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ABSTRACT

How liquid water in atmospheric clouds distributes over droplets of different
sizes is important for the initiation of rainfall, and for the optical properties
of the atmosphere. Droplet-number densities and droplet-size distributions
change rapidly at turbulent cloud edges, where mixing of cloudy and dry
air causes cloud dilution and droplet evaporation. The resulting droplet
configurations are determined by how individual micrometer-sized droplets
are exposed to dry air, by a turbulent flow whose length scales range from
millimeters to hundreds of meters.

A first part of this thesis is on mixing and evaporation at turbulent cloud
edges. It is explained how several results from numerical simulations can
be understood in a simple way by simplifying and non-dimensionalizing a
widely used model. The simple understanding makes it possible to interpret
empirical data, and to analyze of the multiscale nature of mixing and evapo-
ration in clouds. Two statistical models for mixing and evaporation are pre-
sented. The first reproduces the broadening of the droplet-size distribution
observed in direct numerical simulations (DNS), but has an oversimplified
supersaturation dynamics. This problem is partially resolved in the second
model, which under some conditions reproduces the supersaturations of
droplets in DNS quantitatively.

A second part of the thesis is on the angular dynamics of small particles
in flow. How particles spin and tumble is important for many different
phenomena, including the intrinsic viscosity of particle suspensions, the
settling of ice crystals in clouds, and the motion of plankton. It is predicted
that particles that possess a rotation symmetry and a reflection symmetry
in a plane that contains the axis of rotation symmetry spin and tumble like
spheroids in Stokes flow. This prediction is verified in an experiment where
the angular dynamics of triangular particles in a simple shear flow is observed.
The angular dynamics of rotation-symmetric particles without the above-
mentioned reflection symmetry is analyzed.
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1

1 Introduction

A first part of this thesis is on the evaporation of cloud droplets – micron-sized
spherical drops of liquid water – that are turbulently mixed with dry air at the
edge of a cloud. A second part is on the angular dynamics of small crystals in
flow. The common denominator of these topics is that they concern particles
in flow. Clouds are inhomogeneous and transient aggregates of droplets. The
droplets evaporate or condensate in response to the air at their positions,
while they are being carried by a turbulent air flow. Crystals are particles
that possess symmetries, and the angular dynamics of small symmetrical
particles is determined by how their symmetries relate to flow gradients at
their positions.

Mixing and evaporation at the cloud edge

Clouds are important for most life forms on Earth. Their precipitation con-
stitutes our primary source of fresh water, and they play a pivotal role for
the climate we live in by reflecting about 20 % of the solar radiation that
reaches Earth from space [Wallace & Hobbs, 2006]. The physics of clouds
spans a vast range of length and time scales. Earth’s rotation induces jet
streams whose sizes are comparable to the planet itself [Lamb & Verlinde,
2011]. These jet streams can last for more than 20 days [Degirmendžić &
Wibig, 2007], and are responsible for the formation of cyclones in which
clouds form and precipitate. Cloud droplets form when liquid water con-
denses upon nanometer-sized condensation nuclei, while they are advected
by small-scale turbulence with fluctuations on time scales of milliseconds
[Devenish et al., 2012]. In one way or another, models for weather and cli-
mate must describe the multiscale nature of clouds. More research is needed
to understand the strong couplings that exist between processes at differ-
ent scales, not least because cloud effects constitute the major sources of
uncertainty in models for the global climate [Schwartz, 2008; Bellouin et al.,
2020].

The physical processes that cause ice-free clouds to rain within about
15 minutes after their formation [Szumowski et al., 1997, 1998] are not well
understood [Grabowski & Wang, 2013]. For such rapid onsets of rainfall,
droplets must collide and merge with each other [Yau & Rogers, 1989]. But it
is difficult to explain how collisions come about, because they require that
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2 INTRODUCTION

some droplets have had time to grow large enough to detach from the air
that carries them. The combined effect of mixing and evaporation has been
suggested as a plausible resolution to this bottleneck problem of droplet
growth [Lasher-Trapp et al., 2005]. Mixing and evaporation can generate
cloud regions with low droplet-number densities, in which droplets may
grow rapidly by condensation, because the competition for water vapor is
small [Cooper, 1989].

At the edge of a turbulent cloud, mixing induces rapid droplet evapora-
tion, by exposing droplets to dry non-cloudy air. The induced evaporation is
self-limited, because evaporating droplets may evaporate completely and
vanish, or saturate the air that they are mixed with. How droplets are af-
fected by cloud-edge mixing and evaporation therefore depends on how
the thermodynamic processes of evaporation and saturation couple to each
other, and on how they couple to the turbulent dynamics of the air. The
way in which evaporation distributes over droplets that are mixed affects
how deep into a cloud solar radiation penetrates [Grabowski, 2006]. Solar
radiation interacts with droplet surfaces, and for a given amount of liquid
water this surface area is small if the droplets are few and large, and large
if they are many and small. A simple analysis of Jeffery [2007] suggests that
the optical depth of a cloud may be 50 % larger if evaporation distributes
inhomogeneously over mixed droplets, than if all mixed droplets evaporate
by the same amount.

Cloud-edge mixing and evaporation takes place at many different length
and time scales simultaneously, and has been understood as multiscale pro-
cesses for a long time [Baker et al., 1980]. It has however not been clear
how this multiscale process should be described. What is an appropriate
model, and what is the physical meaning of the model parameters? In Pa-
per A, introduced in Chapter 2, the latter of these two questions is resolved
for a widely used model. By identifying the most relevant non-dimensional
parameters of cloud-edge mixing and evaporation, we provide a simple way
to understand several results from numerical simulations. Furthermore, we
relate the model to local conditions in a cloud at different scales, and present
a new theory for analyzing empirical data.

In Paper A we derive a statistical model to compute our numerical re-
sults. We find that the model reproduces the broadening of the droplet-size
distribution observed in direct numerical simulations (DNS) of transient
cloud-edge mixing. However, the model does not quantitatively reproduce

3

the supersaturations of droplets. In Chapter 3, I present an improved statisti-
cal model that partially overcomes this deficiency. The improved statistical
model quantitatively reproduces the supersaturations of droplets in DNS
when droplet phase change is slow compared to the rate of mixing, and after
the initial transient when droplet phase change is fast. In Chapter 3, I use
the model to analyze similarities and differences between the dynamics of
supersaturation and that of a passive scalar.

Cloud droplets exist under many different cloud conditions and take part
in a large variety of cloud processes [Yau & Rogers, 1989]. In the cloud-edge
part of this thesis, I limit my scope to droplet phase change and cloud mixing
in ice-free turbulent clouds. Phase changes that include ice are beyond this
scope, and droplet formation and collision are only briefly discussed.

Angular dynamics of small crystals in viscous flow

The angular dynamics of particles in flow is of interest in many contexts. How
plankton rotate in shear flow is studied within the field of oceanography,
because the rotation of a plankton determines the way in which it encounters
nutrients and other microorganisms [Nguyen et al., 2011]. The orientational
distribution of settling ice crystals in clouds is a topic of active research [Jucha
et al., 2018; Gustavsson et al., 2019, 2020; Anand et al., 2020]. Leal & Hinch
[1971]were able to compute the intrinsic viscosity of a dilute suspension of
small spheroidal particles rotated by a flow gradient and Brownian noise.
Their results have later been generalized to suspensions of general ellipsoidal
particles [Rallison, 1978; Almondo et al., 2018].

The way in which a particle spins and tumbles depends on the flow that
it encounters, but also on its shape. Many of the above mentioned parti-
cles possess symmetries, and these symmetries can be exploited to find
constraints on their angular equations of motion, if the particles are small
enough. With small enough, I mean that the particles are so small their
inertia and the inertia of the flow in their vicinities can be neglected. When
all inertial effects can be neglected, the angular dynamics are completely
determined by viscous stresses of the flow, and the flow is governed by Stokes
equations [Kim & Karrila, 1991].

It is frequently stated that an axisymmetric particle has the same angular
dynamics as an equivalent spheroid in Stokes flow [Gustavsson et al., 2020;
Kim & Karrila, 1991; Einarsson et al., 2014]. But Bretherton [1962] showed
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that there are axisymmetric particles that do not move as spheroids already
in 1962. In Paper B, introduced in Chapter 4, the symmetry requirements
are sorted out. Here, we show that axisymmetry is required in two senses:
Rotation symmetry is not enough, but a particle spins and tumbles as a
spheroid if it also possesses a reflection symmetry in a plane that contains
the axis of rotation symmetry.

A small-enough platelet shaped as an equilateral triangle is an example of
a particle that is predicted to spin and tumble like a spheroid in Paper B. In
Paper C, also introduced in Chapter 4, this prediction is verified through an
experiment. In the experiment, the spinning and tumbling of micron-sized
triangular particles in a micro-channel shear flow is observed. The symmetry
axis of the triangle tumbles periodically upon a so-called Jeffery orbit, while
the particle spins at a different rate. The full three-dimensional motion can
be reconstructed from the observations, because the triangle has corners.

Thesis outline

This thesis is organized as follows. In the immediate following, I introduce the
dynamics and thermodynamics that concern this thesis. After that, in Chap-
ter 2, I introduce Paper A, which is on mixing and evaporation at the edge of
an ice-free cloud. In Chapter 3, I present the improved statistical model for
cloud-edge mixing and evaporation mentioned above. In Chapter 4, I intro-
duce Papers B and C, which are on the angular dynamics of particles that
possess certain symmetries. I conclude with Chapter 5. Chapter 6 contains
an outlook, where I discuss possible directions for future research. Chapter 7
contains appendices. After that follows a list of references, and Papers A, B,
and C.

1.1 Dynamics and thermodynamics

This section introduces dynamics and thermodynamics that concerns this
thesis. Section 1.1.1 is on the thermodynamics of clouds. In Section 1.1.2,
I introduce a set of fundamental microscopic equations that describe how
cloud thermodynamics is at work in the air flow of the atmosphere. The flow
within turbulent clouds can be analyzed using Kolmogorov’s theory from
1941 [Kolmogorov, 1941], which I introduce in Section 1.1.3. In Section 1.1.4,
I introduce the translational and angular dynamics of cloud droplets and
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small non-spherical particles. Finally, in Section 1.1.5, I introduce different
types of models that are important for the understanding of clouds and cloud
edges.

1.1.1 Cloud thermodynamics

Most clouds reside within the troposphere, a layer of the atmosphere that ex-
tends from the Earth’s surface to altitudes of around 10 km [Lamb & Verlinde,
2011]. Air in the troposphere is a mixture that consists mainly of nitrogen and
oxygen, but also some argon, carbon dioxide, and water vapor. At a position
x and time t the air has a pressure p (x , t ), a density �(x , t ), and a tempera-
ture T (x , t ). Even though these quantities vary within the troposphere, air
is well described as an ideal gas at every position [Yau & Rogers, 1989]. The
equation of state,

p =�RT , (1.1)

holds pointwise. Here, I introduced R to denote the gas constant of air.
An ice-free cloud forms as air is carried upwards and cools through ex-

pansion work, so that water vapor condenses into droplets. The, rather
small, amount of water vapor is therefore essential for the thermodynamics
of clouds. Water vapor is the gas that exchanges mass with droplets that
condensate or evaporate, and to understand phase changes in clouds it is
sufficient to describe this gas separately, and all other gases together. The
mixture of all gases except water vapor is referred to as dry air [Yau & Rogers,
1989]. Both water vapor and dry air are well described as ideal gases, with
partial pressures pv (x , t ) and pa (x , t ), and gas constants Rv and Ra . Their
equations of state read:

pv =�v Rv T and pa =�a Ra T . (1.2)

In terms of Rv and Ra , the gas constant of air is given by

R =
�a Ra +�v Rv

�a +�v
. (1.3)

Dry adiabatic atmosphere

Temperature, pressure, and density of air tend to decrease with height within
the troposphere, as a consequence of the gravitational acceleration. To
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Dry adiabatic atmosphere

Temperature, pressure, and density of air tend to decrease with height within
the troposphere, as a consequence of the gravitational acceleration. To
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grasp mechanisms behind large-scale variations within the troposphere, it is
useful to consider a so-called dry adiabatic atmosphere [Lamb & Verlinde,
2011]. A dry adiabatic atmosphere consists of dry air only (�v = 0), and its
thermodynamic variables are subject to two constraints. One is that the
atmosphere is at hydrostatic equilibrium. The other follows by assuming
that air masses undergo adiabatic changes while descending or ascending.

Hydrostatic equilibrium means that pressure fluctuations due to air mo-
tion immediately fade away, so that the gravitational force upon the air is
precisely balanced by a vertical pressure gradient. All state variables are then
functions of the altitude z only, and we have

dp

dz
=−�|g |, (1.4)

where g is the gravitational acceleration.
To adopt the hydrostatic pressure at its altitude, air expands or contracts

as it moves upwards or downwards. The first law of thermodynamics dictates
that the internal energy changes upon compression or expansion, and upon
the addition or removal of heat. Denoting the internal energy and heat source
per unit mass by U (x , t ) and Q (x , t ), the first law of thermodynamics reads
[Yau & Rogers, 1989]:

dU =Q +
p

�2
d�. (1.5)

The adiabatic constraint is Q (x , t ) = 0, and means that heat sources and sinks
resulting from thermal conduction or radiation are neglected. Described as
an ideal gas, the internal energy U (x , t ) depends on temperature only,

dU = cv dT . (1.6)

Here, cv is the heat capacity per unit mass of dry air at constant volume.
By combining Eqs. (1.1) and (1.4) to (1.6), and imposing Q (x , t ) = 0, one

obtains the vertical profiles of pressure, density, and temperature of a dry
adiabatic atmosphere:

p = pr

�

1−
|g |

cp Tr
z

�

cp
Ra

, � =�r

�

1−
|g |

cp Tr
z

�

cp
Ra
−1

, and T = Tr −
|g |
cp

z .

(1.7)
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Here, cp = cv +Ra is the heat capacity per unit mass of dry air at constant
pressure. Furthermore, pr , �r , and Tr are the pressure, density, and temper-
ature at sea-leavel, z = 0. Fig. (1.1) shows the vertical profiles of Eqs. (1.7).
The linear decrease of temperature with altitude can be seen, as well as the
power-law dependences of pressure and density. Assuming a sea-level tem-
perature Tr = 20◦C, the pressure at 10 km altitude is only 20 % of the pressure
at sea level. The density and temperature at 10 km are 40 % and 70 % of their
sea-level values.
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Figure 1.1: Pressure p , density � and temperature T of a dry adiabatic atmo-
sphere, Eqs. (1.7). The vertical axis is the altitude z , so z = 0 at sea level. The
profiles are computed using Tr = 20◦C, a typical sea-level temperature.

The negative temperature gradient of a dry adiabatic atmosphere,

Γd =
|g |
cp
= 0.01 K/m, (1.8)

is called the dry adiabatic lapse rate. Eq. (1.8) tells us that the temperature
decreases by 1◦C as one moves 100 m upwards in a dry adiabatic atmosphere.
This height dependence is observed under some conditions [Chen et al.,
2013], but in general the temperature gradient is less steep. This can be
understood from that the average temperature lapse rate in the atmosphere
is 0.006 K/m [Cavcar, 2000], 60 % of the dry adiabatic lapse rate. This means
that the adiabatic and hydrostatic constraints are not always fulfilled, but
can be used to predict the order of magnitude of temperature lapse rate.
That the order of magnitude comes out correctly suggests that the part of the
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Here, cp = cv +Ra is the heat capacity per unit mass of dry air at constant
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sea-level values.
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is called the dry adiabatic lapse rate. Eq. (1.8) tells us that the temperature
decreases by 1◦C as one moves 100 m upwards in a dry adiabatic atmosphere.
This height dependence is observed under some conditions [Chen et al.,
2013], but in general the temperature gradient is less steep. This can be
understood from that the average temperature lapse rate in the atmosphere
is 0.006 K/m [Cavcar, 2000], 60 % of the dry adiabatic lapse rate. This means
that the adiabatic and hydrostatic constraints are not always fulfilled, but
can be used to predict the order of magnitude of temperature lapse rate.
That the order of magnitude comes out correctly suggests that the part of the
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atmosphere where clouds are found is, up to a first approximation, adiabatic
and hydrostatic.

Allowing for violations of the hydrostatic constraint, one finds that the
dry adiabatic lapse rate Γd is an upper bound for the temperature lapse rate
[Yau & Rogers, 1989]. The vertical structure of the atmosphere becomes
unstable when this bound is violated. This is important for cloud formation,
because air masses tend to move upwards and form clouds in an unstable
atmosphere.

Droplet condensation and evaporation

For water vapor to condense into liquid water, its partial pressure pv (x , t )
must exceed the saturation vapor pressure pv s (T )with respect to liquid water.
The saturation pressure increases with the temperature T (x , t ), and is to a
first approximation given by [Yau & Rogers, 1989]:

pv s (T ) = pv s (T̂ )exp
�LQ

Rv

�

1

T̂
−

1

T

��

. (1.9)

Here, T̂ = 0◦C is a reference temperature, and pv s (T̂ = 0◦C) = 611 Pa. The
latent heat of water vapor is denoted by LQ , and assumed constant. More
exact expressions for the saturation vapor pressure are given by Yau & Rogers
[1989].

Water vapor may condense and cause droplets to grow where pv exceeds
pv s , so that the supersaturation

s (x , t ) =
pv (x , t )

pv s [T (x , t )]
−1 (1.10)

is positive. I write ’may’, because the growth of a very small droplet is counter-
acted by its surface tension. Due to this surface tension, the supersaturation
must exceed a small positive threshold to initiate the formation and growth
of a very small droplet. However, once a droplet has grown to a radius of
about 1 µm, the growth effects of surface tension become very small [Yau &
Rogers, 1989].

For a droplet α whose radius rα(t ) is a few micrometers, the growth equa-
tion

dr 2
α

dt
= 2A3s (x α(t ), t ) (1.11)
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is accurate [Yau & Rogers, 1989]. Here, x α(t ) denotes the position of droplet
α at time t . Furthermore, A3 is a thermodynamic coefficient, accounting for
the diffusion of water vapor to the surface of a droplet, as well as the delay of
condensation caused by the latent heat that a condensating droplet releases.
The thermodynamic coefficient A3 depends on temperature and pressure,
with typical cloud values ranging between 10 µm2/s and 100 µm2/s [Yau &
Rogers, 1989]. Eq. (1.11) not only describes droplet growth, but also how a
droplet shrinks, if it happens to reside within subsaturated air (s < 0) that
causes it to evaporate.

In the derivation of Eq. (1.11), one assumes a quasisteady state in which
the air is saturated at the surface of the droplet, and temperature and wa-
ter vapor diffuse towards or away from the droplet at constant rates [Yau
& Rogers, 1989]. The supersaturation s (x α(t ), t ) enters as the ambient su-
persaturation in this derivation, the supersaturation at distances from the
position x α(t ) of the droplet that are much larger than the radius rα(t ). This
means that the supersaturation s (x , t ) is only defined at length scales that
are much larger than the micron-sized droplets [Srivastava, 1989].

Collective effect of phase-changing droplets

Condensating or evaporating droplets affect water-vapor density and tem-
perature by exchanging water and latent heat with the surrounding air. The
collective effects of many phase-changing droplets are described by the
condensation rate,

Cd (x , t ) =
∑

α

G (|x −x α(t )|)
dmα(t )

dt
. (1.12)

Here, the sum is over all droplets α in the system under consideration. Fur-
thermore, mα(t ) = 4π�p rα(t )3/3 is the mass of droplet α, computed using
the density �p of liquid water. The field description of the combined phase
change of many locally present droplets is enabled through the kernel func-
tion G (|x |), which is normalized to unity. The condensation rate is positive at
a given position if most nearby droplets grow by condensation, and negative
if they shrink by evaporation.

The condensation rate Cd (x , t ) appears in source terms in equations for
temperature and water vapor. These source terms reflect the conservation
of water and energy. Under the microscopic equations of Vaillancourt et al.
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[2001] introduced in Section 1.1.2, the temperature and water-vapor density
within a spatially uniform cloud at rest evolve according to

dT

dt
=

LQ

�cp
Cd and

d�v

dt
=−Cd . (1.13)

Here, the heat capacity cp per unit mass of air at constant pressure is assumed
constant. It is clear that this heat capacity changes when the amount of water
vapor changes. However, the change in heat capacity is small, because only
a small amount of the air is water vapor. The usage of cp – rather than the
constant-volume heat capacity cv – can be motivated by that expanding air
in the atmosphere pushes neighboring air away. But pushes clearly affect the
air pressure, so the constant-pressure assumption can not be strictly true.
Nevertheless, it is standard to assume constant heat capacities and work-free
expansion in descriptions of phase changing cloud droplets [Jeffery, 2007;
Vaillancourt et al., 2001; Andrejczuk et al., 2006; Pinsky et al., 2016a; Kumar
et al., 2014; Perrin & Jonker, 2015; Sardina et al., 2015].

As air rises and droplets form, condensation brings the air close to satura-
tion, s = 0. As a consequence, the air in the core of a cloud is always saturated,
or nearly saturated. The air outside the cloud tends to be subsaturated (s < 0),
and it contains no droplets that can establish the saturated equilibrium. Near
cloud edges, mixing between saturated air with droplets and subsaturated
droplet-free air causes droplets to evaporate. Cloud-edge mixing and evapo-
ration is the topic of Chapters 2 and 3. To describe droplet evaporation and
mixing at cloud edges, it is necessary to account for variations in tempera-
ture, water-vapor density, and droplet content in the vicinities of individual
droplets, and therefore on small spatial scales.

1.1.2 Microscopic equations of cloud dynamics

The air flow in a cloud carries temperature, water vapor and droplets along.
The air velocity u (x , t ) is in turn affected by variations in temperature, water-
vapor content and liquid-water content, because such variations imply den-
sity variations that are accelerated by gravity. Vaillancourt et al. [2001] pro-
posed a set of fundamental microscopic equations for the dynamics of air
and droplets in ice-free clouds. I refer to these equations as fundamental,
because they describe cloud dynamics and thermodynamics in all detail that
can be expected relevant for ice-free mixing and evaporation locally near and
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within clouds. I refer to the equations as microscopic, because they describe
every droplet and the smallest structures of velocity and scalar fields in full
detail.

The equations of Vaillancourt et al. [2001] describe a volume of air that
moves on top of a dry adiabatic atmosphere. It is cooled by expansion work
if it moves upwards, and it is heated if it sinks. For purposes of this thesis, I
consider local cloud systems at fixed altitude, and formulate the dynamical
description of Vaillancourt et al. [2001]without this forcing:

∂ u

∂ t
+ (u ·∇)u =−

1

�0
∇p ′+ν∇2u −B g , (1.14a)

∇·u = 0 , (1.14b)
∂ �v

∂ t
+ (u ·∇)�v = κv∇2�v −Cd , and (1.14c)

∂ T

∂ t
+ (u ·∇)T = κT∇2T +

LQ

�0cp
Cd − Γd uz . (1.14d)

Here, the kinematic viscosity ν of air, the gravitational acceleration g , the
diffusivity κv of water vapor, the diffusivity κT of temperature, the heat
capacity cp of air, the latent heat LQ of water vapor, and the dry adiabatic
lapse rate Γd are assumed constant. Also constant is the reference density �0.
It is the density of a dry adiabatic atmosphere at the altitude of the system
considered. I denote the corresponding pressure and temperature by p0 and
T0, so that p0 =�0Ra T0.

In Eq. (1.14a) p ′(x , t ) is the pressure deviation from p0. Furthermore
B = B (x , t ) is buoyancy,

B =
T −〈T 〉

T0
+

1

�0

��

Rv

Ra
−1
�

(�v −
�

�v

�

)−��
�

, (1.15)

where �� =��(x , t ) is the density of liquid water, and 〈T 〉 and
�

�v

�

are time-
dependent volume averages of temperature and water-vapor density, taken
over the domain over which Eqs. (1.14) are solved. The buoyancy B is (minus)
the linearized difference between the total density

�t =�a +�v +�� (1.16)

and the average density of the air, divided by the reference density �0.
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within clouds. I refer to the equations as microscopic, because they describe
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if it moves upwards, and it is heated if it sinks. For purposes of this thesis, I
consider local cloud systems at fixed altitude, and formulate the dynamical
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∂ t
+ (u ·∇)u =−

1

�0
∇p ′+ν∇2u −B g , (1.14a)

∇·u = 0 , (1.14b)
∂ �v

∂ t
+ (u ·∇)�v = κv∇2�v −Cd , and (1.14c)

∂ T

∂ t
+ (u ·∇)T = κT∇2T +

LQ

�0cp
Cd − Γd uz . (1.14d)

Here, the kinematic viscosity ν of air, the gravitational acceleration g , the
diffusivity κv of water vapor, the diffusivity κT of temperature, the heat
capacity cp of air, the latent heat LQ of water vapor, and the dry adiabatic
lapse rate Γd are assumed constant. Also constant is the reference density �0.
It is the density of a dry adiabatic atmosphere at the altitude of the system
considered. I denote the corresponding pressure and temperature by p0 and
T0, so that p0 =�0Ra T0.

In Eq. (1.14a) p ′(x , t ) is the pressure deviation from p0. Furthermore
B = B (x , t ) is buoyancy,

B =
T −〈T 〉

T0
+

1

�0

��

Rv

Ra
−1
�

(�v −
�

�v

�

)−��
�

, (1.15)

where �� =��(x , t ) is the density of liquid water, and 〈T 〉 and
�

�v

�

are time-
dependent volume averages of temperature and water-vapor density, taken
over the domain over which Eqs. (1.14) are solved. The buoyancy B is (minus)
the linearized difference between the total density

�t =�a +�v +�� (1.16)

and the average density of the air, divided by the reference density �0.
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In Eqs. (1.14c) and (1.14d) Cd = Cd (x , t ) is the condensation rate, the
change in liquid-water density that follows from that droplets evaporate or
condensate. Both the liquid-water density and the condensation rate are
computed from the droplets using a kernel function, as in Eq. (1.12). In
Eq. (1.14d), uz = uz (x , t ) is the upward component of the velocity u (x , t ).
Vaillancourt et al. [2001] formulated the dynamics of Eqs. (1.14) using the
water-vapor mixing ratio qv = �v /�0 instead of the water-vapor density.
Their formulation is however equivalent to the formulation in Eqs. (1.14)
when it comes to describing cloud systems at fixed altitudes, because �0

remains constant in them.
Eqs. (1.14a) and (1.14b) are Navier-Stokes equations in the Boussinesq

approximation [Bannon, 1996]. They represent the conservation of mass
and momentum. In the Boussinesq approximation, density variations are
neglected everywhere, apart from in the buoyancy term. The flow is therefore
incompressible, Eq. (1.14b). Eqs. (1.14c) and (1.14d) prescribe advection-
diffusion equations for water-vapor density and temperature, with source
terms accounting for effects of droplet phase change. The thermodynamics
and dynamics of droplets, described in Sections 1.1.1 and 1.1.4, couple to
the dynamics of air through these source terms. Vertical motion results in
heating or cooling through the dry adiabatic lapse rate Γd , as dictated by the
conditions of a dry adiabatic atmosphere.

The microscopic description of Vaillancourt et al. [2001] consists of
Eqs. (1.14), and a set of equations that describe the motion, condensation,
and evaporation of droplets. The authors performed DNS of their equations
in 2002 [Vaillancourt et al., 2002]. Many others have solved the same equa-
tions, or small variations of them, using DNS since then [Kumar et al., 2014;
Perrin & Jonker, 2015; Sardina et al., 2015; Kumar et al., 2017, 2018].

1.1.3 Turbulence

Turbulence, the chaotic motion that a flow exhibits if inertial stresses domi-
nate over viscous stresses, causes cloud dynamics at widely separated spatial
scales to be strongly coupled [Bodenschatz et al., 2010]. A hallmark of tur-
bulence is that the velocity field possesses structures over a range of spatial
scales, commonly referred to as eddies. The range of eddy sizes corresponds
to an energy cascade, in which kinetic energy is transferred downstream
from large-scale eddies driving the flow, towards smaller and smaller eddies.
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At the small-scale end of the cascade, kinetic energy dissipates into heat.

Kolmogorov’s theory from 1941

A very useful theory that makes it possible to quantify central aspects of
a turbulent flow is due Kolmogorov [1941]. The theory applies directly to
incompressible flows with constant density �0,

∂ u

∂ t
+ (u ·∇)u =−

1

�0
∇p +ν∇2u and (1.17a)

∇·u = 0 , (1.17b)

but is widely used to analyze cloud motion as well, despite that buoyancy
effects may be important [Devenish et al., 2012; Andrejczuk et al., 2004;
Lehmann et al., 2009]. As a starting point for my introduction of the theory,
we note that a flow problem on the length scale � and the velocity scale
� exhibits two scales for inertial and viscous stresses. The viscous scale
�0ν� /� depends on the viscosity of the fluid, but the inertial scale �0� 2

does not. Their ratio forms the Reynolds number

Re=
��
ν

. (1.18)

If the Reynolds number is very large, the nonlinear term (u ·∇)u dominates
over the viscous term ν∇2u in Eq. (1.17a). This is what causes the flow to be
turbulent.

Kolmogorov’s theory recognizes that motion at large scales are unique to
each flow, but assumes that the chaotic motion of turbulence causes large
scale motion to be forgotten in the energy cascade towards small scales. As
a consequence, statistics describing local motion at small-enough spatial
scales are of the same form in all high-Reynolds number flows. The range
of scales that exhibits this universal form is called the universal equilibrium
range. Motion at the spatial scale � belong to this range if � is smaller than a
certain length that I denote by �E . Large-scale motion at spatial scales � > �E

contains most of the kinetic energy, and belong to the flow-specific energy-
containing range. Kolmogorov’s theory predicts that all local statistics at a
spatial scale �within the universal equilibrium range are determined by �,
together with the mean energy dissipation rate ε and the kinematic viscosity
ν. This determines the Kolmogorov scales, the scales that characterize the
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smallest eddies of the flow. The Kolmogorov length, time, and velocity are
given by:

η=

�

ν3

ε

�
1
4

, τη =
�ν

ε

�
1
2

, and uη = (εν)
1
4 . (1.19)

Furthermore, Kolmogorov’s theory predicts that the universal equilibrium
range is separated into two subranges by a length �D ∼η. Motion at spatial
scales � < �D belongs to the dissipative range, and motion at spatial scales
� > �D belongs to the inertial range. Kinetic energy dissipates into heat within
the dissipative range only. Within the inertial subrange, viscous effects are
negligible, and the characteristic time and velocity of an eddy of length � are
given by

τ� ∼
�

�2

ε

�
1
3

, and u� ∼ (ε�)
1
3 . (1.20)

The largest scales of the inertial range are constrained by the size of the flow.
With� ∼ �E and� ∼ u�E

, Eqs. (1.18) to (1.20) yield

η

�E
∼Re−

3
4 ,

τη

τ�E

∼Re−
1
2 and

uη
u�E

∼Re−
1
4 . (1.21)

This tells us that the extent of the inertial range increases with Reynolds
number.

Kolmogorov’s theory has been shown to give many accurate predictions
[Pope, 2000]. One example is the form of the energy spectrum – the kinetic
energy E (k ) per wave number k = 2π/� – within the universal equilibrium
range. Within the inertial range, the theory predicts that the spectrum takes
the form of a power law,

E (k ) =CK ε
2
3 k−

5
3 , (1.22)

where CK is a constant. Furthermore, the theory predicts that the compen-
sated spectrum

� = E (k )k
5
3 /ε

2
3 (1.23)

is independent of the large-scale Reynolds number, and universally deter-
mined by kη for all k within the universal equilibrium range. Fig. (1.2) shows
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DNS results from Ishihara et al. [2009], confirming this prediction. The com-
pensated energy spectrum is plotted for three different values of the Taylor-
scale Reynolds number Reλ, which scales as the square root of the large-scale
Reynolds number Re in Eq. (1.18), Reλ ∼

�
Re. The leftmost parts of the spec-

tra are not universal. They belong to the energy-containing range. Above
this range, the spectra are very similar. This suggests that they adhere to
the universality predicted by Kolmogorov [1941]. Indeed, the range of scales
contained within the spectra increases with Re. Fig. (1.2) also indicates that
the power law-spectrum of Eq. (1.22) is quite accurate. Just above the energy-
containing range, the compensated spectra are roughly flat, suggesting the
existence of an inertial range with k−5/3 scaling. Based on spectra of this type,
Ishihara et al. [2009] conclude that the constant CK in Eq. (1.22) is between
1.5 and 1.7. The dashed line in Fig. (1.2) indicates CK = 1.6.
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Figure 1.2: Compensated energy spectra, data from Ishihara et al. [2009]. The
spectra are computed from DNS of statistically stationary turbulence within a
cubic domain with periodic boundary conditions. Solid lines are for different
Taylor-scale Reynolds numbers Reλ ∼

�
Re. The dashed line is the power-law

spectrum of Eq. (1.22), for CK = 1.6.

Inaccuracies and refinements of the 1941 theory

The theory of Kolmogorov [1941]makes it possible to quantify central aspects
of the turbulent energy cascade, but it is not strictly correct. In inhomoge-
neous flows, flow-specific large-scale motion is not completely forgotten,
and make flow-specific imprints on small-scale statistics [Pope, 2000]. Even



14 INTRODUCTION

smallest eddies of the flow. The Kolmogorov length, time, and velocity are
given by:

η=

�

ν3

ε

�
1
4

, τη =
�ν

ε

�
1
2

, and uη = (εν)
1
4 . (1.19)

Furthermore, Kolmogorov’s theory predicts that the universal equilibrium
range is separated into two subranges by a length �D ∼η. Motion at spatial
scales � < �D belongs to the dissipative range, and motion at spatial scales
� > �D belongs to the inertial range. Kinetic energy dissipates into heat within
the dissipative range only. Within the inertial subrange, viscous effects are
negligible, and the characteristic time and velocity of an eddy of length � are
given by

τ� ∼
�

�2

ε

�
1
3

, and u� ∼ (ε�)
1
3 . (1.20)

The largest scales of the inertial range are constrained by the size of the flow.
With� ∼ �E and� ∼ u�E

, Eqs. (1.18) to (1.20) yield

η

�E
∼Re−

3
4 ,

τη

τ�E

∼Re−
1
2 and

uη
u�E

∼Re−
1
4 . (1.21)

This tells us that the extent of the inertial range increases with Reynolds
number.

Kolmogorov’s theory has been shown to give many accurate predictions
[Pope, 2000]. One example is the form of the energy spectrum – the kinetic
energy E (k ) per wave number k = 2π/� – within the universal equilibrium
range. Within the inertial range, the theory predicts that the spectrum takes
the form of a power law,

E (k ) =CK ε
2
3 k−

5
3 , (1.22)

where CK is a constant. Furthermore, the theory predicts that the compen-
sated spectrum

� = E (k )k
5
3 /ε

2
3 (1.23)

is independent of the large-scale Reynolds number, and universally deter-
mined by kη for all k within the universal equilibrium range. Fig. (1.2) shows

DYNAMICS AND THERMODYNAMICS 15

DNS results from Ishihara et al. [2009], confirming this prediction. The com-
pensated energy spectrum is plotted for three different values of the Taylor-
scale Reynolds number Reλ, which scales as the square root of the large-scale
Reynolds number Re in Eq. (1.18), Reλ ∼

�
Re. The leftmost parts of the spec-

tra are not universal. They belong to the energy-containing range. Above
this range, the spectra are very similar. This suggests that they adhere to
the universality predicted by Kolmogorov [1941]. Indeed, the range of scales
contained within the spectra increases with Re. Fig. (1.2) also indicates that
the power law-spectrum of Eq. (1.22) is quite accurate. Just above the energy-
containing range, the compensated spectra are roughly flat, suggesting the
existence of an inertial range with k−5/3 scaling. Based on spectra of this type,
Ishihara et al. [2009] conclude that the constant CK in Eq. (1.22) is between
1.5 and 1.7. The dashed line in Fig. (1.2) indicates CK = 1.6.

10 -3 10 -2 10 -1 10 0
0

0.5

1

1.5

2

2.5

�

kη

Reλ = 167

Reλ = 471

Reλ = 1131

Figure 1.2: Compensated energy spectra, data from Ishihara et al. [2009]. The
spectra are computed from DNS of statistically stationary turbulence within a
cubic domain with periodic boundary conditions. Solid lines are for different
Taylor-scale Reynolds numbers Reλ ∼

�
Re. The dashed line is the power-law

spectrum of Eq. (1.22), for CK = 1.6.

Inaccuracies and refinements of the 1941 theory

The theory of Kolmogorov [1941]makes it possible to quantify central aspects
of the turbulent energy cascade, but it is not strictly correct. In inhomoge-
neous flows, flow-specific large-scale motion is not completely forgotten,
and make flow-specific imprints on small-scale statistics [Pope, 2000]. Even



16 INTRODUCTION

under homogeneous conditions, some turbulence statistics are not well de-
scribed by the theory. The theory is quite accurate for the first and second
moments of the velocity field, but it fails to predict higher-order statistics
[Pope, 2000]. To describe the higher-order statistics, it is important to ac-
count for intermittent fluctuations of the instantaneous dissipation rate
ε′(x , t ) around the mean dissipation rate ε. Flow statistics are Reynolds-
number dependent, as a consequence of this intermittency. The effects of
intermittency are largely accounted for by Kolmogorov’s refined theory from
1962 [Kolmogorov, 1962].

1.1.4 Particle dynamics

The particles considered in this thesis are water droplets and rigid non-
spherical particles. They have uniform mass densities�p . Their translational
acceleration is given by

m
dv (c )

dt
=m g +F −�V g , (1.24)

where F is the hydrodynamic force exerted by the flow, and v (c ) is the center-
of-mass velocity. Furthermore, V and m = �p V are particle volume and
mass. The density � is the density of the suspending fluid, which is air in
the case of cloud droplets. Eq. (1.24) is simply Newton’s second law for a
particle subject to gravitation and hydrodynamic force. The last term on
the right-hand side of Eq. (1.24) follows from Archimedes’ principle. It is the
lifting force that equals the gravitational force upon the fluid displaced by
the particle. Cloud droplets consist of liquid water, which is a factor ∼ 1000
heavier than air, m ��V . The lifting force is therefore very small for cloud
droplets, and can be neglected. The rigid particles considered in Chapter 4
are neutrally buoyant. This means that m = �V for them, so that the first
and last terms on the right-hand side of Eq. (1.24) cancel.

To describe the angular dynamics of the rigid particles considered in
Chapter 4, I introduce their angular velocitiesω. The motion of a point x ′ in
the reference frame of a particle is then given by

dx ′

dt
= v (c ) +ω× (x ′ −x (c )), (1.25)
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where x (c ) is the particle’s center of mass. The hydrodynamic torque with
respect to the center of mass is denoted by τ(c ). The angular acceleration is
given by

d

dt
�(c )ω=τ(c ) , (1.26a)

where �(c ) is the inertia tensor of the particle, evaluated at the particle’s center
of mass [Marion, 2013]. The particles considered in Chapter 4 are neutrally
buoyant, and so small that their inertia is negligible. Their dynamics is
therefore overdamped. This means that the particles instantaneously relax
to a motion for which their torques and forces vanish [Kim & Karrila, 1991].
It is nevertheless useful to imagine a small particle at rest, and compute its
force F and torque τ(c ). The reason is that the translational and angular
dynamics can be inferred from the resulting non-zero values of F and τ(c ),
as explained in Chapter 4.

Stokes equations

To calculate the force and torque upon a small particle in flow, it is important
to recognize that very small particles tend to follow the flow. They are so light
that settling and inertial effects are efficiently dampened by hydrodynamic
action. The velocity scale� characterizing velocity differences in the vicinity
of a particle is therefore small. Since the length scale� is comparable to
the particle size, it follows that the Reynolds number [Eq. (1.18)] of the local
flow around the particle is small. Viscous stresses therefore dominate over
inertial stresses in the vicinity of the particle.

In the limit of zero Reynolds number, the viscous term ν∇2u dampens
all effects of the nonlinear term (u ·∇)u in Navier-Stokes equations (1.17),
and one obtains Stokes equations,

1

�
∇p = ν∇2u , and (1.27a)

∇·u = 0. (1.27b)

A solution to Stokes equations is determined by boundary conditions. When
a particle is present, boundary conditions are required at the particle sur-
face. The force and torque upon a small-enough particle can therefore be
computed by solving the Stokes problem that the presence of the particle
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implies. As opposed to Navier-Stokes equations, Stokes equations are linear.
In Chapter 4 I explain how the linearity makes it possible to derive the form
of the angular dynamics of small particles that possess symmetries without
solving their Stokes problems.

Droplets in clouds

A Stokes problem of high relevance for cloud physics is that presented by a
translating sphere with no-slip boundary conditions. The solution gives the
force and torque upon a micron-sized cloud droplet. The force is indepen-
dent of the rotation of the droplet, and called Stokes drag. For a droplet with
center-of-mass position x (c ) and radius r , translating with the velocity v (c ),
it is given by

F = 6π�νr
�

u (x (c ), t )−v (c )
�

. (1.28)

Together with Eq. (1.24) one obtains the acceleration of the droplet,

dv (c )

dt
=

1

τp

�

u (x (c ), t )−v (c )
�

+ g , (1.29)

where τp = 2r 2�p/9�ν is Stokes relaxation time: the time scale at which the
droplet relaxes to the velocity of the surrounding air in the absence of gravity.
Eq. (1.29) is derived using that the density�p of a droplet is much larger than
the density of air, �p ��.

Effects of droplet inertia are described by the Stokes number:

St=
τp

τη
. (1.30)

The Stokes number of a droplet is the ratio between its Stokes relaxation time
and the smallest time scale of the turbulent flow that carries it. Accordingly, at
small St and in the absence of gravity, the droplet quickly adopts the velocity
of the surrounding air.

Gravity causes droplets to settle. A force balance between gravitation and
hydrodynamic drag in quiescent flow (u = 0) gives the settling velocity of a
droplet,

v s = τp g , (1.31)
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the velocity that a droplet adopts in an atmosphere at rest. Flow detachment
due to settling is described by the settling number,

Sv=
|v s |
uη

. (1.32)

At small values of Sv, the gravitational settling is efficiently dampened by
Stokes drag force, Eq. (1.28).

Consistently with that micron-sized cloud droplets detach little from
the surrounding flow, the Stokes and settling numbers of a droplet whose
radius r is a few microns are smaller than unity. For typical cloud conditions
(ε ∼ 10−3 m2/s3,ν∼ 1.5×10−5 m2/s) [Shaw, 2003], one finds St∼ 10−4 (r /µm)2

and Sv∼ 10−2 (r /µm)2. One also finds that the Reynolds number based on
the radius and settling velocity of the droplet is Re∼ 10−5 (r /µm)3. Since the
Reynolds number is much smaller than unity for micron-sized droplets, their
acceleration is found by solving the Stokes problem of a translating sphere,
and given by Eq. (1.29). Their small Stokes numbers suggest that their inertia
does not cause them to detach much from the flow. Settling can however be
important, because some droplets have settling numbers near unity.

1.1.5 Modeled cloud-edge dynamics

Important parts of our understanding of clouds relies on models of mixing
and evaporation at cloud edges [Mellado, 2017]. Fundamental microscopic
equations, such as the equations of Vaillancourt et al. [2001] in Section 1.1.2,
are too computationally expensive to solve for cloud systems that exceed
a few meters in linear size. Numerical simulations of whole clouds can
therefore not resolve cloud dynamics in full detail. Instead, whole-cloud
simulations rely on models of small-scale processes. An important work in
cloud physics is to improve models for mixing-evaporation dynamics, so
that effects of mixing and evaporation at the cloud edge can be described
more accurately [Mellado, 2017].

The high computational cost that DNS of microscopic equations entail
for large turbulent cloud systems can be avoided in two different ways. One
may either model statistics of an ensemble of independent flow realizations,
or consider a single realization and filter the velocity field so that the smallest
eddies are not resolved [Pope, 2000]. Models that employ the latter approach
are called large-eddy simulations (LES), and I refer to models that employ
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the former approach as statistical models. A LES relies on closure approxima-
tions that describe effects of unresolved eddies. Different types of statistical
models employ different probabilistic descriptions, and rely on different
types of closure approximations as a consequence. Important types of sta-
tistical models are Reynolds-averaged Navier-Stokes (RANS) models, and
probability-density function (PDF) models. RANS models describe only a
few moments of the velocity field, and rely on closures for Reynolds stresses
or for a turbulent viscosity. PDF models describe the full joint PDF of velocity
components, and rely on models for velocity and pressure gradients [Pope,
2000]. LES and statistical models can describe flows with scalars, such as
temperature and water-vapor density. The models then rely on additional
closures for the scalar dynamics.

Models for mixing and evaporation that incorporate the linear eddy model
of Kerstein [1988] are interesting alternatives or complements to the model
types above [Krueger, 1993; Su et al., 1998; Tölle & Krueger, 2014; Hoffmann
& Feingold, 2019]. In such models, effects of turbulent mixing are described
by repeated stretchings and foldings of a one-dimensional map. Droplets
can be carried along with the map, in order to describe the fragmentation
of cloud structures caused by turbulence. An important advantage of these
models is that they describe how cloud structures of arbitrary sizes within
the universal equilibrium range of turbulence evolve, because they rest on
well-understood scaling arguments [Kerstein, 1988]. The main drawback is
however that they lack a definite interpretation in terms of a microscopic
description.

All types of models face difficulties when describing droplets in a cloud
[Shima et al., 2009; Paoli & Shariff, 2009]. RANS models are very problematic,
because the flow that accelerates the droplets and the supersaturations that
causes them to change phase are not available under their statistical descrip-
tions. LES can describe how droplets are carried by large eddies, but they
can neither describe the small-scale motion of droplets, nor the supersatura-
tions at droplet positions. Furthermore, it is not computationally possible
to describe every droplet that large a cloud systems contains individually.
One way to circumvent this problem is to describe the effects and presence
of many droplets by a single superdroplet that has one position and one
size [Grabowski et al., 2019]. A fundamental limitation of this approach is
however that droplet dispersion and different evaporation and condensation
rates become difficult to describe [Hoffmann & Feingold, 2019]. PDF models
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can describe the supersaturations of individual droplets statistically, if they
incorporate droplets into their statistical descriptions [Jenny et al., 2012].
Chapter 2 introduces Paper A. Here, a statistical model for cloud-edge dy-
namics that belongs to the family of PDF models is derived. It incorporates
droplets into its statistical description, and describes the supersaturations
of individual droplets. An improved version of the model that quantitatively
reproduces the supersaturations of droplets in DNS is presented in Chapter 3.

The drawbacks of PDF models stem from that they describe flow and
droplets in terms of one-point, one-time, statistics [Pope, 2000; Jeffery &
Reisner, 2006]. Consider, for instance, a PDF model that describes droplets
using the probability density

Fs r 2 (S , R 2; t ) =
∂ 2

∂ S∂ R 2
Fs r 2 (S , R ; t ), (1.33)

where Fs r 2 (S , R ; t ) is the probability that a dropletαhas a radius rα(t )<R and
a supersaturation s (x α(t ), t )< S 1. The PDF Fs r 2 is a one-point, one-time,
statistic for the instantaneous state of a single droplet. It does not describe the
coherent spatial distributions of droplets that form as a consequence of that
droplets are carried together, by the same flow. It is therefore not possible
to account for how many phase-changing droplets collectively maintain
saturation within large cloud structures using Fs r 2 .

It should be noted that the exchange of water and latent heat between air
and phase-changing droplets can not be described in terms of Fs r 2 alone,
because this PDF does not describe the air. It is however possible to describe
the air using a second PDF, such as the probability density

fs (S ; x , t ) =
∂

∂ S
Fs (S ; x , t ), (1.34)

where Fs (S ; x , t ) is the probability of s (x , t )< S , i. e. the probability that the
supersaturation of the air is smaller than S at the position x . To describe a
system using two PDF:s is common in combustion studies, where dispersed
particles react with a gas [Jenny et al., 2012]. The statistical model in Chapter 3
is of this type, and it rests on a probabilistic description in terms of Fs r 2 and

1The reason that I define Fs r 2 as a density in squared radius rα(t )2 in Eq. (1.33), instead
of radius rα(t ), is that it is often more convenient to analyze the evolution of probability
densities in squared droplet radius [Siewert et al., 2017; Paper A].
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fs . The statistical model in Paper A is also of this type, but it rests on a more
comprehensive probabilistic description.

To understand the statistical model in Chapter 3, it is important to rec-
ognize that the PDF:s Fs r 2 and fs are of two different types. The PDF Fs r 2

is evaluated along the trajectories of droplets, whereas fs is evaluated at
fixed positions. PDF:s of the former type are called Lagrangian, whereas
PDF:s of the latter type are called Eulerian [Pope, 2000]. In the remainder of
this thesis, I refer to (the Lagrangian) Fs r 2 as the joint PDF of droplets and
supersaturation, and I refer to fs as the Eulerian supersaturation PDF.

PDF models can be formulated as Lagrangian stochastic models for in-
dependently evolving droplets and fluid elements. Consider, for instance, a
Lagrangian stochastic model for the supersaturation sα(t ) = s (x α(t ), t ) and
radius rα(t ) of droplet α. The Fokker-Planck equation [Pope, 2000] that corre-
sponds to the stochastic dynamics is a modeled evolution equation for Fs r 2 .
In a similar way, a modeled evolution equation for fs can be obtained from
a Lagrangian stochastic model for fluid elements with supersaturation s (t )
[Pope, 2000].

Several models describe cloud dynamics using Lagrangian stochastic
models [Sardina et al., 2015; Paoli & Shariff, 2009; Chandrakar et al., 2016;
Siewert et al., 2017; Grabowski & Abade, 2017; Abade et al., 2018]. These
models can generally be brought into the framework of PDF models, by
formulating their corresponding Fokker-Planck equations. But this step is
often omitted, likely because the models are best understood through their
stochastic dynamics. Is however important to consider their correspond-
ing PDF formulations. One reason is that the PDF formulations give the
models definite interpretations in terms of a microscopic dynamics. The
microscopic connection is provided, because stochastic and deterministic
terms in Lagrangian equations constitute models for conditional averages in
exact, but unclosed, evolution equations of PDF:s [Pope, 1985]. This notion
resolves the apparent contradiction that droplets and fluid elements evolve
independently in Lagrangian stochastic models, despite that they do not
under microscopic descriptions [Pope, 2000]. PDF formulations can also
provide means to improve the accuracy of models [Pope, 1991]. In the statis-
tical model formulated in Chapter 3, I make use of the PDF formulation of
the model to derive an accurate closure for effects of droplet phase change.

A third reason for considering the PDF formulation of a Lagrangian stochas-
tic model is that it provides a link to the theory on filtered-density function
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(FDF) modeling [Colucci et al., 1998; Givi, 2006]. An FDF is essentially a PDF
for unresolved quantities in a LES. FDF models are therefore closely related
to PDF models, and used in combination with LES. A LES-FDF model makes
use of the strengths of LES when it comes to describing correlated motion at
large spatial scales, while an FDF model is used to account for reactions and
fluctuations at small spatial scales. LES-FDF models have mostly been de-
veloped within the combustion community, but there are many parallels to
LES models for clouds. FDF models are for instance solved using Lagrangian
stochastic models coupled to LES, so the solution algorithms of LES-FDF
models are analogous to cloud LES with superdroplets [Grabowski et al.,
2019].
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2 Mixing and evaporation at the cloud edge

In Paper A we analyze the effects of mixing and evaporation at the edge of a
turbulent cloud, where the cloud is mixed with its environment. Since the
environmental air tends to be subsaturated, droplets evaporate when they
are exposed to it. Mixing and evaporation at the cloud edge affect both the
droplet-size distribution and the number density of droplets. The droplet-
size distribution shifts towards smaller droplet sizes locally where droplets
evaporate. It should however be noted that secondary effects of evaporation
may give rise to large droplets elsewhere in the cloud [Lasher-Trapp et al.,
2005]. Mixing with environmental air can cause the droplet-number density
to reduce through two mechanisms. First, a reduction in droplet-number
density follows from that cloudy air is diluted by non-cloudy air [Devenish
et al., 2012]. Second, the droplet-number density may reduce because some
droplets evaporate completely and vanish [Baker et al., 1980].

2.1 Background

The cloud edge is a non-equilibrium system located between the core of the
cloud and the air outside the cloud. Compared to the cloud edge, the cloud
core is essentially equilibrated. Here, droplet phase change is comparatively
slow, because the air is saturated or nearly saturated [Yau & Rogers, 1989].
Mixing throws droplet populations near the cloud edge out of their equilibria,
by exposing them to subsaturated air from outside the cloud. The droplets
within a given volume may then evaporate until one out of two possible
steady states establishes. A moist steady state establishes if the droplets
saturate the surrounding air, and a dry steady state establishes if all droplets
evaporate completely and leave subsaturated air behind [Kumar et al., 2013].
Turbulence ensures that neighboring droplet populations have different
histories of mixing and evaporation. Cloud-edge mixing and evaporation
therefore gives rise to spatial fluctuations throughout the cloud [Beals et al.,
2015].

Fluctuations caused by mixing with non-cloudy air has been suggested
as a resolution of the bottleneck problem of droplet growth [Grabowski &
Wang, 2013], because such fluctuations may allow a small fraction of droplets
to grow fast enough [Beard & Ochs, 1993]. Fast droplet growth can be ob-
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tained in a turbulent cloud with a varying droplet-number density, because
turbulence ensures that droplet trajectories reaching the cloud top are not
monotonous ascents. If a small fraction of droplets rises with few neighbor-
ing droplets and sink with many neighboring droplets, their competition
for water vapor is reduced when they rise, but they can not give away much
water when they sink [Telford & Chai, 1980]. It has been suggested that this
mechanism is responsible for 60µ droplet radii observed in ice free clouds
[Beard & Ochs, 1993], well beyond the size thought to be necessary to initiate
droplet growth by collision [Yau & Rogers, 1989].

Moist regions with few droplets allowing for fast droplet growth can be gen-
erated through complete droplet evaporation [Yang et al., 2016]. In regions
where complete evaporation has taken place, droplets grow upon vertical
ascent, by consuming the water vapor that once constituted their neighbors.
The growth may be fast, because the vanished neighbors no longer partici-
pate in the competition for water vapor. Mechanisms of this type, where fast
droplet growth follows from reduced competition for water vapor, have there-
fore been tied to a mixing-evaporation regime where evaporation distributes
inhomogeneously over the droplets that are mixed [Baker et al., 1980; Desai
et al., 2019]. In this mixing-evaporation regime – called inhomogeneous
mixing – a moist steady state can establish by some droplets evaporating
completely, while other droplets do not evaporate at all. In the opposing
limit – called homogeneous mixing – all droplets share the work of saturat-
ing the air, and only initially small ones evaporate completely. It has been
argued that the degree of inhomogeneous mixing increases with the spatial
scale of a droplet population, since large-scale cloud regions are mixed into
homogeneity more slowly than small ones [Devenish et al., 2012]. A simple
observable that is closely related to the dichotomy of homogeneous and
inhomogeneous mixing is the fraction P ∗e of droplets that have evaporated
completely in the steady state.

The dichotomy of homogeneous and inhomogeneous mixing is also rel-
evant for the optical properties of clouds [Beals et al., 2015]. Many small
droplets interact more with light than a few small ones with the same liquid
water content. As a consequence, modeled cloud systems reflect more solar
radiation back into space if local mixing is assumed to be homogeneous,
than if it is assumed to be inhomogeneous [Grabowski, 2006]. Assuming
a spatially uniform droplet configuration, the intensity of solar radiation
decays exponentially with a rate that is proportional to the droplet-number
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Figure 2.1: Example of a mixing diagram, empirical data and mixing lines from
Beals et al. [2015]. Black crosses are mean droplet volumes 〈V 〉 and droplet-
number densities n measured in a convective cloud. The axes are normalized
by a mean droplet volume V0 and a droplet-number density n0, representative
of undiluted cloud. The blue line is the homogeneous mixing line, and the red
line is the inhomogeneous mixing line.

density and the average surface area of droplets [Kokhanovsky, 2004]. Jeffery
[2007] found that the depth to which solar radiation penetrates a cloud – the
clouds optical thickness – may be 50 % larger under inhomogeneous mixing
than under homogeneous mixing.

Empirical cloud data are often related to the concepts of homogeneous
and inhomogeneous mixing in mixing diagrams [Devenish et al., 2012]. Mix-
ing diagrams show the mean droplet volume 〈V 〉 versus the droplet-number
density n for locally measured droplet populations. The axes are normalized
by a droplet volume V0 and a droplet-number density n0, both assumed
representative of a cloudy mixing substrate from which the locally measured
droplet populations originate. An example is shown in Fig. (2.1), where I
plotted empirical data from Beals et al. [2015] as crosses. The data represents
droplets within∼15 cm3 volumes along a few kilometers long flight through a
convective cloud. I also drew the homogeneous and inhomogeneous mixing
lines [Devenish et al., 2012] from Beals et al. [2015]. The inhomogeneous
mixing line describes droplet populations that have resided in the cloudy
mixing substrate, and undergone mixing processes that caused their droplet-
number densities to reduce by dilution and complete droplet evaporation in
such a way that their mean droplet volume remained the same. The homo-
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geneous mixing line describes droplet populations that have been diluted
by droplet-free air and adopted moist steady states (n∗, 〈V 〉∗) without any
complete droplet evaporation (P ∗e = 0).

In the last years, several studies have analyzed local mixing-evaporation
processes within a fixed domain using computer simulations [Jeffery, 2007;
Andrejczuk et al., 2006; Pinsky et al., 2016a; Kumar et al., 2014, 2018; An-
drejczuk et al., 2004; Kumar et al., 2013; Andrejczuk et al., 2009; Kumar et al.,
2012; Pinsky & Khain, 2018]. It has however not been clear which parameters
that are most important for the local mixing-evaporation processes.

2.2 My work

In Paper A, we adopt the model configuration of Kumar et al. [2014, 2018,
2013, 2012]. A slab of cloudy air with droplets is turbulently mixed with
subsaturated air within a cubic domain of size L with periodic boundary
conditions. We take the flow to be statistically stationary homogeneous
isotropic turbulence, as in Kumar et al. [2013, 2012]. The initial conditions are
schematically illustrated in Fig. (2.2). Before mixing, the cloud slab occupies a
volume fractionχ of the domain. While the air masses are mixed, the droplets
evaporate in response to the supersaturation at their positions. With time,
mixing causes the system to become spatially uniform. Evaporation proceeds
either until the entire domain is saturated (moist steady state), or until all
droplets have evaporated completely (dry steady state). We follow Kumar
et al. [2014, 2018, 2013, 2012] and address the dichotomy of homogeneous
and inhomogeneous mixing using this model configuration.

2.2.1 Key parameters

In Paper A, we conclude that several DNS results of Kumar et al. [2014, 2018,
2013, 2012], as well as results obtained using other models for mixing and
evaporation [Jeffery, 2007; Andrejczuk et al., 2006; Pinsky et al., 2016a], can
be understood in terms of two or three key parameters. To arrive at this
conclusion, we start by analyzing under which conditions one may simplify
the fundamental microscopic equations of Vaillancourt et al. [2001]. We find
that droplet inertia and settling, buoyancy, non-linear dependency of super-
saturation on temperature and water-vapor density, expansion work upon
vertical air motion, and temporal variations of thermodynamic coefficients
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line is the inhomogeneous mixing line.
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complete droplet evaporation (P ∗e = 0).
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2012; Pinsky & Khain, 2018]. It has however not been clear which parameters
that are most important for the local mixing-evaporation processes.

2.2 My work

In Paper A, we adopt the model configuration of Kumar et al. [2014, 2018,
2013, 2012]. A slab of cloudy air with droplets is turbulently mixed with
subsaturated air within a cubic domain of size L with periodic boundary
conditions. We take the flow to be statistically stationary homogeneous
isotropic turbulence, as in Kumar et al. [2013, 2012]. The initial conditions are
schematically illustrated in Fig. (2.2). Before mixing, the cloud slab occupies a
volume fractionχ of the domain. While the air masses are mixed, the droplets
evaporate in response to the supersaturation at their positions. With time,
mixing causes the system to become spatially uniform. Evaporation proceeds
either until the entire domain is saturated (moist steady state), or until all
droplets have evaporated completely (dry steady state). We follow Kumar
et al. [2014, 2018, 2013, 2012] and address the dichotomy of homogeneous
and inhomogeneous mixing using this model configuration.

2.2.1 Key parameters

In Paper A, we conclude that several DNS results of Kumar et al. [2014, 2018,
2013, 2012], as well as results obtained using other models for mixing and
evaporation [Jeffery, 2007; Andrejczuk et al., 2006; Pinsky et al., 2016a], can
be understood in terms of two or three key parameters. To arrive at this
conclusion, we start by analyzing under which conditions one may simplify
the fundamental microscopic equations of Vaillancourt et al. [2001]. We find
that droplet inertia and settling, buoyancy, non-linear dependency of super-
saturation on temperature and water-vapor density, expansion work upon
vertical air motion, and temporal variations of thermodynamic coefficients
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Figure 2.2: Initial condition used in Paper A: A slab of cloudy air with droplets
is surrounded by subsaturated air in a cubic domain with side length L . The
cloud slab occupies a volume fraction χ of the domain.

tend to be of secondary importance for the understanding of local cloud
systems. Neglecting these ingredients of mixing-evaporation dynamics, we
derive at a set of simplified microscopic equations:

∂ u

∂ t
+ (u ·∇)u =−

1

�0
∇p +ν∇2u , (2.1a)

∇·u = 0 , (2.1b)
∂ s

∂ t
+ (u ·∇)s = κ∇2s −A2Cd (x , t ) , (2.1c)

dx α
dt
= u (x α(t ), t ) and (2.1d)

dr 2
α

dt
= 2A3s (x α(t ), t ). (2.1e)

Here, κ denotes the diffusivity of supersaturation. The condensation rate
Cd (x , t ) is given by Eq. (1.12), supplemented by Eq. (2.1e) to compute the rate
at which the mass mα of droplet α changes. See the Supporting Information
of Paper A for the derivation of Eqs. (2.1).

Non-dimensionalizing the simplified equations (2.1), we find that the
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dynamics is parameterized by two Damköhler numbers [Dimotakis, 2005] in
the limit of large Reynolds numbers, Dad and Das. The Damköhler numbers
are time-scale ratios,

Dad =
τL

τd
, and Das =

τL

τs
. (2.2)

They relate the kinematic time scale τL of mixing to two thermodynamic
time scales: the time scale τd of droplet evaporation [Andrejczuk et al., 2009],
and the time scale τs of supersaturation relaxation [Kumar et al., 2018]. The
time scale τL is the large-eddy turnover time. It is the time scale at which
the system is stirred once. This time scale increases with the size of the sys-
tem, and decreases with the intensity of the turbulence, τL ∼ (L 2/ε)1/3. The
droplet evaporation time τd is the time that it takes for a typical droplet to
evaporate completely, if it is placed in the subsaturated air outside the initial
cloud slab [Fig. (2.2)]. It increases with the initial droplet size, and decreases
with increasing levels of subsaturation outside the cloud slab. The super-
saturation relaxation time τs is a time scale at which the supersaturation
relaxes towards saturation in a spatially uniform mixture. It decreases with
the initial droplet size, and with the droplet-number density of the initial
cloud slab.

At large values of Dad, droplets evaporate faster than the system is mixed.
Evaporation is then limited by the rate of mixing, and takes place at sharp
boundaries between cloudy and subsaturated air. Mixing is inhomogeneous,
because evaporation distributes inhomogeneously over the droplets. At small
values of Dad, droplets tend to evaporate after the system has been mixed.
They then evaporate under spatially uniform conditions, and the mixing is
homogeneous. At large values of Das, saturation of the air is mixing limited
and takes place at sharp boundaries between cloudy and subsaturated air. At
small values of Das, saturation takes place under spatially uniform conditions,
but only if droplets remain. We could show in Paper A that droplet-size
distributions and steady-state fractions in the DNS of Kumar et al. [2014, 2018,
2013, 2012], computed with DNS of fundamental microscopic equations,
can be well understood in terms of Dad and Das only.

The amount of complete evaporation depends on Dad and Das, but also
on the initial volume fraction χ of cloudy air. This means that there are
three key parameters for the transition between homogeneous and inho-
mogeneous mixing. Kumar et al. [2014, 2018, 2013, 2012] did not vary χ
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Figure 2.2: Initial condition used in Paper A: A slab of cloudy air with droplets
is surrounded by subsaturated air in a cubic domain with side length L . The
cloud slab occupies a volume fraction χ of the domain.

tend to be of secondary importance for the understanding of local cloud
systems. Neglecting these ingredients of mixing-evaporation dynamics, we
derive at a set of simplified microscopic equations:
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= 2A3s (x α(t ), t ). (2.1e)

Here, κ denotes the diffusivity of supersaturation. The condensation rate
Cd (x , t ) is given by Eq. (1.12), supplemented by Eq. (2.1e) to compute the rate
at which the mass mα of droplet α changes. See the Supporting Information
of Paper A for the derivation of Eqs. (2.1).

Non-dimensionalizing the simplified equations (2.1), we find that the
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dynamics is parameterized by two Damköhler numbers [Dimotakis, 2005] in
the limit of large Reynolds numbers, Dad and Das. The Damköhler numbers
are time-scale ratios,
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τL
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. (2.2)

They relate the kinematic time scale τL of mixing to two thermodynamic
time scales: the time scale τd of droplet evaporation [Andrejczuk et al., 2009],
and the time scale τs of supersaturation relaxation [Kumar et al., 2018]. The
time scale τL is the large-eddy turnover time. It is the time scale at which
the system is stirred once. This time scale increases with the size of the sys-
tem, and decreases with the intensity of the turbulence, τL ∼ (L 2/ε)1/3. The
droplet evaporation time τd is the time that it takes for a typical droplet to
evaporate completely, if it is placed in the subsaturated air outside the initial
cloud slab [Fig. (2.2)]. It increases with the initial droplet size, and decreases
with increasing levels of subsaturation outside the cloud slab. The super-
saturation relaxation time τs is a time scale at which the supersaturation
relaxes towards saturation in a spatially uniform mixture. It decreases with
the initial droplet size, and with the droplet-number density of the initial
cloud slab.

At large values of Dad, droplets evaporate faster than the system is mixed.
Evaporation is then limited by the rate of mixing, and takes place at sharp
boundaries between cloudy and subsaturated air. Mixing is inhomogeneous,
because evaporation distributes inhomogeneously over the droplets. At small
values of Dad, droplets tend to evaporate after the system has been mixed.
They then evaporate under spatially uniform conditions, and the mixing is
homogeneous. At large values of Das, saturation of the air is mixing limited
and takes place at sharp boundaries between cloudy and subsaturated air. At
small values of Das, saturation takes place under spatially uniform conditions,
but only if droplets remain. We could show in Paper A that droplet-size
distributions and steady-state fractions in the DNS of Kumar et al. [2014, 2018,
2013, 2012], computed with DNS of fundamental microscopic equations,
can be well understood in terms of Dad and Das only.

The amount of complete evaporation depends on Dad and Das, but also
on the initial volume fraction χ of cloudy air. This means that there are
three key parameters for the transition between homogeneous and inho-
mogeneous mixing. Kumar et al. [2014, 2018, 2013, 2012] did not vary χ
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considerably, so their results can be understood in terms of Dad and Das only.
Dynamics and initial conditions are conveniently parameterized by Dad, χ ,
and the Damköhler-number ratio

R =
Dad

Das
, (2.3)

which regulates the moisture of the mixing-evaporation process. At large
values of R, all droplets evaporate completely before they saturate the air,
and the system ends up in a dry steady state. At small values of R, the air
becomes completely saturated before much evaporation has taken place,
and the system ends up in a moist steady state. In Fig. 4 of Paper A, we show
how the steady-state fraction P ∗e of completely evaporated droplets varies
with R and Dad. More droplets evaporate completely with increasing values
of Dad, because the mixing becomes more inhomogeneous. The amount of
complete droplet evaporation increases with R up to a critical Damköhler-
number ratio Rc, above which dry steady states are obtained. With a simple
form of the initial conditions, the critical Damköhler-number ratio is given
by:

Rc =
2

3

χ

1−χ
. (2.4)

The Damköhler numbers Dad and Das, and the volume fraction χ , have
been considered in many previous studies [Baker et al., 1980; Andrejczuk
et al., 2006; Kumar et al., 2014; Lehmann et al., 2009], but not as the only
parameters of a microscopic dynamics. C. A. Jeffery found that a model for
mixing and evaporation is determined by Dad, Das and χ already in 2007
[Jeffery, 2007]. Later results have however not been analyzed in light of this
finding. The most likely reason is that it has not been clear in which way
the later results relate to Jeffery’s model. By deriving Eqs. (2.1) from a fun-
damental set of equations, we could provide the link to Jeffery [2007] and
thereby unify and explain several results in the literature. First, Kumar et al.
[2018] expected that mixing transcends from homogeneous to inhomoge-
neous with increasing values of Das at fixed χ , regardless of the value of Dad.
They were therefore surprised when they observed very small values of P ∗e
for values of Das above the transition that they expected. We show that P ∗e at
fixed χ must be understood as a function of both Dad and Das in Kumar et al.
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[2018]. Second, we show that droplet-size distributions and fractions of com-
pletely evaporated droplets of Kumar et al. [2014, 2012] are well explained in
terms of Dad and Das, both in the steady state and in the transient. Third,
we show that the physics contained in Dad and R/Rc makes it possible to
understand variations in P ∗e in the model of Andrejczuk et al. [2006], which
differs somewhat from ours. Fourth, Korolev et al. [2016] and Pinsky et al.
[2016b] concluded that Dad is irrelevant for mixing-evaporation dynamics.
We show that this is incorrect, and that the apparent contradiction is resolved
by noting that the potential evaporation parameter R that appears in their
dynamics is in fact a Damköhler-number ratio, R∝Dad/Das.

2.2.2 Statistical model

I mentioned in the introduction that we derive a statistical model for cloud-
edge mixing and evaporation in Paper A. The numerical-simulation results
in Paper A are computed using this statistical model. The model is derived
from the simplified microscopic equations (2.1), which in turn are derived
from the fundamental microscopic equations of Vaillancourt et al. [2001].
It belongs to the family of PDF models, introduced in Section 1.1.5. Briefly
summarized, the model rests on a probabilistic description of air and droplets
in terms of two one-point, one-time, PDF:s. It is best understood in terms
of a Lagrangian stochastic model for independently evolving fluid elements
with positions, velocities, and supersaturations [Eqs. (6) to (8) in Paper A].
Some fluid elements move together with a droplet, and those fluid elements
are also described by the radius of their droplets [Eq. (9) in Paper A]. The
statistical model employs closure approximations from the literature on PDF
models, whose strengths and limitations are well understood [Jenny et al.,
2012].

We show in Paper A that the statistical model reproduces the time evolu-
tion of the fraction of completely evaporated droplets and the broadening of
the droplet size distribution observed in DNS [Kumar et al., 2014, 2012] (Figs. 2
and 3 of Paper A). We use the model to explore how mixing-evaporation dy-
namics depends qualitatively on its key parameters in both small and large
Damköhler-number regimes. It is not possible to test the accuracy of the
model at large values of Dad and Das by comparing to DNS, because DNS
at large Damköhler numbers is beyond the computational capability of to-
day’s computers. We argue in Paper A that the statistical model may not
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work quantitatively in the limit of large Damköhler numbers, because it does
not accurately account for effects of large saturated cloud structures. The
statistical model should however work qualitatively in the large-Damköhler-
number limit. This expectation rests on that the statistical model computes
values of P ∗e that change monotonously with the parameters of the dynam-
ics (Fig. 4 of Paper A), in a way that is consistent with the physics that the
parameters describe.

Tails of droplet-size distributions come out lighter in the statistical model
than in DNS (Fig. 3 of Paper A). We explain in Paper A that this is likely due
to that the supersaturation dynamics of the model is oversimplified. The
supersaturation s (t ) of a droplet in the statistical model decays towards a
position-dependent mean field 〈s (x , t )〉 [Eq. (7) of Paper A]. In reality, one
must expect a decay towards 〈s (x , t )〉 on average, but also fluctuations away
from the mean field. The mean-field decay of the statistical model therefore
underestimates the range of supersaturation fluctuations. Furthermore, it
is known that mean-field decay does not allow the PDF of a passive scalar
to relax into a Gaussian, as observed in DNS [Pope, 2000; Eswaran & Pope,
1988]. Gaussian relaxation must be expected for supersaturation at small
values of Das, when supersaturation is only slowly affected by droplet phase
change.

That the supersaturation dynamics of the statistical model is oversimpli-
fied can be understood from the evolution of the Lagrangian supersaturation
PDF

Fs (S ; t ) =

∫

Fs r 2 (S , R 2; t )dR 2, (2.5)

a marginal PDF of the joint PDF Fs r 2 (S , R 2; t ) of droplets and supersatura-
tion1. The Lagrangian supersaturation PDF Fs (S ; t ) describes how super-
saturation distributes over the droplets at time t . Fig. (2.3) shows a typical
evolution of Fs (S ; t ) in the transient DNS of Kumar et al. [2014, 2018, 2013,
2012] (dashed lines). The PDF is a thin peak near saturation initially, because
droplets are initialized within cloudy air. As mixing sets it, Fs (S ; t ) forms a
heavy tail towards the (negative) supersaturation of dry air (blue and red).
The tail is transient, and Fs (S ; t ) becomes a thin peak again when the system
is mixed into homogeneity. Consistently with the passive-scalar observa-
tions mentioned above, Fs (S ; t ) adopts a Gaussian shape before the peak of

1The joint PDF Fs r 2 (S , R 2; t ) of droplets and supersaturation was defined in Eq. (1.33).
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Figure 2.3: Lagrangian supersaturation PDF Fs (S ; t ) at different non-
dimensional times t ′ = t /τL in statistical model of Paper A (solid lines) and
DNS (dashed lines). The DNS results are from Kumar et al. [2014]. The axes
are re-scaled to show s ′ = s/|se|, where se is the (negative) supersaturation
of the initially dry air [Fig. (2.2)]. The tail of Fs (S ; t ) is less prominent in the
statistical model than in DNS during the first large-eddy time (blue and red).
Furthermore, Fs (S ; t ) does not relax into a Gaussian, as in DNS (green). The
deviations are consequences of the oversimplified supersaturation dynamics
of the statistical model (see text). The statistical-model simulation is for the key
parameters Dad = 2.44, Das = 0.97, and χ = 0.43, its detailed setup is specified
on the first row of Table S1 in the Supporting Information of Paper A. The DNS
is simulation S1 of Kumar et al. [2014].

homogeneity establishes (green). The transient heavy tail of Fs (S ; t ) seems
to form regardless of parametric setup in the DNS of Kumar et al. [2014, 2018,
2013, 2012]. Gaussian relaxation is however not always observed. The heavy
tail of Fs (S ; t ) persists until the domain is saturated at larger Damköhler
numbers than in Fig. (2.3) [Kumar et al., 2012].

Also shown in Fig. (2.3) is the Lagrangian supersaturation PDF Fs (S ; t )
computed with the statistical model (solid lines). It can be seen that the heavy
tail of Fs (S ; t ) is less prominent in the statistical model during the first large-
eddy time (blue and red). This means that the most rapid evaporation rates
are not reproduced by the statistical model, and explains why the statistical
model computes a too light tail for the droplet-size distribution [Fig. (3)
of Paper A]. The Gaussian relaxation of Fs (S ; t ) is also not reproduced by
the statistical model (green). That the statistical model of Paper A fails to
reproduce the Lagrangian supersaturation PDF in DNS is the motivation
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∫

Fs r 2 (S , R 2; t )dR 2, (2.5)

a marginal PDF of the joint PDF Fs r 2 (S , R 2; t ) of droplets and supersatura-
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1The joint PDF Fs r 2 (S , R 2; t ) of droplets and supersaturation was defined in Eq. (1.33).
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Figure 2.3: Lagrangian supersaturation PDF Fs (S ; t ) at different non-
dimensional times t ′ = t /τL in statistical model of Paper A (solid lines) and
DNS (dashed lines). The DNS results are from Kumar et al. [2014]. The axes
are re-scaled to show s ′ = s/|se|, where se is the (negative) supersaturation
of the initially dry air [Fig. (2.2)]. The tail of Fs (S ; t ) is less prominent in the
statistical model than in DNS during the first large-eddy time (blue and red).
Furthermore, Fs (S ; t ) does not relax into a Gaussian, as in DNS (green). The
deviations are consequences of the oversimplified supersaturation dynamics
of the statistical model (see text). The statistical-model simulation is for the key
parameters Dad = 2.44, Das = 0.97, and χ = 0.43, its detailed setup is specified
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is simulation S1 of Kumar et al. [2014].
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Also shown in Fig. (2.3) is the Lagrangian supersaturation PDF Fs (S ; t )
computed with the statistical model (solid lines). It can be seen that the heavy
tail of Fs (S ; t ) is less prominent in the statistical model during the first large-
eddy time (blue and red). This means that the most rapid evaporation rates
are not reproduced by the statistical model, and explains why the statistical
model computes a too light tail for the droplet-size distribution [Fig. (3)
of Paper A]. The Gaussian relaxation of Fs (S ; t ) is also not reproduced by
the statistical model (green). That the statistical model of Paper A fails to
reproduce the Lagrangian supersaturation PDF in DNS is the motivation
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behind the improved statistical model in Chapter 3. This model employs
more refined closure approximations [Pope, 1991; Chen et al., 1989; Fox,
1995], and quantitatively reproduces the Lagrangian supersaturation PDF at
the Damköhler numbers of Fig. (2.3).

2.2.3 Interpretation of empirical data

In Paper A, we relate statistical-model results to empirical data represented
in a mixing diagram, under the assumption that our model configuration
[Fig. (2.2)] represents the evaporation and mixing that a cloud structure
at the spatial scale L undergoes. To do so, we start by showing that the
homogeneous mixing line can be generalized to droplet populations that
have undergone complete droplet evaporation as well (P ∗e > 0). In fact, under
the assumptions that pertain to the homogeneous mixing line, both P ∗e and
the volume fraction χ of cloudy air are fully determined by R for any steady
state point (n∗, 〈V 〉∗) in a mixing diagram. For a simple form of the initial
supersaturation profile one finds:

P ∗e = 1−
n∗
n0

�

1+ 3
2R
�

n∗
n0

〈V 〉∗
V0
+ 3

2R
and χ =

n∗/n0

1−P ∗e
. (2.6)

The homogeneous mixing line is parameterized by R, and obtained from
Eqs. (2.6) by inserting P ∗e = 0 and solving for 〈V 〉∗ /V0.

Eqs. (2.6) allow us to map Dad to the region above the homogeneous mix-
ing line in a mixing diagram [Fig. 5(a) of Paper A], because we can compute
P ∗e for combinations of Dad, R andχ . This gives meaning to the region above
the homogeneous mixing line. The value of Dad increases as one moves up-
wards from the homogeneous mixing line, into the region where complete
droplet evaporation sets in. In light of this tendency, there are two ways in
which an observed droplet population in the region above the homogeneous
mixing line can be explained. Either Dad must be large enough, which means
that the mixing process that shaped the droplet population took place at a
large-enough spatial scale L . Alternatively, the homogeneous mixing line
must be raised, by decreasing the value of R. Lower values of R mean that
the mixing process was moister: Fewer droplets evaporated completely, and
the reduction in number density was caused by dilution to a higher degree. In
Paper A, we use this theory to argue that many droplet populations observed
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Figure 2.4: The same cloud (gray color) overlaid by two different box grids.
The grid spacing in the left panel is �, and the grid spacing in the right panel is
�/2. Grid cells at moist steady states are colored blue, grid cells at dry steady
states are colored red. White boxes are not equilibrated. In each panel, the ring
of white boxes defines the cloud edge at a given spatial scale.

by Beals et al. [2015] resulted from mixing with premixed air. Premixed air
has become partially saturated by earlier mixing events, and it is therefore
not as dry as the air far away from the cloud. Furthermore, our analysis
suggests that quite few droplets evaporated completely during the mixing
of cloudy and premixed air, less than about 1 %. The low droplet-number
densities observed by Beals et al. [2015] are primarily a result of dilution, not
complete droplet evaporation.

2.2.4 Multiscale picture of mixing and evaporation

In Paper A we let our analysis of empirical data from Beals et al. [2015] support
a general discussion on mixing and evaporation in clouds. The simultane-
ous mixing and evaporation in turbulent clouds has been understood as a
multiscale process, tied to the inertial range of turbulence, for a long time.
An early model that makes use of inertial-range scaling arguments is due
Baker et al. [1980]. By analyzing our model, we clarify the roles played by the
two thermodynamic processes – droplet evaporation and saturation of the
air – in the multiscale process. We do this by arguing for a simple picture of
how the model parameters vary within the cloud, and near the cloud edge.



34 MIXING AND EVAPORATION AT THE CLOUD EDGE

behind the improved statistical model in Chapter 3. This model employs
more refined closure approximations [Pope, 1991; Chen et al., 1989; Fox,
1995], and quantitatively reproduces the Lagrangian supersaturation PDF at
the Damköhler numbers of Fig. (2.3).

2.2.3 Interpretation of empirical data

In Paper A, we relate statistical-model results to empirical data represented
in a mixing diagram, under the assumption that our model configuration
[Fig. (2.2)] represents the evaporation and mixing that a cloud structure
at the spatial scale L undergoes. To do so, we start by showing that the
homogeneous mixing line can be generalized to droplet populations that
have undergone complete droplet evaporation as well (P ∗e > 0). In fact, under
the assumptions that pertain to the homogeneous mixing line, both P ∗e and
the volume fraction χ of cloudy air are fully determined by R for any steady
state point (n∗, 〈V 〉∗) in a mixing diagram. For a simple form of the initial
supersaturation profile one finds:

P ∗e = 1−
n∗
n0

�

1+ 3
2R
�

n∗
n0

〈V 〉∗
V0
+ 3

2R
and χ =

n∗/n0

1−P ∗e
. (2.6)

The homogeneous mixing line is parameterized by R, and obtained from
Eqs. (2.6) by inserting P ∗e = 0 and solving for 〈V 〉∗ /V0.

Eqs. (2.6) allow us to map Dad to the region above the homogeneous mix-
ing line in a mixing diagram [Fig. 5(a) of Paper A], because we can compute
P ∗e for combinations of Dad, R andχ . This gives meaning to the region above
the homogeneous mixing line. The value of Dad increases as one moves up-
wards from the homogeneous mixing line, into the region where complete
droplet evaporation sets in. In light of this tendency, there are two ways in
which an observed droplet population in the region above the homogeneous
mixing line can be explained. Either Dad must be large enough, which means
that the mixing process that shaped the droplet population took place at a
large-enough spatial scale L . Alternatively, the homogeneous mixing line
must be raised, by decreasing the value of R. Lower values of R mean that
the mixing process was moister: Fewer droplets evaporated completely, and
the reduction in number density was caused by dilution to a higher degree. In
Paper A, we use this theory to argue that many droplet populations observed

MY WORK 35

�
(a) Course grid

1
2�

(b) Fine grid

Figure 2.4: The same cloud (gray color) overlaid by two different box grids.
The grid spacing in the left panel is �, and the grid spacing in the right panel is
�/2. Grid cells at moist steady states are colored blue, grid cells at dry steady
states are colored red. White boxes are not equilibrated. In each panel, the ring
of white boxes defines the cloud edge at a given spatial scale.

by Beals et al. [2015] resulted from mixing with premixed air. Premixed air
has become partially saturated by earlier mixing events, and it is therefore
not as dry as the air far away from the cloud. Furthermore, our analysis
suggests that quite few droplets evaporated completely during the mixing
of cloudy and premixed air, less than about 1 %. The low droplet-number
densities observed by Beals et al. [2015] are primarily a result of dilution, not
complete droplet evaporation.

2.2.4 Multiscale picture of mixing and evaporation

In Paper A we let our analysis of empirical data from Beals et al. [2015] support
a general discussion on mixing and evaporation in clouds. The simultane-
ous mixing and evaporation in turbulent clouds has been understood as a
multiscale process, tied to the inertial range of turbulence, for a long time.
An early model that makes use of inertial-range scaling arguments is due
Baker et al. [1980]. By analyzing our model, we clarify the roles played by the
two thermodynamic processes – droplet evaporation and saturation of the
air – in the multiscale process. We do this by arguing for a simple picture of
how the model parameters vary within the cloud, and near the cloud edge.
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Figure (2.4) shows how a cloud can be decomposed into subvolumes
defined by box grids. The grid spacing in Fig. (2.4b) is �/2, half the grid
spacing � in Fig. (2.4a). In each panel, the grid cells are colored based on
their steady-state properties. Red boxes are at dry steady states, blue boxes
are at moist steady states, and white boxes are not equilibrated. The cloud
core is essentially saturated and consists of moist steady states, while the
air outside of the cloud consists of dry steady states. In each panel, the
ring of boxes that are not equilibrated can be taken as a definition of the
cloud edge at the spatial scale of the box grid. Each box in Fig. (2.4a) defines
a mixing process at the spatial scale �, and each box in Fig. (2.4b) defines
a mixing process at the spatial scale �/2. These mixing processes can be
described using three parameters, for instance Dad, R, and χ . The larger
mixing processes in Fig. (2.4a) have larger values of Dad than the smaller
ones in Fig. (2.4b), because their turnover times are longer. Large grid boxes
at the cloud edge mix inhomogeneously, simply because they sample more
droplets in the cloud core. This effect was understood already in 1979 [Baker
& Latham, 1979]. We add to the understanding of local mixing-evaporation
processes by noting how R and χ varies within the cloud.

As one moves from the interior of the cloud and out into the dry air, the
values of χ for local mixing-evaporation processes decrease from unity to
zero, and the values of R increase from zero to infinity. As a consequence,
R/Rc exceeds above unity as one passes the cloud edge. This reflects that
complete droplet evaporation takes place at the cloud edge, because sub-
systems for which R/Rc > 1 tend towards dry steady states. The cloud is
consumed by complete evaporation at a given spatial scale if cloud-edge
processes at that scale tend towards dry steady states. The cloud expands by
dilution if most processes tend towards moist steady states. A cloud can be
consumed by complete evaporation at a given scale, even though this con-
sumption is part of an expansion at larger spatial and temporal scales. In the
same way, a small-scale expansion can be part of a large-scale consumption.
Local equilibria are eventually abandoned, since they belong to transients at
larger spatial scales. Central aspects of how evaporation distributes over a
local droplet population in a cloud can therefore be described in terms of
two parameters: Its spatial scale is contained in Dad, and its distance to the
cloud edge can be parameterized by R/Rc.
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2.3 Discussion

A complicating factor to our multiscale theory of mixing and evaporation in
clouds is that the air mass contained in a given box in Fig. (2.4a) or Fig. (2.4b)
moves and deforms with time [Devenish et al., 2012]. The air mass stretches
and folds, so that it eventually adopts a highly irregular shape. Air and
droplets constantly flow into and out of fixed grid boxes, and the flow between
two grid boxes can therefore only be understood by analyzing both of them
together. To what extent can the multiscale nature of mixing and evaporation
in clouds then be understood by analyzing local mixing processes?

Despite that it is difficult to relate fixed volumes to mixing and evaporation
in the atmosphere, one may argue that they allow for qualitatively correct
predictions. It is reasonable to model the air mass contained within a cube
of side length L at one particular instant using a cubic domain, as long as
the air mass does not become too deformed. Mixing within such an air mass
proceeds faster than the deformation, because this mixing is governed by
motion at spatial scales � < L . Droplet evaporation and saturation causes
the air mass to approach a steady state, which is moist or dry depending on
the value of R/Rc. The steady state may not establish while the air mass has
a shape that still reminds of the cube that contained it initially. Nevertheless,
the value of R/Rc determines the tendency of the evolution. In a frame
that moves together with the cloud edge it is reasonable to assume that the
air that enters the initial cubic volume has undergone a similar evolution
as the original air mass. The model then represents the evolution within
the cubic volume for some additional time. This argument can be repeated
several times, so that it becomes an argument for that our model predicts
a tendency for a cloud region to expand by dilution or shrink by complete
evaporation. The argument therefore indicates that our model captures
the thermodynamics and scale dependency of mixing and evaporation in
atmospheric clouds, and that the multiscale theory outlined in Paper A is
qualitatively correct.
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3 Improved statistical model for the cloud edge

In this Chapter, I present a statistical model that – as opposed to the statistical
model of Paper A – quantitatively reproduces the Lagrangian supersatura-
tion PDF Fs (S ; t ) in DNS of transient cloud-edge mixing and evaporation1.
Quantitative agreement is obtained at low values of the Damköhler number
Das, and after an initial transient at the largest values of Das explored in the
DNS of Kumar et al. [2014, 2018, 2013, 2012]. I use the improved model to
conclude that heavy tails of Fs (S ; t ) observed by Kumar et al. [2014, 2013,
2012] during the initial transient correspond to a U-shaped passive-scalar
distribution in the DNS of Eswaran & Pope [1988]. Furthermore, I analyze
how transient supersaturation dynamics differs from the corresponding dy-
namics of a passive scalar within finite simulation domains. Implications for
the relaxation of supersaturation fluctuations during cloud-edge mixing and
evaporation in the atmosphere are discussed.

3.1 Background

Kumar et al. [2014, 2013, 2012] emphasize that the Lagrangian supersatu-
ration PDF Fs (S ; t ) forms a pronounced heavy tail that stretches towards
the (negative) supersaturation of non-cloudy air during their transient DNS
[Fig. (2.3)]. The heavy tail is significant, because it seems to form regardless
of the parametric setup of the simulation, and makes it possible to compute
similar heavy tails for the droplet-size distribution [Kumar et al., 2012]. The
tail relaxes after some time, and the PDF becomes approximately Gaussian
if the Damköhler numbers Dad and Das are not too large. But the heavy
tail persists until the domain is saturated at Das = 8.2 and Dad = 0.75 in
[Kumar et al., 2012] (see Paper A for definitions of Dad and Das). Why the
heavy tail forms is not understood, but Kumar et al. [2012] draw attention
to exponential tails that the PDF of a passive scalar forms during turbulent
mixing.

The PDF of a passive scalar is known to possess exponential tails under
certain statistically stationary conditions, in the presence of a mean scalar
gradient [Warhaft, 2000]. Without the mean gradient, the PDF is Gaussian

1The Lagrangian supersaturation PDF Fs (S ; t )was defined in Eq. (2.5).
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or sub-Gaussian [Sreenivasan et al., 1980]. Eswaran & Pope [1988] simulate
decaying passive-scalar fluctuations, and show that an initially bimodal PDF
relaxes to a Gaussian via a U-shaped distribution. The Gaussian outcome is
consistent with the DNS of Kumar et al. [2014, 2012] at small values of Dad

and Das, but no consideration of passive-scalar mixing can explain why the
heavy tail of Fs (S ; t ) persists at moderate Damköhler numbers.

The statistical model of Paper A allowed us to explain how droplet evapora-
tion depends on Dad and Das, but it is not suitable for analyzing the evolution
of Fs (S ; t ). The reason is that its supersaturation dynamics is oversimplified.
The supersaturation s (t ) of a droplet decays towards a position-dependent
mean field 〈s (x , t )〉 [Eq. (7) of Paper A]. This underestimates the range of su-
persaturation fluctuations, and prevents the model from reproducing heavy
tails and Gaussian relaxation of Fs (S ; t ), as explained in Section 2.2.2.

The reason we imposed decay towards 〈s (x , t )〉 in Paper A is that this
respects the boundedness of supersaturation. Supersaturation is bounded,
because the values that it can adopt within a given volume are constrained to
remain between the minimal and maximal supersaturations of that volume
[Pope, 1985]. This is strictly true for isobaric cloud dynamics if the non-
linear dependency of supersaturation on temperature and water vapor is
neglected, and approximately true otherwise [Yau & Rogers, 1989]. Droplet
phase change quickly restores saturation within unmixed cloudy air, and
the upper bound for supersaturation is therefore approximately zero when
unmixed cloudy air is present. It is essential for a cloud-edge model to respect
this upper bound. Cloud-edge models must namely describe how droplets
within saturated air become exposed to strong negative supersaturations,
while accounting for that fluctuations towards positive supersaturations are
impossible.

To overcome the deficiencies of the statistical model of Paper A, it is
necessary to describe a wider range of bounded supersaturation fluctuations
along the Lagrangian trajectories of droplets. How to account for a wide
range of scalar fluctuations in models has been extensively studied [Pope,
1985; Chen et al., 1989; Curl, 1963; Valino & Dopazo, 1991; Fox, 1992; Meyer
& Jenny, 2006]. There is however no model that, in itself, can be used to
describe Lagrangian supersaturation fluctuations. Instead, one must look at
how different models in combination allow for an accurate description.
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3.2 My work

3.2.1 Combination of models

To develop the improved statistical model, I start by adopting a mapping
closure of Chen et al. [1989]. Chen et al. [1989] outline different mapping
closures for effects of turbulent mixing on the Eulerian PDF of a scalar2. I
adopt the simplest one, which is known to reproduce the shapes that Eulerian
PDF:s of passive and reacting scalars adopt during transient turbulent mixing
excellently [Pope, 1991; Valiño & Gao, 1992]. The mapping closure respects
that scalars are bounded. Furthermore it makes the Eulerian PDF of a passive
scalar relax to a Gaussian, as observed empirically [Eswaran & Pope, 1988].
Jeffery & Reisner [2006] used the mapping closure in a statistical model for
mixing and evaporation within the cloud core. The model of Jeffery & Reisner
[2006] is however not applicable to the cloud edge, because it describes only
very moist systems in which droplet sizes remain constant during mixing.
Importantly, Pope [1991] has suggested a Lagrangian stochastic model that
employs the mapping closure to describe a wide range of bounded passive-
scalar fluctuations along Lagrangian trajectories.

Unfortunately, the mapping closure does not predict the rate at which the
Eulerian PDF of a scalar evolves. This rate can however be computed with
the spectral relaxation model of Fox [1995]. The spectral relaxation model
reproduces the decay of the variance of a passive scalar during turbulent mix-
ing remarkably well, by describing how this variance distributes over a range
of shells in wave-number space. The mapping closure of Chen et al. [1989],
the Lagrangian stochastic model of Pope [1991], and the spectral relaxation
model of Fox [1995] constitute a combination of models that makes it possi-
ble to describe a wide range of bounded passive-scalar fluctuations along
Lagrangian trajectories. The statistical model employs this combination to
describe bounded fluctuations of supersaturation. But supersaturation is not
a passive scalar, because it is affected by droplet phase change. I therefore
derive a new closure for effects of droplet phase change that can be used in
combination with the passive-scalar models.

2Eulerian PDF:s are evaluated at fixed positions, as opposed to Lagrangian PDF:s. La-
grangian PDF:s are evaluated along droplet trajectories. This was explained in Section 1.1.5.
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3.2.2 Probabilistic description

Cloudy air
Volume fraction: χ

Dry air
Volume fraction: 1−χ

L

L

Figure 3.1: Initial condition for improved statistical model (schematic cross
section). Cloudy filaments are initialized randomly within a cubic domain
of size L with periodic boundary conditions. The cloudy filaments occupy a
volume fraction χ of the domain, while the remainder of the domain is subsat-
urated air without droplets. The initial condition is statistically homogeneous,
as required by the improved statistical model (see text).

The models of Chen et al. [1989], Pope [1991], and Fox [1995] that I incor-
porate into the statistical model describe statistically homogeneous systems
only, systems in which all statistics of scalars and flow are independent of
spatial position. The statistical model is therefore a model for statistically
homogeneous cloud-edge mixing and evaporation. This makes the model
less general than the statistical model of Paper A, which describes statisti-
cally inhomogeneous systems as well. It may be possible to extend the scope
of the present statistical model to inhomogeneous systems in the future,
using refined forms of its closure approximations [Fox, 1997; Klimenko &
Pope, 2003]. For now, I focus on mixing and evaporation within statistically
homogeneous systems.

The statistically homogeneous initial condition considered in the follow-
ing is schematically illustrated in Fig. (3.1). Filaments of moist cloudy air with
droplets are initialized randomly within a fixed cubic domain with periodic
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boundary conditions. The side length of the cubic domain is L , and the
cloudy air occupies a volume fraction χ of the domain. The remaining vol-
ume fraction 1−χ consists of subsaturated air without droplets. This initial
condition is the statistically homogeneous analogue of the one-dimensional
initial cloud slab in Fig. (2.2). The cloud slab is the initial condition of Pa-
per A and the DNS of Kumar et al. [2014, 2018, 2013, 2012]. I may therefore
compare results in these papers to results computed with the improved sta-
tistical model under the assumption that the detailed shape of the initial
cloud slab in Fig. (2.2) is of secondary importance.

The initial condition in Fig. (3.1) entails statistically homogeneous mixing
and evaporation if the flow is homogeneous turbulence. I assume stationary
homogeneous isotropic turbulence with turbulent kinetic energy TKE, and
mean dissipation rate of TKE per unit mass ε. I derive statistical-model
equations from the simplified microscopic description in Eqs. (2.1). The
dynamics is therefore parameterized by the Damköhler numbers Dad and
Das, whose effects on mixing and evaporation were explained in Section 2.2.1.

Just as in Paper A, I adopt a probabilistic description of droplets and
air. I describe droplets using the joint PDF Fs r 2 (S , R 2; t ) of droplets and
supersaturation, and I describe air using the Eulerian supersaturation PDF
fs (S ; t ) 3. I write fs (S ; t )without the position x as an argument in this Chapter,
as appropriate when describing statistically homogeneous systems. The
statistical model can be formulated as a closed set of evolution equations for
Fs r 2 and fs . But the evolution equations of Fs r 2 and fs are long and difficult
to interpret, and I therefore present a more accessible formulation below.

3.2.3 Statistical-model derivation

Mapping closure

The mapping closure approximates effects of turbulent mixing on the shape
of the Eulerian supersaturation PDF fs (S ; t ). It rests on one fundamental
assumption: That unknown statistics of the supersaturation field s (x , t )
equal corresponding statistics of a surrogate field �s (x , t ). The surrogate field
is given by

�s (x , t ) = X (ξ(x , t ), t ), (3.1)

3The PDF:s Fs r 2 (S , R 2; t ) and fs (S ; t )were defined in Eqs. (1.33) and (1.34).
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where the so-called mapping X (η, t ) [Chen et al., 1989] is a transformation
of fs , defined by the relation

Fs (X (η, t ); t ) =�(η). (3.2)

Here,

Fs (S ; t ) =

∫ S

−∞
fs (S
′; t )dS ′ (3.3)

is the Eulerian cumulative-distribution function (CDF) of supersaturation,
and�(η) is the CDF of a standardized Gaussian. Furthermore, in Eq. (3.1),
ξ(x , t ) is a standardized Gaussian field, independent of time when expressed
as a function of the stretched position z = J (t )x . Here, the stretching J (t ) is
an unknown time-dependent function. It reflects that the mapping closure
does not predict the supersaturation dissipation rate

εs (t ) = 2κ 〈∇s ·∇s 〉 , (3.4)

the decay rate of supersaturation variance in the absence of droplet phase
change [Pope, 2000]. Under the mapping-closure assumption, εs (t ) deter-
mines the stretching J (t ) through [Pope, 1991]:

εs (t ) = 2κJ (t )2
∫ ∞

−∞

1
�

2π
exp

�

−
η2

2

�

�

∂ X

∂ η

�2

dη. (3.5)

That the mapping closure does not predict εs (t ) reflects that it is applied to
single-point statistics only, and single-point statistics can not account for
length scales of supersaturation fluctuations. But it is well known that the
rate at which a scalar dissipates depends sensitively upon the length scales
of its fluctuations during initial stages of mixing [Eswaran & Pope, 1988]. For
the initial conditions in Fig. (3.1), one must therefore expect that early values
of εs (t ) are strongly affected by the sizes of the initial cloud filaments. To
account for the length scales, the mapping closure must be supplemented by
a model for εs (t ). The supplementary model adopted below is the spectral
relaxation model of Fox [1995].

The point with the mapping closure is that its fundamental assumption
implies an evolution equation for fs , in which effects of turbulent mixing
appear in closed form. The evolution equation is derived exactly from the
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advection-diffusion equation (2.1c) for supersaturation, and it therefore in-
herits physics of supersaturation evolution. It is most conveniently expressed
as an equivalent evolution equation for the mapping X (η, t ):

∂ X

∂ t
=κJ (t )2
�

−η
∂ X

∂ η
+
∂ 2X

∂ η2

�

−A2 〈Cd (t )|s = X 〉 . (3.6)

The first term on the right-hand side of Eq. (3.6) describes how the mapping
is affected by turbulent mixing. The second term describes effects of droplet
phase change. Here, 〈Cd (t )|s = X 〉 denotes the average condensation rate of
air with supersaturation s (x , t ) = X . Why the mapping-closure assumption
implies Eq. (3.6) is pedagogically explained by Pope [1991].

Now recall that the mapping X (η, t ) is a transformation of the Eulerian
supersaturation PDF fs , defined by Eqs. (3.2) and (3.3). The evolution equa-
tion (3.6) of the mapping therefore tells us that – under the mapping-closure
assumption – one obtains a closed evolution equation for fs by approximat-
ing the average 〈Cd (t )|s = X 〉 in Eq. (3.6), and the supersaturation dissipation
rate εs (t ) in Eq. (3.5). This simplifies the modeling of fs tremendously, be-
cause it is no longer necessary to consider how the shape of the distribution
is affected by turbulent mixing.

Spectral relaxation model

The statistical model employs the spectral relaxation model of Fox [1995]
to approximate the dissipation rate εs (t ) of supersaturation [Eq. (3.4)]. This
dissipation rate depends sensitively upon the length scales of supersatura-
tion fluctuations during initial stages of mixing, as explained above. The
length scales can be accounted for with the spectral relaxation model, which
describes a turbulent cascade that transfers the variance of a passive-scalar
variance upstreams in wave-number space. Supersaturation is not a passive
scalar, because it is affected by droplet phase change. The spectral relaxation
model is therefore employed under the assumption that effects of droplet
phase change are of secondary importance for the cascade of supersaturation
variance.

The spectral relaxation model was first formulated by Fox [1995], and Fox
[1997] clarifies some details on how the model should be interpreted. I refer to
these papers for a complete description, and summarize the model briefly in
the following. In the spectral relaxation model, the cascade of passive-scalar
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variance is described using M wave-number shells, separated by the wave
numbers 0= k0 < k1 < k2 < · · ·< kM . Here, k1 is a wave number associated to
the largest eddies of the velocity field, and kM is associated to the smallest
fluctuations of the scalar field. The variance

�

s ′(t )2
�

m
within wave-number

shell m is obtained by integrating the spectrum of supersaturation variance
from wave number km−1 to wave number km [Fox, 1997].

The spectral relaxation model assumes a feed-forward cascade of super-
saturation variance that is local in wave-number space, and driven by fully
developed turbulence. Under this assumption, Fox [1995] derives a set of
ordinary differential equations for the variances

�

s ′(t )2
�

m
. These equations

describe how variance within shell m − 1 is drained to shell m , while the
variance within shell m is drained to shell m + 1. The rates of transfer are
determined by time constants tm , one for each shell m . The small-scale
variance
�

s ′(t )2
�

M
is used to account for the turbulent cascade in a heuristic

model for the supersaturation dissipation rate:

dεs

dt
=2Cωτ

−1
η εs (t )−

2Cχ

2+Sc−1

1

σ2
s (t )

�

εs (t ) +CDτ
−1
η

M
∑

m=1

�

s ′(t )2
�

m

�

εs (t )

+CD Cφτ
−1
η

�

s ′(t )2
�

M

tM
(3.7)

The first and second terms describe effects of turbulent stretching and molec-
ular diffusion of supersaturation gradients. Here, Cω and Cχ are modeling
constants, τη is the Kolmogorov time [Eq. (1.19)], σ2

s (t ) is the variance of
supersaturation, Sc = κ/ν is the Schmidt number of supersaturation, and
CD = 2Cω(2+Sc−1)/(2Cχ −2−Sc−1). The third term describes how εs (t )may
increase due to small-scale fluctuations of supersaturation generated by the
turbulent cascade. Here, Cφ is an empirical constant. It gives the exponen-
tial decayσ2(t )∼ e −Cφ t for the varianceσ2(t ) of a passive scalar during late
stages of turbulent mixing [Eswaran & Pope, 1988]. Furthermore, tM is the
time constant of the uppermost wave-number shell.

I compare statistical-model results to DNS in Section 3.2.5. Meaningful
comparison requires that the empirical constant Cφ in Eq. (3.7) is not too
crudely estimated. I therefore estimate Cφ = 2.5 from Kumar et al. [2012]
when comparing to their DNS results. Details on this estimate are given in
Appendix A. Implications for the interpretation of statistical-model results
are discussed in Section 3.3.
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Closure for droplet phase change

A closure is required for the average condensation rate conditional on the
supersaturation S , 〈Cd (t ) s = S 〉. This average appears in the evolution equa-
tion (3.6) for the mapping X (η, t ), but with the argument X instead of S . It
describes how the mapping is affected by droplet phase change. Equiva-
lently, it describes how the Eulerian supersaturation PDF fs (S ; t ) is affected
by droplet phase change, because fs and X (η, t ) are transformations of each
other. The average 〈Cd (t ) s = S 〉 corresponds to the condensation rate aver-
aged along contours of constant supersaturation s (x , t ) = S . Such contours
are determined by local mixing-evaporation processes, and must therefore
reflect the shapes of cloudy and non-cloudy structures. Examples of such
contours are schematically illustrated in Fig. (3.2).

S1

S2 S3

Figure 3.2: Contours of constant supersaturation in a region with cloudy and
non-cloudy air (schematic). The contours s (x , t ) = S1, s (x , t ) = S2, and s (x , t ) =
S3 are determined by local mixing-evaporation processes, and reflect the shapes
of cloudy and non-cloudy structures. The improved statistical model requires a
closure for the average 〈Cd (t ) s = S 〉, the average condensation rate conditional
on the supersaturation s (x , t ) = S (see text).

My closure for the effects of droplet phase change in Eq. (3.6) amounts to
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an accurate approximation of the average 〈Cd (t ) s = S 〉,

⧼Cd (t )|s = S⧽= 4πA3�p S
N0/V

fs (S ; t )

∫

RFs r 2 (S , R 2; t )dR 2. (3.8)

Here, V = L 3 is the volume of the simulation domain, and N0 denotes the
number of droplets within the domain. In the following, I summarize the
most important steps in the derivation of ⧼Cd (t )|s = S⧽. Details are provided
in Appendix B.

The derivation of Eq. (3.8) starts by imposing that the width of the spatial
kernel G (|x −x α(t )|) in Eq. (1.12) is much smaller than the smallest length
scale of the supersaturation field. This makes it possible to compute the
average condensation rate C d (t )|S+∆S

S in the space between the supersatura-
tion contours s (x , t ) = S and s (x , t ) = S +∆S , in the limit of small∆S . The
average C d (t )|S+∆S

S depends on the number N (t )S+∆S
S of droplets that are

present within the space, and the volume V (t )S+∆S
S of the space. In the limit

∆S → 0, one obtains the average condensation rate C d (t )|S at the contour
s (x , t ) = S :

C d (t )|S = 4πA3�w r (t )S S lim
∆S→0

N (t )S+∆S
S

V (t )S+∆S
S

. (3.9)

Here, r (t )S is the average droplet radius at the contour s (x , t ) = S . To be able
to take the limit∆S → 0, one must account for that droplets are not points
in terms of their effects on supersaturation. Instead, it is the spatial kernel
G (|x −x α(t )|) that describes the effects of a droplet at a given position. The
variables N (t )S+∆S

S and r (t )S are defined in Appendix B, and account for the
spatial kernel G (|x −x α(t )|).

The effects of the width of the spatial kernel G (|x −x α(t )|) has not been
systematically analyzed in the context of a supersaturation field s (x , t ) that
varies in space. Srivastava [1989] analyzed effects of droplet-droplet interac-
tions when s (x , t ) is spatially uniform, and one may infer from his analysis
that a well-chosen width is smaller than or comparable to the typical dis-
tances between droplets. I now argue that it is not an approximation to
impose that the width of G (|x − x α(t )|) is much smaller than the smallest
length scale of the supersaturation field. The presence of G (|x − x α(t )|) in
Eq. (1.12) reflects that phase-changing droplets exchange water and heat
with the surrounding air. Meanwhile, the droplet-growth equation (2.1e) is
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Closure for droplet phase change

A closure is required for the average condensation rate conditional on the
supersaturation S , 〈Cd (t ) s = S 〉. This average appears in the evolution equa-
tion (3.6) for the mapping X (η, t ), but with the argument X instead of S . It
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contours are schematically illustrated in Fig. (3.2).

S1

S2 S3

Figure 3.2: Contours of constant supersaturation in a region with cloudy and
non-cloudy air (schematic). The contours s (x , t ) = S1, s (x , t ) = S2, and s (x , t ) =
S3 are determined by local mixing-evaporation processes, and reflect the shapes
of cloudy and non-cloudy structures. The improved statistical model requires a
closure for the average 〈Cd (t ) s = S 〉, the average condensation rate conditional
on the supersaturation s (x , t ) = S (see text).

My closure for the effects of droplet phase change in Eq. (3.6) amounts to
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an accurate approximation of the average 〈Cd (t ) s = S 〉,

⧼Cd (t )|s = S⧽= 4πA3�p S
N0/V

fs (S ; t )

∫

RFs r 2 (S , R 2; t )dR 2. (3.8)

Here, V = L 3 is the volume of the simulation domain, and N0 denotes the
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∆S → 0, one obtains the average condensation rate C d (t )|S at the contour
s (x , t ) = S :

C d (t )|S = 4πA3�w r (t )S S lim
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V (t )S+∆S
S
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that a well-chosen width is smaller than or comparable to the typical dis-
tances between droplets. I now argue that it is not an approximation to
impose that the width of G (|x − x α(t )|) is much smaller than the smallest
length scale of the supersaturation field. The presence of G (|x − x α(t )|) in
Eq. (1.12) reflects that phase-changing droplets exchange water and heat
with the surrounding air. Meanwhile, the droplet-growth equation (2.1e) is
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derived by imposing that the supersaturation s (x α(t ), t ) of droplet α is the
supersaturation at distances from the droplet that are much larger than the
droplet radius rα(t ) [Yau & Rogers, 1989]. Furthermore, it is assumed that the
supersaturation of the air that the droplet exchanges water and heat with
equals s (x α(t ), t ). This kind of exchange is only obtained if the width of the
spatial kernel G (|x −x α(t )|) is much smaller than the smallest length scale
of the supersaturation field. This means that the small kernel width that I
impose is consistent with the physics described by Eqs. (2.1).

To understand the final approximation in the derivation of Eq. (3.8), one
must recall that C d (t )|S , r (t )S , N (t )S+∆S

S , and V (t )S+∆S
S are computed from

the microscopic Eqs. (2.1). Independent realizations of the microscopic
dynamics are subject to statistical variability, and we have no reason to
believe that C d (t )|S , r (t )S , N (t )S+∆S

S , and V (t )S+∆S
S adopt precisely the same

values in different realizations [Eswaran & Pope, 1988]. This means that these
variables are, in fact, stochastic. The final approximation of the closure is to
neglect their statistical variability, and define

⧼Cd (t )|s = S⧽= 4πA3�p 〈r (t )|s = S 〉[d] S lim
∆S→0

�

N (t )S+∆S
S

�

�

V (t )S+∆S
S

� , (3.10)

where

〈r (t )|s = S 〉[d] =
∫

R
Fs r 2 (S , R 2; t )

Fs (S ; t )
dR 2 (3.11)

is the average radius of droplets with supersaturations s (t ) = S . Eq. (3.8) is
obtained from Eqs. (3.10) and (3.11), because

lim
∆S→0

�

N (t )S+∆S
S

�

�

V (t )S+∆S
S

� =
N0

V

Fs (S ; t )
fs (S ; t )

. (3.12)

A proof of this relation is provided in Appendix B.
There may be circumstances under which statistical variability is impor-

tant, but I expect that statistical variability is of secondary importance in DNS
of cloud-edge mixing and evaporation. Values of C d (t )|S , r (t )S , N (t )S+∆S

S ,
and V (t )S+∆S

S adopted in such DNS first and foremost reflect the simulated
physics, which is the same for all simulations with identical parameters. As-
sumptions of negligible statistical variability are implicit in the DNS studies
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of Kumar et al. [2014, 2018, 2013, 2012], because independent simulation
results for identical combinations of parameters are not shown.

The statistical model employs the function ⧼Cd (t )|s = S⧽ in Eq. (3.8) to
approximate effects of droplet phase change on fs , but not on Fs r 2 . It is in
principle possible to use ⧼Cd (t )|s = S⧽ to approximate the effects of droplet
phase change on Fs r 2 as well, but it then becomes difficult to obtain closure
for the effects of turbulent mixing on Fs r 2 , without violating the bounded-
ness of supersaturation. In the following, I adopt a Lagrangian stochastic
model for the supersaturations of droplets. This model provides closure for
the effects of both droplet phase change and turbulent mixing on Fs r 2 , and
it respects the boundedness of supersaturation.

Lagrangian stochastic model

Having adopted the mapping closure of Chen et al. [1989] to describe effects
of turbulent mixing on the Eulerian supersaturation PDF fs , it is straight-
forward to describe a wide range of bounded supersaturation fluctuations
along the Lagrangian trajectories of droplets. The reason is that the mapping
X (η, t ), which is a transformation of fs , maps any stochastic process ξ(t )
to a stochastic process of supersaturation s (t ) = X (ξ(t ), t ) that inherits the
bounds of fs . As mentioned above, I adopt a Lagrangian stochastic model of
Pope [1991]:

s (t ) = X (ξ(t ), t ) (3.13a)

dξ(t ) =−ξ(t )κJ (t )2dt +
�

2κJ (t )2
�

1
2 dζ(t ). (3.13b)

Eq. (3.13a) prescribes that the supersaturation s (t ) of a droplet couples to the
supersaturation s (x , t ) of air though the mapping X (η, t ). The Lagrangian
fluctuations are provided through the argumentξ(t )of the mapping, which is
given by an independent stochastic process for each droplet. This stochastic
process is Eq. (3.13b). In Eq. (3.13b), dζ(t ) are stochastic Brownian incre-
ments with variance equal to the time step dt [Pope, 2000]. The stochastic
process in Eq. (3.13b) is an Ornstein-Uhlenbeck process with variance unity
and a time-dependent auto-correlation frequency κJ (t )2.

Turbulent mixing ensures that the initial supersaturations of an ensemble
of droplets are eventually forgotten, so that droplets sample the air uniformly
after some time. I now explain that Eqs. (3.13a) and (3.13b) ensure that the
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physics, which is the same for all simulations with identical parameters. As-
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of Kumar et al. [2014, 2018, 2013, 2012], because independent simulation
results for identical combinations of parameters are not shown.

The statistical model employs the function ⧼Cd (t )|s = S⧽ in Eq. (3.8) to
approximate effects of droplet phase change on fs , but not on Fs r 2 . It is in
principle possible to use ⧼Cd (t )|s = S⧽ to approximate the effects of droplet
phase change on Fs r 2 as well, but it then becomes difficult to obtain closure
for the effects of turbulent mixing on Fs r 2 , without violating the bounded-
ness of supersaturation. In the following, I adopt a Lagrangian stochastic
model for the supersaturations of droplets. This model provides closure for
the effects of both droplet phase change and turbulent mixing on Fs r 2 , and
it respects the boundedness of supersaturation.

Lagrangian stochastic model

Having adopted the mapping closure of Chen et al. [1989] to describe effects
of turbulent mixing on the Eulerian supersaturation PDF fs , it is straight-
forward to describe a wide range of bounded supersaturation fluctuations
along the Lagrangian trajectories of droplets. The reason is that the mapping
X (η, t ), which is a transformation of fs , maps any stochastic process ξ(t )
to a stochastic process of supersaturation s (t ) = X (ξ(t ), t ) that inherits the
bounds of fs . As mentioned above, I adopt a Lagrangian stochastic model of
Pope [1991]:
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Eq. (3.13a) prescribes that the supersaturation s (t ) of a droplet couples to the
supersaturation s (x , t ) of air though the mapping X (η, t ). The Lagrangian
fluctuations are provided through the argumentξ(t )of the mapping, which is
given by an independent stochastic process for each droplet. This stochastic
process is Eq. (3.13b). In Eq. (3.13b), dζ(t ) are stochastic Brownian incre-
ments with variance equal to the time step dt [Pope, 2000]. The stochastic
process in Eq. (3.13b) is an Ornstein-Uhlenbeck process with variance unity
and a time-dependent auto-correlation frequency κJ (t )2.

Turbulent mixing ensures that the initial supersaturations of an ensemble
of droplets are eventually forgotten, so that droplets sample the air uniformly
after some time. I now explain that Eqs. (3.13a) and (3.13b) ensure that the
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statistical model reproduces this important aspect of droplet dynamics. The
Ornstein-Uhlenbeck process in Eq. (3.13b) ensures that the distribution of
ξ(t ) relaxes to a standardized Gaussian with time [Pope, 2000]. Meanwhile,
the mapping X (η, t ) in Eq. (3.13a) transforms a standardized Gaussian to
the Eulerian supersaturation PDF fs (S ; t ) through Eq. (3.2) [Pope, 1991]. A
combined effect of Eqs. (3.13a) and (3.13b) is therefore that the Lagrangian
supersaturation PDF Fs (S ; t ) relaxes to the Eulerian supersaturation PDF
fs (S ; t )with time.

When Pope [1991] suggested Eqs. (3.13a) and (3.13b) as a model for La-
grangian fluctuations, he did not specify the time-dependent auto-correlation
frequency in Eq. (3.13b). I prescribe the auto-correlation frequency κJ (t )2.
An auto-correlation frequency proportional to κJ (t )2 is required for con-
sistency with the mapping-closure assumption, at least in the absence of
droplet phase change. Under the mapping-closure assumption, conditional
averages of the Laplacian∇2s of supersaturation are proportional to J (t )2

[Pope, 1991]. Meanwhile, continuity of probability dictates that the time
derivative of Fs (S ; t ) is proportional to a conditional average of κ∇2s (in
the absence of droplet phase change) [Pope, 1985]. Consistency with the
mapping-closure assumption therefore requires that the time derivative of
Fs (S ; t ) is proportional to κJ (t )2. This requirement is met in the statistical
model if and only if the auto-correlation frequency in Eq. (3.13b) is propor-
tional to κJ (t )2. The constant of proportionality is set to unity in Eq. (3.13b).

Pope [1991] formulated Eqs. (3.13a) and (3.13b) as a model for Lagrangian
fluctuations of a passive scalar. How well can we expect this model to de-
scribe the supersaturations of droplets? The supersaturation of a droplet
that resides in saturated cloudy air initially, but is exposed to subsaturated
air at a later time, undergoes a net decrease. The supersaturation may not de-
crease monotonously, because the droplet may move into and out of cloudy
regions. At a given instant, the droplet tends to move together with a neigh-
borhood of droplets that is carried together, by the same flow. When the
droplet and its neighbors evaporate, they saturate the air they reside in col-
lectively. This means that decreases in supersaturation along the trajectory
of a droplet tend to be delayed by the presence of other droplets. In other
words, droplet interaction gives rise to Lagrangian correlations of supersatu-
ration and condensation rate. Eqs. (3.13a) and (3.13b) do not account for the
Lagrangian correlations, because the increment of the stochastic variable
ξ(t ) for a droplet in Eq. (3.13b) does not reflect the presence of neighboring

MY WORK 51

droplets. Droplet phase change affects supersaturation rapidly when Das is
large, so Lagrangian correlations of supersaturation and condensation rate
are most important at large values of Das. I therefore do not expect that the
statistical model reproduces the supersaturations of droplets quantitatively
when Das is large. In the Outlook of this thesis, I argue for how this problem
may be resolved in an improved future version of the model.

3.2.4 Statistical-model equations

The statistical model is obtained by imposing the closures listed in Sec-
tion 3.2.3. It prescribes the following stochastic dynamics for droplets with
radii r (t ) and supersaturations s (t ):

dr (t )2

dt
= 2A3s (t ), (3.14a)

s (t ) = X (ξ(t ), t ), and (3.14b)

dξ(t ) =−ξ(t )κJ (t )2dt +
�

2κJ (t )2
�

1
2 dζ(t ). (3.14c)

Eq. (3.14a) is the droplet growth equation, Eq. (2.1e). Eqs. (3.14b) and (3.14c)
are the Lagrangian stochastic model of Pope [1991]. The mapping X (η, t )
evolves according to

∂ X

∂ t
=κJ (t )2
�

−η
∂ X

∂ η
+
∂ 2X

∂ η2

�

−A2⧼Cd (t )|s = X ⧽, (3.15)

where ⧼Cd (t )|s = X ⧽ is the approximation in Eq. (3.8). The factor κJ (t )2 in
Eqs. (3.14) and (3.15) is given by Eq. (3.5), where the supersaturation dissipa-
tion rate εs (t ) is computed using the spectral relaxation model of Fox [1995].
Details on the implementation of the spectral relaxation model behind the
statistical-model simulations reported below are given in Appendix A.

The statistical-model equations (3.14) and (3.15) correspond a closed
set of evolution equations for the joint PDF Fs r 2 (S , R 2; t ) of droplets and
supersaturation and the Eulerian supersaturation PDF fs (S ; t ). The evolution
equation of Fs r 2 can be obtained from Eqs. (3.14) in two steps. First, one
concatenates Eqs. (3.14b) and (3.14c) into a single stochastic differential
equation for s (t ) using the Ito transformation [Pope, 1991]. Second, one
formulates the Fokker-Planck equation that corresponds to the stochastic
dynamics of s (t ) and r (t )2. Eq. (3.15) for the mapping X (η, t ) corresponds



50 IMPROVED STATISTICAL MODEL FOR THE CLOUD EDGE
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borhood of droplets that is carried together, by the same flow. When the
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words, droplet interaction gives rise to Lagrangian correlations of supersatu-
ration and condensation rate. Eqs. (3.13a) and (3.13b) do not account for the
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droplets. Droplet phase change affects supersaturation rapidly when Das is
large, so Lagrangian correlations of supersaturation and condensation rate
are most important at large values of Das. I therefore do not expect that the
statistical model reproduces the supersaturations of droplets quantitatively
when Das is large. In the Outlook of this thesis, I argue for how this problem
may be resolved in an improved future version of the model.

3.2.4 Statistical-model equations

The statistical model is obtained by imposing the closures listed in Sec-
tion 3.2.3. It prescribes the following stochastic dynamics for droplets with
radii r (t ) and supersaturations s (t ):
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= 2A3s (t ), (3.14a)

s (t ) = X (ξ(t ), t ), and (3.14b)

dξ(t ) =−ξ(t )κJ (t )2dt +
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Eq. (3.14a) is the droplet growth equation, Eq. (2.1e). Eqs. (3.14b) and (3.14c)
are the Lagrangian stochastic model of Pope [1991]. The mapping X (η, t )
evolves according to
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∂ η2

�
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where ⧼Cd (t )|s = X ⧽ is the approximation in Eq. (3.8). The factor κJ (t )2 in
Eqs. (3.14) and (3.15) is given by Eq. (3.5), where the supersaturation dissipa-
tion rate εs (t ) is computed using the spectral relaxation model of Fox [1995].
Details on the implementation of the spectral relaxation model behind the
statistical-model simulations reported below are given in Appendix A.
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supersaturation and the Eulerian supersaturation PDF fs (S ; t ). The evolution
equation of Fs r 2 can be obtained from Eqs. (3.14) in two steps. First, one
concatenates Eqs. (3.14b) and (3.14c) into a single stochastic differential
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formulates the Fokker-Planck equation that corresponds to the stochastic
dynamics of s (t ) and r (t )2. Eq. (3.15) for the mapping X (η, t ) corresponds
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to an evolution equation of fs , because the mapping is a transformation of
fs . The evolution equations of Fs r 2 and fs are long and difficult to interpret,
and therefore not given.

Non-dimensional dynamics

In the next section, I compare non-dimensional statistical-model results to
DNS of Kumar et al. [2012]. For the purpose of that section, I non-dimensionalize
as follows: t ′ = t /τL , s ′ = s/|se |, X ′ = X /|se |, J 2′ = κJ 2τL , r ′ = r /r0, C ′d =
Cd /(4πA3�p n0r0|se |), V ′ = V /(UτL )3, and G ′ =G (UτL )3. Here, τL = TKE/ε

is the large-eddy turnover time, U =
�

2TKE/3 is the root-mean square
velocity, n0 = N0/(χV ) is the droplet-number density of the initial cloud
filaments, |se | is the (positive) subsaturation of the initially non-cloudy air,
and r0 = [N −1

0

∑N0
α=1 rα(0)3]1/3 is the initial volume-averaged droplet radius.

Dropping the primes, Eqs. (3.14) and (3.15) take the non-dimensional form:

dr (t )2

dt
=Dads (t ), (3.16a)

s (t ) = X (ξ(t ), t ), (3.16b)

dξ(t ) =−ξ(t )J (t )2dt +
�

2J (t )2
�

1
2 dζ(t ), and (3.16c)

∂ X

∂ t
= J (t )2
�

−η
∂ X

∂ η
+
∂ 2X

∂ η2

�

−Das⧼Cd (t )|s = X ⧽, (3.16d)

with

⧼Cd (t )|s = X ⧽=
χ

fs (X ; t )

∫

R Fs r 2 (X , R 2; t )dSdR 2. (3.16e)

Here, Dad and Das are the Damköhler numbers discussed in Section 2.2.1, see
Paper A for definitions. Eq. (3.16) tells us that the statistical-model dynamics
is determined by Dad and Das, together with parameters of the spectral relax-
ation model determining the evolution of the stretching J (t ). See Appendix A
for the spectral-relaxation-model parameters of the statistical-model simu-
lations reported below.

3.2.5 Simulation results

Fig. (3.3a) shows the Lagrangian supersaturation PDF Fs (S ; t ) in the sta-
tistical model (solid lines), and in the DNS of Kumar et al. [2012] (dashed
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Figure 3.3: (a) Lagrangian supersaturation PDF Fs (S ; t ) at differ-
ent non-dimensional times t in the improved statistical model
(solid lines), and in DNS of Kumar et al. [2012] (dashed lines)
at Das = 0.82 and Dad = 0.075. See Appendix A for details. (b)
Statistical-model results for the Lagrangian supersaturation PDF
Fs (S ; t ) at zero (thick solid lines) and non-zero (thin solid lines)
values of Das. The results for Das > 0 are for the simulation in panel
(a), and the results at Das = 0 is for the same value of Dad. Also
shown is the Eulerian supersaturation PDF fs (S ; t ) (dotted lines)
for the simulations with Das > 0.

lines) at Das = 0.82 and Dad = 0.075. A complete specification of simulation
parameters is given in Appendix A. It can be seen that the statistical model re-
produces Fs (S ; t ) in DNS quantitatively at these Damköhler numbers. This
indicates that the closures for turbulent mixing of the statistical model are
accurate, and I therefore proceed by comparing the supersaturation results
in Fig. (3.3a) to analogous results of for a passive scalar using the statistical
model.

Fig. (3.3b) shows statistical-model results from Fig. (3.3a) (thin solid lines)
together with corresponding statistical-model results for a passive scalar
(thick solid lines), obtained by setting Das to zero in Eq. (3.16d). It can be
seen that the supersaturation dynamics shaping Fs (S ; t ) in Fig. 3.3 is quite
simple. Supersaturation behaves like a passive scalar during the first large-
eddy time. After that, droplet phase change causes the mean of Fs (S ; t )
to drift, while supersaturation fluctuations decay like the fluctuations of a
passive scalar. The relaxation is in the form of a Gaussian, just as in the
DNS of transient passive-scalar mixing of Eswaran & Pope [1988]. This type
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to an evolution equation of fs , because the mapping is a transformation of
fs . The evolution equations of Fs r 2 and fs are long and difficult to interpret,
and therefore not given.

Non-dimensional dynamics
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Cd /(4πA3�p n0r0|se |), V ′ = V /(UτL )3, and G ′ =G (UτL )3. Here, τL = TKE/ε

is the large-eddy turnover time, U =
�

2TKE/3 is the root-mean square
velocity, n0 = N0/(χV ) is the droplet-number density of the initial cloud
filaments, |se | is the (positive) subsaturation of the initially non-cloudy air,
and r0 = [N −1

0

∑N0
α=1 rα(0)3]1/3 is the initial volume-averaged droplet radius.

Dropping the primes, Eqs. (3.14) and (3.15) take the non-dimensional form:

dr (t )2

dt
=Dads (t ), (3.16a)

s (t ) = X (ξ(t ), t ), (3.16b)

dξ(t ) =−ξ(t )J (t )2dt +
�

2J (t )2
�

1
2 dζ(t ), and (3.16c)

∂ X

∂ t
= J (t )2
�

−η
∂ X

∂ η
+
∂ 2X

∂ η2

�

−Das⧼Cd (t )|s = X ⧽, (3.16d)

with

⧼Cd (t )|s = X ⧽=
χ

fs (X ; t )

∫

R Fs r 2 (X , R 2; t )dSdR 2. (3.16e)

Here, Dad and Das are the Damköhler numbers discussed in Section 2.2.1, see
Paper A for definitions. Eq. (3.16) tells us that the statistical-model dynamics
is determined by Dad and Das, together with parameters of the spectral relax-
ation model determining the evolution of the stretching J (t ). See Appendix A
for the spectral-relaxation-model parameters of the statistical-model simu-
lations reported below.

3.2.5 Simulation results

Fig. (3.3a) shows the Lagrangian supersaturation PDF Fs (S ; t ) in the sta-
tistical model (solid lines), and in the DNS of Kumar et al. [2012] (dashed
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ent non-dimensional times t in the improved statistical model
(solid lines), and in DNS of Kumar et al. [2012] (dashed lines)
at Das = 0.82 and Dad = 0.075. See Appendix A for details. (b)
Statistical-model results for the Lagrangian supersaturation PDF
Fs (S ; t ) at zero (thick solid lines) and non-zero (thin solid lines)
values of Das. The results for Das > 0 are for the simulation in panel
(a), and the results at Das = 0 is for the same value of Dad. Also
shown is the Eulerian supersaturation PDF fs (S ; t ) (dotted lines)
for the simulations with Das > 0.
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in Fig. (3.3a) to analogous results of for a passive scalar using the statistical
model.

Fig. (3.3b) shows statistical-model results from Fig. (3.3a) (thin solid lines)
together with corresponding statistical-model results for a passive scalar
(thick solid lines), obtained by setting Das to zero in Eq. (3.16d). It can be
seen that the supersaturation dynamics shaping Fs (S ; t ) in Fig. 3.3 is quite
simple. Supersaturation behaves like a passive scalar during the first large-
eddy time. After that, droplet phase change causes the mean of Fs (S ; t )
to drift, while supersaturation fluctuations decay like the fluctuations of a
passive scalar. The relaxation is in the form of a Gaussian, just as in the
DNS of transient passive-scalar mixing of Eswaran & Pope [1988]. This type
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of supersaturation dynamics must be expected at low Das, where droplets
saturate the air only after the system has been well mixed [Dimotakis, 2005].

Also shown in Fig. (3.3b) is the Eulerian supersaturation PDF fs (S ; t ) (dot-
ted lines). During the initial transient, fs (S ; t ) is U-shaped, because both
cloudy and non-cloudy air remain. The distribution is very similar to the U-
shaped distribution of Eswaran & Pope [1988], and one must expect a direct
correspondence in the absence of droplet phase change. Droplets are initial-
ized into air that is saturated, or nearly saturated, and few of them encounter
dry air during the initial transient. As a consequence, the Lagrangian PDF
Fs (S ; t ) possesses only the saturated peak of fs (S ; t ), and has a heavy tail that
corresponds to the right half of the U-shaped distribution. The relaxation of
the Lagrangian PDF Fs (S ; t ) to the Eulerian PDF fs (S ; t ) discussed above can
be seen in Fig. (3.3b), where the two PDF:s have become indistinguishable
after 3.38 large-eddy times.
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Figure 3.4: Lagrangian supersaturation PDF Fs (S ; t ) and droplet-
size distribution at Das = 8.2 and Dad = 0.75. See Appendix A for
details. (a) The PDF Fs (S ; t ) at different non-dimensional times
t in the improved statistical model (solid lines), and in DNS of
Kumar et al. [2012] (dashed lines). (b) Steady-state droplet-size
distribution in DNS of Kumar et al. [2012] (purple), statistical model
of Paper A (green), and improved statistical model (light blue).

Fig. (3.4a) shows Fs (S ; t ) in the statistical model and in the DNS of Ku-
mar et al. [2012] as in Fig. (3.3a), but at larger Damköhler numbers. Here,
both Damköhler numbers are larger than in Fig. (3.3a) by a factor ten. The
Damköhler number Das = 8.2 is the largest value of Das explored in the DNS
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of Kumar et al. [2014, 2018, 2013, 2012] (see Fig. 4 of Paper A). The statistical
model computes a too heavy tail for Fs (S ; t ) during the initial transient in
Fig. (3.4a), but reproduces the tail excellently from about two large-eddy
times. The initial deviation is expected. As explained above, the statisti-
cal model neglects Lagrangian correlations between supersaturation and
condensation rate. At large enough values of Das, such correlations are im-
portant during the initial transient, when little mixing has taken place and
droplets still reside within pronounced cloud structures. Decreases in super-
saturation are delayed due to the pronounced structures, because droplets
saturate the air within these structures collectively. The collective saturation
neglected by the statistical model suppresses the tail of Fs (S ; t ) in the DNS
of Kumar et al. [2012].

The initial deviations between statistical-model results and DNS in
Fig. (3.4a) makes the excellent agreement at later times interesting. The
heavy tail persists until the domain is saturated, but the persisting tail can
not be affected by the Lagrangian correlations between supersaturation and
condensation rate that the statistical model neglects. This means that there
are two types of heavy tails in the DNS of Kumar et al. [2012]. One early type
that depends on the Lagrangian correlations, and one later type that does not.
A plausible explanation of the excellent agreement at late times in Fig. (3.4a)
is that the persisting heavy tail forms when the droplet content has become
spatially uniform. However, there are no reported DNS results that make it
possible to conclude whether this is the case or not.

Also shown in Fig. (3.4a) are statistical-model predictions for a passive
scalar (thick opaque lines), obtained by setting Das to zero in Eq. (3.16d).
It can be seen that supersaturation behaves similarly to a passive scalar in
the statistical model during the first large-eddy time. This is most likely a
consequence of the neglected Lagrangian correlations. The Gaussian distri-
bution of the passive scalar at later times is however clearly different from
the statistical-model prediction of the persisting heavy tail. The differences
between DNS results of Kumar et al. [2012] and passive-scalar predictions in
Fig. (3.4a) tell us that the dynamics of supersaturation is quite different from
that of a passive scalar, already at moderate Damköhler numbers.

Finally, I show that the statistical model is an improvement compared
to the statistical model of Paper A, when it comes to predicting droplet-size
distributions. Fig. (3.4b) shows steady-state droplet-size distributions at
the Damköhler numbers of Fig. (3.4a) from DNS of Kumar et al. [2012] (pur-
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size distribution at Das = 8.2 and Dad = 0.75. See Appendix A for
details. (a) The PDF Fs (S ; t ) at different non-dimensional times
t in the improved statistical model (solid lines), and in DNS of
Kumar et al. [2012] (dashed lines). (b) Steady-state droplet-size
distribution in DNS of Kumar et al. [2012] (purple), statistical model
of Paper A (green), and improved statistical model (light blue).
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ple), the improved statistical model (light blue), and the statistical model
of Paper A (green). As opposed to the statistical model of Paper A, the
improved statistical model reproduces the shape of the droplet-size distri-
bution. The tail of the distribution comes out slightly heavier than in DNS
however, which likely reflects the too heavy tail of Fs (S ; t ) during the initial
transient in Fig. (3.4a). The improved statistical model reproduces droplet-
size distributions at the low Damköhler numbers of Fig. (3.3) excellently (not
shown).

3.3 Discussion

The above results yield insights into similarities and differences between su-
persaturation dynamics and the dynamics of a passive scalar. The formation
of a heavy tail for the Lagrangian supersaturation PDF Fs (S ; t ) in the DNS
of Kumar et al. [2014, 2013, 2012] is a passive-scalar behavior. However, the
shape of the tail, and its persistence at large times, are strongly dependent
on droplet phase change. Whether, why and how scalar PDF:s form heavy
tails reflects how scalar inhomogeneities are introduced [Warhaft, 2000]. Sta-
tionary configurations in which exponential tails are sustained by forcing, or
form in the presence of a mean scalar gradient, are not directly comparable
to the transient DNS of Kumar et al. [2014, 2013, 2012]. The passive-scalar
inhomogeneities initialized in the transient DNS of Eswaran & Pope [1988],
on the other hand, are similar to the initial supersaturation inhomogeneity of
Kumar et al. [2014, 2013, 2012]. This notion made it possible to conclude that
the heavy tails of Fs (S ; t ) observed by Kumar et al. [2014, 2013, 2012] dur-
ing the initial transient correspond to the U-shaped Eulerian passive-scalar
distribution observed by Eswaran & Pope [1988].

That supersaturation behaves less similar to a passive scalar with increas-
ing values of Das does not come as a surprise [see for instance Eq. (2) of
Paper A]. One passive-scalar behavior of supersaturation at low values of Das

is the Gaussian relaxation of Fs (S ; t ) [Fig. (3.3)]. By contrast, the persisting
heavy tail at moderate values of Das is clearly a consequence of droplet phase
change [Fig. (3.4a)]. The difference between these two relaxations can be
understood through the boundedness of supersaturation. Subsaturated air
can not obtain a positive supersaturation through droplet phase change,
and saturation therefore constitutes an upper bound for Fs (S ; t ) during
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evaporation. Phase change prevents Gaussian relaxation in Fig. (3.4a), by
rapidly driving the mean of the distribution towards this upper bound. The
persisting exponential tail therefore corresponds to the subsaturated tail
of a Gaussian. That the shape of this tail does not match a Gaussian is a
consequence of mixing with saturated air.

How supersaturation relaxes is highly relevant for statistical models of
cloud-core dynamics. Cloud-core models that sustain Gaussian fluctua-
tion of scalars by means of a forcing have been very successful in predicting
cloud-core dynamics in simulations [Sardina et al., 2015; Paoli & Shariff, 2009;
Siewert et al., 2017] and under laboratory conditions [Chandrakar et al., 2016].
It is however not clear how supersaturation fluctuations in the atmosphere
are affected by droplet phase change, because the supersaturations of indi-
vidual droplets can not be observed with the measurement techniques of
today. In-situ measurements that resolve supersaturation on spatial scales
of about one meter indicate Gaussian distributions [Siebert & Shaw, 2017],
while better resolved laboratory measurements reveal skewed distributions
[Anderson et al., 2021]. An indication of non-trivial effects of droplet phase
change may be that a Gaussian model fails to compute the width of the
droplet-size distribution in the cloud chamber experiment of Chandrakar
et al. [2016] when Das is large. The authors speculate whether the deviations
are indicative of a prolonged cloud-chamber residence time of droplets. An-
other possible explanation is that the Lagrangian supersaturation PDF was
non-Gaussian. That supersaturation is a non-linear function of temperature
and water-vapor content can be accounted for in a Gaussian cloud-core
model [Thomas et al., 2021], but a Gaussian model can not account for highly
non-Gaussian fluctuations with heavy tails.

The statistical model reproduces both Gaussian and non-Gaussian relax-
ation quantitatively after the initial transient, as these relaxations are seen in
DNS. Whether any one of, or both, these relaxations follow upon cloud-edge
mixing and evaporation in the atmosphere is an open question. One may
speculate whether the persisting heavy tail of the Lagrangian supersatura-
tion PDF at moderate Damköhler numbers [Fig. (3.4a)] is more representative
of atmospheric relaxation than the Gaussian relaxation at low Damköhler
numbers [Fig. (3.3a)]. Some support for this hypothesis is provided by that
the range of turbulent scales at a cloud edge is vast, and entails mixing-
evaporation dynamics parameterized by very large Damköhler numbers. I
emphasize that this speculation is based on simulation results, and that it is
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not clear in which way these results generalize to atmospheric conditions.
A direct generalization is not possible, because the simulations results are
affected by the boundaries the simulation domain. It seems possible to
achieve a better understanding of atmospheric supersaturation relaxation
through simulations of transient mixing-evaporation dynamics in the future.
One must then compute the Lagrangian supersaturation PDF locally during
the initial transient, before it has been affected by the boundaries of the
simulation domain.

As stated above, the statistical-model results in Section 3.2.5 have been
computed using a value for the empirical constant Cφ estimated from the
DNS of Kumar et al. [2012]. See Appendix A for details on this estimate.
The constant Cφ appears in Eq. (3.7), and reflects that the statistical model
employs the spectral relaxation model of Fox [1995] to compute the supersat-
uration dissipation rate εs (t ). That Cφ is estimated from DNS used for com-
parison reduces the significance of the quantitative agreements observed in
Figs. (3.3) and (3.4) to some extent. It should however be kept in mind that
the agreements not only reflect that the evolution of supersaturation vari-
ance is accurately parameterized by Cφ . More importantly, the quantitative
agreements reflect that the statistical model accurately describes effects of
turbulent mixing and droplet phase change on the shape of the Lagrangian
supersaturation PDF Fs (S ; t ).

For future development of the statistical model, it is worth considering
the mapping closure of He & Zhang [2004], in which two-point statistics
are used to infer the rate at which the mapping X (η, t ) evolves. With this
mapping closure it is no longer necessary to estimate the empirical constant
Cφ , because the spectral relaxation model is no longer needed to predict
εs (t ). Furthermore, it seems as if the mapping closure of He & Zhang [2004]
makes it possible to account for how droplet phase change modifies the
rate at which turbulent mixing affects the mapping X (η, t ). The most im-
portant step towards a statistical model that is quantitative in the limit of
large Damköhler numbers is however to account for Lagrangian correlations
between supersaturation and condensation rate. In the Outlook of this the-
sis, I argue that it seems possible to do so with an extended probabilistic
description that addresses the droplet-number densities of the air that sur-
rounds the droplets. I also propose a cloud-core model that employs the
new approximation of 〈C (t )|s (x , t ) = S 〉 in Eq. (3.8) to describe droplet phase
change. With this approximation it becomes possible to analyze the relaxed
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supersaturation dynamics of cloud cores in a new way.
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are used to infer the rate at which the mapping X (η, t ) evolves. With this
mapping closure it is no longer necessary to estimate the empirical constant
Cφ , because the spectral relaxation model is no longer needed to predict
εs (t ). Furthermore, it seems as if the mapping closure of He & Zhang [2004]
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large Damköhler numbers is however to account for Lagrangian correlations
between supersaturation and condensation rate. In the Outlook of this the-
sis, I argue that it seems possible to do so with an extended probabilistic
description that addresses the droplet-number densities of the air that sur-
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change. With this approximation it becomes possible to analyze the relaxed
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supersaturation dynamics of cloud cores in a new way.
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4 Angular dynamics of small crystals in flow

Papers B and C are devoted to the angular dynamics of small neutrally buoy-
ant particles that possess certain symmetries. The results are valid in the
limit of zero Reynolds number (1.18), which ensures that the particles move
in Stokes flow. It is the linearity of the Stokes equations (1.27) that allows
for the theory in Paper B, where we predict the angular dynamics of small
particles that possess a rotation symmetry, and one or several mirror symme-
tries. In paper C we verify a theoretical prediction of Paper B experimentally,
by showing that a triangular platelet spins and tumbles like a spheroid in a
simple shear flow. Its angular motion is therefore in the form of Jeffery orbits,
and described by one parameter.

4.1 Background

In Section 1.1.4 I explained that – in the limit of zero Reynolds number –
the presence of a particle implies a Stokes problem. The Stokes problem
of a particle is the problem of finding a solution to Stokes equations (1.27)
with boundary conditions at the particle surface. Papers B and C consider
particles with no-slip boundary conditions, which means that the flow moves
together with the particle where the flow and the particle meet.

Boundary conditions are not only required at the particle surface, but
also at large distances from the position x (o ) of the particle. This position
moves together with the particle. It is not necessarily the center of mass of
the particle, because there are other special points on a particle in Stokes
flow. The center of hydrodynamic resistance and the center of hydrodynamic
mobility are other special points [Kim & Karrila, 1991]. The particle does
not affect the flow at large distances from itself. But the particle induces a
disturbance flow

u ′(x , t ) = u (x , t )−u (∞)(x , t ) (4.1)

that is non-zero in its vicinity. Here, u (∞)(x , t ) denotes the ambient flow,
which equals the undisturbed flow only at large distances from the particle.
The boundary conditions at the surface Sp of the particle, and far away from
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the particle are given by

u (x , t ) = v (o ) +ω× (x −x (o )) at Sp , and (4.2a)

u (x , t )→ u (∞)(x , t ) in the limit |x −x (o )| →∞. (4.2b)

Here, v (o ) is the velocity of x (o ), andω is the angular velocity of the particle.
By solving the Stokes equations (1.27) with the boundary conditions in

Eqs. (4.2), one finds the hydrodynamic force F and the hydrodynamic torque
τ(o ) with respect to r (o ) that the fluid exerts. The change in translational
and angular velocity can then obtained if the mass and inertia tensor of the
particle are known, using Eqs. (1.24) if r (o ) is the particles center of mass.

The ambient flow around the particle is roughly linear if its flow gradient
�(x , t ), with components

Ai j =
∂ u (∞)i

∂ x j
, (4.3)

varies only on lengths that are large compared to the particle size. In the
case of a turbulent flow, this means that the particle size must be much
smaller than the Kolmogorov length η. If the ambient flow is linear, the
torque and force upon a particle in Stokes flow depend linearly upon the
ambient translation, rotation and strain. I denote the rate-of-strain tensor
by �, and the anti-symmetric part of the flow gradient by�:

�=
1

2

�

�+�T
�

and �=
1

2

�

�−�T
�

. (4.4)

The anti-symmetric part of the flow gradient is connected to the rotation Ω
of the ambient flow, because

Ωi =−
1

2
εi j k Oj k . (4.5)

The linear dependences of the force and torque can be written [Kim &
Karrila, 1991]:

�

F
τ(o )

�

=µ

�

� �T �
� � �

�





u (∞)−v (o )

Ω−ω
�



 . (4.6)
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Here, µ = �ν denotes the dynamic viscosity of the fluid. Furthermore,� ,
� , and� are rank-2 tensors and � and� are rank-3 tensors. The tensors
that map the components of the ambient flow to the force and torque on
the particle in Eq. (4.6) are called resistance tensors. They are determined
by the shape and orientation of the particle, and therefore fixed in a frame
that moves together with the particle. All but� depends on the choice of
reference point r (o ) [Brenner & O’Neill, 1972]. All rank-2 tensors except�
are symmetric. However, there is one unique point in the particle frame at
which� is symmetric as well, the hydrodynamic center of resistance [Kim
& Karrila, 1991].

A very small particle has very little translational and rotational inertia.
Denoting the particle density by �p and the linear size of the particle by a ,
the mass and inertia tensor scales as m ∼�p a 3 and �∼�p a 5. Inserting the
hydrodynamic force and torque from Eqs. (1.24) into Eq. (4.6), one finds
that the force and torque vanishes as the particle size tends to zero. In
this overdamped limit, one finds the translational and angular dynamics
by inserting F = τ(o ) = 0 into Eq. (4.6). The translational velocity v (o ) and
angular velocityω of a particle is therefore known in terms of its resistance
tensors and ambient flow.

4.1.1 Jeffery orbits for spheroidal particles

In 1922, G. B. Jeffery published a well-known paper in which he solved an
important Stokes problem for an ellipsoidal particle [Jeffery, 1922]. He con-
sidered a linear ambient flow and computed the disturbance flow caused
by the presence of a neutrally buoyant ellipsoidal particle that translates
together with the ambient flow. From this solution he found the angular
velocity of the ellipsoid in the overdamped limit.

A special case of ellipsoids are spheroids. For a spheroid, I introduce a
particle-fixed basis [q , p , n ] at the particle center, as in Fig. (4.1). The surface
of a spheroid is given by x = xq q + xp p + xn n for which

x 2
n

(a/2)2
+

x 2
p + x 2

q

(b /2)2
= 1, (4.7)

where a and b denote the distance from pole to pole and the diameter of the
spheroid. These distances define the aspect ratio λ= a/b of the spheroid.
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Figure 4.1: Two spheroids of different aspect ratios. The left spheroid is oblate
with aspect ratio λ= 1/3, the right spheroid is prolate with aspect ratio λ= 3.
The particle-fixed basis is placed at the center of the spheroid, with n pointing
along the symmetry axis.

Spheroids for which λ < 1 are oblate (Fig. 4.1a), and spheroids for which
λ> 1 are prolate (Fig. 4.1b).

Since the shape of a spheroid is fully described by its aspect ratio, the
aspect ratio determines its resistance tensors in Eq. (4.6). Accordingly, the
motion that G. B. Jeffery found for a spheroid in the overdamped limit is
described by a single shape parameter

Λ=
λ2−1

λ2+1
. (4.8)

This shape parameter is negative for oblate spheroids, positive for prolate
spheroids, and equals zero for spheres. It is bounded to the interval [−1,1],
so that Λ = −1 for a totally flat disc, and Λ = 1 for an infinitely thin rod. In
terms of Λ, the angular velocity that Jeffery found for a spheroid reads

ω=Ω−Λ(�n )×n . (4.9)

It can be seen that the angular velocity depends on the aspect ratio and
orientation of the spheroid. For a given orientation and aspect ratio, the
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orientation of the spheroid. For a given orientation and aspect ratio, the
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angular velocity is determined by the combined effect of flow rotation and
strain.

A Jeffery orbit is the periodic angular motion that Jeffery derived for a
spheroid in a simple shear flow. In a lab-fixed coordinate system [e 1, e 2, e 3]
that translates with the spheroid’s center, a simple shear flow with flow direc-
tion e 1, shear direction e 2 and vorticity direction −e 3 provides the ambient
flow velocity:

u (∞)(x , t ) = γy e 1. (4.10)

Here, γ denotes she shear rate of the simple shear, and y = e T
2 x is the posi-

tion component in the shear direction. The simple shear flow is important,
because it is easily obtained in laboratory experiments and approximates
flows in industry [Dealy & Wissbrun, 2012].

Jeffery concluded that a spheroid translates with the ambient flow at its
center of mass, with a spinning and tumbling motion given by

φ̇ =−
1

2
γ
�

Λcos 2φ+1
�

, (4.11a)

θ̇ =−
1

4
γΛsin 2φ sin 2θ , and (4.11b)

ψ̇=
1

2
γΛcos 2φ cosθ . (4.11c)

Here, I introduced the Euler-angles of Goldstein [1980] to express the particle
orientation in the lab-fixed frame:

n =sinφ sinθ e 1− cosφ sinθ e 2+ cosθ e 3, (4.12a)

p =(−sinψcosφ− cosθ sinφ cosψ)e 1

+ (−sinψsinφ+ cosθ cosφ cosψ)e 2

+ cosψsinθ e 3, and (4.12b)

q =p ×n . (4.12c)

Integrating Eqs. (4.11a) and (4.11b) from an orientation [φ,θ ,ψ] = [0,θ0,ψ0]
at t = 0, one finds that the symmetry axis of the spheroid tumbles on a peri-
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odic orbit in which

tanφ =−

√

√1+Λ
1−Λ

tan
�

1

2
γ
�

1−Λ2t
�

, and (4.13a)

tanθ = tanθ0

√

√ Λ+1

Λcos 2φ+1
. (4.13b)

This periodic orbit is called a Jeffery orbit. The orbit constant [Kim & Karrila,
1991]

C = tanθ
�

Λcos 2φ+1 (4.14)

is a conserved function ofφ and θ . It specifies which of the infinitely many
Jeffery orbits that a spheroid with shape parameter Λ tumbles on. From
Eqs. (4.13a) and (4.13b), we find that the period of a Jeffery orbit is given by

TJ =−
4π

γ
�

1−Λ2
, (4.15)

and that this period is the same for all Jeffery orbits that a given spheroid
can tumble upon. While tumbling, a spheroid has a spinning motion given
by Eq. (4.11c). In general, the period ofψ is not the same as the period of
the Jeffery orbit, and the initial state of three Euler angles [0,θ0,ψ0] is not
adopted again within a finite time. Therefore, the full angular motion of a
spheroid in a simple shear is not periodic, but quasiperiodic [Einarsson et al.,
2016]. Jeffery-orbit theory has been successfully applied within the field of
rheology, where is has been used to predict the intrinsic viscosity of dilute
particle suspensions [Leal & Hinch, 1971; Kim & Karrila, 1991].

Fig. (4.2) shows various aspects of the orbiting motion implied by Jeffery’s
angular velocity in Eq. (4.9), for the simple shear flow defined by Eq. (4.10).
Fig. (4.2a) shows the evolution of φ for prolate and oblate spheroids with
Λ = ±12/13. Since |Λ| is the same, the Jeffery orbits have the same period.
We note that φ decreases monotonously with γt , and is independent of
the orbit constant C . Prolate spheroids spend a long time aligned with φ
approximately equal to odd multiples ofπ/2, which means that the symmetry
axis aligns with the flow direction for a long time. Oblate spheroids spend
a long time aligned with φ approximately equal to even multiples of π/2,
which means that the symmetry axis aligns with the shear direction for a
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Figure 4.2: Jeffery orbits and spin in a simple shear. Blue and yellow are for a
prolate spheroid with aspect ratioλ= 5 and shape parameterΛ= 12/13, red and
purple are for an oblate spheroid with aspect ratioλ= 1/5 and shape parameter
Λ = −12/13. Blue and red are tumbling orbits, initiated with θ0 = 9π/19 and
orbit constants C = 16.7 and C = 3.3. Yellow and purple are log-rolling orbits,
initiated with θ0 =π/20 and orbit constants C = 0.22 and C = 0.04.

long time. Fig. (4.2b) shows the evolution of θ for the same spheroids. Blue
and red are tumbling orbits, in which n tumbles in the flow-shear plane.
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Purple and yellow are log-rolling orbits, in which the spheroid remains with
its symmetry axis close to the negative vorticity direction . It can be seen that
θ does not change sign, which means that n does not cross the flow-shear
plane. The evolution of ψ is seen in Figs. (4.2c) and (4.2d). The periods
of spinning and tumbling are different, so the period ofψ differs from the
period ofφ and θ . The tumbling spheroids spin substantially less than the
log-rolling ones. Figs. (4.2e) and (4.2f) show the components of n and p
in the lab-fixed basis. It can be seen that p does not evolve with the same
period as n , which reflects the quasiperiodicity of the spinning and tumbling
motion.

4.1.2 Particles with symmetries

The resistance tensors that map the ambient flow to the force and torque
upon a particle in Eq. (4.6) depend only on particle shape and orientation.
It follows that any symmetries in the shape of a particle are reflected in its
resistance tensors: If the surface of a particle is invariant under an orthog-
onal transformation (a rotation or a reflection), its resistance tensors are
constrained by the invariance [Happel & Brenner, 1983].

Fig. (4.3a) shows a particle at rest in a purely straining flow (u (∞) = 0,
Ω= 0,� �= 0). For this particle, we have

τ(o ) =µ� : �. (4.16)

Now, transform the Stokes problem that the particle presents by an orthogo-
nal transformation�. The transformation can be either a rotation [Fig. (4.3b)],
or a reflection [Fig. (4.3c)]. In the transformed Stokes problem, the rate-of-
strain tensor is ���T, and the torque upon the particle is det[�]�τ(o ) (the
torque is a pseudovector and transforms with the determinant of �, det[�]).
The particle in Fig. (4.3) has a symmetry that ensures that its surface is nei-
ther affected by the rotation in Fig. (4.3b), nor by the reflection in Fig. (4.3c).
This implies that the resistance tensors in Eq. (4.6) are not affected by the
transformations. In particular, we have

det[�]�τ(o ) =µ� : (���T) (4.17)

for both the reflection and the rotation. By combining Eqs. (4.16) and (4.17),
one finds that any orthogonal transformation � that leaves the surface of
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Purple and yellow are log-rolling orbits, in which the spheroid remains with
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motion.

4.1.2 Particles with symmetries
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onal transformation (a rotation or a reflection), its resistance tensors are
constrained by the invariance [Happel & Brenner, 1983].

Fig. (4.3a) shows a particle at rest in a purely straining flow (u (∞) = 0,
Ω= 0,� �= 0). For this particle, we have

τ(o ) =µ� : �. (4.16)

Now, transform the Stokes problem that the particle presents by an orthogo-
nal transformation�. The transformation can be either a rotation [Fig. (4.3b)],
or a reflection [Fig. (4.3c)]. In the transformed Stokes problem, the rate-of-
strain tensor is ���T, and the torque upon the particle is det[�]�τ(o ) (the
torque is a pseudovector and transforms with the determinant of �, det[�]).
The particle in Fig. (4.3) has a symmetry that ensures that its surface is nei-
ther affected by the rotation in Fig. (4.3b), nor by the reflection in Fig. (4.3c).
This implies that the resistance tensors in Eq. (4.6) are not affected by the
transformations. In particular, we have

det[�]�τ(o ) =µ� : (���T) (4.17)

for both the reflection and the rotation. By combining Eqs. (4.16) and (4.17),
one finds that any orthogonal transformation � that leaves the surface of



68 ANGULAR DYNAMICS OF SMALL CRYSTALS IN FLOW

ROTATION
REFLECTION
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Figure 4.3: (a) Stokes problem implied by a triangular particle at rest in a
purely straining flow (u (∞) = 0, Ω = 0,� �= 0). Stream lines are given in blue,
and the torque τ(o ) is schematically illustrated by a black arrow. The same
Stokes problem is rotated in (b), and reflected in (c). The particle possesses
symmetries, ensuring that its surface is not affected by the transformations.
The symmetries imply constraints on the resistance tensor� of the particle,
and therefore on the linear relation between the ambient strain� and the torque
τ(o ) (see text).

the particle invariant implies a constraint on the resistance tensor� of the
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particle. The component�i j k of� must fulfill

�i j k = det[�]Ti i ′Tj j ′Tk k ′�i ′ j ′k ′ , (4.18)

where Ti j denotes a component of �.
I have now explained how one may transform a Stokes problem with

a straining flow, and deduce constraints on the resistance tensor� of a
symmetrical particle by analyzing how its torque transforms. Analogous
constraints can be deduced for the resistance tensor� , by analyzing how the
force transforms instead. In the same way, one may conclude constraints on
all resistance tensors in Eq. (4.6), by analyzing the force and torque upon par-
ticles at rest in purely translational flow (u (∞) �= 0, Ω= 0,�= 0), and in purely
rotational flow (u (∞) = 0, Ω �= 0,�= 0). For particles whose surfaces do not
change under an orthogonal transformation �, one finds these constraints:

�i j =Ti i ′Tj j ′�i ′ j ′ (4.19a)

�i j =det[�]Ti i ′Tj j ′�i ′ j ′ (4.19b)

�i j k =Ti i ′Tj j ′Tk k ′�i ′ j ′k ′ (4.19c)

�i j =Ti i ′Tj j ′�i ′ j ′ (4.19d)

�i j k =det[�]Ti i ′Tj j ′Tk k ′�i ′ j ′k ′ . (4.19e)

4.2 My work

My work on the angular dynamics of small crystals in flow has resulted in
Papers B and C. In Paper B we apply the symmetry constraints in Eqs. (4.19)
to find the angular motion of particles with orthogonal symmetries in Stokes
flow. In Paper C, a prediction of Paper B is verified experimentally, namely
that an equilateral triangle has the same angular dynamics as an equivalent
spheroid. Since the triangle has corners, it is possible to observe how it spins,
while tumbling on a Jeffery orbit in a simple shear flow.

4.2.1 Application of symmetry constraints

In Paper B, we use the constraints in Eqs. (4.19) to show that a small neutrally
buoyant particle with a rotation symmetry and a mirror plane that contains
the axis of the rotation symmetry [Fig. 2(a) of Paper B] has the same angular
motion as a small neutrally buoyant spheroid. The rotation symmetry can
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be discrete, but must then be N -fold with N > 2. Just as for spheroids, the
angular motion is described by a single shape parameter Λ. The angular
velocity is given by Eq. (4.9), if one defines a particle-fixed basis [q , p , n ]with
n pointing along the axis of rotation symmetry.

We also show that a rotationally symmetric particle that lacks the above
mentioned mirror plane, but has a mirror plane orthogonal to the axis of
the rotation symmetry [Fig. 2(b) of Paper B], has a motion governed by two
additional parameters, Γ andΨ. In a simple shear, Eq. (4.10), the Euler-angles
in Eq. (4.12) evolve according to:

φ̇ =−
1

2
γ
�

Λcos 2φ+1−Ψ sin 2φ cosθ
�

, (4.20a)

θ̇ =−
1

4
γ
�

Λsin 2φ sin 2θ +2Ψ cos 2φ sinθ
�

, and (4.20b)

ψ̇=
1

2
γ
�

Λcos 2φ cosθ − Γ sin 2φ sin2θ −Ψ sin 2φ
�

. (4.20c)

If Ψ = 0, the symmetry axis of the particle tumbles on a Jeffery orbit, just
as it does for a spheroid. However, the particle spins differently if Γ �= 0. If
Ψ �= 0, the symmetry axis does not move on a periodic orbit. Instead, the
symmetry axis tends to a fixed orientation, at which it remains indefinitely. In
Appendix C I construct model particles with small non-zero values of Γ andΨ
from a set of spheroids. Such multi-spheroid particles where constructed by
Bretherton [1962], in order to give examples of qualitatively different particle
dynamics. One particle that I construct looks like a water wheel. It has a
non-zero value of Γ , but a zero value of Ψ. Another particle resembles two
propellers of opposite chirality, sharing the same symmetry axis. Both Γ and
Ψ are non-zero for this particle. In Appendix C, I use the multi-spheroid
particles to argue for an intuitive understanding of how Γ and Ψ affect the
dynamics of a particle.

Bretherton [1962] showed that a particle with a 4-fold rotation symmetry
and a reflection symmetry in a plane that contains the axis of rotation sym-
metry has the angular motion of an equivalent spheroid. With Paper B, we
generalize the symmetry requirements of Bretherton [1962], by showing that
a N -fold rotation symmetry is enough, provided N > 2.
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4.2.2 Experimentally observed Jeffery spin

Particles shaped as equilateral triangles, such as the particle in Fig. 1 of
Paper C, have a rotation symmetry, and three mirror planes that contain the
axis of rotation symmetry. The theory of Paper B predicts that small such
particles tumble on Jeffery orbits in a simple-shear, just like small spheroids.
As opposed to spheroids, triangles have corners. Their spin can therefore be
observed in an experiment, and this was the motivation of Paper C. In this
paper, we observe the spinning and tumbling motion of triangles in a micro
channel. It can be seen in Paper C that the angular motion is indeed given
by Eqs. (4.11), both for log-rolling and tumbling orbits.

The experiments were performed by M. V. Kumar. The triangular particle
is about 1 µm thick and has a side length of 10 µm. The micro channel is
a 40 mm long, 2.5 mm wide, and 200 µm high molded rectangular cavity.
Since the length and width of the channel are large compared to the channel
height, the ambient flow profile near the channel center is one dimensional.
The flow profile is parabolic, but approximates a simple shear in the vicinity
of the particle. We define the shear Reynolds number as

Res = γa 2/ν, (4.21)

where γ is the shear rate, a is the center-to-corner distance of the triangular
particle, and ν is the kinematic viscosity. The fluid is water with a dissolved
polyethylene glycol, ensuring neutral particle buoyancy and large enough
viscosity for Stokes-flow dynamics. The viscosity of the solution is ν= 76.3
mm2/s. In a typical experiment we have Res ∼ 10−6, and we expect that such
values are small enough to ensure that the particle moves in Stokes flow.

I analyzed the raw data, particle videos recorded by M. V. Kumar. In the
analysis, I made use of that Stokes equations are time reversible [Bretherton,
1962], but that Navier-Stokes equations are not [Pope, 2000]. This means
that one may ensure that the Reynolds number is small enough in the experi-
ment, by reverting the flow through the micro channel. In the zero-Reynolds
number limit, the particle must trace its angular orbit backwards, so that
the Euler angles (φ,θ ,ψ) in Eqs. (4.12) are functions of particle position only.
If the Euler angles extracted from the recorded particle videos are uniquely
determined by particle position, one can be sure that Res is so small that the
flow is well approximated by a Stokes flow.

The value of Res can be decreased by reducing the flow rate through the
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channel. One caveat is that the flow rate can not be so small that Brownian
motion causes the orientations and positions of particles to diffuse signifi-
cantly. This means that the flow rate must be small enough to ensure a Stokes
flow, but not so small that effects of particle diffusion become important in
comparison to the dynamics dictated by the flow. The time scale of the flow
is γ−1. The smallest diffusive time scale τD is proportional the temperature
T , and to the resistance tensor C that gives the torque upon a particle that
rotates in a quiescent flow (u (∞) = 0, Ω= 0,�= 0) [Leal & Hinch, 1971]. The
time-scale ratio forms the Péclet number

Pe= γτD , (4.22)

which must be large enough for the flow dynamics to dominate over Brown-
ian motion. In Paper C, we estimate Pe∼ 105, substantially larger than unity,
by modeling the triangular particle as a thin circular disc.

The recorded particle videos allow us to reconstruct the full
three-dimensional motion of the triangular particles from their corner posi-
tions in consecutive video frames. We identify several particle trajectories
that are reversible, some of them are shown in Paper C. Since Brownian
motion and effects of non-zero Res are absent for these trajectories, the sym-
metries of our particles ensure that they move on Jeffery orbits. Indeed, the
reversible orbits shown in Paper C are well described by Jeffery’s theory. By
fitting Jeffery orbits to the observed angular trajectories, we infer that our tri-
angular particles move as oblate spheroids with shape parameter Λ≈−0.95.
By showing that particles shaped as equilateral triangles move on Jeffery
orbits in a simple shear flow, we verify that an axisymmetric particle that
with a mirror plane that contains the axis of rotation symmetry has the same
angular dynamics as an equivalent spheroid.

4.3 Discussion

The theory of Paper B extends that of Bretherton [1962], and makes it possible
to predict the angular dynamics of more generally shaped particles. The
symmetry requirements of Bretherton [1962] include spheroids and more
general bodies of revolution, but exclude triangular and hexagonal particles.
Bretherton [1962] concludes that the former particles spin and tumble like
spheroids, and we conclude that the latter particles do so as well. Our results
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are therefore important for the angular dynamics of microorganisms with
cross sections in the form of regular polygons, such has the triangular algae
of the Genus Triceratium [Guiry & Guiry, 2016]. Nguyen et al. [2011] used
numerical simulations to test whether a plankton with spines can be modeled
as a spheroid. They concluded that a spheroid model is sound, because the
symmetry axis of a particle composed by a disc and 24 spines moves on a
Jeffery orbit in numerical simulations. The results of Paper B imply that the
model is not only sound. The model is perfect, because the spined particle
is rotationally symmetric and possesses several mirror planes that contain
the axis of rotation symmetry.

Our results in Paper B are of some relevance for angular dynamics of ice
crystals in clouds, which are often hexagonal. Ice crystals in clouds are com-
monly modeled as spheroids, with terms that describe inertial effects added
to the torque that they experience in Stokes flow [Jucha et al., 2018; Gus-
tavsson et al., 2019, 2020; Anand et al., 2020]. We show that the Stokes-flow
solution must indeed be obtained in the inertia-free limit of these equations.
It should however be noted that inertial effects are important for the ori-
entational distribution of ice crystals in clouds, as a consequence of that
the ice crystals are much heavier than the air. Recent results indicate that
settling causes the orientational distribution of ice crystals to be dominated
by inertial effects in most parameter regimes of interest [Gustavsson et al.,
2020].

Although axisymmetric particles with a mirror plane that contains the
axis of rotation symmetry spin and tumble as equivalent spheroids, such
particles may not translate as spheroids. This has recently been concluded by
Ishimoto [2020]. The author shows that such particles can have a slip velocity
v (o )−u (∞) that is described using two parameters in the overdamped limit.
The slip velocity is due a coupling between the translational motion and
strain, relying on a non-zero resistance tensor � . The coupling imposes a
force upon a particle at rest in a purely straining flow (u (∞) = 0, Ω= 0,� �= 0).
Ishimoto [2020] show that the combined translational and angular dynamics
in a simple shear flow is nevertheless periodic in the overdamped limit. The
center of hydrodynamic resistance translates periodically with the same
period as the tumbling period of the symmetry axis, the period of the Jeffery
orbit. The coupling between translational motion and strain vanishes if one
imposes a mirror plane that is orthogonal to the axis of rotation symmetry.
Therefore, both the translational and angular dynamics of a particle that
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possesses all symmetries considered in Paper B are of the same form as they
are for spheroids.

Einarsson et al. [2015] show that the combined effects of fluid and particle
inertia can cause a spheroid to tumble into a stable orientation in a simple
shear flow. The results in Paper B indicate that a similar effect must be
expected for particles with a discrete rotation symmetry, also when inertial
effects are absent. Imperfections in a symmetry plane that contains the
axis of rotation symmetry can namely give rise to non-zero values of Ψ, and
Eqs. (4.20) tell us that non-zero values of Ψ cause a particle to tumble into a
stable orientation.

The intrinsic viscosity of a dilute suspension of particles is determined
by the orientational distribution of the particles [Kim & Karrila, 1991]. In
the Outlook of this thesis I propose a study on the intrinsic viscosity of a
suspension of non-zero Ψ particles. Here, I argue that the intrinsic viscosity
of such a suspension is subject to a hysteresis effect, as a consequence of
that the particles tumble into stable orientations.

75

5 Conclusions

In this thesis I have presented my work on the simultaneous mixing and
evaporation at the edge of a turbulent cloud, and on the angular dynamics
of small crystals in flow.

Cloud-edge mixing and evaporation was the topic of Chapter 2 and Pa-
per A. A general conclusion is that one must take both the time scale for
droplet evaporation and saturation of the air into account when analyzing
the evolution of a cloud region. Simultaneous mixing and evaporation must
therefore be described using two Damköhler numbers. A three-parameter
description in terms of two Damköhler numbers and the volume fraction of
cloudy air captures the central ingredients of mixing-evaporation dynamics
– mixing, evaporation, and saturation of the air – and provide a simple way to
understand results of Andrejczuk et al. [2006], Kumar et al. [2014, 2018, 2013,
2012], Korolev et al. [2016], and Pinsky et al. [2016b].

The homogeneous mixing line in a mixing diagram can be generalized to
include mixing-evaporation processes with a non-zero fraction of completely
evaporated droplets as well. This notion, together with the three-parameter
description used in Paper A, makes it possible to infer dynamical information
from empirical data above the homogeneous mixing line. Each point in the
diagram corresponds to an equilibrated mixing-evaporation process, and
the spatial scale of the processes increases as one moves upwards from the
homogeneous mixing line. Furthermore, the three-parameter description
makes it possible to formulate a multiscale theory for how the effects of
mixing, evaporation, and saturation vary with spatial scale and position
within the cloud.

In Paper A we derive a statistical model to compute our numerical results.
The statistical model reproduces important observables in DNS of transient
mixing and evaporation [Kumar et al., 2014, 2012], but the supersaturation
dynamics of the model is oversimplified. The oversimplified supersatura-
tion dynamics prevents the model from reproducing transient heavy tails
and Gaussian relaxation of the Lagrangian supersaturation PDF; the PDF of
supersaturation at droplet positions.

In Chapter 3, I derive an improved statistical model that partially over-
comes the deficiencies of the statistical model in Paper A. The improved
model quantitatively reproduces the Lagrangian supersaturation PDF in
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DNS at low Damköhler numbers, and after the initial transient at moder-
ate Damköhler numbers. Analyzing the Lagrangian supersaturation PDF
using the model, I conclude the following. First, Gaussian relaxation of the
Lagrangian supersaturation PDF reflects a passive scalar behavior of super-
saturation at low Damköhler numbers, but droplet phase change prevents
Gaussian relaxation at moderate Damköhler numbers. Second, heavy tails
of the Lagrangian supersaturation PDF observed by Kumar et al. [2014, 2013,
2012] during the initial transient correspond to the U-shaped Eulerian PDF of
a passive scalar in the DNS of Eswaran & Pope [1988]. Third, heavy tails per-
sisting after the initial transient are independent of Lagrangian correlations
between supersaturation and condensation rate.

The angular dynamics of crystals in flow was the topic of Chapter 4 and Pa-
pers B and C. In Paper B we generalize a theoretical prediction of Bretherton
[1962] by showing that axisymmetric particles spin and tumble like spheroids
if they possess an N -fold rotation symmetry with N > 2, and a reflection
symmetry in a plane that contains the axis of rotation symmetry. As a conse-
quence, the angular dynamics of a small particle shaped as an equilateral
triangle is in the form of a Jeffery orbit in a simple shear flow. Paper C verifies
this prediction experimentally. The theoretical and experimental results are
important for the angular dynamics of small microorganisms with rotation-
symmetric cross sections.

The angular dynamics of rotation-symmetric particles with a reflection
symmetry orthogonal to the axis of rotation symmetry is in general described
by three parameters. Some such particles tumble as spheroids, but spin
differently. Other such particles tumble differently and tend towards a fixed
orientation in a simple shear flow.
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6 Outlook

6.1 Further improved cloud-edge model

The improved statistical model in Chapter 3 reproduces the supersaturations
of droplets in DNS at low Damköhler numbers quantitatively. It is therefore
a natural starting point in the development of future models that are quan-
titative in the limit of large Damköhler numbers. The initial deviations in
Fig. (3.4a) at Das ∼ 10 support that inaccuracies in the dynamics of the model
in Chapter 3 stem primarily from the closure for bounded Lagrangian super-
saturation fluctuations in Eqs. (3.14b) and (3.14c). The most important step
when deriving a further improved statistical model is therefore to replace this
closure. To describe bounded Lagrangian supersaturation fluctuations at
large values of Das, it is necessary to account for Lagrangian correlations be-
tween supersaturation and condensation rate, as explained in Section 3.2.3.
Such correlations can not be accurately accounted for in the statistical model
in Chapter 3, because the presence of nearby droplets is not addressed by the
joint PDF Fs r 2 of droplets and supersaturation. In light of this, it appears as
if significant improvements are possible with a probabilistic description that
also addresses the droplet-number density at droplet positions. A model that
describes Lagrangian correlations of supersaturation and droplet-number
density can namely account for how saturation is maintained at the position
of a droplet when there are many nearby droplets in its vicinity.

Correlated bounded fluctuations of two scalars can be described using
mapping closures [Pope, 1991; Klimenko & Pope, 2003]. In the development
of a statistical model that describes correlated fluctuations of supersatura-
tion and droplet-number density, one must be aware of that droplet-number
density represents a dilute mixture of droplets. Droplet-number density does
therefore not obey an advection-diffusion equation, like Eq. (2.1) for super-
saturation. This raises a problem, because advection-diffusion equations are
assumed in the derivation of mapping closures. One must however expect
that inhomogeneities in droplet-number density undergo a similar relax-
ation as inhomogeneities in supersaturation. This suggests that the joint
relaxation of droplet-number density and supersaturation can be accurately
reproduced using mapping closures, despite that droplet-number density is
a dilute field.
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6.2 Improved cloud-core models

It would be interesting to use the approximation ⧼C (t )|s = S⧽ of the average
condensation rate conditional on supersaturation [Eq. (3.8)] in a statistical
model for the cloud core. In present models for isobaric cloud-core dynamics,
droplet phase change affects the supersaturations of droplets through the
unconditionally averaged condensation rate [Sardina et al., 2015; Paoli &
Shariff, 2009; Siewert et al., 2017]. This does not account for that a phase
changing droplet exchanges water and latent heat locally, and therefore only
with air whose supersaturation is the same as the supersaturation of the
droplet. As a consequence, the models describe Gaussian scalar fluctuations
that are directly inherited from a Gaussian forcing, because droplet phase
change can not break the Gaussianity. It is therefore not possible to explore
effects of droplet phase change on the Lagrangian supersaturation PDF using
present cloud-core models. Such effects can however be explored if droplet
phase change is modeled using the approximation ⧼C (t )|s = S⧽.

6.3 Three-parameter analysis of empirical data

In Paper A, we explain how a three-parameter description of cloud-edge mix-
ing and evaporation makes it possible to infer mixing-evaporation histories
of empirically observed droplet populations represented in mixing diagrams.
In particular, one may infer a length scale L for each droplet population that,
under certain assumptions, is characteristic for the mixing and evaporation
that it has experienced. In order to demonstrate this new theory, we analyze
one of the droplet populations reported by Beals et al. [2015] in Paper A.
It would be interesting to apply the theory systematically in the future, us-
ing additional measurements that make it possible to relate inferred length
scales L to the positions of droplet populations within the cloud. Does the
length scale increase with distance to the cloud edge? The answer to this
question would indicate whether or not the three-parameter description
and its associated theory are correct and useful when characterizing mixing
and evaporation at different spatial scales.
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6.4 Intrinsic viscosity of a suspension of particles with
non-zero Ψ

A successful application of Jeffery’s theory for the angular dynamics of
spheroids in a simple shear, Eqs. (4.11), is on the intrinsic viscosity of a
dilute suspension of small spheroids. Leal & Hinch [1971]were able to derive
this viscosity for identical spheroids whose orientations change as a con-
sequence of deterministic Stokes-flow dynamics and stochastic Brownian
noise. Brownian noise adds a diffusion term to the Fokker-Planck equation
for the PDF that describes the orientational distribution of the spheroids.
This PDF is otherwise only subject to deterministic drift, reflecting the peri-
odic Jeffery orbits in Eqs. (4.13). The drift and noise combined give rise to an
equilibrium distribution, for which the intrinsic viscosity can be computed.
The fluid is non-Newtonian (shear thinning), since the particles orient them-
selves so that they contribute less to the stress at large shear rates [Kim &
Karrila, 1991].

How does the orientational distribution evolve for particles with non-
zero Ψ? One must expect that there is an equilibrium distribution, reflecting
that each individual particle is driven towards a steady-state orientation.
The steady-state distribution is therefore qualitatively different at Ψ �= 0,
because it does not reflect noise combined with a periodic particle motion.
Instead, it reflects noise around a steady-state orientation. One must expect
that this gives rise to a hysteresis effect, in which the intrinsic viscosity at a
given time depends on the history of shear rates. If the shear rate has been
constant for a long time, the intrinsic viscosity is determined by particles
that fluctuate around their steady-state orientations. But stable steady states
become unstable if the flow is reversed [Bretherton, 1962], so after a flow
reversal the intrinsic viscosity must be determined by particles tumbling
out of an unstable steady state for some time. The evolution of the intrinsic
viscosity from the instant of the reversal is determined by the shear rate, the
Péclet number, and the values of Λ and Ψ, because these factors determine
how the orientational distribution evolves. It may be possible to learn about
the intrinsic-viscosity dynamics by analyzing the Fokker-Planck equation
for the PDF of particle orientations, which is straightforward to formulate
[Kim & Karrila, 1991].
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7 Appendices

A Complete description of simulations in Section 3.2.5

Details of the statistical-model simulations in Section 3.2.5 are best explained
by dividing them into two classes. One class consists of parameters and
equations required by the spectral relaxation model of Fox [1995], and used
to compute the supersaturation dissipation rate εs (t ) in Eq. (3.7). The other
class consists of parameters that describe all initial conditions that are not
part of the spectral relaxation model.

A.1 Initial conditions not part of the spectral relaxation model

The initial distributions Fs r 2 (S , R 2; t ) and fs (S ; t ) are extracted from Kumar
et al. [2012]. The initial Eulerian supersaturation PDF fs (S ; t = 0) is obtained
by sampling the initial cloud slab of Kumar et al. [2012] uniformly over the
interval − 1

2 L < x < 1
2 L . The normalized supersaturation profile of the initial

cloud slab of Kumar et al. [2012] is given by

s (x , t = 0) = (1+ sc)exp
�

−ζ1

� x

L

�ζ2
�

−1, (7.1)

with parameters sc = 0.1, ζ1 = 1410, and ζ2 = 6. The initial droplet-size
distribution of Kumar et al. [2012] is monodisperse, so all droplets are initial-
ized with non-dimensional radius r (t = 0) = 1. The initial joint PDF Fs r 2 of
droplets and supersaturation is therefore given by

Fs r 2 (S , R 2; t = 0) =Fs (S ; t = 0)δ(R 2−1), (7.2)

where δ(. . . ) is Dirac’s delta function.
The initial mapping X (η, t = 0) is a transformation of fs , as explained in

Section 3.2.3. Consistently with Eq. (3.2), I initialize Lagrangian supersatura-
tion PDF Fs in Eq. (7.2) by sampling ξ(t = 0) from a standardized Gaussian,
conditional on

ξ(t = 0)>�−1(1−χ ), (7.3)

where �−1(X ) is the inverse CDF of a standardized Gaussian, and χ is the
initial volume fraction of cloudy air. This initialization is a direct translation
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of the initialization of droplets in Kumar et al. [2012], because Kumar et al.
[2012] initialize droplets uniformly over the interval −χ2 L < x < χ

2 L . The
initial volume fractionχ for the statistical-model simulations in Section 3.2.5
is extracted from Kumar et al. [2012], χ = 0.4.

A.2 Implementation of spectral relaxation model

The above mentioned feed-forward cascade of supersaturation variance
described by the spectral relaxation model reads:
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The number M of wave-number shells m = 1, . . . , M with variances
�

s ′(t )2
�

m
is computed from the Schmidt number Sc= κ/ν and the Reynolds number
Re1 = TKE/

�
νε, as explained by Fox [1995]. Extracting Sc = 0.6818 and

Re1 = 22.22 from Kumar et al. [2012], one finds M = 5. Following Fox [1995],
I find the time constants tm and the partition 0= k0 < k1 < · · ·< k5 of wave-
number shells corresponding to the DNS of Kumar et al. [2012]. The time
constants are listed in Table 7.1.

The initial supersaturation dissipation rate εs (t = 0) = 1.277×10−2τ−1
L and

the initial supersaturation varianceσ2
s (t = 0) = 2.258×10−1 are computed

from the initial supersaturation profile of Kumar et al. [2012]. Following Fox
[1995], I set the modeling constants in Eq. (3.7) to Cω = 0.54 and Cχ = 3. Fox
[1995] prescribes Cφ = 2, but reported values of Cφ typically range between
1.5 and 2.5 [Pope, 2000]. For meaningful comparison between statistical-
model results and DNS, Cφ can not be too crudely approximated. When
comparing to DNS of Kumar et al. [2014, 2012], I therefore estimate Cφ = 2.5
from the top right panel of Fig. 4 of Kumar et al. [2012].

The spectral relaxation model describes statistically homogeneous turbu-
lent mixing, but the DNS of Kumar et al. [2012]are statistically one-dimensional.
One consequence is that, for the partition 0= k0 < k1 < . . . k5 of wave-number
shells corresponding to the time constants in Table 7.1, all initial variance
ends up within the first wave-number shell, m = 1. This causes εs (t ) to make
a peculiar dip during a minute first fraction of a simulation. This dip lacks
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physical explanation, and most likely reflects that the spectral relaxation
model is used beyond its indented scope. I therefore avoid the dip by initial-
izing a small amount of variance within wave-number shells m > 1. These
initial variances are such that they sustain a constant value of εs (t ) over the
time interval of the non-physical dip. The initial shell variances

�

s ′(t )2
�

m
are

listed in Table 7.1.

Table 7.1: Time constants tm and initial shell variances
�

s ′(t = 0)2
�

m
used in

the implementation of the spectral relaxation model for the statistical-model
simulations in Section 3.2.5.

m 1 2 3 4 5

tm/τL 1 9.489×10−1 3.163×10−1 1.054×10−1 5.272×10−2
�

s ′(0)2
�

m
2.163×10−1 6.067×10−3 2.022×10−3 6.741×10−4 3.371×10−4

B Derivation of Eq. (3.8)

Eq. (3.8) defines the function ⧼Cd (t )|s = S⧽, an approximation of the condi-
tional average 〈Cd (t )|s = S 〉. Here, I explain details in the derivation of this
approximation, omitted in the main text. To derive ⧼Cd (t )|s = S⧽, I start by
rewriting Eq. (1.12). Using Eq. (2.1), Eq. (1.12) can be written:

Cd (x , t ) = 4πA3�p

∑

α

G (|x −x α(t )|)rα(t )s (x α(t ), t ). (7.6)

This rewriting of Eq. (1.12) is well known, and used by Vaillancourt et al. [2001]
and many others. I now impose that the width of the spatial kernel G (|x −
x α(t )|) is much smaller than the smallest length scale of the supersaturation
field s (x , t ). This constraint yields
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α
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because it implies that only droplets with supersaturations s (x α(t ), t ) =
s (x , t ) contribute to the condensation rate at x . Averaging Eq. (7.7) over
the volume V (t )S+∆S

S of the space between the contours s (x , t ) = S and
s (x , t ) = S +∆S , one finds:
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Here, the number N (t )S+∆S
S and average radius r (t )S+∆S

S of droplets within
V (t )S+∆S

S are given by
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denotes the fraction of the effects on supersaturation that droplet α exerts
within V (t )S+∆S

S . Having formulated C d (t )|S+∆S
S in term of N (t )S+∆S

S and
r (t )S+∆S

S , I take the limit∆S → 0 and arrive at Eq. (3.9).
To arrive at ⧼Cd (t )|s = S⧽, it remains to prove Eq. (3.12). I start by deriving
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To derive Eq. (7.12), I define the volume fraction χ (t )S+∆S
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supersaturation in the interval S < s (x , t )< S +∆S . This volume fraction is a
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physical explanation, and most likely reflects that the spectral relaxation
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�

s ′(t )2
�

m
are

listed in Table 7.1.
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�
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�

m
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�
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�
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to denote the CDF Fs |χ (S ; t |ΦS+∆S
S ) of supersaturation conditioned on volume

fraction. For a given volume fraction χ(t )S+∆S
S = ΦS+∆S

S , the probability of
supersaturation to be within the interval S < s (x , t )< S +∆S equals ΦS+∆S

S ,

ΦS+∆S
S =Fs |χ (S +∆S ; t |ΦS+∆S

S )− Fs |χ (S ; t |ΦS+∆S
S )

= fs |χ (S ; t |ΦS+∆S
S )∆S +� (∆S 2), (7.16)

where

fs |χ (S ; t |ΦS+∆S
S ) =

∂

∂ S
Fs |χ (S ; t |ΦS+∆S

S ) (7.17)

is the PDF of supersaturation conditioned on volume fraction. The average
volume fraction

�

χ (t )S+∆S
S

�

of the domain with supersaturation in the interval
S < s (x , t )< S +∆S is given by:

�

χ (t )S+∆S
S

�

=

∫

ΦS+∆S
S fχ (Φ

S+∆S
S ; t )dΦS+∆S

S (7.18)

=∆S

∫

fs |χ (S ; t |ΦS+∆S
S ) fχ (Φ

S+∆S
S ; t )dΦS+∆S

S +� (∆S 2) (7.19)

= fs (S ; t )∆S +� (∆S 2). (7.20)

Here, the first step is to define
�

χ (t )S+∆S
S

�

. The second step is to insert the
expression for ΦS+∆S

S in Eq. (7.16). The third step is to obtain fs (S ; t ) as a
marginal PDF of fs |χ (S ; t |ΦS+∆S

S ) fχ (ΦS+∆S
S ; t ), which is the joint PDF of s (x , t )

and χ (t )S+∆S
S . Multiplying Eq. (7.18) by the domain volume V , one obtains

Eq. (7.12).
An analogous derivation leads to the relation

�

N (t )S+∆S
S

�

=N0Fs (S ; t )∆S +� (∆S 2). (7.21)

In the analogous derivation, one stars by defining the fraction q (t )S+∆S
S of

droplets with supersaturations s (x α(t ), t ) in the interval S < s (x α(t ), t ) <
S +∆S . One then introduces the PDF of q (t )S+∆S

S , in analogy with Eq. (7.13).
After that, one defines the conditional CDF

Fs |q (S ; t |Q S+∆S
S ) = Prob {s (x α(t ), t )< S} given {q (t )S+∆S

S =Q S+∆S
S }, (7.22)
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of droplet supersaturation conditioned on droplet fraction, in analogy with
Eq. (7.15). One proceeds by considering a given droplet fraction q (t )S+∆S

S =
Q S+∆S

S . Up to fist order in ∆S , this fraction can be expressed as a product
of ∆S and the PDF that corresponds to Fs |q (S ; t |Q S+∆S

S ), in analogy with
Eq. (7.16). Performing the steps in Eq. (7.18), one finds the expected fraction
of droplets with supersaturation supersaturations s (x α(t ), t ) in the interval
S < s (x α(t ), t )< S +∆S ,

�

q (t )S+∆S
S

�

=Fs (S ; t )∆S +� (∆S 2), (7.23)

which multiplied by N0 gives Eq. (7.21). Dividing Eq. (7.21) by Eq. (7.12), one
obtains Eq. (3.12).

C Particles with non-zero Γ and Ψ

It was explained in Section 4.2 that the angular dynamics of a rotation-
symmetric particle that possesses a mirror plane that is orthogonal to the
axis of rotation symmetry is governed by three shape parameters in Stokes
flow: Λ, Γ , and Ψ. Exact values of these shape parameters can be computed
for a particle that is constructed from a set of spheroids connected by in-
finitely thin rigid rods. It is clear that such particle are artificial, and do
not exist in reality. Particles consisting of many spheroids can however be
continuously deformed into more realistic particle shapes, and one may
therefore expect that a particle constructed from spheroids can give an in-
tuitive understanding for the physical meaning of the shape parameters of
realistic particles. Multi-spheroid models for particles in Stokes flow were
used already by Bretherton [1962].

In this Appendix I construct a particle that consists of four spheroids and
has Γ �= 0 and Ψ = 0, and another particle that consists of eight spheroids
and have Γ �= 0 and Ψ �= 0. I then argue for why the parameters Γ and Ψ are
non-zero by analyzing the torque that the flow exerts upon the particles when
they are placed in a simple shear flow. The particles that I construct have a
rotation symmetry and a reflection symmetry in a plane that is orthogonal to
the axis of rotation symmetry, so Paper B tells us that their angular dynamics
are completely determined by Λ, Γ and Ψ. Before I construct the particles
in Sections C.2 and C.3, I start by explaining how the shape parameters of a
multi-spheroid particle can be computed in Section C.1.
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therefore expect that a particle constructed from spheroids can give an in-
tuitive understanding for the physical meaning of the shape parameters of
realistic particles. Multi-spheroid models for particles in Stokes flow were
used already by Bretherton [1962].

In this Appendix I construct a particle that consists of four spheroids and
has Γ �= 0 and Ψ = 0, and another particle that consists of eight spheroids
and have Γ �= 0 and Ψ �= 0. I then argue for why the parameters Γ and Ψ are
non-zero by analyzing the torque that the flow exerts upon the particles when
they are placed in a simple shear flow. The particles that I construct have a
rotation symmetry and a reflection symmetry in a plane that is orthogonal to
the axis of rotation symmetry, so Paper B tells us that their angular dynamics
are completely determined by Λ, Γ and Ψ. Before I construct the particles
in Sections C.2 and C.3, I start by explaining how the shape parameters of a
multi-spheroid particle can be computed in Section C.1.
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C.1 Shape parameters of multi-spheroid particles

In Paper B, we express the shape parameters in terms of elements of the re-
sistance tensors� and� in the particle fixed basis [q , p , n ], where n points
along the symmetry axis of the particle. For particles with the symmetries
under consideration, it is found that:

Λ=−2
�123

�11
, Ψ = 2

�113

�11
, and Γ =

�333−�311

�33
−Ψ. (7.24)

Here, it is assumed that� is symmetric in its last two indices,�i j k =�i k j .
This assumption causes no complications, because� occurs only multiplied
with the strain rate � in Eq. (4.6), which is symmetric. Eqs. (7.24) make it
possible to find the shape parameters Λ, Γ and Ψ for a particle by computing
the tensor elements�123,�113,�333,�311,�11, and�33 in the particle-fixed
basis.

The tensor elements can be computed for a particle by analyzing its hy-
drodynamic torque in different flows, using Eq. (4.6). For example one finds

�11 =
τ1

µ
(7.25)

by placing the particle at rest in the purely rotating ambient flow withΩi =δi 1,

u (∞)i = 0, and Si j = 0. In the same way one finds �33 from τ3 in a purely
rotating flow with Ωi = δi 3. Similarly, one finds the tensor elements�123,
�113, �333, and �311 by putting the particle at rest in different straining
flows. If the rate of strain Si j is symmetric and traceless it is guaranteed that
it represents a Stokes flow in which the torque is given by τi =µ�i j k Sj k .

The distances between the spheroids of the multi-spheroid particles that
I construct below are much larger than the spheroids that they consist of.
This ensures that there are no interactions between the spheroids, and that
the torque upon the multi-spheroid particles does not depend on the torque
that each spheroid experiences around its center due to flow gradients [Kim
& Karrila, 1991]. That the rods that connect the spheroids are infinitely
thin implies that they do not contribute to the torque upon the particle.
The particle torque τ is therefore the summed torque contributions of all
spheroids:

τ=
N
∑

s=1

r (s )×F (s ). (7.26)
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Here, I introduced N to denote the number spheroids, and labeled each
spheroid by an index s = 1, . . . , N . Furthermore, F (s ) is the force upon
spheroid s , and r (s ) is its position.

The flow velocity u (s ) at spheroid s in a purely rotating or straining flow is
given by

u (s ) =Ω× r (s ) +�r (s ), (7.27)

where Ω and � are the flow rotation and strain. The force F (s ) upon spheroid
s depends upon the flow velocity at the spheroids position, and upon the
spheroids orientation. The orientation dependence is given by the spheroids
force-velocity resistance tensor� (s ). If the particle is at rest, one finds

F (s ) =µ� (s )u (s ). (7.28)

The particles that I construct consist of identical spheroids. The resistance
tensor� (s ) for spheroid s can be written

� (s ) = X At (s )t (s )
T
+ Y A(�− t (s )t (s )

T
), (7.29)

where t (s ) is a unit vector pointing along the symmetry axis of spheroid s ,
and X A and Y A are resistance functions that depend on the size and aspect
ratio of the spheroid [Kim & Karrila, 1991].

In summary, one can find the shape parameters of the multi-spheroid par-
ticles that I construct below from the resistance-tensor elements in Eqs. (7.24).
These tensor elements are given by the torque upon the particle in different
flows, as in Eq. (7.25). The torque is given by Eqs. (7.26), (7.27), (7.28), and
(7.29).

C.2 A particle with Γ �= 0 and Ψ = 0

The particle in Fig. (7.1) is similar to the particle in Fig. 5 of Paper B, and looks
like a water wheel. It however consists of four spheroids (N = 4), as opposed
particle in Fig. 5 of Paper B, which consists of three. The four-spheroid setup
facilitates the intuitive understanding of the parameter Γ that I argue for
below. The spheroids are located in the (q , p )-plane, at a distance ξ from
the origin. Their symmetry axes are contained in the (q , p )-plane, but are
rotated by an angle ϕ1, in order to ensure that the particle does not possess
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rotated by an angle ϕ1, in order to ensure that the particle does not possess
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a reflection symmetry in a plane that contains the axis of rotation symmetry.
The angle ϕ1 is defined in Fig. (7.1a).

For the particle in Fig. (7.1) one finds

C11 =2ξ2Y A , C33 = 4ξ2
�

Y A + (X A − Y A)sin2ϕ1

�

, (7.30)

H123 =ξ
2Y A , H113 = 0 , and (7.31)

H333−H311 =(Y
A −X A)ξ2 sin 2ϕ1 , (7.32)

using the procedures outlined above. Eqs. (7.24) give:

Λ=−1 , Ψ = 0 , and Γ =
1

4
sin 2ϕ1

�

1

1−X A/Y A
− sin2ϕ1

�−1

. (7.33)

Consistently with that Γ relies on that the particles does not possess a re-
flection symmetry in a plane that contains the axis of rotation symmetry,
the parameter vanishes for ϕ1 = 0, ϕ1 = π/2, and X A = Y A . The particle
has Λ=−1, which corresponds to a spheroid with zero aspect ratio. This is
a consequence of that the particle is infinitely flat, since all spheroids are
much smaller than the particle size, and since the spheroids reside in the
same plane.

The magnitude of the shape parameter Γ can not exceed 1/(4
�

2) = 0.18
for this particle. This can be understood by analyzing the expression for
Γ in Eqs. (7.33), and taking into account that the ratio X A/Y A ranges from
1/2 for infinitely thin discs, to 2 for infinitely thin rods Kim & Karrila [1991].
The largest magnitudes |Γ | are obtained if the particle is constructed from
infinitely thin discs. At the angles ϕ1 = ±arctan(

�
2) = 55◦, one obtains

Γ =±1/(4
�

2)by inserting X A/Y A = 1/2 into the expression for Γ in Eqs. (7.33).
Placed in the simple shear flow defined in Section 4.1.1, the effect of Γ

on the particle spin is described by Eq. (4.20c). The effect is maximal at the
anglesφ =π/4 and θ =π/2. In this orientation the particle is oriented with
its symmetry axis in the flow-shear plane, so that it makes a 45◦ angle with
the flow direction. In this orientation, the particle has a non-zero spin only
if Γ �= 0. Figs. 7.1b and 7.1c show a Γ �= 0-particle in this orientation, viewed
from different angles. It can be seen that the particle orientation ensures
that the flow hits the different sides of the particle in opposite directions.
The x -velocity is positive for the spheroid above the flow-vorticity plane, but
negative for the spheroid below this plane. If the particle is at rest, spheroids
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1 and 3 give a non-zero torque along the symmetry axis of the particle. In
the overdamped limit, the particle moves so that the torque upon it vanishes
at every instant . It must therefore make a spinning motion parameterized
by Γ to compensate for this torque.

C.3 A particle with Γ �= 0 and Ψ �= 0

This particle resembles two propellers of opposite chirality that are fixed to
the same axis of rotation symmetry. The spheroids reside in two layers that
are mirror images of each other, reflected in a plane that is orthogonal to
the axis of rotation symmetry. The layers are separated by a distance ζ, and
contain four spheroids each. The particle is constructed as follows:

1. Place the first spheroid at r (1) = ξq + (ζ/2)n . Orient the spheroid so
that its symmetry axis resides in the (p , n )-plane, and forms the angle
ϕ2 with the p -direction; t (1) = cosϕ2p + sinϕ2n .

2. Construct the top layer of the particle by adding spheroids 2, 3 and 4
as rotations of spheroid 1 by the angles π/2, π, and 3π/4 around the
n -axis. The position and orientation of spheroid s (2≤ s ≤ 4) is then
given by r (s ) = �π/2n r (s−1) and t (s ) = �π/2n t (s−1), where �π/2n denotes a
π/2 rotation around the n -axis.

3. Construct the bottom layer of the particle by adding spheroids 5, 6,
7, and 8 as reflections of spheroids 1, 2, 3, and 4 in the (p , n )-plane.
The position and orientation of spheroid s (5≤ s ≤ 8) is then given by
r (s ) = r (s−4)−ζn and t (s ) = t (s )−2(n · t (s−4))n .

Figs. 7.2a and 7.2b show a particle of this type, viewed from two different
angles. Following the procedure described in Section C.1, one finds

C11 =2Y A(ζ2+2ξ2) + (X A − Y A)ζ2 cos2ϕ2

+4(X A − Y A)sin2ϕ2 , (7.34)

C33 =8ξ2
�

Y A + (X A − Y A)cos2ϕ2
�

, (7.35)

H123 =− Y A(ζ2−2ξ2)−
1

2
(X A − Y A)ζ2 cos2ϕ2

+2(X A − Y A)ξ2 sin2ϕ2 , (7.36)

H113 =− (X A − Y A)ζξsin 2ϕ2 , and H333−H311 =−2H113, (7.37)
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and

Λ=
λ2−1+ 1

4 (1−X A/Y A)[2−λ2− (λ2+2)cos 2ϕ2]

λ2+1− 1
4 (1−X A/Y A)[2+λ2+ (λ2−2)cos 2ϕ2]

, (7.38)

Ψ =
1�
2
(1−X A/Y A)λsin 2ϕ2

λ2+1− 1
4 (1−X A/Y A)[2+λ2+ (λ2−2)cos 2ϕ2]

, and (7.39)

Γ =−
�

1/2

λ2+1− 1
4 (1−X A/Y A)[2+λ2+ (λ2−2)cos 2ϕ2]

+
1/4

1− (1−X A/Y A)cos2ϕ2

��
2(1−X A/Y A)λsin 2ϕ2 , (7.40)

where λ = ζ/(
�

2ξ). The parameter Ψ vanishes for ϕ2 = 0, ϕ2 = π/2, and
X A = Y A , because the particle then possesses a mirror plane that contains
the axis of rotation symmetry. The particle is not flat, as opposed to the
particle constructed in the previous section, and the shape parameter Λ
corresponds to the shape parameter of a spheroid with finite aspect ratio.

The magnitude of the shape parameter Ψ can not exceed
2
5

�

103
�

6−252/sin
�

2 arccos(
��

6−2)
�

= 0.22 for the particle in Fig. 7.2.

This constraint follows from that 1/2 ≤ X A/Y A ≤ 2, just as the constraint
on |Γ | that I concluded in the previous section, for the particle in Fig. 7.1.
Analyzing Eq. (7.39), one finds that |Ψ| is maximized at λ = (2/3)1/4 = 0.90,

X A/Y A = 1/2, and ϕ2 =±arccos
���

6−2
�

= 48◦. A particle that maximizes

|Ψ| consists of infinitely thin discs, since X A/Y A = 1/2 at the maxima.
As in the previous section, we place the particle in the simple shear flow

defined in Section 4.1.1, and analyze the effect of Ψ using Eq. (4.20). The
shape parameter has a distinct effect on the tumbling when θ = 3π/2, so that
the particle is oriented with its symmetry axis in flow-shear direction. It is
only for a non-zero value ofΨ that particle tumbles with a non-zero value of θ̇ .
This means that the symmetry axis of a particle with a non-zero value of Ψ
can cross the flow-shear plane, as opposed to the symmetry axis of a particle
that moves of a Jeffery orbit. The magnitude of this effect peaks atφ = 0 and
θ = 3π/2. In this orientation the particle aligns its symmetry axis with the
shear direction. Figs. 7.2c and 7.2d show the non-zero-Ψ particle at rest in
this orientation, view from different angles. It can be seen that the two layers
of the particle face opposing flow, and that the chirality of the propeller-like
layers ensures that two opposing sides of the particle are dragged in opposite
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direction around the flow direction. As a consequence, the particle has a
non-zero torque component in the flow direction. To compensate for this
torque in the overdamped limit, the symmetry axis must perform a tumbling
motion across the flow shear plane that is parameterized by Ψ.



90 APPENDICES

and

Λ=
λ2−1+ 1

4 (1−X A/Y A)[2−λ2− (λ2+2)cos 2ϕ2]

λ2+1− 1
4 (1−X A/Y A)[2+λ2+ (λ2−2)cos 2ϕ2]

, (7.38)

Ψ =
1�
2
(1−X A/Y A)λsin 2ϕ2

λ2+1− 1
4 (1−X A/Y A)[2+λ2+ (λ2−2)cos 2ϕ2]

, and (7.39)

Γ =−
�

1/2

λ2+1− 1
4 (1−X A/Y A)[2+λ2+ (λ2−2)cos 2ϕ2]

+
1/4

1− (1−X A/Y A)cos2ϕ2

��
2(1−X A/Y A)λsin 2ϕ2 , (7.40)

where λ = ζ/(
�

2ξ). The parameter Ψ vanishes for ϕ2 = 0, ϕ2 = π/2, and
X A = Y A , because the particle then possesses a mirror plane that contains
the axis of rotation symmetry. The particle is not flat, as opposed to the
particle constructed in the previous section, and the shape parameter Λ
corresponds to the shape parameter of a spheroid with finite aspect ratio.

The magnitude of the shape parameter Ψ can not exceed
2
5

�

103
�

6−252/sin
�

2 arccos(
��

6−2)
�

= 0.22 for the particle in Fig. 7.2.

This constraint follows from that 1/2 ≤ X A/Y A ≤ 2, just as the constraint
on |Γ | that I concluded in the previous section, for the particle in Fig. 7.1.
Analyzing Eq. (7.39), one finds that |Ψ| is maximized at λ = (2/3)1/4 = 0.90,

X A/Y A = 1/2, and ϕ2 =±arccos
���

6−2
�

= 48◦. A particle that maximizes

|Ψ| consists of infinitely thin discs, since X A/Y A = 1/2 at the maxima.
As in the previous section, we place the particle in the simple shear flow

defined in Section 4.1.1, and analyze the effect of Ψ using Eq. (4.20). The
shape parameter has a distinct effect on the tumbling when θ = 3π/2, so that
the particle is oriented with its symmetry axis in flow-shear direction. It is
only for a non-zero value ofΨ that particle tumbles with a non-zero value of θ̇ .
This means that the symmetry axis of a particle with a non-zero value of Ψ
can cross the flow-shear plane, as opposed to the symmetry axis of a particle
that moves of a Jeffery orbit. The magnitude of this effect peaks atφ = 0 and
θ = 3π/2. In this orientation the particle aligns its symmetry axis with the
shear direction. Figs. 7.2c and 7.2d show the non-zero-Ψ particle at rest in
this orientation, view from different angles. It can be seen that the two layers
of the particle face opposing flow, and that the chirality of the propeller-like
layers ensures that two opposing sides of the particle are dragged in opposite

PARTICLES WITH NON-ZERO Γ AND Ψ 91

direction around the flow direction. As a consequence, the particle has a
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torque in the overdamped limit, the symmetry axis must perform a tumbling
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Figure 7.1: Particle with a non-zero shape parameter Γ . The particle consists
of four spheroids, and resembles a water wheel. The shape parameter Γ is a
function ofξ, and the angleϕ1 that determines the orientations of the spheroids
(see text). (a) Top view. The spheroids form a square, and each spheroid is at
the distance ξ from the symmetry axis of the particle. The symmetry axis of
each spheroid reside in the plane of this square, and forms the angleϕ1 with the
spheroids position vector. (b) The non-zero Γ reflects that the torque τ has a
non-zero component along the symmetry axis of the particle when the particle
is placed at rest in a simple shear flow with its symmetry axis in the flow-shear
plane. The effect of Γ is largest when symmetry axis resides in this plane and
is at a 45◦ angle with the flow direction. (c) Same as (b), but viewed along the
negative shear direction. The non-zero torque component in (b) follows from
that the drag force on spheroids 1 and 3 have opposing components in the
vorticity direction. This is a consequence of the orientations of the spheroids,
and of that the spheroids face opposing flow.
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Figure 7.2: Particle with a non-zero shape parameter Ψ. The particle consists
of eight spheroids that reside in two layers that are mirror images of each other.
The shape parameter Ψ is a function of the lengths ξ and ζ that determine the
positions of the spheroids, and the angle ϕ2 that determines their orientations
(see text). (a) Side view. The top and bottom layers are mirror images of each
other. The distance between the two layers is ζ, and the angle ϕ2 ensures that
the particle does not posses a reflection symmetry in a plane that contains its
axis of rotation symmetry. Each spheroid is located at a distance ξ from the
symmetry axis. (b) Top view. The spheroids in each layer form a square, and
each spheroid is a π/2-rotation of a neighboring spheroid in the same layer.
(c) The non-zero Ψ reflects that the torque τ has a non-zero component in the
flow direction when the particle is placed at rest in a simple shear flow with
its symmetry axis in the shear direction. (d) Same as (c), but viewed along the
flow direction. The non-zero torque component in (c) follows from that one
side of the particle is dragged in the shear direction, while the opposing side is
dragged against the shear direction.
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