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Abstract

This thesis combines the study of asymptotic properties of percolation pro-
cesses with various dynamical concepts. First-passage percolation is a model
for the spatial propagation of a fluid on a discrete structure; the Shape Theo-
rem describes its almost sure convergence towards an asymptotic shape, when
considered on the square (or cubic) lattice. Asking how percolation structures
are affected by simple dynamics or small perturbations presents a dynamical
aspect. Such questions were previously studied for discrete processes; here,
sensitivity to noise is studied in continuum percolation.

Paper I studies first-passage percolation on certain 1-dimensional graphs.
It is found that when identifying a suitable renewal sequence, its asymptotic
behaviour is much better understood compared to higher dimensional cases.
Several analogues of classical 1-dimensional limit theorems are derived.

Paper II is dedicated to the Shape Theorem itself. It is shown that the con-
vergence, apart from holding almost surely and in L', also holds completely.
In addition, inspired by dynamical percolation and dynamical versions of clas-
sical limit theorems, the almost sure convergence is proved to be dynamically
stable. Finally, a third generalization of the Shape Theorem shows that the
above conclusions also hold for first-passage percolation on certain cone-like
subgraphs of the lattice.

Paper III proves that percolation crossings in the Poisson Boolean model,
also known as the Gilbert disc model, are noise sensitive. The approach taken
generalizes a method introduced by Benjamini, Kalai and Schramm. A key
ingredient in the argument is an extremal result on arbitrary hypergraphs,
which is used to show that almost no information about the critical process is
obtained when conditioning on a denser Poisson process.

Keywords: First-passage percolation, noise sensitivity, continuum percola-
tion, Gilbert model, limit theorems, shape theorem, stopped random walks,
large deviations, dynamical percolation.
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Chapter 1

Introduction

The classical study of probability, before the 19th century, was limited to games
of chance. Studies concerned trials, or sequences of trials, which could result
in a finite number of equally probable outcomes. In the second half of the 19th
century, probabilistic statements found its way into physics. Heat as consisting
of molecular movements had recently become a leading theory. Ludwig Boltz-
mann’s and James Clerk Maxwell’s contributions resulted in the description of
molecular movements in a gas in terms of a probability distribution. This laid
the foundation of statistical mechanics.

As a part of classical physics, statistical mechanics aim to describe the
macroscopic behaviour of a large number of molecules or particles, based on
the properties on a microscopic level. Around the turn of the century, it be-
came apparent that classical physics was unable to explain several empirical
observations, such as heat radiation and radioactivity. Quantum mechanics
was introduced to explain interaction at atomic scales. The first step towards
a quantum theory was taken in 1900 by Max Planck when studying black-body
radiation. Further contributions were made a few years later by Albert Ein-
stein. A rapid development of quantum mechanics into an established theory
took place between 1925 and 1927. It was led by Max Born, Werner Heisenberg
and Erwin Schrodinger, and culminated with the derivation of Schrodinger’s
wave equation and Heisenberg’s uncertainty principle. Via the wave equation,
the position of a particle got a probabilistic interpretation.

The introduction of probabilistic statements as a mean to describe physical
processes was by many contemporary scientists seen as a consequence of our
ignorance, rather than as a belief of nature itself as being governed by chance.
In classical physics, motion and interaction are caused by known or unknown
forces. In quantum mechanics, however, the physical state of a system can only
be given probabilistically. In particular, as a consequence of the uncertainty



principle, on a microscopic scale, there is a bound for the precision by which
the position and the motion of a particle can be determined simultaneously.
With the progress of quantum mechanics, the world unavoidably had to be
interpreted as indeterministic. At the same time, randomness and probability
obtained a definite position in our understanding of the physical world.

In his book, von Plato (1994) gives a careful account of the creation of
modern probability. The introduction of random processes in continuous time
by Boltzmann and Maxwell, as well as Einstein’s derivation of the mean dis-
placement law of Brownian particles in 1905, called for a more rigorous math-
ematical framework. Measure theory was developed by Borel and Lebesgue
around the turn of the century. Despite that, it would take until the early
1930’s before measure theory would turn probability into a well-founded the-
ory. von Plato explains further how the development of statistical mechanics,
together with the rapid conceptual change towards an indeterministic view of
the world, made important contributions for this change to take place.

Ever since probability theory received its position as a solid and respected
branch of mathematics, probabilists have in their turn sought inspiration and
motivation in various real-world phenomena. Inspiration was found in anything
from physics and biology to finance and social science. An area of probability
theory that has had a particularly fruitful exchange of ideas with, and motiva-
tion from, physics and physical phenomena is the area of percolation theory.
Percolation models are examples of random spatial processes which aim to
model physical phenomena via simple random rules. Common to percolation
models is that rules are defined on a local scale. The effect small local changes
have on the behaviour of the system on larges scales is thereafter studied. In
this sense, there are clear connections to statistical mechanics. Percolation
models generally allow many natural and intuitive problems to be posed with
low effort, whereas giving satisfactory solutions to the problems often turn
out far from trivial. This is of great appeal, since it often calls for creative
development of new techniques in order to gain deeper understanding of the
problem.

Before introducing the work of this thesis, I will first give a short introduc-
tion to percolation theory. I will begin with a rather informal description of a
few models and concepts to give the reader a flavour of the field. The informal
presentation will be sufficient to give a brief motivation behind, and description
of, the content of the current thesis. After that, a more detailed presentation
will be given of some relevant parts of the area, as well as a summary of the
papers that build up the thesis. During the informal desctiption I have pre-
ferred not to burden the text with references. The reader will instead find all



relevant references in the more detailed presentation in subsequent sections.

1.1 Percolation theory

The bond percolation model is arguably the simplest and most classical among
percolation models. Simple here refers to the ease with which the model can
be described. However, many natural questions regarding its behaviour pose
great challenges and several of them remain unanswered until this day. Bond
percolation was motivated as a model to describe the seemingly random struc-
ture of a porous material. It is a discrete model, where the discrete structure
is provided by a suitably chosen graph. A graph consists of a set of vertices
and a set of bonds between pairs of vertices. Each bond, also referred to as an
edge, symbolizes a connection between the two vertices. The Z¢ lattice, or the
7% nearest neighbour graph, for d > 2, is the graph whose vertices are given by
the points in Z%, and where two vertices are connected by an edge if they are
at Euclidean distance one from each other.

The Z¢ lattice is an infinite graph, and is used as an approximation of a
large region. To obtain a random structure from the Z¢ lattice, we proceed as
follows. Go through each edge one by one, flip a coin, and decide to keep the
edge if the coin turns up heads and remove the edge if the coin turns up tails.
Thus, each edge is removed independently of all other edges. The resulting
structure can be viewed as a representation of a large piece porous material if
thinking of vertices as cells in the material, and edges symbolizing neighbouring
cells having a reasonably large passage between them (as to allow a fluid to
pass, say).

With this interpretation of the model, a fluid is able to flow from one cell
to another if there is a path, that is, a sequence of edges between neighbouring
cells, that connect the cells. To give a more specific definition of a path, a
path between two points u and v of a graph refers to an alternating sequence
of vertices and edges u = vg, e1,v1,...,€n, Uy = v, starting and ending with a
vertex, and such that the vertex v is the endpoint of the edges e and ey
preceding and succeeding vy.

Studying the random structure obtained through coin tossing leads to ques-
tions concerning the existence of paths in the random structure. In particular,
one may ask if the centre of a large piece of porous material will be wet when
submerged in the fluid? This corresponds to the question of how far a fluid
injected at the centre of the material will reach. Since the model is based on
an infinite graph, is it possible for a fluid injected at the centre (the origin of
the graph) to wet infinitely many cells? That the fluid will wet another cell
corresponds to the existence of a path from the origin to that cell. Cells that



are connected by paths form components of interconnected cells. What can be
said about the size of these components?

In fact, the answers to these questions differs depending on the coin being
fair or being biased. Consider some fixed dimension d > 2, and let p € [0, 1]
denote the probability that the coin tossed turns up heads. Thus, p = 1/2
corresponds to the coin being fair, and p # 1/2 to the coin being biased.
For values of p close to 1, an infinite connected component of cells will exist,
whereas for values of p close to 0, all components will be finite. As p ranges
from 0 to 1, the system undergoes what physicists call a phase transition, that
is, a sudden change in the qualitative behaviour of the model. An example of
such a phenomena in nature is the structural transition that water experiences
as temperature increases, going from solid to liquid to gas. In the case of bond
percolation, the phase transition that occurs is that the random structure goes
from having no infinite connected component of cells when p is close to 0 and to
have one for p close to 1. In fact, there is a critical value p.(d) strictly between
0 and 1 such that for p < p.(d), there is no infinite connected component,
but for p > p.(d) an infinite connected component does exist. The existence
and non-existence of infinite components should be understood to hold with
probability 1, or almost surely. When an infinite component exists, there is
also positive probability for a fluid injected at the origin to reach infinitely far.

As a final remark, the restriction d > 2 was imposed in the above discussion
to avoid the trivial case when d = 1. When d = 1 and p < 1, then only finite
components will remain after edges have been removed in accordance with the
result of the coin tosses. When p = 1, the graph will remain intact.

1.2 Alternative percolation models

It may seem naive to think that such a well structured graph as a lattice can
be suitable to describe the seemingly irregular structure of a porous material.
This is a relevant criticism. Omne should emphasise that from a probabilists
point of view, the intention of the model was never to achieve a model that
in a realistic way describes the local structure of the material. Rather, the
objective was to find a reasonable model which on a large scale is plausible to
have similar qualitative properties as the object it intends to describe. When a
large portion of the material is resembled by a very fine grid, it seems reasonable
to assume that the precise structure of the grid should have little influence on
the qualitative behaviour of the model. However, there have been various
reasons to introduce alternative models of similar flavour. Each model has its
own advantages. It can offer easier computations, more symmetry, or enhanced
generality. It is generally expected that small variations of a model on a local



scale should not affect the global (qualitative) behaviour of the model. Morally,
similar observations should hold for similar models. As physicists phrase it,
models with similar behaviour belong to the same universality class.

As an alternative to bond percolation, site percolation is the model where
vertices, instead of edges, are being removed. In bond and site percolation, a
random structure is obtained form a fixed graph, such as a lattice. In order
to achieve models that are homogeneous in space, and does not depend on
an underlying discrete structure, certain continuum percolation models have
been introduced. Continuum percolations models (in two dimensions) essen-
tially amounts to constructing a random graph embedded in R?, which is ac-
complished in the following manner. A subset of points in R? is chosen to
constitute the vertex set of the graph. Next, pairs of vertices are joined by an
edge depending on the local geometry around the two points. One such model
that is studied further in this thesis is the Poisson Boolean model, also known
as the Gilbert disc model. In this model, a Poisson point process with inten-
sity A is chosen to constitute the vertex set, and thereafter any two points are
connected by an edge if their Euclidean distance is at most 2. An alternative
way to visualize this is to at each Poisson point centre a disc of radius 1. The
subset of the plane covered by the discs corresponds to the random graph. In
particular, collections of overlapping discs corresponds to connected compo-
nents in the graph. Questions such as size of connected components, existence
of infinite connected components, and uniqueness of such, are questions that
have similar qualitative answers as corresponding questions for bond percola-
tion. In particular, the existence of an infinite component of overlapping discs
depends on the intensity A, for which there is a critical intensity A\, € (0, 00)
such that A < A\, implies non-existence of an infinite component, and A > A.
implies existence, each with probability one.

1.3 A stochastic model for spatial growth

Another model that will be studied closer in this thesis is known by the name
first-passage percolation. Similar to bond percolation, the model is defined on
an underlying discrete structure, the typical such being the Z¢ lattice. In con-
trast, bonds are not removed in first-passage percolation, but assigned random
non-negative values according to some distribution. The values assigned to
edges could be thought of as times associated with the crossing of the edges.
In particular, if a fluid is injected at the origin, and is allowed to spread along
the edges of the graph, then the passage of an edge is delayed the time indi-
cated by its random value. With this picture in mind, one may ask how many
vertices will be wet by the fluid during a fixed time period, and more precisely,



how does the region of wet vertices evolve over time?

First-passage percolation can be viewed as a dynamic version of bond per-
colation. If an infinite value assigned to an edge symbolizes its absence, then
the bond percolation model is retained in the case when edges are assigned
values either 1 or co with probability p and 1 — p. However, first-passage per-
colation should not be thought of as a mere generalization of bond percolation.
Rather, it was introduced as a stochastic model for spatial growth, and the
questions of interest differ from the ones posed for bond percolation. Here, the
central object is not the component containing the origin, but the region of wet
nodes evolving in time. An object that can be studied more directly is the time
it takes the fluid to reach a distant vertex. Understanding such travel times
is the key to describe the behaviour of the wet region. Since the fluid may
advance along any path allowed by the underlying structure, the travel time to
a specific vertex is not obtained by simply summing up random contributions.
How does this influence the travel time? Is the time it takes the fluid to reach
vertices far away proportional to their distance from the origin? Given a path
from the origin to a vertex, the travel time to that vertex is at most the sum of
the random times associated to the edges of the path. This is referred to as a
subadditive behaviour, and led to the study of so called subadditive stochastic
sequences.

1.4 Concepts of sensitivity in random structures

As the research literature in the area has grown, the perspective has widened
to alternative questions and concepts. Investigations has concerned not only
the structure of percolation clusters themselves, but also the behaviour of ob-
jects such as random walks on infinite percolation clusters. Stochastic growth
models, such as first-passage percolation, have been employed to study the
evolution of various objects competing for space. Other recent development in
percolation theory have aimed to study how percolation models are affected by
introducing simple dynamics, or when exposed to small perturbations. Both
bond and site percolation are static models. A random structure is achieved
through independent coin tosses. Depending on the bias of the coin, the re-
sulting structure either contains or not an infinite connected component. Dy-
namical (bond) percolation is obtained when simple dynamics is introduced to
invoke life to the model. Assume that each edge is assigned a Poisson clock,
which is set independently of all other clocks. At each ring of the clock the
edge changes its state, i.e., from absent to present and vice versa. Hence, is an
edge was declared present from the start, then it will be removed at the first
ring, and reappear when the clock rings again. At each fixed time point, the



random structure that we observe corresponds to a bond percolation configu-
ration obtained from independent coin flips. In particular, at each fixed time
point we will have the same probability to observe an infinite component, and
that probability is either 0 or 1. However, is it possible that there exists (ran-
dom) times at which the presence of an infinite component is changed? When
considering bond percolation away from criticality, the question can relatively
easily be answered no. But, for bond percolation on the Z? lattice at the crit-
ical probability p = 1/2, highly non-trivial techniques were needed in order
to prove that, almost surely, there are exceptional times at which an infinite
component appears, although is has probability 0 to occur at any fixed time
point.

In the dynamical percolation model, an interesting question is how fast the
information given by the initial configuration is lost as time elapses. To be able
to quantify this in a suitable way, one investigate how a sequence of events of
interest defined on an increasing sequence of subgraphs of the lattice correlates.
The correlation is compared at time zero and at a small time §. This correspond
to comparing how the sequence of events correlates for a configuration, and a
small perturbation of the same configuration. The perturbation is obtained by
independently for each edge flip its state with very small probability. If the
correlation of the sequence of events between the two configurations tends to
zero as the region of the graph increases, this indicates that the information
kept in the originating configuration is quickly lost. The sequence of events is
judged sensitive to noise.

The connection between dynamical percolation and sensitivity to noise is
apparent, but even more so, studying sensitivity of small perturbations of cer-
tain sequences of events renders the possibility to conclude that dynamical
percolation experiences exceptional events that has zero probability of occur-
ring at any fixed given time.

1.5 Thesis layout

The above rather loose introduction to percolation theory was meant to moti-
vate further study of the field. Both first-passage percolation and the Poisson
Boolean model are studied further in this thesis. A brief summary of the papers
in this thesis is given next.

Paper I The behaviour of first-passage percolation in two and higher di-
mensions is still not well understood. In Paper I, first-passage perco-
lation is considered on graphs that are essentially 1-dimensional. The
1-dimensional structure enables the analysis of the process to be simpli-
fied considerably, and its behaviour to be described more precisely.



Paper II One of the main results on first-passage percolation is the Shape
Theorem. The result describes the almost sure evolution of the wet region
on the Z% lattice. Paper II generalizes this result to cone-like subgraphs
of the lattice, and in addition discusses a few other modes of convergence.
In particular, the effect of simple dynamics when introduced in a similar
manner as in dynamical percolation is studied.

Paper III The Poisson Boolean model is studied from a perspective of how
small perturbations affect the existence of connected components that
intersect the sides of large boxes. This essentially amounts to generaliz-
ing techniques used to study similar phenomena in discrete cases. The
perturbation that is intended can be visualized as follows. A configura-
tion of discs in the plane of a predetermined density is assumed present
before time is started. As time starts, new discs rain down from the sky,
at the same time as discs on the ground disappear after spending a ran-
dom time on the ground. The rate at which discs appear and disappear
is balanced so that the density of discs at the ground is kept constant.
Given the similarity between bond percolation and the Poisson Boolean
model, one may expect that also the Poisson Boolean model will be sen-
sitive to noise in the manner described above. That this is the case is
proven in Paper III.

To prepare the reader further for the research papers in this thesis, I will
dedicate the following pages to give a more detailed description of the per-
colation models already presented, those being bond percolation, the Poisson
Boolean model and first-passage percolation. In order to get a feeling for
what kind of means are taken to study percolation models, I will indicate, and
sometimes outline, the proof of certain results. First, bond percolation and
the Poisson Boolean model will be discussed. Thereafter, before proceeding
to first-passage percolation, a detour will be taken to discuss certain random
sequences. Although well-known objects to a probabilist, there are several
reasons for this. Familiarity with large scale behaviour of sums of random
variables builds up a pleasant framework to which more complicated systems,
such as first-passage percolation, can be compared. A few words will be said
about renewal sequences, since first-passage percolation can be thought of as
a graph theoretical generalization of such. Moreover, the identification of a
suitable 1-dimensional renewal sequence will in fact be the key to the analysis
carried out in Paper I. Also subadditive sequences, which were fundamental in
the early developments in first-passage percolation, will be discussed briefly.
In fact, the original study of subadditive stochastic sequences was motivated
by first-passage percolation. Several different aspects of first-passage perco-
lation will later be discussed. The focus will be on its large scale behaviour,



which is further studied in Paper I and II. In particular, some limitations in
the understanding of the model in two and more dimensions will be indicated.
Sensitivity to noise and dynamics will be discussed quite closely. The model of
dynamical percolation will be introduced more formally as well as the concept
of noise sensitivity. The link between them will also be explained in greater
detail. The techniques used to study noise sensitivity are quite technical, and
some time is therefore spent on putting up the correct framework. An overview
of the already existing work on noise sensitivity and dynamical percolation is
then presented, since parts of that is what Paper III is built on.

After a shorter summary of the three papers, the second part of this thesis
follows, consisting of Paper I, IT and III.



Chapter 2

Random spatial structures

The bond percolation model was introduced by Broadbent and Hammersley
(1957). A brief description was given above, which I here will elaborate a
bit further. Above, the presentation was intentionally a bit informal, but I
will in what follows be more precise, with no intention of completeness. For
a comprehensive introduction, I refer to Grimmett (1999), or alternatively to
Bollobas and Riordan (2006). A more elementary source written in Swedish is
Héggstrom (2004).

2.1 Bond percolation

Bond percolation on the Z¢ lattice, where d > 2, is obtained of going through
each edge of the graph and, independently of all other edges, declare it either
‘open’ or 'closed’ with probability p and 1 — p, respectively, for some p € [0, 1].
The reason that d = 1 is excluded is that only trivial behaviour occurs. As a
probabilist one is interested in the qualitative behaviour of the resulting random
structure. A path between two vertices of the graph is, after the declaration of
edges as open or closed, referred to as open if all its edges are open. Any two
point in the graph are said to belong to the same open component if there is
an open path between them. Hence, the declaration of edges as open or closed
partitions the vertices of the graph into (connected) open components. Is it
possible that the random structure contains an infinite open component? How
many infinite components can there be?

Since the existence of an infinite open component cannot depend on the
state (open or closed) of finitely many edges, is follows immediately from Kol-
mogorov’s 0-1 law that for each p € [0,1], the probability that an infinite
component exists is either 0 or 1. When an infinite open component exists
we say the the system percolates at p. Let C denote the open component that
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contains the origin, or equivalently, the set of vertices that can be reached via
open paths from the origin. Define the percolation function as

6u(p) = P, (IC| = o),

where P, denotes the probability measure that independently for each edge
declares it open or closed with probability p and 1 — p, respectively. Due to
lattice symmetry, there is no restriction in considering the open component at
the origin as opposed to an open component positioned at any other vertex.
Since each vertex of the graph is equally likely to be contained in an infinite
open component, the almost sure existence of such coincides with the 6,(p)
being positive.

Given two values p; < po, can the system percolate at p1, but not at ps?
This is not the case, which can be seen via a simple coupling argument. Cou-
plings of random elements is a frequently used technique in the area. Coupling
two random elements amounts to defining them on the same probability space
in a way that their marginal distributions are unchanged, but enables them to
be favourably compared for each realization. The argument runs as follows.
Do not declare edges opened or closed, but assign to them independent uni-
formly distributed random variables on the interval [0,1]. Let & denote the
variable assigned to the edge e. Declare the edge p-open if & < p. Note that
the set of p-open edges corresponds to the set of open edges when each edge
independently has been declared open with probability p. Since each pi-open
edge also is po-open, we can conclude that the if an infinite open component
exists almost surely at density pi, then the same holds at density ps. In fact,
the argument implies the stronger statement that 64(p) is non-decreasing.

As already mentioned, the almost sure existence of an infinite open com-
ponent coincides with the function 64(p) being positive. Clearly, 04(0) = 0
and 64(1) = 1. Since 6,4(p) was seen to be non-decreasing, there must exist a
threshold p.(d) € [0, 1] such that, almost surely, for p < p.(d) no infinite open
component may exist, but for p > p.(d) it does. If p.(d) is either 0 or 1, then
nothing interesting really happens. This is the case when d = 1, but not in
higher dimensions.

Theorem 2.1. For each d > 2, 0 < p.(d) < 1.
In addition, several infinite open components cannot coexist.

Theorem 2.2 (Aizenman, Kesten, and Newman (1987)). For any d > 2 and
p € [0,1], the number of infinite open components is either 0 or 1, almost
surely.

Non-triviality of the percolation threshold is a central and simple result
in percolation theory, whose argument is instructive to see. There is a fairly
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elementary proof of the uniqueness of the infinite component which is due to
Burton and Keane (1989). Since the uniqueness is not essential for the thesis,
I omit the general proof, but will below present a short proof for d = 2 which
is due to Harris (1960).

Proof Theorem 2.1, lower bound. A lower bound on p.(d) is given rather easily
via a counting argument. Observe that if the open component at the origin
is infinite, then there has to be a path starting at the origin consisting of n
unique edges which are all open. There are at most 2d(2d — 1)"~! such paths,
since from the origin we must take n steps, and cannot pass the same edge
twice. The probability that all edges in one such path are declared open is p™.
Hence, the probability that there exists a path from the origin that contains n
disjoint edges which are all open is at most %[(2(1 — 1)p|™. This holds for all
n > 1. Hence, for all p < (2d — 1)~}

2d
<
Oa(p) < 57—

[(2d — 1)p]™ — 0, asn— oo.

Thus, 64(p) = 0 for small p > 0, which proves the lower bound in Theorem 2.1.
O

The Z? lattice can be embedded in the Z% lattice, for any d > 3. Hence,
via a coupling argument similar to the above one, if there exists an infinite

open component at p for d = 2, almost surely, then so must be the case for any
d > 2. More than that,

Pe(2) = pe(3) > pe(4) > ...

Actually, the inequalities are strict, but that takes a greater effort to prove.

Since p.(d) < pc(2) for all d > 3, in order to prove that p.(d) < 1 for all
d > 2, it suffices to do so for d = 2. To obtain an upper bound, a similar
counting argument as the above one is carried out, but this time counting sets
of closed edges blocking the existence of an infinite component at the origin.
Doing so, a central role is played by a spatial duality of the two-dimensional
lattice. This duality has far reaching consequences and has been of particular
importance in the study of two-dimensional percolation models. It is equally
important in discrete as in continuum percolation models, and will appear in
the study of the two-dimensional Poisson Boolean model in Paper III. This
calls for a proper presentation.

12



2.2 Duality of the square lattice and RSW tech-
niques

The dual graph of the Z? lattice is the graph obtained when centring a node on
each facet of the lattice, and connecting each node with the nodes that belong
to the neighbouring four facets. Note that each edge in the dual graph crosses
precisely one edge in the original graph. Hence, the dual graph is identical to
the Z? lattice, only shifted in space by 1/2 in each coordinate direction. Let
each bond in the dual lattice be declared open if the bond it crosses in the
original lattice is declared closed, and vice versa. Sets of closed edges in the
lattice that limit the open component at the origin corresponds to open paths
in the dual. In particular, it is easily realized that if there is an open circuit,
i.e., an open path with the same starting as endpoint, in the dual lattice that
surrounds the origin of the original lattice, then the open component at the
origin (of the lattice) can only consist of vertices on the inside of the dual
circuit. Hence, the open component is finite. Moreover, absence of an open
dual circuit surrounding the origin implies that the open component at the
origin is infinite.

Proof of Theorem 2.1, upper bound. To derive an upper bound on p.(d), one
can proceed as follows. Counting the number of dual circuits surrounding the
origin (there are at most n3" of length n; the factor n is the number of choices
of its rightmost point) one conclude that for p > 2/3 the expected number of
open circuits surrounding the origin (at most ) -, n3"(1 —p)") is finite, and
can be made arbitrarily small by picking p larger. Thus, for p < 1 sufficiently
large the probability of an open dual circuit surrounding the origin is less than
1, which implies 63(p) > 0. O

In two dimensions, a more complete and balanced picture of the critical
phenomena is known. The duality is the key behind this.

Theorem 2.3 (Harris (1960) and Kesten (1980)). For d = 2,

1, forp>1/2,

By(3 an infinite open component) = {o forp < 172
, forp < .

In particular, the result says that p.(2) = 1/2, and that at p.(2) all open
component are almost surely finite. That 02(1/2) = 0 is intuitively reasonable
to believe, since the contrary would imply the coexistence of an infinite open
component in the lattice with one in its dual. Also in higher dimensions it
is believed that no infinite component should exist at the critical probability.
However, this is known only for d > 19, due to Hara and Slade (1994). Which is
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the case for d = 3 is probably the most well-known open problem in percolation
theory.

That 03(1/2) = 0 was proved by Harris, which implies that p.(2) > 1/2.
Only much later could Kesten show that p.(2) < 1/2 based on, at the time,
recent work of Russo (1978) and Seymore and Welsh (1978). The techniques
developed by Russo, Seymour and Welsh has proven to be a useful tool and
provides additional knowledge about the spatial structure of the infinite com-
ponent. In order to introduce parts of their work, I will turn attention to
crossings of rectangles by open paths.

Let H,,x, denote the event that there exists an horizontal open crossing of
the rectangle [0, m] x [0,n]. That is, H,,x, denotes the event that there is an
open path from some vertex in {0} x [0, n] to a vertex in {m} x [0,7n], which is
contained in the restriction of the Z? lattice to the rectangle [0,m] x [0,n]. In
addition, let V. ,, denote the event that there is an open path in the dual lattice
crossing the rectangle [1/2,m —1/2] x [-1/2,n+1/2] vertically. An important
consequence of the duality is that H,,x, occurs if and only if V} . does not
occur. In particular, an immediate consequence is that for any p € [0,1], and
integers m,n > 1

Pp(Hmxn) + Pp(Vy,

mxn

)= 1.

Furthermore, due to similarity between rectangles, and the fact that a bond
in the dual graph is open if and only if the corresponding bond in the original
graph is closed, one realizes that P, (V) = P1—p(H(y41)x (m—1))- Forp =1/2
and m = n + 1, it follows immediately that

1
P1j2(Hmt1)xn) = Prja (Vi) =5, foralln > 1. (2.1)

This demonstrates the balance between the Z? lattice and its dual at p = 1/2.
In fact, for any other value of p # 1/2, the probability of the event H(,,1)xn
tends to either 0 or 1 as n increases. The existence of crossings of arbitrarily
large boxes at p = 1/2 may seem surprising in the light of Harris’ result that
62(1/2) = 0. However, since the existence of dual crossings is likewise implied,
this is precisely what is needed to guarantee the existence of an open circuit
in the dual lattice limiting the open component at the origin. Such circuits
can be constructed based on the techniques due to Russo, Seymour and Welsh.
The principal result can be stated as follows.

Theorem 2.4 (RSW Theorem). For every 6 > 0 there exists ¢ > 0 such that
for any p € (0,1) andn > 1,

Pp(Hpxn) > 6 implies Pp(Hspxn) > €.
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Although it may seem easy to believe that having a reasonable probability
of crossing a square would imply a reasonable probability of a crossing of a
rectangle, the proof requires a fairly creative construction. For a proof, consult
either Grimmett (1999) or Bollobas and Riordan (2006). Theorem 2.4 is itself
not essential for the proof of Theorem 2.3 (see e.g. Grimmett (1999)). However,
I will present a proof of Harris’ part of Theorem 2.3 based thereon.

When p = 1/2, (2.1) and Theorem 2.4 implies that Py /o(H3z,x,) > ¢ uni-
formly in n, for some ¢ > 0. Let C,, denotes the event that there is an open
circuit contained in the annuli [—3n,3n] \ [-n,n| that surrounds the origin.
Crossings of rectangles are positively correlated events, according to Harris’
inequality, also known as the FKG-inequality. In particular, this allows a lower
bound on the event C), in terms of the simultaneous occurrence of crossings of
four rectangles. This is possible by tiling the annulus [—3n, 3n)? \ [-n,n]? by
two rectangles of dimension 3n X n, and two of dimension n x 3n. If each such
rectangle contains an open crossing between its shorter sides, then the annulus
contains an open circuit. Consequently, Py /5(C,) > ¢* uniformly in n > 1. Let
me sketch how 62(1/2) = 0 can be obtained from this.

Proof of Theorem 2.3, part 2(1/2) = 0. Choose a subsequence of the sequence
C4,C9,. .. of events which are mutually independent. This will be the case e.g.
when n = 3% for k = 1,2, ..., since then the events are defined on disjoint parts
of the lattice. Each event has the same (positive) probability to occur, so the
Borel-Cantelli lemma assures that there will be infinitely many open circuits
surrounding the origin, almost surely. This was in the original lattice. But, if
the same argument is run in the dual, the existence of an (and even infinitely
many) open dual circuit that surrounds the origin will follow analogously. This
proves that 65(1/2) = 0. O

As mentioned above, also Kesten’s part of the proof that p.(2) = 1/2 is
based on the work of Russo, Seymour and Welsh. However, the argument
is more involved and will not be presented here. Instead, observe that the
argument used to prove that #2(1/2) = 0 has more to say about the random
structure at p = 1/2. It shows that around each point of the lattice there
will be a nested sequence of open paths in the original lattice and in the dual,
one containing the other. Moreover, each finite box centred at the origin will
be surrounded by open circuits in both the lattice and its dual. This is the
sufficient information we need in order to conclude uniqueness of the infinite
open component in two dimensions.

Proof of Theorem 2.2, for d = 2. Note that if each finite box has probability
one of being surrounded by an open circuit in the lattice at p = 1/2, then
the existence of such an open circuit has probability one for all p > 1/2. For
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any x and y in Z2, let A(x,y) denote the smallest box that contains x and
y. Observe that x and y can pertain to different infinite open clusters only if
A(x,y) is not surrounded by an open circuit. As argued, this has probability
zero. Summing over all pair of vertices in Z? gives that

P, (more than 1 infinite open component) =0, for all p € [0, 1]. O

If a little more care is taken when carrying out the above argument used to
prove 03(1/2) = 0, an upper bound on the so called one-arm’ event is obtained.
The one-arm event AE,, is the event that there exists an open path connecting
the origin to the boundary of the box [-n,n]?, i.e., {z € Z? : ||z||oc = n}. Note
that AE, fails to occur if there is an open circuit in the dual, surrounding
the origin and contained entirely within [~n,n])2. In turn, this occurs if there
is an open dual circuit in an annuli of the form [—3%,3%]? \ [3*~1,3k=1]2 for
some k > 1 such that 3¥ < n. There are about logn/log3 such annuli, each
of which, independently of the other, has probability at least ¢ to contain an
open dual circuit (for some ¢ > 0). Hence, if AE, occurs, then each of these
annuli has to fail to contain an open circuit. This leads to the upper bound

By jp(AE,) < (1—o)°em/ 1083 — e, (2.2)

for some o > 0.

2.3 Poisson Boolean model

The Poisson Boolean model was introduced by Gilbert (1960) and can be seen
as a continuum analogue to the bond (or rather site) percolation model. The
behaviour of Gilbert’s model is qualitatively similar to its discrete relatives.
For this reason, I will keep the presentation concise and restricted to the two-
dimensional case. It is in two dimensions the Poisson Boolean model will be
studied in Paper III. In the two dimensional continuum model, R? is partitioned
into ’occupied’ and 'vacant’ space by randomly placing unit discs in the plane.
Here, the randomness will come from the discs being placed in correspondance
with the points of a Poisson point process. Rather informally, a Poisson point
process 1) in R? of intensity A > 0 is a random subset of R? such that

a) for disjoint Borel sets By, ..., B, C R? then nN By,...,nN B, are inde-
pendent.

b) for every Borel set B C R? with Lebesgue measure v(B) < oo,

—\v(B) /\kV(B)k

P(lnNnB|=k) = e T

for k=1,2,3,...
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Alternatively, one can construct a Poisson point process in R? by partitioning
the plane into unit squares and, for each square independently, place a Poisson
distributed number of points uniformly.

Let 1 be a Poisson point process in R? of intensity A > 0. Centre at each
Poisson point a unit disc. Let D(n) denote the union of these discs, that is

D(n) :={z € R? : dist(z,7) < 1},

where dist(x, A) = inf,c 4 |z — a|. D(n) is referred to as the occupied region,
and the ”Swiss cheese” R? \ D(n) as the vacant region. Equivalently, at least
from a connectivity perspective, we can think of the occupied region as the
random graph embedded in R?, with vertex set given by the Poisson point
process and where any two vertices at distance at most 2 are joined by an
edge.

Both the occupied and the vacant region will consist of connected com-
ponents. Let D denote the connected component in the occupied region that
contains the origin. If the origin lies in the vacant region, then D = (). Define
the percolation function

0c(N) := Py(D is unbounded).

Similar to the percolation function for bond percolation, also 65 () is seen
to be non-decreasing via a simple coupling argument. If A\; < A9, then the
conclusion is drawn from the comparison of a Poisson process of intensity Aq
with the super-positioning of that process with an independent Poisson process
of intensity Ao — A1. It is well-known that the super-positioned process has a
Poisson distribution of intensity As. The critical density A. is defined as

Ae :=inf{\ > 0: 6g(\) > 0}.

The critical density is known to be non-trivial, that is 0 < A, < oco. The
upper bound on A, is easily obtained by comparing the continuum model to
site percolation on the Z? lattice. Site percolation was not discussed in this
text, but behaves in a similar way as bond percolation. In particular, for p,
the probability of a site being open, close to 1, the existence of an infinite open
component of neighbouring sites has probability 1 to occur. Thus, to prove
that A. is finite, discretize the plane into a square grid of side length 1/ V2.
Note that if a square of the grid contains a Poisson point, then the entire square
is contained in the occupied region. If the intensity of the Poisson process is
sufficiently large, then each square will, independently of one another, contain
a Poisson point with probability p = p(\) close to 1. Hence, almost surely,
there exists an infinite component of neighbouring squares which each contain
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a Poisson point. But, the existence of such a component implies the existence
of an infinite sequence of overlapping discs. Hence, an unbounded occupied
component exists in the continuum model for sufficiently large A.

To prove that for small A the occupied component containing the origin is
finite almost surely can be seen via a comparison of the Poisson points in D
and a suitable branching process. The reader familiar with branching processes
can easily complete the argument.

In the Poisson Boolean model, vacant space serves as dual to occupied
space. Since the two regions have different geometry, the balance witnessed in
(2.1) for the bond model will not hold here. Other than that, the duality can
be used to derive a similar picture of the status of a possible infinite connected
region.

Theorem 2.5. The critical probability A. satisfies 0 < Ao < oo and distin-
guishes three regimes.

a) In the subcritical regime \ < A, there ezists a unique unbounded vacant
component, but no unbounded occupied component, almost surely.

b) In the supercritical regime X > A, there exists no unbounded vacant com-
ponent, but a unique unbounded occupied component, almost surely.

¢) At criticality, there is almost surely no unbounded occupied nor vacant
component.

This result summarizes the state of affairs and is due to work of Hall, Roy,
Meester and Alexander. Instead of presenting a full list of references, I refer to
the works of Meester and Roy (1996) and Alexander (1996). The techniques
used to prove this result are similar to those indicated above for percolation on
the lattice. However, additional difficulties arise due to the random positioning
of the vertices in the continuum. Further difficulties arise when considering
discs with random radii. I have here restricted attention to discs of fixed radii.
The more general case is treated in detail in the book by Meester and Roy
(1996).
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Chapter 3

Random sequences

Real-valued random sequences, and in particular sequences of i.i.d. random
variables, have been extensively studied during the 20th century. Let { X} }r>1
be a sequence of i.i.d. random variables, set Sy := 0 and denote its partial sums
by Sp = X1+ Xo+...+ X, for n > 1. The sequence {S,, },>0 of partial sums
is often referred to as a random walk. Certain special cases of random walks
are especially well known. A simple random walk is a random walk where the
increments Xy, for k > 1, takes on the values —1 and 1 with equal probability.
If the increments are non-negative, then the random walk is known as a renewal
sequence. There are many classical results regarding random walks, and some
of the most well-known concern the asymptotic behaviour of the sequence of
partial sums. Let p := E[X}] and 02 := Var(Xy).

Theorem 3.1 (Law of Large Numbers). If 4 < 0o, then
S

lim — = pu, almost surely.
n—oo N

Theorem 3.2 (Central Limit Theorem). If 0? < 0o, then

S, — un
on MR LN X, n distribution,
oyv/n

as n — 0o, where x has a standard normal distribution.

Theorem 3.3 (Law of the Iterated Logarithm). If 02 < oo, then

. Sy — un
lim sup

n—oo 0v/2loglogn

Loosely speaking, the Law of Large Numbers states that the average among
the n first increments S, /n is close to the mean p when n is large, whereas the

=1, almost surely.
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Central Limit Theorem describes how S, /n is distributed around the mean,
and the Law of the Iterated Logarithm the magnitude of the fluctuations of
Sp/n away from the mean. However, there are many situations in which it is
not the sequence of partial sums itself, but rather some quantities that can be
derived therefrom, that is the object of interest. A couple of such situations
will be described next.

In renewal theory, for k > 1 the non-negative variables X are thought of
as lifetimes, and S}, is referred to as renewal times. The main object of interest
is the renewal counting process {N(t)}+>0 where N(t) counts the number of
renewals in the interval (0, ¢], that is,

N(t) :== max{n : S, <t}.

Renewal theory is concerned with the inverse problem of understanding the
number of occurrences of events during certain time intervals. If the renewal
sequence marks the arrival of customers to a queue, then N(¢) counts the num-
ber of arrivals until time ¢. Note that for a renewal sequence with exponentially
distributed waiting times, the renewal counting process {N(¢)}+>0 is a Poisson
process on [0, 00).

Depending on the context, we may instead be interested in the position
(value) of a random walk, not at fixed time point, but at the occurrence of
certain events.

Ezample 3.4. To continue the example of customers in a queue, let {X}}i>1
denote the inter-arrival times between the customers, and let {Y}}r>1 denote
their respective service times. For planing purposes, we may be interested in
the service time required to serve all customers arriving in the interval [0, ¢].
As N(t) counts the arrivals in the interval [0,¢], the quantity of interest is
Y1+Y2+---+YN(t)- ]

As a second example, I will present a situation that will appear in Paper 1
of this thesis.

Ezxample 3.5. Imagine we are interested in the asymptotic behaviour of the
some random sequence {7}, },,>1, but which is not of the simple form a random
walk is, i.e., does not have i.i.d. increments T — Tj_1. In some cases it is
possible to identify a random subsequence {p;, },>1 of the index set, for which
the distribution of {Tn+pk — Tpk}nzl does not depend on k, and the increments
{Tp,r — Ty, }n>1 are iid. In this case, {7}, }n>1 is a random walk, and
{T,, }n>1 is sometimes referred to as a regenerative sequence, as it starts anew
at certain instances. One way to obtain such a sequence is to associate the
sequence {pp, }n>1 to the occurrence of a suitably chosen event. In order for the
identification of an embedded random walk to of any help, it has to provide
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information about the original sequence. In particular, if {7},},>1 has non-
negative increments, then {7}, },>1 is a renewal sequence, and for

v(n) :=min{k > 1: py > n},

then pr(n%l <T,< pr(n). O

In Paper I the approach in the above example is found favourable in the
application to first-passage percolation, where both sequences {py},>1 and
{T}, }n>1 will be renewal sequences.

In general, this leads to the question, given some asymptotic property of
a sequence {Y),},>1, what is required for {\,},>1 in order to say something
about {Y), }n>17 This will be discussed next.

3.1 Stopped random walks

The asymptotic properties of i.i.d. sequences are particularly well documented,
and considerable efforts have been made to extend results concerning their
partial sums to random subsequences thereof (see e.g. Gut (2009)). As above,
let {X%}r>1 be a sequence of i.i.d. random variables, and let {S),},>¢ denote
its partial sums. Moreover, let {\,},>1 is a sequence of non-negative integer-
valued random variables. The sequence {S), }n>1 is referred to as a stopped
random walk, where the term ’stopped’ comes from the fact that A\, often is a
stopping time, but this restriction is not necessary in general.

In some cases a result for stopped random walks is an easy consequences
of the corresponding result for the sequence of partial sums. Assume that
Ap — 00 as n — oo almost surely. Then, if {Y,,},>1 is a sequence such that,
almost surely, ¥, — Y as n — oo, then also Y, — Y as n — oc. In particular,
as an immediate consequence of the Law of Large Numbers we obtain that

=, almost surely.

The Central Limit Theorem does not extend as easily to random subse-
quences. The difficulty can be illustrated as follows. Assume that {S)},>1 is
a simple random walk and let {\,},>1 be the sequence of indices for which
the random walk takes negative values. Hence, S, /ov/A, is negative for all
n, and cannot possibly converge to a normal distribution. Nevertheless, under
some additional assumption, the Central Limit Theorem does extend to what
is sometimes referred to as Anscombe’s theorem. For a proof of this theorem I
refer to either of two books by Gut (2005, 2009).
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Theorem 3.6 (Anscombe’s Theorem). Let {X}}r>1 be an i.i.d. sequence with
mean p, finite variance o and partial sums {Sp}n>1. Assume further that as
n — oo

% 20, in probability.

Then, as n — oo,

S)\n — lu’>\n i
o X

where x has a standard normal distribution.

i distribution,

Also the Law of the Iterated Logarithm extends to a version for stopped
random walks. As above, if {5, },>1 is a simple random walk and {S), }n>1
denotes the subsequence of which the partial sums are negative, then supe-
rior limit of Sy, /ov/2nloglogn cannot exceed 0. The necessary additional
condition is that lim,, . A,/n € R exists almost surely.

3.2 Subadditive sequences

When studying more complex random objects, such as the model for spatial
growth introduced earlier, one encounters situations where random sequences
of more complicated structure need to be understood. This led Hammersley
and Welsh (1965) to initiate the study of subadditive stochastic sequences.

Before I proceed, let me take a step back to consider real-valued sequences.
A real-valued sequence {ay }n>1 is called subadditive when

Aman < Gm + an, for all m,n > 1.

Convergence of real-valued subadditive sequences was discovered already by
Fekete (1923). In fact, given integers 1 < m < n, choose k > 1 and 0 < /¢ < m
such that n = km + £. It follows from the subadditive property that

La a k-a,+a a a
mf_m<_"§#<_m+_f,

m>1m n n m n

Sending n — oo, we immediately obtain that

3 lim 2% = inf 20 (3.1)

n—oo n  n>1n

This result is commonly known as Fekete’s lemma.
A collection of random variables { Xy, », }o<m<n is called subadditive if

Xon < Xop + Xpp, forall f <m <n. (3.2)
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Do subadditive stochastic sequences converge in a similar manner as in (3.1)?
This question will be addressed shortly. First, I will present three examples
that are suitable to keep in mind for the following discussion.

Ezample 3.7. Let X be a random variable and define X, ,, := (n—m)X. Then
{Xm.n to<m<n is subadditive. O

Ezxample 3.8. Let {Y;}r>1 be a sequence of ii.d. random variables. Then
{Sm.nto<m<n is a subadditive sequence, where S, , denotes the partial sum
Sm,n =Ypt1+ Yo+ ...+ Y, Ol
Example 3.9. In first-passage percolation on the Z? lattice, each edge of the
graph is independently assigned a non-negative random variable. The variables
are interpreted as the time it takes a fluid to traverse the edges. Denote the
time it takes a fluid to reach the vertex (n,0) when started at (m,0) by Ty, p.
Then {T},.n fo<m<n is subadditive, since, intuitively, restricting the fluid to pass
the vertex (m,0) on its way from (¢,0) to (n,0) can only increase its travel
time. ]

The first two examples are in fact additive, meaning that equality holds in
(3.2). The third example is the one that led Hammersley and Welsh to initiate
the study of subadditive stochastic sequences. In the second example, when
the sequence is assumed to have finite mean, the Law of Large Numbers implies
that lim,, o So.n/n exists almost surely. In fact, for the convergence to hold,
it suffices that the sequence {Y},},>1, instead of being i.i.d., is stationary in
the sense that the distribution of {Y,, 4% }n>1 does not depend on k& > 0. This
is a consequence of Birkhoff’s more general Ergodic Theorem.

Under which additional assumptions does sequences satisfying (3.2) con-
verge in a similar manner as in (3.1)? Typically, independence is a too strong
assumption, and is not satisfied in Example 3.9. Stationarity is a more ade-
quate assumption. Hammersley and Welsh (1965) worked with the following
two additional assumptions.

The distribution of X, ,, depends only on the difference n —m. (3.3)
There exists ¢ < oo such that —cn <E[X(,] < oo, foralln>1. (3.4)

Each of the three examples presented above satisfy assumption (3.3) and (3.4),
given that finite mean are assumed. For now, let { X, » to<m<n be a sequence
satisfying (3.2), (3.3) and (3.4). Note that g, := E[X,] is subadditive, so
(3.1) directly gives that
Jv:= lim L[Xo,n]'
n—oo n

Further Hammersley and Welsh (1965) showed that

Xon
P <lim sup % < ’y> =1 (3.5)

n—~0o0
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is a sufficient condition to conclude that

X X
lim sup 20n ~v almost surely, and lim 20n _ ~ in probability.
n—oo n n—oo n
Moreover, they showed that (3.5) is satisfied if for each € > 0 there exists k € N
and an i.i.d. sequence {Y},},>1 such that E[Y,] < k(y + ¢€) and

Xogn <YVi+Yo+...4+Y,, foralln>1

In Example 3.8 this condition is trivially met, and they managed to show that
it is also met in Example 3.9. In Example 3.7 condition (3.5), and the following
conclusions fail to hold, unless X is constant.

I will end this section with a comment on the fluctuations of a subadditive
sequence. In Example 3.7 Var(Xy,) = n? Var(X), whereas in Example 3.8
Var(Sp,,) = n Var(Y7). This indicates that the properties (3.2), (3.3) and (3.4)
allows for quite different behaviour to occur. When X, ,, is non-negative, and
E[X§ ] < oo, then Var(Xp,,) can easily be bounded from above by E[X§ ]n?.
This is realized by squaring both sides and taking expectations in the inequality

XO,n < X071 + X1,2 + ... 7Xn—1,n'

In general, this cannot be improved significantly as Example 3.7 shows. Ham-
mersley and Welsh showed that Var(Xo,,)/n? vanishes as n — oo, given that
the sequence {X;, ,}o<m<n can be dominated by a certain less correlated se-
quence.

3.3 The Subadditive Ergodic Theorem

An important improvement upon the results of Hammersley and Welsh allows
for almost sure and in L'-convergence to be deduced. To obtain such a result
(3.3) is exchanged for a stronger stationarity assumption. The result is due to
Kingman (1968), also him motivated by first-passage percolation. Since then,
other situations have appeared in which subadditive sequences do not meet
Kingman’s assumptions. An alternative formulation with somewhat relaxed
conditions was later provided by Liggett (1985). Before presenting the precise
result, it is necessary to introduce a few additional concepts.

Let (©,F,P) be a probability space, and let ¢ : R? — R%+ denote
the shift operator that maps (z1,z2,...) to (Zg+1, Tk42,...). Recall that a
real-valued sequence of random variables Y = {Y},},,>1 on (Q, F,P) is called
stationary if the distribution of ¢ (Y) = {Y, 4k }n>1 does not depend on k >
0. It is immediate that an i.i.d. sequence is stationary. An event A € F is
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invariant with respect to Y if there exists a Borel set B C R%+ such that
A={weQ:prY) e B} for all £ > 0. Finally, a stationary sequence Y is
called ergodic if all invariant sets (with respect to Y') has measure either 0 or
1.

FEzample 3.10. Again, an i.i.d. sequence is a simple example of an ergodic sta-
tionary sequence. To see this, note that if A is invariant, then A is determined
by ¢x(Y) for each k£ > 0, i.e., A € 0(Yit1, Yit2,...) for each £ > 0. Hence,
Kolmogorov’s 0-1 law gives that A has measure either 0 or 1. U

An easy way to generate further ergodic stationary sequences is to pick an
existing ergodic stationary sequence Y = {Y,,},>1, and a measurable function
g : RZ+ — R; the sequence {Z,},>1 given by Z,, := g(gpn(Y)) is stationary
and ergodic. I will come back to this below. First, I present Liggett’s version
of Kingman’s Subadditive Ergodic Theorem.

Theorem 3.11 (Subadditive Ergodic Theorem). Let {X,, n}o<m<n be a col-
lection of random variables satisfying

a) Xon < Xom + X, for all0 <m < n.

b) The distribution of the sequence { X, m+k }k>1 does not depend onm > 0.

c¢) The sequence { Xy, (k+1)m Jr>1 8 stationary for each m > 0.

d) For alln, E [|Xo,|] < oo and E[Xo,] > —cn, for some ¢ < co.
Then, the following conclusions hold

e) 37 =lim, e L E[Xy,] = inf,>1 2 E[X0,,).

f) 3X :=lim, %, almost surely and in L', where E[X] = 7.
Moreover, if all sequences in c) are ergodic, then X =~ almost surely.

All three of Example 3.7 to 3.9 satisfy the conditions of the Subadditive
Ergodic Theorem. The first two are immediate. Also the third, to which
this theorem is of particular importance, is easily verified (see Proposition 4.1
below).

In percolation theory, one often deals with families of i.i.d. random variables
indexed by the vertices or edges of a lattice. This is the case in both bond
percolation and first-passage percolation. Arguments making use of ergodicity
are common. The concepts of stationarity, invariance and ergodicity extends
to families Y = {Y,},cz¢ of random elements, in terms of the shift operator
¢y that maps {7, },czd t0 {Tyig}eza, for y € Z9. Of course, an i.i.d. family
is stationary, and can also be seen to be ergodic.
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Let {Y.}ece be a family of random variables indexed by the edges & of
the Z% lattice. Let Y, denote the d-dimensional random vector consisting
of the random variables associated with the d edges extending (in positive
direction) from the vertex z. In this way {Y.}ece corresponds to {Y,},cz4,
and it is possible to talk about stationarity and ergodicity of the former family
in terms of the latter. In particular, when the elements of {Y_}.ce are i.i.d.,
also {Y,},cza is an i.i.d. family, and hence, both stationary and ergodic.

Ezample 3.12. Quite informally, an event A is invariant with respect to Y if
from a realization of Y it is possible to decide whether A occurs or not, without
knowing the position of the origin. In bond percolation, typical examples of
such events are:

a) Existence of an infinite open component.
b) Existence of precisely k € N infinite open components.

By ergodicity, both these events has measure either 0 or 1. O

Additional ergodic stationary families can be constructed from known ones,
as a consequence of the next simple result which is mentioned without proof.
Although stated for families of real-valued random variables, the result holds
also for more general random elements.

Proposition 3.13. If Y = {Y,},cz4 is stationary and ergodic, and g : RZ?
R measurable, then the family Z = {Zz},cza given by Z; = g(pa(Y)) is
stationary and ergodic.

Often, we are interested only in a sub-family of variables in of the family Z
obtained from Y. Of course, the sub-family will as well be stationary. However,
it is not necessarily ergodic. In the application of the Subadditive Ergodic
Theorem to first-passage percolation, stationary sequences arise in this way.
In this case, a more direct argument can be used to obtain ergodicity.
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Chapter 4

First-passage percolation

It is time to describe the stochastic growth model known as first-passage per-
colation in greater detail. Attention will be restricted to the lattice case, i.e.,
the case where the discrete structure is taken to be the Z% nearest neighbour
graph, for some d > 2. This model has been extensively studied in the liter-
ature, and was introduced by Hammersley and Welsh (1965). Let £ denote
the set of edges of the Z? lattice, and let {7.}cce denote a collection of i.i.d.
non-negative random variables associated with the edges, referred to as passage
times. Define the passage time of a path T' as T(I") := > 7. (Here, and at
other places, a path is identified with its set of edges.) In particular, we are
interested in the travel time, also referred to as passage time or first-passage
time, between two vertices x and y in Z¢, which is defined as

T(x,y) :=inf {T(I) : T is a path from x to y}.

As mentioned before, first-passage percolation is often motivated as a model
for the spatial propagation of a fluid when injected at the origin of the lattice.
The term passage time reflects the interpretation of the random variables as
the time needed for a fluid to traverse the edge. Similarly, first-passage times
(between two points) are commonly interpreted as the time it would take a fluid
injected at one point to reach another. Relevant questions aim to understand
the spatial growth of the fluid injected at the origin of the lattice. How far will
the fluid reach in fixed time intervals? How does the number of wet sites grow
in time? What can be said about the shape of the region of wet vertices? All
these questions concern the central object defined as

Wi ={zcZ%:T(0,z) <t}, fort>0,

and interpreted as the wet region at time t.
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In renewal theory, the renewal counting process counts occurrences of the
associated renewal sequence. Analogously, the wet region is the corresponding
inverse quantity associated to the sequence of first-passage times {T(O, z) }z c7d-
In this sense, first-passage percolation can be seen as a generalization of a
renewal process to graphs. As in renewal theory, investigating how first-passage
times behave is essential in order to understand how the wet region evolves in
time. However, the known picture is still far from complete. My aim is to
give a short introduction that is relevant for the contributions made in this
thesis. A survey on the early developments in first-passage percolation is given
by Smythe and Wierman (1978). Another extensive presentation is given by
Kesten (1986), whereas a more recent reference is the survey by Howard (2004).

Particular efforts have been invested in studying the propagation of the fluid
in coordinate directions. If e; € Z? denotes the unit vector along the first coor-
dinate axis, this corresponds to studying the sequence {T (0, nel)}n>1. Basic
questions about first-passage times were studied already in Hammersley and
Welsh (1965). Under which conditions, and in which sense does T'(0,ne1)/n
converge as n — o0o? Is the expected travel time E [T(O,nel)] increasing in
n? What can be said about Var (T(0,ne;))? Does T(0,ne;) exhibit a central
limiting behaviour when scaled properly?

First-passage times have a considerably more complex dependence struc-
ture than renewal sequences. However, as defined they are easily seen to be
subadditive, i.e.,

T(x,y) < T(x,2) 4+ T(z,y), foranyx,y,zeZ" (4.1)

Since the distribution of T'(x,x + y) is independent of x € Z<, it follows
immediately from Fekete’s lemma that

Jpza = lim w.

As a consequence of their study of subadditive stochastic sequences, Hammer-
sley and Welsh (1965) were able to prove that whenever E[r.] < oo, then

T(0
lim sup (’77161) = lza almost surely,
SR " (4.2)
lim (0. ner) = pza in probability.
n—oo n

In order to prove this they showed that (3.5) holds by dominating 7'(ne;, me;)
by the passage time of paths between ne; and me; restricted to cylinders of
the form {z € Z? : n < z; < m} (except for the first vertex of the path). An
important advancement came with Kingman’s already mentioned Subadditive
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Ergodic Theorem (Theorem 3.11). When applied to the sequence of first-
passage times {T(mel, nel)} 0<mens W€ obtain the following, where

Y = min(11,72,...,724), (4.3)
and 7,7, ..., og are independent and distributed as ..

Proposition 4.1. Whenever E[Y] < oo,

T(0,ne
lim M = piga, almost surely and in L.
n— oo n
Proof. Conditions a), b) and ¢) of the Subadditive Ergodic Theorem are im-
mediate from (4.1) and translation invariance of the underlying i.i.d. structure
of the lattice. Alternatively, stationarity of the sequeces in ¢) can be obtained

as a consequence of Proposition 3.13, which gives that {T(y,y + z)}y czd is

stationary and ergodic for every z € Z?. (That T : R® — R is measurable is
easily seen; an argument was given by Hammersley and Welsh (1965).) How-
ever, this does not imply ergodicity of the sequences in ¢) directly. Instead, a
more direct argument will be presented below.

First, let us see that d) holds. It suffice to show that E [T(0,e1)] < oo,
since 0 < E [T(0,ne1)] < nE[T(0,e1)], due to a) and b). Between 0 and e;
there are 2d disjoint paths of length at most 9. Let I" denote the longest of
those paths. Then

P(T(0,e1) > s5) < P(T(T) > s)*

< 9% P(7, > 5/9)% = 92 P(Y > 5/9),
where the second inequality holds because if T'(T") > s, then at least one of the
9 edges has 7. > s/9. Since E[X fo (X > x)dx for nonnegative random
variables, E [T (O,el)] < 0 holds Hence the conditions of the Subadditive
Ergodic Theorem are satisfied, and the limit lim,, ., 7'(0, nej)/n exists almost
surely and in L.

It remains to show that the limit is constant. Let A denote the box of
side length 2k centered at the origin. With a slight abuse of notation, let
T(Ag,ney) == mingecp, T'(z,nep). It is clear that

T(Ar,ne;) < T(0,ne1) < T(Ag,neq)+ Z Te.

ec€N\g
In particular, we conclude that for every k > 0
T(A T(0
3 lim T(Ax,ner) = lim (,771(%1), almost surely and in L'. (4.4)
n— oo n n—oo n
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However, since T'(Ag, ne;) does not depend on 7, for e € Ay, the limit in (4.4)
cannot either do so. This holds for all & > 0, which shows that the limit
cannot depend on any finite collection of passage times. As a consequence of
Kolmogorov’s 0-1 law, it has to be constant. O

From Proposition 4.1 we obtain the propagation of the fluid in coordinate
directions. Similarly, the Subadditive Ergodic Theorem applies to the sequence
{T(O, nz)}n>1 for any z € Z%. It is for practical purposes handy to extend the

the definition of passage times between vertices to pairs of points in R¢. For
x,y € R, define T'(x,y) = T(x*,y*) where x* and y* denotes the points in
7% closest to x and y, respectively (choosing the points closest to the origin
in case of a tie, say). Whenever E[Y] < oo, it is in fact possible (although
not immediate from the Subadditive Ergodic Theorem) to show that for any

x € R?
Jpga(x) == lim M, almost surely and in L'. (4.5)
n—oo n
The limit pyq(x) in (4.5) is referred to as the time constant.

Hammersley and Welsh (1965) further conjectured that the expected travel
time E [T(O, nel)] is monotonic in n. Renewal sequences in the classical sense
are, but {T (0, nel)}n>1 is not a renewal sequence. Despite the intuitive appeal
the conjecture has, van den Berg (1983) constructed an example that essentially
shows that the conjecture is false for small n. It remains an open problem to
find out whether the expected travel time could be monotonic for sufficiently
large n.

4.1 The Shape Theorem

The convergence in (4.5) describes the spatial growth of the process in any
fixed direction. To understand the growth of the wet region, the convergence
in (4.5) need to be concluded in all directions simultaneously. This can be
obtained, and was first realized by Cox and Durrett (1981), inspired by a
result of Richardson (1973). In terms of first-passage times, their result can be
stated as whenever E[Y?] < oo

i sup | £(022) — Hza(2)

zcZ4 |Z|

=0, almost surely. (4.6)

(In fact, the convergence also holds in L', as seen in Paper II, but I do not
want to focus on that here.) Equivalently, (4.6) can be stated in terms of the
wet region. Just as first-passage times were extended to pairs of points in R,
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it is convenient to replace W;, which is a subset of Z?, with a corresponding
subset of R?. Let

Wt = {x cR%: T(0,x) < t}, for t > 0.

Cox and Durrett’s result can then be described as how closely VNVt resembles
the set
W= {x € R : pga(x) < 1}.

The geometric properties of the set W* can be divided into two regimes. As
will be seen shortly,

W* is compact, convex and has non-empty interior, when pya(e;) > 0,
(4.7)

W =R% when piz4(e;) = 0.
(4.8)

Formulated in terms of the wet region, (4.6) is known as the Shape Theorem
and this is indeed how it was first described by Cox and Durrett.

Theorem 4.2 (Shape Theorem). Consider first-passage percolation on the Vi
lattice with i.i.d. passage times such that E [Yd] < o0, for'Y defined as in
(4.3). If pgza(er) > 0, then, for all € > 0, almost surely,

1~
(1—-eW* C ZWt C (1+e)W*,  fort large enough. (4.9)
If piya(er) = 0, then for every compact set K in RY, almost surely,
1~
K C ;Wt, for t large enough.

In the regime pza(e;) > 0 the Shape Theorem, in combination with (4.7),
states that the wet region grows with linear speed. It is clear that W* is
bounded and has non-empty interior is necessary for (4.9) to hold. Except for
convexity, it has turned out very hard to prove further characteristics of W*
in the same regime. My next aim is to prove that (4.7) and (4.8) indeed hold.
After that, an argument showing that (4.6) implies the Shape Theorem will be
presented.

4.2 The time constant and asymptotic shape

As a start, one would like to characterize the two regimes in the Shape Theo-
rem, that is, when pi54(e1) > 0 and not. Kesten (1986) showed that p174(e1) = 0
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if and only if P(7. = 0) > p.(d), where p.(d) denotes the percolation threshold
for bond percolation on the Z% lattice. The precise geometry of the asymptotic
shape W* is not known. In addition to (4.7) and (4.8), it is easily seen that
W* has to be symmetric with respect to reflexion in coordinate axis, due to
the corresponding symmetry in the lattice. In the following paragraphs, I will
show how (4.7) and (4.8) can be obtained as a consequence of a few simple
properties of the time constant. The following properties of jia(-) will be used:

pza(ax) = apza(x), for all a > 0 and x € R?, (4.10)
pza(x+y) < piga(x) + pza(y), for all x,y € R?, (4.11)
|\p74(x) = pza(y)| < dE[T(0,e1)] |x -y, for all x,y € RY. (4.12)

These properties holds in either regime, and are only subject to the restriction
that E[Y] < oo, in order for uya(-) to be well-defined. How these properties
can be derived will be indicated later.

Proof of (4.7). The asymptotic shape W* is convex in both regimes. To see
this, note that x is contained in W* if and only if pi74(x) < 1. Thus, if x and
y belong to W*, and X\ € (0,1), then also Ax + (1 — A\)y belongs to W*, since
according to (4.10) and (4.11)

piza(Ax + (1 =N)y) < Aga(x) + (1 = Npgaly) < 1.

The remaining two properties of W* when pga(e;) > 0 can be deduced with
help of the convexity. First, note that by (4.10), there are a > 0 and b < oo such
that pyd(ae;) < 1 and pya(bep) > 1. Together with convexity and reflexion
symmetry of W*, the former implies that YV* has non-empty interior, whereas
the latter that WW* is bounded. To prove compactness, it remains to conclude
that W* is closed. However, that is immediate from the continuity of ji74(-) in
(4.12). O

Proof of (4.8). To conclude that W* = R% when pga(e;) = 0, it suffice to
prove that either pza(-) = 0, or pza(x) # 0 for all x # 0. Assume that the
latter is not the case. First, assume that pyq(e1) = 0, for which it follows that
pza(e;) = 0 for each j = 1,2,...,d by symmetry. That pza(x) = 0 for all
x € R? is now immediate from (4.10) and (4.11). In general, if zq(x) = 0 for
some x # 0, then we can in a similar fashion, via reflexion, obtain d vectors
X1,X2,...,Xq such that pz74(x;) = 0 for each j = 1,2,...,d and which together
span R, Again, that pzq(x) = 0 for all x € R? is immediate from (4.10) and
(4.11). O
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Hence, (4.7) and (4.8) have been deduced from (4.10), (4.11) and (4.12),

which remain to be justified. I will not present all details here, but only indicate
why the properties hold. For a € N, (4.10) follows from (4.5) since

pya(ax) = a lim M

n—oo an

= afiga(x).

This extends to all a > 0 via a comparison of E [T'(0,anx)| and E [T'(0, [an]x)],
where |- | denotes the integer part. The difference is easily seen to be bounded.

For x and y in Z%, (4.11) follow directly from (4.1) and (4.5), and a similar
comparison can be made to extend (4.11) to arbitrary x,y € R%. For the final
property (4.12), note that

E [T(nx, ny)]

E [T(0,nx)] E[T(0,ny)] ‘

< %E [T(0,e1)] ||(nx)* = (ny)*|,
d

< —E[T(0,e1)] |(nx)" = (ny)".
Sending n to infinity, we are able to conclude that (4.12) holds.

I will next proceed with the equivalence between the Shape Theorem and
(4.6). The proof will for obvious reasons in addition depend on the properties
of pza(-) demonstrated above. I will only prove that (4.6) implies the Shape
Theorem. This is the more relevant of the two implications, since Paper Il
repeatedly deals with expressions of the form (4.6). That the Shape Theorem
implies (4.6) is easily deduced in a similar fashion.

Proposition 4.3. (4.6) implies Theorem 4.2.

Proof. Case pya(e;) = 0. It suffices to show that for any M < oo, almost
surely, all z € Z¢ satisfying |z| < tM are included in W, for sufficiently large
t. According to (4.6) (since pga(-) = 0) there is K = K(M) < oo such that
T(0,z) < |z|/M for all |z| > K, almost surely. Pick M and fix K accordingly.
By construction, 7(0,z) < ¢t when K < |z| < tM. Since only finitely many
points in Z¢ have |z| < K, it is possible to choose ¢ < 0o such that 7(0,2z) < t
for all such points, almost surely.
Case pza(e1) > 0. Pick € > 0 and fix

d = min ( ‘ ° inf g (x)> :

SUPyew |X|7 1+ € x:]x|=1
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Importantly, observe that § > 0, since W* is bounded and fpi74(-) is bounded
away from zero on the compact set |x| = 1. According to (4.6), choose K =
K (§) < oo such that for all |x| > K

pza(x) —0|x| < T(0,x) < pga(x)+d|x|, almost surely.
It suffices to prove that for sufficiently large ¢
(I—etW* C W, C (1+e)tW*, almost surely.

Let me begin with the lower inclusion, or more precisely, for x € W*, set
y = (1 — e)tx and prove that T'(0,y) < t for sufficiently large ¢, almost surely.
For |y| > K,

T(0,y) < pga(y)+90ly] < (1—e€)t+et.

Since t := supy,.|y|<x 7(0,y) is in fact a maximum over finitely many points

in Z%, it is almost surely finite. Therefore, the lower inclusion holds for all
t > 1o, almost surely. For the upper inclusion, it suffices to show that for large
t, if y € Wy, then pza(y) < (14 €)t, almost surely. For |y| > K,

1
1+e

y
ly|

< )] < -0yl < TOY) < v

€
pzay) = Mzd(}’)——eﬂzd<
In addition, for |y| < K we will clearly have pza(y) < ¢ for t large, due to
continuity of pya(-). Therefore, also the upper inclusion holds for all large t,
almost surely. O

As a final remark, let me say that in addition to (4.12), the time constant is
continuous also in other respects. Cox (1980) and Cox and Kesten (1981) have
showed that piz(x) varies continuously, for each x € RY, with respect to weak
convergence of the passage time distribution. This result needs a greater effort
in order to deduce. Essentially, the approach is to compare time constants via
a coupling between different distributions. The same approach is used in Paper
I, where a similar result is proved in an easier setting.

4.3 Shape fluctuations

Complementing results to the Shape Theorem have so far not been obtained
with the same precision. While the expected travel time grows linearly with
the distance, the variance of the travel time is believed to have sub-linear
growth. The best available bounds on the variance of T'(0,ne;) are still not
sharp. These bounds generally assume that E[r2] < oo, but are individually
subject to additional restrictions. Recall that for a classical renewal sequence,
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the variance is a linear function in the number of waiting times. In contrast,
Hammersley and Welsh (1965) were able, from their early work on subadditive
sequences, to conclude that Var (T'(0,ne;))/n? vanishes as n tends to infinity.
This was improved upon by Kesten (1993). He showed that for any d > 2, if
in addition P(7. = 0) < p.(d), then there are constants C; > 0 and Cy < o0
such that

C1 < Var (T(0,ney)) < Cyn, for alln > 1. (4.13)

Considerable improvements of Kesten’s result have so far not been obtained,
except for in special cases. In two dimensions, physicists predict that the vari-
ance is of order n?/3. This is the same order of magnitude as other related
planar growth models. Based on this relation, there is even an indication of
which limiting distribution to expect when properly scaled. In higher dimen-
sions the picture is even less clear. Newman and Piza (1995) offer a short
summary of simulation studies, some of which suggest that the variance might
in fact be bounded in sufficiently high dimensions.

The best available bound for d = 2 essentially states that for some C; > 0
and Cy < 00

n

Cilogn < Var (T(0,ne1)) < Cy , foralln>2.

logn
The lower bound is due to Newman and Piza (1995) under the additional
assumption that the passage timed distribution does not have a too large point
mass at

A:=inf {z >0:P(r. € [0,2]) > 0}. (4.14)

For the exponential distribution the same bound was obtained simultaneously
and independently by Pemantle and Peres (1994). The upper bound is valid for
all d > 2, and was first obtained in a paper by Benjamini, Kalai, and Schramm
(2003b) for {a,b}-valued passage times, where 0 < a < b < co. It was later
extended by Benaim and Rossignol (2008) to a larger class of passage time
distributions.

Both Kesten’s result and the result due to Newman and Piza are based
on a representation of first-passage times in terms of martingale differences.
Interestingly, the approach by Benjamini et al. is based on techniques used
to study Boolean functions, which have close connection to the study of noise
sensitivity (to be discussed in Section 5).

4.4 Minimizing paths

First-passage times between vertices are defined as the infimum of passage
times of an infinite number of paths. Given z € Z%, it is therefore a justified
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question whether there always is a path v between the origin and z such that
T(v) = T(0,z). Such path is known to exist as long as the passage times are
not assigned according to a distribution with point mass at zero as large as
pe(d). This is easily verified for distributions concentrated to an interval [a, b]
for some 0 < a < b < oo, since then only finitely many paths can come into
consideration. The minimizing path + is commonly referred to as a geodesic
or a route.

Not much is known about the spatial properties of geodesics. A natural
property to study is the length of a geodesic compared to the distance between
its endpoints. Let N(x,y) denote the length of the geodesic between x and y in
Z%. The length is not well-defined if the geodesic is not unique. When several
geodesics between x and y exist, we let N(x,y) refer to the shortest such. The
sequence {N(O, nel)}n>1 is intimately related to the sequence {T(O, nel)}n>1,
but does not benefit from a subadditive behaviour. Consequently, no precise
asymptotic behaviour of N(0,ne;)/n is known, except for in restricted cases.
One such case is when edges are given the values 1 or co with probability p
and 1 — p for some p > p.(d). This case was previously related to the bond
percolation model, and indeed N(x,y) = T(x,y) here. Since p > p.(d) is
assumed, we know that there almost surely exists an infinite component of
edges assigned passage time 1. Assume that the origin is located in the unique
infinite cluster of 1-valued edges, and that {nj}r>1 denotes the subsequence
of indices in N such that nie; is contained in the infinite cluster. Garet and
Marchand (2004) proved that

T(O, nkel)

3 lim —————= almost surely.
k—o0 N

Another case in which even more specific conclusions regarding the asymptotic
behaviour of length of geodesics is achievable is given in Paper I. The restriction
in Paper I is in the consideration of graphs that are essentially 1-dimensional.

Another related question asks how far away from the straight line segment
between the its two endpoints a geodesic wanders. This deviation can be
measured as the maximal distance a point in the geodesic is situated from
the straight line segment between its endpoints. As before, let dist(z, A) =
infyeq |z — al. The maximal distance of a point in B to the set A is then
given by dist(B, A) := supycp dist(b, A). Let v, denote the geodesic and let
ney denote the straight line segment between the origin and ne;. Hence, the
deviation of =, from mey can be measured as

€= inf{a >0: lim P(E(yn,n—el) < no‘) = 1} .

n—oo

In two dimensions, there is a general belief that £ = 2/3. Although this is
not known, upper and lower bounds on £ that are valid in all dimensions are
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available, and say that
1 3

osest (4.15)
The upper bound on ¢ is due to Newman and Piza (1995), under the condition
that E[Y?] < oo, for Y defined as in (4.3), and the additional (and unproven)
assumption that the shape W* is not flat in the first coordinate direction. Not
being flat here refers to that it is possible to find an Euclidean ball B such
that W* C B and the point y = pza(e;) le; that lies on the boundary of
W* (since pza(y) = 1) also lies on the boundary of B. The lower bound on &
was deduced by Licea, Newman, and Piza (1996) under the assumption that
E[r2] < oo and the point mass at A, as defined in (4.14), is not too large.

Determining the variance of first-passage times relates to the problem of
describing the magnitude with which the wet region fluctuates around the
asymptotic shape. Although I will not do so here, these fluctuations can be
described by an exponent y in a similar way as £ describes the deviation of a
geodesic. The upper bound y < 1/2 has been obtained essentially as a conse-
quence of the upper bound in (4.13). Krug and Spohn (1991) have conjectured
the precise relation x = 2¢ — 1 between the two exponents. In two dimensions
this corresponds to the belief that £ = 2/3 and x = 1/3. Only partial informa-
tion regarding this relation has been obtained. As a consequence, the bounds
on ¢ in (4.15) follows from known bounds on x.

First-passage percolation apparently presents a complicated structure that
is still poorly understood. The techniques available have so far not been suc-
cessful in pinning down other than the almost sure convergence to an asymp-
totic shape. It is therefore of great interest to develop new techniques that
are better suited for this aim. Moreover, it is of interest to obtain partial
results that point in the direction of the conjectured behaviour. In this direc-
tion, models similar to first-passage percolation have been introduced, at least
partly, with the hope to avoid certain difficulties. The survey of Howard (2004)
discusses this further.

First-passage percolation is the topic of the first two papers in this thesis.
First, Paper I gives a rather precise description of the asymptotic behaviour
of first-passage percolation when considered on graphs that are essentially 1-
dimensional. Secondly, the convergence of the wet region towards an asymp-
totic shape is investigated further in Paper II. The almost sure convergence
is extended to certain cone-like subgraphs of the Z% lattice. Also additional
modes of convergence are considered.
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Chapter 5

Sensitivity to noise and
dynamics

Let me start with a simple example. Consider a Brownian motion {B;};>1
in one dimension, started at the origin. P(B; = 0) = 0 for each fixed ¢t >
0. Moreover, the set of times at which By = 0 has Lebesgue measure zero.
However, B; will almost surely hit 0 for some ¢ > 0. This shows how the
occurance of an event may differ substantially when observed at fixed times,
and over a time interval. Although this example does not fit into the description
I will give next, it does illustrate the phenomena I would like to present.

Quite generally, the phenomena can be described in terms of Markov pro-
cesses. Let {X;}4>0 be a stationary continuous time Markov process. Let A be
a subset of its state space for which P(X; € A) = 1 for any ¢t > 0. Via Fubini’s
theorem, we may change the order of integration, and thus obtain

IP’(Xt € A for Lebesgue almost every ¢t > 0) = 1.

The question is, can this be extended to hold for all t > 0, or are there
exceptional times at which X; avoids A. When extendible to all ¢ > 0, then
the event {X; € A}, considered over time, is said to be dynamically stable.
Only very specific dynamical processes will be considered in the following.
Time dynamics can be introduced also to a static system, in order to observe its
behaviour over time. In particular, I will focus on a dynamical version of bond
percolation. As will be emphasised, sensitivity in the dynamical percolation
model has a close relation to the concept of noise sensitivity. Noise sensitivity
is an interesting concept in its own right, and the connection to dynamical
percolation adds to the interest further. Existing techniques available when
studying noise sensitivity are further developed in Paper III. This motivates a
quite detailed introduction to the earlier work on the subject. For a further
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account on dynamical percolation and noise sensitivity, see Steif (2009) and
Garban and Steif (2010).

5.1 Dynamical percolation

Héggstrom, Peres, and Steif (1997) introduced dynamical percolation. Let G
be a graph with vertex set V and edge set £, and declare each edge of the
graph independently open or closed with probability p and 1 — p. So far this
is solely the bond percolation model. Next, assign independent Poisson clocks
to the edges of the graph, and when the clock of an edge rings, let the edge
refresh its state, i.e., update its state as open or closed with probability p and
1 —p, respectlvely Formally, the model can be defined as follows. For each
edge e € &, let {Té }i>1 be an i.i.d. sequence of rate 1 exponentially distributed

random variables, and let {ne }j>1 beii.d. random variables that indicates the
state open and closed with probability p or 1 —p. For each edge the stationary
state process {ne(t)} i>0 18 defined as
ne(t) =09, for 797V <t < 7,

where Te(o) = 0 for all e. Since edges are supposed to act independently, the
random element {n(t)}ecce +>0, that describes the state of the dynamical per-
colation model over time, is obtained via product measure.

Fundamental to bond percolation is the existence of a critical probability
Pe = pe(G) below which no infinite open component exists, and above which
one does exist. The natural question in dynamical percolation is whether there
exists exceptional times when the existence of an infinite open component is
changed. It is not hard to see that away from criticality, the existence of an
infinite open component is dynamically stable. That is, for p < p. there is
almost surely no infinite open component for any ¢ > 0, and for p > p. there is
almost surely an infinite open component for all ¢ > 0. This is seen from the
following argument given by Héggstrom et al.. Assume that p < p.. Observe
each edge under on the time interval [0, €]. The probability that a given edge
will be open at some point in [0, €] is at most p plus the probability of an update
in [0, €]. If e > 0 is sufficiently small, then this probability is still strictly smaller
than p.. Hence, on any sufficiently short time interval, no infinite component
can possibly exist, with probability one. Covering [0, c0) with countably many
intervals of length €, then countable additivity gives the result. The case when
p > p. is similar. Hence, the only interesting case is at criticality.

At criticality, the situation is much more delicate. Haggstrom et al. con-
structed examples of graphs where the existence of an infinite open component
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exhibit exceptional times, and examples where the existence is dynamically
stable. These graphs were quite ad hoc, and it is of particular interest to
understand what happens for commonly considered graphs as the usual Z¢
lattice. For d > 19, Haggstrom et al. showed that there are no exceptional
times of percolation. Their proof was based on properties of the percolation
function 04(p) that are known not to hold for d = 2. In two dimensions the
task turned out to be truly challenging, and was only recently resolved in an
extensive work of Garban, Pete, and Schramm (2010). Among other things,
they proved that bond percolation on the Z? lattice exhibits exceptional times
of percolation at criticality. Recall that for d = 3,4,...,18, an infinite open
component at the critical probability is believed not to exsist, but remains as
an open question.

The existence of an infinite open component is not the only almost sure
property in bond percolation. Another is uniqueness of the infinite component
in the supercritical regime. On the Z¢ lattice Peres and Steif (1998) proved
that for p > p.(d), there is a unique infinite component at all times. However,
the uniqueness of an infinite open component is not the same as excluding
the possibility of coexisting infinite open and closed components. Coexistence
is believed, but remains unknown, to occur at exceptional times for the Z?2
lattice (at criticality). However, Garban et al. (2010) proved the existence of
exceptional times at which an infinite open and closed component coexist for
dynamical (site) percolation on the triangular lattice. The triangular lattice is
the graph obtained from the Z? (square) lattice when adding an edge between
z and z + (1,1) for any z € Z2. The reason for the more precise results on the
triangular lattice is due to the recent development of SLE and its success in
determining critical exponents for percolation, which are known for the trian-
gular lattice but not for the square lattice (see e.g. Werner (2009)). Equivalent
results are expected also for the square lattice. In addition, the triangular
lattice is known to also exhibit exceptional times of percolation at criticality.
This was first proved by Schramm and Steif (2010), and later obtained also by
Garban et al. (2010).

When real-valued sequences of i.i.d. random variables are observed in a
dynamical perspective, similar phenomena occurs, as observed by Benjamini,
Héggstrom, Peres, and Steif (2003a). Dynamics is in this case introduced in
the analogous way by, at each position in the sequence, replacing the variable
by independent copies of itself according to a Poisson clock. This is done
independently for each position. In particular Benjamini et al. proved that
classical results such as the Law of Large Numbers and the Law of the Iterated
Logarithm are dynamically stable, whereas a simple random walks in 3 or 4
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dimensions exhibit exceptional times at which the random walk is recurrent.
Inspired by this work, a dynamically stable version of the Shape Theorem in
first-passage percolation is proved in Paper II.

5.2 Noise sensitivity

Noise sensitivity of Boolean functions was introduced by Benjamini, Kalai, and
Schramm (1999), motivated by the study of exceptional times in dynamical
percolation. Let f, : {0,1}" — {0,1} be a Boolean function, and let w €
{0,1}" be uniformly distributed. The function being Boolean simply refers to
the domain and range of the function, i.e., that given a Boolean sequence, the
function returns a Boolean output. Hence, a Boolean function can be thought
of as the indicator of a certain event. When 1 is interpreted as "heads’ and 0
as 'tails’, w can be thought of as the outcome of n independent (fair) coin flips.
Given the outcome of the coin flips, the outcome of a given event is known.
However, assume that we fail to correctly record the outcome of each coin flip
with very low probability. Based on this 'perturbed’ sequence of coin flips, can
we decide whether the event occurs? That is, is the outcome of the event for
the original sequence of coin flips highly or weakly correlated with the outcome
for the perturbed sequence?

Ezample 5.1 (Dictatorship). Let f,, : {0,1}" — {0, 1} be the indicator function
of the event that ’the first flip turns out heads’. Since the first flip alone decides
the outcome of the event, the information about the outcome of f,, is lost only
when information about the outcome of the first flip is lost. But this has low
probability, so f,, should not be sensitive to small perturbations. O

Ezample 5.2 (Parity). Let f, : {0,1}" — {0, 1} indicate whether 'the number
of heads is even’ or not. All information about the outcome of the event is lost
as soon as we are unsure about the outcome of a single flip. Since it is very
likely to be unsure about the outcome of some flip (when n is large), the event
will be sensitive to perturbations. O

Here comes the formal definition. Let {f,}n>1 be a sequence of Boolean
functions f,, : {0,1}" — {0,1}, and let w € {0,1}" be uniformly distributed.
Given € € (0,1), resample each bit (coordinate) w; with probability e inde-
pendently of each other. Denote the resulting configuration w®. Also w°® is
uniformly distributed in {0, 1}".

Definition 5.3. The sequence { f,,}n>1 is said to be noise sensitive if for every
e>0

E [fo(@)fn(wS)] —E [fa(@)]* =0, asn— oco. (5.1)
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Direct calculations easily show that the sequence { f,,}n>1 is noise sensitive
when f, is as defined in Example 5.2, but is not when defined as in Example 5.1.
Another example of a sequence of functions that are not noise sensitive is
given next. To see this is also quite easy, however less direct than than in the
examples given above.

Ezxample 5.4 (Majority). Let {f,}n>1 be the sequence of functions where f,, :
{0,1}™ — {0, 1} is the indicator function of the event 'more heads than tails’.
O

The dictator and majority functions are in fact noise stable. A sequence
{fn}n>1 is said to be noise stable if

lim igrfﬂ”(fn(w) # f(w9)) =0.

There exist sequences of Boolean functions that are neither noise stable nor
noise sensitive. In addition, there are sequences that are both noise sensitive
and noise stable. However, this can only happen for trivial reasons.

Proposition 5.5. The sequence {fn}n>1 is noise sensitive and noise stable if
and only if Var(f,) — 0 as n — oo.

Proof. For the ’only if’ part, assume that {f,},>1 is both noise sensitive and
noise stable. In

Var(fn) = E [fu(@)(fa@) = fa@))] +E [fa(@) fa(@)] —E [fa(w)]?,

the first term in the right-hand side is at most P(fn(w) # fn(w®)), which
due to noise stability can be made arbitrarily small by choosing ¢ small. The
remaining expression vanishes as n — 00, since the sequence is noise sensitive.
This shows that Var(f,) — 0 as n — oc.

Now, assume that Var(f,) — 0 as n — oo. Clearly, the sequence is noise
sensitive since the covariance between f,(w) and f,(w*) is bounded by Var(f,),
via Cauchy-Schwartz’ inequality. Moreover, since Var(f,) = P(f, = 1)P(f, =
0), then

]P(fn(w) 7& fn(we)) = ]P(fn(w) = Oafn(we) = 1) +]P)(fn(w) = 17fn(w€) = O)
< 2min (]P)(fn =1),P(fn = O))

can be made arbitrarily small by choosing n large. Thus, the sequence is noise
stable since for each fixed N € N

lim sup P(fn(w) # fo(w©)) < limmaxP(w # w) = 0. O
E_)OHSN

e—0n<N
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As previously mentioned, noise sensitivity is closely related to dynamical
percolation. To visualize this, consider dynamical percolation on the Z? lattice
with p = 1/2. Recall that 1/2 corresponds to the critical probability, and
is therefore the interesting case. How does the bond configuration n(t) :=
{ne(t)}eee at time t relate to the configuration at time zero? Well, n.(0) =
ne(t) if the Poisson clock assigned to e does not ring before time ¢. This
has probability e~*. On the event that the clock rings before time ¢, then
ne(0) gives no information about 7. (¢). Thus, 17(0)¢ denotes the configuration
obtained when each bit (edge) in 7(0) is resampled, independently of other

bits, with probability €, then

(n(0),(t)) £ (n(0),n(0)°), fore=1-e"",

where the superscript indicates that the equality holds in distribution. This
gives a clear relation between the dynamical percolation model and perturba-
tions of binary sequences. In particular, this allows for the correlation between
nearby time points in dynamical percolation to be understood through the
study of noise sensitivity of certain sequences of Boolean functions. This led
to study whether percolation crossings of (n + 1) x n-boxes are noise sensitive
or not.

Ezample 5.6. Let &, denote the set of edges of the square lattice contained
in [0,7 + 1] x [0,n]. Identify w € {0,1}%" with a configuration of open and
closed edges in &, by interpreting an edge e as open if w, = 1 and closed
otherwise. Recall that H,1)x, denotes the event that there is an open path
crossing the rectangle [0, + 1] x [0, n] horizontally, and let f,, be the indicator
function of H(,;1)xn- As already seen, P(f, = 1) = 1/2, and Var(f,) =
1/4. Thus, if {f,}n>1 is noise sensitive, it will not be for the trivial resons of
Proposition 5.5. U

The main part of the work of Benjamini et al. (1999) was carried out to
prove the following.

Theorem 5.7. The sequence {fn}n>1, as defined in Example 5.6, is noise
sensitive.

The study of Boolean functions has had large benefit from discrete Fourier
analysis. Indeed, a large part of the noise sensitivity literature is based on
Fourier techniques. Other important ingredients are concepts like influences
and revealments more commonly found in theoretical computer science. In par-
ticular, in order to prove noise sensitivity of percolation crossings, Benjamini
et al. developed a quite general approach based on discrete Fourier analysis
and revealment of algorithms. An essential stepping-stone in this approach is
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a result that links noise sensitivity to influences of bits. The influence of bit j
for f, is defined as

f;(f,) = E [|falw) — falojw)|],

where o;w denotes the element obtained when w; is replaced by 1 — w;. The
result has come to be referred to as the BKS Theorem.

Theorem 5.8 (Benjamini et al. (1999)). Let {f,}n>1 be a sequence of Boolean
functions fp : {0,1}" — {0,1}. If

n
. . 2 o
nh_}rrgo E 1Inf](fn) =0,
j:

then {fn}n>1 is noise sensitive.

The proof of this theorem relies on discrete Fourier analysis. Although
these techniques only appears briefly in Paper III of this thesis, basic knowledge
thereof is essential when working with noise sensitivity of Boolean functions.

5.3 Fourier-Walsh representation and the spectral
measure

There is a natural basis for the space H,, of real-valued functions defined on
the hypercube {0,1}". For each S C [n] :={1,2,...,n} and w € {0,1}", let

xs(w) = H(—l)“’f _ { 1, %f the number of]: es W%th wj =1 %s even,
ies —1, if the number of j € § with w; =1 is odd,
and xg := 1. When {0,1}" is equipped with uniform probability measure,
and inner product between two functions f and ¢ in H, is thus given by
(f,9) == E[f(w)g(w)], then {Xs}scln forms an orthonormal basis for the
2"-dimensional space H,. To see this, note that E [XS(W)] =0 for S # 0,
E [Xg(w)2] = 1, and that for disjoint sets S; and S2 we have xs,05, = XS, XS,-
Thus, for any two sets S1, .52 C [n]

E [xs:(@)xs:(@)] = E [xs1n8:(w)*X5188, ()]

1, S1= 5,
= K [XS1AS2(W)] - {0 S 7é Sa
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where S1ASy denotes the symmetric difference (S; \ S2) U (S2 \ S1). We
conclude that {xs}gc[, forms an orthonormal basis, and that each function
f:4{0,1}" — R can be expressed using Fourier- Walsh representation

= > f(9)

SC|n]

where f(S) := E [f(w)xs(w)] are the so-called Fourier coefficients. Observe
that

E[f] = f(0), = > f(s Var(f) =Y £(S5)?

SCln] S#0
The concept of noise sensitivity can be characterized in terms of the Fourier
coefficients. Given a function f : {0,1}" — R, define a measure v; on the
collection of subsets of [n] by giving weight f(S5)? to S C [n]. This measure

will be referred to as the spectral measure or the Fourier spectrum of f. The
total weight of the spectral measure equals

> s 17,

SC[n]

and is thus a probability measure only when E[f%] = 1. However, I will let
Sy denote a subset of [n] choosen according to this measure and treat Sy as a

random variable even when the total ngght is not equal to 1. In particular,
I will write P(Sy = S) for v¢(S) = f(5)? and E [g(Sf)] also for integral

vi(9) = 2 scim 9(S)ve(S) = D gcim 9(9)f f(S)? of a real-valued function g on
subsets of [n].

The link that allows noise sensitivity of a sequence of Boolean functions to
be characterized via the Fourier spectrum is given next.

Proposition 5.9. For f: {0, 1} = R, then
E[f(w)f ()] - = Y F920 -0 = E|(1- 051, ] -
50

Proof. Since bits at different positions are independent, E [Xgl (W)xs, (we)] =0
whenever S7 # S;. Thus expanding f =>qf A(S)Xg, we obtain

E [f(w)f(w)] - => f(s (W)xs(w9)].
S#(

Since w; and wj are independent whenever the jth bit is re-randomized, and
equal otherwise, E [xs(w)xs(w®)] equals the probability that no bit is S is
re-randomized. By independence, this probability equals (1 — e)'s X O
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Several interesting observations can be made from Proposition 5.9. The
first one is that the correlation between f(w) and f(w€) is always positive and
decreasing in € (unless f is constant). Another interesting observation is that
f(w) and f(w€) are more correlated when the Fourier spectrum is concentrated
on small sets, and less correlated when concentrated on large sets. This relation
can be made more precise.

Proposition 5.10. For a sequence {fy,}n>1 of functions f, : {0,1}" — {0,1}
the following are equivalent:

a) {fu}n>1 is noise sensitive.
b) Je € (0,1) such that E [ fo(w) fn(w®)] —E [!}"n(w)]2 — 0 asn — oo.
¢) P(0<|Sf,| <k) — 0 asn — oo, for every k € N.

Proof. Trivially, a) implies b). That b) implies ¢) is a consequence of Proposi-
tion 5.9, since for the given € € (0,1) and each k € N

0= limE [(1 —~ e)Ian‘l{an?g@}] > (1-¢)" lim P(0 < |[S,| < k).

n—oo

Similarly, to see that ¢) implies a), take € € (0,1) and note that for each £ € N

E [fa(@)fn(@9)] —E [fa@)]* = E|(1—9lml1(5, L]
(1—e)f +P(0 < |S,| < k).

A

Sending n to infinity, limsup,, o E [ fn(w) fo(w®)] = E [ fn(w)] ? is found to be
at most (1 — €)*. However, this holds for every k € N, so the limit has to be
Zero. O

Also noise stability can be characterized in terms of the spectral measure.

Proposition 5.11. A sequence {f,}n>1 of functions f, : {0,1}" — {0,1} is
noise stable if and only if the sequence {|an|} is tight, i.e., for all 6 > 0
there is M < oo such that

n>1
P(|Sy,| > M) <4, foralln €N,

5.4 Noise sensitivity of percolation crossings
The approach developed in Benjamini et al. (1999) can be distinguished into

parts. The first part, the BKS Theorem, relates noise sensitivity to influences
for any sequence of Boolean functions. It is an interesting fact that the sufficient
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condition in the theorem is also necessary for sequences of monotone Boolean
functions. A function f : {0,1}" — R is called monotone if for any w,w’ €
{0,1}" such that w; < w’ for any j € [n], then f(w) < f(w').

The remaining part of the approach only applies to monotone functions, and
relates influences to the revealment of algorithms. A (deterministic) algorithm
refers here to a rule that describes which bit of w € {0,1}" to query next, or
whether to stop, based on the outcome of the bits already seen. An algorithm
can decide to terminate at any point, and does not necessary query all bits.
The revealment of an algorithm A with respect to j € [n] is the probability
that bit j is queried by the algorithm. Moreover, the revealment of A with
respect to the set K C [n] is defined as

0A(K) := maxP(A queries bit 7).
JEK

Given a function f : {0,1}" — R, an algorithm is said to determine f if for
each w € {0,1}", the outcome of f(w) is known at the end of the algorithm.

The approach introduced in Benjamini et al. (1999) could possibly be re-
ferred to as the deterministic algorithm approach, and, as pointed out to me
by Jeff Steif, can be summarized in the following quite general theorem.

Theorem 5.12. Let {fp}n>1, where fp : {0,1}" — {0,1}, be a sequence of
monotone functions. Assume that there are C' < oo, a > 0 and an integer r,
such that for each n > 1 there is a partition of [n] into K1, Ks,...,K,, and
(deterministic) algorithms Ay, Ao, ..., A, such that for any j =1,2,...,r

a) A; determines f,
b) 5Aj(Kj)(logn)6 — 0, as n — oo.
Then { fn}n>1 is noise sensitive.

Noise sensitivity of percolation crossings (Theorem 5.7) can be deduced
from Theorem 5.12. Let me indicate how this is done. First, we need to define
a suitable algorithm. In fact, we shall need a pair of algorithms. Let K,
denote the subset of &, of edges of the Z? lattice that are contained in left half
of the rectangle [0,n + 1] x [0,n], and let K denote the remaining edges in
[0,n 4 1] x [0,n], those on the right half. An algorithm, described in Benjamini
et al. (1999), that has low revealment with respect to bits in Kp is described
next.

Algorithm. Let f,, : {0,1}¢" — {0,1} be as in Evample 5.6, let w € {0,1}6,
and set Vo = {0} x [n] to denote the set of vertices on the left side of the
rectangle [0,n + 1] x [0,n]. For each k > 1, define the algorithm Ar = Ar(n)
and the set Vi inductively:
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1. Query all edges in &, which has one endpoint in Vi_1 and one outside.

2. Let Uy denote the set of neighbouring points to Vi,_1 that are endpoints to
an edge queried and found open in the previous step. Set Vi, = Vi_1 UUyg.

3. Repeat the above steps until Vi, = Vi_1. At this point fy(w) is known.

It is easy to see that an edge in K will be queried by Ag if and only if
there is a path of open edges from Vj to one of the endpoints of the edge. Each
endpoint of an edge e € Kp lies in the right half of [0, n+1] x [0,n]. Hence, the
event that there is an open path from V[ to an endpoint of e is contained in the
event that there is an open path from that endpoint reaching the boundary of
a box of side length n/2, centred at the endpoint. This event is recognized as
the one-arm event AE, /5, which in (2.2) was seen to have probability at most
(n/2) to occur, for some o > 0 uniformly in n. Hence, for the revealment
of an edge in Kp we have 04, (Kg) < 217*n~%. Likewise, interchanging left
and right, one obtains an algorithm A, that has low revealment with respect
to bits in K. This shows that percolation crossings are noise sensitive, and
ends the outline of a proof of Theorem 5.7.

5.5 Exceptional times of percolation and noise sen-
sitivity

The main approach to show existence of exceptional times in dynamical per-
colation is via the second moment method. Above, I gave a short description
of how dynamical percolation is linked to perturbations of the edge config-
uration. I further claimed that correlations between nearby time points in
dynamical percolation can be understood via noise sensitivity. Here, I would
like to elaborate further on this connection to clearly point to the relevance
of the concept of noise sensitivity when deducing exceptional times of percola-
tion. I will present a rough sketch of this for dynamical bond percolation on
the Z? lattice. I emphasize that the sketch will not argue for the existence of
exceptional times, but only indicate the approach.

In order to show that there at criticality exist exceptional times ¢t € [0, 1] at
which an infinite open component exists it suffices, according to Kolmogorov’s
0-1 law, to show that

Py 5(3t € [0,1] : |C] = oo at time £) > 0. (5.2)

Let AE,(t) denote the one-arm event at time ¢, that is, the event that there
in the bond configuration at time ¢ is an open path from the origin reaching
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the boundary of the box [—n,n]?. Let X,, denote the Lebesgue amount of time
during [0, 1] for which AE, (¢) occurs. That is,

1

Fubini’s theorem gives that E[X,] = P /5(AE,). Employing the second mo-
ment method, the key passage is to show that for some ¢ < oo

E[X2] < c¢E[X,]?, uniformly inn > 1. (5.3)
When such an estimate is obtained, Cauchy-Schwartz inequality implies that

E[X,]?
E[X7)

>

1
P(X, >0) > -
C

, uniformly in n > 1.

In particular, X,, > 0 implies that there exists ¢ € [0,1] such that AE,(¢)
occurs. Hence, countable additivity gives that

P ﬂ {3t €[0,1] : AE,(t) occurs} | >

n>1

QO

This would via a compactness argument easily give (5.2) if the set of times at
which AE,(t) occurs had been a closed set. It is not, by the fact that the set
of times an edge is open is not closed. This is however a minor problem, and
resolved by modifying the process such that an edge is open also at the instant
it flips. The existence of exceptional times follows for the modified process,
and it can easily be seen these times are exceptional times also for the original
process. Thus, (5.2) follows from (5.3).

The essential step is thus to show that (5.3) holds for some finite constant
c. Note that

E[X;]

/1 /1 Pl/Q(AEn(S) ﬂAEn(t)) dsdt
0 JO
< 2/1]P’1/2(AEH(0) NAE,(t)) dt.

0

If AE,(0) and AE,(t) would be uncorrelated, then E[X?2] < 2P /(AE,)* =
2E[X,]?. This is not the case, but we have a clear indication that correlation
between arm events plays an important role. In fact, it seems possible that
(5.3) holds if only the correlation between AE,(0) and AE,(t) is sufficiently
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weak. More precisely, if f,, denotes the indicator function of the event AE,,,
—t

then, via Proposition 5.9 with e =1 — e,
P1j(AEL(0)NAE, (1)) = E[fu(w)fu(w)] = Pija(AE) +) fu(S)%e I
S£0

This motivates further study of the Fourier spectrum of Boolean functions.

5.6 Quantitative noise sensitivity

The proof of the BKS Theorem is based on Fourier techniques, and an essential
ingredient in the proof is a result on hypercontractivity, knows as the Bonami-
Beckner inequality. The concept comes from harmonic analysis, but was found
useful for the study of Boolean functions when used by Kahn, Kalai, and Linial
(1988) to prove a sharp lower bound on the maximal influence over the set of
bits. It was previously mentioned that the BKS Theorem gives a necessary
and sufficient condition for noise sensitivity for monotone functions. This may
give the impression that also this theorem is optimal. However, as will be
explained, there is room for improvements.

Noise sensitivity of a sequence { f,, }n>1 of Boolean functions is equivalent to
the corresponding Fourier spectrum to assign asymptotically vanishing weight
to fixed levels of the spectrum, i.e., ]P)(|an| = k) — 0 as n — oo for each
k > 1. The approach of Benjamini et al. gives a slightly stronger conclusion.
Under the conditions of Theorem 5.12, or alternatively, under the assumption
that the sum of influences squared decays at inverse polynomial rate, then it
is possible to show that there is an a > 0 such that

P(0 < |Sf,| < alogn) — 0, asn— oc.

This improvement gives additional information regarding the Fourier spectrum,
but it is not sufficient in order to conclude the existence of exceptional times
of percolation. The part the approach that relates revealment of algorithms
with influences of bits was proved in two stages. The first relating influences of
bits to correlation with majority functions (of similar form as in Example 5.4),
and the second relating correlation with majority functions with revealment
of algorithms. These two stages are explained in greater detail in Paper III,
where the approach is studied further.

Later, Schramm and Steif (2010) developed a method that directly relates
the Fourier coefficients of a function to the revealment of a randomized algo-
rithm that determines the function. A randomized algorithm differs from a
deterministic one in the way that the next bit queried is chosen at random ac-
cording to a distribution that is allowed to depend on the previous bits queried,
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as well as their values. The revealment of a randomized algorithm is defined
as 04 := 04([n]), and is thus measured with respect to all bits. Note that if
A is deterministic, then §4 = 1. We are interested in finding algorithms with
low revealment, from which we obtain the following information.

Theorem 5.13 (Schramm and Steif (2010)). Let f : {0,1}" — R, and let A
be an algorithm that determines f. Then, for each k € [n]

P(Ssl=k) = Y f(5)* < kllfI30a,

|S|=k

where || f]|3 = E [f*(w)].

An immediate corollary says that if {f,}n,>1 is a sequence of functions
fn : {0,1}™ — {0,1}, and for each n > 1 there is a (randomized) algorithm
A, that determines f,, and is such that 4, — 0 as n — oo, then {f,}n>1 is
noise sensitive. However, assume that the sequence of algorithms {A,,},>1 is
such that 64, < Cn™® uniformly in n, for some C' < co and a > 0. Then
Theorem 5.13 gives that for any v < «

P(0 <|Sf,|<n?) —0, asn— occ. (5.4)

With this approach, Schramm and Steif got close to proving the existence of
exceptional times of percolation for dynamical percolation on the Z? lattice,
later obtained by Garban et al. (2010). Instead, they did manage to prove the
existence of exceptional times for dynamical (site) percolation on the hexago-
nal lattice. Again, the reason for this is the very precise information available
due to SLE technology.

Given a noise sensitive sequence, which is the largest exponent v for which
(5.4) holds? The same argument used to characterize noise sensitivity in terms
of the spectral measure (Proposition 5.10) shows that this corresponds to the
largest 7 for which we in (5.1) can let € decay as €, = n~7, while the limit still
equals 0. For percolation crossings on the Z?2 lattice, as defined in Example 5.6,
the approach in Schramm and Steif (2010) using randomized algorithms is
able to show that (5.4) holds for some v > 0. For percolation crossings defined
similarly on the hexagonal lattice, the approach is able to show that (5.4) holds
for all v < 1/8. Eventually, Garban et al. (2010) were able to show that on
the hexagonal lattice, for any € > 0,

IP’(n?’/A‘_E <|8¢,] < n3/4+6) — 1, asn— oo.

This very precise result was obtained from a geometric approach to study the
Fourier spectrum. It was with the same approach they were able to deduce the
existence of exceptional times for dynamical percolation on the Z? lattice.
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Chapter 6

Summary of papers

6.1 Paper I:
Asymptotics of first-passage percolation on 1-
dimensional graphs

The first contribution of this thesis is in the study of first-passage percolation
on essentially 1-dimensional periodic graphs. Roughly speaking, the class of
graphs considered consists of all graphs that can be constructed from a finite
connected graph Gy as follows. Let {G, } ez be a sequence of identical copies of
Go. Construct the infinite graph G by deciding for, and performing, a fixed way
of connecting two consecutive copies in the sequence {G, },ecz. An essentially
1-dimensional periodic graphs of specific interest is the Z x {0,1,..., K — 1}d_1
nearest neighbour graph, for some K, d > 2, referred to as the (K, d)-tube. The
specific interest in this graph lies in its resemblance with the Z¢ lattice, when
K is large, although its structure remains 1-dimensional.

As was argued for in Section 4, the asymptotic behaviour of first-passage
percolation in two or more dimensions is still poorly understood. It is therefore
of interest to investigate how, possibly simpler, but still similar models behave.
When studying first-passage percolation on the class of graphs described, I find
that the asymptotic behaviour is very much 1-dimensional. Pick a vertex vy in
Go, and let v,, denotes the vertex in G,, corresponding to vg. In addition to show-
ing that on the graph G, when E[r.] < oo, then 3 ug := lim, . T'(vo, vs)/n
almost surely and in L', T prove that when E[72] < oo, then for some o¢g < oo,
as n — oo,

T (vg, vy) — pgn d
O_g\/ﬁ X7

52

in distribution, (6.1)



where x has a standard normal distribution, and that almost surely

T - T _
lim sup (vo, vn) Ngnzl, and liminf (v, vn) 'ugn:—l.

n—oo 0v/2nloglogn n—oo  gy/2nloglogn

I emphasize that this is the characteristics of a 1-dimensional behaviour that
is not expected in higher dimensions. In particular, as previously mentioned,
the correct normalizing factor in (6.1) when d = 2 is believed to be of order
n'/3. Let py denote the time constant associated with the (K, d)-tube. That
this graphs comes to resemble the Z? lattice as K increases is reflected in the
fact that pg is decreasing in K, and

Aim g = pzaer),

where ji74 denotes the time constant associated with the Z? lattice.

The key in capturing the 1-dimensional behaviour is by identifying a suit-
able renewal sequence and using stopped random walk techniques not avaliable
in higher dimensions. With the approximation of first-passage times with a re-
newal sequence I am able to derive certain result whose higher dimensional
analogues are also expected, but not known, to hold. In particular, I prove
that E [T (vo, vn)] is increasing in n, for large n, and that

N(vg,v
Jag = lim M, almost surely,
n— o0 n

where N(vg,v,) denotes the length of the geodesic between vy and v, on the
graph G. In addition, I prove that also Var (T(vo,vn)) is increasing in n,
when n is large, a result that is not simply a consequence of the 1-dimensional
behaviour, but also of the structure of the model in question. Essentially, the
sequence {N (vg, vy,)}n>1 is observed to exhibit the same asymptotic behaviour
as the sequence {T'(vg,vp) tn>1-

Finally, a coupling between two first-passage percolation processes at differ-
ent initial configurations is constructed, and it is used to derive a 0-1 law. As a
complement to the coupling and 0-1 law, an example is given that shows that
the corresponding results are not true for first-passage percolation considered
on the binary tree. Whether the corresponding results hold for first-passage
percolation on the Z? lattice for some d > 2 is unknown.
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6.2 Paper II:
The asymptotic shape, large deviations and dy-
namical stability in first-passage percolation on
cones

The fact that the time constant of the (K,d)-tube approaches the time con-
stant of the Z? lattice as K increases is followed up in the second paper. An
immediate consequence thereof is the following. Let G denote the restriction of
the Z¢ lattice to the region obtained when a non-negative increasing function
r:[0,00) — [0,00) is rotated around the first coordinate axis. If r(a) — oo as
a — oo, then consequently on G

lim T(0,ne;)

= pga(er), almost surely and in L'
n— o0 n

This result states that no matter how slowly the function r increases, the
difference between the time it takes a fluid injected at the origin to wet the site
ne; on the Z% lattice, compared with the graph G, grows as o(n). With a little
more work this extends to arbitrary directions x € S¥1:= {x ¢ R?: |x| = 1}.
For graphs of this form, a Shape Theorem analogue is proven. In the particular
case when G denotes the restriction of the Z? lattice to the region obtained when
the linear function r(a) = ¢ - a, for some ¢ € R, is rotated around the first
coordinate axis, a cone in the classical sense is obtained. One of the two main
results of the paper states that on G, the rescaled wet region converges almost
surely, in L' and completely to the restriction of the asymptotic shape W* to
the obtained region.

The class of graphs can be described as restrictions of the Z¢ lattice to re-
gions obtained when a function is rotated around an axis. Alternatively, which
is the form adopted in the paper, such graphs can be described as subgraphs
of the Z% lattice induced by sets of the form

U B(af(,r(a)),

a>0

where x € ST r : [0,00) — [0,00), and B(x,r) denotes the closed Euclidean
ball of radius 7, centred at x. Here, a subgraph of the lattice induced by a set
V refers to the graph with set of vertices given by V N Z%, and where any two
vertices are joined by an edge if and only if the were in the lattice, i.e., they
are at Euclidean distance 1.

Let x € S ! and let r : [0,00) — [0,00) be any convex or concave function
such that r(a) — oo as a — oo. The following result is obtained, in which ¥
is as defined in (4.3).
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Theorem 6.1. For any d > 2 there exists a universal constant Ry such that

for first-passage percolation on the subgraph G of the Z¢ lattice induced by
Uaso B(aﬁc, r(a) + Rd), the following holds.
T(0

a) If E[re] < oo, then ~ limsup E‘ (| ’|Z) — pga(z/|z|)

v/

z€G: |z|—o0

= 0.

b) IfE[Y?) < oo, then  limsup

z€@G: |z|—00

S - el =0

almost surely.

¢) IFE[Y¥] < oo, then » P (‘T(Z]Z) — pza(z/|2|)

z€G |

>e> < oo,
for all e > 0.

In view of the inversion argument carried out in Section 4 to show that
the Shape Theorem is a consequence of (4.6), then part b) of Theorem 6.1 is
a generalization of the Shape Theorem. In part a) the convergence is deduced
also in L' sense, and part ¢) shows that the convergence also holds completely.
In order to deduce the convergence in part c¢), it is necessary to deduce some
large deviation bounds on first-passage times.

The second main result of the paper is a further generalization of part b) of
Theorem 6.1, and therefore also of the Shape Theorem. The result concerns the
dynamical version of first-passage percolation obtained when edges update their
values according to independent Poisson clocks, in analogy with dynamical
(bond) percolation. The introduction of dynamics gives rise to a second time
dimension, which is not to be confused with the time dimension in which the
fluid propagates. This is further emphasized in the paper.

Theorem 6.2. The almost sure convergence in part b) of Theorem 6.1 is
dynamically stable with respect to the dynamics described above.

Another observation made in the paper is the following. Let G denote
the restriction of the Z? lattice to the region between the first coordinate
axis and the function f(a) = alog(l + a), for a > 0 and some o € R,.
Grimmett (1983) proved that the critical probability for bond percolation on
G lies strictly between 1/2 and 1. When edges are assigned the values 0 and 1
with equal probability, although we for bond percolation encounter ourselves
in the subcritical regime, the time constant along the first coordinate axis
equals pyza(ep) = 0. This remains true if the edge distribution is given a slight
bias towards the value 0. In particular, I find that the subcritical regimes of
first-passage and bond percolation on G do not coincide, as they do on the Z¢
lattice, for any d > 1.
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6.3 Paper III:
Noise sensitivity in continuum percolation

In the final paper, coauthored with Erik Broman, Simon Griffiths and Robert
Morris, the concept of noise sensitivity is studied further. Noise sensitivity
was introduced as a concept for Boolean functions, and was in particular em-
ployed to study the effect of small perturbations of percolation configurations
on planar lattices. Subsequently, it is of interest to study similar effects on
other planar percolation models. In this paper, noise sensitivity is introduced
for continuum percolation, and more specifically so for the Poisson Boolean
model. Recall that given a Poisson point process n in R? of density A, then
space is partitioned into an occupied and a vacant region by placing a unit disc
at each Poisson point. The union of these discs, denoted by D(n), is referred
to as the occupied region.

In analogy to bond percolation on the Z? lattice, we are interested in study-
ing the effect small perturbations of the disc configuration has on the sequence
{fn}n>1, where f,(n) = 1 if there is a horizontal crossing of the square [0, 7]
contained in D(n) N [0,n)?, and f,(n) = 0 otherwise. The function f, is not
Boolean, but a suitable extension of noise sensitivity to the Poisson Boolean
model is the following. Given € € (0,1), let n° be an e-perturbation of 7
obtained by removing each point in 7 independently with probability e, and
adding an independent Poisson point process of density e\. Observe that also
7° is a Poisson process at density A.

Definition 6.3. The Poisson Boolean model is said to be noise sensitive at
density A, if for every e > 0, the sequence { fn}n>1 satisfies

lim E [ ()fa(n)] = E [fu(m)]” = 0.

As for perturbations of a bond percolation configuration, the e-perturbation
of n can be seen as the configuration after a short time ¢ (where e = 1 — ™)
of a dynamical version the Poisson Boolean model started in state 7. In the
dynamical model, unit discs can be thought of as raining down from the sky,
and when landing in the plane, the stay, independently of each other, for
an exponentially distributed time. The density of discs in the plane is kept
constant by regulating the rate at which discs fall from the sky.

For A # A., the Poisson Boolean model is noise sensitive for trivial reasons,
as is also the case for percolation crossings on the square lattice. Thus, it is
only interesting to consider noise sensitivity for the model at criticality, that
is for A = A.. Our main result is the following.

Theorem 6.4. The Poisson Boolean model is noise sensitive at criticality.
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The means employed to prove this result is by adapting the deterministic
algorithm approach due to Benjamini et al. (1999), and described in Section 5.
This is arguably the easiest approach to prove noise sensitivity. However, there
are several difficulties when carrying out the approach in the continuum. The
algorithm as such is a straightforward analogue of the algorithm described for
the lattice case. The difficulty lies in the continuum positioning of the Poisson
structure. Essentially we approach this problem as follows.

Although we are interested in the Poisson Boolean model at criticality,
first pick a Poisson point process 1 at intensity A./p, where p € (0,1) is fixed.
Next, colour the points in the Poisson process independently either ’green’ or
'yvellow” with probability p and 1 — p, respectively. Note that the resulting set
ng of green points constitutes a Poisson point process of density A.. When 1
is thought of as the colour green, and 0 as yellow, then (given 7) the colouring
can be represented by an element we € {0,1}"7. Thus, the information in
NG is represented by the pair (n,wg). Moreover, it is easy to see that an e-
perturbation of ng is given by (n,wg), where wg is the perturbation obtained
from we when re-randomizing each bit independently with probability 6 =
¢/(1 — p), labeling it as a 1 with probability p. Thus, identifying f,(ng) =
fn(n,we), to prove Theorem 6.4 it suffices to prove that for every e € (0,1),

1 E [fa(.00) fu(n.6)] — E [fa(n.wc)]* = 0.

Expressing things in this way has the advantage that, conditioned on the Pois-
son configuration 7, we can identify f,, with the function f; : {0,1}" — {0,1},
via the the identity f/(w) = fn(n,w). Clearly, f, only depends on the points
in 7 that lies within distance one of the square [0,n]?. For each fixed 7, the
domain of f,, is therefore really finite dimensional.

Proving noise sensitivity of the Poisson Boolean model proceeds by showing
that the sequence {fy },>1 is noise sensitive, almost surely. For this to prove
Theorem 6.4, we also need to show that conditioning on the point configuration
7 has almost no effect on the probability of having a crossing of green discs
after colouring. We prove this in much more general terms, obtaining a result
concerning hypergraphs. Since we only manage to prove that the effect of fixing
the point configuration is small when p is small, we are led to extending the
approach due to Benjamini et al. (1999), in particular the BKS Theorem and
Theorem 5.12, to handle the situation p # 1/2. An even more general version
of the BKS Theorem was recently proved by Keller and Kindler (2010). We
present an easy deduction of the BKS Theorem for p € (0, 1) from the uniform
version. This is done via a simple and non-technical reduction from biased
product measure to uniform measure that does not seem to have been used in
this context before. We believe that several approaches presented in the paper
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can find use also in other contexts.
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Paper 1






Asymptotics of first-passage
percolation on 1-dimensional
graphs

Daniel Ahlberg

Abstract

In this paper we consider standard first-passage percolation on cer-
tain 1-dimensional periodic graphs. One such graph of particular interest
is the Z x {0,1,..., K — 1}9~! nearest neighbour graph for d, K > 1.
Let T'(u,v) denote the time it takes for an infection started at w to
reach v, and let N(u,v) denote the length of the geodesic (path with
minimal passage time) from u to v. We derive asymptotic results that
show how the behaviour of first-passage percolation on 1-dimensional
graphs differ from what is known or expected in higher dimensions. Let
n = (n,0,...,0). By subadditivity 7(0,n)/n — g for some u > 0 as
n — oo, almost surely and in L'. We show that for some o > 0, as
n — oo, (T(0,n) — un)/o/n converges in distribution to a standard nor-
mal, and moreover, that limsup,, ., (7(0,n) — un)/o\/2nloglogn = 1,
almost surely. We further prove that E[T'(0,n)] and Var (T'(0,n)) are
monotonic in n, for large enough n. Results for N(0,n) corresponding to
the results mentioned for 7'(0, n) are also derived.

We also allow different sets of initially infected vertices, and construct
an exact coupling of two infections with different starting configurations.
Using this coupling we prove a 0-1 law.

1 Introduction

First-passage percolation was first considered by Hammersley and Welsh (1965).
It can be thought of as a model for the spread of an infection on a connected
graph with set of vertices V and set of edges E. Associate to the edges of



the graph non-negative i.i.d. random variables {7, }.cE, referred to as passage
times. We will denote the passage time distribution by P-(-) := P(7. € - ). To
avoid trivialities, we assume throughout this paper that P, does not concen-
trate all mass at a single point. With the present interpretation of the model,
the passage time of an edge should be thought of as the random time it takes
for an infection to spread along the edge. Consider the process where we start
with a finite set I C V of infected vertices. As time starts, the infection spreads
to adjacent vertices with delays indicated by the passage times.

Let us by a path refer to an alternating sequence of vertices and edges;
Vg, €1, V1, - - -, €m, Um, beginning and ending with a vertex, such that vy is the
endpoint of the edges ey and ey 1 that precedes and follows vy. The vertices vy
and v, are referred to as endpoints of the path. A path with one endpoint in
U and the other in V', where U,V C V, will be referred to as a path from U to
V. We will repeatedly abuse notation and identify a path with its set of edges,
and occasionally with its set of vertices. For a path I', we define the passage
time of I' as T(I') := > . 7e, and define the passage time, or first-passage
time, between two sets of vertices U,V C V as

T(U,V):=inf {T(T) : I is a path from U to V'}.

We are often interested in the case when U = {u} or V = {v}. We will in such
case simply write T'(u,v) for T'({u},{v}). The main features of first-passage
percolation are retained in

T(v) :=T(1,v)

interpreted as the time it takes for the infection started in I to reach the vertex
v, and
By :={veV:T(v) <t}

the set of infected vertices at time t.

A typical choice for the underlying graph is the usual Z? lattice, whose
vertices are the elements of Z%, and where two vertices are connected with an
edge if their Euclidean distance is one. In this paper, though, we will consider
first-passage percolation on 1-dimensional graphs. However, we begin with
a presentation of some of the results for first-passage percolation on the Z¢
lattice. Thereafter, the motivation for considering 1-dimensional graphs, as
well as our results themselves, will be better understood. A more detailed
survey of first-passage percolation can be found in Howard (2004).

It is customary to consider first-passage percolation with a single initially
infected vertex at the origin. However, we have reasons to be interested in
different initial configurations of the infection. The results we are about to
review regarding the Z¢ lattice hold for any finite initially infected set.



A challenging task, already considered by Hammersley and Welsh (1965), is
to describe the behaviour of T'(v) when |v] is large. It follows from its definition
that T'(u,v) is subadditive, i.e.,

T(u,v) < T(u,w)+T(w,v)
for any vertices u, v and w in Z%. Let
Y = min (11,...,74), (1.1)

where 71,...,7T9q are independent and distributed according to P,. Thus, if
E[Y] < oo, Kingman’s Subadditive Ergodic Theorem says that there is a con-
stant u(ey), referred to as the time constant, such that
T
lim Tin) = u(ey), almost surely and in L, (1.2)

n—oo n

where e; = (1,0,...,0), and n = nej. The same holds in every direction. Let
7 € R? be such that |z| = 1. If [nZ] denotes the coordinate-wise integer part
of nz, then there is a u(z) such that

L Tlna))

= u(Z), almost surely and in L'.
n—oo n

In fact, one can say more about this asymptotic growth. If we consider B,
we can state results about the growth in all directions simultaneously. A first
such result was due to Richardson (1973). For convenience, we replace B; by
the subset of R? defined as

B, := {m eR?:z e v+[0,1]? for some v € Bt}, (1.3)

The following version of Richardson’s result is due to Cox and Durrett (1981),
and states that the set of infected vertices grows linearly with ¢ and has a
nonrandom asymptotic shape.

Theorem 1.1 (Shape Theorem). Consider first-passage percolation on 74 with
i.1.d. passage times such that

E[Y9] < oo, (1.4)

forY defined as in (1.1). If u(e1) > 0, then there exists a nonrandom, compact,
convex subset B* in R with nonempty interior such that for all € > 0, almost
surely,

1 -~
(1—¢)B* C gBt C (1+¢€)B*, fort large enough.
If u(ey) = 0, then for every compact set K in R?, almost surely,

1 -
K C ZBt’ for t large enough.



In addition, it was shown by Kesten (1986) that
w(er) =0 if and only if P-({0}) > p.(d),

where p.(d) is the critical value for independent bond percolation on the Vi
lattice. An elementary argument shows that E[7?] < oo is sufficient for (1.4)
to hold.

As the Shape Theorem establishes a law of large numbers for the sequence
T(|nz]), it is natural to ask about the fluctuations of the same sequence. They
have turned out to be harder to understand, and depend on the dimension d.
For d = 1, T'(n) reduces to a sum of i.i.d. random variables, from which it is
immediate that

Var (T'(n)) = n Var(7.).

Kesten (1993) showed that for any d > 1, if P, ({0}) < p. and E[r?] < 0o, then
there are constants C7; > 0 and C < oo such that

Cy < Var (T(n)) < Cyn, foralln > 1.

More precise results have been few. Benjamini, Kalai and Schramm (2003) gave
an example which showed that for first-passage percolation on Z¢ for d > 2,
with {a, b}-valued passage times, where 0 < a < b < oo, there is a constant C
such that n

Var (T'(n)) < C@, for all n > 2. (1.5)
This result was later extended by Benaim and Rossignol (2006, 2008) to include
a wider class of passage time distributions. This is still far from what is believed
to be the precise growth rate of Var (T(n)) For d = 2 it is believed that
Var (T(n)) is of the order n/3, and it is not clear which behaviour to expect in
higher dimensions (see Newman and Piza (1995); Benjamini et al. (2003) for
short resumés). For d = 2 Newman and Piza (1995) have shown, additionally
assuming that the passage-time distribution does not have a too big point mass
at inf{z > 0: P,([0,z]) > 0}, that there is a constant C' > 0 such that

Var (T'(n)) > C'logn,
for all n > 1. The same lower bound was found independently by Pemantle
and Peres (1994), in the case of exponential passage times.
1.1 Classical limit theorems on 1-dimensional graphs

In this paper we consider first-passage percolation on essentially 1-dimensional
periodic graphs defined as follows.



Definition 1.2. The class of essentially 1-dimensional periodic graphs con-
sists of all connected graphs G that can be constructed in the following manner.
Let {Gp}nez be a sequence of identical copies of some finite connected deter-
ministic graph, each with set of vertices Vg, = {vp1,...,vn i} and set of edges
Eg, = {en1,...,en1}. Fiz a nonempty set J C {(i,5) : 1 < 4,5 < K}, and
connect Gy, to Gy for each n by adding an edge e(vy i, Vn41,5) between vy, ; and
Unt1,5, for each (i,5) € J. Let G = (V,E) denote the resulting graph, where

V = U Vg, and E = U (Egn U{e(vni, nt1,4) 1 (4,4) € J})
nez nez

We will write K~ for Eg, U{e(vni, vnt1,5) 1 (4,7) € J}, and say that a vertex
v of G is at level n if v € Vg, .

An essentially 1-dimensional periodic graph of particular interest is the
7Z.x{0,1,..., K —1}9~! nearest neighbour graph, i.e., the sub-graph of the Z?
lattice which has set of vertices Z x {0, 1, ..., K —1}¢~! for some d, K > 1, and
where any two vertices are connected by an edge if their Euclidean distance is
1. We will refer to this graph as the (K, d)-tube (cf. Figure 1). We can think

Figure 1: A part of the (3,2)-tube.

of the (K, d)-tube as the essentially 1-dimensional periodic graph constructed
from a sequence of graphs with vertex set Vg = {n} x {0,1,..., K —1}4-!
and where any two vertices at Euclidean distance one are joined by an edge.
With this construction, the vertices at level n are exactly the ones with first
coordinate n.
Because of the unspecified structure of the underlying graph, it is convenient
to consider
T,:=T(I,Vg,), (1.6)

interpreted as the time until a vertex at level n is infected. To consider T},
is natural, but is in no way necessary for the results we obtain. In fact, we
shall see that the asymptotic behaviour of the sequence {T},},>1 is the same
as that for the sequence {maxyev, T(v)}nzy and the sequence {T'(vy)}n>1,
where {v,},>1 is any sequence of vertices such that v, is at level n. We will
for that reason let {T n}n>1 denote any of the three sequences above, and state
several of our results for Tn It will then be understood that the result holds
for any of the three sequences.



Our main results concerns first-passage percolation on any essentially 1-
dimensional periodic graph G, with passage-time distribution that does not
concentrate all mass at a single point. We will prove that there are non-
negative, finite constants 1 = p(G) and o = o(G), such that the following
holds.

Theorem 1.3 (Law of Large Numbers). If E[r.] < oo, then

A

T
lim —* =, almost surely. (1.7)
n—oo N

If E[7]] < 0o for some r > 1, then
~ T
{(Tn / n) } 1is uniformly integrable,
n>1
and the convergence of (1.7) holds also in L".
Theorem 1.4 (Central Limit Theorem). If E[72] < oo, then

Tn—,un d
on X

as n — 0o, where x has a standard normal distribution.

i distribution,

Let £L({zn}n>1) denote the set of limit points of a real-valued sequence
{xn}nZL

Theorem 1.5 (Law of the Iterated Logarithm). If E[7%] < oo, then

Tn—,un
ov/nlozlos n =[-1,1], almost T,
{U 2nloglogn} . [ ], almost surely
ni

In particular, almost surely,

. T, — un .. T, — un
limsup ———==1, and liminf ————
n—oo ov/2nloglogn n—oo gy/2nloglogn
Note that the almost sure and L!'-convergence in Theorem 1.3 actually
follows from Kingman’s Subadditive Ergodic Theorem. However, it is for the
understanding of our approach instructive to state and reprove it, as we do.
As a consequence of the regenerative structure explored in Section 2, y and o
will be given by explicit formulas. For this reason, it will become clear that
and o are non-negative, finite, and depend on the underlying graph G and the
passage time distribution, but do not depend on the set of initially infected

=—1.



vertices I, nor on which of the three sequences considered that {Tn}nzl may
represent. We will see (in Proposition 5.7) that p and ovaries continuously with
respect to P,. We preferred at this stage to give simple moment conditions in
Theorems 1.3, 1.4 and 1.5. But we will later point out that they may in fact
be relaxed somewhat (cf. Remark 3.4).

At a comparison with the asymptotic results in higher dimensions, Theo-
rem 1.3 is the 1-dimensional analogue to the Shape Theorem. Theorems 1.4
and 1.5 on the other hand, point out a 1-dimensional behaviour that is not
expected in higher dimensions. In particular, Var(T},) grows linearly in n, in
contrast to the higher dimensional sub-diffusive behaviour in (1.5), pointed
out by Benjamini et al. (2003). However, we should also mention a result by
Kesten and Zhang (1997) when d = 2 and P,({0}) = p.(2) = 1/2. They have
showed that T'(n) — E[T'(n)] converges to a standard normal distribution, when
scaled appropriately. This case is considered critical, and the scaling factor is
known to grow of order logn.

The classical Central Limit Theorem for i.i.d. sequences extends to a func-
tional central limit theorem, known as Donsker’s theorem. In contrast to the
classical Central Limit Theorem that treats weak convergence of real-valued
random variables, Donsker’s theorem treats weak convergence of real-valued
random functions. Theorem 1.4 also extends to a functional version, with the
same limiting distribution as the regular Donsker theorem, i.e., Wiener mea-
sure. For the precise statement and a proof, see Theorem 3.6.

We should at this point mention a related, but independent, work by Chat-
terjee and Dey (2009). They consider first-passage percolation on nearest
neighbour graphs of the form Z x {~K,..., K}%~!. In our terminology, this is
precisely the (2K + 1,d)-tube. Introduce the notation a,(K) for the passage
time 7'(0,n) between the origin and n on that graph. Their main result essen-
tially says that if E[7]] < oo for some r > 2, then there exists a = a(d, r) such
that if K, = o(n®), then

an(Kn) - E[an(Kn)]
Var (an(Kn))

LA X, in distribution, (1.8)

as n — oo, where x has a standard normal distribution. When E[r]] < oo
for all » > 1, then o < 1/(d + 1) is sufficient for (1.8) to hold. This result is
similar to our Theorem 1.4, and applies to cases that Theorem 1.4 does not.
The method of proof used in Chatterjee and Dey (2009) is different from ours,
and we note that they require a slightly stronger moment condition than we
do with our techniques (see also Remark 3.4). In Chatterjee and Dey (2009),
(1.8) is also extended to hold for graphs of the form Z x G, which is a subclass
to the class of essentially 1-dimensional periodic graphs defined in Definition



1.2. Moreover, (1.8) extends to a functional central limit theorem similar to our
Theorem 3.6. Again here, Chatterjee and Dey require that E[7]] < oo for some
r > 2 in order for the functional limit theorem to hold. We emphasise that
the present work was prepared simultaneously and independently of the work
by Chatterjee and Dey (2009) by methods distinct from those in their paper.
There seem to be advantages with the techniques used in this paper, as well as
with the techniques used by Chatterjee and Dey. To further exclude questions
of originality, we also mention that this paper is an extended version of the
earlier manuscript Ahlberg (2008), in which several of the results presented
here were included, among them Theorem 1.4. Theorem 1.4 was also proved
by Schlemm (2011) in the particular case of the (2,2)-tube with exponential
passage times.

1.2 Monotonicity of mean and variance

It seems natural to believe that the mean and variance of T'(u, v) increase with
the distance between v and v. We will prove two theorems concerning this.

Theorem 1.6. Let v, ; denote a specific vertex at leveln. Foralli=1,..., K,
if E[1e] < 00, then for some C; € R, as n — oo,

BIT(vn,)] = pn+ C; + o(1).
A direct consequence of this result is that
E[T(vn41,) — T(vp;)] — p, asn— oo.

Since p > 0, this proves monotonicity of E[T'(v, )], for large n. This question
dates back to Hammersley and Welsh (1965). That we have such monotonicity
on Z is completely trivial, but on Z? for d > 2 it is still an open problem
to solve. A counterexample given by van den Berg (1983) shows that such
monotonicity result for the expected travel time from (0,0) to (n,0) on the
{0,1,...,n} X Z nearest neighbour graph does not hold for every n. This
indicates that it might not be possible to extend Theorem 1.6 to say that the
mean travel time is monotonous for all n. The same remark should concern
also the following result which proves monotonicity of the variance of the travel
time for large n.

Theorem 1.7. Let v, ; denote a specific vertex at leveln. Foralli =1,..., K,
if E[12] < oo, then for some C; € R, as n — oo,

Var (T'(vn,;)) = on+ C; + o(1).



1.3 Asymptotic behaviour of geodesics

First-passage percolation offers more than describing the behaviour of the pas-
sage time between vertices. One matter which has received a lot of attention
is along which edges (path) an infection travels from one vertex to another.
Do such paths exist, and if they do, how do they behave? On the Z? lattice
such minimising paths are known to exist for passage-time distributions with
not too big point mass at zero (see Howard (2004) for more precision of the
statement). A simple argument that shows that such paths exist on essentially
1-dimensional periodic graphs (for any passage-time distribution) is given in
Proposition 5.1. As customary, we will use the term geodesic to refer to a path
~(u,v) attaining the minimal passage time, i.e., such that T'(vy(u,v)) = T'(u,v).
Geodesics are not necessarily unique when the passage-time distribution has
atoms (for continuous distributions they are; cf. Proposition 5.1). For this
reason, fix a deterministic rule to choose one when several are possible (e.g.
the shortest, with some additional rule for breaking ties).

Let N,, and N(v) denote the length of the geodesic realising 7,, and T'(v),
respectively. Let {Nn}nZI denote either of the sequences {maxvevgn N(v) }n>1,
{Np}n>1 and {N(vy,)}n>1, where {v, },>1 is any sequence of vertices such that
vy, is at level n. We state here the following result, and refer the reader to
Section 5 and Theorem 5.2 and 5.3, for additional result concerning asymptotics
of length of geodesics.

Theorem 1.8. There is a finite constant « such that, for any r > 1,

~

. n .
lim — = «, almost surely and in L".
n—oo n

On the Z? lattice, Zhang and Zhang (1984) showed that a similar strong law,
as the one exhibited in the above theorem, holds for ”supercritical” passage-
time distributions, i.e., passage-time distributions such that P,({0}) > 1/2.
Moreover, Garet and Marchand (2004, 2007) have considered the related case
of first-passage percolation on the Z¢ lattice with passage times distributed as
P, = pd1 + (1 — p)doo, for some p > p.(d). In this situation the length of the
geodesic between two vertices equals the passage time between them (given
that it is finite). Assume that the origin lies in the unique infinite cluster, and
for z € 7% let {tn,; }n>1 denotes the subsequence of {n},>1 such that wu,, .z lies
in the infinite cluster. They showed that, almost surely,

3 lim M, uniformly in z € Z¢.
n—00 Un,z
They further prove exponential decay of deviations away from this limit. If the
same limiting behaviour, as in the above theorem, holds for general passage-



time distributions on the Z4 lattice is not known (see Howard (2004) for further
reference).

1.4 The (K, d)-tube case

First-passage percolation on (K, d)-tubes is of particular interest, since it can
be compared in a natural way to first-passage percolation on the Z¢ lattice.
As an example of such a comparison, we can see how Theorem 1.3 is a 1-
dimensional analogue to the Shape Theorem. Replace B; with the set B, as
in (1.3). Let ux denote the time constant of Theorem 1.3 associated with the
(K, d)-tube, and set

B* = B*(t) = [—uy, ngt] x [0, K/t)%7L.

The almost sure convergence in Theorem 1.3 is then equivalent to that for all
€ > 0, almost surely,

1 -~
(1-¢)B* C ZBt C (14+¢)B*, for large t. (1.9)

We can in fact allow € to tend to zero with ¢. The precise size of the fluctuations
in (1.9) follows from Theorem 1.5. We refer the reader to Corollary 3.5 for the
precise statement.

Let px denote the time constant associated with the (K, d)-tube (for fixed
d). A simple coupling argument shows that px 11 < pg. In fact strict inequal-
ity holds for all K > 1 (cf. Proposition 5.10). Apart from being decreasing,
the sequence {uk}rx>1 is bounded below by p(e;). Thus, the sequence is
convergent. In Proposition 5.11 we prove that

li = .
Aim e = pler)

This shows that the rate of growth of an infection on the (K, d)-tube approaches
the rate of growth of an infection on the Z¢ lattice, as K increases. Does the
same monotonic behaviour hold for the constants a%( and o, that appear in
Theorem 1.4 and 1.8, associated with the (K, d)-tube? There is no argument
known to us that implies monotonicity. In view of the belief of the fluctuations
in higher dimensions, and the sub-diffusive behaviour shown in (1.5), it seems
reasonable to believe that a%( tends to zero as K — oo.

To compute the actual values of the constants p and pg (for arbitrary K)
does not seem to be practically possible. However, a closed form expression was
obtained for the time constant for the (2,2)-tube (that is px with K =d = 2)
with exponential passage times by both Schlemm (2009) and Renlund (2010).
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1.5 Coupling and a 0—-1 law

Another main part of this paper consists of the construction of a coupling of
two first-passage percolation infections. As an application of the coupling we
prove a 0-1 law. Define the o-algebra 7; := o({Bs}s>¢) and the tail o-algebra
7T = Ny>07¢. We may think of 7; as the o-algebra of events that do not depend
on the times at which vertices are infected before time t.

Theorem 1.9 (0-1 law). Consider first-passage percolation on an essentially
1-dimensional periodic graph G, with a finite set of initially infected vertices.
Assume that the passage time distribution has an absolutely continuous com-
ponent (with respect to Lebesgue measure). Then P(A) € {0,1}, for any event
AeT.

The 0-1 law follows from an application of the following coupling.

Proposition 1.10 (Coupling). Let I and I' be finite subsets of the set of
vertices of an essentially 1-dimensional periodic graph G. Assume that the
passage time distribution P has an absolutely continuous component (with
respect to Lebesgue measure). There exists a coupling of {Te}tecr and {7.}ecr
such that {Te}tecr and {7.}ecr form sequences of i.i.d. random variables with
distribution Pr, and if first-passage percolation is performed with (I,{7e}eck)
and (I', {1l }ecr), respectively, then with probability one there exists T, < oo,
such that
By =By, forallt>T,.

A similar coupling is presented also for discrete passage time distributions,
but then on the more restrictive class of (K,d)-tubes (cf. Proposition 6.2).
Theorem 1.9 is extended to include this case as well. Motivating examples
are given to show why it is not possible to make the coupling as general as
Proposition 1.10 also in the discrete case (cf. Remark 6.6 and 6.7).

The mild condition of an absolutely continuous component to be sufficient
for the 0-1 law on essentially 1-dimensional periodic graphs, opens up for a
discussion. We do not know on which other graphs this condition is sufficient.
But, we give an example showing that a 0-1 law analogous to Theorem 1.9
cannot hold on the binary tree T2. An interesting and challenging case to set-
tle would be on the Z9 lattice.

The main results of this paper will be based on a “regenerative” nature
that arises for first-passage percolation on essentially 1-dimensional periodic
graphs. What we mean by a regenerative behaviour will be clarified in the
next section, where we also derive the properties of the regenerative structure
that will recur throughout this paper. As will become apparent, the idea
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is to identify a suitable regenerative sequence (cf. Definition 2.1). How the
regenerative behaviour arises naturally for exponentially distributed passage
times is illustrated in Section 2.1. The general case is thereafter treated in
detail in Section 2.2.

Once the regenerative behaviour is understood, some of the results we pro-
vide will follow, either from simple arguments or from already known results.
Other results that we provide do not follow as easily, and will require an es-
sential amount of additional work. This will be emphasised in connection with
their proofs. In Section 3, the regenerative behaviour is used to prove Theo-
rems 1.3, 1.4 and 1.5, among others. Monotonicity of mean and variance of
the travel time, i.e., Theorem 1.6 and 1.7, is proved in Section 4. Section 5 is
dedicated to study geodesics and properties of i, o and «. In the final Section
6 the coupling of Proposition 1.10 is constructed, in its continuous and its dis-
crete version. The 0-1 law Theorem 1.9 is also derived and the counterexample
to the 0-1 law on trees is presented at the very end.

2 Regenerative behaviour

Definition 2.1. We say that a sequence {Xy}p>1 of random wvariables is a
regenerative sequence if there exists an increasing sequence of random variables
{ Ak }re>0 such that

a) {A\k — Me—1}te>1 forms an i.i.d. sequence, and
b) {X», — X»,._, tk>1 forms a non-negative i.i.d. sequence.
We will refer to {\;}r>0 as the sequence of regenerative levels.

Some readers may recognise the sub-sequence {X}, }r>0 as a renewal se-
quence, and the sequence {(X A+ )\k)} k>0 88 a 2-dimensional renewal sequence.

The idea of how to identify a suitable regenerative sequence arises naturally
for first-passage percolation with exponentially distributed passage times. We
begin with an illustration of this on the (2,2)-tube. In Section 2.2 we will
generalise this idea to concern general passage time distributions, and any
essentially 1-dimensional periodic graph.

2.1 Exponential passage times

Let the edges of the (2,2)-tube be equipped with i.i.d. exponential passage
times {7.}ecr, and let both vertices at level zero be initially infected. At
any fixed time ¢, given the infected component B;, each edge with exactly
one endpoint in the infected component is equally likely to be passed by the
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infection next. Thus, at each level, with probability at least 1/2, both vertices
will become infected before any vertex at the following level. It follows that
with probability one, at some level r, both vertices will become infected before
any vertex at level r+1. Denote by p the first level for which this happens, and
let 7, denote the time at which this happens. By the lack-of-memory property,
the time it takes for the infection from this moment to reach m levels further
has the same distribution as the time it would take to reach level m, i.e.,

d
Tp+m - Tp == Tm (21)

In fact, at infinitely many levels, both vertices at that level will be infected
before any vertex at higher levels. If we repeat the argument, we generate a
sequence of (regenerative) levels {pi}r>1 (see Figure 2), with corresponding
sequence of instants {7, }x>1, such that (2.1) holds. Since the passage times

I
19\"310 P P2 P3

Figure 2: A realisation of the spread of an infection on the (2, 2)-tube.
The broken lines indicate levels at which both vertices will become
infected before any vertex ahead.

are i.i.d., the consecutive differences ppi1 — pr will be i.i.d., as well as the
differences 7,, ., — 7,,. It follows that {max,ev, T (v)}n>1 is a regenerative
sequence.

The point of the regenerative sequence is the following. Note that the nth
(regenerative) level and the time at which it occurs may be written as sums of
i.i.d. random variables, i.e.,

n—1 n—1
Pn = E Pk+1 — Pk and Ton = § Tors1 — Tpio
k=0 k=0

where pg = 0 and 7,, = 0. It is easy to see that classical results, such as the Law
of Large Numbers, Central Limit Theorem and Law of the Iterated Logarithm,
applies to {(7,,, pn) }n>1, the passage time to the nth regeneration, with respect
to the level of the same regeneration. Such results can be expanded to include
the regenerative sequence in question. This will be further investigated in
Section 3.
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2.2 The general case

Let us now consider first-passage percolation with general passage time dis-
tribution on any essentially 1-dimensional periodic graph. When we refer to
an edge at some level n, we mean an edge in Eg,. When we refer to an edge
between levels n and n+m, we mean any edge in K U...UE; —~ UEg,, .

Let M be a positive integer and denote the set of edges between level n and
n+2M by E,. Fix a path 7, of shortest length between Vg and Vg ., , ie.,
between two vertices at level n and n+2M, respectively. Define the subset E,
of E,, as

E, :=vU Egn U Egn+2M' (2'2)

Define
m, = inf {z > 0: P, ([0,2]) > 0},
M, :=sup{z >0:P,([z,00)) > 0}.
Note that 0 < m, < M, < oo, where the strict inequality holds since we
consider only passage-time distributions that do not concentrate all mass at a
single point. For constants ¢’ and t” such that m, < t’ <t < M,, define the
regenerative event

(2.3)

A, = {Te <t Vee En} N {Te >t" Yee Ey,\ En} . (2.4)

The event A, is depicted in Figure 3. Trivially P(A,) > 0. The vertex at

[ ! Gnyom
|

Figure 3: The graph G between level n and n+2M. If A, occurs, the
thick edges at level n, level n + 2M and of the path ~,, are “quick”.

level n 4+ M first reached via 7, will be of particular interest, so we introduce
the following notation.

Definition 2.2. Let v, denote the vertex at level n first reached via v, pr.
That is, Upypr denotes the vertex at level n + M first reached via .

We will require to consider random variables conditioned on the occurrence
of events like A,,. We will therefore need a notion of conditional independence.
Two random variables X and Y are said to be conditionally independent given
A, if the random variables X conditioned on A, and Y conditioned on A, are
independent.
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Lemma 2.3. Let t' and t” be constants such that m, < t' < t' < M,. Then
there exists M € N, such that:

a) If Ay, occurs, then for all u € Uy<, Vg, and v € Ups,ionm Var
T(u,v) =T (u, Ontar) + T (Ongr,v), (2.5)

and T(T') > T(u,v) for any path T' between u and v that does not visit
Ont M -

b) T(u,Onspr) and T (Op4ar,v) are conditionally independent given A,,. In
addition, given A, T(u,Un1rr) is conditionally independent of the pas-
sage time of any edge beyond level n+ 2M, and T (0p4pr,v) is condition-
ally independent of the passage time of any edge before level n.

Proof. 1t suffice to prove the lemma for v € Vg, and v € Vg, _,,,. For given #'
and t”, choose

[Eg,[t'

t” _ t/ ’

where | - | denotes the cardinality of the set. Set 3 := dist(¥y4171, Vg, 01 )
where dist(v, V') denotes the smallest number of edges one has to pass in order
to reach a vertex of V from v, and define (see Figure 3)

M >

n+2M
Vi =4(qvE U Vg, : dist(v, Vg, ,,,) = 8

j=n
We will prove that, given A,
T(u,op4mr) < T(u,w) and T(Opyp,v) < T(w,v) (2.6)

for all w € V,, \ {Up+nm}. This proves that T(T") > T'(u,v) for all paths T’
between u and v that does not visit 0,457, since each path from u to v has
to pass some vertex in V,. Thus, also (2.5) holds. That T'(u,0,4a) and
T (Op4a1,v) are conditionally independent given A, is easily seen from the
following observation. When A,, occurs, if follows from (2.6) that 7'(u, Op4ar)
is the infimum of T'(T") over all paths I" from u to 0,4 s that intersects V,, only
in On4ar, whereas T (Op4a7,v) is the infimum of 7'(I") over all paths I' from
Unt s to v that intersects V), only in 0,4 3s. Hence, the infima of passage times
are taken over paths in disjoint parts of the graph. The remaining statement
in b) follows similarly.
To deduce (2.6), condition on A,. By definition of v,, and V,,

T(W, Opiar) < T(w',w)
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for any vertex w’ visited by 7, and w € V,, \ {On41r}. Let 7, denote the part
of the path ~,, between Vg and v,4pr. Let I' be any path from u to V,, disjoint
from +, . Note that

T(u,Opsnr) < ([Eg, |+ [)t and T(T) > |y, [t".
(Here #,, is identified with its set of edges.) By the choice of M,
T(T) = T(u,0nnr) = (" =)y | = [Eg,|t" = (" —t)M — [Eg,[t" > 0.

This proves that T'(u, Op4ar) < T(u,w) for all w € V,, \ {Op4ar}. The proof of
the remaining inequality in (2.6) is similar. O

Assume from now on that t/, ¢ and M are chosen in accordance with
Lemma 2.3. We will next introduce an auxiliary random variable A. Through-
out this paper, A will denote any bounded integer-valued random variable
independent of {7, }ccg. The auxiliary random variable is not necessary in or-
der to derive the regenerative behaviour we do in this section. In fact, A is of
no importance to most of our results in this paper. We will in Section 3 set
A = 0. However, A will play a role in Section 4, where we need to be more
careful to prove monotonicity of mean and variance. At this point we do not
specify its distribution further, other than having bounded support.

Let pr := max{n € Z : Vg, NI # (} denote the furthest initially infected
level. Define

ng:=pr+A+k2M+1), forkelZ,

and note that the sequence of events {A,, }rez is readily seen to be i.i.d. Let
x =min{k > 0: A, occurs} and set py := n, + M. Define further

pr = M + min{n,, : n,, > px_1 and A, occurs}, for k> 1,
pr = M+ max{n,, : n, + M < p_1 and A, occurs}, for k < —1.

Since {Ay, }rez isii.d. and P (4,,) > 0, the second Borel-Cantelli lemma gives
that
P (A, occurs for infinitely many k& > 0) = 1.

The same holds for & < 0. This generates a sequence {pi}rez, where py is
almost surely finite.

Note that pr > pr + M for k > 0. Thus, for £ > 0, Lemma 2.3 says that
each path along which any vertex at level pp + M and beyond is infected has
to pass the vertex 0, .

Definition 2.4. A wvertex 0, will be referred to as a regeneration point if
n = py for some k > 0.
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For k € 7Z, define
Sk = pr — pr—1, and  Tg =T (D, _,,0p,).

For k > 1, Sk denotes the distance (measured in levels) between two regenera-
tion points, and 7g, denotes the passage time between two regeneration points.
By Lemma 2.3 we see that 75, = T'(0,, ) — T(0,,_,) for kK > 1. With this nota-

TN -

Figure 4: A schematic picture of a graph, in which boxes indicate lo-
cations of the sequence {A,, }1>0, vertical lines indicate the sequence
{pr}r>0, and dots indicate {0y, }x>0. The distance between the two
vertical lines is S, and the thick curve indicates 7g, .

tion, we may for n > 0 write the level of the nth regeneration, and the time it
takes for the infection to reach the nth regeneration, as

n n
Pn = Po+zsk7 and  T'(0y,) = T(0p,) +ZTS’“’
P k=1

respectively.

Lemma 2.5. Assume that t', t” and M are chosen in accordance with Lemma
2.3. Then, {(7s,, Sk)}kez forms a sequence of i.i.d. [0, 00) x Z -valued random
variables.

Proof. That {Sk}rez is an i.i.d. sequence of geometrically distributed random
variables, times a factor 2M + 1 can easily be seen, since the events A,, are
pairwise independent with equal success probabilities.

Note that 7g, is a random variable of the form T'(9p,4 a1, On;+ar), for some
i < j, conditioned (in particular) on the occurrence of the events A,, and A, .
Thus, independence of 7g, and 7g, for k # [ follows from Lemma 2.3 part b).
That they are identically distributed is due to the events A,, being pairwise
independent with equal success probabilities. O

Proposition 2.6. The sequence {T(0p,)}n>1 5 a regenerative sequence. More-
over, if t', t" and M are chosen in accordance with Lemma 2.3, then {pp}n>0
is a sequence of regenerative levels for {T(0p)}n>1, such that

A d A
T(vp,4myi) = T(0p,) = T(Vpy4+m,i) — T(0p,), for allm > M,n > 1,
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where superscript d indicates that the equality holds in distribution.

Proof. That {T'(0,,)}n>1 is a regenerative sequence with sequence of regenera-
tive levels {pn }n>0 follows from Lemma 2.5. By Lemma 2.3,

T(vp,tm,i) — T(0p,) = T(0p,, Vp,+m,i)
for m > M, whose distribution is independent of n, by definition of A,,. O

Let pr = E[rg,] and pg := E[S)] denote the expected passage time and
distance between two regeneration points, respectively, and define

W= &, and o2 := Var(rs, = ,uSk)'

Hs HSs

(2.7)

It is immediate from the construction that the distributions of S and 7g,
(and therefore also 1 and ¢2) does not depend on the set of initially infected
vertices I, nor on A. We will in next section see that p and o2 appear as
the constants that figure in Theorem 1.3, 1.4 and 1.5. In order to state clear
moment conditions, we will also need to know how moments of 7, relate to
moments of S, and 7g,. This is given in the following proposition.

Proposition 2.7. Assume that the passage time distribution P does not con-
centrate all mass in a single point. Then,

a) there exists an a > 0 such that E [eask] < 00.

Assume further that there are p > 1 (edge) disjoint paths from vy to 01. Let

Y = min(m,...,7y), where 11,...,7, are independent and distributed as Pr.
Then,

b) if E[Y?] < 00, for some o > 0, we have 0 < E[Tg‘k] < 00.

In particular, if E[78'] < oo, then E[r§ ] < oo, and if E[7§ ] < oo for a =1,
and o = 2 respectively, then

0<pu<oo, and 0<o?< oo

Proof. a) Recall that if 6 is geometrically distributed with parameter py =

P(A,), then Sj 4 (2M + 1)8. In particular, 0 < E[S}] < oo for a > 0.
Moreover,

0
E[eaSk] _ Z a(2M+1)n pA)n—lpA

(e}

_ a(2M+1) Z ( a(2M+1)( pA))”A’
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which is finite if @M+ (1 —py) < 1.

b) Let Fgl), e ,Fg-p) denote the p disjoint paths from ©;_; to 9;. Note that
subadditivity gives

TS, < Z T(@j_l,’[)j). (2.8)
J=pr—1+1
For any edge e € E we have
P(r, > t| A,) < P(A,) 'P(7e > t), 2.9)
P(r. > t| AS) < P(AS)"'P(7, > t). '

Set A := {Sk = (2M + 1)n}. Note that A, is of the form (¢ An, (s 47,
for disjoint sets I,J C {l,l+1,...,l+n}, where [ is such that n; = pp_1 — M.
Hence, it follows from (2.9) that when e € ng) for some 7 = 1,...,p and
j=pg-1+1,..., pi, then

P(1e > t|Ay) < C1P(7e > 1), (2.10)
where C; = max (P(A,)~ !, P(A%) ™). We will next prove that
E[T(0j-1,9;)%| An] < CoE[Y], (2.11)

for j = pr_1+ 1,...,pr and some Co < oco. Let A denote the length of the
longest of the paths Fg-l). Then (2.11) follows immediately from

)
p

I D Pl >t/o/x An)

i=1 (1)
eEFj

p .
P(T(i5-1,0,)" > t|An) < J]P(7(0]) > e
=1

IN

< OPNPP (1 > t1/2/N) = CINPP(Y™ > t/)\%),

where the second inequality follows since T(ng)) > s implies that at least one

of the edges e € Fg-i) has 7. > s/, and the third inequality follows from (2.10).
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Combining (2.8) and (2.11) we deduce that

«

oo Pk
E[rg] < ZE Z T(0;-1,95) | | An| P(Ay)
n= J=pr—1+1
Pk—1+1
< Zn S E[T(0j-1,8;)% Aa] P(An) (212)
n=1 j=pr_1+1

< Oy Z"QHE [Y]P(An) < CoE[YE [SpHT,

n=1

where the second inequality follows since for any non-negative numbers a; we

have
(67
n n

Zaj < (nmaxa;)* < no‘Za?‘. (2.13)

Jj=1 Jj=1

Thus, E[Tg‘k] < oo from part a). We can conclude that E[Tgk] > 0, since the
passage times of all edges connecting level pr_1 + M and pp_1 + M + 1 are
independent of A,,. O

Remark 2.8. 1t is worth pointing out that the initially infected component does
not need to be finite. But, there needs to be a level m beyond which no vertex
is initially infected. Proposition 2.6 holds also in this case. ]

3 Asymptotics for first-passage percolation

In this section we will present some variants of classical results for i.i.d. se-
quences, but here for first-passage percolation considered on essentially 1-
dimensional periodic graphs. The fact that {T'(0,)}n>1 is a regenerative se-
quence, and in particular, that {7g, };x>1 and {Sk}r>1 form ii.d. sequences,
will play a central role. We will assume throughout this section that ¢’, ¢ and
M are chosen in accordance with Lemma 2.3, and that the auxiliary variable
A = 0. In order to approximate T'(,), we will stop the sequence {T'(7,, ) }r>0
in a suitable way. The asymptotic behaviour of stopped sums of this form,
so called stopped random walks, i.e., random walks stopped by some stopping
time, has been studied before. Gut (2009) treats this subject. Once the regen-
erative behaviour is known, results as Theorem 1.3 and 1.5 are easily obtained
from the classical Law of Large Numbers and Law of the Iterated Logarithm.
So, there is in these cases no need to refer to the theory for stopped sums.
However, Theorem 1.4 and 3.6 would require more work, and we will base
our proofs of these results on known results for stopped random walks. We
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should mention that apart from the results presented here, it is possible to de-
duce other results, such as stable laws, from known results for stopped random
walks.

We will without further comment use the fact that if Y;, — Y and n,, — oo
almost surely as n — oo, then Y;, — Y almost surely as n — oco. We also
remind the reader that for any i.i.d. sequence {Y},},>1, a simple application of

the Borel-Cantelli lemmas shows that

(e
n

Y,
lim — =0, almost surely < E[|Y1]%] < oc. (3.1)

n—oo 1,

To see this, note that E[|Y7|%] < oo is equivalent to

[ee)
ZP(|Yn|a > en) < oo, for any e > 0.
n=1
This is by the Borel-Cantelli lemmas equivalent to
Y|

lim = <,
n—oo 1N

and (3.1) follows.

In order to approximate 7(0,,), we will stop the regenerating sequence when
Ay, occurs for the least k£ such that np > n. In terms of the sequence of
regenerative levels, we define

v(n) :=min{m >0: pp, >n+ M}.

Lemma 3.1. {v(n)},>0 is a non-decreasing sequence such that

n
a) lim —— = pg, almost surely.
w2 ()

b) lim 24

n—oo n

=1, almost surely.

Proof. 1t is clear that v(n) T oo as n — oo. Lemma 2.5 and Proposition
2.7 assure that {Si}r>1 forms an ii.d. sequence with finite mean. Since the
definition gives p,,)—1 <n+ M < p,,), we have

Py _ Svtm) _ n+ M Ppuw)

v(n)  v(n) v(n) = v(n)

This, together with the classical Law of Large Numbers and (3.1) proves a).

Since
Pu(n) i Pu(n) V(n)

n v(n) n

)

part b) follows from the Law of Large Numbers and part a). O
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Recall that {Tn}n21 denotes either of {7}, },>1, {maxyev, T'(v)}n>1 and
{T(vn)}n>1, where {vy, }n>1 is any sequence of vertices such that v, is at level
n. When we prove Theorem 1.3, 1.4 and 1.5, we will first obtain the results for
the stopped sequence {T(ﬁpy(n))}nzl. What we then need to finish the proofs
is summarized in the following lemma.

Lemma 3.2. Assume that there are p > 1 (edge) disjoint paths from vg to v1.
Let Y = min(ry,...,7,), where T1,...,7, are independent and distributed as
P,. Then, for any a > 0,

v =l
e

=0, almost surely.

A A~ «
‘T(vn) _ T(vpy("))‘ =0, almost surely.

b) if E[Y?] < oo, then  lim

n— oo n
T, — T(0n)]"
c) if B[r&] < oo, then  lim n—(n)‘ =0, almost surely.
n—o00 n

Proof. Since p, ) —n < S,y + M 4 Sk + M, then a) follows from (3.1) and
part a) of Proposition 2.7. By subadditivity

Pu(n) Pv(n)
T(@pu<n>)—T(®n)‘ < > T(051,1) < > T(0j-1,95),
]:n+1 j:pu(n)fl_M-i_l

which in the proof of Proposition 2.7 was seen to have finite moment of the
same order as Y. Thus, also b) follows from (3.1). Finally, also ¢) follows from
(3.1). Note that

T, < T(v,) < v%l{}g)i Tw) < T, + Z Te,

implies that ‘Tn —T(0n)| <3 ccBg, Te; Which via (2.13) is easily seen to have
finite moment of same order as 7. O

3.1 Proof of point-wise limit theorems

Proof of Theorem 1.3. Almost sure convergence. Lemma 2.5 and Proposi-
tion 2.7 gives that {7g, };>1 is an i.i.d. sequence with finite mean. Thus, as
n — 00,

T(% 5 v(n)
( Pu(n>) _ T(”P()) +Zk=1 75, V(1) — ﬁ, almost surely,
n I/(’I’L) n s
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according to the classical Law of Large Numbers and Lemma 3.1. We conclude
that, as n — oo,

T(,[)TL) — T('{)pu(n)) + T(ﬁn) - T(ﬁpu(n)) N & a]most surely
n n s ) )

by part b) of Lemma 3.2. The almost sure convergence of T}, /n now follows
from part ¢) of the same lemma.
Uniform integrability. According to subadditivity and (2.13)

r s

n
T;; < 3" | T(v0)" + ZT(@j_l,’[)j) + Z Te
Jj=1 eckg,

By convexity of the function z”, we have

1 T
_E T(5: 1.0 <_§ T(i: 1 0:).
(n 2 (”J 17”])) = n 2 (”J I’UJ)

Note that the distribution of T'(99)" and (}_.cg, 7e)" does not depend on n,

and, via (2.13), have finite mean when E[77] is finite. Hence, {(T},/n)" }n>1 is
uniformly integrable if only {>")_, T'(0;_1,0;)" /n}n>1 is uniformly integrable.
However, that holds as soon as E[T(ﬁj_l,ﬁj)’“] is finite, which follows since
E[r!] is finite. (Note that the regenerative behaviour was not used.)
L"-convergence. The L"-convergence now follows from the almost sure con-
vergence and uniform integrability. O

Theorem 1.4 will be deduced from the following result sometimes referred
to as Anscombe’s theorem. For a proof, we refer the reader to e.g. Gut (2009,
Theorem 1.3.1).

Theorem 3.3 (Anscombe’s theorem). Let {{;}i>1 be an i.i.d. sequence with
mean zero and variance ag. Assume further that

M 20, in probability,
n

asn — oo. Then, as n — oo,
n(n)
k=1 gk

oev/on

where x has a standard normal distribution.

4, X, in distribution,

23



Proof of Theorem 1.4. It follows from Lemma 2.5 and Proposition 2.7 that
{7s, — Sk }r>1 is an i.i.d. sequence with zero mean and finite variance. An ap-
plication of Anscombe’s theorem, together with Lemma 3.1, gives convergence
in distribution of the former term in the right-hand side of

T(@n) —pn T(@pu(n)) — HPu(n) n T(@n) - T(’[}py(n)) - /L(’I’L - pu(n))

ov/n N ovn ovn '
to a standard normal distribution, as n — oo. The latter term in the above
right-hand side vanishes according to part a) and b) of Lemma 3.2. The con-
vergence of T,, now follows from part ¢) of the same lemma. O

Theorem 1.5 will be proved from a version of the Law of the Iterated Log-
arithm for i.i.d. sequences that is more general than the classical one. The
classical version would suffice to prove the second statement in the theorem. A
proof of the more general version for i.i.d. sequences can be found in e.g. Gut
(2005).

Proof of Theorem 1.5. Recall that 75, — Sy are i.i.d. for £ > 1, with zero
mean and finite variance, due to Lemma 2.5 and Proposition 2.7. Trivially

T(0n) —pn T(’f)p,(n) — KPu(n) / log log v(n
ov/2nloglogn o\/ps2v(n)loglogv(n log logn
T(@n) - T(Upu(n)) :u( pzx(n)
o+/2nloglogn '
Since v(n) is non-decreasing, and for each m € Z,, there is an n € Z, such

that v(n) = m, it follows from the extended version of the Law of the Iterated
Logarithm for i.i.d. sequences that

T ’[) - vin
( Pv(n)) KLy (n) = [—1,1], almost surely,
a\/u521/(n) loglog v(n) niw(n)

_|_

and, in particular, that almost surely

@ T(, )~
limsup —2e) TP g g iy g D) ~ B
n—oo 0y ug2vloglog v n—oo g4/ us2vloglog v

Lemma 3.1 gives that pusv(n)/n — 1, almost surely, as n — oo, and we further
conclude that

—1.

log (log n + log V("))

log 1
lim M = lim =1, almost surely.
n—oo loglogn n—o0 log log n
An application of Lemma 3.2 now completes the proof. O
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Remark 3.4. Say that we are interested in the sequence {T'(0g,0n)}n>1. A
closer look at the proofs of Theorem 1.3, 1.4 and 1.5 reveals that the only
moment condition required in order to prove the various modes of convergence
for {T'(vg,0n)}n>1 is not E[78] < oo for given values of «, but E[Tg‘k] < 00,
for k > 1 and corresponding «. According to Proposition 2.7, this holds when
E[Y?] < oo, where Y denotes the minimum of p independent passage times,
and p is the number of disjoint paths from 7y to ©;. As an example, on any
(K, d)-tube with K,d > 2, the passage time distribution given by

P(re >z) =279, forax>1, (3.3)

for some o > 0, satisfies E[70'] = oo but E[min(7,72)] < co. Hence, Theorem
1.3, 1.4 and 1.5 holds in this example for the sequence {T'(0g,0p)}n>1 and
corresponding values of «, even though E[78] = co. O

3.2 One dimensional shape theorem

Theorem 1.5 gives the precise rate of convergence towards the asymptotic shape
B* in the case of (K, d)-tubes. We will next rephrase this in terms of the set of
infected vertices. The following corollary gives the precise rate of fluctuations
of that set. Recall that B* = B*(t) = [—,u[_{l,,u[_{l] x [0, K /t]% 1,

Corollary 3.5. Consider first-passage percolation on a (K,d)-tube, and as-
sume that E[12] < co. We have for all X > o+/2/uk, almost surely, that

1 -~
(1 — A/t Tloglog t) B'CBiC (1 + A/t Tloglog t) B, (3.4)

for all t large enough. Moreover, for all A < 0+/2/ux and s > 0, for either of
the inclusions in (3.4), there exists, almost surely, t > s such that the inclusion
does not hold.

Proof. Fix € > 0. By Theorem 1.5, there exists an almost surely finite N =
N (e€) such that

urn — (14 €)oy/2nloglogn < min(7T-,,T,),
for all n > N. This implies that
Bt - [—TL,’I’L] X [07K]d_17

for all

t < pugn— (14 €)oy/2nloglogn (3.5)
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and n > N. Write n; for the least n such that (3.5) holds. By the choice of n,

t 1
L + €
120:¢ 120:¢

U\/2(7”Lt — 1) loglog(ny — 1) = (ny — 1)g(ne),

for some increasing function g such that g(n) — 1 as n — oco. It follows that

1 2t t
n—1< —|t+(1+€oy/———loglog———
pic prcg(ne) prg(ne)

Since ny — 00, also g(ny) — 1, as t — oo. Since € > 0 was arbitrary, we have
shown that for all € > 0 there exists an almost surely finite 7" = T'(e) such that

~ 2t
B, C <t + (1 +¢€)oy/— loglog t> B*
120¢

for all ¢t > T'. The proof of the lower inclusion in (3.4) follows in a similar way
from Theorem 1.5 applied to max,ev, T'(v).

It remains to prove the second statement of the corollary. Fix e > 0.
It follows from Theorem 1.5 that for all n > 1 there exists, almost surely,
N = N(e) > n such that

Tn < pugN — (1 —¢€)oy/2N loglog N

In particular, B
By, & [-N,N] < [0,K]"

for ty == puxg N — (1 — €)o/2N loglog N. Since tny < pug N, it follows that

~ 2t t
B, ¢ (tN +(1- 6o/ Eloglog i) B*.
1204 KK
Since € > 0 was arbitrary, we have shown that for any A < 01/2/puk, € > 0 and
s > 0, there exists, almost surely, ¢ = t(¢) > s such that the upper inclusion
in (3.4) cannot hold. The failure of the lower inclusion follows in a similar
way. ]

3.3 Functional Donsker theorem

Donsker’s theorem can be seen as a functional version of the Central Limit The-
orem. In contrast to the Central Limit Theorem that treats weak convergence
of real-valued random variables, Donsker’s theorem treats weak convergence
of sequences of real-valued random functions. Let D = D[0,00) denote the
set of right-continuous functions with left-hand limits on [0, c0). Let D denote
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the o-algebra generated by the open sets in D with Skorohod’s Ji-topology,
defined by the following. Let A denote the set of strictly increasing, continuous
mappings of [0, ] onto itself. A sequence {f,},>1 of elements in D is said to
be Ji-convergent to f if, for every b > 0, there exists a sequence {\,},>1 in A
such that

sup [A\(t) —t| — 0, and sup |fu(Au(t)) — f(¢)] — 0,
0<t<b 0<t<b

as n — oo. If {P,},>1 is a sequence of probability measures on the measurable
space (D, D), then we say that P, converge weakly to P, denoted P, é P, if

/DfdPn—>/DfdP,

for all bounded, continuous f from D to R.
Let {&;}x>1 be an i.i.d. sequence of random variables with zero mean and
variance Ug < 00, set Sy = > ¢, &, and define

1
Xo(t) = mSLntJ,

for t > 0.

Donsker’s theorem states that X, A W, as n — oo, where W denotes Wiener
measure. The following is a result in the same spirit, for our first-passage
percolation process.

Theorem 3.6 (Functional Donsker theorem). If E[72] < oo, then

Tit) — plnt) 5
ay/n

As for the point-wise Central Limit Theorem, there is an Anscombe version
of Donsker’s theorem. We will use it as a lemma to prove Theorem 3.6. Suppose
that {n(n)},>0 is a non-decreasing, right-continuous family of positive, integer
valued random variables such that n(n)/n — 6, almost surely, as n — oo.
Define

W, asn — oo.

Yo (t) : for ¢t > 0.

1
= et

An Anscombe-version of Donsker’s theorem states the following.

Lemma 3.7.
0~-1/2y, 2/ W, as n — oo.
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We refer the reader to Gut (2009, Theorem 5.2.1) for a proof of Lemma
3.7. The lemma is of great interest in its own right, but we restate it here as a
lemma in order to maintain focus on our main aim. We will deduce Theorem
3.6 from Lemma 3.7.

Proof of Theorem 3.6. According to Lemma 2.5 and Proposition 2.7, the se-
quence {7g, — Sy }r>1 have i.i.d. elements with zero mean and finite variance.
From Lemma 3.7 it follows that

T({)Pu(mq)) — HPy(|nt)) g
ay/n

It remains to prove that, as n — oo,

W, asn — oo.

TLntJ - T(@pu(tntJ)) — p([nt] - pu([ntJ))
ayn

sup — 0, almost surely. (3.6)

0<t<b

According to Lemma 3.2, as n — oo,

T, — T(f)pu(n)) - :u‘(n - pzx(n))
ovn

— 0, almost surely. (3.7)

For any sequence of real numbers {x,,},>1 it holds that

maxkgbn |a;k| .

lim ——=0 = lim = 0. (3.8)

Ty,
To see this, fix € > 0, and choose N such that |x,|/\/n < € for alln > N. Then
the left-hand side in (3.8) can be made arbitrarily small for large n, since

maxp<pn |Tk|  Maxpen [Tp] | maxn<p<on [T

NG = T/ + n §€—|—E\/5,

if n is chosen large enough.
In fact, (3.8) improves (3.7), and we get

maxg<mn Ty — T('{}py(k)) - :u‘(k - pl/(k))
o\/n

as n — oo. But this is equivalent to (3.6). O

— 0, almost surely,

Remark 3.8. Remark 3.4 applies also to Theorem 3.6. O
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4 Monotonicity of mean and variance

In this section we will prove Theorem 1.6 and 1.7. This shows that mean and
variance of T'(vy ;) are monotonous in n, if n is sufficiently large. The method
of proof will use the regenerative behaviour explored in Section 2. In this
section, the auxiliary random variable A introduced in Section 2 will turn out
useful. Throughout this section, A will be assumed uniformly distributed on
{0,1,...,2M}.

From what is known for stopped random walks (see e.g. Gut (2009, The-
orem 4.2.4)), it follows that E[T (9, )] = un + C, for some constant C, and
Var(T'(dy,,,)) = o?n + o(n), for large n. We will in this section need an es-
sential amount of extra work, in order to improve the latter statement and
prove that there is a constant C, such that Var(1'(d,,,)) = o?n + C. What
then remains in order to prove Theorem 1.6 and 1.7, is to show that the dif-
ferences between E[T(v,;)| and E[T(D,,, )], and between Var(T'(v,;)) and
Var(T'(9,,,,)), converge as n — oo. We will present full proofs of Theorem 1.6
and 1.7 based on Wald’s lemma.

Lemma 4.1 (Wald’s lemma). Let &,&a,... be i.i.d. random wvariables with
mean fig, and set Sy, =Y ;1 &,. Let N be a stopping time with E[N] < oco.

o) ElSx] = B[N
b) Ifag = Var(¢;) < oo, then E[(Sy — peN)?] = ag [N].

c) If X is independent of £&1,&a, ..., then E[XSn| = ueE[XN].
In particular, Cov(X,Sn) = pe¢ Cov(X, N).

A proof of Wald’s lemma can be found e.g. in Gut (2009, Theorem 1.5.3).
The third part of the lemma is a slight extension of the first part, and proved
in an analogous way. If 7, = o({(po,T(0p,)), (S1,75:),---,(Sn,7s,)}), then it
is immediate from the definition that v(n) is a stopping time with respect to
the sequence of o-algebras {F, },>1.

The importance of the auxiliary variable A is the following. A regeneration
point may only occur every 2M + 1 levels. However, introducing a shift uni-
formly distributed on {0, 1,...,2M} allows every level equal probability to be
included in the subset of levels at which regeneration points may occur. This
is precisely the role of A. This allows the following lemma, as well as details
in the proof of Theorem 1.6 and 1.7, to become less messy.

Lemma 4.2. For n > py,




Proof. Assume that n > pr. We may interpret v(n) as the number of regenera-
tion points before (but not including) level n+ M. That is, the number of k£ > 0

such that A,, occurs for ny < n. Since ng = p; + A, this number is at most

L%J . Since the shift A is independent of {7, }ccE, we can, conditioned

n+2M—pr—A

2M+1
Bernoulli trials, each with success probability ps := P(A4,, ). Conditioning on
A, we see that

on A, think of v(n) as the number of successes in { J independent

(4.1)

Bl = ik || A |

If n—pr = (2M + 1)k, for some k > 0, one realise from (4.1) that

bA n—pr

where the latter equality follows from the fact that Sy is geometrically dis-
tributed with parameter p4, times a factor 2M + 1, that is, us = (2M +1)/pa.
Again from (4.1), one realise that as n — p; increase from (2M + 1)k to
(2M + 1)k + 2M, then E[v(n)] will have to increase with p4/(2M + 1) for
each step. O

We are now ready to prove Theorem 1.6 and 1.7.

Proof of Theorem 1.6. Wald’s lemma together with Lemma 4.2 gives that

v(n)
E |T(p,,)| = B T(%szmk = E[T(i,)] + prEv(n)
=1

= B[T(0p)] + pn — ppr.

It remains to prove that there is a finite constant C; such that
E [T(vn,i) - T(@pu(n))} — 0y, asn — 0. (4.2)

Arguments of the type we will use to prove (4.2) will be used repeatedly in
the proof of Theorem 1.7. For this reason, we present the argument in detail
here. To make the argument clear, we will define a random variable to which
T'(vn;) — T(Dy,,,) converges in distribution. The limit C; will then be the
expectation of this random variable.

Recall that ny = pr + A+ k(2M + 1), set my, j :=n— (2M + 1)k for k > 1,
and set

ry =M +min{n; > 0: A,, occurs},

ro := M + max{mg < 0: A, , occurs}.
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Observe that r denotes the first element of the sequence {py }x>0 greater than
zero, whereas rg is not defined along the same subsequence of the integers as

{pk}kzo. Define

Yii =T (0ry,vk), and Yy :=T(0,0,),

and the events
Dry, i= {Am,, occurs for some k such that p; < my,x < n},

Dy, := {Amo,k occurs for some k such that py < mg +n <n}.

Clearly P(Dr,,) = P(Dy,,) — 1 as n — oo. Moreover,

~ d
{T(’L)n,i) — T(’L)py(n)) < t} N DT,n = {YVO7Z -Y, < t} N Dym.

So, if we let Hpy = {T'(vn;) — T(0p,,,) <t} and Hy = {Yp; — Y4 < t}, then
as n — oo,

P(HT,n) = P(HTm N DTm) + P(HT,n N D%m) (4.3)
= P(Hy) +P(Hp, N D%,,) — P(Hy N D5,,) — P(Hy). ’

. d . .
Thus, T'(vn,i) — T(0p,,,,) = Yo — Yy asn — oo. If {T(vy;) — T(vpu(n))}n>]_7 in
addition, is uniformly integrable, then a

E T (vn;) = T(0p, )| = E[Yo; —Y4], asn— oo

To deduce uniform integrability, note that subadditivity gives

Pu(n)

T(vni) = T(Bp ) < T(Wnistn) + Y T(05-1,;). (4.4)
j=n+1

But, the distribution of the right-hand side of (4.4) does not depend on n.
Thus, it suffices to show that it has finite expectation. Conditioning on Ay =
{Pvn) —n = k}, one may do so in an analogous way as in (2.12) in the proof
of Proposition 2.7, part b). We omit the details. O

The proof of Theorem 1.7 needs a little more work, due to arising covariance
terms. Moment convergence arguments similar to the one carried through to
prove (4.2) will be used repeatedly.
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Proof of Theorem 1.7. To begin with,
Var (T(vnsons) = Var (T(3y,,) = #puim))
+ Var (T(UTL+2M,2') - T(ﬁﬁy(n)) + :upz/(n))

+ 2Cov (T(f)pu(n)) = wPu(n)> T(Unyoni) — T(0p,, ))
+ 21.Cov (T(8p,,)): Puiny) — 2% Var (P -

(4.5)

We will have to treat each of the terms on the right-hand side one by one.
Consider the first, and note that

v(n)
Var( (Dpyimy) — upu(n)) = Var | T(i,,) — ppo + Y _(7s, — 115k)
k=1
2

N

(n)
= E (s, — 1Sk) + Var (T(@po) — ,upo)
k=1

v(n)

+ 2Cov Z(Tsk — 1Sk), T(0py) — 0
k=1

So, an application of both the second and third part of Wald’s lemma, together
with Lemma 4.2, yield

Var (T(0p,(,) = #Pum)) = Var (7, — uSe) Elv(n)] + Var (T(iy,) — 1p0)
+ Elrs, — nSk] Cov (V( ), T (V) — NPO)
= 0% (n— pr) + Var (T(8,,) — ppo).

To conclude that Var(p,()) is constant, interpret p,(,) as the level of the first
regeneration after level n. Since a regeneration is equally likely to occur at any
level, due to the shift variable A, it follows that Var(p,(,)) = Var(p,(,) —n) is
independent of n, and therefore constant.

All remaining terms in the right-hand side of (4.5) will in some way or
another need an argument similar to the one used to prove (4.2). Recall the
notation used for that purpose. We may in an analogous way as in (4.3) divide
into cases whether Dr, and Dy, occurs or not, to show that

~ d
T(vn+2M,i) - T(vp,,(n)) + N(pu(n) - n) - Y2M,i - Y+ + T, as n — 00,

Uniform integrability of {(T'(vn4an,) — T(0p, ) + 1(Pum) — n))Q}n>1, can be
proved similar to the uniform integrability needed for (4.2). It follows that for
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r=1,2

E [(T(UTL+2M,Z') - T(@Pu(n)) + lu(pu(n) - n))r] - E[(YéM,Z YL+ :ur-l-)r]’

as n — o0o. From this we conclude that for the second term in the right-hand
side of (4.5) we have that, for C; = Var(Yan; — Yy + pry),

Var (T('Un+2M,i) - T(@pu(n)) + :u(pz/(n) - ’I’L)) =C;+ 0(1), as n — 0.

Introduce 7, :== M +max{my < n: A, , occurs}, and rewrite as follows

Cov (T(ﬁpu(n))’ pV(”)) = Cov (T({)Pu(n)) - T(ﬁrn)7 Puv(n) — Tl)
+ Cov (T(or,), pun) — 7).

It is easy to see that p,(,) —n 4 ry for n > pr. Partitioning on whether Dr ),
and Dy, occur or not, we see that, as n — oo,

~ ~ d ~ ~ d
T(ip,0) = T(0r,) 5 Yis and  (T(ip,0,)) = T(0r,)) (o) = 1) - Yirs.

. . - . L2 .
Uniform integrability of {(p, () — n)Q}n21 and {(T(vpy(n)) — T (0y,)) }nZI is
possible to deduce analogously as before; conditioning on the event A =
{Pvn) — mn = k} to deduce that the latter has finite expectation. This im-
plies that also {(T'(0p,,,) — T(0r,))(Pum) — 1)}, is uniformly integrable.
We conclude that, as n — oo

Cov (T(tp, ) = Tlin,)s puimy — 1) — EYirs] = EV{]E[r]

On the event Dy ,,, T'(?y,, ) depends on passage times below level n, but not on
A, whereas p,(,) —n is independent of passage times below level n, and hence
on Dr . It follows that

E [T(’{}Tn)(pl/(n) - n)]‘DT,n] = E[T(@Tn)]‘DT,n] E[T“F]
In particular,

Cov (T({}Tn)7 Pv(n) — n) = E [T(’[}Tn)(pu(n) - n)]‘DT,n] —-E [T({)'r'n)]‘DT,n]E[r"r]
+ E[T(0r,)(pun) = ™)1pg. | = E[T(0p,)1pg,  |Elry]
=E [T(f)rn) (pl/(n) —n- E[T-i-]) 1D%’n] :

As n — oo, this expression vanishes, since we can find an upper bound on
E[T(br,)(pyny —n — E[ry])] in a similar way as before. We conclude that

Cov (T(ﬁpy(n)),py(n)) = Cov(Yy,r4) 4+ o(l), asn— co.
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The term Cov (T(ﬁpy(n)) = WPy(n), T(Vntani) — T(ﬁpy(n))) is the only one
left in the right-hand side of (4.5) to take care of. An application of the first
part of Wald’s lemma, we get

E[T({)pu(n)) - :upu(n)] = E[T(’[}po) - MPO] .

The sequence {rg, — uSk}Z(an) has until now been considered as a sequence
started with at k = 1 and stopped at k = v(n). But, we can as well see it as a
sequence in the opposite direction. That is, as a sequence started at the first
point of regeneration after level n + M, and that is stopped at the first point
of regeneration after level p;. Let T* := T (vp42n4) — T(ﬁpy(n)). On the event
{v(n) = 1}, T* = T(0p,,)_y» Vn+am,i) — T(Bp,, 1 Dp,(,,y) and is independent
of g, — uSi for k < v(n). The event {v(n) > 1} is itself independent of
{7s, — 1Sk}r>1. This allows us to apply the third part of Wald’s lemma to
obtain

E[(T(0p,,)) = 11pum)) T Lpumy>13] = E[(78,0 = #S0m)) T Lw(n)=1)]
+ E[(T(90) = 100) T Ly (ny>13) -
Since E[(T(0p, ) = #0vm) T Lpmy=0y ] = B(T(0pe) = 100) T* Ly (my=03 ], we
have
E[(T(0p,,)) = 1pum)) T*] = E[(75,) = #Sum)) T Lp(m)>1}]
+ B[(T(0p) — ppo) T,

and, in particular,

Cov (T(8p,y) = 1Pun)s T*) = BL(78, (1) = #Sum)) T Lp(m)>1} )

4.6
+ Cov (T(6py) — ppo, T). (4.6)

Let r— := M + max{n, < 0 : A,, occurs}, Y_ := T(0,_,0,,) and Z; :=
T(0r_,vg ;). Observe that

(T8 = HSum) T Lz = (Y= = plre — ) (Zaars — Yo) 1,

where H = {4,,, occurs for some p; + A —n < ny < 0}. To conclude that the
former term in the right-hand side of (4.6) converges as n — oo can now be
done via the Monotone Convergence Theorem. That the limit is finite can be
seen in a similar way as before, conditioning on Ay = {ry —r_ = k}. (Note
that V_ < Ts,, and ry — r_ < Sk.) For the latter term in the right-hand
side of (4.6), let ZéM’Z- and Y| be defined in the same way as Zopr; and Y,
above, but now for a set of passage times {7/ }.cg independent of {7.}.cr (that
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defines T'(0,,) — ppo), but with the same A. By conditioning on the events
{v(n) > 1} (with respect to {7e}ecr) and H (with respect to {7/}ccr), we see
that as n — oo

R d
(T (vntarri) = T(0p,,,)) = (Zongi — Y1),

and
(T(vn+2M7i) - T('{}py(n))) (T(f)po) - NPO) i (ZéM,i - Y-{-)(T({)po) - NPO)-

Since {(T'(t,) — ,upo)z}n21 and { (T (vn42nr,i) — T(ﬁpy(n)))2}n21 can be seen to
be uniformly integrable, as above, { (T (vn4211,i) =T (0, N (T (0p0) — 11p0) }

n>1
is also uniform integrable, and we have that as n — oo

Cov (T@po) — 11po, T (vnt2nri) — T(’f)pu(n))) — Cov (T(py) — p1po; Yars — Y1)
That is, for some constant Cj,
Cov (T(f)pu(n)) = 1Pu(nys T (Vntanri) — T(ﬁpy(n))) = Ci+o(l), asn— oo.
This all together amount to that there exists a finite constant C; such that
Var (T(vn+2M7i)) = o’n+C; + o(1), asn — oo,

which proves the theorem. O

5 Geodesics and time constants

The path along which an infection travels from one vertex to another for first-
passage percolation on essentially 1-dimensional periodic graphs is studied in
this section. The existence of such minimising paths can be easily derived from
Lemma 2.3.

Proposition 5.1. Let U and V' be two finite sets of vertices of an essentially
1-dimensional periodic graph. There is an almost surely finite path v from U
to V', such that

T(y)=T(U,YV).

Moreover, if the passage-time distribution does not have any point masses, then
v is almost surely unique.

It follows directly from the statement that for any finite I/, n and v, there are
almost surely finite paths attaining the infima in 7},, T'(v) and max,ev, T'(v).
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Proof. We may assume that UUV C (Jj*, Vg, . Assume further that ¢/, t” and
M are chosen in accordance with Lemma 2.3. With probability one the event
Apan N A_opnr—p will occur for infinitely many n > 0. Let [ be the least such
n. It follows from Lemma 2.3 that for any path I' between v and v that reach
beyond level m+[+2M in the positive direction, or level —2M —[ in the negative
direction, there is another path I that only visits vertices in UZ:F_IJ&%/% 1 Vg,
and that satisfies T'(I') > T'(I"). Thus, since there are only finitely many edges
between level —2M — [ and m+1+2M, it follows that T'(U, V) is the minimum
of the passage times over an almost surely finite number of paths. This proves
the first statement. The second statement also follows from this, together with
the fact that the probability of two paths having the same passage time is zero,
when the passage-time distribution is free of point masses. [l

As in the introduction, we will use the term geodesic to refer to a path
attaining the minimal passage time between two vertices, or two finite sets
of vertices. Since geodesics are not necessarily unique, we assume a fixed
deterministic rule to choose one when several are possible, e.g. the shortest
(with some additional rule for breaking ties). Let 7(u,v) denote the geodesic
between u and v. Several properties of geodesics can be investigated. We will
in what comes mainly consider the length of geodesics.

Let N (u,v) denote the length of v(u,v). The regenerative behaviour stud-
ied in Section 2 will again play an important role. It follows from Lemma 2.3
that any geodesic from u € Vg, to v € Vg, (where n < m) passes 0, , for all
n+ M < pp <m— M. Moreover, {N(0,, ,,0p,)}rez forms an i.i.d. sequence,
which we may use to write

n

N(’[}Pn) = N({)Po) + Z N({)Pk—l’@pk)‘
k=1

It is now easy to see that {N(0y,)},>1 is a regenerative sequence, with sequence
of regenerative levels {p,}n>0. Since there are only finitely many vertices at
each level, say K, it follows that

N(0p,_1,0p,) < KSk,
for each k € Z. In particular, N(9,, ,,7,,) has finite moments of all orders.
Set
E[N({)Pk—17ﬁpk )l 2 Var(N(@pk_p@pk) — aS)

o= , and oy = . 5.1
s N ps (5.1)

Trivially, a > 1 for any essentially 1-dimensional periodic graph.
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Recall that we let {Nn}n21 denote either of { N, }n>1, {maxvewgn N(v)}n>1
and {N(v,)}n>1, where {vy, }n>1 is any sequence of vertices such that v, is at
level n. By mimicking the proofs of Theorem 1.3, 1.4, 1.5, 1.6, 1.7 and 3.6,
one may prove the following two results. Note that no moment conditions are
required, since N(0,, ,,7,,) has finite moments of all orders. The adaptions
of the proofs are left to the reader.

Theorem 5.2. Consider first-passage percolation on any essentially 1-dimen-
sional periodic graph G, with any passage-time distribution that do not concen-
trate all mass to a single point. Then, the statements of Theorem 1.8, 1.4, 1.5
and 3.6 holds (with constants o and 0'12\,) for the sequence {Nn}nZI-

Theorem 1.8 is included in Theorem 5.2.

Theorem 5.3. Consider first-passage percolation on any essentially 1-dimen-
sional periodic graph G, with any passage-time distribution that do not concen-
trate all mass to a single point. Let v, ; be a specific vertex at level n. Then,
for some C;,Cl € R, as n — oo,

E[N(vn4)] = an+C;+o(1),
Var (N (vn;)) = oxn+ Cj +o(1).

Geodesics are, as seen via Lemma 2.3, locally determined. Thus, it makes
sense to talk about an infinite geodesic from —oo to co. Let to this end ~*
denote the unique (subject to the rule for breaking ties) path that between
level pr_1 and pj, coincides with v(0,, ,,7,,), for each k € Z. The resulting
infinite path is indeed a geodesic, i.e., any finite portion ¥* of v* with endpoints
uw and v satisfies T'(7*) = T'(u, v). It is possible to characterize time and length
constants in terms of the infinite geodesic.

Proposition 5.4.

a= Y Pey)= Y Pleer),

veVg, eEIE&O
= Z Elrel{ceyy] = Z E[re| e € v*|P(e € v").
e€Eg, ecEy,

Proof. We will deduce the characterization of « in terms of vertices, and leave
the remaining cases, which are deduced similarly, to the reader. Observe that

N(u,w) = Z Z 1{v€—y(u7w)} — 1.

k€Z veVg,
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According to Theorem 5.2, we have

E[N(0_n, 0n)]

—Qa, asn — oo.

2n
Define N* := ZZ;\_/TZ\/E ZUEng Lyeyy. Clearly
EN"] _ 2(n—+vn)

= ZP(UGV*)—’ ZP(UE’V*), as n — 00,

2n 2n
UGVGO vGVgO

so we are finished if we show that E[|N(0_,,8,) — N*|]/n — 0, as n — oo.
Let

D, = {Ak N A_j_aps occurs for some k € [n — /n,n — 2M]},
where Ay and M are as defined in Section 2. Let
Kp = min{k > n: Ay N A_p_op occurs}.
Trivially, |N(0_y, 0n) — N*| < 4|Vg,|(kn + 2M). On the event D,, we have
N(bop,bn) =N = > > ey — 1
k>’I’L—\/ﬁ UEng
k<—n+yn
< 2|Vg0|(/€n +2M —n + \/ﬁ)

Since Kk, —n can be dominated by a geometrically distributed random variable,
similar to Sy in the proof of the first part of Proposition 2.7, we easily realise
that

E[IN(—n,0n) = N*|| = E[IN(0—n,9n) — N*|(1p, + 1p¢ )]
< 2|Vg,|(E[kn — n] +2M + v/n)
+ 4|Vg,|(Elkn] + 2M)P(D5)
< 4Vg,)(C+ i+ nP(DS)) = ofn).
As mentioned, the remaining characterizations are deduced similarly. O

Benjamini et al. (2003) posed the question whether for first-passage perco-
lation on the Z? lattice, P(0 € y(—n,n)) — 0 as n — oo (given existence of
geodesics). One may pose a corresponding question for first-passage percola-
tion on the (K, d)-tube. Let v} denote the infinite geodesic on the (K, d)-tube.
How does P(v € v}) behave as K — oo? In particular, does

max P(v € vg) — 0, as K — oo?
veVg,
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If it does, at which rate? Let ajx denote the constant « associated to the
(K, d)-tube. By symmetry it is easily realised that for even K,

K
max P(v € 7)) < ——.
veVg)i ( ’YK) = 2d-1
We do not have enough symmetry to conclude a similar upper bound in K.
We can increase the symmetry of the (K, 2)-tube by connecting the vertices
(n,0) and (n, K — 1), for each n, by an edge. On the resulting graph we have,
for every vertex v,

. a
P(UE’V):?.

The same can be done for any (K, d)-tube. Join, for each j = 2,3,...,d, the
vertices
(m17m27 ceey M1, 07mj+17 s 7mK—1)

and
(m17m27 s amj—vi - 17mj+17 s 7mK—1)

by an edge, for all m; € Z and mo,...,mg_1 € {0,1,..., K —1}. Refer to the
resulting graph as a (K, d)-cylinder. Let ax denote the constant a associated
to the (K, d)-cylinder. We have for every vertex v of the (K, d)-cylinder

. ag

Thus, in view of Remark 5.5 below, there is a constant C' = C(d) such that

| . c
w1 S Pver) <

for every K > 1, and every vertex v of the (K, d)-cylinder.

Remark 5.5. Provided that E[r.] < oo and that P-(0) is sufficiently small,
Kesten (1986) gives an argument that shows that on the Z? lattice, there is a
constant C' = C(d) such that E[N(u,v)|] < Cdist(u,v) for all vertices u and
v (cf. Howard (2004, page 146)). It is clear that the argument also applies
to (K,d)-tubes and (K, d)-cylinders. That is, on either of these graphs, there
exists a C' = C(d) such that for all K > 1

E[N(u,v)] < Cdist(u,v)

for all vertices u and v. A direct consequence of this is that ax < C and
ak < C, for some finite constant C', for all K > 1. O
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Remark 5.6. An object closely related to geodesics is the tree of infection W.
Let vg € Vg, denote a vertex referred to as the origin. The tree of infection is
then defined as the tree ¥ = J, v 7(vo,v) spanning the underlying graph G
(see Figure 2, page 13 for a realisation on the (2,2)-tube). One may ask for
the number of infinite self-avoiding paths in W started at the origin, denoted
by (V). On any essentially 1-dimensional periodic graph «(¥) = 2, almost
surely. To see this, for any M > 1, let k) denote the number of self-avoiding
paths in ¥ that reach level M. With probability one, for some n > M the
event A, will occur. It follows from Lemma 2.3 that the geodesic from u to v,
for all u at level n and v at level n + 2M, have all to pass a certain vertex at
level n + M. Thus, only one of the ks self-avoiding paths in ¥ will survive
beyond level n 4+ 2M. This implies that precisely one self-avoiding path will
reach infinitely far in positive direction. The same applies in negative direction.
From this we conclude that x(¥) = 2 almost surely.

On the Z4 lattice for d > 2, it is believed that (W) is infinite. So far, it
is only known that (W) > 2d almost surely (see Hoffman (2008) and Gouréré
(2007)). It would be interesting to prove that x(¥) is almost surely constant.
That would follow from an higher dimensional version of the Proposition 1.10.
It is not known whether such a coupling is possible. O

5.1 Continuity of constants

The following result is inspired by a similar result due to Cox (1980) and
Cox and Kesten (1981), who in their case consider first-passage percolation
on the Z? lattice. The proof of the lattice case is rather lengthy. Due to the
regenerative behaviour in the case of essentially 1-dimensional periodic graphs,
and in particular the characterization of ;1 and o given in (2.7), and of a and
on given in (5.1), the proof of our result turns out to be much simpler.

Proposition 5.7. Let F,, for m = 1,2,...,00 be distribution functions such

that F,, LA Fo as m — oco. Then, as m — oo,
a(Fp) = a(Fs) and on(Fin) — on(Fxo).

Assume further that there are p > 1 (edge) disjoint paths from vy to 01, and
a distribution function V' such that F,, >V for all m > 1. Let Yy denote
the minimum of p independent random variables with distribution V. If, in
addition, E[Yy] < oo and E[Y{?] < 0o, then as m — oo, respectively,

p(Fm) — p(Fss)  and  o(Fyp) — o(F).

Remark 5.8. This result will be used in Ahlberg (2011) in order to prove a
dynamically stable version of Theorem 1.3. U

40



In order to compare the different distributions, we will use a coupling of
random variables via their inverse distribution functions

F~Yu) :=inf{z € R: F(z) > u}.

The same approach is used in Cox (1980) and Cox and Kesten (1981). Indeed,
if U is uniformly distributed on [0, 1], then F~1(U) has distribution F, since

P(F'(U)<2)=P(U < F(z)) = F(z), forallz€R.

Thus, if we let F' run over the class of distribution functions, then {F~1(U)}r
generates a coupling of all differently distributed random variables. Note
that F~! is nondecreacing since F' is, and has at most countably many dis-
continuity points (since Q is countable, and for each discontinuity point wu,
[F~Y(u—), F~Y(u)] N Q # 0). It is not hard to prove that (see e.g. Thorisson
(2000, Section 1.8.4)), as m — 00, Fy, 5 Fao implies Fo'(u) — F<'(u) for all
continuity points u € (0,1). In particular, F,}(U) — FZ'(U) almost surely,
as m — oo.

Once we have the above coupling, the rest will follow fairly easily. For

i.i.d. sequences, if F), LA Fy, F,, > V for all m, and V has finite mean,
then F,'(U) < V7'(U) and E[F,;'(U)] — E[F'(U)] as m — oo, by the
Dominated Convergence Theorem. For the proof of the proposition, the idea
is similar.

Proof of Proposition 5.7. Let {U.}ecr be a collection of independent random
variables uniformly distributed on [0,1]. Thus, as F ranges over the class
of passage-time distributions, then {{F _l(Ue)}eEu;} 7 simultaneously couples
i.i.d. sets of passage times of the graph. Choose a € (0,1/2) such that F_'(1—
a) > Fl(a), and F_! is continuous in both a and 1 —a. Take € > 0 such that
F2H1 —a) — F(a) > 2e. Choose L < oo such that

‘Fn_ll(a) - Fogl(aﬂ <e and |Fn_11(1 —a) - FJ'(1 - a)| <e,

for all m > L. Recall the definition of A, = A,(M,t',t") in Section 2. Set
t' = F ' (a) + eand t’ = F.'(1 —a) — ¢, and let M be chosen in accordance
with Lemma 2.3 (recall that M is chosen independently of the passage time
distribution F},,). For the same M (and with notation as in Section 2), define

Ay = A (M) = {Ue < a,Ve € En} N {Ue >1-a,Vee En\En}.

Since a > 0, we have P(A,) > 0. For all m > L we have

(u) <t', foru<a,

Et
F N (w)>t", foru>1-a.
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With a slight abuse of notation, we let A, (F") denote the event A,, with respect
to {F_I(Ue)}eeuz' In particular, this implies that A, C A, (F,,) for all L <
m > oo. Define a sequence {pi}r>0 with respect to A,, analogously as in
Section 2. Note that for m > L, the sequence {pg}r>0 is a subsequence of
{pk}r>0 defined with respect to A, (F,,). The advantage of this is that we get
a regenerative sequence valid for all distributions F},, with L < m < oco.

From here the result follows quickly. Let Tr(u,v) and Np(u,v) denote the
passage time and length of geodesic, respectively, between u and v with respect
to {F_I(Ue)}eeuz' For m > L we have the characterization

E[Np,, (950, 05,)] _ E[NZ (95,95,)]

oFn) = E[p1 — pol on(Fm) = E[p1 — po]
_ E [TFm ({),507 {)/31 )] . E[Tf;m (®ﬁ07®ﬁ1 )]
A ) A o ey

Thus, in order to prove that u(F,,) — u(Fs) as m — oo, it suffices to show
that
E[TFm (@ﬁo,@ﬁl )] — E[TFOO (’f)ﬁo,’[)ﬁl )], as m — OQ. (5.2)

But F,}(U) — FZH(U) almost surely, as m — oo, and therefore also
TF,, (050, 0p,) — T (059, 05,), almost surely.

Since Ty (0,05 ) has finite mean when Yy does (according to Proposition
2.7), and since T, (0p,,05,) < Tv(0p,,0p,), we conclude by the Dominated
Convergence Theorem that (5.2) holds when E[Yy] < co. To see that the
domination is not necessary in order to prove convergence of a(F,) to a(Fy),
it suffices to realize that for m > L and some C' < oo, we have Ng, (05,05 ) <
C(p1 — po). The remaining conclusions are drawn similarly. U

Remark 5.9. The true condition for the convergence E[F,,,'(U)] — E[F!(U)]
is in fact uniform integrability of {F),},,>1. In the same way it is possible to

relax the moment condition on Yy to uniform integrability of {Yﬁn}m>1 (for
r = 1 or 2), which grants uniform integrability of {T}, (ﬁﬁo,ﬁﬁl)}m>1. We
leave it to the reader to go through the details. B O

5.2 Time constant and the (K, d)-tube

Let px denote the time constant associated with the (K, d)-tube. It is easy to
realize that px 1 < pr. However, it is hard to prove that without a (trivial)
coupling argument. In fact, strict inequality holds, for which we will need the
same coupling in order to see. The coupling is as follows. Let {Te}eeEZ , be

42



i.i.d. passage times associated to the Z? lattice. The (K, d)-tubes are naturally
seen as subgraphs of the Z% lattice. Let Tk (u,v) denote the passage time with
respect to {Tc}eck,,, between u and v, when only paths in the Z x {0,..., K —

1}91 nearest neighbour graph (the (K, d)-tube) are allowed. This produces
a simultaneous coupling of the passage time on (K, d)-tubes for all K > 1.
Trivially, T 41(u,v) < Tk (u,v) for any u and v in Z x {0,..., K — 1}¢°1,

Proposition 5.10. For all K > 1, g1 < pk.-

Proof. Let AX be the event defined in (2.4) with respect to the (K,d)-tube,
for 7y, chosen to be the straight line segment between the points (n, K0, ... ,0)
and (n+2M, K,0,...,0). It follows from Lemma 2.3 that if AX*! occurs, then

0:= TK(nel, (n+ 2M)e1) —Tk1 (nel, (n+ 2M)e1) > 0.

Thus, if my = (2M + 1)k, then

k—1

Tr11 (Oel, mkel) +6 Z 1A7Kn{r1 < TK(Oel,mkel)
=0

for all £ > 0. Dividing by m;, and taking limits as k& tends to infinity, gives
pr41 + 6P (AKTHY M + 1) < k. O

In order to prove that the limit of the sequence {ug}r>1 is pu(er), ie.,
equals the time constant for the Z¢ lattice, we will use a coupling similar
to the above one. For K = 0,1,...,00, let TK(u,v) denote the passage
time with respect to {Te}eeEZ 4> between u and v, when only paths in the

Zx{—K,..., K}% ! nearest neighbour graph (the (2K +1, d)-tube) are allowed.
This produces a simultaneous coupling of the passage time on (K, d)-tubes for
odd K. The case K = oo corresponds to the Z¢ lattice.

Proposition 5.11. lim pux = p(er).
K—oo
Proof. Clearly TK(Oel, ney) > TKH(Oel, ney). For all n we get

Too(Oel,nel) = Kh_]c)nOO TK(Oel,nel) = [i{n>f0 TK(Oel,nel), almost surely.

An application of the Monotone Convergence Theorem

E[TOO(Oel,nel)] = Kli—H>looE[TK(0e1’nel)] = [i{I;fOE[TK(Oel,nel)].
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Since 3lim,, . an/n = inf,;>1 a,/n, for any subadditive real-valued sequence
{an}n>1, we have for any 0 < K < oo that

E [TK(Oel, nel)]
n n>1 n

Mok 41 = lim
n—oo
Thus, since px is non-increasing in K

E[TK(Oel,nel)} E[TK(Oelanel)]

li = inf inf = inf inf
el e st n n>1 K20 n
E[Ts(0e ,ne
= inf [Too(0e1, mer)| = p(ey). O
n>1 n

6 Exact coupling and a 0-1 law

The aim for this section is to couple first-passage percolation infections with
different initial configurations, i.e., different initially infected components, in
such a way that the infections will eventually coincide. As an application of
this, we shall prove a 0-1 law. The method of proof will once again make use
of the regenerative behaviour explored in Section 2.

First we must state what we mean by a coupling. A coupling of two ran-
dom variables X ~ P and Y ~ P’ on a measurable space (E,£), is a joint
distribution P of (X,Y), i.e., a measure on (E2,£?), such that its marginal
distributions coincide with P and P’, respectively. When we couple two time-
dependent random elements {X;}:>0 and {Y;}+>0, we say that the coupling is
exact if with probability one there exists a T, < oo such that X; = Y;, for all
t>T..

We will present an exact coupling of the sets of infected vertices B; and B;
of two first-passage percolation processes with different initial configurations.
Recall that we let P-( - ) denote the distribution of 7, and let Ry denote the
Borel o-algebra on [0,00). Then {7 }ecr and {7.}ccr are random elements on
the product space ([O, oo)]E, RE), each with distribution given by the product
measure PZ. Let |, denote the set of edges between level —n and n, but not
including edges between two vertices at level —n and n. In the same manner
E¢ denotes the set of edges at and before level —n, as well as at level n and
beyond.

We shall prove the following result which is slightly stronger than Proposi-
tion 1.10.

Proposition 6.1 (Coupling, continuous times). Let I and I’ be finite subsets of
the set of vertices V of an essentially 1-dimensional periodic graph G. Assume
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that the passage time distribution P has an absolutely continuous component
(with respect to Lebesgue measure). For any m > 0, there exists a coupling of
{7e}ecrs, and {7/}eere, such that if {Tc}eck,, and {T/}cek,, each have distribu-
tion PEm | then the marginal distributions of {7e}ecr and {T'}ecr are given by
the product measure PE, and such that if first-passage percolation is performed
with (I, {Te}eeE) and (I/, {Té}eeE), respectively, then with probability one there
exists an N. < oo and a T, < oo, such that

T(v,) =T (v,) and By = B, (6.1)
for all v, € Vg, forn > N., and for all t > T¢.

When the passage time distribution P, is discrete, i.e., P-(A) = 1 for the
set of point masses

A= {tj S [0,00) : PT(tj) > 0},

the statement of Proposition 6.1 is not true in general. More precisely, there
are essentially 1-dimensional periodic graphs on which no exact coupling is
possible (cf. Remark 6.6). In the discrete case, we will therefore restrict our
attention to the case of (K, d)-tubes.

Proposition 6.2 (Coupling, discrete times). Let I and I' be finite subsets of
the set of vertices V of the (K, d)-tube, for K,d > 2. Assume that the passage
time distribution P, is such that P-(A) =1 for the set of point masses A and
that either of the following hold:

a) there are t; € A and integers n; for j in some finite set of indices J*,

such that
Z n; is odd, and Z n;t; = 0.
jeJ* jeJ*

b) dist(x,y) is even, for allx eI, y eI

For any m > 0, there exists a coupling of {Te}ecre and {T/}ecke such that if
{7}eck,, and {T'Yeck, each have distribution PE™, then the marginal distri-
butions of {Te}ecr and {7.}eck are given by the product measure PE, and such
that if first-passage percolation is performed with (I, {Te}eeE) and (I’, {Té}eg]E),
respectively, then with probability one there exists an N, < oo and a T, < oo,
such that

T(v,) =T (v,) and By = B, (6.2)

for all v, € Vg, forn > N., and for all t > T..
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Before we construct the couplings, we focus on the promised 0-1 law that
follows from Proposition 6.1 and 6.2. For this we will use Lévy’s 0-1 law. It
states that for o-algebras {F;}i>0 such that 7, T Fx as t — o0, if A € Fi,
then P(A|F;) — 14, as n — oo, almost surely. A proof for the discrete case can
be found in e.g. Durrett (2005, Theorem 4.5.8). The continuous case follows
via the Martingale convergence theorem.

Recall that we defined the o-algebra 7; = U({Bs}szt)7 and define F; :=
U({Bs}og sgt), where as before By is the set of infected vertices at time s. We
may think of 7; as the o-algebra of events A € a( U0 .7-}) that do not depend
on the times at which vertices were infected before time ¢. The 0-1 law we
shall prove deals with the tail o-algebra 7 = (,~, 7.

Theorem 6.3 (0-1 law). Consider first-passage percolation performed under
the assumptions of either Proposition 6.1 or 6.2. Then P(A) € {0,1}, for any
event A€ T.

Note that Theorem 1.9 is a special case of Theorem 6.3.

Proof of Theorem 6.3 from Propositions 6.1 and 6.2. Consider two infections
with the respective sets of passage times {7.}ccr and {7.}ccg. For t > 0, let
F; and F| be o-algebras generated by their respective realisations up to time
t. Let

vy =max{n>0:(B,UB{)N(Vg, UVg_ ) #0}

denote the furthest level (in positive or negative direction) infected at time t.
Since, almost surely, p,, < oo and T'(0,,)/k — pr > 0 as k — oo, then there
is a k = k(t) < oo such that T'(v) > ¢ for all v € {J,5,, Vg,. Thus 1 < oo,
almost surely, for any ¢ < oco.

For any fixed t > 0, by Propositions 6.1 and 6.2, there is a coupling of
{Te}eeEﬁﬁ_l and {Té}eegitH, such that there exists an almost surely finite time
T., such that By = B for all s > T,.. Since A € 77, the outcome of A only

depends on By for s > T,.. In particular it has to hold that
P(A|F) = P(A|F).
Thus, P(A|F;) is nonrandom and equals P(A), for all £ > 0. But, according

to Lévy’s 0-1 law, P(A|F;) — 14 as t — oo, almost surely. Hence, P(A) = 14
almost surely, and therefore P(A) equals either 0 or 1. O

It remains only to prove Propositions 6.1 and 6.2.
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6.1 Exact coupling of time-delayed infections on Z

Before proving Proposition 6.1 and 6.2, we shall first prove a lemma where
we consider two infections on Z. This lemma will figure as a key step in
the proof of Proposition 6.1 and 6.2. For first-passage percolation on Z, T,
simply takes the form T, = > }_; 7. If we let the latter infection be delayed
for some time Tgelay, i.e., started at time Tjelay instead of time zero, then
T}, = Taelay + >y 77.- We will construct a coupling of the passage times such
that T,, = T}, for large n. The precise statement is as follows.

Lemma 6.4. Let T4y be any non-negative constant, and assume that either
of the following hold:

a) P; has an absolutely continuous component (with respect to Lebesgue mea-
sure).

b) P, is such that for some finite index set J, there are non-negative integers
nj and nf, such that 3-.c;nj =3 .c 0}, and for atoms t; € A of P;

Z letj = Z n;—tj + Tdelay- (63)

jedJ jedJ

Then, there exists a coupling of {T,}r>1 and {7} }x>1 such that their marginal
distributions are that of i.i.d. random variables with distribution P, and such
that

n n
Z Tk = Tdelay + Z v, for large n. (6.4)
k=1 k=1

The key to prove this lemma is to (in each case separately) identify a
suitable random walk. The identification of the random walk in case a) heavily
exploits ideas similar to those found in Lindvall (2002, Chapter II1.5). In case
b), a multi dimensional random walk will be based on condition (6.3). This
walk is then easily coupled with known techniques found e.g. in Lindvall (2002,
Chapter 11.12-17).

Proof of case a). Let [a,b] be an interval on which P, has density > ¢, for some
¢ > 0. Define

a

b— Thela
5::max{d20:d§ 5 ,d = dniyforsomemeN}.

Couple {73 }>1 and {7} }x>1 in the following way. With probability 1 — 24
we choose 7 = 7, drawn from the distribution

Po(-) = (Pr(-) = A(-Na,a+20])) /(1 — c20),
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where A denotes Lebesgue measure. With the remaining probability ¢25, draw
7, uniformly on the interval [a, a 4 26], and choose 7}, as

, T+, ifm<a+d
T, = .
k T —0, ifTy>a+s

That 7], also is uniformly distributed on [a,a + 20] is immediate. Thus, it is
easy to see that the marginal distribution of both 75, and 7}, is P, and this is
indeed a coupling of the two infections.

T1 T2 T3
® ® L 3 L ®

Tdclay

Figure 5: The dots represent the times at which the respective infec-
tion spreads. In this realisation 71 = 7] — 0, 72 = 74 and 73 = 74 + 4.
The coupling is constructed such that after some time 7., both infec-
tions reach some level N, simultaneously.

The coupling is such that each time 73, and 7, are chosen differently, the
difference {D), },,>1, where Dy, := Thelay + > p—q (77, — ) will jump £6. Since
Tgelay = md, for some integer m, D,, constitutes a simple random walk on 7.
Let N, denote the first n for which D,, hits zero. From this moment on, 7
and 7, are chosen identically, and (6.4) holds for n > N,. That the coupling is
successful is easily seen, since

P(N. < o0) = P(3In: D, =0)
> P(3n: D, = 0|7, # 77, i.0)P(1 # 77, i.0.) = 1,

where ’i.0.” abbreviates ’infinitely often’. The last equality follows from the
recurrence of a 1-dimensional simple random walk, and Borel-Cantelli’s second
lemma.

Proof of case b). By assumption, for some set {t;};je; C A of atoms for the
distribution P, there are non-negative integers n; and n; such that jegny =
> jesn; and (6.3) holds.

It is easily seen that we may assume that .J, n; and n/; are chosen such that

J
for each j € J, exactly one of the integers n; and n; is positive. We introduce
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integer valued random variables

Xj = #{k <n:m =t} —ny,

V' = #{k<n:7 =t;} —nl.
Define Z' = X7 — Y". It is clear that we from (6.3) can conclude that (6.4)
holds, if Z7 = 0 for all j € J and 7 = 7, for all k < n such that 7, & {t;};cs
or 7, & {t;}jes-

Let J, = {j € J : Z} # 0}, let p; = P-(¢;), and ¢, = >, ; pj- In partic-

ular, Jy = J. Couple {7} }r>1 and {7} }y>1 by choosing 7, and 7], identically
from the distribution

- 1

PT(.)::m Po(-)= Y pilgy(-)

J€Jk-1

with probability 1—gj—;. With remaining probability g;_1 we choose 73, and 7,
independently with distribution P(r = ¢;) = -2 for j € Ji_;. The marginal

k-1’
distribution of 7, and 7',’g is seen to be P, whence this is a coupling of {75 }r>1

and {7 Jr>1.

Note that 7, = 7 for all k such that 7, & {t;};es and 7], & {t;};es. For
each fixed j € J, {ZJ’?}”ZO will, as n increases, jump +1 with equal probability.
Hence, for fixed j, {Zf}nzo constitutes a simple random walk on Z. Note that
if n* denotes the first n such that Z; = 0, then, by definition, j € J, for
n <n*, but j & J, for n > n*.

By assumption we have that

ZZ]Q = Z(nj—n;) = 0.
Jj€J jeJ
Moreover, the sum of Z3' is constant for all n, i.e.,
Nozp=> 70 =0
jeJ jedJ
It follows that it is not possible for |.J,| = 1 for some n. There will therefore
always be a positive probability to choose 7,11 # 7/, ; as long as Z; for some
j. From this observation, Borel-Cantelli’s second lemma and the recurrence
of 1-dimensional simple random walks, we may further conclude that P(Eln :
Z]”:0) =1 for each j € J. Let N. = min{n > 0: J, = 0}. For n > N, we
have Z7' = 0 for all j € J, and (6.4) holds for every such n. The coupling is
successful since

P(Ne<oo) = P[({In:2} =0} | = L O
JjeJ

49



6.2 Exact coupling of two infections

In order to prove Proposition 6.1 and 6.2, we will arrange matters so that
Lemma 6.4 can be applied. First, we need some notation. Recall from Section
2.2 that FE, denotes the set of edges between level n and n + 2M, including
edges at level n and level n+2M. In (2.2) we defined E,, = ~,, UEg, UEgG, o0
where 7, is a path of shortest length between Vg and Vg, _,,,. Introduce the
notation é,4 s for the edge in v, with endpoints 0,4 s and u, where 0,4 37 is
the vertex in Vg, ., first reached by 7,, and u the vertex first reached after
Untm by Yn. Define the event

A= {7’6 <t Vee E, \ {én+M}} N {7’6 >t Ve e En\En} .

Note that A, = A} N {7, ,, <t} for A, as defined in (2.4).

We will next prove Proposition 6.1, which is a slightly stronger version
of Proposition 1.10. We first outline the general idea. It follows from the
regenerative behaviour that if 7. = 7/ for all e € E, then there is a real number
T, such that

B.n Vs, = Biir,n | Ve, (6.5)
n>0 n>0

for ¢ large enough. The idea for the coupling is to assign identical passage times
for both infections, that is 7. = 7., except for certain edges which we make sure
both infections have to pass. More precisely, for some sequence {lj};>0, for k
such that Azkk occurs, choose either the passage times for ¢;, ;s independently
at most ¢/, or equal. This generates a sequence of edges for which we invoke
Lemma 6.4. That is, we make sure that {T'(0,,) — T"(0,,)}n>1 performs a
random walk which eventually hits zero. This implies that (6.5) holds, with
T, =0, for t large enough. This will complete the coupling of the infections in
the direction of increasing levels. The opposite direction is treated in the same
way.

Proof of Proposition 6.1. By assumption, P, has an absolutely continuous com-
ponent, so suppose that [a,b] is an interval on which P, has density > ¢ > 0.
Let a < t' < t” < b and choose M in accordance with Lemma 2.3. We
may further assume that [ U I’ contains no vertex beyond level m. Let
I, == m 4+ k(2M + 1) for integers k > 0. Couple {7c}ecr:, and {7/}ecke,
by choosing 7. = 7. with distribution P, independently for all e at level m or
beyond such that e # é;, 4 for some k > 0. Independently for k& > 0, let

(0k,05), with probability P, ([0,t])
(nka nk)7 with probability 1 — PT([()? t,])a

(&, &) = {

50



where 65, and ), are to be coupled below, so that they both have marginal
distribution P, ( - |7 < '), and nj has distribution P, ( - |7 > ¢'). For the set of
edges {é, +n, for k > 0}, we choose the pair

(Télk+M,7'élk+M) _ {(sz,ﬁi/g), if A} 0‘ccurs
(g, i), otherwise,

where 73, is distributed according to P, independently for all k. One realises
from the coupling that the marginal distributions of both 7. and 7. is P, for
every edge e.

Note that the only edges for which 7, and 7/ may differ, are the edges é;, 1 ns
for k > 0 such that A;, occurs. Let x; denote the index k for which 4;, occurs
for the jth time. That

(euy o Ty ) = (00 01) (6.6)

is equivalent to that A; occurs. Since P(A; ) > 0, we will have an infinite
sequence {x;};>1 such that (6.6) holds. We now claim that the proposition
will follow if we apply Lemma 6.4 to the sequences {0y, };>1 and {0} };>1,
with distribution P.( - |7 < '), and

Taelay = |T' (01, +01) — T/(f)lnl—i-M)‘ :

To see this, we use Lemma 2.3. Given A;,, the path along which any
vertex at level [, + 2M or beyond is infected has to pass the edge €, 1. By
the coupling 7. = 7. for all e at level I, or beyond such that e # élﬁj 1 for
j > 1. Moreover, 7o =0 < t' and 7/, =0 < ' for e € {élﬁj+M, for j > 1}.
It follows that each vertex at level /,, +2M + 1 and beyond, will be reached
in the same order. Since P, is absolutely continuous on [a,b] and ¢ > a,
P.( - |t < t) is absolutely continuous on [a,t']. Condition a) of Lemma 6.4
is therefore fulfilled. Coupling {6, };>1 and {0}, };>1 according to the lemma
we will have with probability one that, from some level on, both infections will
reach each vertex at the same time, i.e.,

T(vn) =T (vy) (6.7)

for any v, € Vg, _, for n sufficiently large.

The infections may in the same manner be coupled along the negative
coordinate axis. Doing this, then there is N. € N such that (6.7) holds for
In| > N¢. In almost surely finite time, each vertex at level n, for |n| < N, will
be infected. Hence, we conclude that for some almost surely finite time T,

By = By, for each t > T,. O
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In preparation for the proof of Proposition 6.2, we restrict our attention to
(K, d)-tubes. Let F,, denote the set of edges between level n and n+2M + 44,

for integers

(d-1)(K -1t t

t// _ t/ and ﬁ > t// _ t/ :

Let e; = (1,0,...,0). Denote by e, , the edge between (n + M + 3)e; and
(n+ M + 3,1,0,...,0), and by eq, the edge between (n + M + 33)e; and
(n+ M + 33,1,0,...,0). Let ~} denote the path of shortest length from
n =ne; to (n+2M + 4/3)e;. Let 7* denote the path of shortest length from
n to (n + 2M + 43)e; that visits the four endpoints of e, ,, and eq,. Let F;,

and H, be defined as (see Figure 6)

M >

F, = vypU{eun,eant UEg, U EG, 1 onrias

H, = '7:;* U Egn U Egn+2M+4ﬁ'

For constants ¢’ and t” such that m, <t < t’ < M,, define the events
C, = {Te <t Vec Fn} N {Te >t"VeeF,\ Fn} ,

D, = {Te <t' Vee Hn} N {Te >t" Ve e F,\ Hn} .

Trivially P(C,) = P(D,,) > 0, since F, and H,, contain equally many edges.

Mevel n b+ M b+ M+28 bot M+ 48 n+2M + 48}

Figure 6: The (3,2)-tube between level n and n 4+ 2M + 45. If D,
occurs, the infection will advance along the thick edges.

Recall that p; = max{n € Z : Vg, NI # 0}. The following lemma says that
given that the event C,, (or D,) occurs, the infection will in order to reach
level n + 2M + 45 from level n do so via v}, (or v;*).

Lemma 6.5. Let t' and t” be constants such that m, < t' < t" < M,, and
assume that n > pr. Given Cy, (respectively D,,), then

T(v) =T(m)+T (L) +T((n+2M +43)e1,v),

for each v at level n+2M +43 or beyond, where I' = ~% (respectively I' = ~* ).
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It is easy to see that the infection, from level n to level n + 2M + 403, in-
evitably has to follow the paths 7, and ~;:*, in their respective cases, reasoning
in a similar way as in the proof of Lemma 2.3. We leave the details to the
reader.

The coupling of Proposition 6.2 will be constructed in two steps. The
second part is similar to the coupling in the proof of Proposition 6.1. The first
part is needed to make sure that condition b) of Lemma 6.4 will be satisfied.
Before we give the somewhat technical proof, we present the idea behind the
first step.

The events C,, and D,, were defined with respect to passage times from the
sequence {7.}ceg. Let C! and D] denote the analogous events with respect
to the sequence {7.}.cr. Assign identical passage times for both infections,
except for some edges in Fj,, for some sequence {lj}1>0. The remaining edges
we couple in order to make the event (7, occur simultaneously as Dl’k, and Dy,
occur simultaneously as Cl/k. When they happen, the difference in length of the
minimising paths in Ty, 427445 and T, oM 445 will either increase or decrease
by 2. Thus, the difference in length constitutes a random walk. End the first
step when it hits either 0 or the odd number w = . ;. nj, for {n;};e - as in
assumption a) of Proposition 6.2. We will see that condition b) of Lemma 6.4
is then satisfied for Tyelay = [T (v) — T'(v)], for some vertex v.

Proof of Proposition 6.2. We may assume that JUI’ contains no vertex beyond
level m. Set I, ;== m + k(2M +48+1) for k > 0. For j = 1,2,...,203, let fi;
(and hy, ;) denote the edge in Flk (and ﬁlk) between level I, + M + 3+ j —1
and I, + M + 3 + j (respectively).

Couple {7c}ecre, and {7/}ecke, in the following way. For one k at the time,
choose 7. = 7. with distribution P, independently for every edge e between
level I}, and [j41, not at level ;41 nor among { fx j,hy;:j =1,2,...,26}. For
J=12,...,20, choose 7y, . and 7, ; independently with distribution P-, and
set

(T/ / > _ (Thk,j’Tfk,j) , i Gy, U Dy,
AL (Tfu; Thy,) > Otherwise.

Trivially 7. has distribution P, and it is easy to see that the marginal dis-
tribution of 7/ for each e also is P,. Note that the coupling is such that Cl’k
occurs if and only if D;, occurs. In addition, D{k occurs if and only if (7, does.

Let zg, for £ > 1, denote the length of the path of shortest passage time
from I to level I + 2M + 43, with respect to {7, }ecr. When several paths are
possible, choose one. Similarly, let z;, denote the length of the path of shortest
passage time from I’ to level Iy + 2M + 43, with respect to {7.}eer. When
several paths are possible, choose one that minimises |z, —2|. Set (; = 2, — 2.

93



With help from Lemma 6.5, we draw the following conclusions. For each k
such that Cj, (and therefore also Dl/k) occurs, (; — (x—1 = —2. When D;, (and
therefore also C’l’k) occurs, (i — (x—1 = 2. Otherwise (; = (x—1. Thus, {(;}r>1
constitutes a simple random walk on either 2Z or 2Z + 1, depending on the
value of (7. Such walk is recurrent and will with probability one, reach either
zero or the odd number w := ZjeJ* n;, respectively. Let x denote the first &k
for which this happens. Couple the infections along the negative coordinate
axis in the same way.

The first part of the coupling is done, and before we continue with the
second part, we shall verify that assumption b) of Lemma 6.4 is satisfied. We
may assume that 7}, 4on148 < Tl/K+2M+45' Set

/
Taelay = T, v2nr 145 — Tlet2M14p-

Given {(7e,7,)}

tion as

we may represent the passage time for each infec-
€€Ey, 1on144p’ Yy rep p g

Thovonrrap = Y myty and T) onpyag = Y mity,
jeJ jeJ’
for index sets J and J', t; € A, and positive integers m; and m; that indicate
the number of edges e in the minimising path to level I, +2M + 43 such that
7. = t; and 7. = t;, respectively.
If ¢ = 0, then 37, ;m; = >~y m}, and assumption b) of Lemma 6.4 is
directly satisfied, since

!
Taelay + Ti+2m+48 = 1}, 1onryap-

Note that this will be the case if dist(x,y) is even, for all x € I, y € I', since
then (i € 27Z. If rather {, = w is odd, we need the additional assumption that
E]—E g=njt; = 0 for some index set J*, point masses t;, and integers n; such

that > jegr Nj = w. Then, assumption b) of Lemma 6.4 is again satisfied, since

/
Taelay + Ti+2m+a8 = 1}, 1onryap + E njt.
jeJ*

We will now go on with the second part of the coupling. Let
t":=max{t; e A: je JUJ UJ}

It may be the case that t* = M, as defined in (2.3). This makes it necessary
to introduce some extra notation. Write E!, for the set of edges between level
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n and n + 2M + 1, and let v/, denote the path of shortest length from n to
(n+2M 4+ 1)e;. Let
E;, =, UEg, U Eg, onrs1-

Denote by é,, the edge between n and (n+1)e;. Let X,, denote the set of edges
connecting a vertex at level n with one at level n + 1, excluding the edge é,.
Define the event

Ay = {r <t e € B\ {enra} f N {7 2, e € Xy}
N {re >t" Ve e E!\ (E,QUXH>} .

Let A\ := ley1 + k(2M +2) for k > 0. Continue the coupling of {7,}cere,
and {7/ }ecre, by choosing 7, = 7/ with distribution P, independently for all e
at level A\g or beyond such that e # é,, ;ys for some k& > 0. Independently for

k>0, let

(0k,05), with probability P([0,¢*])
(nk’y 77]4:)7 with probability 1 — PT([07 t*])7

(&> &) = {

where 6, and ¢, have marginal distribution P( - |7 < ¢*), and n; has distri-
bution P,( - |7 > t*) (nx is not needed when t* = M;). For the set of edges
{éx,+M, for k > 0} we couple their passage times as

/ ) _ { (&, &), if AYY occurs

Tex, +a0 Te .
( Kt At M (T, Tk), otherwise,

where 73, is distributed according to P, independently for all k. One realises

from the coupling that the marginal distributions of both 7, and 7. is P..
Note that the only edges for which 7. and 7/ may differ, are the edges éy, 4

for k£ > 0 such that A;’Z N {Té)\k+M < t*} occurs. Let x; denote the index k for

which Aj“; N {TéAHM < t*} occurs for the jth time. That

(TéAkJrM’Té)\k_‘_M) = (ekw e;g) (6.8)
is equivalent to that Aj“; N {TéAk o S t*} occurs. Since
P(AN N {7e, 0 St7}) >0,
we will have an infinite sequence {x;};>1 such that (6.8) holds. We now claim

that the proposition will follow if we apply Lemma 6.4 to the sequences {Hﬁj bis1
and {0 };>1, with distribution P7( - |7 < ¢*) and Tyelay as defined above.
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To see this, argue as in the proof of Lemma 2.3. Given A;’; N {Té)\k+M < t*},
the path along which any vertex at level A +2M + 1 or beyond is infected
inevitably has to pass the edge éy, . By the coupling, 7. = 7/ for all e
at level )., or beyond such that e # é,\nj 1y for some j > 1. Moreover,
Te=0<tand 7. =0 <t foree {éln_+M for j > 1}. Therefore, each vertex
at level A\, +2M + 1 and beyond, will be reached in the same order for both
infections. Coupling {0y, };>1 and {f; };>1 according to Lemma 6.4 we will
have with probability one that, from some level on, both infections will reach
each vertex at the same time, i.e.,

T(v,) =T (vy) (6.9)

for any v, € Vg, for n sufficiently large. Since we chosen t* as large as we did,
we made sure that P,( - |7 < t*) meets assumption b) of Lemma 6.4.

The infections may in the same manner be coupled along the negative
coordinate axis. Doing this, then there is N. € N such that (6.7) holds for
|n| > N.. In almost surely finite time, each vertex at level n, for [n| < N, will
be infected. Hence, we conclude that for some almost surely finite time 7,

By = B{, for each t > T,. O

Remark 6.6. There exists in general no exact coupling of two infections with
discrete passage time distribution on arbitrary 1-dimensional periodic graphs.
Consider the distribution P-(1) = P,(1+3/5) = 1/2. P, satisfies the assump-
tion of Proposition 6.2, whence there is an exact coupling of two infections on
the (K,d)-tube, for K,d > 2.

Consider instead the graph with set of vertices Z x {0,1} and where two
vertices are connected by an edge if their Euclidean distance is < v/2. Note
that with the above passage time distribution, in order to reach any vertex at
level n, an infection will always pass exactly n edges. This is easily seen by
realising that no vertical edge will ever be used in order to reach an uninfected
vertex. Thus, for two infections started with I = {(0,0)} and I’ = {(m,0)},
we will have

o) >,
a’+b'=n—m

a—a +(b-1) <1+§>‘

3(b— b))
5

= m —

1
> =
)

m
b—b'eZ

for any m that is not a multiple of 3. As we can see, an exact coupling is not
possible. 0
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Remark 6.7. Condition a) of Proposition 6.2 is due to the fact that the (K, d)-
tube is bipartite, i.e., that every circuit has even length. As seen in Remark
6.6, not every non-bipartite graph has an exact coupling without condition a).
But, condition a) and b) of Proposition 6.2 could be dropped for e.g. the class
of triangular graphs with vertex set Zx {0, 1, ..., K —1} and where two vertices
at Euclidean distance is 1 and every two vertices (n,m) and (n+ 1, m + 1) for
any n € Z and m = 0,1,..., K — 2, are connected by an edge. The necessary
modifications of the first part of the proof, and of the event D,, in particular,
are easily made. O

Remark 6.8. If dist(x,y) is odd, for all x € I, y € I’, then condition a) of
Proposition 6.2 is necessary. To see this, assume that an exact coupling is
possible. In particular, T'(v) = T"(v) for some vertex v. But, if one infection
has an even number of edges to pass in order to reach v, the other has an odd
number of edges to pass. Thus,

0 = T(v)—T/(’U) = antj —Zn;t]’,

jeJ jeJ

for integers n; and n} such that 3, ;(n; —n}) is odd. Hence, condition a)
holds. O

Remark 6.9. Condition a) of Lemma 6.4 can be weakened to distributions
P, whose convolution with itself has an absolutely continuous component.
In fact, it is sufficient if P, convoluted with itself n times, for some n > 0,
has an absolutely continuous component. Since the distribution of a sum of
independent random variables is the convolution of the individual distribu-
tions, we may instead of specifying how to choose (Tj,T],-) for j > 1, choose
( ii(j_l)n 41 T ii(j_l)n 41 TIQ) according to the same specification. Conse-
quently, the assumption on P, of Proposition 6.1 can be weakened to involve
distributions whose convolution with itself n times has an absolutely continu-
ous component. The modifications are left to the reader.

An example of a distribution that does not have an absolutely continuous
component, but whose convolution does, is given by the following. Let &, &1, ...
be i.i.d. Bernoulli(1/2)-distributed random variables. Define 7 to have binary
expansion

1
(0,£1,0,&3,0,...), with probability 3
(£0,0,£2,0,&4,...), otherwise.

Let 71 and 79 be two independent random variables distributed as 7, and let
A denote the event that one of 7 and 7 has all even coordinates equal to
zero and the other has all odd coordinates equal to zero. Neither 7 nor
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is absolutely continuous, but the conditional distribution of 7 4+ 7 given A
is uniformly distributed on [0,1]. Hence the distribution of 71 + 7o has an
absolutely continuous component. O

6.3 No exact coupling possible on trees

We have seen that there is an exact coupling of two first-passage percolation
infections on any essentially 1-dimensional periodic graph when the passage
time distribution has an absolutely continuous component. We also saw how
this sort of coupling gave rise to a 01 law. One may ask whether a continuous
component is sufficient for an analogous coupling, and corresponding 0—1 law,
on any graph? We will answer this question no, by showing that the binary
tree T2 constitutes a counterexample. T? is the infinite graph that does not
contain any circuit, and where each vertex has three neighbours. The graph is
completely homogeneous and one vertex, called the root, is chosen for reference.
Let {7¢}ecE be a set of independent and exponentially distributed passage times
associated with the edge set E of T?, and analogous to before, let

By ={veV:T (root,v) <t}.

The following argument is based on the theory of continuous branching
processes. Define the front line of the infection at time ¢ as

Fy := #{v & By : v shares an edge with some u € B;}.

Note that Fy = 3 and that F} increases by one, when B; does. Hence, F} can
be seen as a continuous time branching process with F; individuals at time
t. Each individual gives with probability one birth to two children (and dies)
after an exponentially distributed time, independent of one another. It is well-
known (see e.g. Athreya and Ney (1972, Theorems II1.7.1-2)) that, for some
Malthusian parameter A > 0,

W = lim Fe™™,  almost surely, (6.10)
—00

and that E[W] = 3. Let 7,, Te, and Ty denote the passage time of the edges
connected to the root, and let F; denote F; conditioned on {7e,, Tey, Tes > 1}.
Then, by the lack-of-memory property of the exponential distribution, we have

that Fyy < F; for any t > 0. Thus, by (6.10) we have almost surely

R S VI N _ _
lim Fje M:eAhmFte )‘t:e)‘VV,

t—o00 t—o00

and we conclude that W is almost surely non-constant. Note that the event

{W = lim Fe < ac} €T, forevery x.
t—o00
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Then, a 0-1 law analogous to Theorem 6.3 cannot hold for first-passage per-
colation on T2, since this would imply that P(W < ) € {0,1}, i.e., that W is
almost surely constant.
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The asymptotic shape, large
deviations and dynamical
stability in first-passage
percolation on cones

Daniel Ahlberg

Abstract

In this paper we consider first-passage percolation on certain sub-
graphs of the Z? nearest neighbour graph. We present a three-fold ex-
tension of the Shape Theorem. Firstly, we show that the convergence
holds not only almost surely and in L', but also completely. For this, we
deduce certain large deviation estimates for first-passage times under the
assumption of finite power moment on the passage time distribution. Sec-
ondly, we prove that there are no exceptional times at which the almost
sure convergence fails, when edges update their values according to inde-
pendent Poisson clocks. With respect to the mentioned dynamics, this
provides a dynamically stable version of the Shape Theorem. Finally, we
prove that all of the above extends to cone-like subgraphs of the lattice,
for which their associated asymptotic shapes can be expressed in terms
of the asymptotic shape of the lattice.

1 Introduction

First-passage percolation was first considered by Hammersley and Welsh (1965).
It can be thought of as a model for the spread of an infection on an under-
lying graph G with set of vertices Vg and set of edges &;. Associate to the
edges of the graph non-negative i.i.d. random variables {7, }ccg,, referred to as
passage times. To avoid trivialities, we assume throughout this paper that the



passage-time distribution does not concentrate all mass at a single point. With
the present interpretation of the model, the passage time of an edge should be
thought of as the random time it takes for an infection to spread along that
edge.

One of the main achievement in first-passage percolation is known as the
Shape Theorem (cf. Theorem 1.1), and describes the almost sure rate of the
growth of an infection started at the origin on the Z¢ nearest neighbour graph,
in all directions simultaneously. The Z¢ nearest neighbour graph is also com-
monly referred to as the Z% lattice, and is the graph whose vertices are the
points in Z¢ and where every two vertices at Euclidean distance one are joined
by an edge. We assume throughout that d > 2. The two main theorems of
this paper together give a three-fold extension of the Shape Theorem. The
first main result, Theorem 1.2, says that a statement analogous to the Shape
Theorem holds for certain cone-like subgraphs of the Z¢ lattice. Moreover, it
states that the convergence holds almost surely, in L' and completely. The
second main result, Theorem 1.6, is a dynamically stable version of the Shape
Theorem. For this we will introduce a dynamical version of first-passage per-
colation, in which edges update their values according to i.i.d. Poisson clocks.
As will be emphasized later on, the time dimension in which this takes place
should not be confused with the interpretation given to the random values
assigned to the edges as 'times’.

Let us by a path refer to an alternating sequence of vertices and edges;
Vg, €1, V1, - - -, €n, Uy, beginning and ending with a vertex, such that vy is the
endpoint of the edges ej and ey 1 that precedes and follows vy. The vertices vy
and v,, are referred to as endpoints of the path. A path with endpoints v and
v will be referred to as a path from u to v. We will repeatedly abuse notation
and identify a path with its set of edges. For a path I', we define the passage
time of I' as T(I') := > . 7e, and define the passage time, or first-passage
time, between two vertices u,v € Vg as

T(u,v) :=inf {T(T) : T is a path from u to v}.

Given a vertex 0 € Vg, referred to as the origin, we define the set of vertices
reachable within time ¢ as

Wy = {veVg:T(0,v) <t}.

Interpreting passage times as times it takes an infection to traverse the cor-
responding edges, then the first-passage time 7'(u,v) should be thought of as
the time it takes an infection started at u to reach v. Starting with a single
infected vertex at the origin, W; is interpreted as the spatial propagation, i.e.,
the set of infected vertices, at time .



When the underlying discrete structure is given by the Z¢ lattice, we will for
practical reasons extend the definition of T'(x,y) from Z? to R?. For x,y € R?
we assigning T'(x,y) the passage time T'(x*,y*), where x* and y* denotes the
two points in Z? closest to x and y, respectively (choosing the point closest to
the origin in case of a tie, say). The definition of W, extends consequently to
let Wy contain all points x € R? such that 7'(0,x) < t.

1.1 The Shape Theorem

An important breakthrough was achieved by Kingman (1968) and his Sub-
additive Ergodic Theorem. The theorem implies that for any z of the form
% = z/|z|, for some z € Z9,
T(0,nz
Jpuza(z) == lim M, almost surely and in L', (1.1)

n—oo n

under the assumption that E[Y] < oo, where
Y = min(m, 72,...,7T24), (1.2)

and 71,79, ..., Toq are independent and distributed as 7.. The limit pyq(-) that
figures in (1.1) is referred to as the time constant. Given the radial convergence
in (1.1), a fair amount of additional work provides the asymptotic growth in
all directions simultaneously. In particular, if E [Yd] < 00, then

7(0,z)

lim sup
z€Z%: |z]—o0 ‘ |

— pza(z/|z|)| =0, almost surely. (1.3)

Alternatively, we can present (1.3) in terms of how closely ¢t ! W, resembles the
set

W= {xe€ RY : x| < pza(x/|x[)71}.
(As will be seen in Section 2, pz4(-) extends continuously to all unit vectors
in S971) Stated in terms of spatial propagation, the result is known as the

Shape Theorem and due to Cox and Durrett (1981), inspired by a result of
Richardson (1973).

Theorem 1.1 (Shape Theorem). Consider first-passage percolation on 7Z°
with i.1.d. passage times such that E [Yd] < o0, for'Y defined as in (1.2).
If pya(er) > 0, then, for all e > 0, almost surely,

1
(1—eW* C ZWt C (14+eW*, fort large enough.
If pya(er) = 0, then for every compact set K in R?, almost surely,

1
K C ;Wt, for t large enough.



Theorem 1.1 can be seen to be equivalent to (1.3) via an inversion argument.
For the purpose of this paper, it will be more convenient to consider limits of
the form in (1.3). It was shown by Kesten (1986) that

pza(er) = 0 if and only if P(r. = 0) > p.(d),

where p.(d) denotes the critical probability for independent bond percolation
on the Z¢ lattice. Moreover, it is known that if f174(%) = 0 for some % € S,
then it does for all. In the regime jza(e;) > 0, the shape W* can be seen to
be compact, convex and to have non-empty interior.

1.2 A shape theorem for subgraphs

The Shape Theorem gives a Law of Large Numbers for first-passage percolation
on the Z¢ lattice. In this paper we will show that similar limit result can be
achieved for certain subgraphs of the Z¢ lattice. A subgraphs G of the Z¢
lattice will be called induced if any two vertices in G are connected by an edge
if and only if the same thing holds in the Z? lattice. An induced subgraph is
uniquely determined by its set of vertices. Subsets of Z% is in turn uniquely
determined by a subsets of R?. Thus, we say that G is the subgraph of the Z%
lattice induced by V € R, if G is an induced subgraph of the Z¢ lattice and
Vg =V NZ4.

Let B(y,r) = {x € R?: [x —y| < r} denote the closed Euclidean ball.
We will in this paper focus on subgraphs G of the Z¢ lattice induced by sets
of the form J,~ B(ax,w(a)), for some x € §¥! := {x € R?: x| = 1} and
w: [0,00) — [0,00). Note that when w(a) = r - a for some r € (0,1), then G
is simply a d-dimensional cone. One of the main results of this paper is the
following extension of (1.3) (and hence the Shape Theorem). The constant R,
that figures in the statement of the theorem will be explained and quantified
in Lemma 2.4.

Theorem 1.2. For any d > 2 there exists a universal constant Ry such that the
following holds. Letx € S*™ and letw : [0,00) — [0,00) be a convex or concave
function such that w(a) — oo, as a — oo. Consider first-passage percolation
on the subgraph G of the Z¢ lattice induced by |J,~, B(aﬁc, w(a) + Rd).

a) If E[1e] < 00, then limsup E
z€Vg: |z|—o00

o ataflah)| =0,

b) IfE[Y?] < oo, then lim sup

zeVg: |z|—o0

‘Tm, 2) .

ozl

almost surely.



¢) FEYT] < oo, then S P <'T<‘2,|z>

- astafla)| > ¢) <o
z€Vg
for all e > 0.

We continue with a series of remarks on the statement of Theorem 1.2.
As mentioned above, w(a) = r - a gives rise to a cone in the classical sense
when r € (0,1). When r = 1, G is the subgraph induced by the half-space
{z € Z? : (z,%X) > —Ry}, where (-,-) denotes inner product, and for r > 1, G
equals the Z? lattice. Hence, part b) of Theorem 1.2 extends (1.3).

We will prove part ) and ¢) of Theorem 1.2 under the stronger condition
that E[r2] < oo. This will save us from a few additional technicalities, which
can be found in the paper of Cox and Durrett (1981). The necessary steps
for the proof to go through without the stronger condition are indicated in
Remark 6.4.

The condition E[r.] < oo for the L-convergence in part a) to hold can not
be relaxed in general. However, it is not hard to see that if the limsup is taken
over z € Vg N U,so B(ax,w(a)) instead of over z € Vg, then E[Y] < oo is
sufficient. In particular, E[Y] < oo is sufficient when G is the Z¢ lattice.

The case when X is of the form z/|z|, for some z € Z¢, and w(a) = K — Ry
was treated in Ahlberg (2010). Also in this case the limit exists and satisfies
pK(X) > pga(x) for all K > Ry. Indeed pr(X) — pza(X) as K — oo (cf.
Proposition 2.9), which explains the presence of pz4(-) in Theorem 1.2.

For x € S¥1 and r € (0,1), let C(%,7) := U,>o B(ax,r - a). The cone
C(x,r) is with elementary trigonometry found to have radius equal to \/ﬁ -a

at distance a from its tip. Consequently, an alternative way to generate C(x,r)

is as the volume obtained when the function g(a) = \/1’"_7 -a, for a > 0, is

rotated around the axis {ax},cr. The other way around, the volume obtained
when the function g(a) = r - a, for a > 0 and some r > 0, is rotated around
the axis {aX}q.cr equals C(f{, \/ﬁ) In fact, for any non-decreasing convex
function g : [0,00) — [0, 00), there is a convex function w : [0, 00) — [0, 00) such
that the rotation volume obtained when g is rotated around the axis {aX}qcr
equals (J,~o B(ax,w(a)).

The convergence in part ¢) of Theorem 1.2 is also known as complete conver-
gence, a concept first introduced by Hsu and Robbins (1947). More generally,
a random sequence {X,, },>1 is said to converge completely to X as n — oo if

> P(IX, - X|>¢€) <oo, foralle>0.

n=1

Observe that complete convergence of a random sequence implies almost sure
convergence, via Borel-Cantelli’s lemma. For Theorem 1.2 this implies that



part b) is included in part c¢).

Finally, the following observation is made in connection to Theorem 1.2.
Recall that the sub-critical regime of bond percolation on the Z¢ lattice coin-
cides with pza(e1) > 0, that is pza(e) > 0 if and only if P(7. = 0) < p(d). In
addition, pya(e1) > 0 coincides with linear growth of the spatial propagation of
the infection, via the Shape Theorem. This is not true for all graphs. Consider
the subgraph of the Z? lattice induced by {(x, y) €R?:0 <y <alog(l+ w)},
for some a € Ry. Grimmett (1983) proved that for each a € R, the crit-
ical probability for bond percolation on this graph lies strictly between 1/2
and 1. Although this graph is not treated by Theorem 1.2, it is by similar
means easy to see that lim, .., 7(0,ne1)/n = uza(e1), almost surely, also for
this graphs. In particular, we conclude that the sub-critical regime of bond
percolation does not coincide with the regime in which lim,,_.., 7(0,ne;)/n is
almost surely positive.

1.3 Large deviations

Hsu and Robbins (1947) proved that the sequence of arithmetic averages of
i.i.d. random variables converges completely to its common mean, given that
their variance is finite. That this is also necessary was proved by Erdos. We
will from an extension of their results (cf. Theorem 3.1) deduce the following

result which we will need to prove the large deviations estimate in part ¢) of
Theorem 1.2.

Proposition 1.3. Let x € S™! and a > 1. Consider first-passage percolation
on the Z% lattice with E[Y®] < co. Then,

o0
Zno‘_zlP’(T(O,nfc) > (pga(x) + e)n) < 00, foranye> 0.
n=1

This result is a kind of large deviations estimate for first-passage times
above the time constant, and as we will see (cf. Proposition 4.1), it also holds
for subgraphs of the Z% lattice. We will also prove a large deviations estimate
below the time constant, in which case we have exponential decay.

Proposition 1.4. Consider first-passage percolation on the Z% lattice. For
any € > 0, there are o = a(e) < 0o and 3 = B(€) > 0 such that
]P’(T(O,nf() < (pga(x) — e)n) <ae P foralln >0 and x € S,

Proposition 1.4 extends a result by Grimmett and Kesten (1984) (d = 2)
and Kesten (1986) (d > 2). They treat the case when x = e;. The con-
vergence obtained in Proposition 1.3 does not seem to be previously known



under the given hypothesis. However, Grimmett and Kesten also show that
P(T(0,ne;1) > (uga(er) + €)n) decays at least exponentially, but under the
stronger assumption that E[e?™] < oo for some v > 0. First-passage times as
defined above are sometimes referred to as point-to-point passage times. Re-
lated results have also been obtained by Chow and Zhang (2003) for so-called
face-to-face passage times, and by Garet and Marchand (2007) for the chemi-
cal distance in bond percolation clusters. We should mention that it does not
follow from the proof we present whether E[Y®] < oo is a necessary condition
for the conclusion of Proposition 1.3 or not.

In fact, it is possible to prove something stronger that Proposition 1.4. We
will introduce what could be referred to as point-to-shape passage times, which
we define as

W ) d n
Ty, = inf {T(O,z) .z € 2% with |z| > (212D }
This definition only makes sense when pya(-) > 0, which is known to hold
when P(7, = 0) < p.(d), where p.(d) denotes the critical probability in bond
percolation on the Z? lattice. For these cases, T(}/}]L equals the time it takes to
reach a vertex at the boundary of, or outside the blow-up nW* of the shape
W*. In the light of the Shape Theorem, it natural that (see Section 3)

T
lim —— =1, almost surely. (1.4)
n—oo n

In fact, the following is true, from which Proposition 1.4 comes as an easy
corollary. Our proof of this result is heavily influenced by the proof presented
in Kesten (1986) for the case x = e; of Proposition 1.4.

Proposition 1.5. For any € > 0 there ezists @ = a(e) < oo and = [B(e) > 0
such that
P(Tgf\é <(1- e)n) <ae P for alln > 0.

1.4 Dynamical first-passage percolation

We will also consider a dynamical version of first-passage percolation. This is
inspired by so-called dynamical percolation introduced by Héggstrom, Peres,
and Steif (1997). From bond percolation, dynamical (bond) percolation is ob-
tained by allowing the edges of a graph to flip between ’open’ and ’closed’
according to i.i.d. Poisson clocks. At each fixed time, an infinite open compo-
nent exists with probability either 0 or 1 (depending on the probability of an
edge being open). Is this property dynamically stable in the sense that for al-
most every realization we will see an infinite open component either present or



absent at all times? This question was first studied in Haggstrom et al. (1997),
and continued by Benjamini, Kalai, and Schramm (1999), Schramm and Steif
(2010) and Garban, Pete, and Schramm (2010). It is not hard to conclude
that away from criticality, the answer is ’yes’. However, at criticality, the Z2
lattice exhibits exceptional times at which an infinite open component exists,
as proved by Garban et al. (2010). In a related work, Benjamini, Haggstrom,
Peres, and Steif (2003) consider similar questions in the context of i.i.d. se-
quences.

Analogously, we obtain a dynamical version of first-passage percolation by
assigning i.i.d. passage times, together with independent Poisson clocks, to the
edges of a graph G. When a clock rings, the passage time of the corresponding
edge is re-sampled from the same distribution. More formally, associate inde-
pendently to each edge e of the underlying graph a random process {7¢(s)}s>0

defined as follows. Given non-negative i.i.d. random variables {Te(] )}€E€g7j21
and i.i.d. rate 1 exponentially distributed random variables {g? )}eegg,jzl, let
éo) = 0 for each e, and define for all e € &g and s > 0

J—1 J
Te(s) =79, for Zfék) <s< Z{ék).
k=0 k=0

By construction, the processes {7c(s)}s>0 are independent for different edges,
and {7.(s)}s>0 will sometimes be referred to as the dynamical passage time
of the edge e. If 7‘8(] ) has probability measure v, then for any s > 0, the
distribution of {7.(s)}ece, i given by the product measure v€9. Let for each
s >0, TG (u,v) denote the passage time between the points u and v with
respect to {7¢(s)}ece,. It follows that also

7O (u,v) < () (u,v), forall s> 0.

It is natural to think of dynamical passage times as evolving with time.
This gives us two time dimensions. To better picture the dynamical setting, it
may help not to think of 7.(s) as the time, but as the cost related to crossing e
at time s. Then T)(u, v) is interpreted as the minimal cost to travel between
u and v at time s, and {T(S) (u,v)}s>0 as the evolution over time of the cost
for the passage between u and v. a

On the Z< lattice (1.1) states that if E[Y] < oo, then

n—o00 n

T(s) 7
P < lim T(0,n) = ,uZd(i)> =1, foreach s> 0,
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and, (1.3) that if E[Y9] < oo, then we have the stronger

7)(0,2)

o~ paaln/le])

P < lim sup = 0) =1, foreach s>0.

z€Z%: |z]—o0

An application of Fubini’s theorem strengthens this to

7)(0,2)

T~ bas e/ )

P ( lim sup = 0 for Lebesgue-a.e. s > 0) =1.

z€Z%: |z]—o0

Our next result strengthened this to hold for every s > 0. The Shape Theorem
is so to say dynamically stable with respect to the dynamics introduced. The
same is true for the almost sure convergence in part b) of Theorem 1.2.

Theorem 1.6. For any d > 2 there exists a universal constant Rq such that the
following holds. Letx € S*1 and letw : [0,00) — [0,00) be a convex or concave
function such that w(a) — 0o, as a — oo. Consider first-passage percolation
on the subgraph G of the Z¢ lattice induced by Ua>OB(a&,w(a) + Rd). If
E[Y9) < oo, then

7)(0,2)

s~ b2

P < lim sup

z€Vg: |z|—o0

:Oforall520>:1.

Like part b) and ¢) of Theorem 1.2, we will prove Theorem 1.6 under the
somewhat stronger assumption that E[Y4] < oo.

1.5 Outline of proof and paper

The two main results of this paper, Theorem 1.2 and 1.6, together extends
the Shape Theorem in three different directions. The three extensions are
consequences of the following tasks:

(i) Prove that the convergence in (1.3) holds almost surely, in L' and
completely.

(ii) Prove that the almost sure convergence in (1.3) is dynamically stable.

(iii) Prove that the convergence in (i) and (ii) also holds on the cone-like
subgraphs we consider.

We will prove task (i)-(iii) step by step. We recall the reader that the al-
most sure convergence in (1.3) is equivalent to the Shape Theorem. The L!-
convergence is normally not emphasized, but can be deduced in the same way.
The novelty in task (i) is the complete convergence.

The accomplishment of the three tasks will proceed along the following
lines.



Section 3 Obtain the large deviation estimate in radial directions given by
Proposition 1.3 and 1.4. This is sufficient, together with existing proofs
of the Shape Theorem, to obtain complete convergence in (1.3) under the
condition that E[Y9T!] < co. This would complete the first of the three
tasks above.

Section 4 Show that the radial almost sure and L'-convergence in (1.1) ex-
tends to cone-like subgraphs of the lattice. In the same way we extend
the large deviations estimate obtained in Section 3. The results are easily
obtained for rational directions, i.e., x € U%! whereas the general case,
% € S%1 is harder. With this we take the first step towards an analogue
of (1.3) for the cone-like graphs in consideration.

Section 5 Here we prove that the almost sure convergence in radial directions,
which is given in (1.1) and extended in Section 4, is dynamically stable.
A dynamically stable version of (1.1) is sufficient, again together with
existing proofs of the Shape Theorem, to obtain a dynamically stable
version of (1.3) under the condition that E[Y?] < co. This completes the
second task.

Section 6 Finally, we complete the proof of Theorem 1.2 and 1.6. In addition
to the results obtained in Section 4 and 5, the missing piece is a geometric
argument needed to prove Lemma 6.2. The assumption E[7?] < oo is
used in the proof of Lemma 6.2, and only there. That assumption is
made to avoid additional technicalities. Under a even stronger moment
assumption, also the geometric argument is redundant. Together with
the work carried out in Section 4, the third task is accomplished.

First of all, we dedicate Section 2 to recall some additional facts about first-
passage percolation, as well as introducing some notation, that will recur in
the rest of the paper.

2 Preliminaries

Consider first-passage percolation on the Z¢ lattice. For the purpose of this
paper it will suffice to consider the case when E[Y] < oo, where Y is as defined
n (1.2). That E[Y] < cc is sufficient to obtain E[T'(0,z)] < oo for any z € Z%
is given by Proposition 2.5 below. An very central concept in first-passage
percolation is the subadditive property, that is, that

T(x,y) <T(x,z)+T(zy), foranyx,y,zé€ R,

10



The property is immediate from the definition of first-passage times, and holds
for first-passage percolation on any graph. Let U4~ C S9! denote the set of
z € S such that z = z/|z| for some z € Z%. In (1.1) the time constant i, (2)
was defined for z € U4~! as the almost sure limit of 7(0,nz)/n as n — oo.
Existence of the limit is a consequence of the Subadditive Ergodic Theorem,
and crucially based on the subadditive property. Alternatively, p;4(z) equals
lim,, .o E[T(0,n2)| /n = inf,>1 E[T(0,nz)|/n. This is a more elementary
consequence of the convergence of real-valued subadditive sequences, realized
already by Fekete (1923). Existence of the limit is easily extended to x € S9!
as follows. By subadditivity and lattice symmetry,

E[T(nx,ny)]
E[7(0,e1)][[nx — ny]|x (2.1)

n
< dE[T(0,e1)][% - §1.

E[T(0,n%)] E[T(0,ny)] ‘

IN

Now, assume that x € S%~! and y € U, let n — oo, and conclude that

E[T(0,nx%)]

A pga(x) = nh_)ngo - = ”eluijglfl pza(y), for any x € ST (2.2)
y :
y—%

From (2.1) we also conclude, letting M = dE[T'(0,e1)] and sending n to infin-
ity, that
|Hza (%) = pza(9)| < MIx —y], forall %,y € S*, (2.3)

Hence, the time constant is Lipschitz continuous on S¢~!. The time constant is
also known to be continuous with respect to weak convergence of passage-time
distributions. This fact will be used in order to prove dynamical stability in
Theorem 1.6. Let V, Fy, F5, ..., Fy denote passage time distribution functions,
and let ,ugd denote the time constant on the Z< lattice associated with the
distribution F'.

Proposition 2.1 (Cox and Kesten (1981)). If F,, — F, weakly, then for each
% € §41
pi (X) = pp (%), asn — oo

Remark 2.2. The proposition was proved, for d = 2 and x = ej, in Cox (1980)
under the assumption that there exists a distribution V' < F},, for all n, with
JoT (1=V(u))du < oo. That condition was removed in Cox and Kesten (1981).
The proof extends to all d > 2 and directions (cf. Kesten (1986, Theorem 6.9
and Remark 6.18)). O
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2.1 The trivial coupling

There is a very natural coupling between passages times on a graph and its
subgraphs. We will throughout this paper assume passage times on a graph
are coupled with passage times on its subgraphs in this way. We are interested
in the Z¢ lattice and subgraphs thereof. We will next present the coupling,
and some notation, which will be in force for the rest of this paper.

Let €4 denote the edge set of the Z< lattice, and let {7e}eee,, be afamily of
i.i.d. non-negative random variables associated with the edges of the Z? lattice.
Let G be a subgraph of the Z¢ lattice, with vertex set Vg and edge set £. In
particular, Vg C Z% and & C £za. For x and y in Vg, let Tg(x,y) denote
the first-passage time on G between x and y with respect to the set of passage
times {Te}eggz ,- This generates a simultaneous coupling of first-passage times
among all subgraphs of the Z¢ lattice. In particular, if G; is a subgraph of the
Z% lattice, and Gs is a further subgraph of G, then

Tg, (X> Y) <1g, (X> Y)a for all x,y € Vg,.

If G is a subgraph of the Z¢ lattice induced by a set B C R?, then we define
Tg(x,y) = Tg(x*,y*) for any x,y € B, where x* and y* denotes the points in
BNZ% closest to x and y.

We will also use some additional notation. We will let T'(-, -) denote Ty (-, -)
for short. For K > 1 and z € U%!, we will let Tk (-, ) denote passage times
on the graph induced by (J,cr B(az, K), and referred to as the (K, d, z)-tube
(more on this graph in Section 2.3). For K > 1 and x, y € R?, we will let
TK(X, y) denote the passage time between x* and y* on the subgraph of the
7% lattice induced by the set | J aclo,1] B (x* +a(y*—x"), K ) In all these cases
we assume the above coupling present. In particular, for any K > 1, z € Z,
and with z = z/|z|,

T(mz,nz) < Tkz(mz,nz) < Tx(mz,nz), for any m,n € Z.

When we consider dynamical passage times {Te(s)}eegz , in Section 5 and 6,
the analogous coupling to the above one will be assumed to be in force. The
notation above will be adopted also in this case, with an additional superscript
(s), as in Tg(s)(-, -), to indicate that dynamical passage times are considered.

2.2 Geometry of the lattice

We will in this section deduce some basic properties of the graphs we consider,
such as connectivity. Furthermore, we will also describe what requirements are
necessary for the entities we are interested in to have finite moments.

12



Lemma 2.3. For z € Z% and r > \/d, the subgraph of the Z% lattice induced
by Uaepo,1) Blaz,r) is connected.

Proof. Let 7 > +/d. Observe that for any x € R, the graph induced by B(x, )
is connected and non-empty. Moreover, Z% N Ua6[07 qB (az,r) can be written
as a union of B(a;z,r) for finitely many j’s. Since the induced graph of each
B(ajz,r) is connected, it suffice to choose an increasing sequence of a;’s such
that B(a;jz,7) N B(aj+12,7) N Z% # O, for each j. O

Given x € R%, recall that x* denotes the point in Z% closest to x. Clearly

Ix — x*| < Vd/2.

Lemma 2.4. There exists Rg < oo such that for each z € Z% and b,c > 0,
there are 2d disjoint paths between (bz)* and (cz)* contained in the subgraph
of the Z¢ lattice induced by Uae[bd B(az, Ry).

From now on and throughout the paper, R; will be considered as a fixed
constant chosen as in Lemma 2.4.

Proof. Set y = (cz)* — (bz)*. Pick 2d — 1 points xy,...,Xoq_1 € Z% such that
the 2d tubes (J,¢p 1] B((bz)* + ay,Vd), and Usepo,1] B(x; + ay,Vd) for j =
1,2,...,2d — 1 are pairwise disjoint. Since each tube is connected, by Lemma
2.3, we obtain 2d paths from (bz)* to (cz)* by connecting (bz)* and (cz)* by
disjoint paths to x; and y + x;, respectively. If the points xi,...,X9q_1 are
chosen at distance at most M from (bz)*, then the 2d paths will be included in
Uaepo,1] B((bz)*+ay, M+\/E) Thus, it suffices to choose Ry > M+3v/d/2. [

We now turn to questions regarding conditions for existence of finite mo-
ments. For any z € Z\ {0}, we have P(T(0,z) > s) > P(Y > s). It is
therefore immediate that for any o > 0

E[Y*l =00 = E[T(0,2)%] = .
The converse is also true.

Proposition 2.5. Let z € Z¢, m,n € Z, K > Ry, a > 0, and set 2 = z/|z|.
When E[Y %] < oo, then

E[T(O,z)o‘] < 0, E[TK,i(mi,ni)o‘] < oo, and E[TK(O,Z)Q] < 0.

Proof. One may easily realize, e.g. via induction, that there are 2d disjoint
paths between 0 and z of length at most ||z||; + 8. Let I" denote the longest of
the 2d disjoint paths between 0 and z, and let A denote its length. Then

P(T(0,2) > s) < P(T(T) > s)™

< NP1, > s/0)%1 = NP(Y > 5/)),

(2.4)
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where the second inequality holds because if T'(I') > s, then for at least one
of the A edges 7. > s/\. Moreover, for any non-negative random variable X,
then E[X?] = a [;° 2* '"P(X > ) dx for a > 0. In particular,

EXY) <o < ino‘_I]P’(X >n) < o0, (2.5)

n=1

We conclude that E[Y*] < oo implies E[T'(0,2)%] < co. In combination with
Lemma 2.4, the other conclusions follow in a similar manner. ]

Theorem 1.2 and 1.6 will be proved assuming that E[r2] < co. That as-
sumption simplifies the presentation somewhat, since Chebyshev’s inequality
applies. The same inequality can be applied to find that indeed

E[r?] <0 = E[Y* <. (2.6)

2.3 Tube convergence

In this section we shall review some results from Ahlberg (2010) that will
be needed in the present paper. In that paper, the key to understand the
behaviour of first-passage times on essentially 1-dimensional periodic graphs
was to identify a regenerative structure. In this paper, we will have a particular
interest in the graph induced by the set |J,.g B(az, K), above referred to as
the (K, d,z)-tube. Its regenerative structure is specified in the following result.

Proposition 2.6. Assume that K > Ry, z € 7Z¢ and 2 = z/|z|. There is a
sequence of non-negative integer-valued random variables {p;};>o0 such that

a) Tk 2(0,pj2) — Tk 5(0, pj—12) = Tk 2(pj—12, p;z).
b) {(TK7i(pj_1z,pjz),pj — pj_l)} . forms an i.i.d. sequence.
j>1

The behaviour specified in the above proposition is referred to as a re-
generative behaviour. In particular, Tx 5(0, p,z) can be written as a sum of
independent variables

n
Tk 5(0, pnz) = Tk 2(0, poz) + ZTKi(Pj—lZa pjz)-
j=1

This can be exploited in order to approximate the value of Tk ;(0,nz). Indeed,
Tk 2(0,nz) can be approximated by Tr (0, py,(n)2), Where

v(n) :=min{j € N: p; > n}.

14



Since {p;};>0 is an increasing sequence, we must have that v(n) < n. Define

further

E[Tk:(pj—12. pj2)]
|2|Elpj — pj—1]

Aj =Tk z(pj-12, pjz) — |2|uk (2)(p; — pj-1)-

1 (2) =

)

Proposition 2.7. The sequence {p;}j>o0 can be chosen such that the distribu-
tions of py(n) —n and Tk 3(nz, pn)2) does not depend on n, and such that for
any a>1 and j > 1,

a) E[(pj — pj_l)a] < 00 and E[(py(n) — ’I’L)a] < Q.
b) if E[Y?] < oo, then
E[TK7i(pj_1Z,ij)a] < 00, E[TK,i(nzapu(n)z)a] < 0,
E[1A;]%] < oo, E“TK,Q(OaPOZ) - |Z|POMK(2)|Q} < o

Moreover, if E[Y] < oo, then E[A;] =0 for all j > 1.

The regenerative behaviour described in Proposition 2.6 and 2.7 was de-
duced in Ahlberg (2010) and used to prove the following limiting behaviour.

Proposition 2.8. Let K > Ry and z € U1, IfE[Y] < oo, then

llm = T 7

= ux(z), almost surely and in L'.
n—00 n

The same conclusion holds for T ;(0,nz) exchanged for Tk (0,nz).

The above theorem was proved for so called essentially 1-dimensional peri-
odic graphs. The (K, d,z)-tube is an example of such a graph. The statement
regarding Tr(0,nz), was in Ahlberg (2010) not directly stated. However, it is
easily seen to follow analogously. Proposition 2.8 could in fact be derived from
the Subadditive Ergodic Theorem. However, the approach using regenerative
sequences allows for much more detailed picture to be derived. A central limit
theorem and a law of the iterated logarithm are two examples of additional
results obtained in Ahlberg (2010).

There it was also seen that px(z) > pza(z) for all K. However, as K
increases the constants approach each other. This fairly simple consequence
the subadditive behaviour will be essential in this paper. It was indicated
already in Chayes and Chayes (1984), and proofs appeared in Ahlberg (2008,
2010); Chatterjee and Dey (2009). Due to its central role to this paper, we
recall the proof also here.
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Proposition 2.9. Klim i (2) = pga(z), for allz € USL,
—0Q

Proof. Clearly Ti(0,nz) is decreasing in K. For all n we get

T(0,nz) = Kh—1>noo T (0,nz) = Ii<n>f0 Tk (0,nz), almost surely.

An application of the Monotone Convergence Theorem gives

E[T(0,nz)] = I}@OOE[TK(O,nz)] = [i{anOE[TK(O,ni)].

By Fekete’s lemma 3lim,_ .o an/n = inf,>1 a,/n, for any subadditive real-
valued sequence {ay }n>1. Hence, for any 0 < K < oo
. E[TK(O,ni)] . E[TK(O,ni)]
pg(z) = lim ———= = inf ———>=.
n—00 n n>1 n
(Here pioo(2) refers to piza(z), and Tho(0,n2) to T(0,nz).) Thus, since ux is
non-increasing in K we conclude that

E [Tk (0, nz 0. 1%
im px(@) = inf it PO BlT(02)]
K—oo K>0n>1 n n>1K>0 n
. E[T(0,nz)] A
= m T ) 0

3 Large deviation estimates for the lattice

The aim of this section is to prove Proposition 1.3, 1.4 and 1.5. The proof of the
first of the three will be based on a characterization of the rate of convergence
of large deviations of i.i.d. sums. The characterization is a generalized version
of a result due to Hsu, Robbins and Erdds. We refer the reader to Gut (2005,
Theorem 12.1) for a more complete statement as well as a proof.

Theorem 3.1. Let X1, Xs,... be i.i.d. random variables with mean w, and let
Sn = p_y Xi. For a>1, the following are equivalent.

a) E[|X|*] < oo.
b) Y2 n* 2 P(|S, — un| > ne) < oo, for all e > 0.

¢) Yool 2 P(maxi<k<n | Sk — pk| > ne) < oo, for all € > 0.

The proof of Proposition 1.5 will be an adaptation of a proof given in
Kesten (1986) of a less general statement. Proposition 1.5 will be derived
under the additional assumption that E[Y'?] < oo, and the reader is referred to
Kesten’s paper to see how this assumption can be avoided. The details of how
Proposition 1.4 follows from Proposition 1.5 are easy to sort out, and therefore
left to the reader. A proof of (1.4) will also be presented.
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3.1 Above the time constant

In order to derive the large deviation estimate for the Z? lattice, we will first
do so for tubes. The following result was not included in Ahlberg (2010), but
will be proved by similar means, based on Proposition 2.6 and 2.7.

Proposition 3.2. Let K > Ry, 2 € U™ and o > 1. IfE[Y?] < 00, then

Zna_2P<|TK72(O,nZ) - nuK(2)| > ne) <00, foranye>0.

n=1

Proof. Fix z € Z¢ such that z = z/|z|. Let m,, := min{m € N : |z|m > n}.
Clearly 0 < |z|m,, —n < |z|. Due to subadditivity,

T a(0,02) = npuxc(2)| < Tie a0, maz) + T (M, puom, ) 2)

+ ‘TK,Q(OvpV(mn)Z) - |Z|pu(mn):uK(i) (3 1)

+ |Z‘ILLK(2) Pv(my,) — Mn

+ uK(i)‘|z|mn - n(

If we denote the terms in the right-hand side of (3.1) by X3, Xo,..., X5, then
it suffices to show that for each j =1,2,....,5

> o PP(X; > ne/5) < 0. (3.2)
n=1
The last term in the right-hand side of (3.1) is non-random and bounded. Thus
P(X5 > en/5) = 0 for large n. Thus, (3.2) does hold for j = 5. According to
Proposition 2.7, p,(;,,) —my has finite moment of any order, and its distribution
does not depend on n. Thus, (2.5) implies that (3.2) holds also for j = 4.
The only term that is essentially contributing is that for j = 3. Since
v(m) < m, we have

P(X3>en/5) < P (max

i<my,

Ty 50, piz) — |alpupire(2)] > ne/5>

i
<P ‘TK72(0,p0z)—|z|p0,uK(i) + max ZA]- > ne/b
i<mp | 4 1
]:
< B [Tica(0,m2)  lalpoux ()] > ne/10)
i
P A 1
+ mmax Z; j| > ne/10
]:
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According to Proposition 2.6 and 2.7 the sequence {A;};>1 is i.i.d., and both
Tk (0, poz) — |z|popr (z) and A (for j > 1) have finite moments of order a.
Thus, via (2.5) and Theorem 3.1 (respectively) we conclude that (3.2) holds
for j = 3.

That (3.2) holds for j = 2 and j = 1 will follow in a similar way from
(2.5) as for j = 4. Again, Proposition 2.7 gives that the distribution of Xy =
Tk 2(mz, p,(m)z) does not depend on m, and has finite moment of order a.
Finally, the distribution of Xy = T 5(nz, m,z) may depend on n. However, it
can only vary among a finite number of different ones, each with finite moment
of order « (there are 2d disjoint paths between nz and m,z, due to Lemma
2.4). O

We will derive Proposition 1.3 from the estimate on the deviations from
the time constant on tubes, that we have just proved.

Proof of Proposition 1.3. Let ¢ > 0, @ > 1 and assume that E[Y%] < occ.
We will first prove that for any z € U4!

in"_z]}D(T(O,ni) > (pga(z) + e)n) < 0.
n=1

Take K large enough for px(z) < pz4(2) + § (which is possible according to
Proposition 2.9). Then,

ino‘_2]P’(T(O,n2) > (pga(z) + e)n)
n=1
< ino‘_z ]P’(T(O,ni) > (pK(2) + e/2)n)
n=1

< > o2 P(Ties(0,n2) > (uxc(2) + ¢/2)n),

n=1

which Proposition 3.2 says is finite when E[Y?] < co.
We proceed with the general case. For x € S 1, take z € U%"! such that
|x —z| <e. Now

T(0,n%) —npuga(X) < (T(O,ni)—n,uzd(i)) + T(nz,n%) + n(uzd(z)—uzd(f{))

According to 2.3 we have n|puza(2) — pza(%)| < dE[T(0,e1)|ne. We will show
that for some M < oo

[ee]
Z no‘_QIP’(T(ni,nf() > Mne) < 0. (3.3)
n=1
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All of the above then easily gives that
> a—2 S S
Zn P(T(O,nx) — npga(X) > (1+ M + dE [T(O,el)])ne) < oo,

which is sufficient since € > 0 was arbitrary. It remains to prove (3.3).

Choose a path between (nz)* and (nX)* of length A, := ||(n%)* — Hl

Let vg,v1,...,v), denote the sequence of vertices in the path. Subadditivity
gives that
A7L A7L
T(nz,nx) < ZT (vj—1,v5) < ZT (vj—1,v5),
j=1 J=1

where T(vj_l,vj) = min (T(Fl),T(Fg),...,T(F2d)), and I'1, T, ..., T'yy de-
notes the 2d disjoint paths between v;_; and v; of length at most 9. The
variables T'(v;_1,v;) and T(v;_1,v;) are not necessarily independent for i # j.
However, they are if [v; — v;| > 4v/2. Since |j —i| = [[v; — vi|1 < dlv; — v,
they will be independent when |j — i| > 4dv/2. We can therefore partition
{0,1,...,\,} into at most 8dv2 + 1 < 13d sets Ji,.Jo,. .., Ji34, such that for
each 1 =1,2,...,13d, the elements in {T(vj_l, vj)}jeJZ— are independent. Each

J; contains at most \,, < d(v/d+ne), which for large n is at most 2dne, indices.
Thus, since when E[Y*] < oo also E[T'(vj_1,v;)*] < oo, Theorem 3.1 assures
that

Zna 2p ZT (vj—1,v5) (E[T(O,el)] +1)2dne < 00.
jed;

We conclude that
ino‘_2]}” (T(ni,nic) > 26d<E[ (0,e1)] + 1) dne) < .

This proves (3.3). O

In preparation for Section 4, we also prove that radial L'-convergence holds
in any direction on the Z% lattice. The proof of which is similar to the proof
of Proposition 1.3.

Proposition 3.3. Let x € S¥! and d > 2. IfE[Y] < oo, then

lim & | L%

n—oo

- /LZd()A() = 0.
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Proof. Let ¢ > 0 and take z € U%~! such that |x — 2| < e. As in the proof of
Proposition 1.3 we have

70, n%) — npza(%)| < |T(0,12) — npga(2)] + nljuga(%) - ig(2)

+ T(nz,nx)
< |T(0,n2) — npga(2)| + dE[T(0,e1)]ne

An
+ ZT(Uj—lv Uj)a
=1

where A, = ||(n%)* — (ni)*Hl < d(vVd + n|x — 2|). Together with (1.1), we
obtain that

lim E | L0 %)
n

n—oo

— (%) < d(E[T(O,el)] + E[T(O,el)])e.

Since, E[T(O,el)] < 0o when E[Y] < oo, and € > 0 arbitrary, the L!-
convergence follows. O

3.2 Below the time constant

We first present a proof of (1.4). We will prove (1.4) and Proposition 1.5
under the additional assumption that E[Y?] < co. With this assumption,
the derivation of (1.4) and Lemma 3.5 below can be simplified somewhat,
since it enables us to appeal to the Shape Theorem directly. An alternative
version of the Shape Theorem (see Kesten (1986)) can be used to obtain our
results without moment assumption. The reader can in Kesten’s paper find
the additional details that are needed in that case.

Proof of (1.4). Assume that E[Y?] < co. By definition, we easily obtain
that, almost surely,

Y 7 (0, (5tery +1) @) ) %—Fl‘T(O,(%ﬁ-l)el)

< 0 — 1,
K " " pzd(e1)
as n — 00. So, it suffice to show that
T
liminf —— > 1, almost surely. (3.4)
n—oo N
Assume that there is § > 0 such that
T,
liminf — < 1-9§ (3.5)

n— oo n
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has positive probability. For any realization satisfying (3.5) there are n; <
ng < ... such that T(}/",ik/nk < 1—0/2. In particular, we can pick z;,zo,...
such that zy € W, (1-5/2) and

ng

|z > —————,
piza(zr/|2k|)

for each k£ =1,2,.... The Shape Theorem says that with probability one
Wn(1_5/2) - n(l - 5/4)W*, (36)

for any n sufficiently large. Thus, there are realizations satisfying both (3.5)
and (3.6). But, (3.6) implies that for all n sufficiently large, if z € W, (1_5/2),
then | s/4
z| < u,
piza(z/|2])

which is a contradiction. Hence, (3.4) must hold. O

We now prepare for the proof of Proposition 1.5. That will require to
extend the definition of point-to-shape passage times somewhat. Assume that
piza(e1) > 0. For any x,y € Z4, let u(y —x) = (y —x)/|y — x|. Define for any
z € 7% and integers 0 <n <m

W (z):=in xy): [x—z < — " —al>—— b
Tmm( ) f{T( 7Y) | |S /LZd(U(X_Z))’ |y |Z de(u(y—z))}

For short, we write 7, 710/7Vm = TX}’m(O). One should think of Trl/}}m as the minimal
travel time from some vertex within n)V* to some vertex at the boundary, or
in the complement, of mW*. Following Kesten’s approach, the first step in
proving Proposition 1.5 is this next lemma.

Lemma 3.4. Let X](\?)NJFM for q = 1,2,... denote independent random vari-

ables distributed as TJI\/,YNJFM. There exists C < oo such that for any n > M >
N >0 and x > 0 we have

M\ @1 Q
pati<s) < Y wt(eF) R (L xlh<o
Q+1>n/(M+CN) =1

The proof of this lemma does not require any moment assumption.

Proof. Pick z € Z® such that |z| > n/uza(2), where z = z/|z|. Let v = (2)
be a self-avoiding path from 0 to z. Choose a subsequence vg,v1, ... ,vg of the
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vertices in y as follows. Set v9 = 0. Given v, choose v441 to be the first vertex
in 7 succeeding v, such that

M +2N

Hzad (U(Uqul - Uq)) .

[Vg1 — vg| >

When no such vertex exists, stop and set Q = ¢. To find a lower bound
on @, pick a plane tangent to auyza(z)YW* at the point az and denote it by
H(a,z). That at least one such plane exists follows from convexity of W*.
Take a, € R such that v, € H(aq,2) for each ¢ =0,1,...,Q. It is easily seen

that ag < ¢ (% + 1). Moreover, z € H(a,z) for some a satisfying

M +2N

. M + 2N
n/uza(z) < a < ag+ - 1).
/ Zd( ) Q :u'Zd(Z)

“Q*l)(m*

In particular, since piza(2) < vVduza(er), we see that Q must satisfy
n < (Q+1) (M +(2+ x/&uzd(el))N>. (3.7)

Next, pick » > 0 such that [—r,7]¢ C W* and tile Z¢ with copies of
(=rN,rN ]d such that each box is centred at a point in Z¢, and each point
in Z% is contained in precisely one box. Let A4 denote the box that contains
vg, and let w, denote the centre of A,. Of course, the tiling can be chosen such
that wg = vg = 0. Denote by ~, the part of the path ~ that connects v, and
vg+1. Note that for ¢; # g2 the two pieces v, and ~,, are edge disjoint. By
construction v, is included in the copy of NW* centred at wy. Moreover, vy41
is not included in the interior of the copy of (M + 2N)W* centred at v,. By
convexity of W*, vg41 cannot either lie in the interior of the shape (M + N)W*
centred at wg. That is,

lvg—wq| < N and  |vg41—wg| > M+ N
piza (u(vg — wg)) pza (u(vgr1 — wy))

. (3.8)

Given > 0, Q € Z4 and wy,...,wg—1, let A(z,wi,ws,...,wg—1) denote the
event that there exists a path v from 0 to z which contains edge disjoint pieces
Y0, V15 - - - s YQ—1 such that

a) Y20 () < =,

b) for each ¢ =0,1,...,Q — 1, the endpoints v, and vy of 7, satisfy (3.8)
(where wg = 0).
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Since T'(y) > Z(?:_Ol T'(7q), together with (3.7), we obtain that

{T(0,2) <z} C U U Az, wy,wa,...,wo-1) (3.9)
Q+1>n/(M+bN) wW1,W2,..,wQ—1

where b = 2+ Vd pza(er). Note that given wy, the passage time of any path
between any two vertices x and y that satisfy |x — w,| < and

M+N
tya (u(y—wq))
wo, W1, - .., wWQ—1, the event A(z,wy,ws, ..., wg—1) has probability at most

N
piza (u(x—wq))

ly —wg| > is stochastically larger than TX,"] N Hence, for fixed

1 2 Q
P(X}V}NW + X i e+ X < x) (3.10)

It remains to count the number of possible choices for wy,ws, ..., wgo—1.
Assume that w, has already been chosen. The distance which the vertex vy
can have to w, is bounded by

M + 2N N
+1+ .
piza (u(vg+1 — vg)) piza (u(vg — wq))

[Vg+1—wq| < |vg41—vg|+|vg—wg| <

In particular, vg4; is contained in the cube centred at w, of side length

2\/EM + (3+ /.de(el))N'
piza(e1)

This cube is intersected by at most (CM/N)¢ boxes of the form (—rN,rN]?
that tiles Z¢, for some C' < co. This bounds the number of choices for Wyt1,
and since for each ¢ = 1,2,...,Q — 1 we cannot have more choices than this,
the total number of choices for wy,ws, ..., wo_1 is at most (CM/N)H@-1.
From (3.9) and (3.10) we conclude that

M d(Q—1) Q
P(T(0,2) < z) < > <0N> PSS Xy <a|,
Q+1>n/(M+CN) q=1

for some C < co. The lemma now follows observing that, by convexity of W*,
the number of z € Z¢ that satisfies |z| > n/jz4(2) and has a neighbour within
nW* are of order n¢ 1. O

Lemma 3.5. For any € > 0, there exists n = n(e) > 0 such that

. W _ _
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Proof. We will prove this lemma under the additional, but not necessary, as-
sumption that E[Y?] < co. For z € Z% with |z| < N/uza(2), let v be a path
from z to some point y with |y| > (N + M)/uza(y/|yl|). Clearly

T < T(0,2) +T().

In particular, we may pick z € NW* and v = 7(z) such that T'(y) = T}\/,YNJFM.
It follows that

N
TngM S Tgf\]j\f-i-M S maX{T(O,Z):Z with ’Z‘ S Mzd(i)} +T)\/f\,}M+N

By (1.4), IP’(T&VM < M(1-— 6/2)) — 0 as M — oo. Thus, it suffices to prove
that

lim P <max {T(O,z) 7 with |z| < uziv(i)} > eM/4> = 0. (3.11)

M—o0

However, the event in (3.11) is contained in the event {NW* € Weps/4}. Ac-
cording to the Shape Theorem, the probability of this event tends to zero as
M — oo for any N < (1 —9)eM/4, and 6 > 0. Hence, the result follows for
any n < €/4. O

Proof of Proposition 1.5. Fix ¢ > 0. Let X](\})NJFM,X](\?)NJFM, e ,X](VQ])\,JFM

and C' < oo be as in Lemma 3.4, and choose n = 7(€) according to Lemma 3.5.
Let
Me
N =mi M, |—1 ).
min (|5 )
Markov’s inequality and independence give that for any v > 0
(1) }Q

Q
P ZX](\?,)N—i-M <n(l—¢) | < e’Yn(l—f)E[e—’YXN,NJrM
q=1

which in turn is at most
Q
Y (M+CN)(1—¢) |:e'y(M+CN)(1—5) (e—'yM(l—e/2) I ]P)(X](\},)N—i—M < M(1- 6/2)))]
Since CN — Me/2 < —Me/4, the expression within square brackets is at most
e Me/4 4 e(1+"C>VMP(X§V{>N+M < M(1- 5/2)). (3.12)
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According to Lemma 3.5 we can make this expression arbitrarily small by
choosing v and M such that yM is large and M is as large as necessary. Fix
~v and M such that N > 1 and (3.12) is at most

e (25CY (oMY
(20) max(n, - < 2CN .

Appealing to Lemma 3.4 with these v, M and N, we find that
P(T&Yl <n(l- e))

d(Q—1) —dQ
< e'y(M—i-CN) Z nd—l <C%> <2c%>
(@+1)>n/(M+CN)

< eﬂ/(M—i-CN) . nd—l . 2—d(n/(M+CN)—1)+1

= 9

which is of the required form. O

4 Radial convergence on cones

In this section we prove that we have almost sure, L' and complete convergence
in any radial direction on cone-like subgraphs of the Z% lattice. The result will
be stated next, and extends several of the previous results stated for the Z¢
lattice. It is the first step in the proof of Theorem 1.2.

Proposition 4.1. Let x € S, and w : [0,00) — [0,00) be any function such
that w(a) — oo as a — oo. Let G denote the subgraph of the Z¢ lattice induced
by the set \U,>¢ B(ax,w(a) + Ry).

T .
a) IfE[Y] < oo, then lim T5(0,n%)

n—o00 n

b) If a« > 1 and E[Y?] < 0o, then

= piza(X), almost surely and in L.

[e.9]
Zno‘_QPOTg(O,nfc) — npiza(X)| > ne) < oo, foranye>D0.

n=1

Two comments. We will not explicitly prove that E[Y] < oo is sufficient
for the almost sure convergence to hold, but rather remark at the end of the
proof on how this can be obtained. That E[Y?] < oo is sufficient follows from
part b) and Borel-Cantelli’s lemma.

In case x € U1, we can easily bound the passage time on the cone between
the passage time on the full lattice and the passage time on a tube. However,
in case X ¢ U ! we do not know that we have convergence on the tube.
Therefore we will have to make use of a shifting trick.
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Proof. Let % € S%! and € > 0. Next, choose z € U%! such that both
2 — %] < € and |pga(2) — pga(X)| < €/3, choose K > R4+ 1 such that
pi(2) < pga(z) 4 €/3, and choose n such that n|z — %X| > 2K + 3v/d/2 and
HE[TK(O,nZ)] — nug(z)| < ne/3. This is possible according to (2.3), and
Proposition 2.9 and 2.8, in that order. In particular, for the z, K and n
chosen,

‘E[TK(O, nz)] — nuzd(&)( < ne. (4.1)

We will need to bound 75 (0, m%) from below and above by known entities. In
order to obtain an upper bound, choose an integer M = M (K,n) such that
w(x) > K +n++d/2 for all z > M. Let x, = (nX)*, i.e., the point in Z%
closest to nx. By the choice of M, it is clear that for m > M, the subgraph
induced by U,¢(o,,, B(aZ+Xsm, K) is a subgraph of G. Therefore, together with
subadditivity, it is clear that

Tg(0,(M + kn)x) < Tg(0,xar) + K (XM-tjn, XM-+jn + nZ)
(4.2)

Recall that |x — x*| < v/d. Since
|(Xar4jn +12)" = Xari(j4nyn| > nlz — %X —3Vd/2 > 2K,

the summands in each of the two sums in the above expression are independent.
A lower bound on Tg (0, (M + kn)xX) is obtained from 7'(0, (M + kn)x). Now,
given m > M, set m = M + k,,n + a,, for integers k,,, > 0 and a,, € [0,n).
The triangle inequality and subadditivity gives

Tg((i;l mx) ()| < ‘T(O;nm&) @t Tg(O,mfc)n: T(0, m%)
~ 'T(O;nmfc) e Tw (M + Zmn)&, mx)
. (Tg (0,(M T: kmn)%) s (f{)) |
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When (4.2) is substituted into (4.3), we obtain

Tg(0, m% X T(0, mx X Ti (M + kpn)%, mx
‘ ! m_x)—ﬂz«i(x) < 2‘ : mx_)—uzd(X) + e (( ) )
m m m
knL_]- 2 ~ '3 A
Tg(O, XM) 1 TK(XM—i-jn; XM+jn t+ nz) E[TK(O, ’I’LZ)]
Tl (15 :
m Em = n

m n

E [Tk (0, nz R 1 T (g in + N2 Xaga (i 1im
+ ( [ K(n )] —Mzd(x)) L Z K (XM M+(+1) )

j=0
(4.4)

Denote the terms in the right-hand side of (4.4) by X3, Xo, ..., Xs.
Part a). Assume that E[Y] < oo, and let m tend to infinity. Proposition
3.3 tells us that E[X;] — 0. Since

|Xm — Xprakpn| < \/E—F‘m—(M—kan)! < Vd+n

for m > M, and E[TK(O,Z)] < 0o when |z| < Vd + n, it is clear that E[X;]
vanishes as m — oo. Since E [Tg(O, XM)] < 00, also E[X3] vanishes. The fourth
term is the average of k,, i.i.d. random variables, minus their mean. Its mean
is therefore zero. The only terms that do not vanish as m — 0, are the last
two. The fifth term is constant, and at most €, due to (4.1). The final term
Xg is an average of independent random variables, each of which is distributed
according to one of a finite number of possible distributions. Since

H(XM-H'H"’_ni)*_XM+(j+1)nH1 < d(3\/3/2+n]2—§c\) < 2dne,

due to the choice of n, we obtain for each j > 0 that

1 1= -
EE[TK(XM-HN+n27xM+(j+1)n)] < 2dE[TK_1(O,el)]6. (45)

Hence, we conclude that

< <2dE [TK_l(O,el)] + 1) €.

Since € > 0 was arbitrary, this proves the L!-convergence in part a).
Part b). Assume that E[Y?] < oco. We aim to prove that for each j =
1,2,...,6,

i n?P(X; > €) < o0. (4.6)

n=1
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For 7 = 1, this follows from Proposition 1.3 and 1.4. Since E[TK(O,Z)O‘] < 0
for any z € Z%, and TK((M + kmn)x, mf{) is distributed according to one of
finitely many possible distributions (as m varies), it follows from (2.5) that
(4.6) holds for j = 2. For j = 3, (4.6) follows also from (2.5). For j = 4
the same follows from Theorem 3.1, since the terms in X4 are i.i.d. The term
X5 is again constant, so j = 5 is fine. For j = 6 we do not quite have (4.6).
However, since the terms in Xg are i.i.d. with finite moment of order «, and
can be dominated by a random variable with mean at most 2dE [T x-1(0, el)] €,
as in (4.5), we have

i 0P (X > (24E [T 1(0,e1)] +1)e) < oc.

n=1

We conclude that

> e ([0S s

m

> <2dE [TK_l(O,el)] +6>6> < 00.

m=1

Since € > 0 was arbitrary, the proof is complete. O

Remark 4.2. Here comes an explanation of how to see that E[Y] < oo is suf-
ficient for the almost sure convergence in Proposition 4.1. It is easily de-
duced from (1.4) (or Proposition 1.4) that liminf,, . Tg(0,nX)/n > pza(X)
almost surely. The reason we cannot draw the conclusion we wish directly
from (4.4) is that we have not yet proved that E[Y] < oo is sufficient for con-
vergence of T'(0, mx)/m. However, we do not need to know that in order to
show, when E[Y] < oo, that limsup,,_,., Tg(0,nX)/n < pza(x). To see this,
bound 75 (0, mX) from above as in (4.2), and obtain an upper bound similar
to (4.4), that does not include T(0, mx). Of course, from this it follows that
also limy, oo T(0, mX)/m exists when E[Y] < oco. O

5 Dynamical stability of radial convergence

In this section we consider dynamical first-passage percolation. The key in
order to understand how dynamical first-passage times behaves, will be to
compare them to non-dynamical first-passage times. We will start to introduce
some notation that will be in force for the rest of this section. Recall that
{7'6(3)}665Z , denotes the ii.d. family of dynamical passage times associated
with the Z? lattice. Let N, = N.(6) denote the number or updates of 7.(s) on
the interval [0,]. Clearly N, ~ Poisson(d) and E[N,.] = §. Define

Te 1= TE(O) . 1{N€(6)=0}7 and 7, := sup Te(s)’
s€[0,0]

28



Let Tg(x,y) denote the passage time between x and y on G with respect to
{fe}eefz ,» and let Tg(x,y) denote the passage time between x and y on G with

respect to {%e}eegzd. Clearly, for any 6 > 0, and x,y € R,

A

To(xy) < T (xy) < To(x,y), foralls e [0,4].
The first thing we do will be to compare moments.

Lemma 5.1. For § >0, >0 and g>1

E |min [ sup 71(s),..., sup 74(s) < (1+5)qE[min (71(0),...,7'(1(0))&},
s€[0,] s€[0,4]
where T1(s),T2(8),...,74(s) are i.i.d. and distributed as Tc(s).

Proof. Since E[X?] = [[*n*'P(X > z)dz and P(min(Xy,...,Xp) > 2) =
P(X; > x)™ for i.i.d. non-negative random variables X, X1, ..., X,,, the result
follows from the following observation.

P| sup 7.(s) >z | = ]P’( max 79 > Ne:k>]P’Ne:k
<SE[076} (s) ) kZ:O j=1,...k+1 ( )

< Y (k+1)P(re > 2)P(N. = k)

k=0
= P(re > z)E[1 + N.]. O

The first step in order to prove a dynamically stable version of the Shape
Theorem is to show that the almost sure convergence in radial directions is
dynamically stable.

Proposition 5.2. Let X € S9! and w : [0,00) — [0,00) be any function such
that w(a) — oo as a — oo. Let G denote the subgraph of the Z% lattice induced
by the set |, B(aﬁc, w(a) + Rd). IfE[Y] < oo, then, almost surely, for every
€ > 0, there exists an M = M (e) < oo such that

Tg(s) (0,nx)

- — pga(X)| <€, forallse0,1] andn > M.

The proof of this proposition is heavily inspired by the proof of the dynam-
ical version of the Law of Large Numbers due to Benjamini et al. (2003).
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Proof. Fix ¢ > 0. Let Y denote the minimum of 2d independent variables
distributed as 7.. According to Lemma 5.1, E[Y] < oo implies E[Y] < o0, s0
the time constants fizq(X) and fiza(X) defined as limits of first-passage times
with respect to {fe}eeﬂzz , and {%e}eeugz ,» respectively, exist and are finite. As
J tends to zero, the distributions of 7, = 7.(0) and 7, = 7.(J) converges weakly
to the distribution of 7.. Hence, by Proposition 2.1 we can choose § > 0 such

that

fiza(X) — fiza(X)| < €/2.

According to Proposition 4.1 we can, almost surely, find M = M(e,d) < oo
such that for all n > M

Tg(0,nx Tg(0,nx
‘% — figa(®)| < g and g(n’"x) — figa(%)] < g
We conclude that
7 0,nx
L) — pga(X)| <€, forall s €[0,d] and n > M.
n

The result is now obtained by covering [0, 1] with finitely many intervals of
length 9. U

Similarly, one may derive a dynamically stable version of Proposition 2.8.

Proposition 5.3. For K > Ry, 2 € U and E[Y] < oo, almost surely, for
every € > 0, there exists an M = M (e) < oo such that

TI(;;(O, nz)

—ux(z)| <e€ forallsel0,1] and n > M.

Proof. The proof is analogous to the proof of Proposition 5.2. The reader may
see that it goes through smoothly replacing the reference to Proposition 4.1
with Proposition 2.8, and Proposition 2.1 with its analogue for (K, d, z)-tubes,
which can be found in Ahlberg (2010). O

6 Extending the Shape Theorem to cones

The proofs of Theorem 1.2 and 1.6 will naturally follow the proof of the Shape
Theorem closely. We follow the approach given in Howard (2004). An essential
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step in the proof of the Shape Theorem, and subsequently in order to prove
Theorem 1.2 and 1.6, is to show that

Z P(T(0,2) > M|z|) < oo, for some M > 0. (6.1)
z€Z4

Under the assumption of finite exponential moment, that is E[e?7] < oo for
some 6 > 0, this follows by standard large deviation estimates for i.i.d. se-
quences. Cox and Durrett (1981) showed that

EY? <oco < Z P(T(0,z) > M|z|) < oo, for some M >0. (6.2)
z€Z4
Let Y(z) denote the minimum over the passage times of the 2d edges connected
to z. When E[Y9] = oo, in fact T(0,2) > Y (z) implies
> P(T(0,2) > Mlz|) > Y P(Y(2) > Mlz|) = oo
z€(27)% z€(27)%

for any M < oo. This proves one implication. Moreover, the Borel-Cantelli
lemma gives that 7'(0,z)/|z| > M for infinitely many z € Z¢. This shows that
E[Y?) < oo is necessary also for (1.3) to hold.

The remaining direction of (6.2) requires more work. The proof can be
simplified if we make the somewhat stronger assumption E[r2] < oo (as in
Kesten (1986)).

Lemma 6.1. Let G be a graph, and let x and y be two vertices connected with
q disjoint paths, each of length at most \. If E[7%] < oo, then

=il

IP’(TQ(XJ)Z(E[%]JFU)‘) < ( 3

(Since there on the Z< lattice are 2d disjoint paths from 0 to z of length of
order ||z||;, Lemma 6.1 implies that E[r2] < oo is sufficient for (6.1) to hold.)

Proof. Denote the disjoint paths by I'y,I's,...,I';. Note that
E[T(T;)] < E[rJA, and Var (T(I;)) < Var(re)A < E[rZ]A

for all j =1,...,¢q. Since Tg(x,y) < T(T';) for each j, we have

P(Tg(x, y) > (B[] + I)A) < ﬁP(T(rj) > (Elr] + 1)/\)
j=1

( R[72] )\> ¢

< | —==-

- A2 ’

where we in the last step have applied Chebyshev’s inequality. O
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We will prove part b) and ¢) of Theorem 1.2, and Theorem 1.6, under
the additional assumption that E[r2] < co. The stronger assumption will be
used in order to derive Lemma 6.2 from Lemma 6.1. The main ideas are still
present, and the remaining piece needed to obtain Lemma 6.2 with the relaxed
condition E[Y9] < oo is indicated in Remark 6.4.

6.1 Proof of Theorem 1.2

Let Sg := {ta € S¥1 : (att)* € Vg for all a large enough}. Clearly % € Sg,
and if lim, .o w(a)/a = 0, then Sg = {x}. Fix € € (0,3%/3), and choose

a® oalm e Sg such that for some M; < co
U B(aﬁ(j),ea) 2 U B(ax,w(a) + Ry).
j=1a>0 a>M,y

If Sg = {x}, then m = 1, 4 = %, and we may directly apply Proposition 4.1
to obtain desired convergence of |Tg(0,nX) — njuza(X)|. If instead Sg # {x},
then we can choose uV, ..., a(™ ¢ SgNU1 such that they are interior points
in Sg (seen as a subset of S¥71). Then there are § > 0 and My = My(8) < oo
such that

U B(aﬁ(j),éa + Rd) - U B(afc,w(a) + Rd), for each j =1,...,m.
a>Ms, a>0

Choose a; > M» such that ajﬁ(j) € 7%, In particular,
‘Tg (O,nﬁ(j))—n,uzd(ﬁ(j))‘ < Tg (O,ajﬁ(j)) + ‘Tg (ajﬁ(j),nﬁ(j)) —npga(09))].
We conclude from Proposition 4.1 that when E[Y] < oo, foreach j = 1,2,...,m,

T4 (0,na))

lim - = pza(@"),  almost surely and in L', (6.3)
Moreover, when E[Y?] < oo, for some o > 1, we obtain for each j = 1,2,...,m
Z nO‘_Q]P’(‘Tg (O,nﬁ(j)) - nﬂzd(ﬁ(j))‘ > ne) < 00. (6.4)

n=1

Set z = z/|z|. For z close to ), we will compare Tg(0, z) with Tg (0, aﬁ(j)),
for a suitably chosen. Define

— d. — _
Hyom {y € R Iyl = | max sl =n}.
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Given z € H,, let j(z) denote that of the indices j = 1,2,...,m that minimizes
z—al )|. With a slight abuse of notation we write a® for 1(#). Denote by

u, the point in H, N Z? closest to the unique point in H, N {at® },>0.

Claim 1. Ife € (0 ) and z € Hy, then

1
73\/3
lu, —z| < 8dne+Vd < 8d|zle + Vd.

Proof of Claim 1. This claim is easily proved with trigonometry, observing
that the angle o at which the line {aﬁ(z)}azo intersects H,, satisfies tan(a) >
Vd, the extremal case being 1(?) = %(1, ...,1). The details are left to the

reader. O

By subadditivity

< ‘TQ(Oﬂ Z) - TQ(Oa U—z)

T5(0,2) — |2ljiz(2)
+ |T5(0,12) — [z pza(a)
(6.5)

] ]
+ [z e (8) = rg(2)].

The latter two terms in the right-hand side of (6.5) are non-random. Claim 1
gives

< ppa(@)u, — 2| < jiza(0) (8dlele + V), (6.6)

02| [ty = |2

is bounded from above by

|z|dE[T(0,e1)]e/\/1 — €

2dE([T(0,e1)] |zle.

and, by (2.3), |2||uza(0®) — piza(2)

z|dE[T(0,e1)]|0® — 3|

<
g (6.7)

The first term in the right-hand side of (6.5) is, again by subadditivity, at most

1T5(0,2) — T5(0,u,)| < To(uy,2).

Proof of part a). Assume that E[r.] < oo. Since ||z||; < d|z|, we conclude
via Claim 1 that

E[Tg(uz,2)] < Elre]|u, — 2|1 < dE[r] (8d|z|e + Vd).
When E[r.] < oo, also E[Y] < co. So, (6.3) assures that when |z|, and then

also |ug|, is sufficiently large, then E‘TQ(O,uZ) - |uz|,uZd(f1(z))‘ < |ugle, which
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in turn is at most (1 + 8de)|z|e + v/de. Finally, together with (6.6) and (6.7),
we have obtained that

E|T5(0,2) — |2]i1z0(2)
< (8d*E[re] + (1 + 8de) + 8d pz(2®)) + 24 E[T(0,1)] ) 2]e
+ (dB[re] + e + pza(a®)) Vd,
for |z| large enough. Since € > 0 was arbitrary, this proves a). O

In order to prove either of the remaining two parts, b) and ¢), the pending
step is to prove a variant of (6.1). With the approach we have chosen, we will
prove the following.

Lemma 6.2. Let the notation above be in force and assume that E[t2] < oo.
There exists M < oo, that does not depend on €, such that

Z P(Tg(ug,z) > Mzle) < co.
z€Vg

Since not every vertex of G has the same degree, we will need the following
classification.

Claim 2. There is a partition Do, D1,...,Dgq_1 of the vertices in Vg, such
that for some C < o0,

Cnd™ Y, forq=1,2,...,d—1,

D, N H,| <

| ! n‘ {Cnd_l, for ¢ = 0.

and if z € Dy N H,, for some n,q > 1, then there is a v, € Dy N H,, such that
vz —z|l1 < C, and there exist (at least) q disjoint paths between z and v, of
length ||v, —2z||1. For z € Dy there are 2d disjoint paths from z to u, of length
at most Cllug — z||1.

Remark 6.3. In most cases it is possible to choose D, so |DqﬂHn‘ < Cni=2 for
q > 2, and D; = (). (When x = e; this is always possible.) However, there are
cases when this is not possible. For example, when d = 3 and x = %(1, 1,1),
it is possible to choose w such that the intersection of Vg with {—Ry} x Z2
equals the points along the line {a(O, 1,1) + (— Ry, 0,0)}a>0. These vertices
will only have one neighbour. O

Proof of Claim 2. We will prove the case when w(a) = ¢-a and x = e; only,
and leave it to the reader to verify that the proof extends to the remaining
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cases. There are three cases: ¢ > 1, ¢ = 1 and ¢ < 1. In the first case set
Dy := Vg = Z%. In the second case set Dy := Vg = {0,1,...} x Z9! and
Dy_1:={-Rgq,—R4g+1,...,—1} x Z1. Both these cases are easy, but the
final case is more tricky. In that, let

Dy:={z€Vs:B(z,Rq) CVg} = UB(ael,c'a). (6.8)
a>0

(Here and below we identify subsets of R? with its restriction to Z%.) Since H,,
is a (d — 1)-dimensional subset of R, then there is an C; < oo such that

Do N H,| < |H,| < G, and |(Vg\ Do) NH,| < Cind™2
For g =1,2,...,d — 1 we define
Dy :={z€Vg\ Dy: zj #0 for ¢q indices j > 2}.

Since Vg \ Do = (Uyso Blaer, c-a+Rq)) \ (U,>o Blaer, c-a)), it is clear that
fixation of z; = 0 for some j > 2 in Vg \ Dy reduces the degree of freedom (in
the choice of z) by one, in the sense that going from D, to D, we loose one
dimension. Hence, there is a C < o0

|D, N Hy,| < Cyn?™t,  for each ¢ =1,2,...,d — 1.

Move on to the second part of the statement. Take z € D, N H,. Due to
lattice symmetry, we may assume that z; > 0 for all j = 1,2,...,d. We will
choose v, suitably in the rectangle

RZ:{VEVgﬂHn: z1 < v < n, andogngzjforj22}.

Due to (6.8) we can find C5 < oo such that, for v € Ry, if 21 + C3 < vy < n, or
if vy =n and |v —ne;| < |z —ne;| — Cs, then v € Dy. Choose v, accordingly.
Since v, and z differ in ¢ coordinates, it is easy to find ¢ disjoint paths from
vy to z of length ||v, — z]|1.

It remains to conclude that there are 2d disjoint paths between z € Dy and
u,. This follows from Lemma 2.4, since ¢ 1) B(uzta(z—u,), Rg) CVg. O

Proof of Lemma 6.2. Let 1 < C < oo and Dy, D1,...,Dg_1 be as in Claim
2. We will treat each D, separately, starting with ¢ = 0. Claim 1 says that
|lu, — z||;1 < 8dne + V/d for z € H,. Via Lemma 6.1 we deduce that for
z € DyNH,

E[r2]

e

2d
]P’(Tg(uz,z) > (E[re] + 1)C(8dne + \/g)) < |Do N H,p| <7> )
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and, since |Dg N H,| < Cn® 1,

o et (B
> P(Tg(uz,z) > (E[re]+1)0(8dIZIE+\/3)) <) ot (W) < oo
zeDo n=1

For each z € D, N H,,, where ¢ > 1, we obtain that

P(Tg(uz, z) > (E[r.] +2)C(Sdne + vV + 0)) < P(Tg(vz, z) > ne)

+ ]P’(Tg(uz, V) > (E[r.] + 1)C(8dne + Vd + C)).

Let 7, denote the minimum passage times of ¢ disjoint paths of length C'. Since
[v,—z|1 < C, then P(Tg(v4,z) > ne) is at most as large as P(7; > ne). Thus,

Z P(Tg(vz,z) > ne) < |D, N Hy|P(T; > ne) < Cni'P(T, > ne),
zcDyNH,

which, summing over n, is finite, since E[74/] < co. Moreover, |u; — v4|1 <
8dne + v/d + C, and an application of Lemma 6.1 gives that

2d
E P<Tg(uz,vz) > (E[Te]+1)0(8dne+\/&+0)) < |DyNH,| (ELTE]> ‘
zcDyNH,

Again |D, N Hy,| < Cn? 1, and we conclude that for each ¢ > 1

Z ]P’(Tg(uz,z) > (E[re] +2)C(8d|z|e + Vi + C)> < 0.

zc Dy
Hence, it suffices to choose M = (E[r.] + 3)8Cd. O

Remark 6.4. The condition in Lemma 6.2 can be relaxed to E[Y?] < co. That
is essentially obtained by showing that the set Dy can be chosen in a way that
under the relaxed condition

S P(T5(0,2) 2 Mlale) < o0,
z€Dg

for some M < oo not depending on e. To see that this is true, consult
Lemma 2.4 and the paper of Cox and Durrett (1981, Lemma 3.3). O

Recall that complete convergence implies almost sure convergence.
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Proof of part b) and c). Assume that E[r2] < co. We will prove that

>~ (17600, 1) = fugluze (@) > [zle) < oo. (6.9)
z€Vg

Once this is done, it will follow from (6.5) and Lemma 6.2 that sum of
]P’<‘Tg(0,z)—\z|uzd(i)‘ > (M+1+(8d+ \/E)uzd(ﬁ(z))—l—wE[T(O,el)D|z\e>

over all z € Vg is finite. Since € > 0 has been arbitrarily chosen, this would
prove c¢), and therefore also b).

In order to prove (6.9), note that u, may obtain the same value for at
most |H,| vertices z € Vg. Since |H,| = 2d(2n)%"!, then (6.9) follows easily
from (6.4), given that E[Y9*!] < co. However, that indeed holds since E[72]
is assumed finite, according to (2.6). O

6.2 Proof of Theorem 1.6

Assume that E[r2] < co. Only minor adjustments are necessary in order to
obtain Theorem 1.6 from the proof of Theorem 1.2. We proof will proceed
along the same lines. For z € Vg, set z = z/|z|. The statement we will prove
is that, almost surely, for every ¢ > 0, there exists M = M (¢) < oo such that

7.(0,2)

2|

— pza(z)| <€, forall s €[0,1] and |z| > M. (6.10)

This is sufficient for Theorem 1.6 to follow.

Fix e € (O, ﬁ) Let a®, ..., am e Sg be chosen as in the proof of

Theorem 1.2. It follows directly from Proposition 5.2 that there exists an
almost surely finite M = M (¢) such that

Tg(s) (0, nx)

<e€, forall se|0,1] and n> M.
n

— pza(X)

For uV) € Sg N U that are interior points in Sg, we may again choose a;
large, such that

(s) alh) (s) )
T57(0,naV . T57(0,
g ( nu ) _MZd(ﬁ(])) < g ( a;u )
n n
) (gad nad)
T, (a; 1Y), ni .
+ ¢ (] n ) _:uZd(ﬁ(J)) ;
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and where the right-hand side is, almost surely, at most € uniformly in s € [0, 1],
for sufficiently large n, again according to Proposition 5.2. That is, there is an
almost surely finite M = M (¢) such that for each j =1,2,....m

Tg(s) (0, nﬁ(j))

- <e, forall se[0,1] and n > M. (6.11)

- de(fl(j))

For any given z € Vg, let u, be specified as before. Analogously to (6.5)
we have that

757(0.2) — [elpiza(@)| < T3 (uz,2)

T80, — s ()
(6.12)

+ piza(0)|[ug| — 2]
+ Jl |z (6®) — pza(2)].

According to (6.11), for s € [0,1], the second term in the right-hand side
of (6.12) is not greater than |ugle < (1 + 8de)|z|e + V/de whenever |ug| >
(|z| — V/de) /(1 +8de) > M. Recall the notation introduced in Section 5. Since

Tg(s)(uz, z) < Tg(uy, z),

and E[#2] < oo whenever E[r2] < oo, it follows from Lemma 6.2 and Borel-
Cantelli’s lemma that there is an M’ < co such that

sup T8 (wy.2) < T8 (w2) < M'Jzfe
s€[0,1]

for all but finitely many z € Vg. From all of the above, we conclude that there
is an almost surely finite M” = M"(e) such that when |z| > M”

T(S) (0’ Z) A . A( )
e @) < (M + (14 8de) + 8dpa (0®)) + 24 E[T(0,e1)] + 1)6,
for all s € [0,1]. Since € > 0 was arbitrary, this proves (6.10). O
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Noise sensitivity in continuum
percolation

Daniel Ahlberg, Erik Broman*, Simon Griffiths' and Robert Morris?

Abstract

We prove that the Poisson Boolean model, also known as the Gilbert
disc model, is noise sensitive at criticality. This is the first such result
for a continuum percolation model, and the first for which the critical
probability p. # 1/2. Our proof uses a version of the Benjamini-Kalai-
Schramm Theorem for biased product measure. A quantitative version of
this result was recently proved by Keller and Kindler. We give a simple
deduction of the non-quantitative result from the unbiased version. We
also develop a quite general method of approximating continuum perco-
lation models by discrete models with p. bounded away from zero; this
method is based on an extremal result on non-uniform hypergraphs.

1 Introduction

The concept of noise sensitivity of a sequence of Boolean functions was intro-
duced by Benjamini, Kalai, and Schramm (1999), and has since developed into
one of the most exciting areas in probability theory, linking percolation with
discrete Fourier analysis and combinatorics. So far, most attention has been
focused on percolation crossings in two dimensions, either for bond percolation
on the square lattice Z2, or for site percolation on the triangular lattice T. In
this paper we study the corresponding question in the setting of continuum
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percolation. In particular, we shall prove that the Poisson Boolean model, also
known as the Gilbert disc model, is noise sensitive at criticality.

Roughly speaking, a sequence (f;,)n>1 of Boolean functions f, : {0,1}" —
{0, 1} is said to be noise sensitive if a slight perturbation of the state w asymp-
totically causes all information about f,(w) to be lost. More precisely, let
e > 0 and suppose that w € {0,1}" is chosen uniformly at random. Define
w® € {0,1}" to be the (random) state obtained by re-sampling each coordinate
(independently and uniformly) with probability €, and note that w® is also
a uniform element of {0,1}". Then the sequence (fy,)n,>1 is said to be noise
sensitive (NS) if

nli_r))goE[fn(w)fn(we)] - E[fn(w)]2 =0, forevery ¢ > 0. (1.1)

One can easily see, using the Fourier representation of Section 4, that if (1.1)
holds for some € > 0, then it holds for all € > 0. For example, the Majority
function (f,(w) =1 iff Y w; > n/2) and the Dictator function (f,(w) = 1 iff
wi = 1) are not noise sensitive, but the Parity function (f,(w) =1 iff )" wj is
even) is noise sensitive.

Noise sensitivity was first defined by Benjamini et al. (1999), who were
partly motivated by the problem of exceptional times in dynamical percolation
(see e.g. Steif (2009)). In this model, which was introduced independently
by Benjamini (unpublished) and by Haggstrom, Peres, and Steif (1997), each
bond in Z? (or site in T) has a Poisson clock, and updates its state every
time the clock rings. At any given time, the probability that there is an
infinite component of open edges is zero at p, (see Bollobas and Riordan (2006a)
or Grimmett (1999), for example). However, there might still exist certain
exceptional times at which such a component appears. Building on the work
of Benjamini et al. (1999), Schramm and Steif (2010) were able to prove that,
for the triangular lattice T, such exceptional times do exist, and moreover the
Hausdorff dimension of the set of such times lies in [1/6,31/36]. Even stronger
results were later obtained by Garban, Pete, and Schramm (2010), who were
able to prove, via an extremely precise result on the Fourier spectrum of the
‘percolation crossing event’, that the dimension of the exceptional set for T is
31/36, and that exceptional times also exist for bond percolation on Z2.

Following Benjamini et al. (1999), we shall study Boolean functions which
encode ‘crossings’ in percolation models. For example, consider bond perco-
lation on Z? at criticality (i.e., with p = p. = 1/2), and let fy encode the
event that there is a horizontal crossing of Ry, the N x N square centred at
the origin, using only the open edges of the configuration. In other words, let
fn :{0,1}¥ — {0,1}, where E is the set of edges of Z2 with an endpoint in
Ry, be defined by fy(w) =1 if and only if there is such a crossing using only



edges e € E with w, = 1. Benjamini et al. proved that the sequence (fn)n>1
is noise sensitive.

Continuum percolation describes the following family of random geometric
graphs: define

Q:={n CcR*: |nNF| < oo for every bounded F C R*},

and pick n € Q according to some distribution. We then join two points
of n with an edge in a deterministic way, based on their relative position.
Two especially well-studied examples are Voronoi percolation (see e.g. Bollobés
and Riordan (2006b)), and the Poisson Boolean model, which was introduced
by Gilbert (1960), and is further accounted for in Meester and Roy (1996);
Alexander (1996). In the latter model, n € € is chosen according to a Poisson
point process with intensity A, and for each point x € 7, a disc of radius 1 is
placed with its centre on z; let D(n) denote the union of these discs. The model
is said to percolate if there exists an infinite connected component in D(n). It is
well known that there exists a critical intensity 0 < A. < oo such that if A < A,
then the model almost surely does not percolate, while if A > A, it almost
surely percolates. See the books by Meester and Roy (1996) and Bollobés and
Riordan (2006a) for a detailed introduction to continuum percolation.

We shall be interested in the problem of noise sensitivity of the Poisson
Boolean model at criticality, that is, with A = A.. Let fG : Q — {0,1} be
the function which encodes whether or not there is a horizontal crossing of Ry
using only points of D(n) N Ry for n € Q. That is, for every n € €,

fSm =1 <« H(n Ry,e) occurs,

where H(n, Ry, ®) denotes the event that such a crossing exists in the ‘occupied
space’ D(n).

Since fﬁ is defined on €2, we shall need to modify the definition of noise
sensitivity. Let ¢ > 0 and A > 0, and pick n € 2 according to a Poisson point
process of intensity A\. We shall denote the measure associated to this Poisson
process by P, expectation with respect to this measure by E, and variance
by Var,. We define 7® € Q to be the set obtained by deleting each element
of 1 independently with probability €, and then adding a new Poisson point
process of intensity eA. It is clear that n° has the same distribution as . With
a minor abuse of notation, we will let Py denote also the measure by which
the pair (n,7n°) is chosen.

Definition 1.1. We say that the Poisson Boolean model is noise sensitive at
X if the sequence of functions (fﬁ)N;l satisfies

]\;i_rgo E\ [fﬁ(n)ffv;(ne)] —E\ [fj(\?(ﬂ)f =0, foralle>O0.



We remark that the Poisson Boolean model is trivially noise sensitive at
every A # M. The reason is simply that when A > A. (or A < A.), then
lim fﬁ = 1 almost surely (or limy fﬁ = 0 almost surely), as is well known.
We shall say that the model is noise sensitive at criticality if it is noise sensitive
at A..

The following theorem is our main result. It is the analogue for the Pois-
son Boolean model of the result of Benjamini et al. (1999) mentioned above
concerning bond percolation on Z2.

Theorem 1.2. The Poisson Boolean model is noise sensitive at criticality.

The proof of Theorem 1.2 is based on two very general theorems, neither
of which uses any properties of the specific model which we are studying. The
first is a version of one of the main theorems of Benjamini, Kalai, and Schramm
(1999), a result referred to as the BKS Theorem. It gives a sufficient condition
(based on the concept of influence) for an arbitrary sequence of functions to
be noise sensitive at density p (see Theorem 1.4). A quantitative version of
the BKS Theorem for biased product measure was recently proved by Keller
and Kindler (2010). Their result is therefore a strengthening of the qualitative
result of Benjamini et al.. We shall give a short deduction of the BKS Theorem
for general p € (0,1) from the uniform case.

The second main tool is an extremal result on arbitrary non-uniform hyper-
graphs (i.e., arbitrary events on {0, 1}"), which allows us to bound the variance
that arises when two stages of randomness are used to choose a random sub-
set. We shall use this bound (see Theorem 1.6) to prove noise sensitivity for
the Poisson Boolean model via a corresponding result when we condition on a
'much larger’ Poisson configuration (see Theorem 1.5). These tools are quite
general, and we expect both to have other applications; we shall therefore state
them here, and in some detail, for easy reference.

In order to state the BKS Theorem for product measure, we first need to
define noise sensitivity in this setting. Let [P, denote product measure with
density p € (0,1) with which we pick w € {0,1}", i.e. Pp(w; = 1) = p inde-
pendently for every i € [n] :={1,2,...,n}. We let E, denote expectation with
respect to this measure. When p = 1/2 this corresponds to picking an element
of {0, 1}" uniformly at random, and so we refer to it as the uniform case. De-
fine w® as above, by re-randomizing each bit (coordinate) independently with
probability e.

Definition 1.3. A sequence (fn)n>1 of functions f, : {0,1}" — [0,1] is said
to be noise sensitive at density p (NS,) if

nlLH;O Ep [fn(w)fn(w®)] —Ep []‘}L(w)]2 =0, for everye > 0. (1.2)



When p = 1/2, this is equivalent to (1.1), the definition of noise sensitivity
of Benjamini et al. (1999).

The influence at density p, denoted Inf,;(f), of a coordinate i € [n in a
function f: {0,1}" — [0, 1], is defined by

Inf,i(f) = Ep[|f(w) — flow)]],

where o; is the function that flips the value of w at position 7. We denote the
sum of the squares of the influences of f by

IL,(f) = Y Inf,i(f)*.
=1

The theorem we are about to present was first proved by Benjamini et al.
(1999) in the case p = 1/2, and further remarked to hold for general p € (0,1).
A quantitative version of the result was obtained by Keller and Kindler (2010).
(In Benjamini et al. (1999) it was stated only for functions into {0, 1}, but the
more general result follows by the same method as one can check, see Keller
and Kindler (2010, Page 3), for example.)

When proving statements concerning functions on the hypercube {0,1}"
endowed with biased product measure, it can be favourable to strive for a simple
deduction of the case p # 1/2 from its uniform counterpart. One technique
used to reduce the biased case to uniform was considered by Friedgut (2004)
and also Keller (2010). We will present a different reduction, with which we
shall give a simple deduction of the following theorem from the known uniform
analogue.

Theorem 1.4 (BKS Theorem for product measure). Let (fy,)n>1 be a sequence
of functions fp : {0,1}" — [0,1]. For every p € (0,1),

lim II,(fn,) =0 = (fn)n>1 is NS,,.

We remark that the approach we use to prove Theorem 1.4 is quite general,
and may be used to extend various other results from uniform to biased product
measure, as can be seen in Section 2.2. Before introducing our second main
tool, Theorem 1.6, let us give some more context, by describing our general
approach to the proof of Theorem 1.2.

Given n € Q, D(n) corresponds to the geometric graph obtained by con-
necting any two points in 7 at Euclidean distance at most 2. For p € (0,1)
and a countable set S, define the (random) p-subset S, of S as the random
set obtained by including each element of S independently with probability p.
For a p-subset n, of n € €, D(n,) can be thought of as the resulting struc-
ture when site percolation at density p is performed on (the graph induced by)



D(n). Possibly, this should rather be referred to as ’disc’ percolation, but we
will stick to calling it site percolation on D(n). In particular, when n € Q is
chosen according to the measure P,_,,, then D(n,) corresponds to a critical
configuration of the Poisson Boolean model. An intermediate step in proving
Theorem 1.2 will be a statement regarding noise sensitivity of site percolation
on D(n).

Given n € Q, let fJ denote the restriction of fﬁ onto 7. Formally, let
Q, = {€ € Q: & Cn}, and define f : Q, — {0,1} by letting f3(£) = f(€)
for every £ € Q,. We can identify Q, and {0,1}" and so, equivalently, we
can view f as a function from {0,1}" to {0,1}, defined by letting, for every
5 € {07 1}777

€ =1 < H( Ry, e) occurs.

We will say that site percolation on D(n) is NS, if the sequence (f3)n>1 is
NS,,. Given € € (0,1), let (n,)° denote an e-perturbation of the site percolation
configuration 7, that is, each point in 7 is independently with probability e
re-evaluated to be included in 7,. NS, of (f};)n>1 then corresponds to

dim B[fF ) £ (00,)°) [ 0] = E[fR () [n]” = 0, for cach & > 0.

Naturally, we will be interested in site percolation on D(n) when n € € is chosen
according to Py _/,. The proof of Theorem 1.2 proceeds via the following.

Theorem 1.5. Site percolation on D(n) is NS, for Py, ,-almost every n € €,
for each sufficiently small p > 0.

Thus, the proof of Theorem 1.2 divides naturally into two parts. In the
first we adapt the methods of Benjamini et al. (1999) to prove noise sensitivity
in Theorem 1.5; in the second we use our bound on the variance (Theorem 1.6,
below) to prove that this noise sensitivity transfers to the continuous Poisson
Boolean model. Interestingly, Theorem 1.6 will also be a key tool in the proof
of Theorem 1.5.

Recall that [n] = {1,2,...,n}. A hypergraph H is simply a collection of
subsets of [n]; or, equivalently, it is a subset of {0,1}". We call these sets
‘edges’, and remark that if every edge has exactly two elements then H is a
graph. Given a hypergraph H, a set B C [n] and p € (0,1), define

rH(B,p) = P(B, € H).

We sometimes write P(B, € H|B) if we explicitly want to stress the choice
of B. In our applications, [n] will correspond to a discrete approximation of a
rectangle R C R? while H will be the hypergraph which encodes crossings of
R in D(B). Further, we will let ¢ = ¢(n) be chosen so that [n],; has (expected)



density A./p in R. Note that a p-subset of [n], has the same distribution as
[n]g N [n],, and so we have that r4([n]g, p) = P([n]g N [n], € H | [nlq)-

Theorem 1.6. There is a universal constant C' < oo such that if p € (0, %J,
q € (0,1) and n € N satisfy n > 128(pqn)?, n > 4p(qn)? and pgn > 32log

5}
then, for every hypergraph H on vertex set [n],

Var <TH([n]q,p)) — Op <log %)2.

We emphasize the crucial point, which is that our bound on Var (T‘H ([n]q, p))
goes to zero as p — 0 uniformly in H. At occasions, we shall use the nota-
tion f(z) = O(g(z)) to denote the existence of a universal constant C' < oo,
independent of all other variables, such that |f(z)| < C|g(x)] for all z in some
given range.

As noted above, we shall use Theorem 1.6 in order to prove Theorem 1.5
as well as to deduce Theorem 1.2 from Theorem 1.5. Indeed, we shall use The-
orem 1.6 together with the 'deterministic algorithm method’ (see Sections 2.3
and 5) to obtain bounds on the influences of variables; Theorem 1.5 then follows
from the BKS Theorem for product measure.

The rest of the paper is organized as follows. In Section 2 we give a full
overview of the proof, and state several other results which may be of inde-
pendent interest. In Section 3 we recall some facts about the Poisson Boolean
model, and in the Sections 4 and 5 we prove Theorem 1.4 and extend the ’de-
terministic algorithm method’ of Benjamini et al. (1999) to general p € (0,1).
In Section 6 we prove Theorem 1.6, and deduce some simple consequences,
and in Section 7 we prove Theorem 1.5 and deduce Theorem 1.2. Finally, in
Section 8 we state some open questions.

Throughout the article we treat elements of {0,1}" as subsets of [n], and
vice versa, without comment, by identifying sets with their indicator functions.

2 Further results, and an overview of the proof

In this section we introduce a number of auxiliary methods and results that we
shall use in the proof of Theorem 1.2, and which may also be of independent
interest. In particular, we introduce a new way of deducing results for biased
product measure from results in the uniform case. We shall use this method
in Sections 4 and 5 to generalize the BKS Theorem and the ’deterministic
algorithm method’ of Benjamini, Kalai, and Schramm (1999).

Let us begin by outlining how Theorem 1.2 follows from Theorems 1.5



and 1.6. Fix p € (0,1), and observe that

B [ELS ) 1] = Easp|[P(H(np, By, 0) | )]
= P, (H(n,Ry,e)) = E\ [f5 ()],

where the second equality follows since if € €2 is chosen according to a Poisson
point process of intensity A./p, then 7, is distributed as a Poisson point process
of intensity A..

Using Theorem 1.6, and a straightforward discretization of the square Ry
(see Section 7), we shall prove the following proposition.

(2.1)

Proposition 2.1. lin% limsup Var,_/, (]P’(H(np, Ry, e) ‘ n)) = 0.
P—Y N—oo
In Section 7 we shall show that the Poisson Boolean model is noise sensitive
at criticality if and only if for every € > 0, as N — o0,

Ex.p [EL/S ) 15 ()7 | 0] =E[£5 (np) | ]| + Vars s (E[£5 () [ 1]) — 0.

For p > 0 small enough, Theorem 1.5 says exactly that the first term is o(1) as
N — o0, and Proposition 2.1 shows that the second can be made arbitrarily
small by choosing p appropriately.

In the rest of the section we shall outline the proofs of Theorems 1.5 and 1.6;
we begin by stating the key property of the Poisson Boolean model that we
shall need.

2.1 Non-triviality of crossing probabilities

If the probability (in Py_) of the crossing event H(n, Ry,e) were trivial, in
the sense that it converged to 0 or 1 as N — oo, then Theorem 1.2 would
itself be trivial. However, this is not the case. Further, one may deduce, using
Theorem 1.6, that for IV large enough, with high probability (in P)_/,), n € Q
will be such that P(H (17,, Rnxn, ®) ‘ 1) is also non-trivial (see Proposition 2.3).
The following fact will be a vital tool in our proof of the noise sensitivity of
the sequence ( f}Z,) N>1, as it will allow us to bound the probability of the ‘one-
arm event’ (see Section 2.3). Throughout R,y denotes the rectangle with side
lengths a and b, centred at the origin.

Theorem 2.2 (Alexander (1996)). For every t > 0 there exists ¢ = ¢(t) > 0
such that,

c < Py, (H(n,RNxtN,o)) < 1—¢, forevery N € N.



Theorem 2.2 is in fact a slight extension of Alexander (1996, Theorem 3.4),
but it follows similarly. For completeness, we shall sketch the proof in Section 3.
From this bound, together with Theorem 1.6, we shall deduce the following
bound (see Section 7).

Proposition 2.3. For every t,v > 0 there exist constants ¢ = ¢(t) > 0 and
p* = p*(t,7y) > 0 such that if p € (0,p*), then

PAc/p (]P’(H(Tlp, Rnxin, ‘) ‘ 77) & (C, 1-— C)) <
for every sufficiently large N € N.

This bound will allow us to show that, with high P,_,,-probability, the

‘one-arm event’ of every point of n N Ry is bounded above by N, for some
0 > 0 (see Section 2.3).

2.2 A new method for proving results for biased product mea-
sure

We outline here a new method for deducing results in the setting of a den-
sity p product measure from the uniform case (i.e. p=1/2). The idea is the
following. Rather than considering directly the function f : {0,1}" — {0,1}
where {0,1}" is endowed with density p product measure, we consider a related
function hy : {0,1}" — [0, 1] where {0,1}" is endowed with uniform measure.
This function hy is obtained from f by an averaging operation. By relating
various parameters of f and hy, results about one may be deduced from results
concerning the other. In particular, we use this method both in our proof of
Theorem 1.4 and in our generalization of the ’deterministic algorithm method’
(see Section 2.3).

The following coupling of the uniform measure on {0, 1}" and the p-density
product measure P, is key to the definition of hs. In what follows let p € (0,1)
be fixed and let p = min{p,1 — p}. (We are generally interested in the case
p < 1/2 but there is little extra difficulty in presenting the argument in the
general case.)

Let X € {0,1}" be uniformly distributed. Let Y € {0,1}" be a 2p-subset
of [n], i.e., P(Y; = 1) = 2p for each i € [n], all independently. We define the
random variable Z € {0,1}" as follows

XY ifp<1/2
1-(1-X,)Y; ifp>1/2

9



for each i € [n]. Note that Z is a p-subset of [n], i.e. distributed according to
[P,, and, by construction, Z C X if p<1/2and Z D X if p > 1/2.

With the random variables X, Y, Z as defined above, and given any function
f:{0,1}" — [0,1] we define

hi(X) = E[f(Z)‘X], (2.3)

and observe that hy : {0,1}" — [0,1]. We shall use h to reduce statements
about f(Z), where Z has a p-biased distribution, to statements about hs(X),
where X is chosen uniformly. The connection between f and h; is given by
the following proposition. Here and below, by f being monotone we mean that
f(w) < f(W') for every w,w’ € {0,1}" such that w; < wj for each j € [n].

Proposition 2.4. Let f: {0,1}" — [0,1], p € (0,1), and set p = min{p, 1 —p}.

a) If f is monotone then hy is monotone.
b) Infy 9 ;(hy) < 2p-Infy,;(f), and moreover equality holds if f is monotone.

c) (fn)n>1 is NSp = (hfn)n>1 is NS.
Moreover, if p # 1/2 then this is also equivalent to lim Var (hfn) =0.

Proposition 2.4 is a key step in order to give short proofs of Theorem 1.4
and 2.6 from their uniform counterparts. A related reduction method has
previously been employed to give short deductions (from the uniform case)
of results for biased measure; see e.g. Friedgut (2004); Keller (2010); Keller,
Mossel, and Schlank (2011).

2.3 The deterministic algorithm method

In order to prove Theorem 1.5, we shall use the ‘algorithm approach’, which
was also introduced by Benjamini, Kalai, and Schramm (1999) in the case
p = 1/2. (We would like to thank Jeff Steif for pointing out to us that the
approach of Benjamini et al. can be synthesized in the way it is presented
here.) Given a function f : {0,1}" — R, let A*(f) denote the collection of
deterministic algorithms which determine f.!

Definition 2.5 (Revealment of an algorithm). Let f: {0,1}" — [0,1] and let
A€ A*(f). For each p € (0,1), K C [n] and j € K, define

0;(A) =6;(A,p) = P, (A queries bit 7 when determining f(w)).

'An algorithm is simply a rule which, given the information about w received so far,
tells you which bit of w to query next. It determines f if it determines f(w) for any input
w e {0,1}™.
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The revealment 6 (A) of A with respect to K is defined to be maxjcx 0;(A).

Using Theorem 1.4, we shall prove the following theorem, which generalizes
the method of Benjamini et al. (1999) to the non-uniform set-up. We emphasize
that 05 (A) depends on p.

Theorem 2.6. Let r € N be fized, and let (fn)n>1 be a sequence of monotone
functions f, : {0,1}" — [0,1]. For each n € N, let Ay,..., A, € A*(f), and
let [n]=KyU...UK,. If for pe (0,1)

5Ki(Ai)(logn)6 — 0
as n — oo for each i € [r], then (fn)n>1 is NS,.

In order to apply Theorem 2.6, we shall need to define a deterministic
algorithm which determines f};, and show that it has low revealment with
high probability. The algorithm which we shall use is analogous to that used
by Benjamini et al. Roughly speaking, we ‘pour water’ into the left-hand side
of the square Ry, and query every element of n that we reach via a path in
D(np) (see Section 7 for a precise definition). For elements in the left half of
Ry we pour water into the right-hand side.

It is easy to see that the probability that an element x € n N Ry is queried
by A is at most the probability of the corresponding ‘one-arm event’, i.e., the
probability that there is a path from z to the side of Ry in D(n,) (for back-
ground on arm-events, see e.g. Bollobds and Riordan (2006a)). In the original
Poisson Boolean model a bound can be deduced from the RSW Theorem for
the vacant space due to Roy (1990). However, in order to apply Theorem 2.6 we
need a bound for the one-arm-events of f}; simultaneously for each z € nNRy;
we obtain such a bound using Proposition 2.3.

In order to apply Proposition 2.3, we simply surround each point x € nNRy
by clog N disjoint annuli, and show that, with very high probability (in P)_,),
at least half of them are ‘good’, in the sense that the probability that there is a
vacant loop around z is at least 7y, for some small constant v > 0. It will then
follow that with high probability (in P, /p), every x € nN Ry has probability
at most N =% of being queried by A (see Section 7).

2.4 Hypergraphs

Theorem 1.6 provides a very general bound on the variance that arises in
settings where two stages of randomness are used to select a random subset. We
remark that alternative versions in which one or both of the sets A C B C [n]
have a fixed size (see Proposition 6.1 and 6.4) are also proved in Section 6. We
prove these results on the way to proving Theorem 1.6.

11



The main step in the proof of Theorem 1.6 is to prove a variance bound
(Proposition 6.1) for the case where the random sets A C B C [n] have fixed
sizes m and k > m. It is then relatively straightforward to deduce a corre-
sponding bound on Var (rH([n]q, p)), and thus prove Theorem 1.6, by bounding
other factors that might contribute towards the variance. These bounds are
obtained using Chernoft’s inequality (see Section 6).

We shall control Var (Xm(Bk)), where By is a uniformly chosen k-element
subset of [n] and X,,(B) = X,,(B,H) counts the number of hypergraph edges
of size m contained in B C [n], using the following theorem of Bey (2003)
concerning the sum of squares of degrees in hypergraphs. It generalizes results
of Ahlswede and Katona (1978) and de Caen (1998), and answered a question
of Aharoni (1980).

Let e(H) denote the number of edges in a hypergraph H, and, given a set
T C [n], let dy(T) denote the degree of T' in 'H, i.e., the number of edges of
‘H which contain T'. The following result bounds the sum of the squares of the
degrees over sets of size t in an m-uniform hypergraph, i.e., one in which all
edges have size m. By convention, we let (Z) =0 for k <0and k > n.

Bey’s inequality (Bey (2003)). Let ‘H be an m-uniform hypergraph on n
vertices, and let t € [m]. Then

d(Ht):= 3 dn(T)? < %emﬁ + <m N 1> <" —i 1>e(H).

TC[n]:|T|=t (") t—1 m—1

To see how Bey’s inequality is related to the variance of X,,(By), observe
that dy(T)? counts the number of (ordered) pairs of edges of size m in H which
both contain 7'. Thus, summing over ¢ (with appropriate weights), we obtain
an upper bound on E[Xm(Bk)2].

2.5 Summary of the proof

Let us finish this section by summarizing the proof of Theorem 1.2:
(i) We use Bey’s inequality to prove Theorem 1.6.

(ii) We use Proposition 2.4 to deduce the BKS Theorem, as well as Theo-
rem 2.6, for product measure, from the uniform case.

(iii) We deduce Proposition 2.1 and 2.3 from Theorem 1.6 and 2.2.

(iv) Using Proposition 2.3 we prove that, with high probability, there exists
an algorithm (in fact, a pair of algorithms) for f}; with low revealment.
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(v) Using our algorithm, Theorem 2.6 implies that (f¥)n>1 is NS, for
P, /p-almost every n € €, completing the proof of Theorem 1.5.

(vi) Finally, we shall show that Theorem 1.5 and Proposition 2.1 together
imply that ( fﬁ) N>1 is noise sensitive, completing the proof of Theo-
rem 1.2.

Theorem 2.2 is proved in Section 3, Step 2 is performed in Sections 4
and 5, Step 1 is performed in Section 6, and the missing parts are completed
in Section 7.

3 Non-triviality of the crossing probability at criti-
cality

In this section we shall state the RSW Theorem for vacant space in the Poisson
Boolean model, which was proved by Roy (1990). We shall sketch the proof
of Theorem 2.2, which says that at criticality, the probability of crossing a
square is bounded away from zero and one. The proof is based on the RSW
Theorem. It is with help from Theorem 2.2 we will will be able to deduce that
the algorithm we shall use has low revealment.

Recall that the probability measure P indicates that the set n € € is
chosen according to a Poisson process on R? with intensity A. Here and later,
H(n, R, o) (or V(n, R, o)) will denote the event that the rectangle R C R?
contains a horizontal (or vertical) crossing of R?\ D(n).

Vacant RSW Theorem (Roy (1990), see Meester and Roy (1996, Theo-
rem 4.2)). For every 6,t, A > 0, there exists an € = €(6,t,\) > 0 such that the
following holds for every a,b,c > 0 with ¢ < 3a/2. If

P,\<H(17,Raxb,o)) > 6, and PA<V(n,chb,o)) > 5,

then Py (H(naRtaxb, o)) > €.

We remark that this result was in fact proved in substantially greater gen-
erality: it holds for random radii, with arbitrary distribution on (0,r) (where
r € R is arbitrary). Alexander (1996) proved the corresponding statement for
the occupied space (for fixed radii), and used this result to prove the following
characterization.

Theorem 3.1 (Alexander (1996, Theorem 3.4)). In the Poisson Boolean model,
there exists 6 > 0 such that the following are equivalent:

13



a) There is almost surely an infinite occupied component.
b) Jim Px(H(n Rye)) =1.
c) Nlim P, (H(n, R3N><N7‘)> = 1.

d) There exists N € N such that P (H(n, RngN,o)) >1-46.

The same holds true if ‘occupied’ is changed for ‘vacant’ throughout.

It follows immediately that there is no percolation at criticality for either
the occupied or vacant space.

Corollary 3.2 (Alexander (1996, Corollary 3.5)). At A = A., there is almost
surely no infinite component in the occupied space D(n), and no infinite com-
ponent in the vacant space R?\ D(n).

Proof. A standard argument shows that P (H (n, Rsnx N, o)) is a continuous
function of A\, and so the set of A € R for which property d) of Theorem 3.1
holds is an open set. O

Theorem 2.2 follows immediately from Corollary 3.2, together with the
following slight extension of Theorem 3.1.

Theorem 3.3. For every t > 0,

a) sup Py <H(77,RNxtN,o)) =1 = D(n) percolates almost surely.
N>1

b) sup P, (H(n, RyxiN, o)) =1 = R? \ D(n) percolates almost surely.
N>1
The proof of Theorem 3.3 is almost identical to that of Theorem 3.1; for
completeness, we shall sketch the argument.

Sketch proof of Theorem 3.3. We shall prove only a); part b) follows by the
same proof, except using the Occupied RSW Theorem of Alexander (1996,
Theorem 2.1) in place of the Vacant RSW Theorem. We claim that our as-
sumption implies property d) in Theorem 3.1, and hence (by property a) of
the theorem) that D(n) percolates.

To show that property d) of Theorem 3.1 holds, we note that a straight-
forward argument shows that

sup PA<H(777 RNXtN7.)) =1 = sup P)\(H(Tla RNXN7.)) = 17
N2>1 N>1
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by the Vacant RSW Theorem, applied with a = b = ¢ = N. The latter implies
that for each € > 0 there exists N = N(e¢) > 1 such that

PA(H(n Byxn.o)) = 1= Pa(V(n.Byxn.0)) > 1—e.  (3.1)
Next, observe that for every N > 0 and k € N,

P, (V(n, R3nxn, 0)) < (2k + 1)PA (V(n, Ry, o))

+ 2k Pa(H (0, Rict y:0) )
and moreover that

P,\(V(TLR?,NxN,O)) < 2k'P)\<V(TlﬂR%N><NJO))
+ (2k = 1)P5(H (n, Ry, o) )

To see these, partition the rectangle R3y« y into % x N rectangles By, ..., B3,
and consider the leftmost and rightmost pieces B; touched by a vertical path
across R3nyxn. The first follows because either an N x N square (made up of
Bj’s) is crossed vertically, or a (%) N x N rectangle is crossed horizontally.
The second follows because either a %N x N rectangle is crossed vertically,
or an N x N square is crossed horizontally.

Thus, either P (V(n, Rsn« N,o)) can be made arbitrarily small, as re-

quired, or there exists § > 0 such that

PA(H (1 Riziyyo0)) >0 and Py(V(5Risiy,yo0)) 20 (32)

for every N = N(¢) and every € > 0.
Now, apply the Vacant RSW Theorem with a = %N, b=N,c= %N,
for some N > 0. Note that ¢ < 3a/2 if 2(k + 1) < 3(k — 1), which holds if

k > 5. Setting t = £ it follows that if (3.2) holds for N, then

P, (H(n,RNXN,o)) > ¢ (3.3)

where ¢’ = ¢(d,t,\) > 0 is given by the Vacant RSW Theorem.

Hence if (3.2) holds for N = N(&’) then (3.3) also holds, and (3.3) con-
tradicts (3.1). Thus (3.2) must fail to hold for N = N(¢’), and so, by the
observations above, P (V(n, Rsnxn, o)) can be made arbitrarily small, as re-
quired. O
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4 BKS Theorem for biased product measure

A tool that has turned out to be very useful in connection with the study of
Boolean functions is discrete Fourier analysis. For w € {0,1}" and i € [n], we

define
—JEE ifw=1
Xj(w) = - .
> otherwise.

Furthermore, for S C [n], let x'g(w) := [[;c5 X} (w). (In particular, xj is the
constant function 1.) We observe that for i # j

Ep X} (W)X (w)] = <%> p? + <%> (1—p)% — 2p(1—p) = 0.

In fact, from this it is easily seen that the set {x'c} sC[n] forms an orthonormal
basis for the set of functions f : {0,1}" — R. We can therefore express such
functions using the so-called Fourier- Walsh representation (see Paley (1932);
Walsh (1923)):

F@) = 3 PSNGw), (4.1)
]

SCln

where fP(S) := E,[fx%]-

Although our results throughout Section 4 and 5 hold for arbitrary p €
(0,1), we will often prove them only for p < 1/2, since this is the case we
shall need in our applications. The proofs for p > 1/2 all follow in exactly
the same way. From now on, we will not stress that S C [n] in the notation.
Furthermore, when p = 1/2 we shall write xg for % and F(S) for f7(S).

The following lemma was proved by Benjamini et al. (1999) in the uniform
case; its generalization to arbitrary (fixed) p is similarly straightforward.

Lemma 4.1. Let p € (0,1), and let (fn)n>1 be a sequence of functions f, :
{0,1}" — [0,1]. The following two conditions are equivalent.

a) The sequence (fn)n>1 is NS,.

b) For every k € N, lim Z L8 =o.
" O00<|S\<k

~

Proof. Note that E,[x%(w)x% (w)] = 0if S # 5, that E,[fn(w)] = ()}
and that

Eyp [ (wxg(w?)] = (1 - ),
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since this is zero whenever at least one of the coordinates {w; : i € S} is
re-randomized, and one otherwise. By (4.1), it follows that

Ep[fn(w) fn(@®)] = Ep[fa(w) Ep | > fal (SX5(w) D fu (8% ()
S#0 S1£0
= D FOPEDE@NEW)] = D8’ -¢),
S£0 S£0
from which both implications follow easily. U

Recall from (2.3) that we define hy(X) := E[f(Z)|X], where (for p < 1/2)
X and Y in {0,1}" are independent random variables, X uniformly distributed
and Y with density 2p, and Z; = X,Y; for every i € [n]. The key fact - that
the sequence (f,)n>1 is NS, if and only if (hy, )n>1 is NS - will follow directly
from Lemma 4.1, together with the following result.

Proposition 4.2. Let f: {0,1}" — [0,1], p € (0,1), and set p = min{p, 1—p}.
Then, for every S C [n],

I-p

Proof. We shall prove the proposition in the case p < 1/2; the other case
follows similarly. Let f : {0,1}" — [0,1] and S C [n]. By the definitions, we
have

hi(S) = E[hy(X)xs(X)] = E[E[£(Z)] X]xs(X)]

E[E[f(Z)xs(X) | X]| = E[f(2)xs(X)] (4:2)

= E[/(2E[xs(X)| 7]].
Furthermore, Z; = 1 implies X; = 1, which implies x;(X) = —1, so

while Z; = 0 and X; = 1 implies that Y; = 0, so

E[x;(X)|Z=0] = 1-2-P(X;=1]Z; =0)
P(Zi=0]X; =DP(X; =1)
P(Z; = 0)
1-2p . p
l-p 1-p

= 1-2.

~

-1
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We conclude that E Xz \/ 1= Xz ). Therefore, since the X; and Y;

are all independent,

Elxs(X)| 2] = [[EDa(X)| 2]

1€S
/v - () e
I - ()"
€5 1=p 1=p
Inserting this into (4.2) gives the result. O

It is now straightforward to deduce Proposition 2.4 from Proposition 4.2.

Proof of Proposition 2.4. We shall assume that p < 1/2; once again, the other
case follows similarly. Let f: {0,1}" — [0, 1].

a) Suppose that f is monotone; we claim that h; is also monotone. Indeed,
observe that

hi(X) = E[f(2)|X] = E[f(X-V)|X] = Y [X-OPY =¢). (43)
¢ef0,1}n

But if f is monotone, then f(X -¢) is also monotone in X for every £ € {0, 1}".
Thus (4.3) implies that hy is monotone, as required.

b) We next claim that Infys;(hy) < 2p - Inf,;(f) for every i € [n]. For
i€ [n]and k € {0,1}, let X*~* € {0,1}" be defined by X;_’k = X;if j #1,
and Xii_’k =k.

By the definition, we have

Infy)9,(hy) = E[|hf(X) — hy(0:X)]]
— E|[E[/(2)|x"""] - E[£(2)|x*~°) |
Now, if X; = 1, then Y; = 1 if and only if Z; = 1, and if X; = 0 then Z; = 0,
so the right-hand side of (4.4) is equal to

(4.4)

EU2p E[f(2)| X 2= 1] + (1= 2p)E[f(2)| X', Z; = 0]
—E[f(2)| X", 7, :o]”.

But given Z;, the value of X; is irrelevant to f(Z), so we have (with obvious
notation Xy;ye)

< -E||f(Z7Y - f(270)]] = 2p-Inta(f),

(4.5)
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as required. Finally, note that the inequality in (4.5) be replaced by an equality
when f is monotone.
¢) We are required to show that (f,)n>1 is NS, if and only if (hf Jn>1 1s

NS. Indeed, by Lemma 4.1, (f5,)n>1 is NS, if and only if ZO<|S‘<,€ .7 ()2 =0
as n — oo for every fixed k, and by PI‘OpOSlthIl 4.2,

Jim o Y b (9?=0 & lm 3 f(5)7=0

0<|SI<k 0<|S|<k

for every such k. But by Lemma 4.1 (applied with p = 1/2), we have that
(A, )n>1 is NS if and only if 3 o g< lAzfn(S)2 — 0 as n — oo for every fixed
k, so the result follows.

Finally, note that Var(hy,) = 3 g ilfn (8)2. Thus, by Proposition 4.2, if

p # 1/2 then "
Var(hy,) = 3 (2=) £"(9)? — 0
! %(1—19)

as n — oo if and only if 3o g« Fn ()% = 0 as n — oo for every fixed k, as
claimed. 0

The BKS Theorem for biased product measure follows almost immediately
from the uniform case, together with Proposition 2.4.

Proof of Theorem 1.4. Let (fn)n>1 be a sequence of functions f, : {0,1}" —
[0,1], let p € (0,1), and assume that II,(f,) — 0 as n — co. We are required
to show that (fy)n>1 is NS,.

By part b) of Proposition 2.4, we have

I (hy,) < 4p% - I1(fn),

and so II(hy,) — 0 as n — oo. By the BKS Theorem (i.e., Theorem 1.4 in
the case p = 1/2), which was proved by Benjamini et al. (1999), it follows that
(hf, )n>1 is NS. But, by part ¢) of Proposition 2.4, we have (hy,)n>1 is NS if
and only if (f,)n>1 is NS,. Hence (fn)n>1 is NS, as required. O

5 The deterministic algorithm approach

In this section we shall prove Theorem 2.6. Throughout this section let X
and Z be the random variables defined in (2.2), so X € {0,1}" is uniformly
distributed, and Z € {0, 1}" is given by Z; = X;Y;, where Y is chosen according
to product measure with density 2p. (We assume again for simplicity that
p<1/2.)

We need the following definition.
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Definition 5.1 (The Majority function). For every K C [n] define the function
Mg - {0,1}" — {-1,0,1} by

1 if > (2X;—1)>0

€K
Mg(X)={ 0 if ;((2& ~1)=0
—1 if > (2X;-1)<0.

€K

Theorem 2.6 will follow by combining the BKS Theorem with the following
two propositions, which were both obtained by Benjamini et al. (1999) in the
case p = 1/2. We shall generalize them to the biased setting.

Proposition 5.2. There exists a universal constant C < oo such that, if f :
{0,1}™ — [0,1] is monotone, p € (0,1) and K C [n], then

> tt,(1) < SVIRTE[H@Me(0)] (14 /- 1og E[f2)Mi(X)] ).

JEK
where p = min(p,1 — p).

Recall that the revealment of an algorithm with respect to a set K C [n] is
defined as dx (A) := max;ck P, (A queries coordinate j).

Proposition 5.3. There exists a universal constant C > 0 such that, if f :
{0,1}" — [0,1], p € (0,1), K C [n] and A € A*(f), then
E[f(Z)Mrx(X)] < Cox(A)3logn.

We begin by proving Proposition 5.2, which follows almost immediately
from the uniform case, together with Proposition 2.4.

Proof of Proposition 5.2. The proposition was proved by Benjamini et al. (1999,
Corollary 3.2) in the case p = 1/2; we apply this result to the function hy. It
follows that

S Infy o () < CVIKTE[hy(X) Mg (X)] <1+ V- logE[hf(X)MK(X)]>.

JjeEK

for some C' > 0. Next, observe that
E[hy(X)Mk (X)) = E[E[f(2)MK(X)| X]| = E[£(2)Mx(X)].

Since f is monotone, we have Infy 5 j(hy) = 2p - Inf}, ;(f), by Proposition 2.4,
and so the result follows. O
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Also the proof of Proposition 5.3 will be based on the argument of Ben-
jamini et al. (1999, Section 4), but modified to fit in the current setting. The
strategy is roughly as follows: let V' denote the set of coordinates queried by
the algorithm. Then with high probability, V' N K is small enough so that
Mg (X) will (probably) be determined by the values of bits of X in K\ V. By
a careful coupling, we can make these independent of the value of f, and thus
E[f(Z)Mk(X)] is small.

We shall use Chernoff’s inequality; see e.g. Alon and Spencer (2008, Ap-
pendix A). Throughout the rest of the paper, &,, will denote a binomially
distributed random variable with parameters n € N and p € (0, 1).

Chernoff’s inequality. Let n € N and p € (0,1), and let a > 0. Then

2
]P’(|§n7p —pn| > a> < 2exp <_4(;#n> (5.1)

if a < pn/2, and P(|§n,p —pn| > a) < 2exp ( — pn/16) otherwise. If p=1/2,
then (5.1) holds for every a > 0.

We shall also use the following simple property of the binomial distribution,
which follows by Stirling’s formula.

Observation 5.4. There exists C > 0 such that for every n € N, p € (0,1)

and a € N,
C

Vnp(L—p)

We are now ready to prove Proposition 5.3.

P(fn,p = a) <

Proof of Proposition 5.3. We assume as before that p < 1/2; the proof for
p > 1/2 is similar. Let f : {0,1}" — [0,1] and § # K C [n] (if |K| = 0 then
both sides are zero). We begin by defining our coupling; the purpose is to make
the values of X; outside V' independent of those inside.

We shall obtain the random variables X and Z, defined in (2.2), as follows.
Let Z' € {0,1}%, 2% € {0,1}["\K and Z3, Z* € {0,1}" be such that

P(Z] =1) =p,

independently for each i and j. Similarly, let W € {0,1}%, W2 € {0, 1}["\K
and W3 € {0,1}" be independent of the Z7, and such that

1—-2p

P =1) = 2(1 —p)’

2
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independently for every ¢ and j. Set Xg = max {ZZJ ) WZJ }, and observe that

- - - - 1= p)(1—2)
P(XI = 1) = P(Z) = 1) + P(Z] = O)B(W) =1) = p+ - _ !
( ) (Z )+ (2 0) ( 7 ) p+ 2(1—]9) 2
for every i and j. _ '
Next, we describe how to use the X7 and Z/ to assign values to coordinates,
depending on the order in which they are queried by A. Indeed, run the
algorithm, and do the following:

(i) If j € K is queried, and is the kth element of K to have been queried
by A, then set Z; := Z] and X; := X}.

(ii) If j ¢ K is queried, and is the k" element of [n] \ K to have been
queried by A, then set Z; := Z,% and X := X,%.

(iii) When the algorithm stops, let 7 : K\ V — [|K \ V|] be an arbitrary
bijection, and for each j € K\ V set Z; := Z,:;’ and X; := X,:;’, where
k= ().

(iv) Finally, let Z; := Z;-l and X := X;-l for each j € [n]\ (VUK).

Note that X is chosen uniformly and Z according to the product measure with
density p. Moreover, note that if Z; = 1 then X; = 1, so the coupling is as
n (2.2), as claimed.

Let V' C [n] be the (random) set of coordinates which are queried by the
algorithm, and note that V is independent of Z3 and W?3. We first show that
the set V' N K is likely to be small. Indeed, we have

EVAK] =Y 640) < |K|ox(A),
JeEK

and so, if we define
= {[VNK| > |K|6x (A>3},

then P(B;) < 0k (A)Y/3, by Markov’s inequality.

Next we shall deduce that, with high probability, the difference between
the number of 0s and 1s on V N K is less than that on K \ V. Indeed, let
Sk = 2?21 (2X ]1 — 1) denote this difference on the first k coordinates of X!,

and let Ty := E§:1 (2X;’ — 1) denote the same thing for X3. Let

By = {3k < [K[ok (AP« 18k] = VK]0 (A logn},
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and let
By o= { Tyl < VK61 () logn}

Claim. P(B;UB;UB3) = O (6x(A)Y3logn).

Before proving the claim, let’s see how it implies the proposition. Set
Q= (B1 UByU Bg)c, and let F be the sigma-algebra generated by Z!, Z2? and
W1. Then

E[Mg(X)1q |F] = Pp(Q| F)E[Mk(X) | F,Q] = 0,

by symmetry, since Tjg\y/| is equally likely to be positive or negative, and Q
implies |Tjx\v|| > [Sjvnk|l- Thus by the claim, and since F determines f(Z),
we have

[E[f(Z)Mk(X)]| < [E[f(Z)MKr(X)1q]| + P(Q°)
— [E[£(2)E[Mk(X)1q | F]]| + P(@")
=0 <(5K(A)1/3 logn) ,
as required.
Thus, it only remains to prove the claim, which follows easily using Cher-
noff’s inequality. We have already shown that P(B;) < dx(A)Y3, and so it
will suffice to prove corresponding bounds for By and B3 N Bf. The bound for

B, follows using Chernoff and the union bound. Indeed, let ¢ = |K |6 (A)%/3,
and recall that X! was chosen uniformly. Thus, by Chernoff’s inequality,

t
P(By) < D P([2- 1o — k| > VIKIK(A)* logn)

t 2/3 1ho2
< 23 e <_|K|5K<fgk log n) < b (A,

as required.
Finally, we shall bound the probability of Bz N Bf; that is, the probability
that

VK| <t=|KI5c(A? and [Tje] < VKoK (A logn.

By Observation 5.4 and the union bound, we have
C
1/3 1/3 1
]P’<|2-§m,1/2—m| < V|K|0x (A)Y 1ogn> < VIK[6x (A logn - NG
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for some constant C; > 0 and every m > 1. Since V is determined by the
information in F, and since X? is uniformly distributed, we have

P(Bs N Bf) = E[P(Bf N Bs|F)] = E[1p: - P(B3|F)]
Ch
VIK\V]

=0 <5K(A)1/3 logn) ,

N

E |15 - V/]K]0k (A)* logn

TR (A3 log 22!

VIIK]

where we in the second inequality used that on B{, we have

N

[KA\V] > [K[ -t > 3[K|/4,

assuming that ¢ < |K|/4 (since otherwise dx (A) > 1/8, and the proposition is
trivial). This completes the proof of the claim, and hence of the proposition
as well. H

It is now easy to deduce Theorem 2.6. We shall use the following straight-
forward optimization lemma.

Lemma 5.5. If a1 > as > ... > a, > 0, then

n k k n
max{chz c1>...2c¢, 20, and Zci QZai for all k € [n]} :Za?.
i=1 i=1

i=1 i=1
We are ready to prove Theorem 2.6.

Proof of Theorem 2.6. Let r € N be fixed, and let (f,)n>1 be a sequence of
monotone functions f,, : {0,1}" — [0,1]. For each n € N, let Aj,..., A, €
A*(f) and let K7q,..., K, be a partition of [n]. Let p € (0, 1), and suppose that

5Ki(Ai)(logn)6 — 0

as n — oo for each i € [r]. We shall show that II,(f,) — 0 as n — oo, and
hence deduce, by Theorem 1.4, that (fy,),>1 is NS,.

Choose C' > 0 so that Propositions 5.2 and 5.3 both hold for C, and
assume that n € N is sufficiently large so that g, (A;)Y?logn < 1/(2C) for
each i € [r]. To bound II)(fn) = 377, Inf, ;(fn)? from above, we shall first
bound ZjeK Inf, ;(fn) for every K C [n], and then apply Lemma 5.5. Let
us assume for simplicity that 0k, (A;) > 1/n for some i € [r]; the other case
follows by an almost identical calculation.
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Claim. For every K C [n], we have

ZInfp] fn) < |K\max{5K (A; )1/3}(logn)3/2.

ik €lr]

Proof of claim. By Proposition 5.2, for every K C [n] we have

S tntyi(f) < SVIRE[2Mi(x)] (1410 (72000 (0] ).

jeEK
Moreover, by Proposition 5.3, for every i € [r] and every K C K,
E[fo(Z2)MK(X)] < C 6k, (A;)"3logn.

Recall that C d,(A;)!/3logn < 1/2, and note that «(1+ /= logz) is increas-
ing on (0,1/2). Thus, if K C K; for some i € [r], then

Zlnfpj fn) < |K|Inax{5K (.A)l/?’}(logn)g/z,
et €lr]
since max;ep,) 0k, (A;) = 1/n. Summing over i € [r], the claim follows. O

Without loss of generality, assume that

Inf,1(fn) = ... = Inf,u(fn),

and apply Lemma 5.5 with ¢; = Inf,, ;(f,,), and
C?r 3
a; = 7%%{5&(,4)1/3}(10%) P(Vi- Vi)
By the claim applied to K = [k], we have, for each k € [n],

Z Zlnf p.i(fn) < Or\/_max{éK (A; )1/3} logn Za],
j=1

1€[r]

and hence, since p is fixed and Zj (\/_ -V — 1)2 = O(log n), by Lemma 5.5
there is C” < oo such that

St (1) € 328 = 5 s {4 o) (5 VT

j=1
!

< CTmaX{éK (A; )2/3}(logn)4 — 0

D i€lr]

as n — 00, as claimed. Thus, by Theorem 1.4, (f)n>1 is NS, as required. O
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We finish this section by proving the following closely related result, which
was also proved by Benjamini et al. (1999, Theorem 1.5) in the case p = 1/2.
In fact we shall not need it, but since it follows immediately from the uniform
case and Proposition 2.4, and may be of independent interest, we include it for
completeness.

Given a function A : {0,1}"™ — [0, 1], define

A(h) = max E[B(X)Mc(X)].

In particular, A(hy) = [Enca[x]E[f(Z)MK(X)].

Theorem 5.6. There exists a constant C' > 0 such that, if f:{0,1}" — [0, 1]
is monotone and p € (0,1), then

C

min(p?, (1 — p)2)A2(hf)(1 —log A(hy)) logn.

I, (f) <

Proof. We apply the uniform case to the function hy. By Proposition 2.4, it
follows that

Ap* - I, (f) = I jo(hy) < CA*(hy)(1 —log A(hy)) logn,

as required. O

6 Hypergraphs

In this section we shall prove Theorem 1.6, which will allow us to bound the
variance (in P /,) of the probability IP’(H (p, RN, ®)] 77). Although one can
think of all the results in this section in terms of events on the cube {0,1}", it
will be convenient for us to use the language of hypergraphs. For background
on graph theory, see Bollobds (1998).

Recall that a hypergraph H is just a collection of subsets of [n], which
we refer to as edges of H. We shall write H,,, for the m-uniform hypergraph
contained in H, that is, the collection of edges with m elements, and recall that
for B C [n],

ru(B,p) = P(B, € H).

The proof of Theorem 1.6 is in two parts: first we shall prove the corre-
sponding result for sets of fixed size. That is, instead of considering [n], we
consider a uniformly chosen set By, C [n] of size k and instead of [n], N [n],, we
consider a uniformly chosen subset of By of size m < k.

26



6.1 The proof for sets of fixed size

Let us begin by informally illustrating the central idea with a simple example.
Let G be a (large) graph with vertex set [n], and consider the restriction of G
to a random subset S C [n] selected uniformly at random from the sets of size
k. If k = 2 then the resulting graph G[S] will have density either 0 or 1, which
will typically be quite far from the density of the original graph. However, once
k is a large constant the density of G[S] is already unlikely to be far from the
density of G.

The following proposition extends this result to hypergraphs. Given a hy-
pergraph H on vertex set [n], a subset S C [n] and an integer 0 < m < n,
define

Xm(9) = |[{e € Hp: e C S},

and X, (S) == Xn(9)/(19)).

Proposition 6.1. Let n,m,k € N, and suppose that n > k > m, and that
n > 2m3 and n > km/2. Let H be a hypergraph on verter set [n], and let
By, C [n] be a uniformly chosen subset of size k. Then

Var (Xn(By)) < 48Tm<fl>2

and
48m

k

We remark that with a little extra effort, one could improve the upper
bounds in Proposition 6.1 by a factor of 3, := e(H,,)/(]"). Since we shall not
need such a strengthening, however, we leave it to the reader to verify that
that follows from the proof. In order to keep the presentation simple, we also
make no attempt to optimize the constant.

We shall use some straightforward relations between binomial coefficients
in the proof of Proposition 6.1; we state them here for convenience.

Var (Xm(Bk)) <

Observation 6.2. Let n,k,m,t be integers such that k > m > t > 1 and
n > 2m3. Then

9 () =S () () ()
o ("0 < G )0
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o ()56 < Sl ) () 0)

Proof. For a), note that both sides count the number of (ordered) pairs of m-
subsets of set of size k; on the right-hand side we have partitioned according
to the size of their intersection. By convention, (2) =0 for k > n.

For b) and c¢), note that the case m = t is trivial. So, assume n > 2m? and
m >t > 1, simply cancel common terms and note that it suffices to prove that

n—m)l(n —m)!
’ (n(—Zm :—(t)!(n —)t)! > 1, (6.1)

where in b) z = nm((g:g and in ¢) z = 21(1”__15). Since (a +¢)/(b+¢) > a/b for
b>a >0 and c > 0, we obtain
(n=—m)!n—-—m)l  (n-2m+t+1)...(n—m)
(n—2m+t)(n—t)! (n—m+1)...(n—1t)
(n—2m>m_t m?
> > 1-— )
n—m n—m

where the last inequality follows since (1 —a)™ > 1 —m -a for all a < 2.
Moreover,
m(n —t) - m(n—1) and 2(n—t) Y

nim—t) = nim—1) n—m

To prove b) via (6.1), it therefore suffices to show that Z}%:B (11— %) > 1,
or equivalently that n(n —m?—2m)+m3+m? > 0. For ¢) it similarly suffices
to show that 1 — % > %, which is equivalent to n > 2m? 4+ m. Certainly,

n > 2m?3 is sufficient in both cases. O

We shall use Bey’s inequality in order to prove the following lemma, from
which Proposition 6.1 follows easily. Let

e = ()5

which counts the number of pairs of m-subsets of a fixed k-set which have ¢
common elements.

Lemma 6.3. Let k,m,n € N, withn > k > 2m and n > 2m>. Let H be a
hypergraph on [n], and let By C [n] be a uniformly chosen subset of size k.
Then

t=1

28



Proof. Let a(H,t) H ce,f € Hand len f| = t}| denote the number
of pairs (e, f) of edges of H Wlth t common vertices. We first claim that

~—

m k
E[X. G ( 2m t). (6.2)

t=0 (2m—t

Indeed, writing 1 4 for the indicator function of the event A, and ([Z]) for the
collection of subsets of [n] of size k, we obtain

E[Xn(Br)*] = @ Y. D Yescs

SE([nJ) e.fe€Hm

= —Z Y Lensi=n > Lieuscsy-

t=0 e,fEHm SE( )
But if [eN f| =t then |eU f| = 2m — ¢, and so there are exactly (Z:gzﬁ) sets
S of size k such that eU f C S. Moreover, (zigzﬁ) (o)) =(}) (%f_t), and
hence
(2m—0)
E[ Z Z Lijensl=t} ( )
t=0e,fEHm

as claimed.

Next, observe that a(Hp,,t) < do(Hm,t), where do(Hyy,, t) denotes the sum
of dy(T)? over all t-sets in [n], and recall that e(H,,) = Bm( ). Hence, by
Bey’s inequality and Observation 6.2 part b) and c),

t—1 m—t

< (5] (o) () 0)

for every 1 <t < m. Moreover, a(H,,0) < e(Hn)? = ﬂ%(;){ so by part a)
of Observation 6.2

(M, 0) Ez::; < ﬁ%(")zgz::; = b Ez:: ; g <2mn— t> <2mm_ t) (T?)

(
< <me(Hm)z + (m a 1> (” —i 1>6(Hm)) (2{_& (6.3)

m



Cancelling common terms, we easily see that for each 1 <t <m

G < () <k
Hence,
oimne < (o) () o555 (o) () (7)
Finally, (64)
E[Xn(B)> = 2, (2)2 - @ii (2m’“_ t) <2mm‘ t) (ﬁ'}) (6.5)

by part a) of Observation 6.2. Combining (6.2), (6.3), (6.4) and (6.5), we
obtain

Var (Xm(By)) < i (% B + % 'ﬁ%) <2mk_ t) <2mm— t> <T>

t=1
as required. O
It is easy to deduce Proposition 6.1 from Lemma 6.3.

Proof of Proposition 6.1. We deduce the claimed bound on Var (X,,(By));
the second statement follows immediately from the first, since X, (Bg) =
(T]:;)Xm(Bk) The result is trivial for m < k& < 48m, so we can assume that

k > 48m. (In fact we shall only use that k& > 4m.)
First, note that by Lemma 6.3, and since n > km/2, we have

t+1
“ly,
m

Var (Xpm(Bg)) < 2)

t=1

(k,m), (6.6)

where Y;(k,m) = ( " )(*™") (7). We shall see that most of the weight of

2m—t m t
the Y;(k,m) is concentrated on terms with small ¢. We split into two cases,

depending on the size of m.
Case 1. k > 3m?2.

We shall prove that

Tt 1 4 4m (k\?
Y, < Zvik,m) < 22 . .
> it < St < (1) (6.7
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Indeed, first note that

(t+2)Yia(kym) (t+2)(m —t)?
(t+1)Ye(k,m) — (t+1)2(k—2m+t+1)
3m? 1 (6.8)

< <
S 2(t+1)(k—2m) 2

since k — 2m > k/2 and (t + 1)k > 2k > 6m?. This proves the first inequality
in (6.7); for the second, observe that

il = mT </<:(f Qmmi!(&?k@!m ' (:)2 S %@2

i\ 2
as claimed. By (6.6), we obtain Var (Xm(Bk)) < 87771 <m> .

Case 2. k < 3m?.

Let a := |6m?/k|, and observe that (6.8) holds whenever ¢ > a. Thus

i 1 2 1 1 2
S i m) < @Dy hom) < —SW(’“) :
m m k \m

2
since Y, (k,m) < (T]:;) and a + 1 < 9m?/k. Moreover, it is immediate that

a—1 a—1 2
t+1 a 6m [k

Y; < — Y, (k, < — .

> Shvithm) < LY vith) < 5 (1)

t=1 t=1 m
a8m [ k\?
By (6.6), we obtain Var (Xm(Bk)) < % <m> , as required. O

6.2 The proof for random-sized sets

We shall now deduce Theorem 1.6 from Proposition 6.1. The task can be
divided into two part, via the conditional variance formula,

Var(X) = Var (E[X |Y]) + E[ Var(X | Y)], (6.9)

applied with X = r3([n]g,p) and ¥ = Hn]q| To illustrate the idea behind the
proof, let K ~ Bin(n,q) and given K, let M ~ Bin(K,p). Roughly, we obtain
upper bounds on the right-hand side of (6.9) as follows.

Proposition 6.1 will be applied to bound the latter of the two terms. By
Chernoft’s inequality M < 2pK occurs with high probability when pK is large,
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which in turn is likely to occur when pgn is large. Thus, if pgn is large, then
M/K < 2p with high probability, which together with Proposition 6.1, shows
that E[ Var (Xp(Bg)|K)] is small.

The size of [n]y, here represented by K, will roughly fluctuate by ,/qn
around its mean. This will influence the mean of M, representing the size of
[n]q N [n]p, roughly by p,/gn. However, M will naturally vary by /pgn which
is much larger than p,/qn when p is small. Hence, conditioning on the size of
[n]q will not affect the size of [n], N [n], much.

As a first step towards Theorem 1.6, we obtain a result for fixed k£ and a
randomly chosen m ~ Bin(k,p). Indeed, given a hypergraph H on vertex set
[n], a subset S C [n] of size k, and p € (0,1), observe that

k
TH(S7p) = Z P(glap = m)Xm(S)a

m=0
where &, ~ Bin(k,p), as in the previous section. The following proposition is
an easy consequence of Proposition 6.1.

Proposition 6.4. Let p € (0,1) and let n,k € N, with n > 16(pk)> and
n > pk%. Let H be a hypergraph on verter set [n], and let B, C [n] be a
uniformly chosen subset of size k. Then

Var (TH(Bk,p)) < 96p + 4dexp ( —pk/16).

Proof. The result follows from Proposition 6.1 and Chernoff’s inequality, since
if m < 2pk then the variance of Xm(Bk) is at most 96p, and the probability
that &, > 2pk is at most 2e~Pk/16,
To spell it out, note that if p < 1/2 and m < 2pk, then m < k, n > 2m?
and n > km/2, and so, by Proposition 6.1,
48m

Var (X,,(By)) < —— < %6p.

Since Var (Xm(Bk)) < 1, the same bound trivially holds for p > 1/2.
Now since r(Bg,p) = anzo ]P’(&w, = m)Xm(Bk),
Var (T’H(Bk,p)) = Z IP’(&;W = ml)]P’(gk,p = m2) Cov (Xml (Bk),f(mQ(Bk)).

mi,ma2
By Cauchy-Schwarz’s inequality, we have Cov(X,Y") < /Var(X) Var(Y'), and
thus
Var (rH(Bk,p))

< Y P&y = m)P(Gp = ma)y/Var (X, (By) Var (X, (Br))

my,ma2

< 96p + 2-P(E, > 2pk) < 96p + dexp (— pk/16),
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where the last step is by Chernoff’s inequality, as required. O

In order to deduce Theorem 1.6 from Proposition 6.4, we shall use the fol-
lowing simple bounds on binomial random variables, which follow immediately
from Chernoff’s inequality.

Observation 6.5. Let p € (0,1/2], ¢ € (0,1) and n € N, be such that pgn >
32log(1/p). Then

0) P(|énq —an| > 2y/anlog(1/p)) < 2p.

16 1
< — - < —qn/16 < )
b) ]P’({n,q <5 logp> <§nq qn/2) < 2e < 2p

We shall also need the following bound, relating nearby binomial coeffi-
cients.

Lemma 6.6. Let p € (0,1/4], ¢ € (0,1) and n € N satisfy pgn > 161log(1/p).

If
qn — 2/qnlog(1/p) < k < K < gn + 2y/qnlog(1/p),
and |m pqn| 4+/pgnlog(1/p), then

Plowp=m) _ 1+ O(x/ﬁlog 1—1)>

P(ghp = m)
Proof. First observe that y/qnlog(1/p) < \/pgn/4, by assumption, so that
n 3
k}qn—\/]_;q 2%, and O<m<2pqn<%.

In particular, k > m. For each k < £ < K/,

P(&p=m)  ((1—p) 1+m—p5 el

(
]P)(é-g_l’p = m) {—m {—m 1-—

OJIM

Next observe that 0 < 7 <

‘m—pﬁ‘ 4 /pgnlog 5 +2p\/qn10g— B 20, /plog 1
/ .

In particular,

Plep=m) g [P L
P(&—1p =m) gn " p

33



Expressing the quantity of interest as a telescoping product, we obtain

P (& p = m) _ ﬁ P(&ep =m)
P(fk,p = m) =k+1 ]P)(&—LP = m)

/ T\F " |
< (1—1—10 ﬂlog—) :1—|—O<\/1_910g—>,
an p p

where we in the final step used that (1 + )™ < €™ < 1+ maxe™, that

k' —k < 4y/qnlog(1/p) and the fact that \/]_)log% is bounded. This provides
the upper bound, and a lower bound is obtained similarly. ]

We are now ready to prove Theorem 1.6.

Proof of Theorem 1.6. The result is trivial for any p € (i, %], since the
variance is at most 1. Let 0 < p < 1/4, 0 < ¢ < 1 and n € N, and sup-
pose that n > 128(pgn)3, n > 4p(gn)? and pgn > 32log(1/p). Observe that
therefore Observation 6.5 and Lemma 6.6 applies, and that the assumptions of
Proposition 6.4 are met for every k < 2¢gn.

Apply the conditional variance formula (6.9) with X = ry([n]q,p) and
Y = |[n]q| to obtain

Var (m([n]qap)> o (E [TH([”]q’p) ‘ HnMD

(6.10)
+ & [Var (el ) | )]

Note that in the former term on the right-hand side, the variance is over the
size k of [n]y, and the expectation over the (uniform) choice of a subset in [n]
of size k. In the latter, the variance is over the uniform choice of the set [n],
of prescribed size. First, we use Proposition 6.4 and Observation 6.5 to show
that the latter part of (6.10) is small.

Claim 1. E [Var <7‘H([n]q,p) ‘ Hn]q‘)] < 104p.

Proof of Claim 1. First note that |[n]y| ~ Bin(n,q), so if By C [n] is a uni-
formly chosen set of size k, we have the expression

E [Var <T’H([’I’L]q,p) ‘ Hn]qD} = zi:Var <7“H(Bk,p))]P>(£n,q = k)

Now, ]P’({n,q < %log %) < 2p, by Observation 6.5. On the other hand, by
Chernoff’s inequality P(§,,, > 2gn) < 2exp(—gn/16) < 2p. For k < 2¢n
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Proposition 6.4 applies, as observed above. So if 1?? log% < k < 2¢n, then we
have

Var (TH(Bk,p)) < 100]7,

and the claim follows. O

For each k € [n], set oy := E[ry(By,p)|, where By C [n] is a uniformly
chosen set of size k. Let K and K’ be independent random variables with distri-
bution Bin(n,¢). Note that E[TH( ) | | ‘ = k] = g, so the remaining
term in (6.10) may be re-written as

Var (E[rH([n]q,p) ‘ Hn]qu) = Var (ax) = %E{(aK—aK/)z].

Again by Observation 6.5, the probability that

1 1
qn—2\/qnlog§ < K K < qn+21/qnlog2—) (6.11)

is at least 1 — 4p. Hence, it will suffice to prove the following claim.

Claim 2. For qn—2,/qnlog% <k<E L qn—|—21/qnlog%
1
|ozk/—ozk‘ =0 \/ﬁlogg .

Proof of Claim 2. Note that aj can be expressed as

k k
ap = E[rn(Bg,p) Z P(&kp = (X (By)] = Z P(&p =m
m=0

m=0

Set S = { . lm — pgn| < 4/pgnlog - } and re-write the difference as

o — | = Z]P’ (Ewp=m ZP (bkp=m
Z ‘]P vy = P(&w _ m)‘ (6.12)
meS

+ Py &S) + P(&kp €9).

Next, we show that ]P’(&w, & S) < 2p; the same is obtained for k replaced by
k" analogously. By the triangle inequality, we find

T
|&kp — pan| < [&p — K| + plk — qn| < \ék,p—pk|+2p\/qnlog5-
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Since pgn > log = and p < 7, we obtain k < 2¢qn. As a consequence

(!Ek,p pan| > 4y/pgnlog(1/p) ) (\ﬁkp pk| > 3v/pqnlog(1/p) )
P ([, — pk| > 2v/pklog(1/p)) < 20,

via Chernoff’s inequality. Hence, ]P’(&w, & S) < 2p and also P(gw ¢ S) < 2p
The claim now follows from (6.12) and Lemma 6.6, which states that

[P(6y = m) ~ Pléry =m)] = O (Vo ) - Ples, = m)
for every m € S. O

Theorem 1.6 is easily deduced from Claim 1 and 2, and (6.11). Indeed,
1
Var (TH([n]qap)> = §E[(QK - aK/)ﬂ + 104p

< P(|énq — an| > 2v/anlog(1/p)) + O <p<1°g?1)>2>

1\2
- o((w53) )
p
as required. O

We end the section by presenting an easy consequence of Theorem 1.6. It
provides a general framework from which Proposition 2.3 can be deduced from
Theorem 2.2. It follows almost immediately from Theorem 1.6, together with
Chebyshev’s inequality.

Corollary 6.7. Given ¢ > 0, there exists p* = p*(¢) > 0 such that, if p €
(0,p%), ¢ € (0,1) and n € N satisfy n > 128(pqn)®, n > 4p(qn)? and pgn >
32log ]lj, then

P(‘P([n]p N[nlq € H|[nlg) — P([nlpg € H)‘ > z—:> < g,

for every hypergraph (event) H C {0,1}™.

Proof. Fix ¢ > 0. According to Theorem 1.6 there exists a universal constant
C < oo such that for all p € (O, %), g € (0,1) and n € N that satisfy n >
128(pgn)?, n = 4p(qn)? and pgn > 32 log%

Var (r([n]gp) ) < Cp <log%>2.
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Pick p* = p*(¢) such that C’p(log %)2 < &3 for all p € (0,p*). Hence, for all
p € (0,p*), ¢ € (0,1) and n € N that satisfy the given conditions, we obtain
via Chebyshev’s inequality that

Var (T’H ([n]q, p))
22

< e
O

B ([B((ely 1 ol € 4] ) — B((nl € )] > <) <

It is immediately seen from Corollary 6.7 that its statement could alterna-
tively be formulated as follows.

Corollary 6.8. Given ¢ € (0,1) and ¢ € (0, %), there exists p* = p*(e) > 0
such that, if v € (0,p*) and n € N satisfy n > 128(rn)3, n > 4(rn)?/p* and
rn > 32log ]%, then

P([nlr € H) > ¢ implies ]P’(]P’([n]p* N[nlq € H|[nlg) < E> < €

for each event (hypergraph) H C {0,1}", where ¢ = r/p*.

7 Proof of Theorem 1.2

In this section we shall put together the pieces, and prove Theorem 1.2. We
shall first deduce Propositions 2.1 and 2.3 from Theorem 1.6; then we shall
use the deterministic algorithm method to prove Theorem 1.5; finally we shall
deduce Theorem 1.2.

7.1 Variance bound — Proof of Proposition 2.1 and 2.3

We shall prove the following slight generalization of Proposition 2.1, which
follows easily from Theorem 1.6, together with an easy discretization argument.

Proposition 7.1.  lim limsup Var,_/, (]P’(H(np,RaXb,o) | 77)) = 0.

p—0 a, b—o00

In order to apply Theorem 1.6 we need to construct a discretization of the
rectangle R,«p. In order to do so, for each § > 0 consider the lattice

A= Aib = R(a+2)><(b+2) ﬂéZ2,

and set n = |Ag7b|, the number of vertices of §Z? in the rectangle Ria12)x(b+2)-
(Note that we consider the rectangle R, 9)x(42) because it contains all the
points which can affect the event H(n, Ryxp,®).) Let p > 0, and set

g = q(n) = 1—e /P, (7.1)
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Let A, denote a random g-subset of A, and A, N A, denote a random p-subset
of A,. Of course, the distribution of A, N A, equals that of Ap,.
The following lemma is an immediate consequence of Theorem 1.6.

Lemma 7.2. There exists a universal constant C' < oo such that for each
pE (O, %], if a = a(p), b = b(p) = 1 are sufficiently large and 6 = 6(a,b) > 0
1s sufficiently small, then the following holds. Let A = Aib, n=|A|l and ¢ >0
be as described above. Then

2
Var (P(H(Aqup,Raxb,o)\AqD < Cp <log%> :

Proof. We apply Theorem 1.6 to the hypergraph H which encodes crossings
of the rectangle R,«;. That is, we identify the vertices of A = Ag , with the
elements of [n], and define H by the relation that for any B C [n]

BeH <« H(B,Raxp ®) occurs.

It only remains to check that for every fixed p the conditions of Theorem 1.6
are satisfied if @ and b are chosen sufficiently large, and thereafter § is chosen

sufficiently small. Clearly, there are 0 < ¢; < ¢ < 00 such that cl(‘s%b <n <
Acd?
P

. 2
02%2. One can further show that 6% < % implies % < g < , and

consequently that

Acab Acab
< pgn < ¢ .
2p

Thus, choose ab large so that pgn > 32 log% holds, and thereafter §2 < )\%

C1

O

small enough for n > 128(pgn)® and n > 4(pgn)?/p to hold.

In order to deduce Proposition 7.1, we need to provide a coupling between
our two probability spaces — one discrete, the other continuous — which approx-
imately maps the crossing event H (1, R,«p, ®) onto itself (in the sense of (7.2)).
More precisely, we will construct a mapping 1 from €2 to subsets of A = Aib
such that when 7 € (2 is chosen according to P _/,, then (17,1/1(77)) represents
a coupling between a Poisson point process of intensity A\./p and a g-subset of
A, where ¢ is as in (7.1).

To construct the mapping, cover R, 2)x@42) With disjoint 6 x & squares,
centred on elements of Ag p» and let ¢ map points of 1 to the centre of the
square in which they lie. That is, given n € Q, let

P(n) = {y € Aib cxey+(—6/2,6/2)* for some x € 77}.

Observe that if 7 is picked according to Py /,, then ¢(n) is distributed as A,.
We define a bad event Ef;b C Q, by saying that Ef;b occurs if either of the
following holds:
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a) Two points of 1 lie in the same § x § square, i.e.,

2
0 (y+(=3,3]%)] > 1
for some y € Ag’b.
b) There exist z, y € NN R(gq2)x(p42) With 2 =20 < [lz —yll2 < 2+ 26.
c) There exist x € ) such that 1 — 0 < ||z — ORyxpll2 < 146,

where 0R,x; denotes the boundary of R,y and the distance between a point
and a set is defined in the canonical way. Observe that a) and b) implies that,
if Eg’b does not occur, then the graphs naturally induced by the points of 7
and 1(n) (connecting any two point at distance at most 2) are identical, and
the vertices are in 1-1 correspondence. Hence, together with ¢), we have that
for every n € Q\ Eib,

{€ Cn:H(& Roxp, @) occurs} = {£Cn: H((E), Raxp, @) occurs}.  (7.2)

In particular, we find that if P(H (1, Raxs,®)|1) # P(HW(n)p, Raxs,®) |n),
then n € Eib. For the coupling (n,zp(n)) to be favourable, we need to the

occurrence of Eib to be unlikely.

Lemma 7.3. For everye >0, A >0 and a,b > 1, there is 6 = d(g,\,a,b) >0
such that Py (Eg b) < e

Proof. To bound P (Eib), we estimate the probabilities of a), b) and ¢) sep-
arately.

For property a), the probability is O(52\%ab), since each § x d-square has
probability at most (62))? of containing at least two points of 7, and there are
about ab/6% such squares.

Property b) has probability at most O(5A + dA%ab). Informally, the reason
is that conditioned on the number of points in 7N R, 9)x (b+2), the points are
uniformly distributed. Each pair of uniformly distributed points in R, 2)x (b+2)
has probability O(d/(ab)) of falling within the right distance of each other.
Furthermore, since the expected number of pairs of points are O(/\ab—l— ()\ab)z),
we arrive at the claimed probability. It is not hard to make this argument
precise.

For ¢), it is immediate that the probability is O(dab). It is clear that
P, (Eib) can be made arbitrarily small if only ¢ is chosen sufficiently small. [

We can now easily deduce Proposition 7.1 from Lemmas 7.2 and 7.3.

Proof of Proposition 7.1. First, note that for any random variable X tak-
ing values in [0, 1], and any event E,

Var(X - 1) —2P(E€) < Var(X) < Var(X -1g) +P(E°).
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To see this, note that
Var(X) = Var(X - 1p
= Var(X - 1g

)
) +E[X?1g] — (E[X] + E[X - 15])E[X - 1pc].

When applied with X = P(H(n,, Raxs,®)|n) and E = Q\ EJ,,
via (7.2) that
Var,_/, <P(H(77p> Roxp, o) 77))
< Var, ), (P(H(¢(U)paRaxb,°) 1) ’1Q\E27b> + Py p(ESy)
< Vary,, (B(HW0)y, R o) [0)) + 3P (E2,)

= Var (]P)(H(Aq m Ap7 Raxba .) ‘ AQ)> + 3P)\c/P(Eg7b)’

we obtain

(7.3)

since 1(n), by construction, has the same distribution as A4, when 7 is chosen
according to P)_/,, and A = Aib and ¢ > 0 are as above. Now, for each
pE (O, %], let ¢ = p(log%)2 and choose a,b > 1 sufficiently large and 6 > 0
sufficiently small for Lemma 7.2 and 7.3 to hold (the latter with A = A./p).
Together with (7.3) we obtain that

1\ 2
Var)\c/p<]P>(H(77p7Ra><b7.) |77)) < (C+3)p <10g]_9> )
where C' < oo is as given in Lemma 7.2. O

Our second consequence of Theorem 1.6 is Proposition 2.3. To save us from
repeating the discretization, we shall deduce it from Proposition 7.1.

Proof of Proposition 2.3. Fix ¢, > 0, and recall that, by Theorem 2.2, we
have

c < Ey ) [P(H(np,RNxtNa‘)‘n)] <l-c
for some ¢ = ¢(t) > 0. Moreover, by Proposition 7.1, there exists a constant
p* = p*(t,7) > 0 such that
2y

limsup Var,_/, (P(H(Up,RNxtN, o) ‘ 17)) < R

N—oo
for every 0 < p < p*. Now, setting ¢ = ¢/2, apply Chebyshev’s inequality to
obtain
A4
(c/27 — "

for every sufficiently large N € N, as required. O

PAC/p<]P’<H(17p,RNxtN,o) \77) ¢ ()1 c’)) <
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7.2  Site percolation on D(n) — Proof of Theorem 1.5

Our next aim is to prove that for all sufficiently small p > 0, the sequence
(f¥)n=1 is NS, for P, /p-almost every n € . The proof is based on The-
orem 2.6, the deterministic algorithm method. We begin by defining the al-
gorithm which we shall use; it is a straightforward adaptation of that used
by Benjamini et al. (1999) to prove noise sensitivity of bond percolation cross-
ings.

Recall that, given any 1 € Q, the function f}; : {0,1}7 — {0,1} is defined
by

€ =1 & H(¢ Ry,e) occurs, for each € € Q.

The following algorithm determines f}(¢) for any 1 € Q, and any £ € {0,1}".
The name given to the algorithm is inspired by the following way of visualizing
it: imagine pouring water into the left-hand side of Ry, and allowing it to
enter only balls D(z) such that {(z) = 1, i.e., such that z € £. If water can
flow to the other side of Ry, there is a connection. Recall that points of n that
lie outside Ry o cannot affect the outcome of f3;. Hence, the domain of f} is
really finite dimensional, and we can (and will) in the following identify 7 and
its restriction n N Ry 2.

Algorithm (The Water Algorithm). Define the algorithm Aw as follows. Let
n € Q and & € {0,1}". Further, let

Ag = {(m,y) eR?: ¢ = —N/2} and Qo :=10

denote the ‘active’ and ‘queried’ points at time zero. For each k € N, if Qp_1
and Ap_1 have already been chosen, then define Qy, and Ay as follows:

1. Set Qy, := D(D(Ak_l)) Nn, and query the elements of Q.
2. Let Ay denote the set x € Qy, such that §(z) = 1.
3. If Ay = Ay_1, then stop, and set Aso = Ay, otherwise go to step 1.
4. If H(Ax, Ry, ®) occurs, then output 1, otherwise output 0.
Define the algorithm Agy, similarly, except with Ag := {(a:, y) ER?: 2 = N/Z}.

To see that the Water Algorithm determines f},(§), note that at each step
k € N the algorithm queries each x € 7 such that D(x) N D(Ag_1) # (. Hence,
an element x € n is queried if and only if there is a path from the left edge
of Ry to D(z), using only points of D(§) N Ryyo. Thus, if f7(£) = 1 then
the algorithm will find a horizontal path across Ry contained in D(§) N Ry;
conversely, if f(€) = 0 then the algorithm will output zero, since Ao, C &.
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As we shall see, the algorithm Ay is unlikely to query points in the right-
hand half of Ryyo, and Aj, unlikely to query those in the left-hand half.
Define

Ky = Rys20 ((=00,0) xR), and Kpi=Ryi20 ([0,50) x R).

Recall Definition 2.5. Given n € €2, it will be convenient to introduce a notation
for the revealment of the algorithm Ay in a bounded region K C R2. We
denote this by dx (Aw) = Ik (Aw, N,p,n), and is defined as

O (Aw) :== max P(Aw queries z when determining fﬁ(np) ‘ n).
e

The following lemma will allow us to deduce Theorem 1.5 from Theorem 2.6.

Lemma 7.4. For every C > 0, there exists 6 > 0 and p* = p*(C) such that
for p e (0,p7),
Py sp (O (Aw) > N70) < NC

for every sufficiently large N € N. (The same holds for Kr and Ay substituted
for Kr, and Ay, .)

Informally, what the statement says is that with very low P _,,-probability
(< N~9), the configuration 7 € Q will be ’bad’ in the sense that the algorithm
has high probability (> N~?) to find its way to some z € N Kg.

Partition Ry 2 into (N +2)? squares of side-length 1 in the canonical way,
and denote these squares by Si,...,S(y42)2. Define Ay to be the annulus
centred at the origin, and consisting of all point with /,,-norm between ¢ and
2¢, and for 1 < i < (N +2)2, let Ay(S;) denote A, shifted to be concentric to
S;. For fixed n € Q, let C(A¢(S;),mp) denote the (monotone decreasing) event
that there is a loop of vacant space in Ay(S;); equivalently, it is the event that
there is no path between the two faces of Ay(S;) which is contained in D(7n,,).

Now, consider the t = log,(N/4) annuli Ay(1)(S;), ..., Ay (S;), where £(j) =
47. Of course, t might not be an integer, but this is easily adjusted for by the
reader. Note that the distance between A;)(S;) and Ay 1)(S;) is at least 2
for each j, so the events C(Ag(j)(Si), np) are independent.

Proof of Lemma 7.4. Tt will suffice to prove that for every C' > 0, there exists
d > 0 and p* = p*(C) such that if p € (0,p*), then for every S; that intersects
KR7

P, /p((SSi (Aw) > N—5) < N€ (7.4)
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for every sufficiently large N € N. To realize that this suffices, note that there
are less than (N + 2)? squares S; that intersect Kp, so

Py (a(Aw) > N7F) < N7OW 2"

as required.

For n € Q and S; C Kg, note that if ﬂje[t (Az(j)(Si), np)c does not occur,
i.e. that C(Ay;)(Si),mp) occurs for some j € [t], then no point n N .S; will be
queried by the algorithm Ay (or Ajy, if instead S; € Kp,). This follows because
Aw queries x € nN K if and only if there exists a path from the left edge of
Ry to D(z), using only points of D(n,), and since x € Kp, so x is {-distance
at least N/2 from the left edge of Ry. However, no such path can exist if
C(Ay(;(Si),mp) occurs for some j € [t]. Therefore, to obtain (7.4), we will
show that

Px\c/p < ﬂ C AZ(J )

n) >N | <N (7.5)
JEl

Fix C' > 0 and choose v = 7(C) > 0 such that 24/* < N~ (when N is
large). By Proposition 2.3 and the FKG inequality, we conclude that there is
p* = p*(C) > 0 such that if p € (0,p*), then

Py./p (P(C(AZ(Si)anp) |77) 2 04) z1—-7 (7.6)

for all sufficiently large ¢ € N, where ¢ > 0 is a fix constant given by Proposi-
tion 2.3. Define the good event G C () as

G := {17 eN: H] € [t]: P(C(Auy(Si),mp) !77) > 04}‘ > %}

Note that if n € G, then ]P’(C (AZ(J)( )
of the j’s in [t], of which at least % fulﬁll j=
then (7.6) applies and gives that

P, ,(G) < Py, (HJ > 2  PC(Au)(Si)mp) [n) < ¢} > 2) (77)

< 2t7t/4 < N_C,

|77) ¢* must fail for at least half
i Thus, if N is sufficiently large,

by the choice of 7. Finally, for n € G at least t/2 of the annuli Ay;)(S;) have a
reasonable probability (> ¢*) of containing a loop that prevents the algorithm
to reach S;. This implies that for n € G

P( ﬂ C(Aé(j)(si)v 7717)C

JE]

77) < (- < N (7.8)
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for some § > 0.
Combining (7.7) and (7.8) we obtain (7.5), and therefore also (7.4). O

We can now deduce Theorem 1.5.

Proof of Theorem 1.5. We prove that if p > 0 is sufficiently small, then
(f¥)N=1is NS, for P, /p-almost every n € €. Indeed, according to Lemma 7.4
and Borel-Cantelli’s lemma, we can find 6 > 0 and p* such that for every

p € (0,p")
P, (5KR (Aw) > N~° for infinitely may N) —0.
By symmetry, the same holds for dx, (A%,), and hence
(6 (Aw) + 01, (Aiy) ) (10g N)® = 0, as N — ox,

for P_/,-almost every n € €. Since /% is monotone for each N > 1 and n € Q,
we may apply Theorem 2.6 to conclude that for Py_/,-almost every n € §, the
sequence (f¥)n>1 is NS,. O

7.3 The Poisson Boolean model is noise sensitive at criticality

We are finally ready to deduce Theorem 1.2; as we remarked in Section 2, it
follows easily from Theorem 1.5 and Proposition 2.1. Recall that fﬁ is the
function that for each n € Q encodes whether or not there is a horizontal
crossing of Ry in the occupied space D(n) N Ry. To prove the noise sensitivity
of the Poisson Boolean model we must prove that for some € > 0,

dim By [fF /S 0F)] B [fF)]” =0, forevery e € (0,1).  (7.9)

For p € (0,1) and ¢ € (0,1) such that ¢ < 1 —p, set § = /(1 —p). We
observe the equivalence of the following two constructions of a pair in 2.

(i) Recall that the pair (n,7°) is chosen as follows. Pick n € Q according
to the measure P,,. Obtain 7° by deleting each element of 1 indepen-
dently with probability €, and proceed by adding a new configuration
picked independently according to Pg),.

(ii) Recall that the pair (1, (1,)°) is chosen as follows. Pick n € Q ac-
cording to the measure P)_/,. Obtain 7, by deleting each element of
7 independently with probability p. Construct (77;0)6 by independently,
with probability § for every x € 7, re-randomizing the decision to delete
or keep it.
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Obviously, picking (n,7°) according to P, is equivalent to (np, (np)e) when 7
is picked according to P_/,. In particular,

E) [/ )5 0)] — Ea [15 ()]
= 5, [0 8 (00))] = Bap [ )]
Proof of Theorem 1.2. Fix ¢ € (0,1) and v € (0,1). Pick p € (0,1 —¢)

sufficiently small in order for (f3;)n>1 to be NS, for P, /p-almost every n € Q,
and for

(7.10)

lljgljup Var, /p( L5 ()| 77]) <7

to hold. The former is possible according to Proposition 1.5, and the latter
according to Proposition 2.1. Set § = £/(1 — p). We have, as a consequence
of (7.10), that

) [fS ) S00)] - Ex [f5 ()]
= Ea s [ELS ) 16 (0 5)\77]]—EAC/p[E[fﬁ(np)\n]]z
= Bap[EUS 078 (0)) 1] ~ BLS ) | ]

+Var>\c/p<E[f (mp) | ])

(7.11)

Sending N to infinity, we obtain by the choice of p that (7.11) is at most 7.
Since both v and ¢ were arbitrary, (7.9) has been established, so the Poisson
Boolean model is noise sensitive at criticality. O

We remark that, using (7.11), we obtain as an immediate consequence of
Theorems 1.2 and 1.5 the following strengthening of Proposition 2.1: For every
sufficiently small p > 0

lim Var, /p(P(H(np,RN,.)|n)) — 0.

N—oo

8 Open problems

In this paper we have laid out a fairly general approach to the problem of
proving noise sensitivity in models of continuum percolation, and we expect
that our method could be applied to prove similar results in more general
settings. In this section we shall state a few of these open problems.
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8.1 More general Poisson Boolean models

The simplest extension of the Poisson Boolean model considered in this paper
would be to allow discs to be assigned with random (but bounded) radii. Given
R > 0 and some distribution pg on (0, R), we obtain a configuration of occupied
space in this model by picking n € €, according to the measure Py, and
placing a disc of radius r(z) at € n, where r(x) is chosen according to ug,
independently for each vertex.

In this paper we consider sensitivity to small perturbations of the Poisson
point configuration with respect to the positions of the points. In the Poisson
Boolean model with random radii, perturbations can be achieved in several
different ways, as is informally described below.

(i) We can add and remove a small proportion of the balls, much like in
this paper.

(ii) We can leave the Poisson configuration unaffected, but re-randomize
some of the radii.

(iii) We can do a mix of both.

For sensitivity to noise as described in (i), the missing ingredient is an RSW
Theorem for the occupied space which allows for random radii.

Conjecture 8.1. For every R > 0 and pgr, the Poisson Boolean model with
random radii chosen according to pr is noise sensitive at criticality with respect
to perturbations as described in (i).

An alternative generalization would allow us to use an arbitrary shape S
instead of a disc. Given such an S C R?, and a Poisson point process 7, place
a copy of S on every point z € 7; that is, set D(n) = U,¢,(z +5). It seems
likely that if S is bounded and has positive Lebesgue measure, then results
similar to those presented in this paper could hold.

8.2 Voronoi percolation

Given a configuration n € 2, the Voronoi tiling of 1 (see Bollobas and Riordan
(2006a), for example) is constructed by associating each point of R? with the
point of n closest to it. We call the set of points associated to z € 7 in
this way the Voronoi cell of x. In Voronoi percolation we choose a random
subset of the cells, by colouring each blue with probability p, and say that the
model percolates if there exists an infinite component of blue space. Bollobas
and Riordan (2006b) proved that if 7 is picked according to P, the critical
probability is 1/2.
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Given a Voronoi tiling V = V(1) of R% let fY : {0,1}V — {0,1} be
the function which, given a colouring of V', replies whether there is a blue
crossing of Ry . Picking 7 according to a Poisson process, we say that Voronoi
percolation is noise sensitive at criticality if ( f}é) ~N>1 is almost surely NS, that
is for Py-almost every 7.

Benjamini, Kalai, and Schramm (1999, Section 5) conjectured that knowing
the Voronoi tiling, but not the colouring, gives almost no information as to
whether or not there exists a blue crossing of Ry. We make the following
conjecture.

Conjecture 8.2. Voronoi percolation is noise sensitive at criticality.

8.3 Stronger results for the Gilbert model

There is a concept of quantitative noise sensitivity where, in (1.1), one lets e =
g(n) depend on n. Recently, very strong results have been proved by Schramm
and Steif (2010) and Garban et al. (2010) in the case of bond percolation on
the square lattice and site percolation of the triangular lattice. An interesting
problem, inspired by their work, would be to prove a quantitative version of
Theorem 1.2.

Problem 1. Determine the exact dependence on N such that with € = ¢(N),
. 2
Jim B [fE) SR 00)] - B [fF ()] = 0.

One possible application of a solution to Problem 1 would be to dynamical
(continuum) percolation. To define this model, consider a Poisson point process
71 of density A in the plane, and suppose points in the plane disappear at rate
one. Next, let new points 'rain down’ at a rate that keeps the intensity of
points in the plane constant. Once landed, also these points disappear at rate
one. This yields a stationary process for which we let 7; denote the set of
points in the plane at time ¢. By Corollary 3.2, at any given time there is
(almost surely) no infinite component in D(n;); we therefore say that ¢ is an
exceptional time if there is an infinite component in D(7;) at time ¢.

The analogue of the following conjecture was proved for site percolation on
the triangular lattice by Schramm and Steif (2010), and for bond percolation
on the square lattice by Garban, Pete, and Schramm (2010).

Conjecture 8.3. There exist exceptional times in dynamical continuum per-
colation at criticality, almost surely.

A related problem was studied by Benjamini and Schramm (1998).
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