrow
bud neck, there are several active mechanisms to establish the asymmetry, such as
retrograde transport along actin cables or collection in JUNQ/INQ/IPOD. The PQC
is not only responsible for damage repair and degradation but also aids the asymmetric
sequestering.
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2.3 The disposable soma theory of ageing

A natural question to ask is why evolution has selected for ageing phenotypes
and allows many processes to deteriorate over time. Some have theorised that
ageing occurs due to a pleiotropic effect of certain genes, i.e. certain genes are
beneficial in the early life when reproduction is most important, but they are
deleterious for the organism later on [104]. A similar idea but more descriptive
is the disposable soma theory [105, 106]. It postulates that a limited amount of
resources enforces a balance between investment in growth and reproduction
(germline) and in repair and maintenance of the cellular functions (soma), thus
two different sets of genes. Since reproduction is crucial for the survival of the cell
lineage, cells favour related genes over genes connected to maintenance, causing
the gradual decline of the system associated with ageing. The asymmetric
partitioning of damage at cell division can be interpreted as such division of
labour between ageing somatic cells and the rejuvenated germline [107, 108].
More specifically in the context of this thesis, the disposable soma theory
describes a balance between damage repair, an investment in the health of an
individual cell at the cost of prematurely old progeny, and damage retention,
an investment in the health of the population at the cost of accelerated ageing
in individual cells (Figure 2.3).

"After all, evolution solved a complex optimization puzzle to ensure survival and
performance of biological systems" [109].

Figure 2.3: The disposable soma theory. A schematic illustration of the idea
behind the disposable soma theory: resources are balanced between maintenance and
repair (focus on the individual cell) and growth and reproduction (focus on the cell
lineage).



12 2. Biological features of replicative ageing

Figure 2.2: Damage accumulation and retention as a driver of ageing. Cells
accumulate protein damage (black dots) over their replicative life. Due to retention
mechanisms, daughter cells remain mostly damage-free, unless the mother cell is
already old. Besides passive retention caused by the size asymmetry and the narrow
bud neck, there are several active mechanisms to establish the asymmetry, such as
retrograde transport along actin cables or collection in JUNQ/INQ/IPOD. The PQC
is not only responsible for damage repair and degradation but also aids the asymmetric
sequestering.

2.3. The disposable soma theory of ageing 13

2.3 The disposable soma theory of ageing

A natural question to ask is why evolution has selected for ageing phenotypes
and allows many processes to deteriorate over time. Some have theorised that
ageing occurs due to a pleiotropic effect of certain genes, i.e. certain genes are
beneficial in the early life when reproduction is most important, but they are
deleterious for the organism later on [104]. A similar idea but more descriptive
is the disposable soma theory [105, 106]. It postulates that a limited amount of
resources enforces a balance between investment in growth and reproduction
(germline) and in repair and maintenance of the cellular functions (soma), thus
two different sets of genes. Since reproduction is crucial for the survival of the cell
lineage, cells favour related genes over genes connected to maintenance, causing
the gradual decline of the system associated with ageing. The asymmetric
partitioning of damage at cell division can be interpreted as such division of
labour between ageing somatic cells and the rejuvenated germline [107, 108].
More specifically in the context of this thesis, the disposable soma theory
describes a balance between damage repair, an investment in the health of an
individual cell at the cost of prematurely old progeny, and damage retention,
an investment in the health of the population at the cost of accelerated ageing
in individual cells (Figure 2.3).

"After all, evolution solved a complex optimization puzzle to ensure survival and
performance of biological systems" [109].

Figure 2.3: The disposable soma theory. A schematic illustration of the idea
behind the disposable soma theory: resources are balanced between maintenance and
repair (focus on the individual cell) and growth and reproduction (focus on the cell
lineage).



14 2. Biological features of replicative ageing

Summary
In this thesis, we investigate the synergy between growth, damage
formation, retention and repair, that is balanced by a limited amount
of resources and eventually results in a finite lifespan in yeast. The
focus is on the tight link between signalling, metabolism and protein
damage accumulation. 3 Mathematical modelling

toolbox

Almost 200 years ago, in 1825, arguably the first mathematical model of ageing
was published [110]. It turned out that a simple exponential function with two
parameters can describe the mortality rate over time, the so-called Gompertz
equation. While the equation works well to understand the consequences of
ageing, such as the increasing risk of death, it is not able to explain underlying
reasons. Only in the past few decades, also thanks to technological advances,
we learned more about the underlying cellular processes of ageing (chapter
2). However, the increasing amount of available experimental data requires
sophisticated theoretical tools to handle it. Mathematical and computational
sciences offer a variety of methods that can be applied to biological problems.
Firstly, tools to analyse the vast amount of data were established, and more re-
cently, modelling techniques have been utilised to deduce additional biologically
meaningful information from data [10, 111]. The most commonly used types
of mathematical models in Systems Biology are ordinary differential equations
(ODE), stoichiometric models (typically flux balance analysis models, FBA),
partial differential equations (PDE), stochastic models or logical models [23].

Hitherto, various types of mathematical models have been applied in different
branches of ageing research [24, 25]. Table 3.1 presents a selection of models
connected to the notions of ageing described in chapter 2. While the table shows
only a glimpse of what has been done, it emphasises the variety and applicability
of the tools. At the same time, it becomes clear how, so far, models focus on
isolated biological questions on a specific scale and how the problems are not
treated equally mathematically. The choice of the approach depends heavily
on the purpose of the model, the available data, the level of abstraction, the
unknowns, and lastly on the system size [112]. After all, there is no standard
recipe and building a useful model even of a confined part already displays a
great challenge.

15
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Table 3.1: Selection of previous modelling work in the context of ageing
and the accumulation of protein damage. The full reference list is given under
[8, 65, 94, 95, 97–99, 113–134]. The most right column indicates the relevance of those
models in this thesis: directly relevant (green), indirectly relevant (yellow), not relevant
(red). Even though not specifically stated here, various models include stochasticity
in parameters instead of the model itself. The selected models are furthermore not
limited to yeast.

Thus, to better understand the foundations and limitations of mathematical
models, I introduce the theoretical concepts behind the three specific types of
models that we chose in our work in this chapter: logical models (section 3.1),
ordinary differential equations (section 3.2) and flux balance analysis models
(section 3.3). Additionally, I present attempts to combine the models to hybrid
or multi-scale models in the context of Table 3.1 (section 3.4), as a basis for the
models we constructed.

3.1 Logical modelling to analyse network topolo-
gies

Logic or Boolean models provide a simple mathematical representation of a
given interaction network structure [135–137]. Each node i corresponds to a
component in the network and is associated with a binary variable b(i) ∈ {0, 1},
equivalent to the logical false and true. In a biological network, b(i) can describe
if the component is inactive or active, absent or present, or any two chosen
distinct properties. The state of a network with N nodes is then denoted
by b = {b(1), ..., b(N)}. In an interactive system, each component is naturally
dependent on other ones. In Boolean models, those interactions are defined by
rules or functions ϕ : b → b, that generally map the state of the system to an
updated one. Each function is formulated using logical operations, such as AND,
OR and NOT, and typically affects only few components of b. The set of M
rules defining all interactions in the network is comprised in Φ = {ϕ(1), ..., ϕ(M)}.

Given a starting configuration b0 of the network, that is for instance determined
by external factors, the evaluation of the Boolean rules determines the system’s
state in the next step. The states can in general be updated in two ways. When
using a synchronous updating scheme, all functions are evaluated using the
state in the previous step bt:

bt+1 ← Φ(bt) . (3.1)
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Figure 3.1: Schematic example of a vector-based Boolean model of a small
protein network. Each protein is described by three binary properties: presence b1,
phosphorylation b2 (marked by P in the scheme), activation b3. In the example, the
system adapts to a changed input signal when x1 is activated. Signal transduction
leads to phosphorylation and activation of x3, and subsequently activation of x4,
resulting in a new steady state.

In contrast, asynchronous updating corresponds to applying the rules one by
one, typically in a random order. Then, a state change induced by one rule
immediately has an effect in the next step:

bt+1 ← ϕ(j)(bt) , for a selected j ∈ {1, ..., M} . (3.2)

By successively applying the set of functions, the network can eventually reach
an attractor state, which most typically corresponds to a logical steady state,
for which b is not altered anymore by applying Φ, and bt+1 = bt. In certain
cases, the network can reach a periodic cycle of states, rather than a single
steady state. In either case, the resulting stable pattern is of interest when
investigating biological systems.

In biological networks, it is often not enough to describe the state of a species
solely by a single binary variable. Besides the molecule’s presence, typical
properties that determine its ultimate activity can be the localisation, post-
translational modifications, or the incorporation in a complex. To address this,
a vector-based Boolean model can be used as a variant of the previously defined
traditional Boolean model. Each component i is then instead associated with a
k-dimensional vector of binary variables b(i) ∈ {0, 1}k, in which each element
corresponds to a specific property. A small example of such a Boolean model is
illustrated in Figure 3.1. Vector-based Boolean models are generally equivalent
to traditional ones that include one node for each of the 2k particular states of a

3.2. Ordinary differential equations to gain mechanistic insights into dynamical
systems 19

component. As a result, the number of nodes in the latter model would increase
exponentially with the number of properties k. Similarly, they can be modelled
as n-valued Boolean models allowing b(i) ∈ {0, 1, ... , n}. Here, each possible
value of b would correspond to a distinct configuration of the component, and n
would increase exponentially with k. Applying a vector-based formalism instead
therefore eases the model building and the direct interpretation of the states.

Boolean models are constructed based on extensive literature studies to define
the components and their qualitative interactions via Boolean functions. Despite
the simplicity, simulation of Boolean models under different input conditions
and comparing the logical steady-state to experimental data helps to understand
the logic and topology of the network and to find missing connections [114]. A
big advantage is that Boolean models do not include parameters, are efficient to
simulate and are therefore especially suitable for large interconnected networks
with little underlying data. Since there is no direct notion of time, Boolean
models are furthermore useful if the underlying kinetic details are not of interest.
Boolean iteration steps can in a way be a coarse imitation of time [138, 139],
however only assuming that reactions occur on the same time scale. For that
reason, they have been used for modelling steady-state regulatory networks, for
which mostly unbalanced and qualitative data exists [113, 114]. Consequently,
despite the usefulness when investigating topological features of a network, the
scope of applications of Boolean models is naturally limited by the simplicity of
the representation.

3.2 Ordinary differential equations to gain mech-
anistic insights into dynamical systems

In many biological problems, the goal is to get insights into complex, time-
dependent behaviour of the system or its components, such that qualitative
conclusions about the network structure are not sufficient. Such mechanistic
details are naturally captured by kinetic models based on ordinary differential
equations (ODEs).

An ODE generally describes the change of a state vector x over time:

dx(t)
dt

= f(x(t), k, t), x(t = 0) = x0 . (3.3)

Here, k is a vector containing all the parameters, and f is a vector of functions
that define the dynamics of each state in the system. In biological systems,
the states often correspond to concentrations or molecule numbers, while the
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In many biological problems, the goal is to get insights into complex, time-
dependent behaviour of the system or its components, such that qualitative
conclusions about the network structure are not sufficient. Such mechanistic
details are naturally captured by kinetic models based on ordinary differential
equations (ODEs).

An ODE generally describes the change of a state vector x over time:

dx(t)
dt

= f(x(t), k, t), x(t = 0) = x0 . (3.3)

Here, k is a vector containing all the parameters, and f is a vector of functions
that define the dynamics of each state in the system. In biological systems,
the states often correspond to concentrations or molecule numbers, while the
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parameters are mostly related to the kinetics of the reactions between the
molecules.

The existence of a closed-form solution x(t) to equation (3.3) is generally not
guaranteed. Moreover, finding an analytical expression of the solution, if it
exists, is limited to few special cases. One of the simplest ODE systems with
an analytical solution is a linear system, where all terms in f are linear in the
xi, such that the system can be described by:

dx(t)
dt

= f(x(t), k, t) = Kx(t) , (3.4)

with K being a matrix including all parameters k. Then, the solution can be
formulated by calculating the eigenvalues and eigenvectors of K [140]. In other
cases, where no analytical solution exists, the solution can be approximated
using one of many existing numerical schemes [141]. These methods are often
based on a discretisation of time and Taylor expansions of the solution x(t)
around the current time point, to stepwise approximate the solution, as for
instance in the Euler’s or the Runge-Kutta methods. When the main interest
is the long-term behaviour of the system, linear stability analysis is another
powerful method that does not require finding a solution of equation (3.3) [142].
The goal is to find possible steady-states of x, which are contrary to logical
steady-states continuous variables, and to characterise them by their stability.

Since obtaining at least a numerical approximation of an ODE is per se not
a technical hurdle, modelling a biological system using ODEs boils down to
constructing the functions f and finding the right parameters k.

3.2.1 Construction of ODE models of biochemical systems

The dynamics of x(t) is dependent on the interactions in the network formalised
in the functions f . Therefore, the proper definition of f is essential to create
realistic models of biological systems.

The law of mass action provides a simple way of constructing terms in f for
reactions between biochemical species. It is based on the assumption that
the diffusion of the molecules is rapid enough to create spatial homogeneity.
Consequently, the kinetic rate v of a reaction is only a function of the time-
dependent concentrations x of the involved species, and not of time and space
explicitly [10]:

v(t) = v(x(t)) . (3.5)
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Figure 3.2: Schematic example of an ODE model of a small protein network.
Proteins are produced with rate constants p, are degraded with d and react with r.
Solving the ODE results in the detailed dynamics given a starting concentration x0.
Over time, protein x1 and x2 get consumed and produce more x3 and x4, until a
steady-state is reached. The network is similar to Figure 3.1, but by using ODEs a
detailed time-dependent solution can be obtained. Also here a steady state is reached,
but the protein levels are quantifiable.

More specifically, the law of mass action states that the kinetic rate is pro-
portional to the collision probability of the reacting species, that in turn is
proportional to their concentrations [143]. For a general reaction, consuming
species with index 1 to r, and producing species with index r + 1 to r + p, the
reaction rate becomes:

v = k+

r∏
i=1

xsi
i − k−

r+p∏
i=r+1

xsi
i . (3.6)

Here, si describes the stoichiometry of species i in the reaction, and k+/− the
corresponding rate constants of the forward and backward reaction. In the
special case of the new production of a species, v reduces to just a constant k.
The ODE for each species is then formulated as:

dxi(t)
dt

= −siv for 1 ≤ i ≤ r (3.7)

dxi(t)
dt

= +siv for r + 1 ≤ i ≤ r + p (3.8)

Every reaction in which a species i is involved leads to a new term in fi according
to (3.7) and (3.8). In that way, a system of ODEs can be built from a set of
biochemical reactions. Figure 3.2 shows a simple example of an ODE model.
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The law of mass action is the simplest of all kinetics. If reactions are mediated
by enzymes the dynamics get more complicated. This has been studied in many
different types of Michaelis-Menten or Hill kinetics, that allow to incorporate
more sophisticated interactions [144].

3.2.2 Parameter reduction and estimation to create more
realistic models

When the structure of the system has been identified by formulating f , ODE
models can contain detailed knowledge about the system. However, to develop
reliable kinetic models of biochemical networks the missing piece is the selection
of the model parameters k, which represents a great challenge and major hurdle
in ODE modelling. There are several strategies to facilitate this task.

The simplest theoretical approach is to systematically explore the parameter
space by performing extensive simulations. While the procedure does not provide
precise quantification of a parameter, it can constrain it to biologically reasonable
ranges and detect transitions between fundamentally different behaviours of
the system. However, parameter exploration is computationally very costly,
especially with an increasing number of parameters. Scanning the complete
parameter space is in most biological models not feasible in a reasonable time.
Yet, exploring individual parameters can complement the general analysis of
the system, where other selection methods are not suitable.

A technical way to reduce the dimension of the parameter space in any system
of differential equations is non-dimensionalisation, which amounts to rescaling
the states and parameters of the model to reduce the number of unknowns [145].
As a consequence, the system is condensed to a key set of new parameters,
which are normally ratios between the original ones, while preserving the core
dynamics. Non-dimensionalisation is therefore not only in favour of parameter
explorations, but it can also provide new biologically meaningful parameters,
that are potentially testable in experiments.

Directly estimating all parameters of an ODE model in experiments would nat-
urally be the best option. However, this would require detailed time-dependent
measurements of biochemical products on a single-cell level, which is in many
cases practically impossible. Alternatively, one can find a measurable output
function of states yt = h(x(t), k, t), and use it to estimate an optimal set of
parameters of the system that minimises the difference between the simulated
model output yt and the measured data ŷt, applying local and global opti-
misation algorithms. Assuming that the error between the model and the
data is independent and normally distributed with equal variance, the optimal
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parameter set then results from optimising:

min. R =
∑

t

(yt − ŷt)2 . (3.9)

For simplicity, most estimated parameters describe an average population-based
behaviour and disregard the inherent heterogeneity of cells in a population.
If the time-dependent behaviour of several individuals can be characterised
experimentally, it is possible to instead estimate parameter distributions by
exploiting mixed effects [146, 147]. The distributions are typically described by
a population fixed effect k, interpreted as the main trend in the population, and
the variances and covariances Σ of random effects, incorporating the variabilities
across cells. Both factors can be directly quantified from data. If the target
distribution is a multivariate log-normal distribution, as in many biological
applications, the parameters of individual n would follow:

k(n) = k · exp [η] with η ∼ N (0, Σ) , (3.10)

by element-wise multiplication and exponentiation. Estimating parameter
distributions using such non-linear mixed effects is particularly effective when
dealing with sparse data sets available for different individuals [148].

Regardless of the estimation method, a general issue when dealing with ODE
models of biological systems is the non-identifiability of parameters [149]. Purely
due to the structure of a proposed model, there is a chance that parameters can-
not be identified. This means that the model output is invariant under changes
in those parameters since they can be fully compensated by changes in other
parameters. In addition, bad quality in the data can lead to large confidence
intervals in the estimation, making the parameters practically unidentifiable.
Non-identifiability is not necessarily always a problem but can impede the model
analysis and reduce the explanatory power of the model.

In essence, which strategy fits best is very specific to the model at hand
and the amount and quality of available experimental data. Moreover, the
more unknowns a system contains, the more difficult the analysis gets. Thus,
a fundamental drawback of ODE models is that they are so far limited to
comparably small (much smaller than for Boolean models) systems with enough
available data, to ensure the usefulness of the model. Therefore, they have
been used to model, for instance, isolated parts of the signalling network
[115, 116]. Alternatively, they can be used to study dynamics on a higher
level with experimentally abstract, comprehensive variables, such as the whole
pool of proteins [95, 97, 127] or the interplay between mitochondria, energy
consumption and ROS [8]. In those cases, they are powerful to elucidate the
detailed dynamical behaviour of biochemical networks.
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3.3 Flux balance analysis to find optimal flux
distributions in metabolic networks

To reduce the complexity of large dynamic networks and to facilitate their
investigation, stoichiometric models and flux balance analysis (FBA) were de-
veloped [150, 151]. FBA is tailored to metabolic networks, where genome-scale
reconstructions comprising extensive biochemical knowledge about metabolic
reactions are available [53, 55, 56], but that are too large (often several thousand
metabolites and reactions) to be modelled by ODEs. A fundamental difference
between FBA and ODE models is that FBA models do not contain any infor-
mation about the concentrations or molecule numbers x, but the goal is to
characterise and quantify the steady state reaction fluxes v.

The formalism underlying FBA can be derived from an ODE model, based
on equations (3.7) and (3.8). The time evolution of the concentration of a
component xi, i = 1, .., N , in the network can be formulated by the kinetic rates
of reactions vj , j = 1, .., M , denoted as fluxes, and the respective stoichiometries
sij of component i in reaction j, summed over all reactions. A positive term
(σij = +1) corresponds to a reaction that produces xi, and a negative term
(σij = −1) to one that consumes it:

dxi(t)
dt

=
∑

j

σij sij vj ⇛
dx(t)

dt
= S v . (3.11)

S is the stoichiometric matrix, comprising all σij and sij . Since most components
are only involved in few reactions, S is generally sparse. The major assumption
in FBA is, that the system is in a steady-state, such that:

dx(t)
dt

= Sv = 0 . (3.12)

Consequently, mass is conserved and molecules can only be consumed if they
are also produced in the system, imposing an essential constraint on the system.
Any v that satisfies equation (3.12) is then a feasible flux vector. In biological
networks, the number of components is typically much smaller than the number
of reactions (N < M), such that the linear system defined by equation (3.12) is
underdetermined and has an infinite amount of feasible fluxes. Exploring the
feasible solution space of v can already provide knowledge about the metabolic
network and how cells exploit it to create energy. However, FBA aims at
finding optimal solutions within this constrained solution space of v. To do
so, it is necessary to carefully define an objective function, typically being a
linear combination of specific fluxes with coefficients c. Based on evolutionary
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Figure 3.3: Schematic example of an FBA of a small network. Based on
the network structure, the stoichiometric matrix S is constructed. The feasible flux
space is defined by the mass balance constraint Sv = 0 and general bounds on v.
In this example, given the imposed constraints, the aim is to find the optimal flux
distribution, such that the flux through the reaction from x3 to x4 (v9) is maximised.
Dependent on the flux bounds, FBA could reveal that fluxes through the left branch
are favoured to maximise v9.

arguments, maximising the biomass production rate in a metabolic network
is the most common and appropriate choice [152, 153]. Efficiency in using
the resources is another reasonable objective. The latter can mean using the
parsimonious solution that minimises the sum of all fluxes (cj = 1, ∀j) or
optimising biomass or energy yields, that are the respective production rates
normalised by the nutrient uptake rates. There is no general, correct answer
to the question of the choice of the objective function, and it is specific to the
scenario and condition that is examined.

Given an objective function, the optimal flux distribution can then be found by
solving a linear program:

min./max. cT v (3.13)
s. t. Sv = 0

vmin ≤ v ≤ vmax .

Here, vmin/max are general bounds on the fluxes. Typically, the fluxes are
measured in [1/h] or [mmol/gDW/h] (gDW refers to cellular dry weight).
Figure 3.3 shows an example of what an FBA model could look like.

A linear program as in (3.13) always has a global optimum cT v∗, lying on
the boundary of the feasible solution space. There are standard methods to
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solve a linear program, such as the simplex method, that iteratively searches
for the optimum along the edges of the high-dimensional feasible space of v.
However, also v∗ is typically not unique in metabolic networks. To explore the
corresponding solution space of (3.13), flux variability analysis can be performed.
Given the objective value, one can find the minimal and maximal value of all
individual fluxes vj under which the objective value is invariant, so-called flux
variability analysis:

min./max. vj (3.14)
s. t. Sv = 0

vmin ≤ v ≤ vmax .

cT v = cT v∗ .

FBA models are suitable for much larger systems compared to ODE models
and have been successful in predicting cellular growth rates and exchange fluxes
between the cell and its environment, such as glucose uptake, oxygen uptake,
ethanol production or carbon dioxide production. FBA has therefore been
exploited in synthetic biology and industrial applications [55]. Yet, predicting
more specific fluxes remains a challenge. The large potential solution space of
optimal fluxes in FBA models is comparable to non-identifiability of param-
eters in ODE models and makes the analysis more difficult. The theoretical
optimisation procedure purely prioritises the given objective. As a consequence,
large parts of the network often carry negligible fluxes. In order to improve the
predictive power of FBA models, there are numerous attempts to enforce more
biologically realistic flux distributions.

3.3.1 Additional constraints on the solution space

The stoichiometries of reactions define structural constraints according to equa-
tion (3.12). There are several strategies to impose further biologically motivated
constraints, with the goal to eliminate unreasonable fluxes from the large solution
space. Based on physical or energetic arguments, the most applied extensions
are energy balance [154], thermodynamic [155], resource balance [156], enzyme
balance [157, 158], proteome [159] and regulatory [160] constraints. In our work,
we made use of enzyme balance and regulatory constraints, defined in more
detail in the following.

In enzyme-constrained FBA (ecFBA) models, it is assumed that there is a
limited pool of enzymes epool [g/gDW ] that can be utilised in the network [158].
It is composed of all enzyme usages ek [mmol/gDW ] times their molecular
weight mk [kDA = g/mmol], and bounded to be a fraction f of the cell’s total
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protein content Ptot [g/gDW ], with only a fraction σ saturated and available.:
∑

k

mk · ek = mT e = epool , with epool ≤ f · σ · Ptot . (3.15)

In addition, the kinetic rate of each reaction j that is catalysed by enzyme k is
restricted by ejk:

vj ≤ kcat
jk · ejk . (3.16)

kcat
jk are the catalytic turnover numbers, typically retrieved from data bases,

and ejk the enzyme usage specific to reaction j. To not violate the enzyme
economy, any enzyme can only be used as much as it is drawn from the limited
pool:

−
∑

j

1
kcat

jk

vj + ek = 0 ∀ k ⇔ −S̃v + e = 0 . (3.17)

Thus, the resulting optimisation problem is an extended version of (3.13) with
a new set of variables e and epool that are optimised:

min./max. cT v (3.18)
s. t. Sv = 0

vmin ≤ v ≤ vmax

− S̃v + e = 0
− mT e + epool = 0
emin ≤ e ≤ emax

0 ≤ epool ≤ fσPtot .

Note, that constructing ecFBA models can require some modifications to the
original stoichiometric matrix S to properly account for the action of all enzymes
on the reactions [158]. One can define more specific bounds emin and emax on
the usages if experimental data is available. Identical to flux variability analysis
in (3.14), the space of possible enzyme usages given an optimal value cT v∗

can be explored by enzyme variability analysis, by minimising or maximising
ek instead. Enzymatic constraints have been shown to improve the predictive
power of FBA models, and allow to simulate the Crabtree effect [157, 158]

If qualitative knowledge about the regulation of a certain reaction exists, for
instance via the gene expression of respective enzymes, regulatory constraints
can be a worthwhile consideration. Regulatory constraints typically consist
of Boolean rules, defining the condition at which a certain protein or enzyme
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solve a linear program, such as the simplex method, that iteratively searches
for the optimum along the edges of the high-dimensional feasible space of v.
However, also v∗ is typically not unique in metabolic networks. To explore the
corresponding solution space of (3.13), flux variability analysis can be performed.
Given the objective value, one can find the minimal and maximal value of all
individual fluxes vj under which the objective value is invariant, so-called flux
variability analysis:

min./max. vj (3.14)
s. t. Sv = 0

vmin ≤ v ≤ vmax .

cT v = cT v∗ .

FBA models are suitable for much larger systems compared to ODE models
and have been successful in predicting cellular growth rates and exchange fluxes
between the cell and its environment, such as glucose uptake, oxygen uptake,
ethanol production or carbon dioxide production. FBA has therefore been
exploited in synthetic biology and industrial applications [55]. Yet, predicting
more specific fluxes remains a challenge. The large potential solution space of
optimal fluxes in FBA models is comparable to non-identifiability of param-
eters in ODE models and makes the analysis more difficult. The theoretical
optimisation procedure purely prioritises the given objective. As a consequence,
large parts of the network often carry negligible fluxes. In order to improve the
predictive power of FBA models, there are numerous attempts to enforce more
biologically realistic flux distributions.

3.3.1 Additional constraints on the solution space

The stoichiometries of reactions define structural constraints according to equa-
tion (3.12). There are several strategies to impose further biologically motivated
constraints, with the goal to eliminate unreasonable fluxes from the large solution
space. Based on physical or energetic arguments, the most applied extensions
are energy balance [154], thermodynamic [155], resource balance [156], enzyme
balance [157, 158], proteome [159] and regulatory [160] constraints. In our work,
we made use of enzyme balance and regulatory constraints, defined in more
detail in the following.

In enzyme-constrained FBA (ecFBA) models, it is assumed that there is a
limited pool of enzymes epool [g/gDW ] that can be utilised in the network [158].
It is composed of all enzyme usages ek [mmol/gDW ] times their molecular
weight mk [kDA = g/mmol], and bounded to be a fraction f of the cell’s total

3.3. Flux balance analysis to find optimal flux distributions in metabolic
networks 27

protein content Ptot [g/gDW ], with only a fraction σ saturated and available.:
∑

k
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kcat
jk are the catalytic turnover numbers, typically retrieved from data bases,

and ejk the enzyme usage specific to reaction j. To not violate the enzyme
economy, any enzyme can only be used as much as it is drawn from the limited
pool:

−
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j

1
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jk
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Figure 3.4: Illustration of constraining the solution space in two dimensions.
In traditional FBA (left) the feasible space is defined by the flux bounds and the
stoichiometric constraints. Adding, for instance, enzymatic constraints (middle) can
restrict the solution space. Since the enzyme pool is limited, it is not possible to
have high fluxes both in v1 and v2. While the objective (v1) is not affected, the
optimal solution space of v∗ is reduced and more information about v2 is obtained.
Regulatory constraints (right) can add condition-specific changes. Here, if the enzyme
that catalyses reaction 2 is not available, the flux through this reaction is restricted,
and the optimal value of v1 shrinks.

is available to affect the metabolic network. If not available, the system is
forced to adapt since the corresponding reactions are not able to carry any
fluxes (vj = 0) or are at least restricted (vj ≤ vj,regulated), defining new
constraints in the optimisation. Accordingly, if enzymes are expressed, the
fluxes might be upregulated (vj ≥ vj,regulated). Regulatory constraints are
not directly attributed to the properties of the metabolic network but account
for environmental changes, that can lead to the reallocation of resources, and
therefore allow to study regulatory effects on the metabolic network [160, 161].
In combination with enzyme constraints, they were further shown to improve
protein allocation predictions [162]. In Figure 3.4, a simple illustration of the
idea of imposing more constraints is presented.

Adding more and more constraints sounds in principle promising to find the
flux distributions that best reflect reality. However, since also FBA models
are based on assumptions and uncertainties in experimental data, the danger
of adding more constraints is that they might contradict each other such that
eventually, the optimisation becomes theoretically infeasible.

All in all, FBA models in all their variety provide another perspective on
biological networks compared to Boolean and ODE models and have been
successfully used to analyse and exploit fluxes and resource allocation in large
metabolic networks.
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3.4 Hybrid or multi-scale models in the context
of ageing

Mathematical models based on Boolean, ODE or FBA formalism have been
mainly employed to investigate isolated characteristics of signalling, metabolism
or damage formation and repair (Table 3.1). However, the accumulation of
protein damage, defining cellular ageing in the context of this thesis, is eventually
not only driven by disruptions or adaptions in the individual characteristics but
also heavily influenced by the interplay between those processes, that eventually
results in an emergent effect on lifespan. To account for this complexity
mathematically, hybrid or multi-scale models are needed [163, 164]. Here,
multi-scale refers to combining processes on different time or length scales,
and hybrid to combining processes that require different modelling techniques.
The major challenge when building more comprehensive models is, that the
interface between models or scales has to be clearly defined and often requires
coarse assumptions. While the connection of signalling and metabolism has
been addressed in numerous publications, there are so far only few attempts
to account for their effect on ageing. In the following, I present a selection of
related approaches.

When studying the interaction between the regulatory system and the metabolic
network, combinations of Boolean and FBA models have been developed [165].
Typically, a transcriptional layer maps transcription factor activity upon regu-
lation to specific gene expression changes affecting constraints in the metabolic
model and therefore constitutes the crucial connection between the models.
Databases can help to identify target genes, but how to implement the respective
feedback to the metabolism is less obvious. There are a variety of solutions
that address this problem [165]. In the simplest case, binary switches [160, 166]
or continuous intervals [167] are used as regulatory constraints. Recently, an
extensive Boolean reconstruction of several nutrient signalling pathways was
combined with an ecFBA model, constraining enzyme usage bounds depen-
dent on the respective logical steady-state transcription factor activities and
enzyme variability analysis, allowing for intrinsic differences between enzymes
[162]. Data-driven approaches to identify the probabilities of gene expression
changes given the transcription factor activities have been developed to refine
such regulated FBA models, but are context-dependent and cannot explain
mechanistic details of the process [168, 169]. To capture the full interplay, the
regulatory network should also react to changes in the metabolism. A typical
way of implementing such feedbacks is by binarising uptake or production rates
via thresholds, that serve as Boolean input variables in the regulatory network
[160, 162].
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To incorporate time and time-dependent experimental data, dynamic FBA has
instead been applied. One possibility is to replace smaller parts of the metabolic
model with kinetic models [170]. Alternatively, the cellular environment or
cellular growth are converted to ODE models, that feedback with optimal fluxes
in the FBA model [167]. The time evolution is then approximated over discrete
steps, eventually mapping short-term reactions to the dynamic behaviour of the
metabolism on a longer time scale. Yet, they have not been used in the context
of damage accumulation.

To understand long-term phenomena such as damage accumulation and ageing,
multi-scale models have been utilised more than hybrid models. The emergent,
beneficial effect of damage retention on the population fitness was demonstrated
by deducing population properties from single-cell models via mathematical
analysis and simulations [94, 95, 127–131]. Here, the damage asymmetry at cell
division defines the interface between the single-cell and the population level.
Furthermore, a large kinetic model to describe the dynamic interplay between
several ageing factors, such as the increased amount of free radicals, defective
mitochondria and aberrant proteins, was constructed to study their individual
fates and their emergent effect leading to chronological ageing [8]. Based on
a similar idea, an infinite-valued logical model was developed, incorporating
simplified representations of the metabolism, adaptive stress response and their
interconnection to control cellular functionality over time [125]. Both models
could connect ageing to lower-level processes and could provide insights into how
their dynamic interplay affects the cell on a larger time scale. Both, however,
neglect more detailed representations of the signalling or metabolic networks.

Despite the efforts made to combine different cellular processes and to account
for the complexity of ageing, more comprehensive and detailed multi-scale
models are still limited, in particular concerning replicative ageing. In our work,
we attempted to take steps forward to bridge this gap.

Summary
To study aspects of replicative ageing on multiple levels, we applied
different mathematical modelling approaches. In particular, the focus
is on regulatory (Boolean) and metabolic processes (FBA) on a short
time scale and protein damage accumulation (ODE) on a long time
scale. To account for the interconnectivity of those processes and their
emergent effect on lifespan, we developed a hybrid and multi-scale
model.

4 Summaries of the included
papers

Figure 4.1: Overview of the publications underlying this thesis. The five
papers (I-V) can be summarised in the context of replicative ageing and the disposable
soma theory. In cells, nutrients are transformed into energy, that can be used for
maintenance tasks with focus on the single-cell level, and growth and reproduction
with focus on the cell population. Maintenance inhibits and cellular growth enhances
damage formation. Ultimately, in this thesis, we measured ageing as the accumulation
of protein damage over the replicative lifespan. We investigated related causes and
consequences on different time and length scales, using individual mathematical models
and multi-scale, hybrid models.
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The five papers underlying this thesis concern causes and consequences of pro-
tein damage accumulation in budding yeast as an important factor of replicative
ageing (Figure 4.1). We investigated the cellular network responsible for sens-
ing nutrient availability in the environment using a logical model (paper I).
Such regulatory systems are important to assure proper metabolic adaption
to stress but are also involved in the regulation of the clearance of already
existing damage (paper V). By connecting detailed models of the regulatory
and the metabolic networks with a simple dynamic model of protein damage
accumulation, we provided one of the most comprehensive mathematical mod-
els of replicative ageing to date, that allowed us to study resource allocation
and metabolic changes during ageing (paper III), and to investigate the effect
of global metabolic strategies on the lifespan (paper IV). Going beyond the
single-cell level, we built a dynamic model of protein damage accumulation
to examine how the synergy between damage repair and asymmetric damage
segregation at cell division can enhance the health of individual cells and at the
same time ensure the viability of the cell population (paper II). By applying a
Systems Biology approach, combining mathematical modelling with biological
experiments, we therefore contributed to the understanding of cellular ageing
in eukaryotic cells. In this chapter, I summarise and discuss the methods and
main results of the respective papers in more detail (section 4.1-4.5).

4.1 Logical model to show the robustness of
nutrient signalling (paper I)

The nutrient signalling network is crucial to trigger the metabolic adaption
to changing nutrient conditions and to ensure the energy availability for basic
cellular functions. It works via reprogramming of gene expression of proteins
that control the metabolism. The aim of paper I was to investigate the role of
interconnectivity in nutrient signalling pathways in yeast.

By an extensive literature study, we reconstructed the signalling network that
senses changes in the external glucose and nitrogen availability and that trans-
mits the signal to the transcription factor level. Those in turn trigger or repress
gene expression of proteins that mediate the adaption to the altered conditions.
We included the Snf1, PKA, Snf3-Rgt2 and Tor pathways, whose components
can be categorised in metabolites, signalling proteins and protein complexes.
We translated the network structure to a vector-based Boolean model, in which
each component has multiple properties that are modelled as 2- or 3-valued
logical variables. Components are generally associated with Boolean variables
for their presence, their localisation, the phosphorylation status, the guanylation
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status and lastly if they are bound to the DNA. Eventually, gene expression
of 19 related target genes or gene groups is affected. The interactions between
components are defined by numerous Boolean rules associated with specific
pathways and crosstalk between the pathways. The resulting vector-based
approach guaranteed an efficient description of the metabolic network and
its details compared to traditional binary Boolean encodings and emphasised
that one Boolean variable can be too simplified to describe the complexity of
signalling events.

We used the constructed model to predict gene expression patterns upon
successive up- and downshifts of glucose and nitrogen availability, equivalent
to changing the presence of the metabolite in the model from 0 to 1 and back.
We compared the logical steady state of the network triggered by the altered
input state to experimental data for wildtype cells, but could not reproduce
the expected outcome. Applying a gap-filling procedure [114], we identified
missing components in the network and added them to the model. In total, we
extended the model by 6 unknown components. Interestingly, the unknowns
were all protein phosphatases, that promote the dephosphorylation of other
proteins, highlighting a systematic lack of knowledge of those in the literature.
Furthermore, two known crosstalk connections were needed to restore the
expected wildtype behaviour. Those are connections between the PKA and the
Snf1 pathways, and between the PKA and the Snf3-Rgt2 pathways. Only by
including the additional components and interactions, we were able to reproduce
the expected wildtype behaviour.

In the next step, we simulated protein knockouts and investigated their effect
on signal transduction. A protein knockout in the model simply corresponds
to switching its presence variable to 0. The logical steady state in the model
confirmed that a knockout can disturb the stress response. However, we also
saw that crosstalk reactions can restore the expected gene expression if certain
signalling proteins are not available. To better understand the role of the
interconnectivity of pathways, we systematically simulated all combinations
of active crosstalk reactions for protein knockouts in different pathways. By
comparing the respective model outputs to the expected expression patterns,
we identified two additional major crosstalk reactions that are essential for
maintaining gene expression despite protein knockouts. More specifically, if
signalling in the Snf3-Rgt2 pathway is disrupted, Snf1 can rescue the signal
transduction.

Thus, we showed that crosstalk between the pathways increases the robustness
of nutrient signalling since relevant gene expression can be maintained even if
key proteins in the pathways are not present. Consequently, by intertwining the
pathways the cell creates backup mechanisms which are pivotal under stress.
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Since disrupted nutrient signalling is a hallmark of ageing and has been shown
to affect the lifespan, crosstalk is an important mechanism to create robustness
against resulting ageing factors.

Main results

1. Introduction of a vector-based Boolean model formalism to
simulate biological signal transduction networks.

2. Identification of knowledge gaps in the nutrient signalling net-
work, that are particularly associated with dephosphorylations.

3. Demonstration that crosstalk increases the robustness in nutri-
ent signalling.

4.2 Dynamic model of damage accumulation,
retention and rejuvenation and their impli-
cations on the viability and health of the
population (paper II)

Replicative ageing is characterised by the accumulation of protein damage over
successive cell divisions, as a synergy between processes that create damage and
those that remove it. In paper II, we aimed to understand how a proliferating
cell’s repair machinery in combination with damage retention can influence the
propagation of damage in the population. We were specifically interested in
strategies how to prolong the healthy lifespans of individual cells while at the
same time promoting rejuvenation on the population level.

To do so, we developed a yeast whole population model (Figure 4.2) that is
able to capture the accumulation of damage in dividing cells, and, based on
that, to infer the effects on the population. The dynamics are described by
non-dimensionalised ODEs and governed by cellular growth, damage formation
and damage repair. Cell divisions are incorporated by discrete events and
include asymmetric damage segregation. In contrast to previous comparable
models [95, 97, 127, 130], we modelled repair using an unconventional term
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Figure 4.2: Model overview. Single-cell model for intact (P ) and damaged (D)
protein. Damage is formed with rate constant k1, repaired with rate constant k2 and
a capacity R. Q is the damage resilience [97]. Damage is segregated depending on the
size proportion of the mother cell at cell division s, and the retention factor re. Every
newly created daughter cell follows its own single-cell model, such that a population
is successively built from an initial founder cell. The model allows to investigate both
single-cell and population properties, such as rejuvenation. Adapted from paper II.

including a sine function. While this term is not intended to explain underlying
mechanisms of damage repair, it helped us to compare different repair strategies
with distinct and interpretable parameters k2, as the repair rate at young age,
and the capacity R, describing the repair decline at old age. Furthermore, we
applied a similar idea as in non-linear mixed effects models and assumed that
certain parameters can vary between cells to create more realistic populations.

The computational framework could simulate dynamically growing cell lineages
with explicit knowledge about all mother-daughter relationships and various
single-cell properties, for instance replicative lifespan, damage levels, or times
between divisions (generation times). To analyse the model with respect to
rejuvenation and health, we defined two important single-cell quantities. The
rejuvenation index of a cell describes the gain in the number of divisions
compared to the mother cell, normalised by the average replicative lifespan in
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strategies how to prolong the healthy lifespans of individual cells while at the
same time promoting rejuvenation on the population level.

To do so, we developed a yeast whole population model (Figure 4.2) that is
able to capture the accumulation of damage in dividing cells, and, based on
that, to infer the effects on the population. The dynamics are described by
non-dimensionalised ODEs and governed by cellular growth, damage formation
and damage repair. Cell divisions are incorporated by discrete events and
include asymmetric damage segregation. In contrast to previous comparable
models [95, 97, 127, 130], we modelled repair using an unconventional term

4.2. Dynamic model of damage accumulation, retention and rejuvenation and
their implications on the viability and health of the population (paper II) 35

Figure 4.2: Model overview. Single-cell model for intact (P ) and damaged (D)
protein. Damage is formed with rate constant k1, repaired with rate constant k2 and
a capacity R. Q is the damage resilience [97]. Damage is segregated depending on the
size proportion of the mother cell at cell division s, and the retention factor re. Every
newly created daughter cell follows its own single-cell model, such that a population
is successively built from an initial founder cell. The model allows to investigate both
single-cell and population properties, such as rejuvenation. Adapted from paper II.

including a sine function. While this term is not intended to explain underlying
mechanisms of damage repair, it helped us to compare different repair strategies
with distinct and interpretable parameters k2, as the repair rate at young age,
and the capacity R, describing the repair decline at old age. Furthermore, we
applied a similar idea as in non-linear mixed effects models and assumed that
certain parameters can vary between cells to create more realistic populations.

The computational framework could simulate dynamically growing cell lineages
with explicit knowledge about all mother-daughter relationships and various
single-cell properties, for instance replicative lifespan, damage levels, or times
between divisions (generation times). To analyse the model with respect to
rejuvenation and health, we defined two important single-cell quantities. The
rejuvenation index of a cell describes the gain in the number of divisions
compared to the mother cell, normalised by the average replicative lifespan in
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the population. The health of a cell is instead measured by the health span.
The more time it takes a cell to reach a defined damage level, and the more cell
division it undergoes until that point, the higher is its health span.

Our simulation showed that, rejuvenation is reserved for only the first few
daughters if the asymmetry in size between mother and daughter cell is the
only cause of asymmetry in damage. Yet, the increase in lifespan in this case is
very high, reflected in large rejuvenation indices. Additional retention mecha-
nisms causing a more extreme damage asymmetry at cell division enable more
cells across the pedigree to rejuvenate, but the respective rejuvenation indices
decrease. Consequently, the branches in the lineage tree become more equal
and the variability in the replicative lifespans across the population decreases,
explaining larger population size. With this, we confirmed the beneficial effect
of retention for the population, in alignment with previous modelling studies [94,
95]. However, with our model containing precise knowledge about the lineage,
we could explain in more detail how retention and rejuvenation act together on
a population level.

Damage retention is a burden on the single-cell level and therefore naturally
decreases the health span of cells in the population. But we observed that
the repair strategy can enhance health and counteract damage accumulation
caused by retention. We found more cells with larger health spans if cells invest
in efficient repair of damaged proteins during early divisions, despite a sharp
decline of repair capacity at old age. This suggested that it can make sense
for cells to clear damage as soon as it is created early in life. A consequent
advantage is, that damage is more efficiently diluted over the population and
cleared from the system. Furthermore, when cells are old, the decline in repair
capacity causes a quicker collapse, preventing cell divisions at old age. This is
in contrast to cells with a constant repair rate over the whole life, that more
efficiently clear damage at older age and create more daughters with reduced
replicative potential.

In summary, our framework indicated that investing in repair at the beginning of
a cell’s life together with active retention of damaged proteins entails an emergent
beneficial population effect, allowing for rejuvenation across the population and
increasing the health spans of individual cells.

Even though biologically interpretable, the parameters in our model are not
directly measurable. Consequently, all our analyses are based on parameter
explorations. Fitting replicative lifespans of cells in experimental populations to
the model could significantly improve the quantification of the parameters, but
to do so, large-scale lineage studies providing precise relationships between cells
would be necessary. Obtaining such data is still a challenging task. However,
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advances in microfluidic techniques and image analysis using machine learning
are promising to bridge the gap in the future [171, 172].

Main results

1. Construction of a dynamic model of damage accumulation
during replicative ageing, that allows mapping between the
single-cell and the population level.

2. Demonstration of how damage retention and rejuvenation work
together in the cell lineage.

3. Proposal of synergistic effects between damage repair and re-
tention to increase the health of cell populations.

4.3 Multi-scale model to correlate metabolic
changes during ageing with damage accumu-
lation, resource allocation and maintenance
(paper III)

In paper I and II, we separately investigated signalling and protein damage
accumulation. Both processes are tightly linked via the metabolism to control
resource allocation, cellular growth and proteostasis over time, besides others.
Experimentally tracking such diverse processes over different time scales on a
single-cell level remains challenging. Therefore, the aim of paper III was to
investigate the complex dynamic interplay between regulation, the metabolic
network and damage accumulation in the context of replicative ageing, by
developing and simulating a mathematical model. It is not yet feasible to
build reliable large-scale kinetic models of signalling and the metabolism [173].
Consequently, a major theoretical challenge we addressed in this paper is the
combination and integration of models of different types, that furthermore
describe processes that happen on the time scale of seconds and minutes up to
the whole lifespan of a cell.

The metabolism is based on a published enzyme-constrained FBA model (ecFBA)
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of the central carbon metabolism, that is regulated by a vector-based Boolean
representation of nutrient signalling (Snf1, PKA and Tor pathways, simplified
version of the model in paper I) via a transcriptional layer (Figure 4.3) [162].
The activity of transcription factors in the Boolean model determines the gene
expression of respective target genes, matched with the help of the Yeastract
database. Each enzyme in the ecFBA model that is subject to an up- or
downregulation is subsequently constrained by adapting emin or emax in the
optimisation problem (3.18). The strength of the regulation is based on enzyme
variability analysis and a global regulation factor ϵ. The ecFBA model is
optimised for parsimonious maximal growth and the resulting optimal fluxes
in turn determine the input of the Boolean model, binarised with the help of
thresholds.

To include the connection to protein damage, we extended this model by
chemical reactions that create and remove reactive oxygen and nitrogen species,
as well as the respective signalling pathways that sense elevated oxidative stress
levels (Yap1 and Sln1 pathways). Lastly, we coupled the model with a dynamic
model of growth and damage accumulation:

dM

dt
= g(t)M(t) (4.1)

dP (t)
dt

= −(fm(t) + f0)P (t) + r0D(t) (4.2)

dD(t)
dt

= +(fm(t) + f0)P (t) − r0D(t) , (4.3)

following the cell mass M(t), the fraction of functional proteins P (t) and the
fraction of damaged proteins D(t) over time.

The major assumption of the multi-scale model is, that the signalling and
metabolic networks equilibrate fast compared to the effect of damage accumu-
lation. In discretised time steps, we therefore update the parameters of the
dynamic model with the optimal growth rate g(t) and a metabolic damage
formation rate fm(t) that result from the optimisation of the ecFBA model.
Given those parameters, the solution of the dynamic model in equations (4.1)
to (4.3) at t + δt provides new conditions for the metabolic network. P (t + δt)
revises the constraint on the enzyme pool and D(t + δt) the energy demand for
non-growth related maintenance tasks, that we mostly associate with protein
damage repair. A new optimisation of the regulated ecFBA model then gives
updated parameters g(t + δt) and fm(t + δt) for the next time step. Finally,
iterating the model over time steps results in a lifespan simulation. Cell division
happens whenever enough biomass M has been created, defined by the size
proportion s and the retention factor re, as in paper II. When damage takes

4.3. Multi-scale model to correlate metabolic changes during ageing with
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Figure 4.3: Model overview. The model consists of three interconnected modules,
based on diverse time scales and levels of details. Eventually, we can simulate
replicative ageing as a consequence of damage accumulation, steered by the metabolic
network, and reproduce three metabolic phases during ageing. Adapted from paper
III.

over and the cell cannot maintain all functions given the functional enzyme pool,
the ecFBA model becomes infeasible, considered as cell death. A schematic
overview of the model is presented in Figure 4.3.

The constructed model could reproduce numerous features of replicative ageing
in yeast. We could explain the dynamic interplay between damage formation,
growth, reproduction and the exploitation of the metabolic network, that
eventually causes finite replicative lifespans. The shift from a fermentative
(phase I) to a respiratory metabolism (phase II) during ageing was a direct
outcome of the model, that we could attribute to an increasing damage burden,
forcing a reallocation of resources. As respiration is more energy-efficient
compared to fermentation, the switch is a way to maintain cellular functions,
however at the cost of slower growth rates. Previously, it was speculated that
the switch is caused by an increase in cell volume during ageing, constraining
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the volumetric substrate uptake [65]. With the help of the model, we proposed
another potential mechanism by connecting ageing to an increased non-growth
associated maintenance cost. By exploring the regulation factor ϵ, we could show
the beneficial effect of regulation on the lifespan. The regulatory network further
helps to increase the health span of the cell in the sense of the definition in paper
II, by delaying the onset of accelerated protein damage accumulation. The model
allowed us to test hypotheses regarding protein deletions and overexpressions
in the signalling and metabolic networks and their effect on long-term variables
such as the lifespan. The analysis revealed that the effect of such a perturbation
is dependent on the specific metabolic phase the cell is in, emphasising the tight
connection between the metabolism and longevity [67]. We saw that enzyme
deletions or overexpressions in a certain phase can increase the cell’s replicative
lifespan, while the same perturbation over the whole life reduces the number of
divisions. Independent of ageing, this can have further implications on industrial
applications to increase production yields.

The modularity of our approach generally facilitates further development, refin-
ing the numerous assumptions and simplification, and the translation to other
organisms. In the context of industrial applications, it might be advantageous
to incorporate existing larger reconstructions of the metabolic networks [56].
Furthermore, using dynamic models of the signalling network [119] and the
metabolism [174, 175] can become of interest in the future. Also, data-driven
probabilistic approaches to simulate the transcriptional layer are promising
alternatives to our approach [169]. By incorporating more details of damage
repair and improving the respective interconnections in the model, the frame-
work could aid in better understanding the trade-off between maintenance and
growth, in the context of the disposable soma theory. Motivated by paper II,
the cell lineage could be created by tracking all newly produced daughter cells.
In that way, metabolic strategies could be coupled to ageing effects on the
population level, being particularly interesting in a nutrient environment that
is shared between cells, as for instance in tissues.

There are numerous ways to expand our model, but the first step would be to
provide a thorough experimental verification for our hypotheses, that would
substantially improve the model as a whole. Despite its simplicity, our model
was capable of simulating features of replicative ageing and helped us to gain
insights into characteristics of signalling and the metabolism as the cell ages
and gets exposed to oxidative stress and protein damage, moving one step closer
towards more comprehensive models of ageing. This emphasises the power of
mathematical models to investigate complex, multi-scale phenomena like ageing.

4.4. Application of the multi-scale model to explore the role of the objective
function in flux balance analysis (paper IV) 41

Main results

1. Construction of a hybrid and multi-scale model of replicative
ageing, incorporating signalling, the metabolism and damage
accumulation, that is able to simulate realistic replicative lifes-
pans.

2. Identification of the connection between an increasing main-
tenance cost and the metabolic shift from fermentation to
respiration in ageing cells.

3. Proposal of a phase-specific intervention span for lifespan con-
trol.

4.4 Application of the multi-scale model to ex-
plore the role of the objective function in
flux balance analysis (paper IV)

In FBA modelling, a lot of efforts have been made to formulate more constraints
to reduce the optimal flux space to more biologically reasonable solutions. Even
though equally important, the choice of the objective function has received less
attention. While mostly based on evolutionary and efficiency arguments, the
objective has not been directly connected to related measurable quantities. In
paper IV, we therefore made use of the modelling framework developed in paper
III and systematically tested commonly used objective functions to shed light
on their effect on evolutionary quantities, such as the replicative lifespan and
generation times.

More specifically, we analysed the effect of the following objectives: maximal
growth, minimal glucose uptake, maximal and minimal ATP production, mini-
mal NADH production, maximal non-growth associated maintenance, and lastly
the parsimonious assumption [152, 153]. Besides testing them individually, we
performed several successive optimisations with distinct objectives, in which we
constrained each objective to its optimal value up to some flexibility in the fol-
lowing optimisation. In that way, we automatically correlated the optimisation
order to the priorities of the objectives.
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The model revealed that independent of the order, the maximal growth as-
sumption is crucial to simulate realistic lifespans (20-30) and generation times
(1.5-2h), denoted as wildtype cells. By using the parsimonious solution, we
could increase the lifespan for many objectives, such that more wildtype cells
could be simulated. The differences were most noticeable when we also allowed
for relatively high flexibilities in the first objective. We could attribute the
positive effect of the parsimonious assumption to a flux rearrangement, that
connects to higher usage of antioxidants to neutralise ROS.

Interestingly, optimising for maximal non-growth associated maintenance is an
exception, in the sense that parsimony does not have an effect if this objective
is included. We found that maximising such an energy cost in itself forces the
cell to be more efficient. Those cells make more use of respiratory metabolism
already at young age, where typically fermentation is the major source of energy.
In that way, the usage of antioxidants was increased, the growth rate was
reduced and generation times were prolonged, having a beneficial effect on the
replicative lifespan according to the model. We interpreted the results as the
balance between growth and maintenance, in line with the disposable soma
theory. Our analysis further showed that those two factors are intertwined and
investing in maintenance can also be beneficial for growth and reproduction.

Taken together, we presented a new theoretical perspective on the old question of
the choice of the objective function, contributing to the field of constraint-based
modelling outside the scope of ageing.

Main results

1. Simulation of the effect of the objective function in FBA models
on evolutionary observables such as the replicative lifespan.

2. Confirmation that optimising for maximal growth is an impor-
tant assumption to simulate wildtype characteristics.

3. Demonstration that robustness in lifespans can be achieved by
both balance and flexibility in allocating resources.

4.5. Analysis of single-molecule microscopy data to better understand the
cellular response to stress (paper V) 43

4.5 Analysis of single-molecule microscopy data
to better understand the cellular response
to stress (paper V)

The protein quality control (PQC) system is crucial to remove misfolded and
aggregated proteins from the cell and to prevent further harm. The aim
of paper V was to use single-molecule super-resolution microscopy to better
understand biophysical characteristics of stress-induced protein aggregates in
living yeast cells and correlate them to the PQC. More specifically, we measured
the stoichiometry and the diffusion coefficients of the fluorescently-tagged
misfolded protein construct ∆ssCPY∗ in standard conditions, under oxidative
stress and salt stress.

Analysing the resulting distributions, we confirmed that the highest measured
diffusion coefficients D are in all cases dependent on the aggregate radius r
following D(r) ∝ r−c, with 1 < c < 6 [99, 176], being a stronger relation that
the Stokes-Einstein-relation (c = 1) suggests. However, most aggregates move
much slower than their size would allow accordingly, potentially explained by
the high molecular density that limits the mobility together with an activated
spatial PQC.

Stressful conditions affect the characteristics of aggregates. Under both oxidative
and salt stress, aggregates tend to be slower and collected in larger clusters.
The PQC plays an important role to facilitate a controlled aggregation and
segregation process, decreasing the probability of creating more damage in the
cell. To test underlying mechanisms, we investigated ∆ssCPY∗ aggregation in
strains lacking or overexpressing the protein Tsa1, being a central part of the
PQC and a regulator of protein aggregation [177, 178]. Tsa1 overexpression
under oxidative stress results in fewer and larger aggregates compared to
standard conditions. Specifically large aggregates are also more restricted in
their mobility. Interestingly, also in standard conditions, Tsa1 overexpression
causes more and larger aggregates per cell, indicating that some sort of control for
aggregates is triggered but increasing Tsa1 concentration alone is not sufficient.
If functional Tsa1 is not present, aggregates are also increased in size. In that
case, the shift is however mostly attributed to fast-moving aggregates, hinting
towards a loss of controlled aggregation. Moreover, the damage burden on cells
is increased, being apparent in more observed aggregates per cell compared to
standard conditions, emphasising the central role of Tsa1 in the PQC. Even
though, to our knowledge, no direct connection between Tsa1 and salt stress
has been reported, we could show that the characteristics of aggregates in that
condition are influenced by the presence of Tsa1. In contrast to oxidative stress,
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the lack of Tsa1 leads to generally fewer and smaller aggregates per cell, a
seemingly positive effect for the cell.

Hence, we presented a case study to show the applicability of single-molecule
super-resolution microscopy to gain insights into aggregate formation and regula-
tion. We could reveal effects on subpopulations (fast and slow, small and large),
which would not be possible with more coarse and population-based approaches.
Moreover, we highlighted the great potential of incorporating this type of data
in mathematical models of ageing and age-related diseases. Combining detailed
knowledge about the stoichiometry and mobility of aggregates with theoretical
approaches can provide a deeper understanding of dynamic and spatial effects of
aggregation, which are especially important in, for instance, damage retention
mechanisms or neurodegenerative diseases.

Main results

1. Demonstration of the applicability of single-molecule microscopy
to study protein aggregation and its potential value for mathe-
matical modelling.

2. Identification of a stress-induced increase in aggregate stoi-
chiometry and decrease in diffusion coefficients.

3. Confirmation that Tsa1 is necessary but not sufficient for con-
trolled protein aggregate handling.

5 Conclusions and future
perspectives

Cells are complex biological systems, characterised by uncountable, interacting
molecules and processes on different time and length scales. The collective
behaviours emerging from those molecules and interactions often result in
simpler measurable quantities, such as the growth rate or the replicative lifespan.
Dissecting the complexity in its factors from such empirical outputs, thus going
back to underlying mechanisms, is however a great challenge and beyond
intuition. Mathematical modelling and analysis is a powerful tool that provides
means to systematically aid the search for explanations, which I demonstrate
with this thesis in the context of cellular ageing (Figure 5.1).

Figure 5.1: Deducing the complexity using mathematical modelling. Math-
ematical models, as presented in this thesis, can be used to explain outputs that are
results of the cooperation between many degrees of freedom in biological systems, such
as growth rates or the replicative lifespan.
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5.1 Multi-scale modelling to unravel the com-
plexity of cellular ageing

Ageing, as the decline in cellular functionality and fecundity, is the emergent
result of a large network of factors, whose intricacy is not very well-studied.
Here, we presented a novel attempt to combine several hallmarks of ageing
into an integrative mathematical model, to shed light on the interplay between
cellular metabolism, signalling and protein damage accumulation, and their
combined effect on lifespan (paper III, IV). From the model, we learned about
potential causes and consequences of metabolic shifts during replicative ageing
and could test the effect of global metabolic strategies on the lifespan. We
showed that we can benefit and learn from such hybrid, multi-scale models
even though they can contain coarse representations of reality and neglect the
inherent stochasticity of chemical reactions. A potential reason why inaccuracies
on a small scale are "forgiven" on larger scales is robustness. Our models showed
that cells contain intrinsic robustness that is contained in the complexity. On
a single-cell level, we saw that robustness is achieved by crosstalk (paper I),
thus redundancies in signal transductions, and by feedback-control mechanisms
connected to the protein quality control (paper V). Robustness was furthermore
apparent in typically large solution or parameter spaces (paper II, III, IV) that
underlie the same ageing phenotype. Such backup mechanisms are crucial to
adapt to internal and external perturbations and stress factors on a short time
scale. Yet, ageing as a long-term effect is not prevented by those mechanisms.

There is a trade-off between robustness on the single-cell and the population level
[109], in line with the disposable soma theory. The latter is created by allowing
rejuvenation of the progeny at the cost of accelerated ageing of progenitor cells.
Only by incorporating both the single-cell and the population level in our model,
we could explain features of this trade-off and its connection to asymmetric
damage segregation (paper II). This asymmetry can be interpreted as the
cooperation between cells, that ensures the viability of the population [179].
Previously, it was speculated that also the metabolic switch from fermentation
to the more energy-efficient respiration can be an artefact of this cooperation
in multi-cellular environments that share available nutrients [180].

Overall, we used mathematical models on different scales to deduce mechanistic
explanations of the accumulation of protein damage and thereby contributed
to the understanding of the ageing network in individual cells and its effect
on the cell population. With this, we took one step closer towards a more
comprehensive view on ageing, that cannot be achieved by studying its isolated
features. The critical next step is to provide experimental verification to support
the hypotheses we formulated from the model simulations.

5.2. Towards whole-cell modelling 47

5.2 Towards whole-cell modelling

To fully comprehend complex phenomena like ageing from a systems perspective,
the ultimate goal is to build whole-cell models, as a testable comprehensive
collection of the current knowledge we have to explain certain phenotypes
from the interaction of basic building blocks. There is no clear definition of a
whole-cell model, but there are many proposals of what such models should
in general be like or be able to do [181, 182]. An important aspect in the
context of ageing is, that such models should not only incorporate one specific
process on the scale of the whole cell but also the variety of processes and their
interactions. Such attempts have been made for comparably simple organisms,
such as bacteria but also yeast [183–185]. Yet, many factors are still missing
and those models have not been utilised to study processes on a long time scale.

Ageing has widespread effects on a major part of a cell, if not all parts, over
the whole life, and is therefore a particularly beautiful example to be studied
with whole-cell representations [26]. Ultimately, it would be ideal to have a
genome-scale, dynamic and spatial model. However, with the current knowledge
and techniques, this is practically impossible in the near future. One way to
overcome this drawback is thinking in terms of networks. Ageing has already
been described by coarse-grained network approaches as prototypes of whole-cell
ageing models, incorporating several dynamically interacting ageing factors that
together cause the gradual decline in functionality [8, 125]. Along the same
lines, future whole-cell models could be seen as hierarchical networks [181], that
in itself comprise networks on multiple scales, connected via few hubs (Figure
5.1). Such a hybrid and modular approach was implemented in our work (paper
III), and we could show that it can be a step in the right direction. Individual
parts can be detailed and complicated but are also easily adaptable according to
the current knowledge. They can be constantly revised and curated upon new
validation, while the overall hierarchy and higher-level network topology can
be evaluated separately. Our models further demonstrated that some degree of
abstraction can be tolerated in this.

By increasing the scope of the model, thus moving towards a whole-cell represen-
tation, it is inevitable to provide careful verification for each step. Furthermore,
a whole-cell model should not avoid intrinsic and extrinsic noise in certain
modules. Therefore, a large amount of high-quality data to calibrate and
validate together with efficient computational methods to simulate the model
are required [186]. And even given that, we have to accept that part of the
model will not be identifiable from data [182]. While this is a typical artefact of
large, interconnected networks, it also ties back to the hypothesis that biological
systems contain redundancies to create robustness.
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Despite the many challenges to face before working with full whole-cell models
of higher eukaryotes, the drive in the community to build such models is huge,
and they will certainly accelerate research in bioengineering, precision medicine,
and eventually also ageing in the future.

5.3 Human ageing and diseases

With our models, we confirmed that ageing cannot be discussed without con-
sidering larger scales and evolution. The trade-off between the population
and individuals connected to ageing imposes strong, deleterious effects on the
individual level. In an ageing society, also we as humans are increasingly faced
with the implications of age and age-related diseases. From our perspective, an
ideal life cycle would follow the Japanese expression pin pin korori, translated
to "live long die quick". In other words, the goal is to delay the onset of diseases
to remain healthy as long as possible before death. This idea manifested itself
also in ageing research, where a lot of focus is now put on understanding how
we can age in a healthy way [187, 188], highlighted by the years 2021-2030 being
declared as the Decade of Healthy Ageing by the United Nations General As-
sembly (Resolution 75/131). There are generally two strategies to work towards
that goal: firstly, treating the effects of ageing and so minimising its burden,
or secondly, preventing them from occurring in the first place. Especially for
the latter, elucidating basic molecular and evolutionary principles of ageing is
inevitable. Many cellular networks connected to ageing are highly conserved
across many higher eukaryotes. Besides others, signalling networks, metabolic
pathways, protein quality control or the effect of free radicals are preserved key
properties, making ageing a promising target to study in simpler organisms,
such as budding yeast [189].

Based on that, we demonstrated what we can learn about promoting healthy
ageing by employing mathematical modelling in yeast. We identified the im-
portance of the regulatory network (paper III) in delaying the onset of damage
accumulation, in line with the established connection between nutrient sensing
and longevity [70]. Moreover, damage repair is naturally tightly connected to
ageing, and we could show that it is particularly important to efficiently remove
damage from the system early on (paper II). By not working against the deteri-
oration of the repair machinery at old age, cells die faster and do not reproduce
with high damage levels, having a beneficial effect on the population level. Thus,
protein quality control plays an important role in healthy ageing. Numerous
neurodegenerative diseases have been linked to the toxic gain-of-function of
misfolded and aggregated proteins [86, 87]. Investigating detailed biophysical
properties of protein aggregates using super-resolution microscopy (paper V)
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and integrating them into mathematical models can help to explore preventa-
tive measures to reduce the deteriorating effect of protein aggregates in the
future. Connected to that, asymmetric damage segregation, as a crucial factor
of replicative ageing, is a means to ensure young, healthy cells in a multi-cellular
environment (paper II). Cell polarisation causing lineage-specific ageing is an
essential mechanism also apparent in higher organisms [190–195]. By elucidating
retention mechanisms in yeast, we can therefore also learn more about healthy
ageing in mammalian cell populations, such as tissues, and more specifically,
how stem cells ensure the right balance between renewal and differentiation.

5.4 Concluding remarks

Mathematical models will never be a one to one representation of reality, as
they are subject to technical limitations and are often based on incomplete
knowledge or deliberately simplified. Still, they can help to systematically
analyse key factors in a complex network that lead to a certain behaviour, to
deduce interactions, or to exclude scenarios with logical inconsistencies. The aim
is to create useful models, that are appropriate descriptions of the problem at
hand and can make reliable predictions. And in that context, being wrong is not
necessarily wrong. Ultimately, the goal is not to deduce fundamental laws but
to learn and gain fundamental insights from those mathematical representations.
While one should always assess critically the validity of approximations in the
context of the specific use of the model, strong assumptions or simplifications
can nonetheless lead to meaningful conclusions and predictions [112, 196].

An essential component in defining and validating those assumptions are bi-
ological experiments. Sophisticated models can however be ahead of data,
and are therefore hard to evaluate, as much as sophisticated data can be too
complex and high-dimensional to be properly analysed. Thus, the ideal case
is an equal synergy of theoretical and experimental work, that requires strong
collaborations across mathematics, computer sciences, physics, chemistry and
biology, to design, create and validate meaningful theories about biological
reality. Mathematical models, like the ones presented here, are an essential part
of this collaboration and can act as a bridge between biological realism and
experimental feasibility in complex processes like ageing.
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